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Abstract In this manuscript, we investigate the existence
of wormhole configurations bounded by fuzzy dark matter
halos within the context of the minimal geometric defor-
mation approach to gravitational decoupling. Applying this
formalism, we geometrically deform the classical Morris–
Thorne wormhole solution and add an extra gravitational
source, denoted by �μν . The Einasto density profile for the
dark matter halos is utilized to set up the temporal component
of the �-sector. We obtain the corresponding shape func-
tion from this construction and examine its behavior to make
the wormhole configuration traversable. Physical viability of
the emergent spacetime is checked with a range of diagnos-
tics. We study energy conditions and present their behavior
graphically. To gain a better insight into the internal physical
characteristics, we analyze the complexity factor, exoticity
parameter, and anisotropy factor, which provide information
about the stability and matter content of the configuration.
In addition, we perform a cracking analysis to test stability
in the presence of perturbations and investigate the causal-
ity condition to verify subluminal sound speeds. Our results
indicate that the MGD-Einasto model facilitates the realiza-
tion of wormhole configurations with controlled exotic mat-
ter content, forming a promising path for connecting dark
matter halo physics to modified gravity solutions.
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1 Introduction

The general relativity (GR) is the foundation of modern astro-
physics and cosmology, providing a solid geometric frame-
work that is capable of explaining gravitational waves, black
holes (BHs), quasars, and even the past of the universe [1].
Its fundamental equations, Einstein’s field equations (EFE),
constitute the profound link between spacetime geometry
and the matter-energy content of the universe [2–8]. Of the
esoteric GR predictions, the most attractive are wormholes
(WHs), which are hypothetical tunnels with the ability to
connect distant points in the same universe or two universes.
The configurations, which may also differ in their temporal
nature, provide the possibility of spacetime shortcuts or even
time travel. Wormholes are often broadly referred to as inter-
universe or intra-universe, and are divided again according
to their geometry (Euclidean or Lorentzian), stability (long-
lived or short-lived), and traversability. Traversable WHs per-
mit the transport of matter, while non-traversable WHs do
not [9]. Flamm [10] was the first to propose, in 1916, the
concept of a four-dimensional “road” that might link var-
ious parts of spacetime in a way different from classical
geometry. He noted that the Schwarzschild solution to the
EFE represents two different regions of spacetime (WHs and
BHs) joined by a spacetime passage [11,12]. This concept
was developed further in 1935, when Einstein and Rosen
demonstrated that it is possible to connect two regions of
spacetime, which are asymptotically flat, by a curvaceous
structure, now referred to as the Einstein–Rosen bridge [2].
Progress was modest for almost two decades until Wheeler,
in 1955, coined the word “WH” when talking about geons–
solutions to the coupled Einstein–Maxwell equations [13].
These original WHs were found to be microscopic and short-
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lived. In 1973, Ellis and Bronnikov independently proposed
the existence of traversable WHs [14] with the so-called Ellis
drainhole as the first explicit model. Later on, Morris, Thorne,
and Yurtsever extended the idea by examining the physi-
cal possibility of macroscopic traversable WHs. For further
developments in various gravitational theories, readers are
referred to Refs. [15–17]. Following characteristics are nec-
essary for the Morris–Thorne (MT) WHs to be traversable
and sustained [18].

i The EFE must always be followed by the WH solution

�βη − 1

2
�gβη = Tβη. (1)

ii Spherically symmetric WH metric has the following
generic form

ds2 ≡ gβηdx
βdxη = diag

[
− A,

1

B
, r2, r2 sin2 θ

]
,

(2)

where A = exp{2R(r)} and B = 1 − S(r)
r . The redshift

and shape functions are denoted by the functions R and
S, respectively.

iii The traveler should experience a tolerably low tidal
force from the WH. This is ensured by choosing the met-
ric functions so that the tidal accelerations fall within
tolerable bounds for humans. In practice, both the proper
tidal accelerations and radial tidal accelerations need to
be maintained at or below the terrestrial gravitational
acceleration (about 9.8 ms−2). It is feasible to create an
environment in which the variations in the gravitational
field during the journey are mild enough to make the WH
traversable by appropriately selecting the functions R
and S [19].

iv The presence of an event horizon surrounding a WH
indicates an endless gravitational redshift and an infi-
nite amount of time for a traveler to cross the horizon
and enter the WH. This means that it will be impossible
to escape the WH. Therefore, the absence of event hori-
zons, which is indicated by a finite redshift function R,
is required for a traversable WH.

v There must be a throat in the WH solution connecting
two asymptotically flat spacetime regions.

vi The time permitted for the traveler to traverse the WH
must be limited.

vii The WH throat is located at minimum distance r = r0

and at WH throat

S(r0) = r0.

This is called a throat condition.

viii The flaring out conditions for the WH configurations is
given by

S(r) − S′(r)
2 S2(r)

> 0 or S′(r0) < 1.

ix The WH geometry is implied to be asymptotically flat
since the WH neck flares out. This places an additional
requirement on S(r) provided by

lim
r→∞

S(r)

r
= 0.

x The condition S(r)
r < 1 for r > r0 ensures that no event

horizons or singularities will form in the region r > r0,
and it also provides the flaring out condition necessary
for a traversable WH. To maintain the WH geometry’s
smoothness and physical feasibility, this regularity con-
straint is crucial.

In the past few years, the existence and physical feasi-
bility of traversable WHs has been tested in the realm of
many altered gravity models. De Falco et al. [20,21] used
the general relativistic Poynting–Robertson effect as a test to
differentiate between BHs and WHs and offer an observable
mechanism to endorse their existence in static and spherically
symmetric spacetimes. Di Grezia et al. [22] studied the role
of Einstein–Cartan theory in generalizing GR by examining
the influence of torsion and spin in permitting NEC viola-
tions, which are important for the stability of WHs. Stable
WH configurations have been developed in various works
within the context of altered theories of gravity. Naseer et al.
[23] formulated models in f (R,Lm) gravity and in f (R, T )

gravity, including the Einasto density profile and complexity
factor [24], both providing physically inspired matter distri-
butions. Similarly, Malik et al. [25] studied the WH solu-
tions in the realm of f (R) gravity with scalar potentials,
demonstrating that suitable field configurations can support
traversable throats. Together, these investigations demon-
strate the theoretical diversity of WH solutions in modified
gravity and stimulate additional stability and observational
analyses, which are the focus of this work. Recent work in
WH physics has considered diverse extensions of gravity
and realistic astrophysical environments. For example, par-
ticle dynamics and thermodynamics in bumblebee gravity
were discussed by Filho et al. [26], whereas Einstein–Euler–
Heisenberg gravity was used to discuss traversable WHs by
Channuie et al. [27]. Observational implications have been
highlighted by Jusufi and Övgün [28] and Javed et al. [29,30],
who discussed gravitational lensing of wormholes through
diverse mediums and modified frameworks. Thin-shell and
anisotropic structures, e.g., those in Halilsoy et al. [31] and
Mustafa et al. [32], showcase ways to trap exotic matter,
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which conceptually aligns with the minimal geometric defor-
mation (MGD) framework. Besides that, dynamical calcula-
tions using test particles, quasinormal modes, and conden-
sates have been performed in nearby spacetimes [33–36].
In the current work, we advance this body of research by
utilizing the MGD method to disentangle anisotropic worm-
hole configurations in the framework of dark matter haloes
described by the Einasto profile, thus connecting exotic mat-
ter minimization with astrophysically inspired halo geome-
tries.

The gravitational decoupling method known as MGD was
created in recent years to examine the incorporation of local
anisotropies into the brane-world scenario and expanded to
the paradigm of star interiors in GR [37–41]. But this adapt-
able instrument is not limited to studying these groundbreak-
ing ideas. The MGD technique has been used to generate
several theories in this area, including Dirac stars, thermody-
namic scenarios, cosmology, BH, and modified gravity [42–
47]. In light of these fruitful uses, we examine the prevalence
of gravitational decoupling via MGD on WH spacetime in
the current paper. To illustrate how MGD functions in this
situation, we have specifically distorted the well-known MT
solution [18]. Intriguingly, since the significance of the new
component (named as �-sector) offered by the MGD tech-
nique is still up for debate [48], we have solved the field
equations in this study by treating this matter sector as dark
fluids (dark matter or dark energy), though the normal matter
sector is also included. To achieve this, we used the tempo-
ral component of the �

η
β source to approximate Einasto’s

dark matter density profile [49]. With this data, we can deter-
mine the decoupler function H(r), the entire �

η
β tensor, and,

consequently, the full energy momentum (EM) tensor of the
solution, so concluding the �-system. This approach pro-
motes and validates the idea that these kinds of solutions can
be formed by the dark sector, which dominates our universe
[50–54]. It also provides a possible interpretation of the con-
tribution made by MGD.

The work is structured as follows: gravitational field equa-
tions along with the MGD approach about traversable WHs
are covered in Sect. 2, and the determination of the shape
function and evaluation of mass function is conducted in
Sect. 3, which explains the use of MGD in this situation.
The behavior of matter content with the help of energy con-
ditions and EoS parameters is shown in Sect. 4. The exoticity
parameter and spacetime singularity are examined in Sects.
5 and 6. Section 7 provides some stability tests. The work is
finally concluded in Sect. 7.

2 General relativistic field equations and gravitational
decoupling

The EFE is given by the following expression

Gβη ≡ �βη − 1

2
�gβη = Tβη. (3)

As already mentioned, we are interested in including new
elements into the EM tensor that offer novel insights on the
material structure by examining the WH’s interior. Thus, the
simplest method to accomplish that is to write [40]

Tβη = T̃βη + χ�βη. (4)

where χ is a dimensionless coupling parameter, T̃βη is the
seed EM tensor, and �βη is the novel material part, which
could perhaps theoretically be a tensor, vector or scalar field.
Seed EM tensor related to anisotropic matter content is given
by

T̃βη = (μ̃ + P̃†)UβUη + gβηP̃† + (P̃r − P̃†)XβXη, (5)

where μ̃,P̃† and P̃r stands for density, tangential and radial
pressures, respectively. Uβ represent the four velocity vector

and Xβ =
√

1 − S
r δ

β
η is the unit space-like vector. The fol-

lowing field equations are obtained by applying Eqs. (2) and
(4).

μ̃ + χ�0
0 = S′

r2 , (6)

P̃r − χ�1
1 = − S

r3 , (7)

P̃† − χ�2
2 = S − S′r

2r3 . (8)

Here we can see that, the set of Eqs. (6)–(8) is independent
of the red-shift function R. We have used R = 0 to ensure
that we are searching for WH solutions that are traversable
(vanishing or zero tidal force). Furthermore, this criterion
ensures no event horizons for the WH configurations [55].
The effective or total matter variables are denoted by the
amounts on the left-hand side of Eqs. (6)–(8).

μ̃ + χ�0
0 = μ, (9)

P̃r − χ�1
1 = Pr , (10)

P̃† − χ�2
2 = P†. (11)
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The most important thing to look at here is the effects that
the �-sector adds to the structure. The complex set of Eqs.
((6)–(8)) is separated by applying gravitational decoupling
using MGD [40]. In this case, the minimally deformed shape
function S(r) is given by

S(r) → S̃(r) + χH(r), (12)

here, we have denoted the decoupler function by H(r) and
original shape function by S̃(r). By using Eq. (12) into Eqs.
(6)–(8), we obtain the following set of equations

μ̃ = S̃′

r2 , (13)

P̃r = − S̃

r3 , (14)

P̃† = S̃ − S̃′r
2r3 . (15)

The conservation equation corresponding to T̃βη is given by

∇β T̃β
η = 0 ⇒ −P̃r

′ − 2(P̃r − P̃†)

r
= 0. (16)

The equations that correspond to the �-sector are provided
by

�0
0 = H ′

r2 , (17)

�1
1 = H

r3 , (18)

�2
2 = r H ′ − H

2r3 , (19)

and has the following expression for the conservation equa-
tion

∇β�β
η = 0 ⇒ −�1

1
′ − 2(�1

1 − �2
2)

r
= 0. (20)

Both components, T̃βη and �βη, are gravitationally con-
nected since they are conserved independently. Furthermore,
it should be mentioned that the conservation of Gβη and T̃βη

leads to the conservation of the �-sector. Bianchi’s identities
suggest

∇βG
β
η = 0, (21)

Equations (3) and (4) implies

∇β T̃β
η + χ∇β�β

η = 0. (22)

But in the equation above, the first term on the left side is
zero. Since T̃βη denotes the conventional matter sector, the

theory’s underlying symmetries provide the basis for its con-
servation. In this instance, the theory’s symmetries relate to
generic coordinate transformations, or 4D spacetime diffeo-
morphisms. The final result, taking into account the afore-
mentioned ideas, is ∇β�

β
η = 0. Naturally, it is evident that

∇β T̃β
η = 0 when effective Tβη is taken into account. Note

that the hydrostatic equations characterizing the configura-
tion balance are described in Eqs. (16) and (20). The absence
of a term in both formulations is evident. Particularly, the
term having R is missing. Indeed, this term is absent as we
have taken into account R = 0. Nevertheless, the missing
term can be recovered, and a gravitational gradient (associ-
ated with tidal force) is introduced into the system when it is
not assumed that the red-shift function is constant.

3 Decoupled wormhole configurations

As previously stated, we have considered the well-established
MT WH solution into consideration as a seed spacetime
[18,56]. The following line element describes this WH space-
time.

ds2 = diag

[
− 1,

1

1 − ( r0
r

)k+1 , r2, r2 sin2 θ

]
. (23)

Equation (23) makes it evident that R = 0 and S̃(r) =
r0

( r0
r

)k for k > 0. This solution satisfies all the necessary
criteria to describe the WH geometry, including the flaring-
out condition, and reproduces an asymptotically flat space-
time when r approaches infinity. Furthermore, as anticipated
within the paradigm of GR, the matter dispersion surrounding
the throat contradicts the NEC [57,58]. However, unlike in
the GR settings, where a significant amount of exotic matter
is required to sustain the WH configuration, it would be ideal
if only a small amount of exotic matter distribution could sus-
tain the minimally deformed solution. While it may not be
possible to totally eliminate the usage of exotic matter, the
MGD can serve as a regulatory mechanism. In order to ver-
ify these facts, we go deeper into the geometry and matter
distribution behavior in this section.

When it comes to representing DM halos, the Einasto den-
sity profile is crucial because, compared to other popular
models, like the NFW profile, it provides a more accurate
representation of the radial density profiles of these halos
[59–62]. A shape parameter in the Einasto density profile
allows for flexible fitting to a large range of observed galaxy
halo profiles. Particularly for complex configurations, this
model more accurately depicts the interface between the
inner and outer regions of dark matter halos [49]. Further-
more, by enabling a more thorough assessment of the grav-
itational lensing effects and dynamics of dark matter within
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galaxies, the Einasto model gives important insights into the
distribution and behavior of dark matter at many scales. It has
been successfully used to extract data on spiral galaxie’s core
regions and surface brightness [63–65]. To close the system
(18)–(19), we take into consideration a generalized form of
the Einasto density profile for the dark matter halos.

�0
0 = μ0 exp

{
−

(
r

h

)1/n}
, (24)

where the triplet {μ0, n, h} denote the central density,
Einasto index and scale length, respectively. From Eqs. (17)
and (24) we get the following differential equation

H ′

r2 − μ0 exp

{
−

(
r

h

)1/n}
= 0, (25)

having solution

H = c − h3μ0n	

(
3n,

( r
h

)1/n
)

. (26)

To maintain a portion of the WH structure outlined in Sect.
2, the decoupler function defined in Eq. (12) needs to meet
H(r0) = 0. This is because S̃(r0) = r0 is already met by the
non-deformed shape function S̃. So,

H(r0) = 0 ⇒ c = h3μ0n	
(

3n,
( r0

h

)
1/n

)
. (27)

Decoupler function will become

H = h3μ0n

(
	

(
3n,

( r0

h

)
1/n

)
− 	

(
3n,

( r
h

)1/n
))

.

(28)

Next, we have

S = χh3μ0n

(
	

(
3n,

( r0

h

)
1/n

)
− 	

(
3n,

( r
h

)1/n
))

+ r0

( r0

r

)
k . (29)

We have analysed the modified shape function S graphi-
cally and found that it meets with all the necessary criterion
to describe the WH geometry including flaring out condition
(i.e., S′(r) < 1), throat condition and asymptotic flatness
(i.e., limr→∞ S(r)

r = 0). The behavior of the shape function
S and the graphical analysis of these conditions is illustrated
in Fig. 1. The modified space-time is then provided by

ds2 = diag

[
− 1,

r

χh3μ0n
(
	

(
3n,

( r
h

)1/n
)

− 	
(
3n,

( r0
h

)
1/n

)) − r0
( r0
r

)
k + r

, r2, r2 sin2 θ

]
. (30)

The flaring-out condition is given by

rk
(
rk+1

0 (k + 1)e(
r
h )

1/n − χμ0rk
[
h3n

(
−	

(
3n,

( r0
h

)1/n
)

+ 	
(

3n,
( r
h

)1/n
))

e(
r
h )

1/n + r3
])

e−( r
h )

1/n

(
rk+1

0 + χh3μ0nrk
[
	

(
3n,

( r0
h

)1/n
)

− 	
(

3n,
( r
h

)1/n
)])2 > 0. (31)

By substituting r = r0 in the above equation, we get

χ <
(k + 1)e

( r0
h

)
1/n

μ0r2
0

. (32)

By using a standard procedure [66], it is simple to obtain the
mass function M of the WH from Eq. (6) as follows

4π

∫ r

r0

(μ̃ + χ�0
0)z

2 dz = 4π

∫ r

r0

S′(z) dz. (33)

Consequently, the usual mass is given as

M̃ ≡ 4π

∫ r

r0

(μ̃ + χ�0
0)z

2 dz. (34)

By using throat condition (i,e., S(r0) = r0), the integral on
the right side of Eq. (33) becomes

4π

∫ r

r0

S′(z) dz = 4π(S(r) − r0). (35)

The total mass M of the WH is defined as

M ≡ 4π

{
r0 +

∫ r

r0

(μ̃ + χ�0
0)z

2 dz

}
= 4π S(r), (36)
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Fig. 1 Graphical depiction of wormhole conditions and shape function for r0 = 0.5, k = 4, h = 2, μ0 = 0.1, and selected values of Einasto index
n and dimensionless parameter χ

this implies

M = 4π
(
χh3μ0n

(
	

(
3n,

( r0

h

)
1/n

)

−	

(
3n,

( r
h

)1/n
))

+ r0

( r0

r

)
k
)

. (37)

Since the parameters μ0, n, h, and k all are considered to be
positive in this study, the mass function M will be positive
everywhere if and only if χ > 0. By using this fact Eq. (32)
will take the following form

0 < χ <
(k + 1)e

( r0
h

)
1/n

μ0r2
0

. (38)

Behaviour of the mass function M is depicted in Fig. 2.
In limiting case the mass function M is bounded i.e.,

lim
r→∞M = 4παh3μ0n	

(
3n,

( r0

h

)
1/n

)
. (39)

4 Assessment of mater distribution

Energy conditions are central in analyzing the physical via-
bility of WH solutions, particularly in the MGD decoupling
formalism. In this setup, the EM tensor is separated into a
main (seed) sector and a second decoupled sector, which
permits a systematic and controlled handling of the matter
content. By giving a physically motivated profile, like the
Einasto density distribution, to the temporal part of the addi-
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Fig. 2 Behavior of mass function M for the parametric values r0 =
0.5, k = 4, h = 2, μ0 = 0.1, and selected values of Einasto parameter
n and dimensionless parameter χ

tional sector, one provides a smooth and radially decreasing
energy density that affects the entire gravitational behavior
of the WH. Key to this is that energy conditions such as the
null, weak, and dominant energy conditions, are being probed
on the effective matter distribution, including contributions
from both sectors. This decomposition makes it possible to
identify where and how the requirements on exotic matter
appear. The violations will be localized near the throat, while
the exterior parts can meet all the classical energy conditions.
Therefore, the MGD method not only elucidates the function
of every component in the matter distribution but also allows
for the creation of WHs with few and local violations, making
the solutions more theoretically desirable and near physical
reality. The expression for the effective matter variables is
given as follows

μ = χμ0e
−( r

h )
1/n

︸ ︷︷ ︸
�0

0

− (kr0)
( r0
r

)
k

r3︸ ︷︷ ︸
μ̃

, (40)

Pr = χh3μ0n

r3

{
	

(
3n,

( r
h

)1/n
)

− 	
(

3n,
( r0

h

)
1/n

)}
︸ ︷︷ ︸

�1
1

− r0

r3

( r0

r

)
k

︸ ︷︷ ︸
P̃r

, (41)

P† = − χμ0e−( r
h )

1/n

2r3

{
−h3ne(

r
h )

1/n
	

(
3n,

( r0

h

)
1/n

)
+ h3ne(

r
h )

1/n
	

(
3n,

( r
h

)1/n
)

+ r3
}

︸ ︷︷ ︸
�2

2

+ (k + 1)r0

2r3

( r0

r

)
k

︸ ︷︷ ︸
P̃†

. (42)

Figure 3 describes these matter variables graphically. In
the decoupled WH solution obtained with the MGD method
with the Einasto density profile, the analysis of energy con-
ditions shows significant physical implications. The matter
variables traced on plots, energy density μ, radial pressure
Pr , and tangential pressure P†, display characteristic trends

as functions of the Einasto index n. In our case, the effec-
tive energy density μ obtained under the MGD scheme with
the Einasto density profile is strictly positive for r > r0, as
depicted in Fig. 3a. The tiny negative area lying extremely
near the throat r ≈ r0 is a local consequence of the decou-
pling sector, which occurs quite naturally in anisotropic
configurations in which exotic matter cannot be avoided in
order to maintain the flare-out condition of a traversable WH
[18,66]. Crucially, this negative contribution does not per-
vade the entire spacetime, but is restricted to a very thin neigh-
borhood of the throat and rapidly gives way to positive values
in accordance with the Einasto halo profile. Analogous local-
ized violations have been encountered in other WH struc-
tures in modified gravity and MGD setups [27,32,41], where
exoticity is reduced but not completely avoided. Therefore,
the physical reasonableness of our WH solution relies on
showing that exotic matter is limited and bounded by astro-
physically motivated dark matter distributions, thus making
the setup more realistic.

The presence of a negative tangential speed of sound in
a certain region of the configuration does not reflect a gen-
uine violation of hyperbolicity. In relativistic hydrodynam-
ics, hyperbolicity guarantees the causality of the system of
field equations and that perturbations propagate at real char-
acteristic speeds [67]. In the current MGD formulation, even
if the squared tangential sound speed v2

† becomes negative,
this is due to the anisotropic pressure response and not a con-
sequence of a true breakdown in hyperbolicity. The effective
tangential equation of state gets locally non-barotropic as a
result of geometry deformation and dark matter coupling,
producing an apparent negative gradient without entailing
imaginary propagation velocities. Thus, the regions where

v2
† < 0 only indicate prevalence of anisotropic stresses char-

acteristic of exotic matter instead of a failure of causal or
hyperbolic structure. Such an interpretation establishes that
the dynamical system on hand is still well-posed, causal, and
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Fig. 3 Graphical analysis of modified matter variables for r0 = 0.5, k = 4, h = 2, μ0 = 0.1, and selected values of Einasto index n and decoupling
parameter χ

regular in the context of GR and the MGD scheme of decou-
pling.

In addition, both the radial pressurePr and tangential pres-
sure P† are negative across the whole spacetime, as needed
to sustain the flaring-out condition of the geometry of the
WH. The Null Energy Condition (NEC), which includes the
combinations μ + Pr and μ + P†, is also evidently vio-
lated near the throat because of the combined negativity of
these quantities (as illustrated in Fig. 4). Nonetheless, for
n to be increased, such violations become more and more

localized and weaker at large r , meaning that higher val-
ues of the Einasto index correspond to configurations which
become physically acceptable matter distributions at dis-
tances from the throat. This demonstrates the benefit of the
MGD decoupling technique. Through proper selection of the
profile parameters and anisotropic decomposition, it enables
the generation of WHs with controlled energy condition vio-
lations and space-confining exotic matter.

The radial and tangential EoS parameters are defined and
given by the following expressions
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Fig. 4 Graphical depiction of NEC for the parametric values r0 = 0.5, k = 4, h = 2, μ0 = 0.1, and differect Einasto index n and dimensionless
parameter χ . In contour plots, χ = 3 is kept fixed and the parameter n is allowed to vary and vice versa
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Fig. 5 Graphical depiction of EoS parameters for r0 = 0.5, k = 4, h = 2, μ0 = 0.1, and different Einasto index n and dimensionless parameter χ

Wr = Pr

μ
=

e(
r
h )

1/n {
−χh3μ0n	

(
3n,

( r
h

)1/n
)

+ χh3μ0n	
(
3n,

( r0
h

)
1/n

) + r0
( r0
r

)
k
}

kr0e(
r
h )

1/n ( r0
r

)
k − χμ0r3

, (43)

W† = P†

μ
=

χh3μ0

{
−n	

(
3n,

( r0
h

)
1/n

) + r3

h3 e
−( r

h )
1/n + n	

(
3n,

( r
h

)1/n
)}

− (k + 1)r0
( r0
r

)
k

2kr0
( r0
r

)
k − 2χr3μ0e−( r

h )
1/n . (44)

The radial and tangential EoS parameters’ behavior, pre-
sented in Fig. 5a, b, indicates the anisotropic nature of the
WH’s effective matter content when considered under the
MGD-decoupling formalism. Both Pr

μ
and P†

μ
have negative

values within the domain of consideration, which is consis-
tent with the general requirement of having negative pressure
(or tension) for supporting WH throats. In Fig. 5a, the radial
EoS parameter Wr increases very steeply at first and after-
wards goes down slowly with a growing r , exhibiting softer
pressure gradient for larger n and smaller χ . This means
that larger Einasto indices and smaller decoupling parameters
decrease the effective radial tension. In contrast, Fig. 5b illus-
trates that the tangential EoS parameterW† has a sharp decay
at a very small radial distance, followed by a linear increase
with r , with higher n values resulting in more rapid stabiliza-
tion. Remarkably, both EoS parameters exhibit convergence
at large r , consistent with the anisotropic effects weaken-
ing far from the throat, and implying asymptotic matching
to a more isotropic spacetime. These tendencies imply that
adjusting n and χ can control the anisotropic stresses essen-
tial to ensure WH solutions are stable and traversable.

5 Exoticity parameter

Prior discussions demonstrate that the exotic matter distri-
bution drives the minimally deformed Morris–Throne-WH
solution. Compared to the pure GR case, it is clear that the
�-sector, which is related to the dark energy or dark matter
distribution, greatly reduces the magnitude of the energy con-
dition violation. To ascertain whether the MGD components
can effectively contribute exotic matter to stabilize the WH
structure, the exoticity parameter X may be utilized [18,56].
It is provided as

X = Pr − μ

| μ | , (45)

We can also define the exoticity parameter in terms of the
shape function as

X = S − r S′

r | S′ | . (46)
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Fig. 6 The exoticity parameter is shown graphically for the parametric
values r0 = 0.5, k = 4, h = 2, and μ0 = 0.1, as well as different
dimensionless parameter χ and Einasto index n

The exoticity parameter X behavior is important in deter-
mining the places where exotic matter, with a negative energy
density violating the NEC, is dominant. In the graph given
in Fig. 6, X drops sharply to negative values close to the WH
throat, which is the feature signature of the presence of exotic
matter. The sharpness and depth of the dip depend on the
Einasto indexn and the MGD decoupling parameter χ , which
implies that exotic matter composition is responsive to both
the density profile and the intensity of the geometric defor-
mation. As r grows, the exoticity parameter approaches a
negative constant asymptotically, which means that although
the exotic effects will be reduced with radial distance, they
can remain weakly present away from the throat. This is in
accordance with the need for localized exotic matter around
the throat to support a traversable WH, with the spacetime
relaxing towards normal matter at bigger radii. Therefore, the
analysis verifies that exoticity is localized around the throat
and can be tuned by adjusting n and χ .

6 Spacetime singularity

The inevitable occurrence of spacetime singularities in phys-
ically relevant solutions of the GR field equation is one of the
most well-known and persistent problems in GR [68]. Den-
sities and curvature invariants grow infinitely and diverge
at a singularity, which is a spacetime event. Such an event
has considerable consequences for topics like physical deter-
minism, causality, predictability, and the applicability of the
conventional laws of physics. It is generally accepted that
spacetime singularities are problematic because the classical
framework of GR is not predictive and, as a result, is no longer
useful when basic quantities increase to infinity. Therefore,
the emergence of a spacetime singularity indicates that the
theory has been used outside of its scope [69]. Quasi-regular,

non-scalar curvature, and scalar curvature singularities are
the three main categories into which the fundamental singu-
larities of a spacetime can be divided. The conical singularity
in the cosmic string’s spacetime serves as an illustration of
the first one [70]. Singularities whose curvature scalars do
not behave badly are the second category [71]. If there is an
issue with a component of the Ricci tensor, these singulari-
ties are also known as matter singularities. Curvature invari-
ants like Kretschmann scalar diverge on at least one causal
curve, and scalar curvature singularities are the endpoint of
that curve. One can cite the inner Schwarzschild solution and
the universe’s initial singularity as instances of these kinds
of singularities; for further information, [72]. It is widely
acknowledged that the presence of a spacetime singularity
is strongly indicated by the geodesic incompleteness and the
divergence of the curvature invariants [73]. One could argue
that the issue of spacetime singularities is significant in WH
physics in light of these factors. The abnormal behavior of
extreme regions (such as the failure of physical laws) at the
vicinity of the singularity can be transferred from one uni-
verse to the other if the singularity is present in the spacetime
of one of the universes connected by the WH. Alternatively, if
the throat is singular, these effects may be transferred to both
Universes connected by the WH throat. This may occur in the
event of a timelike singularity, such as at the throat, to which
a test particle may approach arbitrarily before departing the
singular region. If this is the case, the test particle might dis-
rupt the established laws of physics in other universes and
bring the basic issues listed above with it [74].

The MGD method deforms the geometry smoothly, when
applied to an Einasto dark matter halo. The resulting con-
figuration maintains a consistent causal structure and fea-
tures finite curvature. Such behaviors have also been recently
observed for MGD and dark matter-inspired WH geome-
tries, which also possess curvature-regular interiors and finite
tidal forces [75–81]. The results conform to the overall trend
in recent literature favoring singularity prevention through
gravitational decoupling and dark-energy like corrections
[75,82]. These solutions have a regular and well-behaved
geometrical structure all along the spacetime. Within the con-
text of the Hawking–Penrose singularity theorems [83], the
appearance of singularities in GR depends on the simulta-
neous satisfaction of three primary conditions: (i) the strong
energy condition (SEC) being valid, (ii) the lack of causal-
ity violations, and (iii) the presence of trapped surfaces. In
the current MGD setup, these assumptions are relaxed or are
no longer valid, resulting in singularity-free WH configura-
tions [84]. The evolutions of μ + Pr and μ + P† in Fig.
3 tell us that the NEC is violated slightly in a small region
near the throat but is positive elsewhere. This localized viola-
tion is enough to support the WH geometry without causing
curvature singularities. Since the Hawking–Penrose singular-
ity theorems depend on global convergence conditions com-
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bined with trapped surfaces, those localized NEC violations
inherently forbid geodesic incompleteness to occur. Conse-
quently, the absence of curvature divergences and the regular
profiles of μ and Pi imply that our solutions are regular and
evade classical singularities in the sense of the theorems.

Therefore, we need the spacetime singularities to be absent
at the throat and throughout the spacetime for a physically
plausible WH configuration. In order to achieve this, we cal-
culate the Kretschmann invariant, which for the line element
(2) has the following structure.

K = RabcdRabcd

= 1

r6

{
4r3(r − S)

(
R′)3 (

S − r S′) + 8r3(r − S)R′R′′
(

−1

2
r S′ + r(r − S)R′ + S

2

)

+r2R′2 (
r2 (

S′)2 − 2r SS′ − 16r S + 9S2 + 8r2
)

+2r2S′2 − 4r SS′ + 4r4(r − S)2
(
R′′2 + R′4) + 6S2

}
.

(47)

Since all of the EMT components are finite in the limit of
approach to the throat, we first observe that the matter distri-
bution behaves regularly at the throat, i.e., a singularity-free
EMT. The Kretschmann scalar is found as

K = 1

r6

{
2

(
kr0

( r0

r

)
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−( r
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1/n) 2
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)
1/n
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)
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)2 − 4

(
χr3μ0e
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+r0

( r0
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. (48)

The aforementioned amounts at the throat will manifest as

K|r=r0 = 1

r6
0

{
−4(k + 1)μ0r

4
0χe−( r0

h

)
1/n

+2μ2
0r

6
0χ2e−2

( r0
h

)
1/n + 2

(
k2 + 2k + 3

)
r2

0

}
.

(49)

We can infer from the above expressions that for these WH
solutions, the Kretschmann invariant is finite at the throat.
Additionally, this quantity behaves consistently at the WH
throat for r0 = 0.5, k = 4, h = 2, μ0 = 0.1 and positive
values of χ and Einasto index n (as shown in Fig. 7). Conse-
quently, the throat does not have a curvature singularity. We
also observe that these quantities asymptotically tend to zero

Fig. 7 Graphical behaviour of spacetime singularity for specific para-
metric values

Fig. 8 Anisotropy factor for fixed values of some parameters as r0 =
0.5, k = 4, h = 2, μ0 = 0.1, and varying n and χ

and behave well for r > r0. Therefore, there isn’t a curvature
singularity in the WH spacetime.

7 Stability assessment tests

7.1 Anisotropy and pressure gradient

In the context of MGD framework, anisotropy is naturally
generated by the geometric term �

η
β independent of the usual

matter sector. For WH solutions built within the Einasto den-
sity profile, a well-established dark matter halo model, we
calculated the anisotropy parameter 
 = P† − Pr to study
the pressure distribution along various directions. Our results
show that 
 > 0 (as shown in Fig. 8) in the entire radial
range, meaning that the tangential pressure is greater than the
radial pressure. This positive anisotropy creates a repulsive
force outward that is crucial to balance the gravitational pull
and maintain the WH structure. This action is particularly
significant closer to the throat, where the structure is under
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greatest threat from gravitational collapse. The existence of
a positive anisotropic force not only confirms the flaring out
condition but also makes a considerable contribution to the
fulfillment of the static equilibrium conditions of the gener-
alized Tolman–Oppenheimer–Volkoff (TOV) equation.

In the MGD formalism, the anisotropy effectively changes
the internal pressure gradients, thus improving the stability
of the structure without recourse to exotic matter in the usual
sense. Such a behavior is consistent with the overall physical
expectation for anisotropic self-gravitating systems, in which

 > 0 is recognized to enhance stability margins [85]. As
a result, the anisotropy generated through MGD, together
with an empirical dark matter profile such as the Einasto
distribution,n not only maintains the geometry of the WH but
also supports its physical acceptability and static stability.

7.2 Cracking and casuality

In WH configurations, especially in those sustained by
anisotropic matter through the MGD decoupling, the deter-
mination of cracking and causality conditions is crucial for
the stability analysis of the solution. Cracking arises when
the radial and tangential sound speeds become so large that
they diverge, which in turn may cause internal instability in
the structure. Such a behavior is diagnosed through inspec-
tion of the sign and size of the quantity v†

2 − vr
2, where a

sign change can signal the existence of a cracking point in the
matter distribution. Second, the causality condition demands
that radial and tangential sound speeds are subluminal, i.e., in
the interval [0, 1]. For MGD WHs with Einasto density pro-
file, these analyses are important indicators of the physical
acceptability of the model. Regions where both sound speeds
fulfill causality and | v†

2 − vr
2 |< 1 are read as causally

stable and crack-free. Therefore, checking these conditions
throughout the WH geometry guarantees that the effective
matter distribution not just sustains the exotic topology but
does so without compromising basic physical principles [86].
The following are the expressions for the radial and tangen-
tial sound speeds.

v2
r = dPr

dμ
, v2

† = dP†

dμ
. (50)

The sound speed analysis in the WH configuration pro-
vides important information about its physical stability and
the nature of the stabilizing matter. In the current model, the
radial sound speed falls in the physically acceptable interval
0 < v2

r < 1, meeting the causality condition and signal-
ing that the radial perturbations propagate subluminally. But
the tangential speed of sound is found to be negative. The
occurrence of a negative tangential sound speed v2

† close to
the WH throat in Fig. 9b is not to be considered unphysical,
but as an expression of the anisotropic pressures needed to

maintain exotic geometries. It is well known that traversable
WHs are necessarily involve matter sources that violate stan-
dard energy conditions [18,66,87]. In our scenario, the MGD
decoupling combined with the Einasto density profile cre-
ates very strong local anisotropies, which can temporarily
force v2

† negative in the throat neighborhood. This charac-
teristic does not destabilize physically, as the radial sound
speed remains causal (0 ≤ v2

r ≤ 1) and the cracking condi-
tion | v2

† − v2
r |< 1 is fulfilled throughout the configuration

[86,88]. Comparable anisotropic deviations have been talked
about in recent works on WHs in dark matter halos and modi-
fied gravity settings, where stability remains intact in the face
of local exotic effects [24,89]. Thus, the negative v2

t must be
viewed as a signal of the exotic anisotropy necessary to sus-
tain the MGD-Einasto WH configurations, in full accordance
with contemporary theory of traversable WH physics.

7.3 Conservation equation

Within the context of MGD-decoupling, conservation of
the total effective EM tensor implies a generalized equilib-
rium condition. This is formulated through the vanishing of
the covariant divergence of the effective tensor,∇βT

β
η , and

results in a TOV-like equation for anisotropic and decoupled
matter content. In the case of anisotropies and the extra grav-
itational source injected through the decoupling, the conser-
vation equation has the form

dPr

dr
− 2

r

(P† − Pr
) = 0. (51)

This equation regulates the force balance within the system
of the WH and emphasizes the contributions of gravitational
attraction, hydrostatic pressure, and anisotropic stresses. The
term having R is missing, as we have taken into account
R = 0. Nevertheless, the missing term can be recovered,
and a gravitational gradient (associated with tidal force) is
introduced into the system when the red-shift function is
not assumed to be constant. The introduction of the decou-
pling term makes it possible to describe exotic matter and
geometric deformations, required to maintain traversable
wormhole solutions. The equilibrium condition is given by
FA + FH = 0, where the hydrostatic and anisotropic forces,
FH and FA are defined as

FH = −dPr

dr
, FA = −2

r

(P† − Pr
)
. (52)

Figure 10 shows the behavior of these forces and ensures
that these forces cancel the effect of each other completely.
This kind of behavior indicates the achievement of an equi-
librium state and ensure the existence of viable WH config-
urations.
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Fig. 9 Cracking and casuality analysis for specific parametric values as r0 = 0.5, k = 4, h = 2, μ0 = 0.1, and different Einasto index n and
dimensionless parameter χ

7.4 Complexity of the configurations

The theoretical framework of relativistic complexity in self-
gravitating systems has been considerably refined in recent
years, especially through the seminal work of Herrera and
coworkers. The first generalization was in the case of dynam-
ical, spherically symmetric dissipative systems, where Her-
rera [90] provided a formalism for computing the structure
of evolving fluids outside equilibrium. This framework was
extended to investigate the complexity of self-gravitating
systems by Herrera [91], where a general overview associ-
ated complexity with inhomogeneity and anisotropy of mat-
ter content. A further insight was gained in [92], where a
new definition of complexity for static, spherically symmet-
ric solutions was proposed. In this context, the scalar func-

tion Yth , extracted from the orthogonal decomposition of the
Riemann tensor, was suggested as a natural measure of com-
plexity. This scalar compresses both pressure anisotropy and
density inhomogeneity, and is zero when absent from both,
establishing a strong test for simplicity of structure.

The complexity idea was also generalized to more gen-
eral geometries by Herrera. In [93], the Bondi metric was
examined in order to establish complexity in radiative space-
times, whereas in [93] the formalism was applied to axially
symmetric static sources, giving further applicability within
astrophysical modeling. Lastly, stability of conditions such
as isotropic pressure was also explored in [94], where the
interplay between equilibrium and complexity allowed for
the determination of structurally stable configurations. These
are directly applicable to the WH geometries in the MGD-
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Fig. 10 Equilibrium analysis for specific parametric values as r0 = 0.5, k = 4, h = 2, μ0 = 0.1, and different Einasto index n and parameter χ

decoupled scheme, where anisotropies as well as matter dis-
tribution are essential, and where the factor of complexity
serves to differentiate physically acceptable and stable mod-
els from unphysical ones.

YT F = (Pr − P†) −
∫ r
r0
r3 ∂μ(z)

∂z dz

2z3 . (53)

The complexity factor’s graphical plot (shown in Fig. 11)
indicates that it varies between negative values and asymptot-
ically approaches zero at greater radial distances. Physically,
this feature is very important. The negative values of com-
plexity near the WH throat reveal the anisotropic stresses
and inhomogeneities that characterize the effective matter
distribution at smaller radii. However, with a growing radial
coordinate, the decreasing trend towards zero is a sign of a

Fig. 11 Complexity factor analysis for r0 = 0.5, k = 4, h = 2, and
μ0 = 0.1, with different dimensionless parameter χ and Einasto index
n
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structured decrease in structural abnormalities. Convergence
towards zero means that the system approaches a condition
of minimal complexity characterized by decreasing pressure
anisotropy and density gradients, a transition toward a sta-
bler, less weird configuration of matter from the WH throat.
This concurs with physically realistic geometries of the WH
expectations, which consist of exotic matter concentrated
in the throat and standard energy conditions asymptotically
regained.

8 Conclusion

In this paper, we have investigated how gravitational decou-
pling influences WH spacetime, specifically the popular MT
WH model, by means of an MGD method. We have sought
the decoupler function H(r) and the �-sector by using the
time component of the �

η
β field to mimic the generalized

Einasto dark matter density profile. A standard first-order
differential equation in H(r) can be solved by this choice
(see Eqs. (24)–(28)). The equation system (17)–(19) is deter-
mined completely from the expression of the deformation
function. Therefore, the seed WH spacetime given by (23) is
also employed to derive the minimally extended shape func-
tion S(r) and the effective thermodynamic parameters (9)–
(11). The new region represented by the pair {�η

β, H(r)}
must satisfy some conditions in order to maintain the WH
structure, since the seed solution itself fulfills all the con-
straints given in Sec. 1. In this context, the decoupling func-
tion H(r) must vanish at the throat r0 of the WH, i.e.,
H(r0) = 0. This is due to the fact that r0 is a value obtained
by evaluating the seed shape function S̃ at the WH throat.
In addition, satisfying the so-called flaring out condition at
the throat of the WH is among the conditions for being a
traversable WH topology between two regions. The dimen-
sionless coupling parameter χ introduced by MGD has then
been restricted in this instance to meet the flaring out condi-
tion (see Eq. (38)). It is well known that a WH in the world of
GR cannot at the same time fulfill the flaring out requirement
and all energy conditions, and this case is no exception. In
this case, however, the MGD approach could be considered
as an exotic matter regulator. Of course, the exotic matter is a
required ingredient to stabilize the WH structure, but some-
times it is desirable to control the distribution of this exotic
matter to have a small breaching of the energy conditions at
the throat of the WH and around it. The minimally extended
shape function S(r) satisfies all the necessary criterion to
describe the WH geometry as shown in Fig. 1. Furthermore
NEC violation near WH throat is indicated in the plots of
Figs. 3 and 4.

The EoS parameters exhibit convergence at large r , con-
sistent with the anisotropic effects weakening far from the
throat, and implying asymptotic matching to a more isotropic

spacetime. These tendencies imply that adjusting n and χ

can control the anisotropic stresses essential to ensure WH
solutions are stable and traversable (see Fig. 5). The exotic-
ity parameter behavior X(r) (as shown in Fig. 6) implies
that it is positive prior to the throat, showing that it satisfies
the NEC, and turns negative shortly after the throat, indicat-
ing localized NEC violation required for traversability. This
implies that exotic matter is localized around the throat, and
the range can be regulated by adjusting parameters such as
the Einasto index n and the deformation parameter χ . This
kind of behavior improves the physical acceptability of dark
matter-supported MGD WH. Figure 7 shows that these WH
solutions are singularity-free.

A range of diagnostic methods was employed to examine
the stability and physical viability of the MGD WH solutions.
The outward-directed anisotropic force that helps in sustain-
ing the throat geometry is established by the anisotropy factor
(Fig. 8). The TOV equation is fully satisfied as shown in Fig.
9, ensuring the balance between anisotropic and hydrostatic
forces. The causality condition were partially satisfied, while
the radial sound speed remained within normal bounds, the
tangential sound speed was discovered to be negative and the
absolute difference | v†

2 − vr
2 | is still less than one, which

mathematically meets the cracking condition (see Fig. 10).
This kind of behavior usually implies the existence of exotic
matter components or extremely anisotropic stress–energy
distributions at the WH throat. The v2

† negativity indicates a
significant anisotropy of the extra-matter sector brought in
through the MGD decoupling. However, the complexity fac-
tor converges to zero, signifying evolution towards geometric
simplicity at very large radial distances (Fig. 11).

Interestingly, based on the results presented here, we may
conclude that well-posed WH solutions threaded by a tiny
amount of exotic matter dispersion can be constructed inside
the context of GR using the gravitational decoupling by MGD
approach. Additionally, the dimensionless coupling constant
χ can be restricted to control the violation of the energy con-
ditions at the WH throat. More importantly, a careful choice
of α helps to maintain a positive defined density everywhere
and permits the satisfaction of the energy conditions away
from the WH throat. The imposition of deformation on the
time component to bring in a non-vanishing red-shift func-
tion and the examination of the stability of the solutions to
radial perturbations as large quantities of mass are injected
via the structure are important aspects to note. Future studies
will address these challenges.
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