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Abstract

In recent years, structure-preserving algorithms have proliferated in computational
plasma physics. Such algorithms rigorously preserve geometric and topological fea-
tures of the plasmas they model. This dissertation studies a particular feature of
these algorithms, namely, their preservation of gauge symmetry and conservation
laws—collectively described as their gauge structure. In this work, new extensions
of Noether’s theorems are discovered in discrete settings, and a comprehensive theo-
retical grounding for charge conservation is thereby established for gauge-symmetric
particle-in-cell (PIC) algorithms for plasma physics.

First, a new, general class of algorithms—gauge-compatible splitting methods—is
discovered that exactly upholds the Noether principle in discrete Hamiltonian sys-
tems. Second, a method of this class is constructed for a PIC algorithm, whose
electromagnetic gauge structure is systematically analyzed via the momentum map.
Third, this result is extended to a PIC method defined using finite element exterior
calculus, and it is tested numerically therewith. Fourth, a formulation of Noether’s
second theorem is developed and applied toward a variational PIC algorithm using
the formalism of discrete exterior calculus.

The successful preservation of electromagnetic gauge structure in discrete algo-
rithms motivates the exploration of a related problem in the appendices of this thesis.
In particular, while internal gauge symmetries are demonstrated to be well preserved
in structure-preserving simulations of physical systems, their spacetime symmetries
are crucially forfeited in algorithms that discretize the spacetime manifold. In plasma
physics algorithms, the breaking of spacetime symmetry generally leads to an unfor-
tunate loss of energy-momentum conservation.

While continuous spacetime and its symmetries are incompatible with discretely
defined simulations, an alternative realization of these symmetries is more amenable

to algorithmic description. In the appendices, a discrete field theory is pursued that

il



reinterprets the Poincaré symmetries of spacetime as internal gauge transformations.
New finite-dimensional Poincaré representations are explored as the targets of such
gauge transformations, and a method is developed to construct their matter currents.
Further applying such a representation, a structure-preserving algorithm for gravita-
tional simulations in vacuum is also derived from a novel discretization of the tetradic

Palatini action.

v



Acknowledgements

It has been a privilege to conduct research with the guidance and support of my
adviser, Hong Qin. Hong’s philosophy toward physics has had an unmistakable influ-
ence on the course of my dissertation research, and his questions have led me to ideas
that are among the most rewarding I have known. Even more important, perhaps,
has been his encouragement to never give up. Hong has been an undepletable source
of reassurance, faith, good humor, and kindness, and I am greatly indebted to him.
I look forward to our continued work together.

I am also deeply indebted to Nat Fisch. Despite my unusual path to graduate
school, Nat immediately made Princeton a welcoming place to study and pursue bold
ideas. His patience and thoughtful advice have been invaluable over the past several
years, and I am very grateful to have had his support. I also thank Nat and Hong for
affording me the wonderful opportunity to TA their GPP1 course.

I am thankful to Egemen Kolemen who made my early research years at Princeton
productive and exciting, and who has been a generous source of life and career advice
throughout my time as a student. In the same vein, I thank Sam Cohen, whose
field-reversed configuration experiment was a thrilling introduction to experimental
research, and whose Shabbat dinner table was so often a place of refuge and wonderful
company after a tiring week. I also wish to thank Alan Glasser, who is not, regrettably,
a family relation, but whose impeccable Fortran code, laconic wit, and indefatigable
discipline have been wonderful examples to me during our research collaborations.

Thank you to Matt Kunz, for allowing me to TA his formidable Irreversibles
course, and to Jong-Kyu Park for generously serving as my faculty adviser. Thank
you as well to Nik Logan, Keith Erickson, and ITan Cosden, each of whom helped me
to develop code that would be suitable for use at DIII-D. It has also been a great
pleasure to have regular research calls with Eugene Kur during the final “pandemic

years” of graduate school.



I wish to thank Dara Lewis and Beth Leman for steering me through many an
administrative maze, for generally making life as a student navigable and for making
my excursions in red tape humorous and sometimes even enjoyable.

Thank you as well to my thesis readers: Phil Morrison, Eric Sonnendriicker, Josh
Burby, and Hong Qin. Your comments, corrections, and perspectives were tremen-
dously helpful in completing this thesis.

The good cheer and camaraderie of my fellow students at Princeton made my days
in graduate school a shade brighter. To fellow students in my cohort, Ian Ochs, Eli
Kolmes, Hongxuan Zhu, Andy Alt, and Nick Lopez: It was a true pleasure to study
for Prelims and Generals with you and to spend many memorable days together in
classrooms and conference halls. To the students for whom I served as TA in GPP1
and Irreversibles: Thank you for making my first genuine exposure to teaching so
rewarding. Thank you also to Ben, Deepen, Yichen, Eric P., Tas, Mike, Suying,
Nirbhav, Eduardo, Rory, Daniel D., Josh, Yuan, Denis, Seth, Daniel R., Charles,
Eugene, Brian, Vasily, Jacob, Jeff and many others for moments of friendship and
inspiration over the years.

I would like to thank my family and friends outside of Princeton for their support
and encouragement, especially Dov Rhodes, who first made it known to me that there
was a tokamak at Columbia, and my in-laws, Joyce Hempstead and Jerry Morrow,
for making their attic in Boston into an ideal office, and for their constant generosity
during every visit.

I would also like to thank my Grandma, Maxine Berghoff, who happily cleared
her Detroit dining room table so I could work, and who has always cheered me on,
as well as my grandparents of blessed memory, Wellington Berghoff, and Nathan and
Pearl Glasser.

Thank you to my parents, David and Debby Glasser, whose boundless love has

been a blessing all my life. Your support of my choice to pursue a Ph.D. has meant

vi



the world to me. And to my sister Sarah, thank you for being there for me at every
turn, without fail. I am lucky to be your brother.

Most of all, I wish to thank my wife, Bethany, who inevitably bore the weight
of this dissertation alongside me. You have been a genuine partner in all my efforts,
and your support and affection made them possible. Your strength has astonished
me since I first met you, but never more so than in witnessing your first few months
of motherhood. Thank you for enabling me to complete this Ph.D., and for your
unwavering conviction in the correctness of pursuing what I most value. I am so
grateful for you.

Thank you also to our baby daughter, Lylah, for being a surprisingly good sleeper
these first few months of life, and a source of immense joy whenever you are awake.

Finally, I wish to acknowledge the generous support of the Princeton University

Charlotte Elizabeth Procter Fellowship.

vil



To Mom, Dad and Sarah,
to Bethany,
and to Lylah,

with gratitude, love and hope.

viil



Contents

221
2.2.2
2.2.3
224
2.2.5

Abstract . . . . . . .
Acknowledgements . . . . . ...
1 Introduction
1.1 Motivations . . . . . . . . L
1.2 Main contributions . . . . . ... ..o
1.3 Organization . . . . . . . . .. ...
2 Geometry and Symmetry I: Mathematical Preliminaries
2.1 Manifolds and their pointwise structures . . . . . .. ... ... ...
2.1.1 Topological manifolds . . . . . . .. ... ... ... ... ...
2.1.2  Smooth manifolds . . . . . ... ... ... 0oL
2.1.3 An aside on algebraic spaces . . . . . ... ...
2.1.4 Tangent spaces . . . . . . . ...
2.1.5 Cotangent and tensor spaces . . . . . . . .. .. .. ... ...
2.2 Manifolds and their global structures . . . . . ... . ... ... ...

Submanifolds and product manifolds . . . . . ... ... ...
Fiber bundles over smooth manifolds . . . . . ... ... ...
Tangent bundles . . . . .. ... . ... oL

Vector fields . . . . . . . . ...

Flows of vector fields . . . . . . . . . . . . . .. .. ... ...

1X

11



2.2.6 Pushforward . . . . . . . . . . .. 31

2.2.7  The Jacobi-Lie bracket . . . . . . ... ... 32
2.2.8 Cotangent and tensor bundles . . . . . .. ... .. ... ... 33

2.3 Exterior algebra, differential forms and de Rham cohomology . . . . . 33
2.3.1 Exterior algebra . . . . . .. ... oo 34
2.3.2 Differential forms . . . . .. .. ... 35
233 Pullback . . . ... 38
2.3.4 Interior product . . . . . ... .o 39
2.3.5 Exterior derivative . . . ... ... o000 39
2.3.6 Liederivative . . . . .. .. .. Lo 42
2.3.7 de Rham Cohomology . . . .. ... ... ... .. ...... 44

2.4 (Pseudo)-Riemannian manifolds . . . . . . ... ... ... ... ... 45
241 Metric . . . ..o 45
242 Hodgestar. . . . .. .. .. .. oo 47
24.3 Codifferential . . . . . . ... 0oL 48

2.5 Lie groups, Lie algebras, group actions and representations . . . . . . 49
25.1 Liegroups . . . . . . ..o 49
2.5.2 Liealgebras . . . . . . . ... o 52
2.5.3 Lie group representations . . . . . . . ... ... ... 55
2.5.4 Lie algebra representations . . . . . . . . ... ... ... ... 57
2.5.5 Group actions on manifolds . . . . . ... ... ... .. ... 58

3 Geometry and Symmetry II: Dynamical Systems 61
3.1 Hamiltonian formalism . . . . . .. .. ... ... ... ... ..., 61
3.1.1 Symplectic manifolds . . . . . ... ... 0oL 62
3.1.2 Poisson manifolds . . . . . ... ... 0oL 65
3.1.3 Momentum maps . . . . . ... ..o 68
3.1.4 Further applications of the momentum map . . . ... .. .. 74



3.1.5 Example: The Vlasov-Maxwell system . . . .. .. ... ... 7

3.2 Lagrangian formalism . . . . . . .. .. ... .. 000 87
3.2.1 Infinitesimal invariance of a variety . . . . . .. ... ... .. 87
3.22 Jetspace. . . . ... 88
3.2.3 Prolongation and infinitesimal invariance of differential equations 90
3.2.4 Lagrangian dynamics . . . . . . .. . ... L 91
3.2.5 Noether’s theorems (N1T and N2T) in Lagrangian systems . . 94
3.2.6 Example: N2T for the vacuum Maxwell action . . . . . . . .. 96
3.2.7 Example: N2T for the Klimontovich-Maxwell action . . . . . . 98

4 Elements of Structure-Preserving Algorithms 102
4.1 Discrete Exterior Calculus (DEC) . . .. ... ... ... ... ... 102
4.2 Finite Element Exterior Calculus (FEEC) . . . ... ... ... ... 105
4.3 Symplectic algorithms . . . . . . .. ... Lo 110
4.3.1 Conditions for symplecticity . . . . . ... ... .. ... ... 111
4.3.2 Volume preservation . . . .. . .. .. ... ... ... ..., 112
4.3.3 Examples of symplectic algorithms . . . . . .. ... ... .. 113

4.4  Gauge-compatible splitting methods . . . . . . . .. ... ... 116
4.5 Variational algorithms . . . . . .. ... .. oo 118
4.5.1 Noether’s theorems in a finite difference formalism . . . . . . . 118
4.5.2 Lagrangian systems’ symplectic structure . . . . . . . ... .. 120

5 Applications to Vlasov-Maxwell Particle-in-Cell Algorithms 123
5.1 Overview . . . . . ... 123

5.2 A GCSM for PIC simulations on a cubic mesh and its symplectic re-

duction . . . . . . . 126

0.2.1

A discrete canonical Poisson structure for the Vlasov-Maxwell

x1



5.2.2
5.2.3

5.2.4

Examining its gauge symmetry and momentum map . . . . . 128

Defining a gauge-compatible splitting for evolution in discrete

Symplectic reduction of the method . . . . . . . ... ... .. 135

5.3 A GCSM for PIC simulations using FEEC and its numerical imple-

mentation . . . .. ... 140

5.3.1 The finite element electromagnetic Poisson structure . . . . . 140

5.3.2  The finite element Vlasov-Maxwell system . . . . . . .. ... 143

5.3.3 Gauge structure . . . . . ... 144

5.3.4 Continuous-time equations of motion . . . . . . .. ... ... 147

5.3.5 Discrete-time equations of motion via gauge-compatible splitting148

5.3.6  Numerical Examples . . . . . ... ... ... ... ... ... 149

5.4 N2T for a Vlasov-Maxwell variational algorithm via DEC . . . . . . . 163

6 Conclusion 172
6.1 Thesis summary . . . . . . . .. .. L 172
6.2 Mainresults . . . . ... 173
6.3 Future work . . . . .. ... 175
Appendix A Overview of Appendices 177
Appendix B 1-Loop Theory 179
B.1 Introduction . . . . . . . .. . ... 179
B.2 A Motivating Aside: Dynamical Variables for Gauge Theories . . . . 181
B.3 Attempting a 1-loop U(1) Lattice Gauge Theory . . . . . . . . .. .. 183
B.4 1-loop Poincaré Gauge Theory . . . . . . . . .. ... ... ... ... 187
B.5 Gravity in the 1-loop Formalism . . . . . . ... ... ... ... ... 199
B.6 Discussion and Conclusions . . . . . .. ... ... ... ... .. 203

xii



Appendix C Toward the inclusion of U(1) in 1-loop theory
C.1 Introduction . . . . . . . . . .. .
C.2 The 5-Vector Representationof p . . . . ... ... ... ... ...,
C.2.1 The representation and matter field . . . . . . .. .. ... ..
C.2.2 The 1-loop current . . . . . . . . ... ... ..
C.3 The Twistor Representationof p. . . . . . . ... ... .. ... ....
C.3.1 The representation and matter field . . . . . . .. .. ... ..
C.3.2 The 1-loop current . . . . . . . ... ... ... .. ... ...
C.4 From P to U(2,2): Unconstraining the 1-Loop Current . . . . . . ..

C.5 Interactions in U(2,2) 1-Loop Theory . . . . . . ... ... ... ...

Appendix D Discretization of the Tetradic Palatini Action
D.1 Imtroduction . . . . . . . . . . ...
D.2 The Tetradic Palatini Action in Continuous Spacetime . . . . . . ..
D.3 The Discrete Action . . . . . . .. .o

D.4 The Discrete Equations of Motion . . . . . . . . . ... ... .....
Conference Presentations of Dissertation Work
Publications Concomitant with Dissertation Work

Bibliography

xiil

207
207
208
208
209
210
210
213
214
218

220
220
222
224
227

231

232

234



Introduction

1.1 Motivations

Kinetic and fluid plasma models exhibit nonlinear interactions between charged
particles and electromagnetic fields that are often intractable to analysis. In general,
such models admit closed-form solutions only for plasma systems that have been
judiciously simplified. As computational power advances, however, the properties and
dynamics of more general systems of plasmas have become amenable to investigation.
Computer simulations therefore play an increasingly important role in the study of
plasma behavior.

Owing in part to the rich mathematical structure of plasma models, as well as the
need for accuracy in simulations, structure-preserving algorithms [1, 2] have flourished
in computational plasma physics in recent years. Such methods produce simulations
that retain the geometric and topological structures of physical systems, including
their symplectic structure, symmetries, conservation laws, and cohomology. Preserv-
ing these structures can improve the long-term accuracy of numerical simulations and
more faithfully model the underlying physics of plasmas.

In the past decade, numerous structure-preserving algorithms for plasma simu-



lations have appeared in the literature, [e.g. 3-28]. Such methods model kinetic or
hybrid fluid-kinetic plasmas employing either Lagrangian or Hamiltonian formalisms.
In these sources, kinetic physics is simulated via the particle-in-cell (PIC) method,
which has long been a workhorse for the study of fusion plasmas [29-31]. These
studies further employ discretizations derived from discrete exterior calculus (DEC)
[32, 33], finite element exterior calculus (FEEC) [34, 35], or close relatives (using
Whitney forms [36, 37], for example) thereof.

A critical property of such algorithms, which will be systematically studied in this
thesis, is their preservation of gauge symmetries and associated conservation laws—
collectively described as their gauge structure. The symmetries that characterize
a physical system are crucial in determining its dynamics and behavior. Algorithms
that preserve gauge structure are correspondingly quite demanding; they are generally
derived from a symplectic structure or variational principle, and they must employ
spatial and time discretizations that preserve gauge symmetry. It turns out that such
discretizations often necessitate the cohomological structure inherent in formalisms
such as DEC and FEEC. In a sense, therefore, gauge structure is ‘deeply buried’ in
the construction of physical systems; its preservation necessitates the preservation of
many other structures of interest.

Gauge structure was first formalized in Noether’s theorems, published in 1918
[38]. Noether’s first theorem (N1T) famously established a correspondence between
the symmetries of Lagrangian systems and their conservation laws, and Noether’s
second theorem (N2T') established a correspondence between local gauge symmetries
of degenerate Lagrangians and differential identities satisfied by their equations of
motion. In their original setting, Noether’s theorems are constructed for Lagrangian
systems in continuous spacetime. As a result, they are not immediately applicable to
numerical algorithms, which necessarily describe physical systems as discrete, finite

data sets.



To sharpen the nontriviality of applying Noether’s theorems to discrete systems,
it is worth noting that Noether’s theorems are specifically addressed to smooth sym-
metries that infinitesimally transform a physical system. As an example, a circle is
invariant under infinitesimal rotations by an arbitrarily small angle. Such a smooth
symmetry is to be contrasted with a discrete symmetry, such as the invariance of a
square under rotations by multiples of the finite angle 90°, about which Noether’s
original theorems have nothing to say.

Despite the tension one might first suspect between the smoothness of Noether
symmetries and the discreteness of simulation algorithms, they are, in fact, reconcil-
able. Indeed, in recent years N1T and N2T have both been rigorously demonstrated
for gauge-symmetric, discrete Lagrangian systems in the finite difference formalism
[39, 40]. This remarkable extensibility of Noether’s theorems to discrete settings mo-
tivates the construction of algorithms that rigorously preserve the gauge structure of
physical systems.

Noether’s theorems’ extensibility to the discrete domain appears somewhat more
natural, perhaps, when a distinction is drawn between symmetries that transform

[4

physical quantities “vertically” (or “internally”), and those that transform “horizon-
tally” (see Fig. 1.1). This dissertation shall use the term gauge symmetry to refer
exclusively to vertical symmetries, which transform physical objects at fixed points
in spacetime.(") Horizontal symmetries, on the other hand, are those which trans-
form different points of spacetime into one another. This latter category includes the
symmetries of spacetime itself—namely, the translations, rotations and boosts that

comprise the Poincaré group. It is precisely gauge symmetries—and not spacetime

symmetries—whose compatibility with Noether’s theorems has been demonstrated in

() The term “gauge symmetry” has varying uses in the literature. Amidst an effort to unify
electricity and gravitation, Hermann Weyl first established the term in 1929 [41] to refer to
“local” symmetries—those that depend on an arbitrary function of spacetime. In the context
of general relativity, for example, spacetime symmetries are gauge symmetries in Weyl’s sense.
The usage adopted here is restricted, however, to local vertical symmetries, a definition that
hews more closely to the mathematical literature characterizing principal bundles [42, 43].



a discrete setting.

Figure 1.1: Vertical gauge symmetries are to be contrasted with horizontal spacetime
symmetries. Spacetime is portrayed above as a surface to which “fibers” have been
attached at each point. (Only an illustrative handful of fibers are shown.) An internal
gauge symmetry is depicted as a map within the fiber attached to a fixed point z,
which multiplies a field ¥ (z) by a complex phase. A horizontal spacetime symmetry,
by contrast, is a map between different points of the spacetime manifold.

As an example that is central to this dissertation, the gauge symmetry of elec-
tromagnetism is amenable to Noether’s theorem in both continuous and algorithmic
settings. Indeed, in recent years, several PIC algorithms have been explored in the
plasma physics literature whose simulations of particles and electromagnetic fields
exactly conserve charge [3-6, 8, 9, 12-28]. Many of these references rightly observe
that their method’s gauge symmetry guarantees its exact charge conservation, but
this fact is often unproven; the associated conservation laws are not always stated, let
alone systematically derived. The absence of such derivations motivates a rigorous
study of algorithmic conservation laws in structure-preserving PIC methods.

Moreover, while Noether’s theorems have been formally demonstrated for discrete
variational systems [39, 40], their rigorous demonstration for general discrete Hamil-
tonian systems has not yet appeared in the literature. This dissertation addresses this

gap by identifying a new class of Hamiltonian splitting algorithms that exactly up-

4



hold the Noether principle—and its attendant conservation laws. Such a classification
better explains why the literature’s aforementioned Hamiltonian PIC algorithms con-
serve charge, and offers a means to generalize their construction to other Hamiltonian
systems.

From a more philosophical perspective, the study of gauge structure in algorithms,
and of their mathematical structure in general, may be viewed as a small part of a
larger effort to reconcile physical theory with modern tools of research. When Newton
and Leibniz invented calculus in the late 1600s, it was a language well-suited to the
tools of scholarship at hand—namely, pen and paper. Over three centuries later, as
computers become ever more essential to progress in physics research, there is a stark
mismatch between the continuous, infinitesimal language that Newton established for
physics, and the discrete, digital language of physicists’ most powerful research tool.
As the era of exascale computing approaches, the potential benefits of reconciling this
mismatch continue to grow.

The field of computational physics has adapted to this apparent difficulty in cre-
ative and remarkable ways. This thesis will describe some of these bridges between
computation and physical law as well as construct a few more. Nevertheless, the
field faces a critical challenge: From plasma physics, to general relativity, to quantum
field theory, the models of contemporary physics are defined against a background
of continuous spacetime. The necessarily discrete spacetimes of computer algorithms
not only lose information in their approximation of this continuum, they break the
spacetime symmetries that give rise to the conservation of energy and momentum.
These conservation laws are so foundational to physics that their absence—from even
the most advanced algorithms—imposes a severe limitation on the ability of compu-
tational physics to genuinely reflect fundamental physical laws.

At the same time, the longstanding irreconcilability of general relativity and quan-

tum field theory leaves considerable theoretical questions as to the nature of spacetime



at its smallest scales.

These twin computational and theoretical challenges invite attempts toward an in-
trinsically discrete characterization of fundamental physics. Such explorations might
at least yield productive algorithms for the approximate simulation of existing phys-
ical laws. At best, they may lead to reformulations of physical laws in a language

accessible to the computer.

1.2 Main contributions

The main contributions of this dissertation can be enumerated as follows:

1. By discovering a general class of splitting algorithms—gauge-compatible
splitting methods—the Noether principle is rigorously demonstrated to
hold in discrete Hamiltonian systems via preservation of the momentum

map.

2. This classification is applied in the construction of a new gauge-
compatible Hamiltonian PIC algorithm with a canonical Poisson bracket.
This algorithm is further extended to the formalism of finite element ex-
terior calculus—rendering it suitable for simulation on an unstructured

mesh—and it is tested numerically.

3. The efficacy of Noether’s second theorem is demonstrated in the formalism
of discrete exterior calculus, leading to the derivation of an off-shell charge

continuity equation for a variational PIC method.

The appendix of this thesis makes a further contribution:



4. In pursuit of a discrete field theory that locally conserves energy-
momentum, spacetime’s Poincaré symmetries are reinterpreted as inter-
nal gauge symmetries of physical fields. A new construction of matter
currents using finite-dimensional Poincaré representations is discovered.
A structure-preserving algorithm for vacuum gravitational simulations is

also derived from a novel discretization of the tetradic Palatini action.

In greater detail, this dissertation systematically studies gauge-structure-
preserving algorithms for plasma physics. It focuses largely on the construction of
PIC algorithms that preserve the electromagnetic gauge symmetry of plasmas, thereby
ensuring their conservation of electric charge.

Gauge structure preservation is first explored in Hamiltonian algorithms. The
Hamiltonian counterpart of Noether’s theorems is encapsulated in a Hamiltonian
system’s momentum map (sometimes named moment map), u [44-46]. The time-
invariance of the momentum map—; = 0—is the Hamiltonian equivalent of a local
Noether conservation law. In this dissertation, a novel, general class of algorithms is
defined—gauge-compatible splitting methods [19]—whose preservation of the momen-
tum map in gauge-symmetric Hamiltonian systems is rigorously demonstrated. This
classification provides a Hamiltonian counterpart to the rigorous Noether’s theorem
derived in discrete Lagrangian systems [39, 40].

The simple but effective characterization of gauge-compatible splitting methods

is given as follows:



Theorem [19] Let ® be a canonical group action of a Lie group G on Poisson
manifold M with momentum map p, and let H : M — R satisty ®;H = H, V

g € G. Suppose a splitting method H = Zf\il H, satisfies:
(1)  @}H;=H; Viand g € G;
(2)  subsystem H; is solved exactly V i.

Then pu is exactly preserved by the splitting method—that is, g = 0.

This general classification is applied to the construction of a new Hamiltonian PIC
method with a canonical Poisson bracket. Its charge conservation law is rigorously
derived via the momentum map. In addition to its identification of the conserved
charge and current associated with gauge symmetry, the importance of the momentum
map is further demonstrated by its helpful determination of the appropriate initial
conditions [19]. Lastly, the relationship between this PIC algorithm and existing
methods in the literature (especially Xiao et al. [8]) is further clarified by studying
its symplectic reduction.

The development of gauge-compatible splitting PIC methods is then extended
to the FEEC formalism, resulting in a canonical bracket PIC algorithm suitable for
simulation on an unstructured mesh. Initial conditions are optimized using insights
gleaned from the algorithm’s momentum map, and two numerical tests of this algo-
rithm are successfully simulated—a Landau damping simulation (see Fig. 1.2) as well
as a simulation of the Weibel instability. [28].

The charge conservation law of a Lagrangian PIC method constructed in the DEC
formalism [3] is then studied. The finite-difference N2T formalism of [40] is extended

to a DEC setting. In this way, a discrete charge conservation law [19] for this method
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Figure 1.2: While the multicolor surface depicts the Landau damping of electron
charge density over the lifetime of a simulation, the momentum map, depicted in
gray, is exactly conserved at each point of the simulation domain.

is rigorously derived:
0= (s —riy) + 207 (1)
J

While the aforementioned efforts describe electromagnetic gauge symmetry, this
symmetry comprises only one dimension of the larger symmetry group of plasma sys-
tems. In particular, plasmas are described in continuous spacetime, and therefore
have spacetime symmetry. The ten Poincaré symmetries—SO(3,1) x R* defined by
three rotations, three Lorentz boosts, and four spacetime translations—give rise to

plasmas’ conservation of angular momentum, the uniform trajectory of their relativis-



tic centers of mass, and to their conservation of linear energy-momentum, respectively.
The preservation of these symmetries in algorithms for plasma physics would enable
simulations that exactly conserve charge as well as these ten energy-momentum in-
variants.

The appendices to this dissertation describe the results of an effort to incorporate
this symmetry in discrete algorithms [47-50]. The approach taken emphasizes a
reinterpretation of the spacetime symmetries as internal gauge symmetries; certain
theoretical strides are made that may prove useful to future studies of symmetry-
preserving discrete field theories. One additional consequence of this effort is a novel
structure-preserving algorithm for the simulation of gravitational systems in vacuum,
derived from a Poincaré lattice gauge-theoretic discretization of the tetradic Palatini
action.

Any Poincaré representation that is suitable for computation must be finite di-
mensional. Such a Poincaré representation is discovered as a contribution of this
dissertation—mnamely, a 5-dimensional real representation called the 5-vector, denoted
®. This matter field gauge-transforms under the left group action of a Poincaré group

element g = (A, ) € SO(3,1) x R* as

O =g-P
A*, 0 7ing A# T (12)
¢y 1 ) ¢+ pym”

As a result, the b5-vector representation can viewed as a transpose of

the Bargmann representation [51] of spacetime transformations, defined as
)=

The appendix explores a sensible definition of dynamics for the 5-vector. Although

o 11 =[]

a Poincaré-invariant Lagrangian can be constructed for this matter field [47, 48], its

excessive degeneracy frustrates any causal link between its Poincaré symmetries and

10



conservation laws. In the appendix, another attempt to define dynamics for the 5-
vector is pursued instead, employing a discrete Yang-Mills-type equation, called a
1-loop [49]. In this formulation of dynamics, a Poincaré Lie-algebra-valued matter

current is defined on lattice links using neighboring 5-vector matter fields, as follows:
Jaln] = |@(27)" — @72 | -1 (1.3)

where ® = ®[n], & = U,[n]"'®[n + a], and ny = diag(—1,1,1,1,0). Here, J,[n] and
U,[n] denote the current and Poincaré connection on the lattice edge [n,n + aj. It is
readily seen that J,[n] transforms in the adjoint representation, such that it can be
readily paired with Wilson loops of gauge fields that transform in the same represen-
tation. Nevertheless, despite this progress, it will be unclear how to self-consistently
define dynamics in 1-loop theory.

As a more practical consequence of this investigation, a Lorentz-invariant dis-
cretization of the tetradic Palatini action for general relativity is defined using a
Poincaré gauge field. A structure-preserving variational algorithm is derived from
this action by calculating its equations of motion for a gravitational field evolving in

vacuulnl.

1.3 Organization

The remainder of this dissertation is structured as follows:

e Chapter 2 reviews the pure mathematics necessary for the remaining chapters,
with special attention to differential geometry and some background on Lie

groups and Lie algebras;

e Chapter 3 reviews elements of mathematical physics in the Hamiltonian and

Lagrangian formalisms that assist in exploring the gauge structure of such sys-

11



tems;

Chapter 4 includes both review and original contributions, describing elements
of structure-preserving algorithms that facilitate their preservation of gauge

structure;

Chapter 5, which is largely comprised of original contributions, synthesizes
the development of the prior chapters to (i) study the gauge structure of ex-
isting plasma physics algorithms, as well as (ii) develop new gauge-structure-

preserving algorithms.

The appendix pursues a sensible discrete dynamical field theory for finite-

dimensional Poincaré representations.
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Geometry and Symmetry I:

Mathematical Preliminaries

In this chapter, relevant mathematical background is reviewed, drawing especially

upon [34, 43, 52-56]. No claim of originality is made.

2.1 Manifolds and their pointwise structures

2.1.1 Topological manifolds

Manifolds are objects that locally appear as if subsets of n-dimensional Euclidean
space, R". To make such an idea precise, an n-dimensional topological manifold is
defined as a set M equipped with a countable atlas A = {(U,, Xo)} whose elements,

called coordinate charts, are pairs of
o subsets U, C M (labeled here by «); and

o one-to-one maps X, : U, — R" called coordinate maps onto connected open sub-

sets Xo(Uy) C R™
such that A satisfies:
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(a) UU, = M, i.e. the coordinate charts of A cover M;

(b) on overlap U,z = U, NUs, the composite map Xs o X5"' : Xa(Uap) = X5(Uap)
is V a, f a homeomorphism (a continuous function with continuous inverse) of

subsets of R”; and

(c) V distinct points m e U, and m’' €Uz 3 open subsets V C Xo(U,)
and V' Cxs(Us) in R* such that mex;'(V), m exz'(V'), and

X' (V)nxg (V') = 2.

The dimension of M is denoted dimM. The foregoing definition characterizes
topological manifolds in that condition (b) requires the composite maps Xso X, '
(read “Xxs after X,'”) to be continuous, or C°, between subsets of R". The
corresponding topology of M is generated by the preimages (under all Xx,) of
open sets in R™. Specifically, open sets on M are defined as any union of sets
{U=x(V) |V C Xa(U,) C R" open}. With such a topology, the technical condi-
tion (c) enforces the Hausdorff separation axiom, which ensures that any two distinct
points can be separated within disjoint open sets. A can always be extended to a
maximal atlas, so that it contains all possible coordinate charts that are compatible
with A. In particular, it will always be assumed that a given manifold has no atlas
B O A exists satisfying conditions (a)-(c).

It is often more useful to treat a manifold in local coordinates, that is, in terms
of a particular coordinate chart near a point. For example, given a coordinate chart
(U > m,x: U — R"), the point m might be more usefully described as the n-tuple
z(m) = (z'(m),...,2"(m)). Similarly, a function on M is often treated in local co-

ordinates as

f(m) = (f oz ") (z(m)), and denoted as simply f(x). (2.1)

The ‘manifold philosophy’ holds that, despite the technical convenience of describing
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a manifold M in terms of such local coordinates, as a geometric object M is unaffected
by the coordinate choice; all coordinatizations by compatible charts are equally valid

in any calculation of interest.

2.1.2 Smooth manifolds

A topological manifold is moreover a smooth manifold, or equivalently a differen-
tiable manifold, if its composite maps X o X, ! are not only C°, but C*>%—that is,
k > 0 times differentiable on R"™. In fact, smooth will always be assumed to mean
infinitely differentiable, so that smooth manifolds will have C'* composite maps.

As a trivial example, the Euclidean space R™ is an n-dimensional smooth manifold
for any n € N, coverable by a single coordinate chart defined by the identity map.
Less trivially, the unit sphere S? = {x eER3 ‘ |z| = 1} is a two-dimensional smooth

manifold that can be covered with the two coordinate charts

o stereographic projection from north pole: X; (:U, v, z)

z < €

o stereographic projection from the south pole: X3 (m, Y, z) = (112, ﬁ)

z>—€
for any fixed 0 < € < 1. The C*> composite map Xz o Xj* is defined on the annular

region {(X,Y) | 3¢ < X* +Y? < 1#£} C R? and given by

X Y
—1 o
X2 0 X7H(X,Y) = (X2+Y2,X2+Y2). (2.2)

It will also be crucial to characterize maps between smooth manifolds. In partic-
ular, a map ¢ : M — M’ is said to be smooth if Xz o¢ox,': R* — R" is smooth
wherever it is defined for any coordinate map X, on M and Xz on M’. In this way, the
smoothness of functions on manifolds is imputed from the familiar analysis of smooth
functions on Euclidean space. Two smooth manifolds are said to be diffeomorphic if

there exists a smooth map between them with smooth inverse, i.e., a diffeomorphism.
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The set of infinitely differentiable functions between smooth manifolds M and N

is denoted

C*(M;N)={f: M — N | fsmooth}. (2.3)

When N =R, C*(M; N) is abbreviated as simply C*°(M).
To better characterize the differential structure of manifolds, some useful defini-

tions of algebraic objects are now presented.

2.1.3 An aside on algebraic spaces
Fields, vectors spaces, and tensor spaces

A field (K, +,) is a set K with addition and multiplication operations,

+: K x K — K satisfying {CTATNTI"} o4

K x K — K satisfying {CAN(I) | D™}, .

where CANI denotes commutativity, associativity, the existence of a neutral ele-

ment, and inverses, D™ denotes distributivity, and (I) is in parentheses because

only K/{0} is invertible. Examples of K include the rational, real, and complex
numbers, respectively, Q, R, and C.

A wector space (V,®,0|K) over a field (K,+,-) is a set V with addition and

multiplication operations,

®:VxV =V satisfying {CPA°N®[?}
(2.5)
©: K xV =V satisfying {AYN® | DT®D%9}

with distributivity over both 4+ in K and @& in V. ©® may be referred to as s-

multiplication. A wvector subspace of V' is any vector space U C V with operations
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(6, ®) inherited from V. A canonical example of a real vector space (over R) is the
Euclidean space R™, whose operations are induced by addition and multiplication on
R. Similarly, any field is itself a one-dimensional vector space. In general, addition
will be denoted on a vector space simply by + and any symbol for s-multiplication
will simply be omitted.

A subset E C V of a vector space (V,+,-|K) is called a (Hamel) basis of V if

o every finite subset {e1,...,en} CE is linearly independent

(i.e., Y =0=q; = O>; and

=1

n
oVveV,da; € K, ¢; € Eand n < oo such that v = ) ase;.
i=1

The second condition is also denoted span(E) = V. (As an illustrative example,
note that Fourier series do not form a Hamel basis, but a Schauder basis because an
arbitrary function generally requires an infinite expansion in a Fourier basis.) The
dimension of V' is defined by the cardinality of F, that is, dimV = |E|, which may
be infinite.

A linear map € : V — W between vector spaces (V,®, ®)and (W, H, [) over K is
any map satisfying

Lo =L(v)B L)

(2.6)
la®v)=a@ml(v)

Vae K, v,v' € V. The set of all linear maps between vector spaces V and W
is denoted Hom(V, W) and called the set of wvector space homomorphisms. (No-
tably, Hom(V, W) is itself a vector space when defined to inherit the vector space
structure of W.) Any bijective linear map between vector spaces is a wvector
space isomorphism. In fact, finite-dimensional vector spaces V and W defined
over the same field are isomorphic if and only if dimV = dimW. FEndomorphisms

and automorphisms may be further defined on V' as End(V) = Hom(V,V) and
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Aut(V) ={f € End(V) | f invertible} C End(V), respectively.

The dual vector space V* of (V, 4+, |K) is defined as V* = Hom(V, K), the set
of linear maps from V to K. When dimV < oo, it is straightforward to show that
dimV* = dimV, and therefore V = V* (where = indicates a vector space isomor-

phism). In particular, given a basis {e1,...,e,} of V with n < oo, a dual basis

{e!,...,€"} C V* is defined on V* such that
é'(e;) = 5} V o 1<i,j<n. (2.7)

Likewise, it is readily seen that the dual of the dual satisfies V** = Hom(V*, K) = V.
The vector space V and its dual V* may be generalized as linear, K-valued maps
defined with one another as domains. In particular, a (p,q) tensor T is defined as

any multilinear map

T:V'x oo x VXV x-o XV = K, (2.8)

also denoted T': (V*)*P x V*? — K. The (p,q) tensor space

TV =V @V)*=V® - @VeV'® - @V ={T|T is a (p, q) tensor}

p q

(2.9)

may then be defined as the set of all (p, ¢) multilinear maps. Here, ® denotes the ten-
sor product, which takes arbitrary S € TPV, S" € TV, and defines S® S’ € NV
as the tensor that evaluates in order the correct number of vectors and dual vectors

using S and S, and multiplies the result over K. When T?V inherits addition and
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s-multiplication operations from K, (TPV, ¢, ®|K) constitutes a vector space:

& TPV X TPV = TPV
(2.10)
O K x TPV = TPV,
Notably, T¢V =V, T?V = V* and T}V = EndV are isomorphic vector spaces. (p, q)
is also referred to as the degree of a tensor T' € TPV. A tensor T' € T, (?V will also be
called a q-linear map on V.
Given a basis {ey,...,edimy} of V and the dual basis {e!,..., @™V} of V* any
tensor 7' € TPV can be specified by its components in these bases. In particular,
one may fix Tal"'a"blmbq € K for all indices 1 < a;,b; < dimV. The tensor T is then

entirely determined by s-multiplication:

dimV dimV

T = Z Z Tal.”apbl-'-bq S (6(11 R ® eap ® Ebl ®--- qu)
v (2.11)

— Tal.“apbl'“bq <> (eal ® e ® eap ® Ebl ® e EbQ) .

Here, the second equality may be taken to define Einstein summation convention.

Rings, modules, and algebras

A ring (R,+,-) is a set R with with addition and multiplication operations,

+:Rx R— R satisfying {CTATN*I"}
(2.12)
- Rx R— R satisfying {A | DT},
however only commutative wunital rings will be encountered, which satisfy
{C"AN | D*'}. Examples of R include the integers and smooth functions on a

manifold M, respectively, Z and C*>°(M). A ring generalizes the notion of a field; in

particular, a field is a commutative division ring.
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A left R-module (Mg, ®,®) over a ring (R, +,-) is a set Mg with addition and
multiplication operations,

®: Mg x Mg — My satisfying {CYA®N®[®}
(2.13)

®: R x Mr — Mg satisfying {A°N® | DT®D%O},
with distributivity over both 4+ in R and & in Mg. A right R-module is corre-
spondingly defined with a right multiplication operation ® : My x R — Mpg and an
R-bimodule is defined with both left and right multiplications. A module generalizes
the notion of a vector space; in particular, any vector space (V, @, ®|K) is a K-module
over the field K.

An algebra (A, ®,®, oK) is a vector space A equipped with a bilinear map

o Ax A A (2.14)

As an example, note that C°°(M) can be equally well regarded as a ring or an as-
sociative algebra; it is a vector space over R with the bilinear map of multiplication,
(feg)(m)= f(m)-g(m). Another crucial example of an algebra is a Lie algebra,
which has a non-associative multiplication rule e denoted [-, -], as shall be later de-
scribed. A linear map D € End(A) from an algebra A to itself is called a derivation

if D respects the Leibniz rule, that is,

D(feg)=D(f)eg+ feD(g). (2.15)

Given these algebraic structures, differential structures can now be characterized

on manifolds.
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2.1.4 Tangent spaces

The differentiation of functions on M can be geometrically characterized in the
following way. Consider a smooth curve v: R — M through m € M, parametrized
(without loss of generality) so that v(0) = m. The directional derivative of f at m

along 7y is defined as a linear map

X, C®(M) =R
q (2.16)
[ (foy)(0) = el (fon).

X, .m is called the tangent vector to vy at m. A precise intuition is that X, ,, is the
velocity of the curve 7.
The set of all tangent vectors at m forms a real vector space called the tangent

space of M at m, denoted

ToM = {X, . | 7 is a smooth curve through m}. (2.17)

T.M is closed under addition and multiplication since, given paths
{7,0} such that ~(0)=4d(0)=meU, for any chart (U,X) the path
o(s)=x"'o(xov(as)+xo0d(bs) —X(m)) satisfies Xypm =aX,m+0Xsm V
a,beR.

By considering the tangent vectors along curves determined by coordinate charts—
namely, curves over which only one coordinate varies—it is straightforward to show
that dim(7,,M) =dimM. In particular, consider a coordinate chart (U,x) with
z: U — R" such that x(m) = (z'(m),...,z"(m)), and a curve v; : R — U through

m € U such that +;(0) = m and 27 o v;(s) = s67. (Here, 67 is the Kronecker delta.)
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The derivative of f € C°(M) along ~; is then given by

Koo (f) = (f o) (0) = (foaz™" oz 0%)(0)
=0; (foa™") x(%(o))(xf 07:)'(0)
=0 (foa™") x(m)@j (2.18)
—a(roa)|

- ()

The second line follows from the chain rule on R™ and the Einstein summation con-

m

vention, where the symbol 0; denotes a derivative with respect to the 5" entry of
the n-tuple (z',...,2™) on R™. The last two lines define the partial derivative of
f M — R, which is always evaluated with respect to a particular coordinate chart

on M.

Repeating the calculation of Eq. (2.18) for a general curve 7, note that

0
ox’

_ of
O

Xym(f)

(e 07)/(0) = [( 01/ (0)

m] f (2.19)

m
A tangent vector can thus be expanded in the partial derivatives of a local coordinate
chart—

Xom=X' 0

Jm B where X' = (z'0v)'(0) (2.20)

m

are its real coefficients (or components). The components of X, ,, in a particular
coordinate chart provide a means to describe a tangent vector independent of any

fixed curve . From hereon, therefore, a tangent vector will be labeled simply by the
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point at which it is ‘attached’; i.e.

X = X! 0

™ oxt|

(2.21)

It is worth noting that such a vector can arise from infinitely many possible curves
(namely, any curve with the correct first order Taylor expansion at m). From this
perspective, X, is best viewed simply as a differential operator on smooth functions
at m.

Eq. (2.21) makes clear that the partial derivatives of an arbitrary chart span 7}, M.
Their linear independence also follows from noting that dz7/0x’ = §7 on each ‘coor-
dinate function’ 27 (defined such that 27 o z7! is a projection map on R™). Therefore,
{0,i} forms a basis for T,,,M and dim(7T,,M) = dimM as desired.

A range of notations are used for the partial derivative, and hereafter it will be

denoted by any of the following:

of
5 = Ouif = Oif = fi. (2.22)
To transform a tangent vector expressed in a local coordinate basis { %, cee %}
to its expression in another coordinate basis {%, e %}, note by the chain rule

that aii = %fcj : afj" Substituting into Eq. (2.21), therefore, the following transforma-

tion of the components of X, is found:

L 00\ 0
= <Xm ay) 907 |

-/

y - O0x?
ie, Xi= X:n%. (2.23)

-0
X, =X A
™ Ozt
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2.1.5 Cotangent and tensor spaces

Having seen that the tangent space T, M defines a vector space, its dual may also

be defined, the cotangent space at m,
"M = (T,,M)", (2.24)

whose elements are called covectors. Just as the basis {8%1, ce a%} for T,,M is
determined by a local coordinate chart (U, ), a dual basis {dz!,... , dz"} of T M

can be constructed for the same chart, satisfying

dxi(zgg) = 0; (2.25)

as in Eq. (2.7).
A covector must transform under coordinate transformations in a manner that
preserves Eq. (2.25). This requires an ‘inversion’ of the vector transformation in

Eq. (2.23), so that the components of a covector a = a;dz’ transform into the basis

{dz"', ..., dz"'} via

ox’

Qjr = O{ZW (226)
More generally, the (p, q) tensor space at m may be defined as
TPIN = TP (T, M)
(2.27)
={T :(T; M)*? x (T,,M)*? - R | T multilinear}
whose generic element can be expressed in a local coordinate basis as
T =T "% i R ® Qda? @ - -dabe (2.28)
br-ba \ Hgar Oz ) '
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as in Eq. (2.11). Since each (vector and covector) component of the tensor must
transform in keeping with Eqgs. (2.23) and (2.26), it follows that

! I
oy al, _ iy Oz Oz oxbr Ol

by b, br-bagrar  Graw 9t Qabe

T (2.29)

Evidently, T\"Y M =R, TGV M = T,,M and TV M = T* M.

2.2 Manifolds and their global structures

Thus far, tangent, cotangent, and tensor spaces have been described as inde-
pendent algebraic objects ‘attached” at a given point of a manifold M. Since such
objects ultimately arise from the infinitesimal characterization of curves traversing a
continuum of points on M, however, it would seem natural to describe these spaces
in a manner that is more geometrically unified. Doing so begins to reveal the rich

structure of smooth manifolds.

2.2.1 Submanifolds and product manifolds

A submanifold is a subset N C M that is itself a manifold, whose manifold struc-
ture is inherited from M. In particular, one requires that V. m € N, 3 a chart (U,, X4 )
on M such that m € U, and Xo(N NU,) = R4V N x,,(U,) for RIMN C RdimM,

This condition can be equivalently stated by requiring N C M to be the image of
a mazimal rank map into M. In particular, the rank at x € ) of an arbitrary smooth

map F': () — P between the ¢-dimensional manifold () and p-dimensional manifold

P—denoted rank(F'),—is the rank of the ¢ x p Jacobian matriz %1;] . (Here, the
notation of Eq. (2.1) for arbitrary coordinate charts ' on @ and y’ = F’(z) on
P is used.) rank(F), is said to be mazimal if rank(F'), = min(q,p), its greatest

attainable value. By the implicit function theorem, given any maximal rank F

coordinates can always be chosen such that y = F(z) = (z!,...,29,0,...,0)if p > ¢
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or y = F(z) = (z',...,29) if p < ¢q. Therefore, given N as the image of a maximal
rank map ¢ : Ng — N C M for some smooth manifold Ny, a coordinate chart can be
defined satisfying the definition of submanifold above.

In the other direction, there is often occasion to ‘augment’ manifolds via
the natural structure of a product manifold. In particular, the product of
an n-dimensional manifold M and an n’-dimensional manifold M’ is defined
by the manifold M x M'= {(m,m') |m e M,m' € M'}. Its coordinate maps
are defined such that, given X,(m)= (x.(m),...,x"(m)) €R® on U, C M and
X (m') = (Xp/(m'), . .. ,Xg:(m’)) €R" on Ug C M', the product manifold has co-
ordinate map Xaxg ((m,m’)) = (X5(m), ..., x%(m), x(m'), ... ,Xg/(m’)) € R on
Uy x Ug C M x M'. Therefore, dim(M x M') =n+n'.

2.2.2 Fiber bundles over smooth manifolds

A fiber bundle with fiber F over a smooth manifold M is denoted E = M, where
E is a smooth manifold called the total space, M is the base manifold or base space,
and 7 : ' — M is a smooth surjective map called the projection that satisfies a lo-
cal triviality property with respect to the smooth manifold F. This property re-
quires that V m € M, there exists a neighborhood U C M containing m such that
7N U) 24 U x F are diffecomorphic. A fiber bundle can therefore be imagined
as a set of spaces diffeomorphic to F', smoothly parametrized by the points of M.
The preimage 7 '(m) C E of a point in M is called the fiber at m, and satisfies
7 (m) Zge F.

A smooth map 0 : M — FE is called a section of the fiber bundle F if 7 o 0 = id,,,
the identity map on M. A section can therefore be understood as a map from each
point m € M “up” to a point in 7~1(m), the fiber above m. The set of all sections of
a fiber bundle F will be denoted I'(E). A local section is a smooth map oy : U — E

from any open set U C M satisfying 7|y o 1o = idy. The set of all local sections of
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a bundle E will be denoted I'.(E).

If there exist smooth maps u : £ — E’ and f : M — M’ between the fiber bundles
E ™ Mand E' ™5 M’ such that 7/ o u = f om, then (u, f) is said to be a bundle map.
(Note that f is in fact uniquely determined by w.) If v and f have smooth inverses as
well, then (u, f) defines a bundle isomorphism. A subbundle E' = M’ is defined such
that £’ C E and M' C M are submanifolds and 7’ = 7T| 1 18 given by the restriction
of the projection map on FE.

The simplest example of a fiber bundle is a product space E = M x F' for some
manifold F, where m(m, f) = m. Any fiber bundle that is bundle isomorphic to a
product space is called a trivial bundle. The local trivialization of a fiber bundle with
fibers diffeomorphic to F is given by a product U x F such that U x F 2gg 7~ *(U)
for any open U C M. On any such trivialization, a local section oj,.(U) can always
be defined.

A typical example of a nontrivial fiber bundle is the Moebius strip, with a base
space defined by the circle S' and a fiber defined by the interval [0,1] C R. The
requirement of the projection map’s continuity forces 7 to continuously ‘twist’ as it
traverses through fibers above the base space, which distinguishes the Moebius strip

from the cylinder, S* x [0,1].

2.2.3 Tangent bundles

Certain bundles on manifolds will be of particular interest. Foremost is the col-

lection of all tangent spaces on M, defined as the tangent bundle

T™ = | J T.M, (2.30)

meM

whose bundle projection is TM = M, and whose fibers are given by 77! (m) = T}, M.

It is worth noting that vectors in two different tangent spaces belong to separate
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algebraic entities and cannot be added together, so that X,, + X, is ill-defined for
m#m' € M.

TM is itself a manifold, whose atlas can be inherited from the n-dimensional
base space M by associating to each chart (U,z) on M a chart (771(U),¢)
on TM, defined such that £(X,,) = (z'(m),...,2"(m),X},..., X") € R*. Here,
X, :an&- € T,,M with components determined by the chart as described in
Eq. (2.21). Clearly, dim(T'M) = 2n. Given a smooth manifold M, T'M is also smooth

and the projection 7w : T'"M — M is a smooth map.

2.2.4 Vector fields

The crucial notion of a wvector field on a manifold M is now straightforwardly
described. In particular, a vector field is any smooth section o : M — T'M of the
tangent bundle. The set of all vector fields (i.e. all smooth sections) is denoted X(M)
(equivalently, I'(T'M)).

It is clear that a vector field is smooth if and only if its coefficient functions
in local coordinates are smooth. In other words, a vector field is locally defined by
X = X'(x)0,: for some {X*(z) € C>(M)}. It thus follows that X(M) forms a module
over the ring C*°(M), so that vector fields may be added and multiplied by smooth
functions, e.g. for f,g € C*(M) and X,Y € X(M), fX + gY defines another vector
field in X(M), where fX = f(z)X'(x)0;. (Note, however, that vector fields need
not have components that are well-defined globally, since coordinate charts need not
cover an entire manifold. Nevertheless, {0,:} constitutes a bona fide basis on a local
coordinate chart (U, x) for the C*°(M)-module X(U C M).)

In local coordinates, it can also be shown that, given any f & C*°(M) and
X € X(M) it follows that X (f) € C*°(M), where X (f) denotes the directional deriva-
tive described in Section 2.1.4. (The curve locally associated with a vector field will

be described in the next section.) By the addition and product rules, in fact, any
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vector field X € X(M) is a derivation on the algebra C*(M); it acts linearly and

respects the Leibniz rule of Eq. (2.15). Therefore,

X(fg)=X(flg+ fX(g) V¥ f,g€C®M)and X € X(M). (2.31)

Powerfully, it also turns out that any derivation on C*°(M) is a vector field.
This can be seen by examining the derivation operating on coordinate func-
tions. In particular, for an arbitrary derivation D : C*®(M) — C*°(M), define
D(2%) = a*(x) in local coordinates. By Taylor’s theorem, near a point zy an arbi-

trary f € C°°(M) can be written as f(z) = f(xo) + (2° — x{)hi(x) for some functions

{h; € C®(M)} satistying h;(z) = 2L

Since D(¢) =0 V ¢ € R, it follows that

Zo

Df(x) = a'(x)hi(z) + (2° — a:f))DhZ(:E) Letting x — xq establishes D = ai(x)aii.

2.2.5 Flows of vector fields

In Eq. (2.16), a curve v was demonstrated to give rise to a tangent vector X, ,,
at each point m € Imy (where Imv denotes the image of ). With individual tangent
vectors comprising a smooth vector field on M, this process can be run in reverse, so
that tangent vectors give rise to a curve. In particular, an integral curve of a vector
field X € X(M) is a smooth curve v : R — M whose tangent vector equals the vector
field at each point along ~.

In local coordinates, the integral curve arises by Eq. (2.20) as the solution
z(s) = (x'(s),...,2"(s)) to the ordinary differential equations (ODEs)

dz’
ds

= X'(z) Vie{l,....n} (2.32)

where X = X%(2)0,: € X(M). (Here, the notation of Eq. (2.1) is employed.) Given
any initial condition x(0), existence and uniqueness theorems of ODEs ensure that

there is a unique solution to Eq. (2.32), that is, an integral curve for X, in some
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neighborhood of z(0). This implies, in turn, the existence of a unique mazimal integral
curve of X initialized at any x(0) and integrated to maximal s (such that s — oo if
no divergence or boundary is reached in ‘finite time’).

The parametrized maximal integral curve of X passing through m € M can also be
regarded as a function of the initial point m = x(0) and denoted ¥4(m) = x(s). When
the ‘existence time’ is infinite for all maximal integral curves of X, W, : M — M de-
fines a diffeomorphism V s € R, and the set {¥ : M — M }4cr defines a one-parameter
family of diffeomorphisms on M called the flow generated by X. From the uniqueness

of solutions to Eq. (2.32), it is clear that Wy satisfies

Uo(m) =m (2.33)
dW(m)
ds Xu.(m)

Flows are also invertible, since W, 0 W_, = id),.

Another quite useful notation for the flow of a vector field X is given by

exp(sX)m = W (m), (2.34)

in which the vector field X is imagined to ‘act on’ the point m. This notation is

justified by noting that Eq. (2.33) results in

exp(s'X) exp(sX)m = exp((s + s ) X)m
exp(0X)m =m (2.35)

d
P exp(sX)m = Xexp(sX)m

—properties characteristic of the exponential.
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2.2.6 Pushforward

Vector fields behave naturally with respect to maps between smooth manifolds.
Given a vector field X € X(M) and a smooth map f : M — N such that f(m) = n,

the pushforward of X at m € M is defined as the map

fo: TM — T,N
Xp= Yy st (AXn)(h) =Ya(h) = Xpn(ho f) ¥ heC®(N).

(2.36)

(Note that Eq. (2.16) therefore defines X ,, = 7.+ for the vector field £ € TR.) In

local coordinates (U, x) on M and (V,y) on N, the pushforward of X,, is given by

.0

LOfi 9

™ oxt Oy

(2.37)

n

The pushforward transforms X, simply by a factor of the Jacobian matrix df7/dz", a
generalized first derivative of maps between manifolds. f, is clearly, therefore, linear.
From the definition, it is immediate to see that pushforwards are covariant, that

is,

(fog)=fiog. (2.38)

—which constitutes a reformulation of the chain rule. If f is not just smooth but a
diffeomorphism, then f, : X(M) — X(NN) maps vector fields on M to vector fields on
N (and not just individual vectors).

The pushforward f, is also sometimes referred to as the differential, denoted df,

or the tangent map, denoted TJ.
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2.2.7 The Jacobi-Lie bracket

The differential structure of manifolds is further revealed by a crucial operation on
its vector fields known as the Jacobi-Lie bracket, or the vector field commutator. Given
two vector fields X,Y € X(M), their Jacobi-Lie bracket [X,Y] € X(M) is another

vector field, defined such that

(X, Y](f) = X(Y(f) = Y (X(/)) (2.39)

V f e C®(M). In local coordinates (U, xz) on M, it is straightforward to see that

oxJ oxI

O Yﬂ'aX) 0 (2.40)

X¥)) = (o J

(and that second derivatives cancel out). Simply from the definition, it can be shown

that the Lie bracket [-, -] satisfies three properties:

(a) Bilinearity. [aX +bY, Z] = a|X, Z] + b]Y, Z]
(X, aY +bZ] = a[X,Y] + b[X, Z];

(b) Skewness. [X,Y] = —[Y, X]; and the
(c) Jacobi Identity. [X,[Y,Z]]+[Y,[Z,X]|+ [Z,[X,Y]] =0

Va,beRand XY, Z € X(M).

Any algebra satisfying the three properties above is called a Lie algebra. Thus,
X(M) constitutes an infinite-dimensional Lie algebra with a multiplication rule de-
fined by the Jacobi-Lie bracket. Furthermore, by rewriting the Jacobi identity as
(X, Y, Z]] = [[X,Y], Z] + [Y, [X, Z], the Jacobi identity is seen equivalent to the re-
quirement that the operator [X, -] : X(M) — X(M) is a derivation V X € X(M).
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2.2.8 Cotangent and tensor bundles

A construction entirely analogous to the tangent bundle may be undertaken to

define the cotangent bundle

™M= T,M (2.41)

meM

whose smooth sections are covector fields, e.g. « € I'(T*M). Like vector fields,
covector fields may be expressed locally in a coordinate chart o = a;(x)dz’, where
a(x) e C*(M)Vie{l,...,dmM}.

Lastly, the more general (p, q) tensor bundle can be defined as

7@ \f — U TP\, (2.42)

meM

whose smooth sections are tensor fields. Equivalently tensor fields on a smooth man-

ifold M can be characterized as the set of C°(M)-linear maps
TPON = {T: T(T*M)*? x T(TM)*? — C*(M) | T linear} . (2.43)

Tensor fields, too, may be locally described in terms of a coordinate

chart, e.g. T = T“l"'a”blmbq (x) (&%1 ® Q72 dh" ®-- -dqu), where

oxP

Tar--apbl.__bq (x) € C*°(M) are smooth, locally defined component functions.

Clearly, TOOM = C*(M), T*OM = TM and TOYM = T*M.

2.3 Exterior algebra, differential forms and de
Rham cohomology

While covector fields have so far been discussed primarily as ancillary objects dual

to vector fields, they play a much more essential role when generalized to the category
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of differential forms.

2.3.1 Exterior algebra

To build up to a definition of differential forms, it is useful to first consider the
algebraic notion of an exterior algebra. For any real vector space V', the space of k-
linear maps 7.V may be further specialized to Alt*V ¢ TV, the space of alternating

(k > 0)-linear maps, defined as

AV ={w e TIV | w (X1, ..., Xi) = (—D)"w (Xeqy, ..., Xany) VX, €V, 7€ Perm(k)},
(2.44)

where Perm(k) denotes permutations on k elements and |r| denotes a permutation’s
parity. In short, any alternating k-linear map w € AIt*V is antisymmetric in its
inputs. For good measure, note that Alt’V = TV =R and Alt'V = TV =V*.

Given a basis (e ..., e,) for V it is apparent that the antisymmetric w € Alt"V is
entirely determined by its values w (ea(l), . ,eg(k)) on basis elements represented by
‘increasing maps’ o : {1,...,k} — {1,...,n} satisfying o(1) < --- < o(k). The set of
such increasing maps is denoted i}g, a set of cardinality #i” = (%). The evaluations
{w (60(1), . ,ea(k)) | o€ EZ} therefore define a basis for Alth, so that Alt*V is a
vector space of dimension (})—a significant reduction to the n* dimensionality of
V.

The antisymmetry of an alternating k-linear map manifests in the antisymmetry

of its components, such that

1 ™
Way-ap = Wiarap] = E Z (_1)| |waﬂ(1)"'aw(k)' (2.45)

mePerm(k)

As defined here, square brackets around indices are used to denote antisymmetriza-

tion, while parentheses around indices would denote symmetrization (with a defining
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formula as above, less the factor of (—1)7).
The wedge product w A p € ARF™V may now be formulated for any w € Alt*V
and p € Alt‘V. Tt is defined such that
1
WAP) (X1, Xar) = Y, (=DM @@ p) (Xays s Xerrn)

k0!
wePerm(k+4)

= Z(—l)‘ W (Xry s Xa) 2 (K1), - - > Xa(iro))
wePerm(k+0)
m(1)<--<m(k)
7 (k+1)<--<m(k-+0)

(2.46)

V X; € V. Given w,p € Alt'V, for example, wA p=w® p — p@w. With this def-
inition, it is readily seen that the wedge product is associative, distributive, and

anticommutative, such that

wAp=(—1D"pAw (2.47)

for all w € AR*V and p € Alt'V.
Defining the direct sum of alternating A-linear maps AltV = @, Alt"V | the wedge

product defines AltV as an anticommuting graded algebra, called the ezterior algebra

on V*.

2.3.2 Differential forms

Moving now to the manifold picture, the exterior algebra ART,,M may be
defined in the usual manner by setting V =T,,M at each point m € M, where
dimV = dimM = n. The space At*T,,,M C T¥ M then consists of the totally an-

tisymmetric (0, k) tensors at m. The subbundle AR*TM C TO* M is now defined

35



by the collection of all such spaces,

A TM = | | AT, M, (2.48)
meM
and it may also be viewed as a simple restriction of the (0, %) tensor bundle to its
antisymmetric tensors.

Finally, differential k-forms on M (often simply, k-forms)—denoted A*(M)—
are defined to be the smooth sections of the alternating (0, %) tensor bundle, i.e.
A*(M) = T(AR*TM). k-forms inherit a pointwise exterior algebra from the spaces
AIt*T,,, M, so that wedge products are defined pointwise in the obvious way. k is also
called the degree of a k-form.

Using their antisymmetry to advantage, k-forms can conveniently be expressed in
local coordinates via the wedge product in a manner that makes their antisymmetry

more explicit:

1
W= Wayogq Az @ -+ @ dz™ = Ewal...akdxal Ao Adx®™. (2.49)

When w is a top form (that is, a form of degree n = dimM), the antisymmetry of w

lends itself to an additional simplification:

1

W= —|wa1...anda:“1 Ao Ada® = wypdat A A da” (2.50)
n!

so that no sum over indices need be implied.

There exists an (7 )-dimensional basis induced by local coordinates for k-forms
on a local coordinate chart (U, z)—that is, for A*(U C M) regarded as a C°°(M)
module—given by {dx"(l) A ANdao®) | o € i}j}

Despite their technical definition presented here, differential forms turn out to

be quite natural in that they are precisely those objects which can be integrated
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over oriented manifolds. To see this, recall that an orientation-preserving change of
coordinates z — z(z’) (where x is now viewed as a function of 2’) for the integral of

a function f(z) is given by:

/Mf(x)dxl---dx"://f(x(x’))det (%) dzt' - dz™ (2.51)

where x(M') = M and det (%) denotes the Jacobian of the coordinate transforma-
tion. Serendipitously, as the result of its antisymmetry, an n-form transforms in the

very same way. In particular, using the expression in Eq. (2.50):

1 n
= Wi (z(")) (ax, 8x, Azt A A dxa%> (2.52)

Here, the second line follows by the chain rule and by rewriting the function
wi..n(z) in terms of the new variable a’. The third line follows from the defini-
tion of the determinant. Since w can also be expressed in arbitrary coordinates—
W =Wy (@)dz? A - Ada™ it follows that wir.(2') = wi..,(z(2))det (22) as
necessary in Eq. (2.51).

Thus, integration may be geometrically defined on an oriented n-dimensional
manifold specifically as an operation on differential n-forms. In particular, for an
n-form defined in a local coordinate chart (U C M, z) on a manifold M such that

w = wy..n(x)dzt A -+ Ada™, its integral is defined by

/ w= / Wy (z)da! - - - da™, (2.53)
U VCRn

where V' = z(U) C R™. Since w transforms appropriately, this integral is independent

of the coordinatization.
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It is also worth noting that A¥(M) is clearly a C°(M)-module, closed un-
der addition and C*°(M)-multiplication. The O-forms are simply smooth func-
tions, AY(M) = C°(M), while n-forms are volume forms (or ‘top forms’) on the
n-dimensional manifold M. Lastly, A¥>"(M) = 0 for dimM = n, since indices will be

forced to repeat in the antisymmetric components of the form.

2.3.3 Pullback

Just as vector fields were naturally ‘pushed forward’ by maps between manifolds,
differential forms are naturally ‘pulled back.’

In particular, consider a differential k-form € A¥(N) and a smooth map
f:M — N. The pullback of 8 to M, denoted f*B € A*(M), is defined as the k-

form on M such that

(f*B)] (Xi,..., X)) = ﬁ‘f(m)(f*Xl, ooy [ XR) (2.54)

m

VaeeM, X, e X(M). For 3 € A°(M) a 0-form, f*8 = Bo f. By its definition, the
pullback f*: A¥(N) — A*¥(M) is clearly a linear map. Note that the pullback is
defined in terms of the pushforward; unlike the pushforward, however, the pullback
f*w of a k-form is a k-form for any smooth f. (Whereas the pushforward f,X of a
vector field X is only a vector field for f a diffeomorphism).

Integration behaves naturally under the pullback. In particular, using local coor-

dinates it is straightforward to show that

/Mf*w:/Nw (2.55)

is just a geometric (coordinate-free) reexpression of the multiple integral change of

variables formula, Eq. (2.51). The pullback also distributes over wedge products, such
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that

flanp)=ffanfp (2.56)
YV a € AF(M), B € AYM).

2.3.4 Interior product

The interior product of a vector Y € X(M) and a k-form w € A*(M)—denoted

Y Jw or tyw—is defined as the (k — 1)-form satisfying

(Y—Jw)(Xla"'an—1> :W(KXl,...,Xk_l). (257)
The interior product is bilinear in both its arguments, and satisfies

Yi(wAp)=Yiw)Ap+ (=) 'wAYip) VweA (M)
(2.58)
L[X7y]Q = [,Cx, Ly]Q.

2.3.5 Exterior derivative

Given a k-form expressed in local coordinates, w = wy..,dz! A - - - dz¥, the exterior

derivative of w—denoted dw—is a (k + 1)-form defined by

dw = (aiwlk> dz Ada! A - dat. (2.59)
x'L
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From the definition, it can be readily seen that d : A¥(M) — A*1(M) is a linear

anti-derivation that satisfies a closure property, i.e.

d(aw + bw') = adw + bdw’
dwAp) =dwAp+ (=DFwAdp
d(dw) =0 Va,beR, ww €N (M), pe A(M).
(2.60)

For f € A°(M)—that is, f € C°°(M)—it is also apparent that df = f,, since in
local coordinates

df(X) = Xiaif

p (2.61)

d ‘

X)(h) =X(h =(X'0f—h X)=X'0;f—.
(£X)(h) = X(ho f) = (X'Of )b = (£X)=X'Of L
(Although formally df(X) € C*(M) and f.X € I'o.(TR) live in different spaces,
Eq. (2.61) implicitly identifies (i) R, the target space of f, with (ii) the 1-dimensional
vector space with basis {%}, as local sections above a coordinate patch of M, as is
natural.) The pushforward of a fixed vector field X € X(M) along f : M — N is also

correspondingly expressed as

fX=dfoXof L, (2.62)

where f~! is appropriately restricted to an invertible subset of Imf.
It can be shown that the exterior derivative—as defined by Eq. (2.59) in local
coordinates—is the unique map A*(M) — AFF(M) that satisfies Eq. (2.60) and also

df = f. on f € A°(M). Therefore, it must also have a coordinate-free expression,
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which turns out to be

(dw)(X1 oo, Xir) = D (—1)FHIX, (w(Xl, X ,X,m)>

i=1
+ Z(—1>Z+Jw<([Xl,XJ],X1, c. ,XZ‘, ceey ,X]’, c. ,XkJrl))

1<j

(2.63)

where X; denotes the omission of vector argument X;. Here

~

X; (w(Xl, X, ,Xk+1)) denotes a vector field differentiating a function,
as in Eq. (2.31).
It is also worth noting that d behaves naturally with respect to pullbacks. In

particular, given w € A*(N) and f: M — N,
d(fw) = fdw. (2.64)
This is straightforwardly shown for w € A°(M), since
d(f'w)=dwo f) =dwodf =dwo f. = f*dw. (2.65)

(Here, d(w o f) = dw o df follows from Eq. (2.38).) Higher degree demonstrations of
Eq. (2.64) then follow from the properties of Eq. (2.60).
A k-form w € AF(M) is said to be closed if

dw = 0. (2.66)

w € A*(M) is further said to be ezact if

w=dp (2.67)
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for some p € A*"1(M). Due to the last property of Eq. (2.60), all exact forms are
clearly closed, however, closed forms need not be exact. A nice such counterexample

arises on the punctured plane R*\{0} where the 1-form

_ xdy — ydx

do
x? 492

(2.68)

is readily seen to be closed but not exact; after all, the polar coordinate 6 can either

be regarded as multi-valued or discontinuous at 8 = 0,27, 4m,... but in any case

0 ¢ C(M).

2.3.6 Lie derivative

Another important derivation on a manifold M is now described. While an ex-
terior derivative changes (by +1) the degree of a k-form, a Lie derivative, which
is defined to act more generally on arbitrary (p,q) tensors, leaves tensorial degree
unchanged.

It is often of interest to know how a tensor changes along the flow exp(sX) induced
by a vector field X. This is computed by the Lie derivative with respect to X, denoted
L. For the simplest case of a function f € C*°(M), for example, one might wish to

understand how f changes infinitesimally at a point m € M along the flow of X, i.e.

d
Lx(f) = | [flexp(sx)m)]
- axl . % 0 (eXp<S )m) - axz . m (f) m

For a function, therefore, the Lie derivative Lx recovers the directional derivative as
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described in Section 2.1.4.(%)
To extend this notion to an arbitrary tensor field o € I'(T®% M), the Lie derivative

of o with respect to X € X(M) is defined by

d
Lx(o) = Ts exp(sX) o
Ple=0 ¥ (2.72)
€ S * exp(s m) m
such that, pointwise, EX(U)’ Zlir% xp(5X)* (0 exp(sx)m) — 7| .
m S—r S

The pullback exp(sX)* ensures that o is not compared in two distinct vector
spaces but rather pulls the ‘upstream’ tensor in Téqu(lx) M back to TP M. For
o € D(TOY M), this pullback is already defined by Eq. (2.54). For o € X(M), the
pullback is defined by inverting the pushforward, that is, exp(sX)*Y = exp(—sX).Y.
The pullback of a general o € F(T(W)M ) is then simply defined so that every upper
index is pulled back as a vector field, and every lower index is pulled back as a covector

field.

A number of useful properties of Lx readily follow from its definition, including;:
Lx(w)=d(Xiw)+ X(dw)

EX(Y_IQJ) = (ﬁxy)_lw +Y (ﬁxw)
L(wAp)=L(w)Ap+wAL(p)

LxY = [X, Y].
ﬁx(dw) = d(ﬁxw)
(2.73)
() As an aside, it bears noting that by Taylor’s theorem,
d
Flexp(sx)m) = fn)+s 4| [flexp(sx)m)] +0)
S o=
s=0 (270)
(2.69)
2 fm) + sX(f)| +0(s).
Carrying this expansion to infinite order, it is found that
. sk
(sX)m 2
f(exp(s kzz: X (2.71)

justifying the exponential notation for flows of Eq. (2.34).
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2.3.7 de Rham Cohomology

A sequence of vector spaces and maps V; ELN V5 ELN h;l> V, is said to be a
complez if fi11 o f; = 0V 7, or equivalently, if Imf; C Kerf;,1 V i (where Im and Ker
denote image and kernel, respectively). A complex is moreover said to be ezact if
Imf, = Kerf;., V1.

The closure property d o d = 0 of the exterior derivative, as noted in Eq. (2.60),
affords the existence of the de Rham complex of differential forms on an n-dimensional

manifold M, defined as

0= R AM) S A S - S ann So. (2.74)
Here, R — A°(M) denotes the inclusion map to constant functions on M. It is use-
ful to label the exterior derivatives between spaces such that d, denotes the map
AF(M) L5 ARFL(AL).

The sets of closed and exact k-forms, respectively, are typically denoted(”)

ZH(M) = Kerd,, = {w e A(M) | dyw = 0}
(2.75)
BE(M) = Imd,_, = {w e AF(M) |3 p, w= dk_lp} — dyp_ AL,
Clearly, B*(M) C Z*(M).
The k™ cohomology group of M, denoted H*(M), is defined as the set of closed

forms modulo the exact forms, that is:

H*(M) = : (2.76)

An element [w] = w + d,_1A*t € H¥(M) denotes an equivalence class of k-forms

whose exact term can be arbitrary. The de Rham complex is exact precisely when

(") Z is derived from the German “zyklus” for “cycle” while B suggests “boundary.”
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H¥(M) =0V k, and its non-exactness remarkably conveys purely topological infor-
mation about the manifold M. In fact, it should be noted that a closed form is always
locally exact in a small enough, (topologically uninteresting) neighborhood. However,
there is no guarantee that a closed form is globally exact—as seen in Eq. (2.68).

A result closely connected to the de Rham complex is a powerful theorem in
integration known as Stokes’ theorem,(" which holds that for a compact, oriented

n-dimensional manifold M with boundary OM,

/de:/aMw (2.77)

Vwe A" (M).

2.4 (Pseudo)-Riemannian manifolds

2.4.1 Metric

A great deal of geometrical structure follows from the introduction of a metric
g on a smooth manifold M, an object that shall be collectively denoted (M, g).
A pseudo-Riemannian metric is defined as any nondegenerate symmetric (0,2)-
tensor field g € D(T®? M), such that ¥V m € M, g(X,Y)| =0V Y € X(M) implies
X =0. A manifold M equipped with such a metric is further said to be a pseudo-
Riemannian manifold. 1f g is also positive definite—i.e. g(X,X)‘m >0V meM,
(X #0) € X(M)—then (M,g) is called a Riemannian manifold. Hereafter, (M, g)
will be assumed pseudo-Riemannian.

The metric g endows each tangent space T,,M with a nondegenerate, symmet-

ric 2-form, namely g(X, Y)‘m. This 2-form effectuates a notion of distance on M,

(**)Stokes’ theorem demonstrates that the cohomology of the de Rham complex (defined via d) is
dual to the homology of the chain complex (defined via the boundary operator, d) on a manifold
M, with the pairing between these dual spaces defined by integration.
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wherein an infinitesimal line element df in the direction of X, is conceived to have
‘squared infinitesimal distance’ d¢* = ¢g(X,,, X,,). Summing (the square root of) such
infinitesimal contributions along an integral curve of X on M measures its distance.

In local coordinates (denoted by convention with Greek indices on pseudo-Riemannian

manifolds) for example, letting X = %= _8iu
dxt dxr
_ _ 2.78
Al /dé /ds I gs ds 27

A metric also endows each tangent space T, M with a notion of orthonormality.
Specifically, a basis {e1,...,e,} of T,,M is said to be orthonormal with respect to g
if g(e,, el,)‘m = £J,,. Since ¢ is symmetric (and thus diagonalizable) and nondegen-
erate, such a basis can always be found.

The signature Sig(g) = (p,q) of g is defined by the number p (or ¢) of ‘posi-
tive’ (or ‘negative’) orthonormal basis vectors {e, } such that g|,(e,,e,) =1 (or —1).
The index Ind(g) of g denotes the number of ‘negative’ such basis vectors. By the
smoothness and nondegeneracy of g, these are constant from point to point.

The paradigmatic example of a pseudo-Riemannian metric is defined by Minkowsk:

spacetime (R*,n). In (t,z,y, z) coordinates, its metric is given by
-1

Nuv = (279)

such that Sig(n) = (3,1) and Ind(n) = 1.

46



2.4.2 Hodge star

While differential forms are topological objects that can exist independent of a
metric, their interaction with a metric is often mediated via the Hodge star, denoted
*. This is a metric-induced map between k-forms and (n — k)-forms.

To define *, first note that an oriented, n-dimensional manifold (M, g) has
a unique n-form (a wvolume form or top form) denoted vol, € A"(M) such that
vol,(eq,...,e,) =1 for any positively oriented orthonormal basis {e,}. (Recall that
A"(M) is 1-dimensional so that this uniqueness is a matter of simply choosing
f(z)=1invol, = f(z)dz' A--- Adz™.)

Furthermore, note that the metric on (M, g) also pointwise induces a symmetric
nondegenerate form (-,-),x on A¥(M)V k € {1,...,n} in the following way. In local

coordinates, for w, p € A*(M),

1
(wap)Ak = Ewul“'ukpul o

1
= Ewﬂl"'#kpl’l"'l’kg

(2.80)

uivy o GMEVE
g .

This form is symmetric and basis-independent.
The Hodge star x : A¥(M) — A"*(M) is then defined as the unique isomorphism

satisfying

(w, p)arvoly, = w A xp (2.81)

YV w,p € A¥(M). Since (w,p)ar is symmetric, it follows that w A xp = p A xw. Fur-

thermore, it is readily calculated that

fkw = (= 1)) ()RR (2.82)

verifying that x is an isomorphism.
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2.4.3 Codifferential

The symmetric form (-, -),» on k-forms defined pointwise V. m € M can be natu-
rally extended to a symmetric form (-, )25+ on k-forms over all of M. In particular,

define

(w,p)LzAk:/ (w,p)AkvoIg:/ W A *xp. (2.83)
M M

Further define the codifferential § : A¥(M) — A¥=1(M) as the map satisfying
*ow = (—1)Fd x w (2.84)

YV we A (M).
Then, note that Stokes’ theorem of Eq. (2.77) combined with the Leibniz rule for

the exterior derivative of Eq. (2.60) implies

/é)Mw/\*p:/Md(w/\*p):/M[dw/\*er(—l)kw/\d*p} 255

= (dw,p)LzAk - (w,ép)LzAk

YV w e AY(M), p e A*1(M). Up to a boundary term, therefore, d is a formal adjoint
of the exterior derivative d under (-,)z2px. After all, modulo the boundary term of

Eq. (2.85)

(dw, p)p2ar = (w, 0p) 2ar- (2.86)
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2.5 Lie groups, Lie algebras, group actions and

representations

2.5.1 Lie groups

A critical role is played in physics by Lie groups, mathematical objects that are
simultaneously geometric smooth manifolds and algebraic groups. A group is a set G

equipped with a binary operation (-) satisfiying four axioms:
(a) Closure. For any g,h € G, g-h € G.

(b) Identity. There exists a distinguished element 1 of G (the identity) satisfying

l-g=9g-1=yg.

(c) Inverse. For any g € G there exists ¢g~! € G (the inverse of g) satisfying
g g=99"'=1

(d) Associativity. For any g,h,k € G, g-(h-k)=(g-h) - k.

Hereafter, the identity of a group will sometimes be denoted e instead of 1. A product
of elements of G' will also simply be written gh at times. A group is said to be abelian
if gh =hgV g,h € G, (and nonabelian otherwise).

Groups often arise naturally as a set of symmetry transformations. The dihedral
group D3, for example, is the set of six symmetry transformations of an equilateral
triangle, defined by three rotations (in multiples of 120°) and three reflections through
its perpendicular bisectors. It is readily checked that these six transformations satisfy
the group axioms.

As a second example, the two-dimensional Euclidean plane is invariant under

rotations and translations. These symmetries indeed define the Euclidean plane.(”)

() For example, contrast the Euclidean plane with the Cartesian plane defined with points labeled
by (z,y) coordinates. The Cartesian plane has no symmetries, since no (nontrivial) transfor-
mation of the plane leaves this labeling invariant. The Euclidean plane is abstracted away from
coordinatization, and its resulting symmetries render it a foundational geometric object.
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The set of all compositions of rotations and translations is called the special Fuclidean
group, denoted SFE(2). (The S indicates that reflections of the plane are omitted, such
that SE(2) is orientation-preserving.)

A Lie group is a specialization of groups to those that have a smooth mani-
fold structure. In particular, an n-dimensional Lie group is a group G that is also
an n-dimensional smooth manifold, such that the functions g and ¢ denoting group

composition—

w:GxG—G
(2.87)
(9,h) = p(g,h)=g-h Vg heG
—and inversion—
t: G —= G
(2.88)

g ug) =g Vgel

—are smooth maps between manifolds.

An important example of a Lie group is the general linear group GL(V'), consisting
of all automorphisms of a vector space V under composition: g; ® go = g1 0 go. When
V =R" for n < 0o, GL(V) is denoted GL(n,R) or GL,(R), the group of n x n in-
vertible real matrices. (A corresponding treatment follows for V' = C™.) Composition
is given by matrix multiplication.

A Lie group homomorphism ¢ : G — H is a smooth map between Lie groups
satisfying ¢(gh) = ¢(g)¢o(h). If ¢ is also bijective, it is called a Lie group isomorphism.
A subgroup of a Lie group G is any Lie group H C G whose group composition law
is inherited from G.

Many more Lie groups arise as closed subgroups of GL(n,R) or GL(n,C). These

are called matriz Lie groups, for example:
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(a)
(b)

(c)

(f)
(2)

SL(n,R) = {A € GL(n,R) | detA = 1} denotes the real special linear group.

SL(n,C) = {A € GL(n,C) | detA = 1} denotes the complex special linear

group.

O(p,q) = {O € GL(p+¢,R| O™, ,0 = Up,q} denotes the (indefinite) orthog-

onal group preserving a bilinear form of signature (p, ¢), namely

Mpg = ; (2.89)

where 1, denotes the p x p identity matrix. In particular, for vectors

v,w € RPT it follows that
(0, W)pg = V71w = 17O, ,Ow = (Ov, Ow),, 4. (2.90)

SO(p,q) = {O € O(p,q) | detO = 1} denotes the special orthogonal group re-

stricting O(p, q) to its orientation-preserving transformations.

U(p,q) = {U € GL(p+¢,C) | U'n, U = nqu} denotes the (indefinite) unitary
group, where U = (U*)T denotes the conjugate transpose of U. Like its real

counterpart O(p,q), the group U(p,q) preserves an inner product given by

(v, W)p,g = UT%qw-
SU(p,q) = {U € U(p,q) | detU = 1} denotes the special unitary group.

Sp(2n,R) = {A € GL(2n,R) | ATQA = Q} denotes the symplectic group in 2n

dimensions, where

0= . (2.91)
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(h) Sp*(2n,C) = {A € GL(2n,C) | ATQA = Q} denotes the conjugate symplectic

group in 2n complex dimensions.

All of the above are clearly seen to be closed under matrix multiplication, and they
are closed as sets in GL(d,R) or GL(d,C) for some d because they are each defined
by a quadratic equation (e.g. the preservation of some bilinear form). The notation
O(n) = O(n,0) is used for the orthogonal group of strictly positive signature, (and

likewise for all the other matrix groups).

2.5.2 Lie algebras

The manifold structure of a Lie group G begins to prove quite useful when its
differential structure is investigated via its vector fields.

Vector fields that reflect the group structure of G can be constructed as fol-
lows. Given a Lie group G, one may define a left translation map ¢, : G — G such
that ¢,(h) = gh. Clearly ¢, 0 {) = {4,. Although it is not a group isomorphism, ¢,
is a diffeomorphism (invertible and smooth). Thus, using the manifold structure
of G, a vector field X € X(G) can be pushed forward to ¢, X € X(G), such that
by, X)gnh =4y, (Xp) Vg, hed.

A vector field X € X(G) is called left-invariant if ¢, X = X V g € G, that is, if
X is preserved by left translation. Pointwise, this can be written ¢, (X)) = X, or

equivalently, as acting on a function f: G — R such that, V g,h € G

[X(f o ly)l(h) = Xn(f oly) = [(fg*Xh)f = Xghf] = (Xf)(gh) = [(X[) o £5](h).

(2.92)

Therefore, the left-invariance of X is equivalent to demanding that

X(foly)=(Xf)ol, (2.93)
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V ge G, feC®G). The set of left-invariant vector fields on G is denoted
L(G) C X(G). It is clear from the definition of Eq. (2.93) that L(G) is closed under
addition and multiplication by R, and is therefore a vector space.

It is moreover straightforward to see that left-invariance is preserved by the Jacobi-

Lie bracket of Section 2.2.7, since, given X,Y € X(G) left-invariant and repeatedly

applying Eq. (2.93),
[(X,Y(f o ly) = X(Y(foly)) =Y (X(foly))=I[XY](f)od (2.94)

Therefore, as defined in Section 2.2.7, L(G) is a Lie algebra with a bracket imported
from the Jacobi-Lie bracket on vector fields.

It turns out that L(G) can be cleanly characterized by noting that L(G) = T.G are
isomorphic as vector spaces, where T,G denotes the tangent space over the identity.
An isomorphism is explicitly given by

¢:T.G — L(G)

(2.95)

A ¢(A)=L"  where L} =1(, A

9x

That is, a vector A € T,G can be uniquely pushed forward to a vector field
LA on G defined pointwise via left translation. L4 is left invariant since
Cg Lt =0, lp A= "Ly A= Lg‘h. It is clear that ¢ is surjective, since any left invari-
ant vector field X satisfies X = ¢(X,), and ¢ is injective because L* = L? implies
A=L}=LF =B.

Therefore, the Lie algebra L(G) may be understood as the tangent space T.G (also
denoted g) and equipped with a Lie bracket [-,-] induced by the Jacobi-Lie bracket

of left-invariant vector fields. That is,

[4, 8] = 67 ([6(4), o(B)] ) (2.96)
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vV A BeT.G. Note, this construction immediately implies that
dimL(G) = dimT.G = dimG.
For a matrix Lie group G C GL(d,R), for example, a local coordinate chart z :

GL(d,R) — R can be chosen near e such that

rye) = o, (2:97

fori,j € {1,...,d}. (Note that z(G) ay occupy only a submanifold of x(GL(d,R)),

but that will not matter here.) Lie algebra matrix elements are then similarly spec-

ified as A = A’ ja(:?i].)‘ For a matrix Lie group, ¢, acts linearly on its argument,
so that ¢, A= gA. Expressed in the chart x, therefore, ¢(A) = xijAj k% and
k
[0(A),d(B)] = a:"j(AjkBkg — B _A%) 83 such that, applying ¢! (via left multiplica-
4

tion of g7!), the Lie bracket on g is given by

[A, B] = AB — BA, (2.98)

V A, B € g. (Here, the notation [-,-] is used merely to distinguish the Lie bracket
on g from the Jacobi-Lie bracket on vector fields.) The Lie bracket on a matrix Lie
algebra is thus defined by the matrix commutator.

A Lie algebra homomorphism is defined as a linear map ¢ : g — b that preserves

Lie brackets, i.e.

¢([A, Bls) = [¢(A), o(B)]s- (2.99)
The exponential map on a Lie group G is defined by

exp:g— G
(2.100)

A — exp(A)e
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where exp(sA)e V s € R has a definition identical to the flow along a vector field,
as defined in Eq. (2.34). For a matrix Lie algebra, the exponential map may be

calculated as in Eq. (2.71) to be
exp(sA) =) A" (2.101)
k=1

Using the exponential map, it is straightforward to calculate the defining relation-
ship of a Lie algebra corresponding to a matrix Lie group. In particular, it suffices to
differentiate the defining relationship of the Lie group. For example, the Lie algebra

o(p, q) of the matrix Lie group O(p, q) can be found via

d

[exp(sA)Tnp,q exp(sA) =14 =  An,,+n,,A=0. (2.102)
s=0

Expressions for other matrix Lie algebras follow similarly.

2.5.3 Lie group representations

A representation p: G — GL(V) of a Lie group G is defined as a group homo-
morphism from G to GL(V'), the general linear group on a vector space V', called the
representation space of p (or sometimes, simply, the representation).

An invariant subspace of a Lie group representation V' is a subspace W C V such
that p(G) - W C W. A nonzero representation p is said to be irreducible if the only
invariant subspaces are V' and {0}.

The simplest representation of a matrix Lie group G C GL(d,R) is called the
fundamental representation. It is given by the defining matrices of the group, acting
on the representation space R?. For example, the fundamental representation of SO(3)
is given by p: SO(3) — GL(R?) where g € SO(3) is mapped to itself, reinterpreted
as a transformation on R3.

Every Lie group has a representation whose representation space is given by its
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Lie algebra. Its construction proceeds as follows. Define the conjugation map

Ky : G =G
(2.103)
h— ghg™'.

Notably, since geg™! = e, K, fixes the identity element V g € G. The pushforward
of the conjugation map—denoted Ad, = K, —therefore acts as an endomorphism on

T.G. To calculate its mapping of an element A € T,G, note that V f € C>(G),

[AdgA] f(e) = A(f o Ky)(e)
d

ds
d

ds

(f o Kg)(exp(sA)e) (2.104)

s=0

flgexp(sA)g™).

s=0

where the second line simply applies the definition of a Lie derivative.
For a matrix Lie group G C GL(d,R), Eq. (2.104) can be expressed in local coor-

dinates as in Eq. (2.97), such that via the chain rule,

Ay F(6) = 55| ') ) = (adg ™,

of
d(x"))

J

e

(2.105)

where g, A and ¢!

are multiplied as matrices. By construction, it is assured that
gAgt e T.G.
Since the pushforward is covariant, as expressed in Eq. (2.38), and since

Kg 0o Ky, = Kgp, the map

Ad: G — GL(g) (2.106)

g—Ad, st. Ad,A=gAg!
defines a group homomorphism, called the adjoint representation of (a matriz group)

o6

= Ad,A = gAgL.



G with representation space g. Clearly, Ad, is invertible with inverse Adg-1.
Lastly, since G has a natural adjoint representation on g, and since g has a vector
space dual g*, a representation of G on g* is induced. In particular, one may define

a transformation dual to Ad,, denoted Adj : g* — g* and defined such that
(Ad’a, A) = (o, Ad, A). (2.107)

Vo€ gt and A € g, where (-, -) denotes the bilinear pairing of g* and g.
To define a left group action using this dual map, one may define the coadjoint

action of G on g* such that

O:Gxg-—g
(2.108)
(9, ) = Adj -

(This defines a left group action because (Ady-1Ad,-1cr, A) = (@, Ad(gny-14) = (Ad(ypy-1cr, A).)

Accordingly, this group action defines the coadjoint representation of G on g*.

2.5.4 Lie algebra representations

Analogously, a Lie algebra representation p : g — End(V) is a Lie algebra homo-
morphism from a Lie algebra g to the (not necessarily invertible) endomorphisms on

a vector space V', where the Lie bracket on End(V) is defined by composition, i.e.

p(14, Bls) = p(A) 0 p(B) = pl(B) o p(A). (2.109)

The adjoint representation of a Lie algebra g on itself can be derived by differen-
tiating the adjoint representation Ad, ‘with respect to g,” such that its differential at

g = e comprises a representation of the Lie algebra. Restricting attention again to
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matrix groups, given A, B € g, the adjoint representation is derived by noting

d
adAB = — Adexp(sA)B

d
*ls=0 (2.110)
exp(sA)Bexp(—sA) = AB — BA.

s=0

:ds

Therefore, the adjoint representation is given by

ad : g — End(g) (2111)

A adA s.t. adAB = [A, B}

That this is a Lie algebra homomorphism follows from the Jacobi identity, since

ad[AB]C = HA, B],C] = [A, [B,C]] — [B, [A, CH = (adA @) adB — adB e} adA)C.

(2.112)

The fundamental representation of a matrix Lie algebra g C gl(d,R), much like
its Lie group counterpart, is simply defined by reinterpreting its own elements as

transformations on a vector space R?.

2.5.5 Group actions on manifolds

While the last few sections briefly described group transformations in their natural
setting of representations, a considerably more general class of group transformations
is defined via group actions on manifolds.

Given a Lie group GG and a manifold M, a group action of G on M is defined as

a smooth map

O:GxM—M
(2.113)

(gvm) >—>CI>(g,m) =g-m

o8



satisfying
(a) ®(g, B(h,m)) = ®(gh,m) ¥ g,heG, meM
(b) ®(L,m)=m Vme M.

For a fixed element g € G, its group action on M is denoted ®, : M — M such that
®,(m) = ®(g,m). From condition (a), it follows that ®, 0 &), = ®4,. Such a group
action is therefore called a left action, and denoted ®,(m) = g-m or D4(m) = g>m.
A right action, by contrast, modifies the right hand side (RHS) of condition (a) above
to (g, ®(h,m)) = ®(hg, m) so that it satisfies ¢, o @), = Pp,. A right action can be
denoted ®,(m) =m-gor ®,(m) =m<g.

Referring back to the definition of flow for a vector field, Eq. (2.35) demonstrates
that the vector field flow {exp(sX): M — M} constitutes a group action on the
manifold M, where exp(sX) is regarded as an element of a one-dimensional abelian
Lie group under composition.

Furthermore, in Eq. (2.35) the tangent vector to the flow was identified as the

exp(sX)m. Gen-

generator of the group action of exp, since V. m e M, X, = dis‘s:()

eralizing to the arbitrary group action ® of a Lie group G as in Eq. (2.113), the
infinitesimal generator of the group action ® corresponding to a Lie algebra element
A € g is defined pointwise on M by

Xin= | Pexp(a)(m)- (2.114)
s=0

In this way, a group action associates to each A € g a vector field X* € X(M) on M.

In fact, Eq. (2.114) defines an anti-homomorphism of Lie algebras, specifically,

XaA+bB — (IXA + bXB
(2.115)

[XA,XB] — X_[A7B]
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Va,b €R, A, B € g. Linearity follows because XA = ™, A, is the pushforward of a
smooth map ®™ : G — M defined by ®™(g) = ®(g,m). To see the second condition,

note that

d
ds
d

ds

XAdgA(m) —

®(gexp(sA)g~",m)
s=0

D, 0 Peypsay © Py-1(m)
- g p(s4) © *g (2.116)

= (I)Q*X£

g—1(m)

= (CD;AXA) (m)

where the first line follows from Eqs. (2.101) and (2.106), the second from the defi-
nition of a group action, the third by the chain rule, and the last by the definition of
pullback for a vector, as in Eq. (2.73). Now setting g = exp(¢B) and differentiating
with % ,—o» the left hand side, by linearity and Eq. (2.111), becomes X 2ds4 " while

the right hand side becomes £y-5 X4 = [X~B, X4]. Therefore, XP4 = —[XB X4],

as desired.
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Geometry and Symmetry II:

Dynamical Systems

Having reviewed some fundamentals of geometry and symmetry groups in Chap-
ter 2, this chapter will now extend these fundamentals toward the characterization of
dynamical systems.

As its two driving sources, this chapter primarily follows Marsden and Ratiu [45]
in its description of Hamiltonian dynamical systems, and Olver [53] in its description
of symmetries in variational systems. Beyond the choice of presentation, no claim of

originality is made in this chapter.

3.1 Hamiltonian formalism

Symmetries and conservation laws find a beautiful geometric expression in the
Hamiltonian formalism for dynamical systems. Largely following Marsden and Ratiu
[45], this section reviews relevant aspects of symplectic and Poisson geometry, before
describing the momentum map—the Hamiltonian manifestation of Noether’s theo-
rems. Consequences of the momentum map, including Poisson reduction [57, 58] and

Lie-Poisson structure, are also discussed. A demonstration of this formalism is then
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explored in a tangible Hamiltonian system, following the treatment of the Vlasov-

Maxwell system in Marsden and Weinstein [59].

3.1.1 Symplectic manifolds

A symplectic manifold (M,<) is a smooth manifold M equipped with a closed,
nondegenerate 2-form Q € A?(M) called the symplectic form. Such a 2-form endows
M with a rich structure that beautifully characterizes physical systems.(")

The paradigmatic example (or class of examples) of a symplectic manifold is the
cotangent bundle of an arbitrary smooth manifold. In the context of Hamiltonian
mechanics, a manifold ) can be defined to represent the configuration space of a
system. In such a case, dynamics will be described on phase space defined as the
cotangent bundle 7@, endowed with a natural symplectic structure. In particular,
given local coordinates (¢, ..., ¢") on Q, a basis for T7Q is given by (dq',...,dq"), so
that any o € T;7() can be expanded as o = pidg’. This induces a local coordinatization
(', ..., q" p1,...,pn) for the 2n-dimensional manifold 7*Q. The canonical symplectic

form Q € A*(T*Q) on T*Q is then defined by

Q =dg¢' Adp;, (3.1)

which is immediately seen to be a closed, nondegenerate 2-form.(™ This coordi-

() Symplectic manifolds are a superb example of the “unreasonable effectiveness of mathematics”
[60).

(**) " Although © appears to be coordinate-dependent in this construction, it can be more geomet-
rically (if more abstractly) derived by defining a tautological 1-form 6 € A*(T*Q) pointwise at
each 8 € T*(Q as

05(X) = (m.X). B. (3.2)

Here, X € Tp(T*Q) is a tangent vector at 8 and 7 : T*Q — @ is the cotangent bundle projec-
tion. In the local coordinate construction, 6, = pdq for p € 7=!(g). The canonical symplectic
form is then defined by

Q= —do. (3.3)

In general, any symplectic manifold with an exact symplectic form € is called ezact symplectic.
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natization of a symplectic 2-form is called Darbouz coordinates, or canonical form.
In fact, by Darboux’s theorem, at any point m of an arbitrary symplectic manifold
M, local coordinates can always be constructed so that €2 is in canonical form on a
neighborhood of m.

Because () is nondegenerate, it induces a bijection between vector fields and
1-forms. In particular, given a 1-form «; in local coordinates, a vector field X7
can always be found such that Q,-ij = o since (;; is invertible.(") Therefore, V
H € C*(M), there corresponds to the exact 1-form dH a vector field—denoted X y—

satisfying

Q(Xy,-) = dH. (3.4)

Such a vector field, for which tx,Q = dH is ezact, is said to be Hamiltonian. Sim-
ilarly, a vector field X for which ¢txQ is closed is said to be symplectic (or locally
Hamiltonian). All Hamiltonian vector fields are, therefore, symplectic.

The reason for this nomenclature is that, on a symplectic manifold, Hamiltonian
dynamics are generated by the flow of a vector field Xy corresponding to a Hamilto-
nian H. In particular, Hamilton’s equations for the evolution of a dynamical system

are given in local coordinates {z'} by

Moreover, because closed forms are locally exact, a symplectic vector field corresponds
to a ‘local Hamiltonian’ (not necessarily globally defined). As the first example of

a conservation law in Hamiltonian dynamics, it is straightforward to see that H is

) This calculation uses Roger Penrose’s abstract index notation [61], in which uncontracted tensor
indices—rather than denoting individual components of a tensor in a fixed coordinate basis—act
as ‘placeholders’ that indicate the tensor type.
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conserved along the flow of Xy, since by Eq. (2.73)

d
o exp(sXy)'H = Lx,H =1x,(dH) + dix, H
5=0

i€ (3.6)

=0

by the antisymmetry of 2. Generally, this fact corresponds to the conservation of
energy.

The simple harmonic oscillator with Hamiltonian H = %(q2+p2) provides a
straightforward example to illustrate this formalism. Its phase space is coordinatized
by {(¢,p)} = R?, inducing the coordinate basis for the tangent space £ = (%, a%)' In
a matrix notation such that Q(X,Y) = XTQY, therefore, the canonical symplectic

form is expressed in the basis F as
Q= . (3.7)

Since dH = qdq + pdp = [q p], Eq. (3.4) implies that Xy = pa% — qa%. Eq. (3.5) then

simply defines dynamics on phase space by
q %) o\ |4 p
P LR A Y I B

—the expected dynamics of the simple harmonic oscillator. Furthermore, note that
Xu(H) =0, as desired.
A canonical transformation (sometimes, symplectomorphism or symplectic map)

of M is any diffeomorphism ¢ : M — M that preserves the symplectic form, i.e.

¢ = Q. (3.9)
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Appropriately, a vector field X is symplectic (i.e. tx( is closed) if and only if its flow

is a symplectomorphism (i.e. exp(sX)*Q = Q). After all, using Eqs. (2.72)-(2.73),

d
d_ exp(sX)*Q = ExQ = d(LXg) + Lx(dQ)

=0.

3.1.2 Poisson manifolds

A Poisson manifold (M, {-,-}) is a smooth manifold M equipped with a Poisson
bracket {-,-} : C°(M) x C*(M) — C*°(M), defined such that

(a) {-,-} is a Lie bracket on C*°(M); and

(b) {-,-} is a derivation in each factor, e.g.,

{FG,H} ={F,HYG + F{G, H} (3.11)

Y F,G,H € C=(M).

The Poisson bracket defines a multiplication rule that renders C*°(M) an algebra,
known as the Poisson algebra.
An important example of a Poisson manifold is a symplectic manifold. In partic-

ular, (M, Q) is a Poisson manifold with bracket

{F,G}q = Q(Xp, Xg). (3.12)

Using d€2 = 0, it can be readily confirmed that Eq. (3.12) defines a Poisson bracket.
It is instructive to think of Poisson manifolds, then, as a sometimes-degenerate gen-
eralization of symplectic manifolds.

The intuition for Hamiltonian dynamics on a Poisson manifold can be usefully
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extended from the symplectic setting. Note that, by definition of the Poisson bracket
{,F}:C®(M)— C*(M) (3.13)

is a derivation on C*(M) V F € C*®(M). As noted in the discussion follow-
ing Eq. (2.31), the operator {-, F'} therefore corresponds to a vector field on M.
The notion of a Hamiltonian vector field Xz on a symplectic manifold—wherein
tx,§) = dF—is extended to the Poisson setting by defining the set of Hamiltonian

vectors on a Poisson manifold (M, {-,-}),
Zna(M) = { Xp € X(M) | 3 F € O¥(M) st. Xp = {, F} }. (3.14)

Here, Xr = {-, F'} are equated as derivations on M. Note, this definition of X, (M)
is consistent with the notion of a Hamiltonian vector field on a symplectic manifold

since, for a Poisson manifold (M, {-,-}q) defined by Eq. (3.12),

(G, Flg = ix,tx.0 = 1x,dG = Xp(G) VG e C®(M). (3.15)

Because Xy = {-, H}, the Hamiltonian evolution along the flow of Xy in the

Poisson setting is achieved in local coordinates z* by

s ={z H} (3.16)

by analogy with Eq. (3.5). Therefore, the function H is called a generating function
for the flow of the Hamiltonian vector field Xg. In particular, H generates the flow
of Xy via the Poisson bracket.

One notes that, in the Poisson setting, it is even more immediate that H is

conserved along its own flow, since {H, H} = 0. More generally, a function F is
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constant along the flow generated by X if and only if {F,G} = 0.
On a Poisson manifold, there can exist any number of functions C' € C*(M)

satisfying

{F,C}=0 V FeC>M). (3.17)

Such functions are called Casimirs, denoted CZ& (M) C C*°(M). They can be viewed
as the commuting center of the Poisson algebra C*°(M), and they characterize the
degeneracy of a Poisson manifold. Clearly, the Hamiltonian vector field associated
to any Casimir C' € C& (M) vanishes, i.e. X¢ = 0. Whereas the only Casimirs on a
symplectic manifold are constant functions—F{ for which dF, = 0—the Casimirs of
a Poisson manifold are, in general, nontrivial.

Note that because the Poisson bracket is bilinear, the Hamiltonian vector fields

Xpam (M) are linear in C*°(M). In particular,

Xp4+Xeg={F}+{,G}={.F+G} = Xp,q. (3.18)

However, the existence of Casimirs spoils any one-to-one correspondence between
Xpam(M) and C°(M). In particular, for any Casimir C, Xp = Xpic.
Lastly, canonical transformations can be characterized on Poisson manifolds as

those diffeomorphisms ¢ : M — M preserving the Poisson bracket, such that

{¢°F,¢"G} = ¢"{F, G} (3.19)

V F,G e C®(M). (Using Egs. (3.9) and (3.12), it is straightforward to show that
this definition coincides with the notion of a symplectomorphism for M symplectic.)
For ¢ generated by the flow of a vector field X, the pullback ¢* may be differenti-

ated as in Eq. (2.72) to yield the Lie derivative with respect to X, such that Eq. (3.19)
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infinitesimally becomes

{X(F),G}+ {F, X(G)} = X({F,G}). (3.20)

It immediately follows from the Jacobi identity that Eq. (3.20) holds for any Hamil-
tonian vector field X = Xy = {-, H}. Therefore, just as Hamiltonian vector fields
generate canonical transformations on symplectic manifolds, they do so on Poisson
manifolds as well. A vector field satisfying Eq. (3.20) is called an infinitesimal Poisson

automorphism, a class of vector fields denoted Xipa (M ). Therefore,
Xham (M) C Xipa (M) C X(M). (3.21)

3.1.3 Momentum maps

Consider a canonical group action of a Lie group G on a Poisson manifold

(M, {-,-}), that is,

O:GxM—M st {®FOH}=0{FH} Vgedq, (3.22)

as defined in Egs. (2.113) and (3.19). Each Lie algebra element A € g induces an
infinitesimal generator X 4 e X(M) of &, namely X 4= % o0 Dyp(sa) —as described
in Eq. (2.114). (To emphasize notation, a subscripted X indicates a Hamiltonian
vector field—with F € C°°(M)—while a superscripted X denotes an infinitesimal
generator of a Lie group action—with A € g.)

Since the group action is canonical, its generators satisfy Eq. (3.20), that is,

XA € Xipa(M) V A € g. Moreover, as noted in Eq. (2.115), the induced vector fields
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on M are linear in the Lie algebra, such that

Since Xpgam (M) C Xipa(M), one might hope that the generator of a canonical
group action X4 € Xipa(M) is also a Hamiltonian vector field. While this will not
always be the case, identifying the generator of a group action as a Hamiltonian vector
field powerfully clarifies its relationship with the dynamics of a physical system. This
characterization of a canonical group action is called the momentum map [44-46].

In particular, suppose X* € Xyam(M)V A € g. Then there exists some generating

function J(A) € C>°(M) for each A € g, such that

XA =X = {-, J(A)}. (3.24)

Such a map

J:g—C®(M) (3.25)

discovers a generating function J(A) for each infinitesimal generator X# of the group
action ®. This is the essential character of the momentum map—it assigns to every Lie
algebra element A € g of the group action a generating function on M that generates
its flow. Just as a Hamiltonian H € C*°(M) is a function on phase space, whose flows
determine a system’s evolution in time, J(A) is a function on phase space, whose flows
implement group transformations of the phase space corresponding to ®.

Note that, since the infinitesimal generators X4 are linear in the Lie algebra
(as in Eq. (3.23)), J, too, if it exists, must be a linear function of g, such that
J:g— C®(M) is a linear map. The momentum map p is an object that makes

the linearity of J somewhat more apparent. In particular, the momentum map u is
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defined as the map

w:M—g*
(3.26)
m—p(m) st (u(m), A) = J(A)]

Here, (-,-) : g* x g — R denotes the natural bilinear pairing between elements of g
and its dual g*. Thus, the momentum map p assigns a dual element pu(m) € g* to
each point of the manifold M, such that, when p is everywhere paired with a fixed
element A € g of the Lie algebra, the resulting function J(A) on M is a generating
function of X4—that is, X4 = {-, J(A)}.

For connected Lie groups, the dual pictures of the momentum map as

e J:g— C®(M), a linear map from Lie algebra elements to their generating

functions on M, or

o i : M — g* ag*-valued function on M that everywhere ‘eats’ a fixed Lie algebra

element and returns a generating function on M

are equivalent to one another. Although J offers a somewhat more intuitive framing
of the momentum map, as technical objects p and J are both convenient.

So far, the group action ® has simply been described as some family of canonical
transformations of M associated with a Lie group G. A group action @ is further said
to be a symmetry of a Hamiltonian system on M, however, when the Hamiltonian
H is invariant under its transformations. In particular, ® is called a symmetry of H

(and H is said to be G-invariant) when

GH=HVYged. (3.27)

Note that the momentum map has been defined independent of the Hamiltonian,

and its characterization of a group action in terms of generating functions is not
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affected by the symmetry characteristics of the Hamiltonian. y is simply a kinematic
(as opposed to dynamic) object determined by ® and the Poisson manifold M [62].
Nevertheless, the full implications of the momentum map are revealed when one
considers how i behaves in the context of Hamiltonian dynamics.

In particular, by setting g = exp(tA) in Eq. (3.27) and differentiating ‘with respect
to g’, one of course finds that an H invariant under @ is infinitesimally invariant under
its generators. (This fact will also be critical in the characterization of Lagrangian

symmetries described in Section 3.2.) Indeed, differentiating Eq. (3.27) yields
X4(H) = 0. (3.28)

Given a momentum map for this group action, which associates generating functions

to the infinitesimal generator X*, it is seen that

H=@gH = 0= X"(H)={H J(A) = —{J(A). 1))
= _J(A) = __<:U’7A> = _</~L7A>
(3.29)

This result is the Hamiltonian counterpart to Noether’s first theorem. For each sym-
metry of H (that is, for each linearly independent A € g), there exists a unique first
integral of the system—i.e. J(A) = (u, A). Thus, pu determines dim[G] conservation
laws in a Hamiltonian system symmetric under a canonical group action of the Lie
group G. Since %(,u, A) = 0 holds for arbitrary A € g, the entire momentum map is

invariant under the flow of H, that is

a={p, H} =0. (3.30)

It is worth highlighting that for each A € g, the function J(A) is both a generating
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function of the transformation @54y and the conserved quantity associated with it.
This double-duty is a feature more familiar, perhaps, in a quantum mechanical setting.
There, a charge operator Q is not just a conserved quantity, satisfying [Q, H | =0,
but also the generator of gauge transformations associated with charge, e.g. for a
state of charge ¢, qu) = q|t),) and erWq) = ¢"%)1),). The generator of symmetry
and the conserved quantity are one and the same. In this sense, the momentum map

is a feature of classical mechanics that draws near to its quantum counterpart.

When does a momentum map exist?

As one might surmise from the nested subsets Xgam (M) C Xpa (M) C X(M) of
Eq. (3.21), it is not always the case that a canonical Lie group action has a corre-
sponding momentum map. It is therefore sensible to ask what conditions guarantee
the existence of a momentum map.

An algebraic point of view [45] will assist in answering this question. Assuming
that a canonical group action of the Lie group G is defined on the Poisson manifold

M, consider the following diagram:

L H:F— X T
Cas(M) — C™(M) 5 Xpa (M) —= Xipa (M) / Xrtam (M) ——— 0

s

0"

Figure 3.1: The upper row of this diagram is an exact sequence, (i.e., Imf; = Kerf;
as defined in Section 2.3.7.) ¢ denotes the inclusion of Casimir functions, and =
denotes the projection that annihilates Hamiltonian vector fields. If a map J exists
which renders the above a commuting diagram, then J defines a momentum map.
Since the upper row is exact, such a J exists if and only if 7o p = 0.

p is well-defined in Fig. 3.1 because the group action is assumed canonical. Since

the upper row is an exact sequence, a map J exists that makes the diagram commute
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if and only if

mop=0. (3.31)

One sufficient criterion for the existence of the momentum map, then, is certainly

given by m =0, or equivalently, Xipa(M) = Xpam(M). Consider, for example, the

following two cases:

(1)

When M is symplectic, recall that

X € Xipa(M) = X symplectic = dix2 =0 (closed) (3.32)

X = Xp € Xgam(M) = X Hamiltonian= 1xQ = dF (exact). (3.33)

Therefore, for M symplectic, the condition m = 0 is equivalent to the vanish-
ing of the first cohomology group, H'(M), as defined in Eq. (2.76). Since
H'(R?) = 0, for example, any canonical group action on a single particle phase

space has an associated momentum map.

As another example, if M is exact symplectic—i.e., 2= —df for some
6 € A'(M) asin Eq. (3.3)—and 6 is invariant under the canonical group action—
i.e. Lxa0 = 0—then a momentum map exists. After all, given X € Xpa(M)

on an exact symplectic manifold (M, 2),

LxAQ = —LxAde = —(EXA — d[/XA>0 = dbee. (334)

Thus, X* € Xpam(M) and 7 = 0 again. Indeed, from Eq. (3.34) it is seen that

J(A) = 1x40 yields the desired momentum map.
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3.1.4 Further applications of the momentum map
Poisson reduction

The symmetry of a Hamiltonian system often renders various points of phase space
physically redundant with one another. One wonders, therefore, if, while somehow
preserving the Poisson structure of phase space, one can reduce the phase space
to a submanifold that eliminates this redundancy. This is the program of Poisson
reduction [57, 58, 63].

By the quotient manifold theorem, for any smooth manifold M with a Lie group
action ¢ : G x M — M that is

o free: if for any m € M, ®,(m) = m, then g = 1; and

e proper: preimages of compact sets are compact under (g, m) — (m, ®,(m))
then the quotient map m: M — M/G is a smooth submersion (7, is everywhere
surjective) and the quotient manifold M/G is smooth. Moreover, if (M, {-,-}) is
Poisson and the group action is canonical, then M /G is also equipped with a Poisson

bracket {-,-}*/¢ uniquely determined by

T {F, KYMC¢ = {r*F, 7" K} V F,K € C*(M/G). (3.35)

Given a G-invariant Hamiltonian H € C*(M), its flow on M generated by X com-
mutes with the group action, so that 7 induces a Hamiltonian flow on the reduced
Poisson manifold (M/G, {-,-}/¢) corresponding to the reduced Hamiltonian [H| sat-
isfying 7*[H] = H.

There is a more specialized approach to Poisson reduction for a symmetric Hamil-
tonian system whose group action admits a momentum map p. In particular, since
the momentum map g is preserved along the flow of H, much of the Poisson mani-
fold M—specifically, every point where p takes a different value—goes ‘unused’ in its

evolution. In this case, Poisson reduction can be carried out by first restricting the
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manifold M to level sets of u, and then forming a quotient manifold, as above. This
proceeds as follows [58].
Suppose the canonical, free, proper group action ® above has a momentum map

p that is group-equivariant—i.e. it satisfies
pod, = Ad}l o L. (3.36)

Then consider the preimage of a regular value o € g* under pu: M — g*, i.e., the
level set p~(a) C M. (Here, a regular value is any point a € g* such that T, is
surjective V.m € u~t(a).) Denote by G, C G the isotropy subgroup of G that leaves «
invariant under the coadjoint action. (At o =0, G, = G since Ad;,1 is linear.) Then
for a regular value a € g* of p, the Poisson reduction of M is the unique quotient map
7 (N a), {-Fm) = (@) /Gy, {-, -} (@/Ga) from the level set of y satisfying
the counterpart of Eq. (3.35), i.e., m*{F, K}# ' (0)/Ga = {1*F 7* K},

In particular, Poisson reduction first considers just the level set u~'(a) of M and
then mods out by the group action to find the quotient manifold ;' («)/G,, taking
just a ‘slice’ of p~!(a) under the action of G,. Note that, because u is equivariant
in the sense of Eq. (3.36) and because G, leaves the right hand side of Eq. (3.36)
constant, ;1 '(a) is preserved by G, and p~'(a)/G, is well defined. The reduced

manifold x~!(a)/G, is again a Poisson manifold.

Lie-Poisson structure

A particularly natural Poisson structure, which arises via Poisson reduction, is the
Lie-Poisson structure. The Lie-Poisson structure underpins a wide class of physical
systems, ranging from rigid bodies to perfect fluids [64], whose dynamics are closely
associated with transformation groups.

Lie-Poisson structures often arise when the configuration space of a physical sys-
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tem is described as a Lie group GG. A canonical example is given by a rigid body
with one fixed point, whose configurations can be uniquely described by a rotation of
the body with respect to some reference configuration; the configuration space of the
system is therefore SO(3). The Lagrangian of a system with configuration space G is
defined on the tangent bundle T'G—just as the Lagrangian of a single particle with
configuration space @ = {q} is defined on TQ = {(¢,q4)}. TG can then be mapped
by a Legendre transform to a Hamiltonian system on TG, the cotangent bundle of
the Lie group G, endowed with the usual canonical symplectic structure.

At this point, the symmetry of the system under transformations by G can be
modded out by the process of Poisson reduction. (In the aforementioned case of the
rigid body, for example, note that the reference configuration is arbitrarily chosen.
There is a “global gauge freedom,” therefore, in associating configurations with SO(3)
rotations.) In this case, the momentum map facilitating the reduction is associated
with the group action of left translation, ¢, : G — G, which induces a group action
on T*G (defined by the cotangent lift—the dual map to the pushforward).

Since the cotangent bundle TG of a Lie group is isomorphic to the trivial bundle
G x g* (in the same way that g is isomorphic to left-invariant vector fields on G),
it is readily shown that 7*G/G = g*, the dual Lie algebra of G. By this so-called
Lie-Poisson reduction [45], a G-invariant system defined on 7*G can be described by
its ‘reduced’ dynamics on g*.

The canonical symplectic structure on 7*G is thereby reduced to a Lie-Poisson
bracket on g*. In particular, g* is defined to be a Poisson manifold with Lie-Poisson

bracket {-,-}_ : C®(g*) x C*(g*) — C*(g*) defined pointwise V a € g* as follows:

(5.1t = — o [15. 2 s

YV F,H € C*(g"), the set of smooth functions on g*. Here, |-, -] is the usual Lie bracket
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of g and (-, -) is the bilinear pairing of g* and g. §F'/da € g denotes the unique element

of g such that

dF(a)- = 4 Fla+ef) = < 6F> (3.38)

de| _q 'S

V B € g*, where dF(«) is the differential of F' at «. It is readily seen that Eq. (3.37)
satisfies the properties of a Poisson bracket: It is antisymmetric, bilinear, and satisfies
the Leibniz and Jacobi identities. (The negative sign in Eq. (3.37) is the result of
pursuing a Poisson reduction corresponding to the left translation group action on the
configuration space G. Right translation would induce the opposite sign. In the case
of a rigid body, this distinction gives rise to its two descriptions in body or spatial

coordinates, for example.)

3.1.5 Example: The Vlasov-Maxwell system

The elements of Poisson geometry that have been developed in the last few sec-
tions will now be applied toward the analysis of the Hamiltonian Vlasov-Maxwell
system. This treatment prepares for the analysis of discrete Vlasov-Maxwell systems
in Chapter 5.

The Poisson structure of the Vlasov-Maxwell system was derived in Morrison [65]
and independently in Iwinski and Turski [66], and later presented with a correction
in Marsden and Weinstein [59], with a limitation to this correction emphasized in
[67] by a direct proof of the Jacobi identity. Closely following this last reference,
this section reviews the Poisson reduction [57, 58] of the Vlasov-Maxwell system,
which ‘spends’ the system’s gauge symmetries in order to eliminate their associated
redundant (gauge) degrees of freedom. This Poisson reduction is achieved via the
momentum map, which in turn determines the local charge conservation law of the

Vlasov-Maxwell system. The following section serves as a concise pedagogical sum-
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mary of [59], with additional discussion relevant to the more recent plasma physics
literature.
As a starting point, consider the Poisson bracket of Marsden and Weinstein [59]

for the Vlasov-Maxwell system defined over the spatial domain R3,
0F 0G 0F 6G o0G OF
F AY] = - = = . =_= =

with time evolution defined by the Hamiltonian
1 1
H[f A Y] :§/f- Ip — A]> dxdp + 5/ [|Y|2 + |V x A” |dx. (3.40)

Here, F' and G represent arbitrary functionals of the distribution function f(x,p), the
3-component vector potential A(x) and its conjugate momentum Y (x). As shall be
seen momentarily, Y can be readily identified as negative the electric field strength—
(i.e., Y = —E). This system is rendered in the temporal gauge, wherein the electric
potential satisfies ¢(x) = 0. As in Marsden and Weinstein [59], the Poisson bracket in
Eq. (3.39) is denoted {{-,-}} merely to distinguish it from other Poisson structures.

The [dxdp f{ds,ds }xp Operator in the first line of Eq. (3.39) is a Lie-Poisson
bracket [45], which defines a Poisson structure for functions on a dual Lie algebra g*.
In the present context, the Lie algebra g corresponds to infinitesimal transformations
of (x,p) = R’ the position-momentum phase space. Such transformations can be
regarded as Hamiltonian vector fields on R®, which map via anti-homomorphism to

their corresponding generating functions, i.e.

[Xn, Xi] = =X {hk}np- (3.41)

78



The bracket {-,-}xp therefore serves as a Lie bracket, defined pointwise on R®
{h, k}xp = (8xh - Opk — Oxk - aph). (3.42)

The dual Lie algebra g* is similarly identified by distribution densities on R®, which

pair linearly to Hamiltonian functions via integration

(f,h) = / fh dxdp (3.43)

for f e g, heg.

In this way, the operator [dxdp f{d;,df }xp comprising the first term of
Eq. (3.39) is seen to be a Lie-Poisson bracket of the form in Eq. (3.37). The nega-
tive sign of Eq. (3.37) cancels with the negative sign of the anti-homomorphism of
Eq. (3.41) to produce this operator.

The second term of Eq. (3.39) represents the electromagnetic ‘sector’ of the Pois-
son structure, and derives from the canonical symplectic structure on the cotangent
space—T*Q = {(A,Y)}—of the configuration space ) = {A}. Therefore, the com-

plete setting of the Vlasov-Maxwell system is a Poisson manifold, given by

M=g" xTQ (3.44)

with its bracket defined in Eq. (3.39).
Now consider dynamics on this Poisson manifold M. To derive its Hamiltonian’s

equation of motion, it is convenient to define functionals
Flu) = / du’ F(u')(u — u) (3.45)

for F € {f,A, Y} as in [15], where u = (x,p) or u = x, as appropriate. Plugging
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such functionals into Egs. (3.39)-(3.40), one finds

Fxp) = (L1 HY} = = [0S + 0 - (VA)] - (0 — A)
Ax)={{A,H}}=Y (3.46)

Y(X):{{Y,H}}:/f-(p—A)dp—VxVxA.

Observe that Y plays the role of —E, as expected. For convenience, note that the
familiar form of the Vlasov equation may be recovered from the first line of Eq. (3.46)

by defining a distribution density f on (x,v) space where v =p — A, i.e.

f(X, p) = f(xa p— A) = f(X, V)? (347)

such that Oy f = Oxf — (VA) -0y f; Opf = Oy f; and f = 8,f — A - 8, f. Here, V = 0y

are used interchangeably, and the dyad convention
is used.

Gauge symmetry and the momentum map

With Poisson and Hamiltonian structures in hand, one may now consider the
gauge symmetry of the Vlasov-Maxwell system. Continuing to follow [59], a group
action @, : M — M may be defined on the Poisson manifold M = g* x 7@ of the

form

<I>¢,:(f,A,Y)|—><fom, A — Vi, Y), (3.49)
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where

74(%,P) = (x,p + V7). (3.50)

It is worth emphasizing that ®,, transforms f, and not p itself. It is straightforward
to check that @, is a canonical group action, i.e. that the Poisson bracket is preserved
by the pullback of ®,, namely ®; {{F,G}} = {{®; F, ®;G}}.

Such an arbitrary function ¢ € F is defined as belonging to the abelian group
F = C*(R3) of smooth functions on R?, with the group composition law of addition.
Its Lie algebra f is also identifiable as the smooth functions on R3, while its dual f*
is the set of densities over R® that pair to elements of f via integration over R3—
analogous to the R® integration of Eq. (3.43).

Now let ¢ € f denote an arbitrary Lie algebra element, such that exp(e¢) € F V
€ € R. By differentiating the group action ®cyy¢) on M, one may associate to any

such ¢ € f the corresponding vector field X? on M, namely

X = = Pty (3.51)

The vector field X¢ is therefore the infinitesimal generator of the group action on M
corresponding to ¢ € §.
Since @ is a canonical group action on the Poisson manifold M, one may seek a

corresponding momentum map u : M — §* satisfying

{F. (1, 9)}} = X°(F) (3.52)

for arbitrary F' € C>(M). Here, X?(F) is the Lie derivative of F along the vector
field X?. In particular, the momentum map p assigns a dual element of f* to each

point of M such that, when p is everywhere paired with an element ¢ € f of the Lie
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algebra, the resulting function (u,¢) = J(¢) on M is a generating function of the
associated vector field X?.

To find p for the Vlasov-Maxwell system of interest, first note that a sin-
gle point m € M = g* x T*Q specifies (f,A,Y) over the entire (x,p) phase space.
Given the group action defined in Egs. (3.49)-(3.50), it is immediately seen that
X¢ = 4

de

o Pexp(ep) can be expressed as the following infinitesimal operator on M

corresponding to ¢(x) € f:

(T} :/dxdp Vo g—f)% _ [ ax ve- %. (3.53)

Upon inspection, it is evident that to generate the operator of Eq. (3.53), the Poisson
bracket of Eq. (3.39) requires that (u(m), ¢) = J(¢) be given by

i) 6) = [ ax | [ap fixp)+ 7] 60, 3.5
where (-,-) = [ dx. Therefore, the momentum map must be

(m) = / dp f(x,p)+V-Y -

:p+VY7

where p(x) := [dpf(x,p). Note that, by Eq. (3.54), u(m) € §* is a density on R?, as
desired.

Further observe that p is group equivariant as defined in Eq. (3.36),
po @y = Adj -1 o 1, where Adj,—: represents the coadjoint action [45] of i) € F on an
element of f*. In particular, it is clear by inspection of Eq. (3.55) that u is invariant
under F transformations, and since F is abelian, its coadjoint action on §* is simply

the identity map.
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Deriving the conservation law

The momentum map p is defined as in Egs. (3.51)-(3.52) for any Poisson manifold
M with a canonical group action ®. If it should happen that a Hamiltonian H is
furthermore defined on M such that H is invariant under ®, then the momentum
map p so-constructed further guarantees a conservation law for the system.

This will now be shown for the Vlasov-Maxwell system. First note that ®, leaves
the Hamiltonian invariant, ®; H = H. By differentiating this expression with respect

to 1 as in Eq. (3.51), it is seen that, infinitesimally

0= XO(H) = {{H.J(8)}} = ~{{J(6). H}} = —J(6). (3.56)

Each linearly independent ¢ € f therefore determines a unique first integral of the
system—i.e., J(¢).
A stronger observation can be made as well. Since J(¢) = 0 holds for arbitrary

¢ € f, the entire momentum map is invariant under the flow of H, that is

i = {{u, HY} = 0. (3.57)

This follows rigorously from the fundamental lemma of variational calculus applied to

J(¢) via Eq. (3.54). As a result, one can apply the definition of Eq. (3.55) to derive

0O=p=p+V-Y. (3.58)

This completes the canonical derivation of the Vlasov-Maxwell local conservation
law—/i = 0—in the continuous Hamiltonian formalism. Note that, setting Y = —E,
Eq. (3.58) is the time evolution of Gauss’s law.

With an additional substitution to Eq. (3.58) from the equations of motion for Y
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in Eq. (3.46), this canonical conservation law may be reexpressed in the form

0=p+V-J, (3.59)

where J := [ f-(p — A)dp. Here p and J are (scalar and vector) densities over R?
and functionals in the sense of Eq. (3.45). This charge conservation law may be

immediately checked by substituting the expression for f from Eq. (3.46).

Reduction of the Vlasov-Maxwell system

Finally, consider the Poisson reduction [57, 58] of the Vlasov-Maxwell system.
Consider the particular case a =0, and define My := u~(0). By Eq. (3.55), M,
corresponds to the zero level set of y—the submanifold of M on which p = -V -Y.
Now take equivalence classes of My under the orbit of F by defining new phase space

coordinates that are invariant under the action of Eq. (3.49), namely

fx.v)=fx,;p=v+A)
B=VxA (3.60)

E=-Y.

The manifold of equivalence classes My := M, /F is therefore identified with the man-
ifold (f,B,E) of densities f defined on (x,Vv) space, vector fields B that satisfy
V - B =0, and vector fields E that satisfy p = V - E, where now p := [ f dv. (The
choice to constrain M to {m € M | u(m) = 0} evidently corresponds to the physical
case V-E — p =0, in which no ‘external’ charges are present in the system.) The

reduction map is therefore summarized by

Tred : pH0)c M —  My:=pY0)/F
(3.61)
(f(x,p),AY) +— (f(x,v),B,E).
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As calculated in [59] Sec. 7, the substitution of Eq. (3.60) into the bracket of

Eq. (3.39) yields the following reduced Poisson bracket on My:

reprBE = [aav [F{3250) 4

B (00F 900G (oF 0foG oG OfoF (3.62)
ovof Ovif OE oviéf OE Ovif
OF G 0G oF

This process of Poisson reduction preserves the [t = 0 conservation law associated
with the unreduced Poisson manifold M. After all, the image of m.q restricts M to
(quotients of ) a submanifold My C M on which p is already constant—in particular,
level sets of a single value of . The conservation law of Eq. (3.58) is clearly respected
by this reduction, and may simply be reexpressed in the phase space variables of the

reduced manifold M, along with its form in Eq. (3.59), i.e.

0O=f=p—V-E
(3.63)
=p+V-J,
where
ﬂ:/dvf(x,v)—v E
(3.64)

and where p:= [ f dv and J := [ fv dv.

The reduced bracket of Eq. (3.62) is a well-defined Poisson bracket specifically on
the quotient submanifold M,. Some of the plasma physics literature [e.g. 15, 67, 68]
notes that Eq. (3.62) generally fails to satisfy a Jacobi identity, however, so it is worth
elucidating the source of this contrasting point of view.

In particular, the aforementioned literature defines the Vlasov-Maxwell system on
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an augmented manifold that includes all unconstrained vector fields E, B € R?:

M :=MyU{E,B|V-E+#pV-B+#0}. (3.65)

When the bracket of Eq. (3.62) is defined on M and not on My, it no longer every-
where obeys the Jacobi identity [67, 69]; in particular, the Jacobi identity is satisfied
on MJ’ only when V - B = 0. Indeed, the constraint V - B = 0 appears as an exoge-
nous defect that must be satisfied for (Mg, {{-,-}}'*?) to be considered a Poisson

manifold. On MJ , the bracket of Eq. (3.62) also acquires additional Casimirs,

{t.p-V-E}} =0

{{-V-B}} =0,

(3.66)

in much the same way that a Poisson structure on R* = {(z,y)} acquires a z Casimir
when the system is embedded in R3.

Here, the point of view is adopted that it is more natural to regard the bracket
of Eq. (3.62) as a Poisson bracket defined on the submanifold of physical interest—
My = ;= *(0)/F—rather than a defected bracket defined on the larger manifold in-
cluding arbitrary vector fields E and B. In a sense, it is merely a lack of economical
notation that leads to the coordinatization M, with vector symbols E and B that are
more commonly defined over all of R®. Moreover, it is worth noting that the ‘partially
augmented’ manifold (Mo U{E | V-E # 5}, {{-,-}}) is also a bona fide Poisson
manifold.

No matter one’s point of view, it is clear from this discussion that care must be
taken in any numerical implementation of the reduced Vlasov-Maxwell bracket to
appropriately constrain one’s fields; in general, unconstrained fields E, B € R? are to

be avoided.
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3.2 Lagrangian formalism

Having characterized gauge structure in (continuous) Hamiltonian systems, it will
now be studied from quite a different point of view in the Lagrangian formalism.
Closely following Olver [53], this section methodically arrives at a concise character-
ization of variational symmetries in the Lagrangian formalism, from which Noether’s
theorems are readily shown to follow. The application of this formalism to a vacuum

Maxwell action and a Klimontovich-Maxwell action will then be demonstrated.

3.2.1 Infinitesimal invariance of a variety

Symmetries of differential equations are helpfully approached by first examining
symmetries in a system of algebraic equations defining a variety. To that end, consider
a system of p <r functions F' = (Fi,...,F,) on an r-dimensional smooth manifold
M such that F, € C*°(M) ¥ a. The variety determined by the common zeros of F' is
the set .S ={m e M | F,(m) =0V a}.

A symmetry group of #r is a local Lie group G whose group action ® on M
satisfies ®,(Sr) C S V g € G. (Here, a local Lie group is a set G that can be
imagined as a neighborhood of a Lie group near the identity, which satisfies all Lie
group axioms except group closure.) It turns out [53] that, under mild technical
assumptions, the question of whether GG is a symmetry group of .#F is determined
solely by the infinitesimal generators of G on M, as defined in Eq. (2.114). Powerfully,
a mere ‘first order calculation’ is sufficient to determine the symmetry group of .

In particular, assuming F' is everywhere of maximal rank p < r (see Section 2.2.1),
a connected local Lie group G is a symmetry group of /7 < (if and only if) X (F,) =0
wherever F' = 0, V a and for every infinitesimal generator X of G. The “=" direction
is immediate since, locally, F'(exp(sX)m) = 0 by necessity V X € g and m € .#r, and

L F(exp(sX)m) = Xexp(sxym(F). The “<” direction follows because the maximal
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rank condition ensures there are coordinates (x',...,2z") on M such that F(z) =
(x!,...,2%. The infinitesimal invariance condition then assures these coordinates are
fixed in the flow.

In summary, the symmetry group of .#% is determined by the infinitesimal invari-

ance of its generators.

3.2.2 Jet space

Jet space provides a means of viewing a system of differential equations as if it
were a system of algebraic equations. In particular, dependent variables and their
derivatives are recast as additional coordinates on jet space, though their interrelat-
edness requires considerable care. Before describing jet space, it will be useful to
establish notation, as follows.

Let

X={rx=(2",...,2")}=R"

(3.67)
U={u=(u',. .., u?)} =R

be independent and dependent variables, respectively, of a system . of differential
equations with solutions of the form u = f(z), such that f: X - U. A (k>0)-
order multi-indez J is defined by J = (j1,...,Jx), where 1 < j; <r. #J denotes the
order (i.e., length) of the multi-index J, where any repetitions of indices are to be
double-counted. Accordingly, u ; represents a partial derivative taken with respect
to (271, ..., 29%). uy; = 0*u/0x'0x" has #J = 2, for example. D; will denote a total

derivative in the usual sense, i.e.

OP , 0P
DiP = o +Y > u,ﬁM (3.68)

(=1 #J>0

and D; = Dj, ---Dj,. The operator (—D); denotes a total derivative with negative

88



signs included for each index, for example:

Pu

(~D)uyett = (-D)(-D)(-Duju = — 52l = —u .

(3.69)

A symmetry group G of . must act on X x U in such a way that solutions

u = f(x) of . are transformed into other solutions @ = f(i) of .#.(") However, when

x or u is transformed, the derivatives u ; transform as well. To use the infinitesi-

mal invariance criterion of the last section, therefore, care must be taken to ensure

that transformations are properly calculated for higher order terms in a system of

differential equations.

To facilitate such a calculation, the n'-order jet space of X x U is defined as

*)

Note, this condition states that the function f of x will be (implicitly) transformed into a new
function f of . The relevant question is whether this new function satisfies a fized system of
differential equations.

As a simple example adapted from Olver [53], take X x U = R? and consider the ODE u ,,, = 0.
Solutions are clearly given by any linear function u = f(z) = axz + b. An SO(2) rotation of the
plane by 6 defines the transformation

T 0-x rcosf —usinf
(f‘> B (9 : U) a (:z: sin @ + w cos 0) : (3.70)
To solve for f(i“), one can substitute u = f(x) = az 4+ b and solve for z(Z). In particular,

Z+bsind

Z=xcosf— (axr+b)sinh = r=——5————. (3.71)
cos — asin6
Then, substituting for z and u in @,
P x—i—bsm‘Q g+ (a x—i—bsm‘e 4 1) cosd
cosf — asinf cosf — asinf
_ (sinf +acos® it b (3.72)
~ \cosf —asind cost) — asin@

= A2+ B.

Thus, f (¥) = A% + B is a different linear function with new constants; (as expected, rotations

of the plane preserve lines). Since @ = f(Z) is still a solution of the ODE @ 3z = 0, SO(2) is a
symmetry group of the ODE.

Here, the system of differential equations is regarded as fized in that it can be treated as
an algebraic function of jet space coordinates (see Eq. (3.73)). Even as those coordinates
[u] = (@, U, Uz, U gg, ... ) are transformed into (4] = (Z, 4, ¥ 5, U 3z, - - - ), should the transformed
coordinates [@] continue to satisfy the same algebraic equation, the transformation is regarded
as a symmetry of the system.
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X xUM™ =X xUxU"x---x U", whose coordinates are given by x, u, and all
derivatives of u up to order n, respectively. Given the simplest case X x U = R2, for
example, X x U") is a three-dimensional space coordinatized by (z,uV) = (z,u, u).

Hereafter, a shorthand [u] will be used to denote

[u] = (x,u(")) : (3.73)

It is now clear that a system of n'® order differential equations is a variety in
X x U™ upon which the infinitesimal invariance methods of the previous section

can be applied. In particular, the system of n'® order differential equations

AJu=0 a=1,--,p (3.74)

is defined by the variety .7 = {(z,u™) | Ayfu] =0V a} in n'-order jet space. In
this setting, A,[u] can conveniently be viewed as an algebraic function of the inputs,
rather than as a differential operator. The cost for this convenience, however, is the
need to consider the interrelatedness between jet space coordinates when performing
an infinitesimal transformation, an effort that can be achieved by prolongation—which

shall now be described.

3.2.3 Prolongation and infinitesimal invariance of differential

equations

In particular, given a function u = f(z), (equivalently, a mapping f: X — U),
another mapping pr™ f : X — U™ called the prolongation of f is uniquely induced
with an image in jet space, defined by uﬁ, = 0;f%(x). For the case X x U = R?, for
example, pr) f = (f,0,f, 32f).
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Extending this result, given an arbitrary vector field Y € X(X x U) of the form

Y = QE[U}%, (3.75)

—whose coefficients Q*[u] may depend upon higher order jet space coordinates as in
Eq. (3.73)—the prolongation of Y on X x U™, denoted pr™Y € X (X X U(”)), is
defined by

pry => (DJQf[u]) a%}- (3.76)

#J>0

Here, Einstein summation convention is assumed for the index ¢ in Eqs.(3.75)-(3.76),
and terms are kept up to n'® order on jet space. The g-tuple Q[u] = (Q*',...,Q9) is
called the characteristic of Y.

priY thereby generates transformations of X x U™ that are self-consistent with
those generated by Y on X x U. Therefore, the same classification of a symmetry
group described in Section 3.2.1 for algebraic systems applies; given a system {A,}
of n' order differential equations defined over X x U as in Eq. (3.74), and given a
local group G of transformations on X x U, if pr™Y (A,) = 0 for all infinitesimal

generators Y of G and for all a, then G is a symmetry group of {A,}.

3.2.4 Lagrangian dynamics

Hamilton’s principle, which posits that physical systems evolve according to vari-
ational principles, is among the most crucial convictions of physics. The Lagrangian
of a system offers—in a single object—a recipe for its dynamics and an accessible
accounting of its symmetries.

A physical system is conveniently described on jet space X x U™ via the action
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functional

Slu] = /Q Cluldz (3.77)

where €2 C X is assumed open and connected with smooth boundary 0€2. Hamilton’s
principle holds that evolutions of the system are extremals of S[u], such that its

dependent variables evolve as u = f(z), where f € C*°(£2, R?) satisfies

d

2l s -0 .

5| Sl (379)
Vne C’OO(Sol7 R?). (Here, QO signifies the restriction of 1 to smooth functions with
compact (closed and bounded) support in the interior of €2, ensuring that f + sn

satisfies the same boundary conditions as may be required of f.)

The differentiation of Eq. (3.78) is facilitated by the variational derivative of S,

defined as the unique g¢-tuple 0S[u] = (%[lu], . %[Zf]) such that
d
25| Slf+sul= [ 0S[f(x)] - n(z)dz (3.79)
S s=0 Q

V feC®(Q,R?) and n € COO(K?Z, R?). By the fundamental lemma of the calculus of
variations, when u = f(z) is an extremal of S[u] (defined as in Eq. (3.78)), it clearly
follows that 0S[f(x)] = 0.
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dS[u] can be explicitly calculated by the following derivation:

sl +sn= [ 2| Llf@)+ sn(o)da

Q

0
Q#JZO 8"&

a4
ds

s=0

(3.80)
- [ o2

Q4 7>0

- / E/(LLf (@) -7 (x)dz

where the first line follows from the Leibniz integral rule, and the third line follows
from integration by parts. In the final line, the Fuler operator has been introduced,

explicitly defined by

IS <—D>Ja%. refl...q} (3.81)

#T>0

These determine the extremals of S[u], and therefore the dynamical Fuler-Lagrange

equations of the physical system defined by S[u], namely,

EL)=0 (e{l,....q}. (3.82)

It is well known that adding a divergence term to a Lagrangian leaves its equa-
tions of motion invariant, that is, E,(L + DivA) = E/(L), where DivA = D;A" for
any r-tuple Afu] = (A'[u],..., A"[u]) of smooth functions on jet space (that is,
Ale C™ (X xUM)Vie{l,...,r =dimX}). This follows from an important prop-

erty of the Euler operator, namely, that it annihilates divergences

E, o Div = 0, (3.83)

a fact that can be directly checked using Eqs. (3.68) and (3.81).
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3.2.5 Noether’s theorems (N1T and N2T) in Lagrangian sys-

tems

Since divergences vanish under the Euler operator, the equations of motion of a

variational system S[u] = [, L[u]dx are invariant under a transformation of the form

L[i) = L]u] + DivA[u] (3.84)
V Alu] an arbitrary r-tuple.

Accordingly, using the prolongation formula of Eq. (3.76), a variational symmetry
is defined as one which meets the the following infinitesimal criterion when applied

to the Lagrangian defined by L[u]:

pr™Y (L) = DivA (3.85)

for any Afu] = (A'u],..., A"[u]).
Letting the g¢-tuple Q[u] = (Q',..., Q%) denote the characteristic of Y as in
Eq. (3.75), a particularly enlightening form of the symmetry condition Eq. (3.85)

follows from substituting the prolongation formula of Eq. (3.76), namely:

0= Z (D]QZ[U]>£ — DivA

By’ (‘?uJ
=> Q'] (% —— 4+ DivA’ — DivA4 (3.86)
#J>0 :

= Q'[u]E/(L) — DivB

where the second line integrates by parts, noting that any boundary terms that arise
can be collected into a divergence DivA’. Thus, a condition equivalent to Eq. (3.85)

for establishing a variational symmetry of a Lagrangian system is the existence of
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characteristics Q[u] = (Q*[u], ..., Q[u]) such that

Q'[u]E/(L) = DivB (3.87)

for any r-tuple Blu]. As is now demonstrated Noether’s two theorems readily follow
from this criterion for a variational symmetry.

From the symmetry criterion of Eq. (3.87), it readily follows that when the La-
grangian system S[u] = [ L[u]dx evolves on-shell, that is when E,(£) =0V ¢, a cor-

responding conservation law holds, namely

DivB = 0. (3.88)

This is the essential content of Noether’s first theorem (N1T), which establishes that
each variational symmetry of £ gives rise to a corresponding conservation law.

On the other hand, suppose that a Lagrangian system admits a variational symme-
try whose characteristics Q[u; A(x)] depend freely upon an arbitrary, unconstrained
function of spacetime—A\(z)—and its derivatives. (Such a variational symmetry will
be referred to as a local variational symmetry.) Then, treating A(z) as if it were a
dynamical variable, its Euler operator Ey can be defined according to Eq. (3.81), and
applied to both sides of Eq. (3.87). Since Euler operators always annihilate diver-
gences, as noted in Eq. (3.83), Ey zeros DivB on the right hand side, resulting in the

expression

Ex|Q‘[u: NE,(L)| = 0. (3.89)

Eq. (3.89) is a relation that holds identically—even when E,(£) # 0 V u’ and

the system is off-shell. When Q[u; A] is linear in A, it is clear that A vanishes from
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Eq. (3.89), leaving a differential identity of the Euler-Lagrange equations of the form

for some g-tuple of differential operators (D*, ..., D?). This is the essential content of
Noether’s second theorem (N2T), which establishes that each local variational sym-
metry of L gives rise to a corresponding differential identity of the Euler-Lagrange
equations.

Several notes about this result are in order. First, it should be specified that
{D*} are specified by finite sums of the form D’ = 3~ P“’/[u]D, for smooth functions
P4 u) € C* (X x U™). Second, when Q[u; A] is jlonlinear in A\, Eq. (3.89) is not
necessarily independent of A. In this case, the N2T identity independent of A can
be found by replacing Q*[u; A] in Eq. (3.89) with its (sufficiently high order) Fréchet
derivative with respect to A, e.g. Dge(h) = %L:O Q[u; X + ¢h]. (See [53], Definition
5.24.) Lastly, note that the N2T relationship established between a local variational
symmetry and a differential identity is if and only if. That is, not only can Eq. (3.90)
be derived from Eq. (3.87), but starting with Eq. (3.90), a local variational symmetry
can be found by integrating A(z) - DE,(L) = 0 by parts (for arbitrary A) to derive

an expression of the form Eq. (3.87).

3.2.6 Example: N2T for the vacuum Maxwell action

To make the preceding formalism more concrete, consider the following example

that calculates a differential identity from the vacuum Maxwell action,

1
S = / d*zL = —7 / d*xF,, F", (3.91)
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where I, = 0, A, — 0,A,.. This action yields the familiar equations of motion

0 0

0=E+(0) =132, ~Pam.a)

+o | L=08,F. (3.92)

Note that, for arbitrary smooth A(x), £ is invariant under the local gauge trans-
formation A, (x) = A,(xz) — 9, A(z). In particular, the infinitesimal generator of this
gauge transformation is given by the following vector field with characteristics given

by the 4-tuple Q4#[\] = —9,\:

vi=—(0,N)01, =  pr'vy=—(9,\)04, — (0,0,))00,4,)- (3.93)

Here, as above, the Einstein summation convention over Greek indices is assumed.
To check that this vector field generates the desired transformation, note via
Eq. (2.71) that the flow generated by v, on the product manifold X x {A,} trans-

forms A, appropriately:

1
exp [vy] (2, A,) = {1 + vy + EV?\ + .- ] (xf, A,)
1
= [1 —(0,\)04, + 5(8#)\)2812% + - ] (xf; Ay) (3.94)
= (2, Ay — Op ).
Moreover, the invariance criterion of Eq. (3.85) is readily seen—mnamely,
prilv, (L) = 0.
Given the equations of motion in Eq. (3.92) and the symmetry characteristics in

Eq. (3.93), Eua(£) and Q[A] can simply be plugged into Eq. (3.89) to derive this

system’s N2T differential identity:

0=E\| - (aUA)aTF”]
(3.95)
= 9,0,F7.
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As expected, because of the linearity of A\(x) in Q4 [\], A\(z) vanishes from Eq. (3.95).
Eq. (3.95) is the resultant N2T differential identity. Due to the antisymmetry of
F* _this identity conveys the appropriate sense that N2T produces off-shell identities
independent of a system’s dynamics, and it may appear, at first, rather uninformative.
In fact, Eq. (3.95) reveals an important attribute of Maxwell’s equations. In par-
ticular, Eq. (3.92) would appear to be four equations 0,F™ = 0 in four unknowns

A,, and one might therefore suspect Maxwell’s equations to be completely deter-

1
mined. However, N2T demonstrates that Eq. (3.92) represents only three indepen-
dent equations, since their particular combination in the identity of Eq. (3.95) is
satisfied automatically. (This is consistent with the fact that gauge-fixing Maxwell’s
equations requires only a single scalar condition, such as ¢ = 0, to determine them.)

The N2T differential identity automatically detects this important consequence of

gauge symmetry.

3.2.7 Example: N2T for the Klimontovich-Maxwell action

Another example of the preceding N2T procedure is demonstrated to system-
atically derive a charge conservation law for the Klimontovich-Maxwell system,(")
described by the following action:

%(v¢+ aA)° - %(v x A)?

S = /d‘*x Clo, A, X, = /d%

N (3.97)
1 . .
+ D0 <§mjxj2' — 49+ A - Xj) ] :
i=1

() This system specializes a Vlasov-Maxwell system to the following distribution function defined
by N point particles

N

Fltx,v) =D 0% (x = X;(1)09) (v - X, (1)) (3.96)

Jj=1
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Here, A = A(t,x) is the vector potential, ¢ = ¢(t,x) is the electric potential,
X; = X;(t) are particle positions and particle mass and charge are denoted by m;
and g;, respectively. The following shorthand has also been used for the delta func-

tion:

Applying Euler operators to derive the Euler-Lagrange equations of each field

yields

Es(L) =V -E—p
EA(L) = OE -V xB+J (3.99)

Ex,(£) = ;- [_szz + ¢ (E +X; x B)}
where the distributional derivative
/f(n)5’(n)dn = — / f'(m)d(n)dn (3.100)
with n € {t,x} has been applied, and where

E(t,x) := —=V¢(t,x) — 0, A(t, x)

B(t,x) == V x A(t,x)

p(t, x) = quaj (3.101)
J(t,x) = quXj(t)éj.

Now consider transforming the action of Eq. (3.97) under the following gauge
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transformation:

¢ —¢ = ¢+ A
(3.102)

A—-A'=A-V\

The vector field generating this transformation—equivalent to Eq. (3.93)—is given

by
Va= Y Q%Nou = (0N)0y — (V) - Oa (3.103)
for an arbitrary smooth function A(z), and it is seen that

privy(L) = 9" where == o (1,X;). (3.104)
J

In particular, the electromagnetic terms of the Lagrangian are invariant, while the
coupled particle terms pick up a divergence that vanishes under the Euler operator.
Therefore, the invariance criterion of Eq. (3.85) is satisfied.

Thus, given equations of motion in Eq. (3.99) and characteristics of the gauge

symmetry in Eq. (3.103)—that is,

Y QNEw (L) = Q7N - Eo(L) + QAN - Ea(L)

(3.105)
— (ON[V-E—p] — VA [4E -V x B+]]
—the N2T differential identity can be computed from Eq. (3.89), such that
0= B S (2)]
(3.106)

=—0[V-E—p|+V [0 E-VxB+1]]
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In the final line, the equality of mixed partials and the vanishing divergence of the
curl are used.

The N2T differential identity arising from the Klimontovich-Maxwell Lagrangian’s
local gauge symmetry evidently discovers the charge conservation law itself. By con-
struction, this conservation law must hold off-shell and identically; in particular,
Eq. (3.106) does not require the equations of motion in order to hold true. It is
a trivial conservation law—also referred to as a ‘strong’ or ‘improper’ conservation
law [70]—an often-overlooked fact that is immediately verified upon examining the

definitions of p and J in Eq. (3.101).
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Elements of Structure-Preserving

Algorithms

In this chapter, relevant principles and tools of structure-preserving algorithms are
reviewed. While much of this chapter recapitulates known results, the first original
contributions of the thesis appear in this chapter, namely the classification of gauge-
compatible splitting methods.

First, two discretizations methods shall be briefly reviewed—discrete exterior cal-
culus [32, 33| and finite element exterior calculus [34, 35]. The discretizations em-
ployed in structure-preserving algorithms play an important role in the preservation
of gauge structure. Indeed, a careful examination of gauge structure reveals that a

successful discretization must preserve topological features of the continuous mani-

fold.

4.1 Discrete Exterior Calculus (DEC)

¥ = [vg,..., v, defined as

The essential constituents of DEC are k-simplices o
the convex span of (k + 1) geometrically independent points v; in R"Z*. Even (odd)

permutations of the vertices of o* are said to be positively (negatively) oriented. Any
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subset of {vg, ..., v} defines a face of o*. The boundary of o*, denoted do* is defined

by
00 = "(=1)'[vo, -, iy v, (4.1)

where the hat denotes omission of v; in the i*® term of the sum.

A simplicial complex K is a collection of simplices obeying just two properties:
e every face of a simplex of K is in K; and
e the intersection of two simplices of K is a face of them both.

Differential forms are represented in DEC using elements of algebraic topology
(accessible introductions can be found in [71, 72]). Oriented k-simplices are taken
as basis elements of the free abelian group of k-chains, denoted Ci(K,R). More
concretely, a k-chain is nothing more than a formal linear combination of oriented
k-simplices with coefficients over R. A discrete differential form, then, or a k-cochain,
is defined as a linear map from the set of k-chains to R.

A k-cochain can be usefully described by the dual basis to Ci(K,R). A discrete
0-form «, for example, can be defined by its coefficients at each vertex, and a discrete

1-form f by its coefficients on each edge:

o = ;A"

B = ByAY.

(4.2)

Here, A’ denotes the O-cochain that evaluates to 1 on the vertex [v;] and 0 on other
vertices. Similarly, AY denotes the 1-cochain that evaluates to 1 on the edge [v;v;]
and 0 elsewhere.

The exterior derivative in DEC is implemented as a formal adjoint to the boundary
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operator 0. This adjoint is defined by the coboundary operator J, satisfying

<5ak, Cha1) = (ak, OCki1) (4.3)

for any (k + 1)-chain ¢4 and k-cochain o”. Here, (-,-) denotes the bilinear pairing
of cochains and chains.

Denoting the set of labels for all vertices in K by {v}, those for edges by {e}, and
those for faces by {f}, § may therefore be defined [73, 74] by a matrix multiplication

in the cochain basis. For a 1-form [, for example:
of=9 (BeAe) = BOA° = ﬁeWFAf (4‘4)

where the matrix entry W§ stores the weight—{=41,0}—of the 1-cochain A® in the
2-cochain A7, (As its adjoint, the boundary operator on chains—d—can likewise be
computed from W/ = (Wf)T) Einstein summation convention is adopted in Eq. (4.4)
for the labels of corresponding simplices.

Since DEC is defined with elements of algebraic topology, its implementation of
the Hodge star necessitates the use of dual cells that are distinct from the primal
cells, that is, from the simplices that define K. DEC implements this construction
via a circumcentric subdivision of primal cells. The dual-form x« is then defined on

a dual chain xo as follows:
<*O[, *0‘> = 6(0)_<a7 0->7 (45)

where €(0) appropriately reflects the signature of the metric and its relation to the cell
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0. In a Euclidean space, €(0) = 1 V o, but in a 4-dimensional Lorentzian spacetime,

+1 if o is entirely spacelike
(o) = (4.6)

—1 otherwise.

Here, |o*| denotes the k-volume of the k-dimensional o* (where |0°| =1 for a single
vertex).

Interpolations of DEC forms can be facilitated using Whitney forms [36], which
will be elaborated upon in the discussion of finite element exterior calculus. In par-
ticular, Whitney forms enjoy a natural compatibility between their interpolations

of the discrete coboundary operator and the continuous exterior derivative of their

interpolations, i.e.

(6a)interp = d<a)interp, (47)

so that the discrete operator § behaves as an exact discretization of d on the discrete
form «. Indeed, the relationship between these operators is so strong that the notation

d will henceforth be employed for §.

4.2 Finite Element Exterior Calculus (FEEC)

Relevant aspects of finite element exterior calculus (FEEC) [34, 35] are now de-
scribed. FEEC hews more closely to the description of differential forms in continuous
space than its counterpart DEC. In particular, in FEEC, one does not imagine ‘in-
terpolating’ forms defined on k-chains of a simplex. Rather, FEEC simply treats
differential forms in continuous space, which just ‘happen to be’ piecewise continu-
ous, with higher order discontinuities at interfaces and edges. Although there is a

direct mapping between low order implementations of FEEC and DEC, the method of
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FEEC is more generalizable and robust. As one example of this, the implementation
of the Hodge star, which has several interpretations in DEC (only one of which was
described in the last section), is uniquely determined in FEEC.

To approximate differential forms on a smooth manifold 2 by finite el-
ements, one begins with the de Rham complex of differential forms on (2,
0L A°(2) 4.4 A" () 9 0. Each space of continuous p-forms may be restricted
to a well-behaved subspace L?AP(Q)) C AP(Q2) of p-forms that yield L*-integrable
functions when evaluated on arbitrary smooth vector fields on 2. That is, denot-
ing w(X) = w(Xy,...,X,) for some w € L?A?(Q) and vector fields X; € X(f2), then
Jo |w(X)|?dz < co. Further restricting to a subspace closed under exterior differen-

tiation yields the Sobolev space of differential p-forms,
HAP(Q) = {w € L2AP(Q) | dw € L2 A" (Q)}. (4.8)

Finite element approximations of HAP(2) may be characterized by projection
maps 7, that ensure the diagram of cochain complexes in Fig. 4.1 commutes—in
particular, that 7, od =dom,. Here, AP(7},) denotes finite element p-forms on a
triangulation 7T, of €2, which is defined to have a maximum diameter h on any given
cell. The horizontal arrows form cochain complexes (d o d = 0), while the vertical
projections 7, define isomorphisms of cohomology. Various finite element spaces can
be chosen for each AP(7,) in the diagram above. However, any such choice must
ensure that the sequence of spaces constitutes a cochain complex, and that the finite
element problem being studied is solvable and well-posed in those spaces.

A typical choice for AP(T;,) is given by the space of piecewise polynomial p-forms
of degree < r, denoted P,AP. Given a triangular mesh 7, C R?, for example, the

space PyA%(T) is defined on each triangle T' € Tj, by the span of 2-forms of the form

(po + p1xr + pgy)dx A dy
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0 HA(Q) e HA™ () 0
Th Th
d d d d
0 A(Th) o A" (Th) 0

Figure 4.1: Given a discretization 7}, of the smooth manifold €2, each subspace HAP((2)
of the continuous cochain complex is projected to a finite element space AP(Ty).
There are many possible choices, of varying degrees of accuracy, for the spaces of
piecewise polynomial finite elements AP(7T;,). The projections 7, are required to satisfy
7, od = d o 7y, such that the diagram above is commuting.

Another choice for AP(7y) is P, AP, the ‘trimmed’ piecewise polynomial p-forms
of degree < r. To characterize P, AP, first denote by H,A? C P.AP the homogeneous
piecewise polynomial p-forms of degree ezactly r. (For the example T, C R?, H,A*(T)
is spanned by 2-forms of the form (h;x + hoy)dx A dy.) Then further define the Koszul
operator k : AP — AP~! an operator that takes the interior product of a p-form with
a radial vector field. In R3, for example, kw = X,._w contracts w with the radial
vector field X, = 20, + y0, + 20,. In general, x adds one to the polynomial degree

of a form, while reducing by one the degree of the form itself.

With this notation, P~ A” may be defined such that

PrAP = P, AP & ki, APH (4.9)

(For T, C R? again, P; A*(T) is spanned by 2-forms of the form pydz A dy because
A3(T;) = @ in two dimensions.) Since P, AP = P,_ ;AP & H,. AP, it follows that P AP
is intermediate to the spaces of piecewise polynomial p-forms of increasing degree,

1.e.

PN C PoAP C PAP (4.10)
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On a simplicial (triangular) complex, the space of p-forms P;” AP—which consti-
tutes the coarsest subfamily of trimmed piecewise polynomials—exactly coincides
with the space of Whitney p-forms [36]. Whitney forms may be defined on an
n-simplex T' C R™ with vertices labeled xq,...,x,. To describe an arbitrary face
(subsimplex) of T" with k& < n vertices, let ioz denote the set of increasing maps
0:40,...,k} = {0,...,n}. Amap o € ioz thus specifies k + 1 vertices of T', which
define a k-subsimplex denoted f, C T. Further recall the barycentric coordinate
functions of T, {\g, ..., \,}. Each \;(x) is defined as the unique linear function on
T satisfying \;(x;) = 6;; V j € [0,n]. Finally, the Whitney p-form on T associated to

the p-subsimplex f, C T is denoted ¢, (x) and defined by

p

Oy = Z(—l)i)\g(i) [d)\a(o) A A d)\g(i) VASERIVAY d)\a(p)], (4.11)

1=0

where the hat signifies that d\,(;) is omitted.

Since \; is linear and vanishes at all vertices except x;, it can be shown that
S i ¢y = £0,,/p! for any o, 7 € fog. Up to a factor, therefore, Whitney p-forms (such
as ¢,) and p-subsimplices (such as f;) are dual to one another via integration. As
a consequence of this duality, the projection 7, : w+— > a,¢, of Fig. 4.1—from p-
forms w € HAP(Q2) to the space P; AP spanned by Whitney forms on 7,—may be
determined simply by ensuring that the integrals of w and its discrete counterpart
mh(w) =Y a,¢, agree on each p-subsimplex f, € Tp,.

More detailed descriptions of cochain-complex-conforming finite element spaces
can be found in Refs. [34, 35, 75, 76]. For now, having reviewed some common
finite element spaces, notation can now be set for practical calculations in the finite
element setting. Given a space of finite element p-forms AP(7;,) on T, a basis of
N, finite elements can be fixed for AP(7;) and organized into the N, x 1 vector AP.

The i*® entry of AP is a basis element denoted AY € AP(T;,), which defines a piecewise
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polynomial p-form on 7,. Any p-form S € AP(7,) may thus be expanded in the A?

basis as
S(x) =s - AP(x) = s;AP(x), (4.12)
whose individual components are denoted

S(X)pyepy =8 AP(X) ooy = Sil\Y(X) g, - (4.13)

Here, s € R and Einstein summation convention is used for the repeated i in-
dex. Greek letters denote coordinate indices. In R®, for example, the p'" compo-
nent of the 1-form basis element A}(x) is denoted A}(x), for pu € {1,2, 3}, such that
AL(x) = AL(x)

Exterior calculus may be computed in the AY ..., A™ bases by simple matrix
multiplication. On R?, for example, where the exterior derivatives of 0-, 1-, and
2-forms can be implemented via matrices that represent the gradient (G), curl (C),
and divergence (D), respectively. In Table 4.1, these matrix operators are defined to
act on the coefficients of forms. For example, the gradient of the 0-form S =s- A°
is computed to be dS = Gs - A', where the matrix G € RM*M ig defined such that

dA® = GTA'. This definition gives the desired result since
dS=s-dA"=s-G'A' =Gs- A" (4.14)

It will also be useful to define the mass matriz on 7T, for each basis AP of finite

element p-forms. Specifically, the mass matrix M, € R¥»*Ne of AP is defined by

M), — / ax(A7,A7) = / A A AP, (4.15)
[Thl p [7n]
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p-Form Abstract d Matrix d Definition Dimensions
S—=s5-A0 _ _ _ _

A=a- Al A =dS a=Gs G'Al =dAY G € RNixNo
B=b-A? B =dA b =Ca CTA? =dA! C € RV2xM
C=c-A° C=dB c=Db DTA3 = dA? D € RVsx M2

Table 4.1: The finite element matrix implementation of d on R®. The property
d od = 0 implies that CG = 0 and DC = 0.
Here, |7;,| denotes the convex hull of 7, and (-,-), denotes the inner product on

p-forms induced by the metric g,,, namely

1
(o, B)p = ﬁaﬂl“'ﬂpﬁul -

1
— Ham---upﬁur--upgmyl . g/‘pl’p.

(4.16)

On R3, for example, Eq. (4.16) defines (a, 3), for p = 1,2 simply as the standard inner
product « - B. After all, 1- and 2-forms each have three independent components on
R® and g, = d,,. Note that (a, (), is symmetric, such that M’ =M,. The Hodge
star operator  is defined by Eq. (4.15), such that a A x5 = (a, §),dx for arbitrary
p-forms o and 3, where dx denotes the unique volume form that evaluates to unity on
positively oriented vectors that are orthonormal with respect to g,,. The mass matrix

will evidently appear wherever metric information is incorporated via the Hodge star.

4.3 Symplectic algorithms

In Section 3.1.1, a symplectic map of the symplectic manifold (M, €2) was in-
troduced as any diffeomorphism ¢ : M — M that preserved its symplectic form (2,
such that ¢*Q2 = Q. A symplectic algorithm can be understood as the evolution of
a symplectic manifold (with finitely many degrees of freedom) whose every discrete

timestep is defined by a symplectic map.
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4.3.1 Conditions for symplecticity

Following [1], such algorithms can be examined on the symplectic manifold R*"
of phase space, coordinatized by z = [q; p] for q,p € R”. The symplectic 2-form
2 in the basis (0q,0p) induced by this coordinatization can be defined by a higher

dimensional matrix generalization of Eq. (3.7)

J= , (4.17)

where 1,, denotes the n x n identity matrix, and 0, denotes the corresponding null

matrix. Thus, {2 can be evaluated by

QX,Y)=X1Jy (4.18)

V X,Y € [(TR™).

In this notation, a linear map A : R*® — R?" is symplectic if

ATJA =7, (4.19)

since this condition ensures that

(A*Q)(X,Y) = QAX,AY) = QAX, AY) = XTATIAY = XTIy = Q(X,Y).

(4.20)

(This calculation uses the fact that A,X = AX for a linear map A.) For a nonlin-

ear differential mapping A : R?® — R?" such that A : zy — z, a generalization of the
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symplecticity condition of Eq. (4.19) is possible, namely

oz \" 0z
92) 3(9%2) _ 5 4.21
(820> (Gzo) ’ ( )
where g—zzo denotes the Jacobian of A. This follows from the same calculation as
Eq. (4.20) after simply substituting A, X = (g—;)) X—as derived in Eq. (2.37).
Note that, by Darboux’s theorem, a symplectic form () can always be made to
locally take the form of J, so the above results can be generalized. Lastly, from

Egs. (4.19) and (4.21), it immediately follows that the composition of two symplectic

maps is also symplectic.

4.3.2 Volume preservation

One immediate consequence of such an algorithm is its preservation of volume
in phase space. For example, in two dimensions (n = 1), the area of a parallelo-
gram formed by the vectors v and w is given by the cross product, |v X w|. It is
readily seen that in two dimensions the matrix J also computes this cross product:
lv X w| = ‘UTJ’LU’. Under evolution by a symplectic map A as in Eq. (4.20), there-
fore, this area is invariant. Similarly, in 2n dimensions, areas in each of the n planes
coordinatized by (g;, p;) are preserved by A. In fact, due to the distributivity of the
pullback over wedge products—as noted in Eq. (2.56)—the total phase space volume

2n-form, defined by

"= QA---AQ (4.22)

is preserved by A. Similarly, arbitrary k-fold wedge products—{Q, Q A, --- }—are

invariant under A, giving rise to the preservation in symplectic algorithms of all
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Poincaré invariants [77], which include integrals of the form

{ / / ;dqidpi , / / / / > " dgdpidg;dg; | } (4.23)

i#]

over any appropriate even-dimensional surface.

4.3.3 Examples of symplectic algorithms

The condition of Eq. (4.21) affords a means to rapidly test the symplecticity of

various algorithms, as will now be demonstrated.

Symplectic Euler

A simple example of a symplectic algorithm is the symplectic Euler algo-
rithm, which modifies the standard Euler method for the ODE ¢y = f(y), namely
Ynt1 = Yn + Nf(y,) with stepsize h. For any Hamiltonian H (g, p) on R? phase space,

the time advance of the symplectic Euler method is given by [1]:

Pn+1 = Pn — hH,q (Qnapn-i-l)
(4.24)

Gn+1 = Gn + hH,p (QmPn+1)

where H, and H, denote partial derivatives of H(q,p), and where the subscript
n € Z denotes timesteps separated by time interval h. The symplectic Euler method
is generally implicit, since the right hand sides of Eq. (4.24) depend upon the variables
being solved for on the left. It should be noted, however, that this dependence drops
out for separable Hamiltonians of the form H(q,p) = V(q) + K(p), for which the
method is explicit.

To see that Eq. (4.24) defines a symplectic algorithm, note that its Jacobian
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O(qns1,Pns1)/0(qn, pn) follows from differentiating Eq. (4.24) to find

gy, 9qn
L —hHy, || G |14 RH, 0 (4.35)
0 1+4hH,,| |Zzt Zeu —hH, 1

Here, partial derivatives (H 44, H 4p, H ;) are taken with respect to ¢, and p,11. Solv-
ing for the Jacobian, it is readily confirmed to satisfy the symplecticity condition of

Eq. (4.21). Symplectic Euler is a first order method, with error scaling as O(h).

Leapfrog

Another classic example of a symplectic algorithm is the leapfrog algorithm (or
Stormer-Verlet scheme [78]). Its first appearance, in fact, dates back to Newton’s
proof of Kepler’s Second Law in the Principia Mathematica [79]. For any Hamiltonian

H(q,p) on R? phase space, the time advance of the leapfrog method is given by:

h
pn_;.% = Pn — EH,q <Qn7pn+%>
h
In+1 = Gn + 9 [HJ? <Qnapn+%> + Hy <Q7l+1apn+%>:| (4'26)

h
Pn+1 = pn_;'_% - EH@ <Qn+1>pn+%> .

For separable Hamiltonians, like symplectic Euler, leapfrog is an explicit algorithm.
It is also a second order method, with error scaling as O(h?).

Splitting Methods

Another class of symplectic algorithms, which is crucial to the work in the ensuing
Section 4.4, is the splitting method. Due to their ease of computation, splitting
methods offer an appealing algorithmic implementation of many Hamiltonian systems

[for example, see 12]. In effect, a splitting method splits a system’s Hamiltonian H
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into some finite number ny of ‘sub-Hamiltonians’ {H;} such that

ng
H=> H. (4.27)
=1

The system’s dynamical variables u are then evolved by each subsystem individually,

arranged in a sequence chosen to minimize discretization error, e.g.

u(t + At) = exp (AtH)u(t)

(4.28)
A exp (%H]) exp (AtH2> exp (%fh) u(t),

where ny = 2 subsystems are schematically represented, H = H; + H,, arranged in
a second-order Strang splitting [80].

The advantage afforded by this subdivision of the Hamiltonian is that its sub-
systems {H;} are often more easily integrated individually than the full system H.
Each subsystem can be integrated by a symplectic method, so that the full splitting
method is symplectic. In fact, each sub-Hamiltonian H; can at times be made suf-
ficiently simple to allow its exact integration, without any discrete approximation.
Explicit examples of this exact evolution will be seen in the Vlasov-Maxwell splitting
methods detailed in Chapter 5.

Splitting methods can be constructed to arbitrarily high order. The simplest,
first-order method is known as a Lie-Trotter splitting. Following the notation of [1]
and denoting the map of a given sub-Hamiltonian by @%1 =exp(hH;) Vi € [1,ny],

the Lie-Trotter splitting [81] is defined by

ol = ool (4.29)
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Further defining the adjoint of a method
;= O} (4.30)

which has the effect of reversing its sequence of mappings, the second order Strang
splitting [80] in Eq. (4.28) above can be rewritten

S L L] 1 2 1
0l — o8, o Bl — ol 0 o o (4.31)

In greater generality, given an O(h) method &, (such as @w above), a splitting
method @, of order p + 1 can be defined by [1]

Oy = Do 0 @5, 0000 DY, 0Dy 0 PF

S

1= 2(% + 5;) (4.32)

0= [-ryat + o).

=1

The coefficients oy, B; may also be further optimized to reduce error.

4.4 (Gauge-compatible splitting methods

A splitting method’s exact integration for sufficiently simplified subsystems offers
a considerable opportunity for the construction of structure-preserving symplectic
algorithms. In particular, the momentum map will now be reconsidered—along with
its associated conservation laws—in the context of such methods.

What is the status of the momentum map p in splitting algorithms? A sufficient
condition for the exact preservation of u is straightforward to state. In particular,

suppose that each sub-Hamiltonian of a splitting method is gauge invariant—that is,
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invariant under the group action of some group G—

®*H; = H, Viand g € G. (4.33)

g

Then, ‘differentiating with respect to g’—that is, setting g = exp(sA) and taking
d%!gzo—it follows by the same argument of Eq. (3.29) that ;2 = 0 in each Hamiltonian
subsystem, where p is the total system’s momentum map associated with the group
action @,.

As previously noted, this claim follows simply from the observation that p is an
object defined by its Poisson manifold (M, {-,-}), separate and apart from the Hamil-
tonian defined on that manifold. u is therefore preserved along the flow generated by
any gauge-invariant function. Consequently, if each sub-Hamiltonian is gauge invari-
ant and its flow is exactly integrated, then the momentum map is exactly preserved

by its evolution during each discrete time step. This result is now summarized as a

theorem.

Theorem. Let ® be a canonical group action of a Lie group G on Poisson
manifold M with momentum map p, and let H : M — R satisty ®;H = H, V

g € G. Suppose a splitting method H = Zfil H; satisfies:
(1)  @}H;=H; Viand g € G;
(2)  subsystem H; is solved exactly V i.

Then p is exactly preserved by the splitting method—that is, g = 0.

Such algorithms are hereafter referred to as gauge-compatible splitting methods,
or GCSMs. Gauge-compatible splitting methods enjoy a significant advantage over
alternative Hamiltonian integrators, in that they exactly preserve the gauge structure

of the systems they simulate via the momentum map. As such, they preserve exact
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conservation laws, even in discrete time.

4.5 Variational algorithms

Another important class of structure-preserving algorithms are wvariational algo-
rithms—those derived by applying a variational principle to a discretized action in
the Lagrangian formalism. Closely following [40, 45, 82], some important properties

of variational systems and their algorithms are now considered.

4.5.1 Noether’s theorems in a finite difference formalism

It will first be demonstrated that the derivation of Noether’s theorems, included in
Section 3.2.5 for continuous spacetime variational systems, has a remarkably parallel
counterpart in finite difference variational systems. Aside from replacing the infinites-
imal calculus that is used to characterize an action (via integration) or a divergence
(via differentiation), for example, little else in the derivation need be modified.

More specifically, rather than constructing operators out of derivatives in terms
of independent coordinate variables, finite difference Lagrangians depend on shift

operators [40],

S;:nd =l + 6. (4.34)

Here, n = (n',...,n") € Z" denotes an integer-labeled vertex of an r-dimensional

cubic lattice. A forward difference can then be simply constructed by

where 1 denotes the identity map.
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An action in this formalism is defined by a sum over vertices, that is,
Slul = L(n, [u]) (4.36)

where [u] = {u‘(n)} now denotes the set of dependent variables at n and finitely many

of their shifts. Equations of motion for such a Lagrangian are then simply given by

SJUZ

E(L) =S, {%} 0 (4.37)

where .J denotes an arbitrary shift multi-index whose repetition in the above expres-
sion indicates that it is summed over.

Note that the discrete Euler operator, which operates on the Lagrangian, is equiv-
alent to taking a partial derivative of the action S[u] with respect to u‘(n) at a fixed
vertex on the lattice. That is E;(L) = 0S[u]/0u’(n)—a fact that shall be put to use in
the exploration of Noether’s second theorem in a discrete exterior calculus formalism
in Section 5.4. Moreover, it can be readily shown [39] that, in analogy with its con-
tinuous counterpart, E, o Div = 0 for the discrete divergence operator DivA = D; A’

Symmetries of these discrete equations of motion have a form very much like the
(prolonged) symmetry vector defined in Eq. (3.76). In particular, the prolongation of

a symmetry of a finite difference Lagrangian can be defined by

0

Y =5,Qn, [u])m

(4.38)

where QQ denote, as before, the characteristics of Y.
As in Eq. (3.85) for the continuous case, Eq. (4.38) is said to define a variational

symmetry if
V(L) = D;A’(n, [u]) = DivA (4.39)
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for some r-tuple Afu] = (A'[u], ..., A"[u]).
Finally, summing Eq. (4.39) by parts [40] reveals the discrete counterpart to the

symmetry criterion of Eq. (3.87), namely:

Q'E((L) = D;B'(n, [u]) (4.40)

with all operators understood to be discrete.

As in the continuous case, this expression of the symmetry condition immediately
leads to Noether’s first and second theorems. After all, the left hand side vanishes on
shell, so that the right hand side constitutes a discrete local conservation law. More-
over, if the characteristics of Y are dependent on a function with arbitrary dependence
on the lattice—e.g., Q‘[u; A(n)]—then the discrete Euler operator associated to A can
be applied to Eq. (4.40) to derive an off-shell discrete differential identity satisfied by

the equations of motion.

4.5.2 Lagrangian systems’ symplectic structure

Having described some of the properties of symplectic dynamical systems in the
previous sections, it is all the more impactful to note that Lagrangian systems preserve
a symplectic structure as well.

Hamilton’s principle, as seen in Section 3.2.4, holds that the trajectory of a varia-
tional system between two fixed points lies along an extremal of its action. Equations
of motion in that section were therefore derived by considering variations of the system
that were independent of the boundary. To understand the properties of variational
algorithms, however, it will be critical to revisit variations that include the boundaries
of the trajectory.

Following [45, 82|, consider the typical setting of Lagrangian mechanics with

configuration space ) and a first-order Lagrangian L = L(q,q) that constitutes a
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map L :TQ — R. Here it will be convenient to define the action S(q):C(¢) — R
as a map on path space C(q), a smooth manifold defined by the set of paths
C(q) ={q:[0,T] = Q| qis a C? curve} such that

S = [ Liato).dte)e (4.41)

If the variation of S(g)—derived analogously to Eq. (3.80)—is now computed V
dq € T,C(Q) (including boundary variations), the resulting variation is given by

as(a) 00 = [ Ex(Lla0) o0 + | G| | (142

The new boundary term arises from the integration by parts of the variation. It can

be regarded as a 1-form—the so called Lagrangian 1-form ©p € T*(TQ) defined by

O = a; dg’ (4.43)
¢’

—evaluated on (dq,0¢) € Ti4.4)(TQ).

Now consider a restriction of the path space C(Q) to its solution space
Cr(Q) C C(Q) comprised of solutions to the Euler-Lagrange equations, that is
Cr(Q)={q| E;(Llg(t)])) =0 Vi}. Since a solution is uniquely determined by its
initial conditions (g, §o), one can formally identify Cr(Q) with T'Q.

One may thus define vy = (qo,¢o) € T, and denote the restricted action
S (vo) = S(g). Furthermore, one may denote the evolution of the system from its

state at ¢ = 0 to its state at ¢ = T" according to the Lagrangian dynamics by the map
Fr:TQ — TQ. Then, on the restricted domain of Cr,(Q), the first term of Eq. (4.42)
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vanishes and leaves

~

dS(vg) - w = 0Oy (w)

v (4.44)

q(

= (F1©L —6yp)

r (FL*U)) — @L

(w)

Vo

V w e T, (TQ). Taking another exterior derivative and recalling that it naturally

commutes with pullbacks, Eq. (4.44) implies
0=d’S =FiQ, —Q, (4.45)

where ; =dOy. This is a statement of the exact preservation of the so-called
Lagrangian symplectic form, which, for a Lagrangian system constructed from the

configuration space @, is given by

2 2

dg’ A dg’. (4.46)
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Applications to Vlasov-Maxwell

Particle-in-Cell Algorithms

This chapter marks a culmination of those preceding it, in that it synthesizes
the formalism developed in Chapter 3 to explore the gauge structure of dynamical
systems, with the elements developed in Chapter 4 that preserve gauge structure in
discrete algorithms, to study and construct gauge-structure-preserving particle-in-cell

algorithms. This chapter is comprised of original contributions.

5.1 Overview

Particle-in-cell (PIC) methods have long been an indispensable tool in studies of
plasma physics [29-31, 83-102]. Even before structure-preserving algorithms began to
be more widely explored, the literature counted several examples of PIC methods that
had been engineered to exactly conserve charge by the use of various sophisticated
numerical techniques [103-106].

In recent years, however, elegant PIC methods have been developed that preserve
the gauge symmetry of the plasmas they simulate, not as the result of bespoke nu-

merical methods, but as a natural consequence of preserving their systems’ geometric
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structure. It was Squire et al. [3] that first derived an exactly charge-conserving
variational PIC scheme by imposing gauge symmetry on a discrete action. Sev-
eral gauge-symmetric algorithms have since followed [4-28], especially in the form of
Hamiltonian PIC schemes. Many of these references note that the gauge symmetry of
their algorithms guarantees exact charge conservation, but this fact is often unproven;
the associated conservation laws are not always stated, let alone systematically de-
rived. The absence of such derivations motivates a rigorous study of algorithmic
conservation laws in PIC methods.

Indeed, most of the literature’s recent structure-preserving Hamiltonian PIC meth-
ods employ a non-canonical Poisson structure to describe particle degrees of freedom
(X, V) and discrete electromagnetic fields (E,B) [7-10, 12-18, 22-24, 26, 27]|. This
approach hides from view the gauge symmetry of the Vlasov-Maxwell system and
the simplicity of its canonical Poisson structure, which is characterized by the elec-
tromagnetic potential A and its conjugate momentum Y ~ dA/d¢. The process of
‘hiding’ this gauge symmetry may be formally regarded as the Poisson reduction of
the Vlasov-Maxwell system [19, 57-59], which strips out gauge symmetry to reduce
canonical coordinates (A,Y, X, P) to their non-canonical counterparts (E, B, X, V).

In this chapter, the methods developed in this thesis are applied to the study and
construction of PIC algorithms that preserve gauge structure. Charge conservation
laws are derived in Hamiltonian splitting and variational algorithms from first princi-
ples. In so doing, the requirements for gauge-symmetric codes to be charge conserving
are elucidated, and a general template for the derivation of conservation laws from
the gauge symmetry of Hamiltonian and Lagrangian algorithms is found.

The effectiveness of gauge-compatible splitting methods (GCSMs) is demonstrated
in practice by the construction of two new GCSMs, and numerical results are pre-
sented. These effort highlights the practical usefulness of solving for the momentum

map in Hamiltonian algorithms, for example, in determining the correct specification
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of their initial conditions.

This chapter appears in three sections, which may be read independently:

e Section 5.2, following Glasser and Qin [19], constructs a GCSM for the canonical
Vlasov-Maxwell system on a cubic mesh, and studies its symplectic reduction.
Rather than imposing an interpolation scheme a priori, this section aims to
preserve gauge structure and discovers the prerequisites necessary to achieve it.
(The required properties (re-)discovered are essentially those of the Whitney

forms [36] and their generalizations.)

e Section 5.3, following Glasser and Qin [28], constructs another GCSM using
finite element exterior calculus, suitable for simulation on an unstructured mesh,
and presents results from its numerical implementation in simulations of Landau

damping and the Weibel instability.

e Section 5.4, following Glasser and Qin [19], demonstrates the systematic deriva-
tion of an exact charge conservation law for the Lagrangian variational PIC
method of [3]. This conservation law is discovered from the system’s local
gauge symmetry using Noether’s second theorem (N2T) in the setting of dis-
crete exterior calculus (DEC) [32, 33], leveraging the formalism of Hydon and
Mansfield [40]. This effort demonstrates the usefulness of discovering off-shell
differential identities in discrete, degenerate Lagrangian systems, whose conti-

nuity equations and conservation laws may not be known a priori.
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5.2 A GCSM for PIC simulations on a cubic mesh

and its symplectic reduction

5.2.1 A discrete canonical Poisson structure for the Vlasov-

Maxwell system

In this section, a GCSM PIC method is constructed from the canonical Poisson
structure of the Vlasov-Maxwell system. The resulting algorithm can be viewed as
synthesis of Xiao et al. [8] and Qin et al. [11]. The latter of these references imple-
ments a symplectic-Euler integrator for the ‘unreduced,” canonical Poisson bracket of
Eq. (3.39), while the former implements a splitting method for the ‘reduced’ bracket
of Eq. (3.62). Adapting elements from each, a gauge-compatible splitting method is
discovered for the unreduced bracket of Eq. (3.39) and, in so doing, demonstrates the
merit of this new class of splitting methods. The result is an explicit-time-advance,
canonical, locally charge-conserving PIC method, whose momentum map and conser-
vation law shall be systematically derived.

In Qin et al. [11], a Klimontovich-Maxwell PIC method is derived from the unre-
duced bracket of Eq. (3.39) by specifying the following form for the distribution

function f(x,p) of L particles in phase space, as in Eq. (3.96):

L

fx,p)= Z 0P (x = X;)8% (p - P)). (5.1)

i=1

Here, (X;, P;) denotes the dynamical coordinates of particle 7 in phase space. The
fields A and Y introduced in the Poisson bracket of Marsden and Weinstein [59] (see

Eq. (3.39)) are also discretized on a (three-dimensional) spatial lattice and denoted
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(A,,Y,) at lattice site n. The interpolation of A will also be required,

Ax) =D AW, (x —Xy) (5.2)

n=1

where n is an index over all N lattice sites and W, is an (as yet unspecified) inter-
polation function for A.
A Poisson bracket for this discrete system simply follows from the canonical sym-

plectic structure of its variables. In particular, the symplectic manifold

My =T*X x T*Q, (5.3)

is defined, where X = R3” is the space of particle position coordinates and @ = R3*"
is the space of vector potentials on the lattice, such that T*X = {(X;,P;)} and
T*Q = {(A,,Y,)}. A point m € My correspondingly specifies (X;,P;,A,,Y,) V
i,m (where the subscript d denotes discretization).

The Poisson bracket for this symplectic manifold therefore takes its usual

Darboux-coordinate form

L
OF 0G 0G OF
HF, G} X, Py, Ay Y :Z (8X4 P, 0X. 8P->

i=1
+i OF 0G  9G OF
0A, 0Y, O0A, 0Y,)

n=1

(5.4)

Observe that, unlike its continuous counterpart in Eq. (3.39), the bracket of Eq. (5.4)
is non-degenerate; it defines My not only as a Poisson manifold, but as a symplectic
manifold.

The discrete Hamiltonian of Qin et al. [11] is derived from Eq. (3.40) by substi-
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tuting the Klimontovich distribution of Eq. (5.1), yielding

L N
1
HalXi, P A, Yo = 53 |PE=2Pi ) AW, (Xi = x,)
=1

n=1

o 2 + 2
+5 0 [Yi+[Vi <Al

n=1

N
+ > A AW, (X = X)W, (X — Xy)

m,n=1

(5.5)

after explicitly expanding terms of the form |P; — A(X;)|” using Eq. (5.2). Here, the

operator (V;lt ><)n represents a discrete curl, defined by

3 3 2 2
Ai,jﬂ:l,k*Ai,j,k _ Ai,j,k‘ilfAi,j,k
Ay Az
Al —AL. A3 L —A3 .
vi X A) = :]: i,7,k+1 i35,k i+1,5,k i,k 56
( d n Az Ax ( )
2 2 1 1
Aiil,j,k_Ai,j,k _ Ai,jil,k_Ai,j,k
Az Ay

for n = (i, 7, k).

5.2.2 Examining its gauge symmetry and momentum map

The gauge symmetry of this discrete Hamiltonian system can now be described.

The group action ®; on M, is defined by analogy with Eq. (3.49)

O;(X;, PiAL, Y,) = (X [Pi _ ij(Xi)} , [An _ (v;f)n] , Yn) , (5.7)
where
Vif(x)= i(v;f)nwm(x Xp) (5.8)
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and where (V3), is a discrete gradient defined by

fit1,5,6— ik
Ax

(VEII/[ Vo o= & | fuir—fige | (5.9)

Ay

figkt1—Fi .k
Az

Note that Vdi X Vdi =0 as an operator. (If the £ signs agree, this relation holds
identically; if they disagree, it holds only after a summation over lattice points, ), .)
Furthermore—in contrast with Eqgs. (3.49)-(3.50)—P; and A, are shifted in the same
direction in Eq. (5.7), reflecting the fact that p and P; have opposite signs in Eq. (5.1)
when the transformation of Eq. (3.50) is reinterpreted as a transformation of P;.
The function f appearing in the group action of Eq. (5.7) is to be understood
as a scalar function defined only at lattice points. In particular, f € F; is a group
element of the set F; of discrete scalar functions with an abelian composition law of
addition. Its Lie algebra f4 is also the set of discrete scalar functions on the lattice,
while its dual 7 is the set of densities, which pair to elements of f; by summing over

pointwise products

N
(a,0) =) andy Yaefs, ¢€fa (5.10)
n=1

It must be verified that the group action is canonical, a task best approached
infinitesimally (as described in Eq. (3.10)). In particular, it can be checked that the
following infinitesimal form of {{®%F, ®3G}}q = ®3{{F, G} }4 holds:

{{—VM(XZ-) : g}i — V¢ - % , G}}d —(F+ Q) -
_ + a{{Fa G}}d + a{{F7 G}}d ‘
= —Vio(X;) - 8—R —V, o - TAn’

where summation over repeated indices is implicit. After applying Eq. (5.4) to eval-
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uate each bracket, Eq. (5.11) is seen to be true only when V x VI¢(X;) = 0. This

requires the operator relation

VX VI —0, (5.12)

Here, V = 0, is a continuous spatial gradient.

Eq. (5.12) therefore necessitates the following condition on the interpolation func-

tion W,,:
N N
Z(qus)nwm (x—x,)=V Z O W (X — Xp) (5.13)
n=1 n=1

for some interpolation function W,,. This condition was already discovered in [8], and
reflects the essential property of the Whitney forms [36] described in Eq. (4.7). Here,
the discussion of this condition merely contributes that, in a Hamiltonian context,
the motivation for the constraint in Eq. (5.13) is the canonicality of the group action.

With the canonical group action of Eq. (5.7) action in hand, its associated momen-
tum map g (equivalently, J;) on My can be sought, using the symplectic structure
of Eq. (5.4). First, the infinitesimal generator ¢y, of the group action on My must
be found, as analogously defined in Eq. (3.51). Given the group action of Eq. (5.7),
o, takes the form (already implicitly used in Eq. (5.11))

L N P

(a0 == Y VI00X) - o = S (Vi g (19

=1 n=1

where the pairing of the momentum map with ¢ is denoted (puq, ) = Ju(¢). The
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Poisson bracket of Eq. (5.4) therefore requires that J;(¢) be given by

(5.15)

va [Z/ AX! W, (X! — x,) — Y]
Z —Z/ idX;Wm(X;—Xn)—l—Yn

where in the second line has been ‘summed by parts’ [40] using the discrete divergence

operator
S e, — o
Viovy =4y (5.16)

Note that dX/ is treated in Eq. (5.15) and hereafter as a vector, with each component
integrated individually. Also observe that fo . fox = (0 as an operator (when +
signs agree).

Given the pairing defined in Eq. (5.10), the momentum map p, must therefore

be

L X,
(), = =¥z 3 [ AKX = %) + VY, -
i=1 ¥ —° 5.17

:pn—i_V;'Yn

defined at each lattice site n € [1, N]. Due to the gauge invariance of Hy in Eq. (5.5)—
that is, ®3Hy = Hy—the full system evolved in continuous time by Hy obeys the

conservation law

pa =0, (5.18)

as in the continuous Vlasov-Maxwell system of Section 3.1.5. Egs. (5.17)-(5.18) de-

fine the conservation law of this discrete Hamiltonian system in continuous time,
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systematically derived via the momentum map.
Following the analysis of Eqs. (3.58)-(3.59), this conservation law may be reex-
pressed by deriving the continuous-time equations of motion of the full Hamiltonian

Hy,, as follows:

X; = {{Xi, Hq}}a = Pi — ZN: AW, (X — Xp)

m=1
N

P = {{Ps, Hatba = Y (Ki+ A ) VIV, (X = x)
m=1 (519)

An = {{An7 Hd}}d = Yn
L

Y, = {Y0 Hiba= Y XiWo, (Xi = x,) — (Vi x Vi x A) .
i=1

Now substituting Y,, into the charge conservation law Eqs. (5.17)-(5.18), it is found

that

0=p,+V,-J, (5.20)

where

L X,
pi= Vi3 [ X, (X - x,)
= (5.21)

L
Toi=) XKW, (X — xy).
=1

This is an alternative form of the charge conservation law Eq. (5.18) for the
continuous-time evolution of this discrete Hamiltonian system.
The form of p, in Eq. (5.21) can be justified by a schematic one-dimensional

example in which W, (z) =1 on 0 <z < Az and 0 otherwise. For a single particle
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at X; = 0.2, then,

pn:_vd/

¢

0.8/Ax n=0
0.2
dXiWo, (Xi —2n) = { 02/Az n=1 (5.22)
0 n #0,1.

\

This result demonstrates the appropriateness of the momentum map’s systematically

derived charge density.

5.2.3 Defining a gauge-compatible splitting for evolution in

discrete time

An algorithmic solution of this Hamiltonian system can now be defined via a

gauge-compatible splitting

method, whose preservation of py will be demonstrated.

To algorithmically evolve this system in discrete time, a splitting method is adapted

from [9, 12]. In particular, the following Hamiltonian subsystems of Eq. (5.5) can be

defined:

where

3
Hy=Y  Hiy,+ Ha + Hy

(5.23)
a=1
1< 2
Kim = 5 > (Pia - Aa(Xi)>
=1
1 & 2
Hy = ; Vi < Al (5.24)
1 N
Hy i= - ;Yg.
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It can be immediately seen that these subsystems are all gauge invariant for the group

action of Eq. (5.7)

—PiH; = H; V [ € Fy and 1.

Therefore, if they can be exactly

solved, they will comprise a gauge-compatible splitting and preserve pg .

The equations of motion for each subsystem H; may be examined in turn. Apply-

ing the canonical Poisson bracket of Eq. (5.4) to each H; yields:

. N
Xzﬁ = — > ApWo (X — Xp)
m=1
. N
PP =X Y A 0sWo, (Xi — Xpn)
Hjim m=1 (5.25)
AP =0
) L
Ynﬁ Z aWUl( — X,)
\ =1
4
Ha (5.26)
n =0
Y, (Vg x Vi x A)
\
and
H~ (5.27)
An = Yn
Y, =0

where 93 = 3/0X?. (Note that « is fixed, and is not summed over in the expressions

for HE),,.) Ha and Hy are exactly solvable at a glance. Furthermore, Hg

lim 1S seen
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to be exactly solvable by noting that Xf =0; X f is therefore a constant determined

by a time step’s initial conditions. The evolutions of P; and Y, in HE,., follow

lim
immediately from this analysis.

The exact time evolutions of Ha, Hy and Hg;,, are therefore explicitly solved,

lim
defining by construction an explicit-time-advance gauge-compatible splitting method
that exactly preserves the momentum map, g =0, as desired. Note that the
alternative form of the charge conservation law given in Eq. (5.20)—that is,
pn+V, -J, =0—is also exactly preserved in this algorithm, because the substi-
tution that led from Eq. (5.18) to Eq. (5.20)—that is, V; - Y,, = V - J,,—holds for
each Hamiltonian subsystem above.

Finally, note that the momentum map pu, has significant ramifications for the
appropriate initial conditions of the preceding algorithm. A brief but important

discussion of these initial conditions appears in the text following Eq. (5.30) below,

and their usefulness in a numerical demonstration will appear in Section 5.3.

5.2.4 Symplectic reduction of the method

The symplectic reduction of the previous section’s Vlasov-Maxwell Poisson struc-
ture is now examined. Since symplectic reduction preserves the momentum map, it
is to be expected that the gauge structure of the previous section’s GCSM will be
preserved in the discrete-time evolution of the reduced equations of motion (as indeed
it will). The resulting PIC method recovers that of Xiao et al. [8], which employs the
splitting method of He et al. [9] for the reduced Vlasov-Maxwell bracket of Eq. (3.62).

This PIC scheme will be derived by undertaking the symplectic reduction [57] of
the discrete canonical bracket defined in Eq. (5.4). As in Section 3.1.5, a mapping to

the reduced symplectic manifold Mgy = 7' (0)/Fy is defined, with coordinates given
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Tdred : pl(0)c My  — Mgy = 1y ' (0)/Fy
(5.28)
(Xi7Pi7A-n7Yn) — (Xi7Vi7Bn7En)7
where
X, = X;
V, =P, — A(X))
(5.29)

As discussed earlier, care must be taken to ensure that the discrete fields B,, and E,,

of My, obey the reduced manifold constraints

Lox, (5.30)
—V; ’ Z/ dX;Wm (X; - Xn) - (v; ’ E)n =0.
i=1 Y™

These constraints must also be satisfied by any initial condition of the algorithm.
The former condition is necessary to enforce a physically valid magnetic field. If
the latter condition (Gauss’s law) is not satisfied initially, it will have the effect of
adding fixed ‘external’ charges at the corresponding vertex n. In particular, a non-
zero initial Gauss’s law condition will evolve the system along some other reduced
manifold My, = u;*(e)/F, with fixed external charge density a.

A similar initial condition must be determined for the unreduced algorithm
of Section 5.2.1 as well. The unreduced algorithm enforces the constraint
(Vi -VixA),=0 automatically. However, for simulations without external

charges, care should be taken so that the value of (pg(m)), in Eq. (5.17) is every-
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where initialized to zero. (Alternatively, Eq. (5.17) can be used to properly initialize
a simulation with external charges that remain fixed for all time, as will be used to
advantage in numerical examples of Section 5.3.) Note that the derivation of the
momentum map is essential to this correct specification of initial conditions.

The reduction of the discrete system may therefore proceed, and Eq. (5.29) can

be substituted into the bracket of Eq. (5.4) to find

{{Fa G}}ged[Xh Via Bn7 En] =

- N
OF 0G 0G OF [OF oG

=1
N L

oF _ OF oG

([ s - (i) | o5
L
oG _0G OF
— - a—\/iW01 (Xz - Xn) - (Vd X a_B)n : aE”) .
(5.31)

To derive the dv,F x dy,G - B(X;) term in the bracket above, the interpolation

functions were required to satisfy an additional constraint

N N
VXY AW, (x = %) = Y (Vi X AW, (x = x,) (5.32)
n=1 n=1

for some interpolation function W,,. As in Eq. (5.13), this is another appearance (for
a higher-degree form) of the Whitney interpolant constraint.

Lastly, the Hamiltonian in the reduced coordinates of My, can be reexpressed as
1 ¢ 1 &

Hi (X0, Vi By B = 5 3 Vi =3 (B2 + B2). 5.33

d [ ) ) ) ] 9 ; i + 2 ; n + n ( )

Thus the reduced Hamiltonian system of Xiao et al. [8] has been recovered.

As discussed in Section 3.1.5 for spatially continuous systems, this reduced Hamil-

137



tonian system is automatically guaranteed to preserve the momentum map of its par-
ent, so long as it evolution is constrained to My,. To see that this is the case, its
evolution equations may be computed under the splitting scheme analogous to the

unreduced case, defined by [8, 9, 12]

3
Hy' = " Hy + Hg + Hy (5.34)

a=1

where

L
(0% 1 (0%
Hy = EZ(V; )2
i=1
N
Hp = 1232 (5.35)
2 n=1 .
1 N
Hg:=-) E2.

These subsystems generate the following equations of motion:

X7 =ove
. N
Vz‘ﬁ = €gay Vi" > BIWo, (X —x,)
Hy n=1 (5.36)
B? =0
. L
B = =00 VW, (X — %)
L i=1
4
Hg (5.37)
B, =0
En - (v; X B)n
\




Hg ! n=1 (5.38)

Note again that a is not summed over in the expressions for subsystem Hyy.

Upon inspection, it is evident that the Mdo constraints of Eq. (5.30) are obeyed
in each subsystem when they are exactly solved. (As in the unreduced case, the
above subsystems are readily exactly solved. In particular, note that Via =0in HY.)
Consequently, the exact conservation law of the reduced system is systematically
derived by simply expressing the unreduced momentum map of Eq. (5.17) in My

coordinates

L X;
(Rahn ==V Y [ XWX, = %) - ¥, B
=1 Y >

V- E (5.39)
— Mn d n

=0,
where in the final line it has been noted that fi; vanishes by the previous choice of

reduction to the preimage of zero under j;—the submanifold p;~'(0). Eq. (5.39) is

Gauss’s law, which is by construction guaranteed to be preserved,

fia =0, (5.40)

as desired. (An analogous conservation law was found for the reduced bracket
in the FEEC formalism of Kraus et al. [15], where the momentum map was

treated as a Casimir.) The local charge conservation law of Eq. (5.20)—whose ex-
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pression is unmodified in the reduced submanifold—is furthermore satisfied, since

V;-E, = -V, -J, holds in each subsystem of H%d.

5.3 A GCSM for PIC simulations using FEEC and
its numerical implementation

A second canonical Poisson structure and Hamiltonian is now defined for the
Vlasov-Maxwell system—this time, discretized using the techniques of finite element
exterior calculus [15, 34, 35]. This discussion will emphasize the role of the momen-
tum map in enabling the precise assignment of a fixed, non-dynamical background
charge density. Numerical results will be presented for Landau damping and Weibel

instability simulations. The following calculations are performed in Gaussian units.

5.3.1 The finite element electromagnetic Poisson structure

To begin, consider electromagnetic fields over a continuous manifold Q C R3
in the temporal gauge. The configuration space for such fields is the set
Q={A | AcA(Q)} of possible vector potentials, defined as differential 1-forms
over €. To find a variable conjugate to A(x), the following variational derivative of
the electromagnetic Lagrangian may be computed,

1
LEM = g dX<

1.
—ZA
&

) .
5L A
2 E
—|dA| ) Y =T = (5.41)

Clearly, Y € A'(Q) is also a 1-form over €2 corresponding to negative the electric field,
Y = —E/4nc. Asin Eq. (4.16), |af* = (o, @), in Eq. (5.41) denotes the standard inner
product on R? for p =1, 2.

The full phase space is then given by the cotangent bundle 7*Q = {A, Y} with
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canonical symplectic structure defined by the Poisson bracket [59]

OF 060G  6G OF

(as in Eq. 3.39). Here, F[A,Y] and G[A,Y] are arbitrary functionals on 77*Q.

This geometric description of fields on €2 is now mapped to its triangulation 7y,.
On Tj, the fields A and Y can be defined by their expansion in the corresponding
basis for finite element 1-forms:

A(t,x) =a(t) - A(x)

(5.43)
Y(t,x) =y(t) M ' Al(x).

Here, A' is an N; x 1 vector of basis elements and a,y € RV denote coefficients, as
in Eq. (4.12). a and y are identified as dynamical variables by explicitly notating
their time dependence. The inverse factor of the 1-form mass matrix M; in Eq. (5.43)

follows from computing the conjugate momentum of a in the following discretization

of LEM:
1 1 2
Lin = o~ | dx ’——a-Al —|a-dAl|?
5T /i ‘ (5.44)
1 1. . 0Lpm Mja
=— [ dx|[=a-M;-a—a-C'M,C- = =
87 Ji7 X(CQa pama ? a), Y da 4rrc?

where dA' = CTA? has been substituted from Table 4.1 and mass matrices were
applied as defined in Eq. (4.15). Comparing Eqgs. (5.41) and Eq. (5.44) yields the
desired expansion for Y in Eq. (5.43). The inverse factor of M; will also be seen to
ensure that the Poisson bracket of Eq. (5.49) is canonical.

To discretize the Poisson bracket of Eq. (5.42), one would first like to express
dF/0A for a discrete variation JA = da - A! in terms of 9F/da. Since variational

derivatives are valued dually to their variations, following [15] it is appropriate to
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require that

<5—F,6a-A1> = <@—F,5a> : (5.45)
(5A. L2AL aa RN1

Here, (-,-)72a1 = fmldx(',)p:l denotes the L?A' inner product, and (-,-)gn, the
standard inner product on RM. In particular, setting da; = §;; for some fixed,

arbitrary ¢ € [1, NV;] and using (-, -), as defined in Eq. (4.16), Eq. (5.45) yields

OF OF
dx (—, Azl(x)) =—. 5.46
/Th| 0A p=1 80@ ( )

Eq. (5.46) may be solved for 6F/0A by expanding it in the A! basis, setting

SF/0A = f - A' for some f € RM. Using the 1-form mass matrix M; from Eq. (4.15),
Eq. (5.46) is found to imply that f = M;' - 9F/da. Therefore,

g_i _ g_i MTLAL (5.47)

The discrete variation §Y = dy - M; ' - A! establishes a similar result for Y, namely

OF _OF

- 4
Y Oy (5.48)

Thus, to derive the discrete Poisson bracket, Eqs. (5.47)-(5.48) are substituted

into Eq. (5.42), which is integrated over |7| to find:
{F.G} = —  — — — - —. (5.49)

True to its continuous counterpart in Eq. (5.42), the discrete Poisson bracket of

Eq. (5.49) is in canonical (Darboux coordinate) symplectic form.
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5.3.2 The finite element Vlasov-Maxwell system

The full Poisson structure of the discrete Vlasov-Maxwell system readily follows
from the the foregoing analysis of its electromagnetic subsystem. To describe a sys-
tem of L particles, let X;, P, € R® £ € [1, L] denote the position and momentum of
the ¢ particle and let m, and ¢, denote its mass and charge. Particles may then
be characterized by a Klimontovich distribution, f(x,p)=>,d(x —X;)é(p — Py).
Particle phase space is defined as usual with a canonical bracket on position X, and
momentum P,.

Combining Eq. (5.49) with the Poisson bracket for these L particles, therefore,

the discrete Vlasov-Maxwell Poisson structure is given by

(5.50)

OF 0G 0G OF & (8F oG  0G aF)
+Y)° .

L \0X, 0P, 0X, 0P,

Here, F' and G are arbitrary functionals on the discrete Poisson manifold (M, {-,-}),
where each point my € My is defined by the data
mg = (a7YaXla---7XL>P17"'7PL)

(5.51)
e RM x RV x R3 x R3E,

A Hamiltonian Hyy = Hywla, y, X, P;] can now be defined on My, given in Gaussian

units by

Hynv = Hev+Hxinetic
1

where Hpy = — [ dx (|—47TCY|2 + |dA|2)
87 Ji7l
1 5.2
= 3 ((47rc)2y Mty +a-C'M,C- a) (5:52)

L
1 2
HKinetic - Z = PZ - %A(XE)‘ b

2my c
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where A(X;) =a-A'(X;). In Hgy, Eqgs. (4.15) and (5.43) have been substituted
and CTA? = dA! from Table 4.1 was used. The difference in Hxinetic is taken compo-
nentwise, i.e. Py, — (q/c)a- AY(Xy), for u € {1,2,3}. Hereafter, components of P,
will be denoted by Py, and those of X, by X}'.

5.3.3 Gauge structure

The gauge structure of this discrete Vlasov-Maxwell system is now examined and
its corresponding momentum map is derived. First note that because CG = 0, Hyy
of Eq. (5.52) is invariant under any gauge transformation ®eyp(s) : Mg — My of the

form

a a+ Gs
Yy Yy
By — (5.53)
Xy Xy
Pg Pg + q—CZGS : Al (Xg)

vV (ell,L],s € RN, Since Pep(s) © Pexp(t) = Pexp(s+t), such transformations form an
abelian group. Evidently, they are also generated by vector fields Xg € X(M;) of the

form

d
Xs= — Doy (es) — Gjrsk
de| _, !

L
q
00, + > fA}(Xg)Hapm (5.54)
(=1

expressed using Einstein summation convention.
It can again be checked whether ® of Eq. (5.53) is a canonical transformation,

that is, whether it preserves the Poisson bracket of Eq. (5.50)—

{F’ G} © q)eXp(S) - {F © q)exp(s)7 Go cI)exp(s)} (555)
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V s. Infinitesimally, it is examined whether

Xs({F’ G}) = {XS(F)7 G} + {F, XS(G)} (556>

After canceling terms by the equality of mixed partials, verifying Eq. (5.56) reduces

to checking that

o

Il
=
o R

Gjksk [3)(;1\]1- (Xe)y — Oxp A (th)u] (Op,, F)(0p,,G)

~
I
—

. (5.57)
= > %65 dA (X0)uu] (91, F) (01, G).
=1
Each term in this sum is seen to vanish, however, since
Gs-dA' =s -G dA' =s-d(G'A') =s-ddA" = 0. (5.58)

Thus, X generates a canonical group action, as desired.

The momentum map p of this canonical group action is found by solving for its
generating functions. That is, for any s € RN, a generating function pg is sought
such that Xg = {-, us} as derivations, as in Eq. (3.14). By comparing Egs. (5.50) and
(5.54), Xs = {-, us} is found to hold if and only if

s
Oa
Opts
dy
Olts
00Xy
Olts
oP,

=0

= Gs

(5.59)

= —%Gs. AY(X))
C

=0 V/ell, L]

Since GTA' = dA? is an exact form, this linear system of partial differential equations
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is readily solved by

L
Hs=Gs-y — > %s A(X,). (5.60)

/=1

The momentum map pu characterizing all generating functions {us} is defined by
requiring that p-s = ug V' s. Therefore, p is given by
= q
=GTy — ) ZAYX)). 5.61
p=0G"y ; CAY(X) (5.61)

Setting u = 0, Eq. (5.61) is a discrete form of Gauss’ law,

0= (V-E—4mp)/4mc (5.62)

where E = —4rcY and p =Y, ¢ A°(Xy).

As in Section 5.2, a nonzero value of p indicates that the divergence of the electric
field is not entirely accounted for by the dynamical particles labeled ¢ € [1, L]. Since
[t =10, the nonzero p acts as a fixed, external, nondynamical background charge
that persists throughout a simulation, in a manner that remains entirely structure-
preserving. In particular, g may be regarded as representing an external charge

density,

[~ Pext /] C- (5.63)

In Section 5.3.6, Eq. (5.63) will be applied to establish precise initial conditions in a

PIC simulation.
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5.3.4 Continuous-time equations of motion

The equations of motion are now derived via the Hamiltonian of Eq. (5.52) and

the Poisson bracket of Eq. (5.50). The result is found to be:

y qe
Xy ={X}, Hym} = (Pfu - ;A(Xc)u>

1
my
Py = { Py, Hya} = q—CZXZang(XZ)V

(5.64)
a={a, Hyy} = 4drc’M; ' -y

L

. 1 .

y ={y. Hym} = _ECTMQC a+t ) q—;XﬁAl(Xg)u
=1

where A(X,), = a- A'(X;), using the component notation of Eq. (4.13).

As in Section 5.2, these equations of motion allow the reexpression of the momen-
tum map conservation law, 1 = 0, as a discrete, local charge continuity equation in
conservative form. In particular, the time derivative i of Eq. (5.61) is taken and y of

Eq. (5.64) is substituted, noting CG = 0 to find
(S5~ p)fe=0 (569

where p = 3, q/A%(X,) and j = 3, ¢ XA (X,),.. Asin Eq. (5.61), a correspondence
is noted between the discrete and continuous operators G ~ (—V-). Thus, Eq. (5.65)
is a discrete equivalent of the charge conservation law 0;p + V - j = 0, as seen in Kraus
et al. [15].

Eq. (5.64) is sometimes referred to as a semi-discrete system, since it describes
a discretely defined system evolving in continuous time. By constructing a gauge-
compatible splitting method, the next section now proceeds to a fully discrete algo-

rithm.
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5.3.5 Discrete-time equations of motion via gauge-
compatible splitting

Asin Section 5.2, the Vlasov-Maxwell splitting discovered in He et al. [9] is adapted

to canonical coordinates, and Hyyy is split into five sub-Hamiltonians, as follows:

Hym = Ha + Hy + ngéinetic + HIy{inetiC + HIZ{inetic

1
where Hp=—a-C"™M,C-a

8w
1 ) (5.66)
Hy = §(47rc)2y Mty
| Qe 2
Hl%inetic = Z ng (Péa - FA(XK)(X>
/=1

V a € {z,y,z}. Each sub-Hamiltonian remains invariant under the gauge transfor-
mation ®eyp(s) defined in Eq. (5.53).

Repeating the exercise of Egs. (5.36)-(5.38), the equations of motion of each sub-
system are now found, omitting equations for the subsystems’ static degrees of free-

dom:

1
HAI y :—ECTMQC'G_

Hy: a =d4rcMt -y

;

X7 = (P A, (5.67)
Kinetic - Pﬂu = q_fX?aXEA(Xz)O‘
L.
y =2 LXPAN XY
\ /=1

To clarify notation in Eq. (5.67), in the HZ subsystem, le‘ = 0 for pu # «. (Here,

inetic
« is regarded as fixed while p ranges over all {z,y, z} indices.) Thus, the equations
of motion X}’ 7@ are omitted above.

Furthermore, it follows from a simple calculation that X ;s =01n Hg so that

Kinetic
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X ¢/ 1s constant during the evolution of each subsystem. As a result, all subsystems
above are exactly integrable. Eq. (5.67) therefore defines a gauge-compatible splitting
method.

More concretely, an evolution over the timestep [¢,¢ + A] in each subsystem is

fully specified by

A
Ha: yt+A)=y(t) — ECTMQC -a(t)

Hy : a(t+A)=a(t) + Adnc*M - y(t)

Hl%inetic :
Xp(t+06) = Xp() + 2 (Palt) - “a(t) - A'(Xe(t))a) (5.68)
t+A

Pou(t + A) = Po(t) + 2 X2 ()a(t) - /dt’axg(t/)Al(Xg(t’))a

C

t
t+A

wHA>=y@+é%m@/&wawy

\ t

In Eq. (5.68), t is a fixed initial time and § € [0, A] parametrizes the particle trajectory
Xy(t) = Xy(t + A) during one timestep of the HE, .. subsystem, which forms a
straight line segment in the & direction. Since A is comprised of piecewise polynomial
differential 1-forms, A' and its derivatives are integrable in closed form along the
straight path X, (¢ + J). Thus, Eq. (5.68) defines a symplectic algorithm—specifically

a gauge-compatible splitting method—that can be computed exactly.

5.3.6 Numerical Examples

The efficacy of this algorithm is now demonstrated numerically. First, a one-
dimensional simulation of Landau damping electrons is considered, choosing simu-
lation parameters similar to those of Xiao et al. [8], against a fixed, homogeneous,

positive background charge. The 1X2V simulation approach pursued in Crouseilles
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et al. [10] and Kraus et al. [15] is then reexpressed in canonical coordinates, thereby
deriving the restriction of the foregoing algorithm to 1X2P phase space—comprised
of one spatial dimension and two dimensions of canonical momentum. Finally the

electromagnetic Weibel instability is simulated in this restricted phase space.

Landau Damping

Using Whitney form finite elements, a 650-cell domain 7, with periodic bound-
aries is constructed. Each cell is assigned width w, = 2.4 x 1072 cm, and 26 x 10°
electrons are simulated (40,000 per cell, when unperturbed). With electron temper-
ature at T, = 5 keV, the setup has Debye length A\p = 1.0 cm and plasma frequency
w, = 3.0 x 10? rad/s, roughly mirroring physical parameters of Xiao et al. [8].

The electric field is assumed to have initial perturbation at ¢ = 0

v — E _ E Cos(lm)f(, (5.69)

4re 4re

where Ey = 1.2 statV/em and kAp = 0.8. To construct this perturbation, the con-
tinuous 1-form field Yoy is first projected onto its Whitney form approximation, i.e.
Yeont =Y =y M- A'. In particular, y is solved for in Eq. (5.43) such that the
integrals of Yo, and Y agree on edges of the discretized domain. This procedure
yields a sinusoidal pgeq = Gy as depicted in Fig. 5.1.

From the particle side, electron momenta are initialized in phase space by ran-
domly selecting their velocities X, from a Maxwellian distribution of temperature
T, =5 keV. Taking A =0 at ¢t =0, initial canonical momenta are therefore given
by P, = mng. Electron positions are then initialized to be consistent with Gauss’
law. More precisely, the particle positions, in combination with the electric field
perturbation, are generated to ensure the constancy of the total momentum map pu.

Following Eq. (5.63), a nonzero constant momentum map can be understood as a
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Figure 5.1: The terms of Eq. (5.61) are plotted over the simulation domain at time
t = 0, characterizing initial conditions by the momentum map pt = figeld + Hparticle-
fixed, homogeneous, ion background charge, p ~ pex/c. Indeed, in a Landau damp-
ing simulation that takes only electrons to be dynamical, such a constant background
charge constitutes the desired Gauss’ law remainder.

The electron positions {X,} are therefore optimized to ensure that

Hparticle = ‘—E‘AO(Xg) closely satisfies
7

M = Hfield + Hparticle ~ Nppc |€’ /C, (570)

where pigaq = GTy and Nppe = 40,000 denotes the number of particles per cell. In
this way, the positive background charge, characterized by u, is homogeneous across
the simulation domain and enforces quasineutrality with the dynamical electrons.

This optimization of fiparticle s carried out in two stages. First, electrons are
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randomly selected via rejection sampling [107] from the distribution

(5.71)

ne(z) = ng [1 + M]

47 |e| ng

which satisfies V - E = 47 |e| (ng — n.). The electron positions {X,} are then further
optimized using Nesterov accelerated gradient descent [108] to minimize the objective

function

2
Nppe |6|

c

(5.72)

arg min
{Xe}

ILL_

The resulting momentum map, plotted in red in Fig. 5.1, thus defines a background
charge that is homogeneous to a high degree of accuracy.

Note that an alternative initialization, undertaken for example by Kraus et al.
[15], reverses the above procedure by randomly generating electron positions first and
then solving for y to satisfy Gauss’ law. This alternative is more straightforward
computationally than the procedure described above, but it may afford less precision
in the specification of the initial electric field perturbation, whenever such precision
is desirable.

With initialized fields and electrons, the simulation is then evolved using a first
order Lie-Trotter splitting [81] derived from Eq. (5.68), in particular,

u(t + A) = exp(AH

Kinetic

)exp(AHy) exp(AHp )u(t) (5.73)

where u(t) denotes the simulation state at time t—i.e. u = mgy € My, a point in phase
space as defined in Eq. (5.51).

In Fig. 5.2, the evolution of the momentum map is depicted throughout the simu-
lation domain. Note that, while fipartice (multicolor) exhibits an oscillation and decay

consistent with Landau damping, p (gray) remains constant over time, consistent
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Figure 5.2: With their initial conditions as depicted in Fig. 5.1, the total momentum
map p (gray) is compared with fiparicie (multicolor) as the two functions evolve over
time. Whereas fiparticle €xhibits a decaying sinusoid consistent with Landau damping,
(4 remains constant to machine precision. The momentum map p constitutes a phys-
ical representation of the fixed positive background charge implicit in the simulation.
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with the conservation of the momentum map.

To compare this simulation with theory, the evolution of the (normalized) electric
field is plotted in Fig. 5.3, (which may be compared with Fig. 2 of Xiao et al. [8]).
The results agree with a theoretical expectation of (i) electrostatic Langmuir wave

oscillation at a frequency w, = 3.0 x 10° rad/s, and (ii) Landau damping at a decay

rate w; = % /T exp (—1;352) = 3.9 x 10® rad/s, where x = kAp. Furthermore, as is
characteristic of a symplectic algorithm, the error in the total energy, measured by
Hyy of Eq. (5.52), is well bounded throughout the simulation. This error is plotted
in Fig. 5.4.

Having demonstrated the canonical finite element formalism’s efficacy in simulat-
ing an electrostatic problem, the electromagnetic simulation of the Weibel instability

is next considered. Before that, however, the “canonical 1X2P phase space” is intro-

duced, in which the simulation will be conducted.

Canonical 1X2P Phase Space

Consider the restriction of phase space to one spatial dimension and two dimen-
sions of canonical momentum. Despite its computational efficiency, the 1X2P setting
is capable of simulating a number of nontrivial electromagnetic problems. The de-
velopment here of 1X2P phase space essentially adapts for canonical coordinates the
approach of Crouseilles et al. [10] and Kraus et al. [15].

To characterize 1X2P, the lack of y dependence must first be reflected in the finite
element expansions of the fields. In this setting, therefore, A and Y are defined by

analogy with Eq. (5.43) as

A=a, A(z)+a, A2)
(5.74)
Y=y, M1_1 . A1($) +yy,- MO_1 . AO(:E).

Here, a, denotes a vector of coefficients that pair only with the finite element 1-
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logy |E| (normalized)

Figure 5.3: The evolution of an electrostatic wave over time is simulated with a
first order Lie-Trotter splitting [81] of Eq. (5.68). The blue time series denotes the
(normalized) log modulus of the electric field E = —4ncY, where |E| is computed
over the simulation domain by the L2A! norm. The theoretical Landau damping rate
of the wave in a Maxwellian plasma is depicted as a red line, decaying at a rate of

2
wi = 2%\ /Texp <—1J2FIZ’§ > for k = k)\p.
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Figure 5.4: The log error in the total energy of a first order Lie-Trotter splitting [81]
Landau damping simulation.
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form basis A'(x)—a basis in 1X2P which has only z-components and whose spatial
dependence is only one-dimensional. a, is moreover defined as the coefficients of a
0-form. Since there is no way to associate 1-forms with y-directed edges in the 1X2P
setting, O-forms are the most natural representation of the y components of A. This
becomes especially clear when examining finite elements restricted to have spatial
x-dependence. The expansion of Y in Eq. (5.74) follows similarly, with appropriate
mass matrices computed by integrals over the one-dimensional domain.

Turning now to the characterization of particle phase space, two components of
the canonical momentum are retained, Py, and Fy,. Only one component of spatial
dependence is retained, which will be denoted X,.

The appropriate Hamiltonian is then computed by restricting Eq. (5.52) as fol-

lows:

Lo , ) ) A (5.75)
4 y4
I (’sz— zax-Al(Xg)‘ + ‘ng—zay-AO(Xg)‘ )

Note that the term a, - C'M,C - a, is absent; while it would ordinarily arise from the
magnetic energy |dA|?, d annihilates 1-forms in the 1X2P setting. Indeed, the mag-
netic field in the 1X2P formalism is given simply by B = dA = a, - dA° = Ga, - Al

The Poisson bracket of the restricted phase space follows by simply omitting the

inapplicable terms of Eq. (5.50). In particular:

OF 0G  OF 0G  \~0OF 0G
da, 0Oy, O0Oa, OJy, o 0X, 0Py,

{F,Glixep = ( ) —(F<G).  (5.76)

Observe that, despite its simplicity, the 1X2P phase space retains the gauge struc-
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ture of the original problem. In particular, the gauge symmetry

a, a, + Gs,
q)exp(s) = (5 . 77)

sz Péac + q_CZGSx : AI(XE)x

gives rise to the momentum map
- q
=Gy, — Y “A%(X). 5.78
Hixop y Lac (Xe) ( )

Finally, the equations of motion may be derived in the 1X2P setting, which are

straightforward reexpressions of their full phase space counterparts in Eq. (5.64):

1
Xo={Xy, Hixor} = (Pgm — —ax Al(X )>

My
Pre = {Pee, Hixor} = f[XZax : (anAl(XZ)) + Yeay : (8X5AD(XZ>)}
a, = {a,, Hixop} = 4n®M; " -y,

a, = {ay,, Hixop} = 47*M; " -y (5.79)

= {}’x, H1X2P} Z queAl(Xe)

L
yy = {YyaHlXQP Z% Xe — —G MG - a,.
/=1

Here, with an abuse of notation that ignores the non-existence of Y, Y, is used to

denote

Y, = 7; (P, —a, - A°(X))). (5.80)

Observe that Py, is conserved in Eq. (5.79), which can be viewed as a consequence of
the independence from Y, of the 1X2P formulation.

Further note that a gauge-compatible splitting of Hixsp is readily defined by the
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following four sub-Hamiltonians, in agreement with Eq. (5.66):

HlXZP = HA + HY + ngéinetic + leéinetic

1
where Hp = S—ay -G'M,G - a,
s
1 _ _
Hy = — (470)2[3”3"\/'11 ~yx+yy-M01 'yy]

8 (5.81)
Lo Qe 2

chginetic = Z 2_W‘P&E - ;ax . AI(XE)‘
to qe 2

Hﬁinetic = Z Q_W‘Pfy B zay ) AO<X€)
(=1

Using the Poisson bracket {-,-}1xop of Eq. (5.76), the following subsystem equations

of motion are thereby derived:

Hp - {yy = —2G"M,G - a, Hy :

(

X = 2P - 2a, A'(X))

Hlﬁinetic : Pé.t - q_eXfaa: : (anAl (X€>) HIzéinetic :

(5.82)

Since these equations of motion are—as Eq. (5.68)—exactly solvable, and since the
sub-Hamiltonians of Eq. (5.81) preserve the gauge symmetry of Eq. (5.77), it is clear

that Eq. (5.82) defines a gauge-compatible splitting method that exactly preserves

H1x2p-
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Weibel Instability

The 1X2P formulation defined above is now applied to the simulation of the
Weibel instability. The simulation here is initialized in close agreement with the
parametrization of the Weibel instability simulations of Crouseilles et al. [10] and
Kraus et al. [15]. Specifically, in a periodic domain of 64 cells, N, = 100, 032 electrons
are simulated. Continuing to work in Gaussian units, the perturbation wavenumber
is taken to be k = 1.252 and a simulation domain length is given by L = 27/k. A

magnetic perturbation is instantiated by defining the initial vector potential to be

B
A= ?0 sin(kx)j (5.83)
where By = —5.7m@G. Initial electron velocities are sampled from the anisotropic

distribution

£, 0, 0)) = ——— exp (—{”g +”—3D (5.84)

2 2
2mo,0, 207 20,

where o, = 0.02¢/ V2 and Oy = \/ﬁax. To initialize the initial electron distribution
to be independent of = (i.e., spatially uniform) as above, electrons are evenly spaced
throughout the simulation domain at separation of L/N,. Y is correspondingly ini-
tialized to zero. A and Y are again modeled using Whitney (0- and 1-) forms.
Finally, the Weibel instability is simulated with a Lie-Trotter splitting of stepsize
1/40w,, yielding the evolution plotted in Fig. 5.5. The magnetic field growth rate is

in strong agreement with the analytic prediction [109],

wpkoy,

U ey

(5.85)

Lastly, the total energy is also well bounded over the lifetime of the Weibel instability

simulation, as depicted in Fig. 5.6.
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Figure 5.5: The growth rate of magnetic field energy closely approximates the analytic
model of the Weibel instability. As the magnetic field ramps up, the anisotropy of
electron velocity is reduced. This plot may be compared with Fig. 1 of Kraus et al.
[15].
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Figure 5.6: The log error in the total energy of a first order Lie-Trotter splitting [81]
Weibel instability simulation [109].
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5.4 N2T for a Vlasov-Maxwell variational algo-

rithm via DEC

Shifting gears from the Hamiltonian to Lagrangian formalism, this section de-
rives a charge conservation law for the discrete, gauge-symmetric variational Vlasov-
Maxwell PIC method defined by Squire et al. [3]. In this PIC scheme, spacetime is
discretized by a d-dimensional spatial simplicial complex (comprised of triangles in
two dimensions or tetrahedra in three dimensions) whose structure is held constant
throughout a uniformly discretized time. The time dimension may be envisaged as
forming temporal edges that extend orthogonally from the spatial simplices, as in a
triangular prism. This (d+1)-dimensional prismal complex shall be denoted Pr. DEC
[33] is employed to define fields on Py that are single-valued on its k-cells (or their
circumcentric duals) for 0 < k < d + 1. Here, a spatial dimensionality of d = 3 shall
be assumed, so that P is four-dimensional, with three-dimensional spatial tetrahedra
comprising each time slice.

Following the construction of cochains briefly reviewed in Section 4.1, the electro-
magnetic gauge field A—a discrete 1-form defined on all edges of Po—mneatly splits
in into an electric potential ¢! , := —A° . and a vector potential A% := A% as

2

follows:

A=— Z O AL+ Y AYAY
i,n [i3],n (586)
= — e, A + A, A%
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Using Eq. (4.4), dA may correspondingly be expressed as:

A= —¢,dA% + A, dA*

= (20uIWj + A W) AT+ ALV AT
/ | (5.87)
=FEANdt+ B

= F,

where dt denotes the 1-form dt := Zet A and where the wedge product is used to
implicitly define the spatial 1- and 2-forms E and B and the Faraday 2-form F' [110].
(As a note of caution, in keeping with DEC conventions, the preceding vector potential
A is a single number on each spatial edge. Its bold notation is only suggestive. On
the other hand, the Whitney interpolant of A will be seen to coordinatize R® and
thereby extend the single-valued A from the spatial edges of P to a 3-component
vector field.)

Now, the discrete action of Squire et al. [3] is defined on P by

p _Xp
o Z——dA/\*dA+ Z —mp h s S 1 —qu¢ ( §>
Xp 1 —Xp 1 tn+%
+ 4p (%) ;Ag / d o7 (Xp(t))}'
ij t
n—3

(5.88)

In Eq. (5.88), a sum over support volumes has been denoted V2 for the primal-dual
4-form dAAxdA, with A defined as in Eq. (5.86). V2 represents the convex hull of the
2-chain % and its dual xo% on which (dA, 0?) and (xd A, xc?) are respectively defined.
The symbol h denotes the time step, n the time index and p the particle index.
XP(t) is defined as the constant velocity path between the particle’s staggered-time

positions XZ ~, and Xp . In particular, particle paths are chosen to have straight

2
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line trajectories between the staggered times ¢ € [(n — %)h, (n + %)h], VneZ

The Whitney 0-form ¢’(z) and 1-form % (z) interpolate ¢ and A to an arbitrary
point x € Py [36, 37]. In effect, ©" and ¢ complete the spatial components of the
cochain bases A’ and A% adopted in Eq. (4.2) by extending DEC forms to the convex
hull of Po. In the continuous spacetime of the Klimontovich-Maxwell system, the
everywhere-defined gauge fields ¢(t,x) and A(t,x) were ‘attached’ to point particles
by the delta function, §®) (x — X;(¢)). In the prismal complex Pc, Whitney forms play
this role by interpolating the gauge fields to the locations of point particles. Likewise,
while geometric notions are not ascribed to any point particles themselves, Whitney
forms on Py attach geometry to the charge densities and currents of the particles,
as did the delta function in Eq. (3.101). For example, the spatial dot product in
Eq. (5.88) composes sz L1 with the Whitney-interpolated 3-component vector field
A pI(XP(t)), (where AY represents a single number and ¢ a 3-component vector).

Now following the continuous spacetime N2T procedure of Egs. (3.99)-(3.106), the
equations of motion and gauge symmetry of S in Eq. (5.88) are examined. As pre-
viously seen, the differential structure of spacetime has been replaced in the discrete
setting by the prismal complex P, its DEC operators and Whitney forms. To derive
the Euler-Lagrange equations of S, therefore, Euler operators must be defined for
fields on the discrete DEC structure. By analogy with Eq. (3.81), such an operator
must implement a variational derivative on the space of fields defined on FPg.

Consider, for example, a k-form « defined by its expansion in k-cochain basis
elements: o = ), A, where o ranges over all k-cells on Pr. Since each component

a, of a can be varied independently and only algebraically in the action S, the

variational derivative of a, takes the simple form of a partial derivative. The Euler
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operator E,_ on the action S can therefore be straightforwardly defined as follows:

E. (S) =20

':(9040

0
:3040 ZL

Note that in a discrete setting, variational derivatives are best construed to act on

(5.89)

the entire action S, rather than on the Lagrangian, because discrete Lagrangians are
necessarily non-local. As usual it will be assumed that all fields and their variations
have compact support, such that any divergence term in L—which contributes to
S =>" L only at the boundary—vanishes under E,, . Eq. (5.89) is the DEC coun-
terpart to the continuous Euler operator defined in Eq. (3.81), and is now applied to
derive equations of motion.

To calculate Ey, (S) and Ea, (5), dAAxdA is first reexpressed in S using
Eqgs. (2.81)-(2.86) and the invariance of S under the addition of a divergence
(L — L+ dy)

dA A xdA P (44, dA)ol, X (4, sdA)ol, P2 A A xodA B A A d xda,

(5.90)

where ~ indicates equality up to an (ignorable) divergence. Then, using Eq. (5.86)
and noting the symmetry of the intermediate expression (dA,dA)vol, above, the
Euler operator of Eq. (5.89) is applied to derive the equations of motion for A as

follows:

0=E, (S) = A“AdxdA—p” (5.91a)

0=Ea, (S) = A AdxdA+ J* (5.91b)
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where

=Y g (Xf(eg) (5.92a)
p

tr(es)
xXP —X? .
Jee qu< es) - i ”) : / dt ¢ (XP(t)). (5.92b)
p

ti(es)

In Eq. (5.92a), i denotes the spatial vertex associated with e;, and Xf(et) denotes
the position of particle p at the time coincident with the midpoint [nf 1 ] of ;. In
Eq. (5.92b), Xi(es) and Xff(es) denote the initial and final particle positions, respec-
tively, coincident with the midpoints [nfg] and [ni%} that bookend the t = n time
slice containing e;.

It is worth pausing to interpret these equations of motion. First observe that the
primal-dual wedge product in Eq. (5.91a) is only non-vanishing on the spatial (xA®)
component of dxdA. This follows from the definition of the primal-dual wedge
product, which is only non-zero on the convex hulls of a cell and its dual: CH (o, *0).

Reading off from Eq. (5.87), therefore, Eq. (5.91a) becomes

p = A Adx (EAdE) =dD A A*, (5.93)

Gauss’s law for the electric displacement dual 2-form D, as expected. An analogous
interpretation of Eq. (5.91b) yields a discrete Ampere-Maxwell law. The Ex»(S)
equations of motion for particle trajectories have been omitted, as they will not
be necessary for the derivation of charge conservation via N2T—just as they were
unnecessary in Eqs. (3.105)-(3.106). These implicit time-step particle equations of
motion are derived in [3].

Having derived the field equations of motion, the gauge symmetry of the action

S in Eq. (5.88) must now be examined. In particular, S is invariant under the local
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gauge transformation A — A — df, defined by

;+% - ‘bfwr% + 5¢2+% - ¢i+§ + ( 7iz+1 - frlz) (5.94)
AY - AY+OAY =AY~ (- f1),

where f = f,A" is an arbitrary primal O-form on Pg.

After all, the electromagnetic term of S—dA A xdA—is clearly invariant under
A — A —df, since d*> = 0. Furthermore, as noted in Squire et al. [3], the gauge in-
variance of the particle terms of S follows from the defining property of Whitney
interpolation noted in Eq. (4.7), namely: dc((®)iterp) = (da®)interp, Where d. and
dq denote continuous and discrete exterior derivatives, respectively and (:)interp de-
notes Whitney interpolation. Eq. (5.94) therefore transforms L — L + d.vy, adding
a divergence term analogous to the transformation of Eq. (3.104) for the continuous
spacetime Vlasov-Maxwell system.

Following Eq. (3.103), the gauge transformation of Eq. (5.94) is seen to be gener-

ated by a vector field

V=Y Q0w =D (deef)Op,, = Y (de,f) Oa.,, (5.95)

et €s

where the coefficient d.f = f,, — f,, corresponds to the oriented edge e = [v,v3], and
where the sums are taken over all temporal and spatial edges, respectively.
Thus, the data sufficient to complete the N2T construction of Eq. (3.89) has been

gathered for the DEC system. As in Eq. (3.105), the characteristics of the symmetry
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and equations of motion combine to form

D QfIEuw(S) =D Q% [f] - Eq, (S) + Z Q*[f] - Ea.,(9)
=5 (e f) - (Aet AdxdA — pet) (5.96)

+Z —d..f) - <—A€S /\d*dA+Jes).
Now note that

(def)A® = d(f,A") = df, (5.97)

so applying the Euler operator for f, at vertex v = [!] to Eq. (5.96) yields

0=Ey, ZQ“[f]Eua(S)]

=Ej, deAd*dA Z (de, f) - Z(desf»fs

(5.98)
=A"AxdxdxdA+ (p;+% — ; ) +ZJ[@J]

= (g ~rly) + 20
J

since up to a sign, (§ «d) = (xd*xd) = d? = 0. The sum of J! over j captures all
spatial edges that terminate on vertex v = [[].

The last equality of Eq. (5.98) reveals the desired charge conservation law on Pc.
By its very construction through N2T, this conservation law is guaranteed to be an
off-shell differential identity, as was Eq. (3.106). This fact may be verified as follows.

First, restrict sources p and J to a particle of charge ¢ whose path over one time
step remains within a single spatial tetrahedron; the general case follows without

significant alteration. Then, note [36, 37] that the Whitney O-form ¢° interpolates
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from vertex ¢ via barycentric coordinates such that, over the tetrahedron [ijk],

O 4+ + "+t =1 (5.99)
In vector form, the 1-form ¥ is then given by

ol = IV IV (5.100)

Summing over the three spatial edges terminating on vertex i of the tetrahedron

containing the particle, therefore

D ¢ =’V (ZSOJ) - (Zsoj) V!

J#i J#i J#i
i Z. N (5.101)
= V(1-¢') - (1-¢") Vg
= V'
It follows, then, that
ty
- X, — X .
[i4] f ? . 7
>t = g (—h ) JEDIELT)
JFi i JFi
ty
Xy =X, ;
=—q (T) -/dthp (X(t)) (5.102)
t;
f :
=—q | vady'

where v 1 dy’ is the interior product of the exact form d¢® with respect to the
velocity v := %(X ¢ — X;), which is constant over a single time step of the particle.
Upon comparison with the definition for p in Eq. (5.92a), it is clear that Eq. (5.98)

holds off-shell, as desired. The N2T formalism of [40] has succeeded in deriving the
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off-shell, discrete conservation law.

As a final note, an alternative approach to deriving the conservation law of the
DEC Vlasov-Maxwell action—Eq. (5.88)—entails gauge fixing this action by setting
¢jl 1= 0. Such a gauge fixing would remove the system’s degeneracy and uniquely
determine solutions to its equations of motion (which otherwise require a gauge choice
when the algorithm is evolved). In such an approach, N1T would be applied to the
time-independent symmetry transformation A(t,x) — A(t,x) — Vi(x) (or its DEC
equivalent A¥ — A% — (fi — fi) as in Eq. (5.94). Thus, a non-trivial conservation
law in the form of a time evolution of Gauss’s law would be found. The Hamiltonian
counterpart to this procedure was studied in the previous two sections, which both

worked in a fixed temporal gauge and derived the corresponding momentum map.
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Conclusion

6.1 Thesis summary

This dissertation is rooted in the study of structure-preserving algorithms for
plasma physics, a discipline that lies at the intersection of computational and math-
ematical physics. Structure-preserving algorithms preserve salient mathematical fea-
tures of the underlying physical systems they model. This work, in particular, focuses
on the algorithmic preservation of gauge-structure, that is, the symmetries and con-
servation laws that serve as crucial descriptors of a physical system. Leveraging
insights from this study, this dissertation discovers new particle-in-cell algorithms for
plasma physics and characterizes their effective preservation of gauge symmetry and
electric charge.

Examining gauge structure in a setting that is not original—especially, in al-
gorithmic approximations of physical laws rather than in the setting of the laws
themselves—emphasizes the significant ‘supporting structure’ required to preserve
gauge structure. In particular, an algorithm’s preservation of variational or symplec-
tic structure, and its respect for the topological properties of the underlying system,

both appear prerequisite for the preservation of gauge structure.
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In essence, this dissertation is about Noether’s theorems, and demonstrating their
applicability beyond variational systems in continuous spacetime. It defines a new,
general class of Hamiltonian algorithms that rigorously uphold the Noether principle,
and it also demonstrates how Noether’s theorems can be successfully applied in new
variational discretization schemes. Moreover, this dissertation helps clarify why some
of the algorithms that have already appeared in the literature have been so successful.
Lastly, this work contributes new algorithms to the literature, and demonstrates their
efficacy via numerical simulation.

As a final note, the results of this thesis convey an overall impression of the
adaptability of gauge theories to the discrete structures of algorithms. Internal
gauge symmetries are characterized by the transformation of fields defined against
the background of spacetime, and their geometric structure can therefore be main-
tained even after the algorithmic discretization of this background. The present effort
demonstrates that much of the formalism that gauge theories employ—whether in La-
grangian or Hamiltonian systems—is readily ported to discrete settings more suitable

for computation.

6.2 Main results

More specifically, this work discovers gauge-compatible splitting methods, a gen-
eral class of Hamiltonian algorithms that requires each sub-Hamiltonian of a splitting
method to be exactly solvable and gauge-symmetric. Such algorithms exactly preserve
the momentum map of a physical system, and are generalizable to any Hamiltonian
system with gauge symmetry. The momentum map further serves as an important
guide for the precise setting of initial conditions; in the case of a gauge-invariant
PIC method, the momentum map’s systematic definition of charge density enables

the precise assignment (or, avoidance) of ‘external’ fixed charges in a simulation.
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Gauge compatible splitting methods further reveal the decided advantage of splitting
methods over alternative time discretizations of Hamiltonian systems.

Secondly, this general class is applied to the construction of two particle-in-cell
Hamiltonian splitting algorithms, both of which are defined with a canonical Poisson
structure. The first is set on a cubic mesh using interpolation functions that are
required—Dby the demands of gauge structure—to satisfy the properties of Whitney
forms. Its Gauss’ law momentum map is found, and the method is demonstrated to
be gauge-compatible, so that the momentum map exactly preserved. Using this mo-
mentum map, the symplectic reduction of this algorithm is further studied, revealing
the relationship between this algorithm and those in the existing literature.

The second algorithm is constructed using finite element exterior calculus, render-
ing it suitable for simulation on an unstructured mesh. It is tested numerically against
an example of Landau damping, demonstrating the machine-precision preservation of
its momentum map, and the strong agreement between theoretical expectations and
simulation outcome. It is demonstrated that the momentum map can be regarded
as an external fixed charge in a PIC simulation. Using this interpretation, the ini-
tial conditions of a Landau damping simulation were optimized to precisely model a
homogeneous positive fixed background charge. This algorithm is further tested in a
demonstration of the Weibel instability, demonstrating the effect of electron tempera-
ture anisotropy in a genuinely electromagnetic (as opposed to electrostatic) problem.
The expected analytic growth rate of the magnetic field is recovered to high accuracy.

Lastly, Noether’s second theorem is demonstrated for a variational PIC method in
the formalism of discrete exterior calculus. The method discovers an off-shell charge
continuity equation for the prismal complex setting of the algorithm, which, due to
its discrete setting, conveys meaningful information about the flow of charge through

the simulation.
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6.3 Future work

There are several potential extensions of this work that are possible. First, the
gauge-compatible splitting PIC methods defined in this dissertation are structure-
preserving and explicitly solvable and, as a result, can be efficiently scaled and assured
of their performance in long-time simulations. Consequently, such algorithms are
well-poised to capitalize on the high-performance scientific computing architecture
now available.

Second, the identification of the momentum map in such algorithms enables their
precise initialization of PIC simulations requiring fixed background charges. Such a
technique might be advantageous, for example, in the simulation of plasma interac-
tions with charged plasma-facing components.

Third, the flexibility of finite element exterior calculus makes it significantly gen-
eralizable as well. For example, the FEEC PIC algorithm developed here, which is
suitable for simulations on an unstructured mesh, may be adapted to simulations
using curvilinear coordinates.

Fourth, the successful adaptation of structure-preserving algorithms for particle-
in-cell methods could be pushed to alternative representations of kinetic plasmas. For
example, the direct discretization of the Vlasov-Maxwell system does not represent
kinetic plasmas via point particles, but rather by an evolving distribution in phase
space. It would be interesting to extend the lessons of this thesis to a characterization
of such a system’s Poisson structure (or almost Poisson structure).

Fifth, this dissertation has focused primarily on the electromagnetic gauge sym-
metry of plasmas. But this is only one of eleven smooth symmetries enjoyed by a
classical plasma. The other ten are the spacetime symmetries of the Poincaré group.
Preserving these symmetries in algorithms for plasma physics might enable a simula-
tion of of plasmas that exactly conserves energy-momentum.

This final topic is undertaken in the appendices of this thesis, where some prelim-
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inary results are achieved.
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Appendix A

Overview of Appendices

This dissertation is born of a desire to understand and demonstrate the ability
of plasma simulation algorithms to preserve the symmetry of their underlying mod-
els. The results of the preceding chapters make a case for the naturalness of gauge
structure in discrete algorithms for plasma physics. But of the eleven smooth sym-
metries that essentially characterize physical models of plasmas, only one of them—
electromagnetic gauge symmetry—is an internal gauge symmetry.

These four appendices grapple with the remaining ten—the spacetime symmetries.
The strategy pursued in each appendix is to leverage the remarkable compatibility
of gauge symmetry with discrete algorithms. To this end, the spacetime symmetries,
which are ordinarily viewed as symmetries of the spacetime manifold, are reinterpreted
as internal, vertical symmetries at a fixed point.

Before proceeding with the appendices, a brief summary of their strategies, suc-
cesses, and pitfalls is provided here.

Appendix B [49]

e Strategy: In the manner of lattice gauge theory, construct an identity-valued
loop, a 1-loop, on a hypercubic lattice to replace a Yang-Mills-type equation—

02 + 7 = 0—with a Lie group-valued counterpart—d{2-.J = 1. Use a Wilson
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loop for €2, and find suitable lattice definitions for the 5-vector matter current

J, and the covariant codifferential, 9.

e Successes: A natural current J is found that appropriately transforms in the
adjoint representation. A 1-loop is defined that recovers a known Poincaré

gauge theory of gravity in its continuum limit.
e Pitfalls: No suitable definition of ¢ is found that ensures Poincaré invariance.
Appendix C

e Strategy: Extend 1-loop theory to a representation that can incorporate

Poincaré symmetry and U(1) symmetry.

e Successes: A U(2,2) representation is found, inspired by the twistor theory
of Roger Penrose. It is noted that, as defined, the current J is at most a
rank 2 matrix, and therefore has a “spectrum” with only certain permissible

combinations of Lie algebra elements.

e Pitfalls: Since SU(2,2) is the conformal group, alongside the eleven Poincaré
and U(1) symmetries appear five more: a dilation and four special conformal

transformations.
Appendix D [50]

e Strategy: Construct a Lorentz invariant discretization of the tetradic Palatini

action using the Poincaré representation of 5-vector theory.

e Successes: A tetradic Palatini action in vacuum is indeed identified, and its

equations of motions are derived.

e Pitfalls: It is unclear how this method can be extended to the simulation of

matter evolving under gravity.
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Appendix B

1-Loop Theory

B.1 Introduction

In this appendix, a formalism is developed [49] that attempts to reconcile Poincaré
invariance with a discrete, but otherwise classical, universe. Our own motivation for
this work arises from a desire to formulate algorithms that exactly conserve energy
and momentum in simulations of classical physical systems. Because the spacetimes
of algorithms are necessarily discrete, and the Noether symmetries [38] they model
necessarily continuous, vital conservation laws are generally broken in any first prin-
ciples simulation. This forfeiture of spacetime symmetry is a central challenge of
computational physics, whose resolution bears upon questions of theoretical physics
as well.

1-loop (‘one-loop’) theory is here introduced as a formalism for a lattice gauge
theory of the Poincaré group, P = T3! x SOT(3,1). We adopt an unconventional view
of Poincaré symmetry that identifies P as a gauge group of foreground physical fields,
rather than the symmetry group of a background spacetime. We correspondingly
regard the lattice of 1-loop theory as a mere graph, rather than an embedding in a

continuous spacetime possessing dimensionality and extent.
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The dynamical framework we adopt relinquishes Lagrangian and Hamiltonian for-
malism, and instead reformulates Yang-Mills [111] equations of motion directly in a
discrete, gauge-invariant construct we call the 1-loop. The 1-loop generalizes the Wil-
son loop [112] and derives its physics from a conserved current J, rather than a La-
grangian £ or Hamiltonian H. 1-loop dynamics are described not by pointwise-defined
differential equations—E(L) = 0 or £ = {-, "}, say—but by finite lattice loops of Lie
group elements whose composition evaluates to the identity: [g; - - - g,](J) = 1.

Briefly, the basic 1-loop for a gauge group G is

5Q-J =1 (B.1)

This relation recovers its Yang-Mills counterpart in the continuous spacetime limit,

SDA+j = 0. (B.2)

The current J and holonomy €2 of Eq. (B.1) are G-valued lattice loops, and 1 € G
denotes the identity. d in Eq. (B.1) is a covariant codifferential redefined as a map
between G-valued loops, satisfying §2Q = 1 and (o)™ = §(a™!) V a. Thus, §J =1
follows from Eq. (B.1). This 1-loop conservation law forms a lattice counterpart to
the Yang-Mills relation 65 = 0. Whereas Yang-Mills theories are defined for compact,
reductive gauge groups, however, 1-loop theory is designed for the gauge groups of
reductive Cartan geometries [43, 113], such as P.

To construct a 1-loop theory of the Poincaré group, a P-valued current J must be
defined. In fact, by requiring that currents transform in the adjoint representation of
P, the 1-loop formalism uniquely determines J from a mere choice of matter field. In
this work, J is thereby constructed from a recently defined Poincaré representation,
the 5-vector @ [47, 48]. The P-valued holonomy €2 is likewise formed from a Poincaré

gauge field, A. Finally, leveraging ideas from Cartan geometry, we shall define the
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operator 0 in a manner comparable to the Wilson loop reconstruction of the covariant
derivative D.

The resulting 1-loop theory constitutes a lattice Poincaré gauge theory of grav-
ity. We will demonstrate that in the torsionless continuum limit, this theory recovers
Einstein’s vacuum equations and its fields evolve along geodesics. In the appropri-
ate limit, therefore, Poincaré 1-loop theory accords with general relativity [114] in
vacuum. In the presence of matter, however, torsion and angular momentum play
important dynamical roles in 1-loop theory—as they do in most Poincaré gauge the-
ories of gravity [115-127]. We shall contextualize 1-loop theory within this existing
literature. In its continuum limit, 1-loop theory will be seen to recover the field

equations of a less-studied Poincaré gauge theory [122-127].

B.2 A Motivating Aside: Dynamical Variables for
Gauge Theories

We briefly review an argument [128] for the naturalness of Wilson loops as dy-
namical variables for gauge fields. The experimentally-confirmed Aharonov-Bohm
effect [129] demonstrates that the 2-form Faraday tensor F(z) € A*[M,u(1)] under-
describes the effects of the electromagnetic gauge field. On the other hand, the gauge
field A(z) € A'[M,u(1)] over-describes them: A(z) can be freely gauge-transformed
without physical consequence. Physical gauge-theoretic dynamical variables are
therefore to be found somewhere ‘between’ A and F.

For abelian gauge theories, the group-valued Wilson loop [41]

We = Poxp i § A) (B.3)

satisfies both criteria of a dynamical variable; it is gauge-invariant and captures the
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Aharonov-Bohm effect. In non-abelian gauge theories, however, W generally trans-
forms nontrivially under a gauge transformation; although the path-ordering operator
P ensures the gauge invariance of Wy at all intermediate points of the loop C, its
basepoint x( leads W to transform as the adjoint g(xo)Weg ™' (xg). As a result, the
invariant dynamical variable in non-abelian gauge theories is defined by the trace of
Eq. (B.3), that is, Tr[W¢].

In the present effort, we pursue a slightly different strategy in defining physical
variables. In particular, we define group-valued loops that evaluate to the identity

element 1, as follows:

1o = Pexp {z ﬁ(A[j)(:c)} ~ 1. (B.4)

In this expression, we have generalized the integrand of Eq. (B.3), allowing it to
be either the gauge field A(z) or the current j(x), depending on the point z € C.
Like the gauge field, the current j(z) of an arbitrary gauge theory is a g-valued 1-
form [42]. As such, 1¢ generalizes the Wilson loop to allow for its dependence on
j(z) € A'[M, g], while restricting it to be identity-valued. In what follows, we refer to
a loop in the form of Eq. (B.4) as a 1-loop. When 1-loops are defined on a lattice, they
serve as discrete, gauge-invariant counterparts to classical physics’ pointwise-defined
differential equations of motion.

Unlike W, the 1-loop is invariant in an arbitrary gauge theory; because of its
identity value, 1¢ is gauge-invariant for abelian and non-abelian groups alike. 1o
may also be inverted or cyclically permuted without penalty; neither the orientation
nor the basepoint zy of C' affects its evaluation to 1.

We emphasize two additional properties of 1o, shared by We. First, whereas
F(z) is evaluated at a point in spacetime, the spatio-temporal extent of the loop C

is non-vanishing. This motivates Wilson’s exploration of gauge theories on a discrete
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lattice, where loops are necessarily non-vanishing and perhaps more readily defined.
Second, 1o and W both reveal the naturalness of working with Lie group elements
rather than Lie algebra elements. For example, an observed phase difference in the
Aharonov-Bohm experiment only fixes the integral in Eq. (B.3) up to integer multiples
of 2m. Its Lie algebra value is therefore unobservable and indeterminate, while its

corresponding group element, by contrast, is fully specified.

B.3 Attempting a 1-loop U(1) Lattice Gauge The-
ory

We first attempt to construct a 1-loop theory from a familiar gauge theory—
scalar QED. We begin by recalling its classical equations of motion, derived from
the Lagrangian £ = —(D¥¢)*(D,¢) — m*¢*¢ — 1 F*”F,,, in continuous R*! spacetime

with flat metric g, (x) = n,, of signature (—+++):

D*F,, + ej, =0 (B.5a)

(D*D,, — m?)¢ = 0, (B.5b)

where F,, = d,A, — 0,A,, D, = (9, —ied,)p, and A,dz* € A'[R*! u(1)]. Like
the gauge field, the current j, =1i[(D,¢)*¢ — ¢*(D,¢)| is a u(l)-valued 1-form,
Judaz* € A'[R*! u(1)]. For convenience, we recall that D*F,, = 9"F), due to the
trivial abelian adjoint action of g € U(1) on X € u(1), that is, Ad, X = gXg~ ! = X.

Our strategy requires that all dynamical equations are re-expressed as 1-loops in

the form of Eq. (B.4). To that end, we first restate the gauge field equation of motion
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by formally exponentiating the u(1)-valued Eq. (B.5a):

exp (D“FW + ej,,) =1. (B.6)

While identity-valued, as desired, this relation for the pointwise-defined Faraday ten-
sor F,, must be further re-expressed as a loop integral of A, and j,, as in Eq. (B.4).

We therefore reconstruct Eq. (B.6) on a hypercubic lattice {n} = Z4, letting Greek
indices {«, 3, ...} correspond to lattice directions {t,x,y, z}. First, we derive a dis-

crete form of Eq. (B.5a) from a lattice action S defined over Z*:

1 .
§= 3 |- Pl + eyl B7)
nezZ*
where F,, =dfA,[n] —d}A,[n] with finite difference operator

d f[n] = &(f[n =+ 4] — f[n]). For now, we regard j,[n] as arbitrary and inde-
pendent of A”. Setting 0S5/0A"[n] = 0, we derive the following discrete gauge field

equation of motion from Eq. (B.7):

n"’d;, F,,[n] + ej,[n] = 0. (B.8)

We now substitute the left-hand side of Eq. (B.8) into the exponent of Eq. (B.6)

to discover the following 1-loop on Z*:

1, = J,[n] [ G* ]
HFV

= 7 I (U“V[n]U’“V[nD — 1.

w#V

(B.9)

This expression may be compared with Eq. (B.4). It is a 1-loop reformulation of

Maxwell’s equations in the desired form, [g;---¢,](j) = 1. In Eq. (B.9), v is fixed
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n—z+7y n+y f Jy[n] n+z+7y
o = o = o
A U—;r y[n] UCL’?J [n] A
o <z S e}
n—zx n n+z

Figure B.1: Noting the positive spatial signature of the metric 7,,, we depict
G*,[n] = Upyn]U_, y[n] and Jy[n]. The current J,[n] forms a round-trip loop along
lattice edge m|n + g]. A 1-loop is thus formed by J,[n]G*,[n]G?,[n]G [n] = 1.

and we have defined

G",[n} =U",[n]U™" [n]
U, [n] = exp(**log Uy, [n])
Uwn] = Uy[n] ' Uyn+ 2]7'U, [0 + AU, [n] (B.10)
Uy[n] = exp (i4,[n])

Ju ] = exp (ieju m]).

We have used the fact that U(1) is abelian to freely factor the exponentiation of
Eq. (B.8). For u=t, we note that U* [n] = U, [n]"'. A depiction of J,[n] and
G?,[n] is rendered in Fig. B.1.

Two obstructions to a U(1) 1-loop theory are now seen plain. The first is, in part,
aesthetic: The metric structure of Maxwell’s equations is rather shoehorned into

Eq. (B.10). Beyond our desire to recover Eq. (B.8), there is no geometric motivation

for the appearance of p** in U** [n], nor is there a readily apparent generalization
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of Eq. (B.9) for a curved metric g,

Second, although the 1-loop of Eq. (B.9) defines the desired dynamics for the U(1)
gauge field of lattice scalar QED, a complete field theory must also specify dynamics
for the matter field ¢[n| (and j,[n] therewith). For example, a variational Lagrangian

approach might derive intuitive lattice discretizations of Eq. (B.5b), such as [130]
[1 _ SweieAu[n]]u [e*ieAu[n]Su _ 1}“ ¢[n] — m2p[n] =0, (B.11)

where S* (e[ f[n]) = e fIn + fi] defines the shift operator S*, and a
Minkowski-signed sum over p is implicit.

However, while Eq. (B.9) formulates the gauge field equation of motion as a 1-
loop, Eq. (B.11) is not of this form. Indeed, because the matter field equation of
motion—Eq. (B.5b)—is not Lie-algebra-valued, it offers no such re-expression. To
define a 1-loop theory, therefore, whose dynamical equations can only be expressed
as 1-loops, we must find an alternative group-valued representation of matter field
dynamics.

A solution to this impasse is suggested by the following observation: The vanishing
divergence of the energy-momentum tensor nearly enforces a system’s equations of

motion. This may be seen for Klein-Gordon and Dirac field theories as follows:

TS, = 0" [0,00,0 + 0w L7]
= 0,6 [0°6 — m’¢]
Ty, = 0" [ith, 000 — N LY]

(B.12)

= 0,0 [—iv"Oup + my] + [i0,07" + map] D),

where we have defined 2£% = —0°¢0,¢ — m?¢* and LY = i)y7 9,1 — mapp. We con-
clude from Eq. (B.12) that, wherever the matter fields ¢ and 1) are non-constant, their

respective equations of motion are enforced by energy-momentum conservation—
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that is, by T>! translation symmetry. (A similar result obtains in theories of fluids
when their dynamical equations are written in conservative form.) In this sense, the
energy-momentum tensor contains comparable information to a theory’s Lagrangian
or Hamiltonian.

Thus, for a gauge theory of a group G D T>!, matter field dynamics may be
determined by its G-valued conservation law. To address both aforementioned ob-
structions, therefore, we shall apply the preceding construction of U(1) theory to-
ward a 1-loop lattice gauge theory of the Poincaré group, P = T x SO (3,1). We
will form a ten-component, Poincaré-valued energy-momentum J from a Poincaré
representation—the 5-vector ®. In lieu of applying variational derivatives to de-
rive Euler-Lagrange equations E[£(®)] =0, or a Poisson bracket to derive flows
® = {®,H}, we shall construct a 1-loop to discover the dynamics of ® from J. We
thereby recover matter field dynamics from a P-valued 1-loop lattice gauge theory,

whose gravitational dynamics will be explored in the continuum limit.

B.4 1-loop Poincaré Gauge Theory

We first define the Poincaré representation ® on the hypercubic infinite lattice
{n} = Z* We let Latin indices a,b, ... € {t,z,y, z} correspond to lattice directions
and let Greek indices o, 3, ... € {0, 1,2, 3} denote internal Lorentz degrees of freedom.

Following [47, 48], we define the 5-vector ®[n] to be a 5-component vector at lattice
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vertex n € Z* that gauge transforms under local Poincaré transformations, as follows:

@'n] = gfn] > B[]

= (A, ¢)[n] > @[n]

- (B.13)

¢+ o,

Here, ' denotes a gauge transformation, > denotes a left group action, and [n] is of-
ten omitted for brevity. Thus, ®[n] is a real representation of the Poincaré group,
P— GL5({<I>},R), a transpose of the Bargmann representation [51] of spacetime
transformations. The 5-vector formalism was previously adopted in the Duffin-
Kemmer system [131], however, the gauge transformation of Eq. (B.13) has not been
identified in such work.

We next describe a Poincaré gauge field along the lattice links of Z*. We let
p = Lie(P), h = Lie(H) and t = Lie(T*!) denote Lie algebras, where H = SOT(3,1).
We define the lowered-index vierbein e,,[n] = 7,,€",[n] to be a t-valued translation
gauge field on the link [n|n + a]. We likewise define the h-valued gauge field I'*  [n],

which couples to e,,[n] through the group action of P. To establish notation, we
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thereby construct a covariant derivative of the 5-vector as follows:

Df®n] = &/ [n] — ®[n]

a

=Ua[n]™ - ®[n+a] — @[n]

D" [n] (3 )" [n] " [n]
— _ (B.14)
D ¢[n] ¢, [n] ¢[n]
-1
r“ [n] 0 7ing mh
= exp [Il + d] — [1’1]
eva[n] 0 ¢ ¢
A backward covariant derivative is analogously defined:
D; ®[n] = B[n] - @; [n]
(B.15)

The parallel transport operator U,[n] gauge transforms as usual:
U!ln] = g[n + a|U,[n]g[n]~!, where g € P.

The 1-loop dynamics of the 5-vector must derive from a Lie-algebra-valued current
J € AY[Z*,p]. Since 1-loop theory forgoes a Hamiltonian or Lagrangian structure,
the properties of this current must be independently defined. We therefore pause to
define J for a general lattice gauge theory in the 1-loop formalism.

Definition: Let G — GL(V) be a representation of a Lie group G on a mat-
ter field £[n] € V' valued in vector space V. Let {o—o} =V xV x GL(V) denote
the space of data determining a lattice edge in Z%. We define the 1-loop current
J € A[Z% g] to be a G-equivariant g-valued 1-form, where g = Lie(G) C gl(V). In

particular, J : {o—} — g is required to satisty J o U, =Ad, 0 J V g € G, where U,
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denotes the gauge transformation of a lattice edge, as follows:

Uy {oo} = {o}

(B.16)
(517527[]) = (gl>£17 h‘D£27 hUg71>
for h € G arbitrary.
Thus, an arbitrary gauge transformation on Z* maps J,[n] to
Jaln] = T (Ty(320)) = g[n]Tu[n]gn]™", (B.17)

where J,[n] = J(8%) and 8% = (£[n], {[n + al, U,[n]) € {os}. The preceding defini-
tion of the current thereby enforces an adjoint action befitting the red loop depicted
in Fig. B.1.

This definition uniquely determines the 1-loop current of 5-vector lattice
gauge theory.  To see how, we first note that J,[n] can only depend on
{®[n], ®n +a],U,[n]}. Furthermore, since the G-equivariance of J,[n] precludes
the appearance of g[n + a| in its gauge transformations, the dependence of 7,[n]
on {®[n + a],U,[n]} is limited to the pairing ®][n] = U,[n]"'®[n + a]. (This con-
struction accounts for the permissible arbitrariness of h in the definition of ¥, in
Eq. (B.16).) We must therefore solve for a p-valued current J,[n] = J(®, ®) that

transforms in the adjoint Poincaré representation—that is

- -1

ro A O] (" Of |A O

Ad(r) =
e 0 e 1|1 le O [¢ 1 : )
_ B.18
ATA? 0
(' +e)A™' 0

Studying the Poincaré transformation of ® in Eq. (B.13), up to a multiplicative

190



constant there is found to be a unique such current:

(B.19)

Here, 7, = 7°1,, and X : t* X t — b is the box map
"Ry, =R (y'n) = [yxT - xyT] , (B.20)

where 7 denotes the 4 x 4 Minkowski matrix. (X roughly resembles the hat map of a
4-vector cross product.) It is readily confirmed that under the gauge transformation
of Eq. (B.13), J,[n] transforms in the adjoint representation of Eq. (B.18), that is,
J oV, = Ad, o J holds.

We note that DF® can be freely substituted for ® in Eq. (B.19) with-
out affecting its value. In particular, L* = %7?“ X Dfm, since 7* X m, =0, and
T,, = %(W,,D;_¢ — ¢Df7,) by a simple cancellation. In this form, 7T,, more closely
resembles a current equivalent to the energy-momentum 7° j’y of scalar field theory, as
we now show.

We recall the two relations that define equivalence classes of nontrivial Noether
currents in Lagrangian mechanics [53]. Two currents j,[¢] = j,[¢] are equivalent (in
the sense that their mutual conservation arises from the same Noether symmetry) if

they
(i) differ by an expression that vanishes on-shell; or

(i) satisfy 9"(j.[¢] — ju[¢]) = O off-shell.
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We use both of these relations in the following calculation:

1
Ty, = 0,00,¢ — 3w (076050 + m*¢?)
Si\)/ 1 o 2
= ,ugbaugb - Enuu (8 gbaagb + gba Qb)
(i)

2 2 [2096 — 60,0,0]

1
A §€“a [ﬂy(‘?aqb — gb@aﬂy] ~ GHaTua|R371

(B.21)

where we define T),|gs1 = %(m,@agb — ¢0,m,), and set 9, = ¢,'0, and 7, =~ J,¢ in the
continuous, flat spacetime limit, as in [47, 48]. Therefore, T,,|rs.1 forms a continuous
analogue of the 5-vector energy-momentum 7,,, = %(W,,D;rgb — ¢Dfm,).

We now take up our central effort: the construction of P-valued 1-loops that
recover 0DA+ j =0 and Jj =0 in the continuum limit. In Eq. (B.19), we have
already derived a group-valued current suitable for the matter field sector of such

1-loops. In particular, we define J : {o—} — P such that

J(8%) = exp(kJ,[n]) (B.22)

for some coupling constant x. The first step in building the gauge field sector is
similarly immediate: A realization of DA suitable for 1-loop theory is found at once
in the Wilson loop, a 2-form Q : {{I} — P defined by Q(f) = U,[n], as specified in
Eq. (B.10).

To complete this construction, we must define a 1-loop covariant codifferential
operator ¢ and thereby assemble the desired P-valued analogue of the Yang-Mills
field equation, 6Q - J = 1. We require d to satisfy §°Q =1 and (da)~! = §(a™') for
any form «. The resulting 1-loop, dJ = 1, will constitute a conservation law that
determines matter field dynamics, as anticipated in Eq. (B.12). Taken together,
these relations ensure the integrability (or solvability) of 1-loop theory.

It is illuminating to first consider what a 1-loop conservation law §J = 1 could
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look like. We assume that it holds at each n € Z*, so that currents along all eight
lattice links terminating on n ought to play a role. Whereas J,[n| has endpoints
at n, however, J,[n — a] has endpoints at n — a. To incorporate the link [n — a|n],
therefore, we substitute ® — & in Eq. (B.19), yielding the p-valued current J;[n],

defined as follows:

Jan] = Ja[n]

= —AdUa[n_&]ja[n — d] (B23)

of oy

The cuwrrents J,n—al] and J;n] are defined by the same data,
028 = (®[n — a], ®[n], U,[n — a]). Their adjoint relationship in Eq. (B.23), readily
confirmed using ¢, in Eq. (B.19), demonstrates their compatibility under parallel
transport. Eq. (B.23) notably resembles the transformation of the Maurer-Cartan
form weg under the inversion map ¢ [43]: (t*we)(Xy) = —Adg(wa(X,)) V X, € T,G.

Figure B.2: Six of the eight elements comprising the 1-loop conservation law
dJ[n] =[g1---gs](J) =1 are depicted at vertex n. In a continuous spacetime limit,
this conservation law recovers its Yang-Mills analogue, d7 = 0.
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An intuitive 1-loop analogue for 7 = 0, therefore, roughly takes the eight element
form [g1 - - - gs](J) = 1, as depicted in Fig. B.2. The group elements {g; } must depend
on J in a manner we shall make precise. To that end, we next revisit elements of
Cartan geometry [43] and reinterpret them in the 1-loop formalism.

Let us recall 6 : A‘{M,R] — A*~1[M,R], the codifferential of an /-form on a pseudo-

Riemannian manifold M:

Sav = g [iea(Veba)} =t [ieM(Veya)] (B.24)

Here, {e,} is any local basis of TM with inverse metric g** and {e,} any local or-
thonormal basis. ix denotes an interior product and V x a covariant derivative with
respect to X € X(M), where X(M) = I'(T'M) denotes the set of vector fields on M.
Eq. (B.24) is equivalent to the more widely used definition, 6 = +xdx [132].

We now specialize M to spacetime, specifically, to the four-dimensional base space
of a reductive Cartan geometry (P,w). Here, w € A'[P,p] is a p-valued Cartan con-
nection on the right H-principal bundle P = M, where p = h @ t is a direct sum of
Ady-modules and H = SO*(3,1). A Cartan connection establishes, by definition,
an isomorphism w, : T,P — p V p € P, such that w, Uis everywhere well-defined. As
such, the universal covariant derivative with respect to A € p of any function f € C(P)

may be defined as follows [43]:

Vaf = [ (A, (B.25)

V 4 differentiates f with respect to the w-constant vector field w=!(A4) € X(P). In our
notation, the universal V 4 is distinguished from V x merely by the distinct setting of
Aepand X € X(M).

An intuitive picture of this machinery will facilitate a 1-loop reformulation of

d. First, we reinterpret the operator V., in Eq. (B.24) as the universal covariant
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derivative of Eq. (B.25)—in particular, we regard e, € t C p as a Lie algebra element.
For any such e, € t, the w-constant vector field w='(e,) generates, by definition,
geodesics on P. i, (V.,a) therefore represents the change in a along the geodesic
generated by w'(e,,).

In this way, da sums the change in « over orthonormal geodesics, weighted by a
metric factor as in Eq. (B.24). In the 1-loop formalism, this metric structure is not
provided by the base manifold (or lattice) but by the Lie algebra p. In particular, we

introduce the following nondegenerate, Ady-invariant metric (-, -), on p:

0
(A,B), = Tr (AnB™n) where n = K € R>®
0 1 (B.26)

=Tr (FAann) + eAneg

V A, B € p. Here, A= (I'4,e4) € p denotes a matrix Lie algebra element as appears
in Egs. (B.14) and (B.18), with e4 a row vector. eanek may be recognized as the
pseudo-Riemannian metric.

We now construct the 1-loop operator . We first define a discrete Cartan con-
nection w : {o—} — p such that exp(w,[n]) = U,[n] € P. Since § aggregates over or-
thonormal geodesics, we choose an arbitrary basis {e,} of t C p that is orthonormal
with respect to (-,-),. We further define the neighborhood N,, of n, comprised of n
and its eight nearest neighbors in Z*. Now, N, is said to be rectified if each connection
{wa[n], ws[n]} evaluates to a distinct basis vector in {£e, }, e.g. w,[n] = —wzn] =e,.
To rectify M, we apply suitable gauge transformations at each neighbor of n. We re-
quire, however, that the chosen transformations {g[n + a| € P} preserve the ‘isomor-
phism’ of w on N,,. In effect, the vierbeins e* [n] and e";[n] should remain nonsingular
as they are smoothly rectified toward (£) the identity matrix.

Concretely, this procedure yields transformed comparators of the form

U!n] = gn+ a)U,[n] = exp(e,), where gln] =1. Any matter or gauge field data
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that has already been defined within or adjoining N, must also be gauge-transformed
accordingly; therefore, not all lattice neighborhoods can be rectified simultaneously.
We note that data as yet undefined need not (and of course cannot) be transformed
in this way. We shall denote a rectified neighborhood by Nj. Crucially, we observe
that N, defines a bijection, r : {u} — {a,a}.

At last, we define § : AY[N,,, P] — AN, P] as a map between rectified P-valued
forms. A rectified form a € A‘[N,, P] is a form defined on a rectified neighborhood
that transforms under a gauge transformation as o/[n] = g[n]a[n]g[n]~'. (Intuitively,
a rectified form is a closed loop with endpoints at n.) Clearly, J and Q are rectified

forms on N, while U, = exp(w,) is not. d is now readily defined:

dJ[n] = exp Z log J"[n]

ve{tpu}

0 [n] = exp Z log % [n].

ve{dpu}

(B.27)

The notation of Eq. (B.27) requires some clarification. exp and log denote matrix
exponentials and logarithms, respectively. As in Eq. (B.10), a raised index indicates
a metric factor, such that log J* = n**log J,. (This metric factor is now seen to arise
from its associated e, geodesic.) Furthermore, J,[n] denotes J,(,[n], the current
on a single link in A, as determined by the bijection r. Similarly, Q,[n] denotes
the holonomy €2,(,)[n] on a single plaquette. As seen in Eq. (B.23), the ‘backward’
currents { J; } are implicitly negated, as are the ‘reversed’ holonomies {log €23, }. Thus,
the intuitive picture of §J (or d€2) as the metric-weighted change in J (or §2) along
geodesics is realized.

The use of the logarithm in the definition of § enables the ‘simultaneous’ multipli-
cation of non-abelian group elements—without preferential ordering. ¢ of a rectified
1-form (e.g. ¢J) can therefore be imagined as a simultaneous contraction of loops

along all edges adjoining a vertex, and ¢ of a rectified 2-form (e.g. 62) as the simul-
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Figure B.3: Four of the six holonomies comprising the 1-loop 0§)[n]J;[n] =1 are
depicted with Jy[n]. (U, and Us are not shown.) &[n] can be regarded as a
‘simultaneous’ multiplication of the six holonomies adjoining lattice edge [n|n + {].
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taneous contraction of loops along all plaquettes adjoining an edge. (See Figs. B.2
and B.3.) The absence of ordering in these multiplications ensures that §?Q = 1 and
(6a)™' = §(a™!), properties of § that are readily verified with Eq. (B.27).

The basic 1-loop of Eq. (B.1) is now completely defined. Lattice fields are thus
evolved by solving the 1-loops 6€2, - J, = 1 and §J = 1 for their unknown data. We
assume that this evolution proceeds time-slice by time-slice, and is therefore realizable

by the following iterative algorithm:

(i) Self-consistently initialize ®[n], ®[n + ], w,[n] and wy[n +1] ¥ n € {n; = 0},
a € {t,x} and b € {x}.

(ii) Since no 1-loop is completed by defining a gauge field along a temporal link
[ny = 1|ny = 2], any such link may be freely specified. Thus, assign the temporal

gauge: win] =ey Vn e {n; =1}.
(iii) Solve §.J[n] = 1 for ®n +¢]V n € {n, = 1}.
(iv) Solve 6€[n]Jy[n] =1 for wyn +¢] ¥ n € {n, = 1} and b € {x}.
(v) Return to (ii), assigning wy[n] = ey V n € {n, = 2}.

A conceptually straightforward approach to calculating § in steps (iii) and (iv)
is to rectify a maximal set of disjoint neighborhoods M = U,{N,} on Z*|,,—1, solve
for rectified forms on M, and then repeat for the as-yet-unrectified neighborhoods
on Z%,,=1\M. We note, however, that rectified forms on a neighborhood N, are
in fact invariant under the ‘n-adjacent’ transformations {g[n + a|} (since their loops
terminate at n). In principle, therefore, a more streamlined approach could solve all
neighborhoods of Z* in parallel as if they were rectified, and afterward resolve any
mismatches of gauge. We observe that the preceding algorithm maximally leverages
the gauge-invariance of the 1-loop; the rectification of AN, by ¢ is made permissible

by the gauge invariance of 0J = 1 and d€,[n].J,[n] = 1.
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Let us consider the solvability of this algorithm. A self-consistent initialization
of step (i) requires that d%[n|J;yn] =1V n € {n, =0}. By specifying J;[n] € P
first, and then the matter fields ®[n] and ®; [n] comprising it, various suitable initial
conditions are readily found. All steps of the algorithm are then immediately solvable,
except perhaps step (iii). We note, however, that Eq. (B.19) is linear in ®. Therefore,
since every leg of §J[n] shares the same ®[n], a solution ®; [n] to §J[n] = 1 must
exist. For completeness, we nevertheless note the following conditions on ® = [7#; ¢]

necessary for the existence of a solution ® to J(®,®)) = (T* ,e,):

vy Cv

™ Xe, + o', =0
(B.28)
w4+ 7 TH7 4 T = 0,
where (I'",e,) € p and I'7 =T, n"".

Furthermore, when the representation @ is fully specified, the preceding algorithm
is not only solvable but uniquely determined—up to arbitrary choices of gauge. In
particular, once the mass and ‘time direction’ of ® are fixed (such that m#m, + m? =0
and 7 > 0 V n, for example), the conservation law §.J = 1 fully determines its evo-
lution. Likewise, 0€) - J = 1 uniquely determines w,.

We shall leave a more robust examination of the dynamics of ® to future work.
For now, having described an algorithm for the evolution of Poincaré 1-loop theory,

we examine its physics in the continuum limit.

B.5 Gravity in the 1-loop Formalism

We consider the continuum limit of 1-loop Poincaré lattice gauge theory. We
denote our gauge field by w,[n] = A,[n] € p and define its comparators with a lat-
tice parameter A, that is: U,[n] = exp(AA,[n]). Applying the BCH formula—see

[133] Eq. (8.7)—and expanding gauge fields at lattice points away from n—e.g.
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Apln+a] = [Ap £ AJ Ay + 5292 A, + O(A®)]—we find, in the A — 0 limit:

log Uab[n] = AgFab + O(A3)
(B.29)
log Uzp[n] + log Uyy[n] = A3D,F,, + O(A4),

where Fy, = 0,4y — [Aq, Ay] and D, = 0, — [A,,]. (Note, no index summation is
implied in Eq. (B.29); we omit the conventional factor of % in our notation for the
antisymmetrization of indices; and the sign conventions in F,; and D, arise because
the gauge field has a left action, >.) Computing the Lie brackets in the definitions of

F,, and D,, we explicitly evaluate the fields of Eq. (B.29) for our p-valued connection

as follows:
A, = (B.30a)
F* 0 O  —T" T? 0
Fop = |l 7| = | el 7 olel” vl (B.30D)
Fa | 0 Opalev) = €afol L%y | O
80Flf/ab - FHUCFi/ab + F%abrguc 0
D.F,, = (B.30c)
acF;/ab - eacFayab + FUabFUVc 0

We now substitute Egs. (B.27), (B.29) and (B.30c) into the 1-loop 6€2[n]Jy[n] = 1

of Eq. (B.1), keeping terms to least order in A. Working on N, we thus discover

o°F" .+ kL, 0

DF + £Jp = =0, (B.31)

GaFyab — GUaF(;ab + %Tyb 0

where we have set T* _[n] =0 and ¢*[n] = 7. (In the continuum limit, rectifica-
tion resembles a local application of Riemann normal coordinates.) L* , and T, in

Eq. (B.31) are assumed to be in the A — 0 limit. Restoring I'* ,, we may re-express

va’
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the field equations of Eq. (B.31) more schematically as

OR— [T, R+ KL =0
(B.32)

0S — e, R — [[',S]+ KT =0

where R (i.e. F"

") and S (i.e. F,q) roughly represent spacetime curvature and

torsion, respectively—an interpretation we shall justify in Eq. (B.36). We emphasize
that these field equations comprise the continuous limit of the well-posed discrete
algorithm of the previous section.

Let us compare this result with existing gauge theories of gravity. The earliest
attempt at a modern gauge theory of gravity was made in 1955 by Utiyama [134], who
identified the Lorentz group as the relevant gauge group. SO™ (3, 1) is an instinctive fit
for gravity, not least because the Lorentz field strength F* , essentially reproduces the
Riemann tensor of curved spacetime, as in Eq. (B.36). Utiyama’s formalism appears
to suggest [135], however, that the sole Noether current associated with gravity is
angular momentum (L)—a result that perhaps underrates energy-momentum (77) as
a source of gravitation.

Subsequent efforts were made to incorporate a more complete description of the
gauge symmetries and conserved quantities of gravity. An examination of the litera-
ture reveals that, since the 1960s, at least two parallel tracks developed in Poincaré
gauge theories of gravity. These might be called the L (Lagrangian) track [115-121]
and the YM (Yang-Mills) track [122-127].

The widely studied L-track originated in the 1960s. Kibble [115] and Sciama [116]
extended Utiyama’s gauge theory to the Poincaré group, yielding Einstein-Cartan-
Sciama-Kibble gravity, or Uy theory [117-120]. While the Poincaré gauge field curva-
tures of Uy theory are identical to those of Eq. (B.30b), the matter couplings of its field
equations differ considerably from those of Eq. (B.32). In its simplest form, U, theory

couples angular momentum (L) not with curvature (R), but with a non-propagating
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torsion (.S). Somewhat unexpectedly, therefore, angular momentum is coupled in Uy
theory to the gauge field curvature associated with the translation subgroup T3! C P.
The L-track hews to a Lagrangian formalism and, in all of its manifestations, derives
from the terra firma of a variational principle. Lattice reformulations of the L-track
have also been widely explored [136-142].

The YM-track originated in the 1970s with an attempt by Popov and Daikhin [122,
123] to derive a more orthodox gauge theory of gravitation. This branch of Poincaré
gauge theory is of particular relevance here, because its field equations [124, 125]
are precisely recovered in the continuum limit of Poincaré 1-loop theory, as derived
in Egs. (B.31)-(B.32). Unlike those of the L-track, these field equations couple a
propagating torsion (0S) to energy-momentum (7"). The YM-track has proven to
be underivable from a Lagrangian formalism [124-127]. It is perhaps unsurprising,
then, that a new dynamical formalism such as 1-loop theory might, in its continuum
limit, rediscover it. We shall further characterize key results of the YM-track in
our concluding discussion. For now, having contextualized the continuum limit of
Poincaré 1-loop theory, we proceed to demonstrate its recovery of Einstein’s vacuum
equations.

We take a general relativistic (GR) limit of Eq. (B.31) by imposing two additional
assumptions upon it, namely, metric compatibility and zero torsion. The former—
D.g., = 0—may be established by defining a vanishing covariant derivative of the

translation gauge field [143]:

0= Datus (B.33)

(o C
= Oy + T waCob T Tpape.

Here, we have introduced the affine connection I'¢, , whose degrees of freedom are not

ba>

independent and are fixed in terms of the Poincaré gauge fields by Eq. (B.33). The
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Riemann tensor is then defined as usual in terms of this affine connection:

R gap = Ol gy = Pefa M ay- (B.34)

The latter assumption, zero torsion, is defined as follows:

Scab - Fc[ab] - 0 <B35)

We now substitute Egs. (B.33)-(B.35) to eliminate the Lorentz gauge field I'*, in

Eq. (B.30b). Simplifying, we find that in the GR limit

wo_ pd c
F vab — € eVCR dba

(B.36)
Fl/ab = el/cSCab = Oa

where e, by = 0y and gq = et e’y Therefore, the Riemann and torsion tensors
are closely related to the gauge field curvatures defined in Eq. (B.30b), as desired.
Since F™, is antisymmetric in its first two and last two indices, it further follows
from Eq. (B.36) that, in the GR limit, R , is as well.

Finally, substituting Eq. (B.36) into the translation components of Eq. (B.31) and

setting T,, = 0, we thus recover Einstein’s vacuum equations

e, R, = 0, (B.37)

as desired.

B.6 Discussion and Conclusions

The 1-loop formalism has been demonstrated to successfully define a lattice gauge

theory of the Poincaré group. By reinterpreting P as an internal gauge group, 1-loop
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theory describes Poincaré symmetry on a discrete lattice, and recovers Einstein’s
vacuum equations in its torsionless, continuum vacuum limit. This new formalism

comprises several technical innovations:

(i) the 1-loop of Eq. (B.4)—a relative of the Wilson loop that reconstitutes differ-

ential equations of motion;
(ii) the 5-vector ® of Eq. (B.13)—a new representation of the Poincaré group;

(iii) the definition of 1-loop current, which uniquely determines the Poincaré current

Ja of Eq. (B.19); and

(iv) the lattice covariant codifferential § of Eq. (B.27), motivated by Cartan geom-

etry.

The dynamics of the resulting Poincaré gauge theory are determined by the basic
1-loop 6€2-J =1, as defined in Eq. (B.1). This P-valued analogue of a Yang-Mills
field equation defines not only the dynamics of the Poincaré gauge field, but matter
field dynamics as well. Indeed, matter field equations of motion are superfluous in
1-loop theory, as they follow from the conservation of the P-valued Noether current,
§J =1, guaranteed in turn by §2QQ = 1. The 1-loop formalism thereby defines a
computable, exactly-energy-momentum-conserving algorithm for the dynamics of a
5-vector matter field evolving under gravity.

A 1-loop theory is decidedly rigid in the sense that very few arbitrary choices are
made in its construction. Given a G-representation and a reductive Cartan geome-
try with g-valued connection w and base-space M, a corresponding 1-loop theory is
already quite fixed: the hypercubic lattice Z¢ is defined such that d = dim[M]; the
holonomy {2 is fixed by w; the 1-loop current J is fixed by the G-representation, as
demonstrated for G = P in Eq. (B.19); and the interaction of matter and gauge fields
is wholly determined by the 1-loop 6€2-J = 1. The definition of the operator d is

itself quite constrained by its need to satisfy 522 = 1.
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Nevertheless, the status of Poincaré symmetry with respect to 9 is not clear. An
‘external” Lorentz metric, n** is applied in Eq. (B.27) in such a way that the mixed
Lorentz signature is identified with edges of the lattice. So while this data should be
exclusively the result of the gauge fields themselves, an external metric nevertheless
enters the theory.

The choice to relinquish a Lagrangian in favor of the 1-loop formalism was not
undertaken without considerable effort by the authors to construct a satisfactory La-
grangian Poincaré lattice gauge theory. However, in a Lagrangian approach, Poincaré
symmetry generators naturally arise as vector fields on spacetime, which are ill-defined
on a discrete lattice. An effort to ‘lift’ these generators to vertical gauge symmetries
of a discrete Lagrangian apparently requires the introduction of new fields that do
not have a clear physical interpretation [47, 48]. More abstractly, this earlier work
revealed a natural tension between the additive structure of a Lagrangian action—
integrated over spacetime or summed over lattice vertices—and the multiplicative
group structure of the Poincaré symmetries.

A Hamiltonian approach was also considered, however, operator-based Hamilto-
nian theories are predicated on the evolution of a continuous time parameter that is
unsuitable for computation. Although gauge-compatible splitting methods [19] en-
able the preservation of gauge structure in discrete-time Hamiltonian algorithms, it is
unclear how such a splitting in time can be extended to a ‘four-dimensional splitting’
over a spacetime lattice.

The 1-loop formalism was developed to address these challenges. It assumes a
multiplicative structure on the lattice, wherein adjacent vertices are related strictly
by group-valued fields. The result can be viewed as a discrete realization of the
integral formalism [144] of early gauge theory.

The continuum limit of 1-loop theory, as derived in Egs. (B.31)-(B.32), recovers

the field equations of the YM-track of Poincaré gauge theory [122-127]. Despite
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the YM-track exhibiting many promising features of a gravitational theory [125], the
incompatibility of its field equations with Lagrangian mechanics has led some of its
investigators to view the YM-track with disfavor [124, 126, 127]. Poincaré 1-loop
theory addresses some of the concerns raised in this prior work, as we now discuss.

First, the determination of matter couplings in the YM-track has not been well un-
derstood; for example, the interpretation of 7" in Eq. (B.32) as an energy-momentum
has been in doubt [124]. 1-loop theory addresses this issue by defining a new for-
malism that explicitly defines the properties of a matter current and its coupling to
a gauge field. In Eq. (B.19), this formalism was shown to uniquely determine 7,
the p-valued current of the 5-vector field. Second, from a more philosophical point of
view, authors of the YM-track caution generally against its failure to derive from a
variational principle [124, 126]. However, the crucial use of Cartan geodesics in the
1-loop formalism lends it a variational character, even absent a Lagrangian.

Lastly, some authors of the YM-track note that, although it has not made unphysi-
cal predictions of classical gravitational dynamics, its lack of a Lagrangian complicates
its quantization via a path integral approach. This difficulty is understood to render

the YM-track unsuitable as a quantum theory of gravity [127].
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Appendix C

Toward the inclusion of U(1) in

1-loop theory

C.1 Introduction

In Appendix B, a lattice gauge theory was constructed from a new non-unitary,
irreducible representation of the Poincaré group P, adapted from the Bargmann rep-
resentation of spacetime transformations. Instead of defining spacetime as the target
space of P, the new representation acted upon a finite-dimensional matter field called
a d-vector at each lattice vertex. The 1-loop formalism was constructed to define the
dynamics of this 5-vector—and the gravitational Poincaré gauge field—on the lattice.
The original motivation for such a theory was a desire to define a Poincaré-invariant
physical theory suitable for computer simulation—an endeavor that necessitated a
reinterpretation of Poincaré symmetry as an internal gauge symmetry.

A parallel effort is undertaken in the present appendix to define a 1-loop theory
for a spinful Poincaré representation. Unlike our previous study—which required the
discovery of the 5-vector representation—a spinful field suitable for 1-loop theory has

already appeared in the literature: the twistor [145]. Whereas the 5-vector naturally
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induces a 1-loop theory with gauge group P, however, the natural gauge group of a
1-loop theory for the twistor is found to be the 16-dimensional pseudo-unitary group
U(2,2).

Penrose devised the twistor as a representation of a complexified, compactified
Minkowski spacetime. Following the 1-loop formalism, however, we treat the twistor
as a matter field on the lattice—a ‘completion’ of sorts of the Dirac fermion. In par-
ticular, while Dirac’s 4-component spinor is defined by its Lorentz transformations,
Penrose’s 4-component twistor is defined to transform under the 15-dimensional con-
formal group, conf(R*»!) = SU(2,2). In the 1-loop formalism, the central extension

U(2,2) = SU(2,2) x U(1) appears as the natural transformation group of the twistor.

C.2 The 5-Vector Representation of p

C.2.1 The representation and matter field

To review, the 5-vector representation ps : p — gl;(R) of the Poincaré Lie algebra

p = Lie(P) is defined as follows:

(C.1)

It is readily checked that Eq. (C.1) satisfies the Lie algebra of spacetime symmetry

generators P® = 9% and M8 = 229% — 2#9°:

[P, PPl =0
(M2 MM = MM Y MO — g M — ™ M (C2)

[Maﬁ’ pu] — nﬁupa _ naupﬁ_
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Let us denote p5(P) = exp[ps(p)]. At any lattice vertex n € Z?%, the 5-vector ®[n] is

then defined to transform under the left action > of g € p5(P) as follows:

A" 0 7 [n] A* ¥ [n]

v

g>®mn] = : = : (C.3)
¢, 1| | ¢[n] ¢[n] + ¢, 7 [n]

Eq. (C.1) is, therefore, an irreducible representation of p on the real vector space of
5-vectors {®}, a spin-0 matter field roughly analogous to a scalar field in spacetime.

A local gauge transformation U, specifies g[n] € p5(P) V n € Z*.

C.2.2 The 1-loop current

In Appendix B, dynamics were defined for the field ® on Z* by means of the

identity-valued 1-loop

50 J =1, (C.4)

where Qg [n] € p5(P) denotes a group-valued Wilson loop based at n, and
Jao[n] = exp(J,[n]) € ps(P) was defined by the 1-loop current J,[n] (see Eq. (B.19))

along lattice edge [n|n + a] as follows:

Tiln] = 5 (2(@7)" ~ 8307 )y (©5)

Here, ®/[n] = U,[n]"'®[n + G| denotes a neighboring 5-vector, pulled back by the

ps(P)-valued comparator U,[n], and 1y = diag(—1,1,1,1,0). The argument [n] of a
field defined at n will often be suppressed as in Eq. (C.5).

It is readily checked that J,[n] of Eq. (C.5) satisfies the defining properties of a

1-loop current for the representation ps(p):
(i) Ju[n] is ps(p)-valued;
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(il) J,[n] is a function of ®[n] and & [n]; and

(iii) Under a local gauge transformation W, on Z* such that

J. transforms adjointly, that is, J/[n] = g[n]J,[n]g[n] .

In particular, we note that gTnyg =no V g € ps(P).

This adjoint transformation of 7, encourages its interpretation as a loop formed
along a lattice edge, and facilitates its concatenation with Wilson loops via group
multiplication. Thus, with the aid of a covariant codifferential 9, the identity-valued

1-loop 0€2 - J = 1 may be formed.

C.3 The Twistor Representation of p

C.3.1 The representation and matter field

Analogously, we now develop a spin—% matter field representation suitable for
1-loop theory. In particular, we seek a finite-dimensional spin—% representation of p—
an object which has already been well-established in the twistor program of Penrose
[145] and in earlier studies such as [146]. To define this representation, we fix our

convention for v matrices in the Weyl basis

0 o#
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where o = (1,5), o* = (—1,7), and & represents the 2 x 2 Pauli matrices
ol = o’ = o’ = . (C.8)

The Clifford algebra relation {*, 7"} = 2n*" 14,4 is thus satisfied for n*¥ of signature

(—+-++). Chiral projection operators X, for s € {L, R} are defined by

(179 and xp=3 (1479, (C.9)

N —

XL =

where v° = i7%y1~4243. For convenience, we recall several properties of the v and X

matrices:

3 2
(i) () =4%99°, {7",4°} =0and (°)* =1
(i) XrY" = 7"X1 and Xp7" = "Xk (C.10)

(i) XI = xs = X2, Xg+ Xz =1, and XgX = XrXr =0,

where T denotes a conjugate transpose.

The twistor representation pl : p — gl,(C) may now be defined as follows:

Pe = VaXs
. (C.11)
Maﬂ = Z [706775] .

Eq. (C.11) defines two distinct chiral representations of the Poincaré Lie algebra—
distinguished by s € {L, R}—both satisfying the Lie bracket of Eq. (C.2). Matrices

of these representations are of the general form

A 0 - 7 X -
€ pp(p) and € pr(p), (C.12)
X —ztf 0 —zt
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where Z € sly(C) is traceless and comprises six Lorentz degrees of freedom (DOF)
while X = XT is Hermitian and comprises four translation DOF. It can be shown V
A€ pI(p) and g € pT'(P) that

AN +4%4 =0

(C.13)

97’9 =1".
We observe that, due to our choice of convention in Eq. (C.7), 4 is the matrix of a
canonical symplectic form, v° = [0 1; -1 0].

In 1-loop theory, the Poincaré symmetries of spacetime are reinterpreted as in-
ternal gauge symmetries of matter fields. In particular, rather than view Eq. (C.11)
as defining generators of Poincaré symmetries on a complex spacetime, we regard it
as the representation of a Spin—% matter field. We thus proceed with the algebraic—
rather than geometric—aspects of the twistor program in mind.

We denote the twistor matter field as ¥[n] and define its Poincaré transformation

V g[n] € pI'(P) as follows:

'[n] = g[n] > ¢[n]
= exp(I; ¢)[n] >4 [n]

C.14
= exp (%Fw[n]Mw + eu[n]P“) 0] (C.14)

1
= exp (ZFW'YW + ¢Xs) (5

where v = $[y*,7"], ¢ = e,[n]y* in Feynman notation, and s € {L, R} is deter-
mined by the chirality of our representation—that is, by the chirality of .

At this point, our development looks entirely analogous to 5-vector theory: We
have defined a finite-dimensional matter field representation of p. However, we now
endeavor to form a p?(p)-valued current 7, and in so doing find that U(2,2) D P is

a more natural gauge group for a 1-loop theory of twistors.
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C.3.2 The 1-loop current

We attempt to construct a p! (p)-valued 1-loop current from the twistor field. As
above, J, must be a function of neighboring matter fields—7,[n] = J (¢, ¢¥) where
YT [n] = U ' n]y[n + a]—and valued in the adjoint representation corresponding to

pL(p). To satisfy these requirements, [J,[n] can be defined as follows:

T.ln] = 5 (w7 —vi0) (€15

where ¥[n] = ¥f[n]y°. Given Eq. (C.13), J, clearly transforms adjointly; indeed, for
any W, with g € p!(P), the relation Ad, o J = J o ¥, holds. (In fact, any bilinear
1), satisfies this requirement, much like ®,®n, in Eq. (C.5).) We further note that
when ¢} [n] = ay[n], we have J,[n] =0V a € R. A similar result obtains for the
5-vector in Eq. (C.5), whose ps(p)-valued current vanishes whenever @ [n] oc ®[n].

However, Eq. (C.15) is not necessarily p!(p)-valued just yet. In particular, 1) and
Y} comprise 16 real DOF altogether. To establish a p?(p)-valued current with ten
DOF, six constraints must be satisfied. Using 2-spinors &, and A, to denote ¢ = [gﬂ
and ¢ = [f\‘g }, we can ensure that J, conforms with Eq. (C.12) by imposing the
following additional constraints:

M-l =0 (4 constraints)
(C.16)

s — A& =0 (2 constraints)

where 5 toggles s. Together, Eqgs. (C.15)-(C.16) now define a pI(p)-valued 1-loop

current. For example, fixing s = L,

i | nh—ax,| o
21 AREL — ErAL | ERNL — Agel

ja[n] = (Cl?)
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as desired, where the constraints of Eq. (C.16) enforce the vanishing of the top right
quadrant J?[n] = 0, and Tr[T}]| = Tr[T*]| = 0.

The necessity of these contrived constraints suggests that the Poincaré group
is not a natural gauge group for a twistor 1-loop theory. No unconstrained linear
combination of ¥/} and v yields a current 7, with sufficient freedom to describe
a ten-parameter Poincaré current, without overshooting to introduce all 16 DOF
of this pair of twistors. Although pI(p) readily forms a Poincaré representation,
therefore, its misfit as a 1-loop current invites us to view this representation as part
of a larger group structure. Thus, it bears investigating the consequences of relaxing

the constraints above.

C.4 From P to U(2,2): Unconstraining the 1-Loop
Current

Before we entirely abandon the constraints of Eq. (C.16), let us consider how
electromagnetism might be incorporated into a twistor 1-loop theory. We straight-
forwardly embellish our definition of the twistor representation to include U(1) gauge

transformations as follows:

¢'[n] = g[n] > 1)[n]
= exp(T, e, 0)[n] > ¢[n] (C.18)

- 1
— ¢ exp (ZFWV‘“’ + ¢XS) Y.

The action of € in Eq. (C.18) requires the extension of the pT (p) twistor representa-

tion to p! (p @ u(1)). This can be achieved by including with Eq. (C.11) the following
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4 x 4 matrix generator of U(1) transformations:

R :=11. (C.19)

With R, the submatrix Z in Eq. (C.12) can acquire a nonvanishing imaginary
trace. To generalize J, accordingly, we may leave its definition in Eq. (C.15) un-

changed and simply relax the latter constraint of Eq. (C.16) to

Im [IA; — Al&] =0 (1 constraint). (C.20)

Recalling the factor of 7 in Eq. (C.15), this relaxation affords an imaginary diagonal

in J,, i.e., diag[J,] = iaal for o, € R:

i

Tr[J.] = iog = 5 (0F¢ — du]) . (C.21)

N |

As such, J, is now an 11-parameter current. We observe that Eqs. (C.15)-(C.16) are
invariant under the U(1) transformation of Eq. (C.18). Therefore, since the abelian
adjoint action of U(1) is trivial, J, as defined in Eq. (C.15) continues to satisfy
Ad,0J =T oW, for all g € pI'(P x U(1)).

It is worth noting that Eq. (C.21) roughly resembles the electromagnetic
current of a chiral fermion in continuous spacetime. In particular, if we let
¥[n + a] = ¢[n] and set U,[n] = exp(eA,[n]) on a rectified neighborhood [49]—such

that A,[n] = (I'* ,[n], ey [n], ,m]) = (0,7,,,0) in the notation of Eq. (C.18)—we

find:
O % (U )90 = 01U, ]
B % [Wl — e Xs) 0% — 170 (1 — ey Xs)Y (C.22)
= ethsYalls,
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where we have applied the identities of Eq. (C.10) and denoted ~, = 7"1,, and
s = Xs¢. This is a first hint that physics analogous to QED might appear in a
twistor 1-loop theory with J, appropriately unconstrained.

Pursuing this course to its natural conclusion, we now explore the Lie algebra
that arises when all six constraints of Eq. (C.16) are relaxed. In this circumstance,
the value of J, in Eq. (C.15) is spanned by the following 16-dimensional basis of

generators:

Ko ey, (C.23)

1
M= 2 [7%,9]

where s* = §,; — 0,z. These satisfy the following Lie algebra:

[P, PP] =
(5, KP) =
(M8 M) = MO 4 MO — ot M — P e
(M8, Pr] = P — e PP
(M2 K#] = pPrRe — et P
(C.24)
[P, KP] = 2(M° + 1*P D)
[D, P*] = P~
D, K% = —K*
[D,M*"] =0
(R, -] =0.

When exponentiated, the generators of Eq. (C.23) form the connected group

of conjugate symplectic matrices Sp*(4,C), constituted by all matrices satisfying
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Eq. (C.13), that is Sp*(4,C) ={g | g"°9 =+"}. 1In this sense, they fully ex-
ploit the symmetries of the twistor representation in 1-loop theory. We note that
Sp*(4,C) 2 U(2,2), where the latter denotes the group of pseudo-unitary matrices
U(2,2) = {h | hinaoh = 092} for nyo = diag(1,1, —1,—1). The isomorphism between

these groups may be given by [147]

1 |11 1
g=UhU" where U= — (C.25)
V211 —a
is unitary and UTy°U = in,5. Despite our preference for sp*(4,C) in matrix calcu-
lations, we defer to the name u(2,2) = su(2,2) @ u(1l) to emphasize that it contains
the conformal Lie algebra. We denote this representation p! : u(2,2) — gly(C) so
that 7, is a p! (u(2,2))-valued current. The conformal group SU(2,2) is simple and
constitutes the smallest semi-simple group containing the Poincaré group [148].
When regarded as transformations of a Minkowski spacetime, K¢ are geomet-
rically interpreted as special conformal transformations (SCTs). In the context of
1-loop theory, however, K arises algebraically as though a mere translation with
chirality opposite that of P*. D is a generator of dilations, and the central element
R is a generator of U(1) transformations. An arbitrary matrix element of pI (u(2,2))
is of the form
Z X

€ py (1(2,2)) (C.26)
y -zt

for X = X' and Y = YT Hermitian (4 DOF each) and Z € gl,(C) arbitrary (8 DOF).
If we fix s = R such that P* = ~#xr and K* = 4*Xr, then X, Y and Z above com-
prise the DOF of {P*}, {K*}, and {M* D, R}, respectively.
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C.5 Interactions in U(2,2) 1-Loop Theory

Let us more closely examine a generic u(2,2) current,

T (W1, 4s) = %(1/11152 — Poty). (C.27)

It is clear that the image of J is a proper subset of the Lie algebra, in particular,

Im[J] = {A € pL (u(2,2)) | rank[4] < 2}. (C.28)

This fact has interesting consequences for the set of permisible interactions in twistor
1-loop theory.

As a particularly illustrative example, suppose we attempt to model an electro-
magnetic interaction in our theory by defining a nontrivial U(1) curvature at some
vertex n. Examining the U(1) generator R, we note that rank[R] = 4. Thus, no solu-
tion J,[n] = exp(J,[n]) can be found for the 1-loop equation d€2,[n] - J,[n] = 1 when
dQ,[n] = exp[eR] for e € R. Simply put, in 1-loop theory the twistor field cannot
couple to U(1) curvature alone. On the other hand, we find that R+ 2M% € Im[J|
V 1<i+#j<3, since rank|R + 2M%]| = 2. Thus, the twistor field can couple to
6Q,[n] when it is valued in the one-parameter subgroup exple(R + 2M%)] and its
adjoint orbit in pT'(U(2,2)).

To better understand the dynamics of the matter field in such an interaction,
we first solve J for ¢,. In particular, we suppose 1, € C* and Jy € p!'(u(2,2)) are
known quantities, and that 1/, satisfies the gauge-invariant normalization 111, = 2im
for m # 0. (Since ()t = —1p1p, it follows that m € R.) Assuming Jy € Im[J], we
solve for 1 such that J (11, 12) = Jo.
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Setting Jy = %(wlzﬁg — 9y1)y), we first note that
I [Jorp1] = mIlyep, (C.29)
where II; denotes the projection with kernel ),
1 _
I, =1- 2,—¢1w1. (C.30)
m

This specifies 15 in three complex dimensions, but leaves its contribution from ),

unspecified. Solving for this contribution, we find:

Yo = [(5 + 4L?7.12¢1..707/11> 1+ %.701 (U0 (C.31)

for 5 € R arbitrary. (Adding any real multiple of 1; to 1, leaves J invariant.) If we

now require that 1,1, = 2im and recall that VOJJ'yO = Jo as in Eq. (C.13), we have

p= \/1 o 3¢1%2w1 + 1o (%ﬂﬂ/&) (C.32)

where sign(() is determined by requiring that ¢, = ¢); when Jy = 0. Egs. (C.31)-
(C.32) solve J (11, 19) = Ty for 1), assuming Jy € Im[T].
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Appendix D

Discretization of the Tetradic

Palatini Action

D.1 Introduction

In this appendix, we develop a new structure-preserving algorithm for the general
relativistic simulation of gravitational systems in vacuum. We work in a Lagrangian
formalism to derive a variational algorithm from a novel discretization of the tetradic
Palatini action [149].

Structure-preserving discretizations of general relativity (GR) have a long history.
The most widely explored such technique was introduced in 1961: Regge calculus
[150] is a discrete variational approximation of GR that encodes spacetime data on a
simplicial mesh. In four spacetime dimensions, Regge calculus elegantly approximates

the Einstein-Hilbert action by a sum over areas A, and deficit angles o, such that
Ap—0 1
Stesse = Y A 2 S = [ doy=gR (d.1)
h

in the continuum limit. Here, h labels each 2-simplex (i.e. triangle) of the sim-

plicial complex, and d; describes the failure of the 4-simplices adjoining h—i.e.
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{o* | o* D h}—to tesselate their embedding in flat R* spacetime [151].

Since the 1970s, Regge calculus has not only been actively employed as the basis of
many studies in quantum gravity (e.g. [152-157]) but also as an algorithmic approach
to classical numerical relativity (e.g. [158-166]). Despite its many successes as a
numerical tool, however, most studies in numerical relativity continue to depend
on standard finite difference methods. Two reasons cited for this include the need
to develop (i) a description of matter in Regge calculus, as well as (ii) a better
understanding of its relationship to standard methods in numerical relativity [167,
168].

In particular, because the degrees of freedom of Regge calculus are quite distinct
from those of continuum GR, it can be challenging to initialize a Regge calculus
simulation with known GR initial conditions, or to test whether a particular simula-
tion using Regge calculus recovers a known GR solution. Although various physical
solutions have indeed been thoroughly and successfully benchmarked with Regge cal-
culus [169, 170], it would seem that any given simulation generally requires a bespoke
understanding of the map between discrete and continuum degrees of freedom.

It is also worth noting that, despite Regge calculus being a variational method, it
nonetheless forfeits—in its complete, nonperturbative formulation—the local gauge
symmetry of GR [155]. While local gauge symmetry is maintained in a Regge calcu-
lus description of flat spacetime—and even in a linearized Regge calculus of curved
spacetimes [171]—this structural feature of GR is at best only partially preserved
overall.

In this paper, an alternative variational approach to simulating general relativity
is developed that ameliorates some of these limitations. Our effort employs familiar
tools of lattice gauge theory [133] to construct a structure-preserving discretization
of the tetradic Palatini action [149]. Using a Poincaré group valued connection, we

describe a variational algorithm that exactly preserves Lorentz gauge symmetry, and
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we characterize its symplectic structure.

The approach we take is very closely related to Poincaré gauge theoretic studies
of lattice quantum gravity by Menotti, et al. [140, 172]. To our knowledge, however,
the classical physics of these methods, including their equations of motion, for ex-
ample, have not previously been explored, nor have they been extended to define an
algorithm for numerical relativity. Morover, our construction is general to simplicial
and hypercubic discretizations of spacetime, and we develop a somewhat streamlined

construction of the aforementioned Poincaré connection.

D.2 The Tetradic Palatini Action in Continuous
Spacetime

We begin our discussion in continuous spacetime using the following index con-

ventions:

e internal Lorentz indices are denoted {A, B,...}, raised and lowered by the

Minkowski metric n4p;

e spacetime indices are denoted {u,v,...}, raised and lowered by the metric
I = nABeZ‘ef; and

e any other indices {a,b, ...} will be specified as needed.

On a four-dimensional spacetime M, the tetrad (or vierbein) may be defined as
a vector valued 1-form with components e* € D(A'T*M) such that e/, (x) defines an
isomorphism between the tangent space T, M and the internal Lorentz space at x V

x € M. The vierbein in turn determines a metric on M according to the relation

G = € nape’,. (D.2)
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We further introduce the so(3,1)-valued 1-form with components w’; € T'(A'T* M),

also called the spin connection. Its curvature F“5 € T'(A2T*M) is defined by

1
where [+, ] extends the conventional Lie bracket to Lie algebra-valued differential

forms via coefficient multiplication [43].
The Lagrangian £ € I'(A'T*M) of the tetradic Palatini action & = [} £ is now

defined in terms of the vierbein and spin connection by [149]

E = €ABCD (eA N €B A\ FCD) . (D4)

The Lorentz invariance of £ immediately follows from the SO(3, 1) invariance of the
Levi-Civita symbol €spcp.

Unlike the metric and connection (g,I") of the Einstein-Hilbert action, the fields
(e,w) of Eq. (D.4) are taken to be independent and varied accordingly. Variation of

each field yields the respective equations of motion

(6e) : 0= eapcpe® N FOP
(D.5)
(6w): 0 =eapop(De AeP — et A DeP),
where
De? = de? + wiy A eB. (D.6)

The former relation of Eq. (D.5) yields Einstein’s vacuum field equations while the
latter is equivalent to a zero torsion condition. Despite having fewer initial assump-
tions (such as zero torsion), the tetradic Palatini action nevertheless recovers the

equations of motion of GR in vacuum.
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The following observation will also be useful in the next section that discretizes
L. Evaluated on a 4-tuple of vector fields—X = (X, Xo, X3, Xy), X, € I'(T'M)—the
4-form L of Eq. (D.4) gives

1
L(X) = —EABCD(eﬁengD)eabcdxgxgxgxg

% (D.7)
= §€ABCD(€ﬁ€§FSTD)EWUT det X

where the function det X is the matrix determinant of the 4-tuple, evaluated pointwise

over M.

D.3 The Discrete Action

We now reformulate the Lagrangian of the previous section in a discrete setting.
Our formalism is general to orientable simplicial and cubic discretizations. We de-
note the set of all k-cells % = {o*}, such that any oriented k-cell will be denoted
o® or will otherwise be specified by an ordered label of its vertices. o;; € X!, for
example, denotes an edge oriented from vertex o; € X to vertex o; € ¥°. We define
Ni(o*) = {j #1i | 0s; C 0¥} as the set of labels of neighboring vertices in the cell o*
that share an edge with basepoint ¢;. In both simplicial and cubic discretizations in
four dimensions, for example, #N;(c?) = 4 if o; C o and 0 otherwise. We denote
the permutation set of these neighboring vertex labels as II;(c) = S[N;(c0*)].

We now define a Poincaré group-valued connection U(c;;) = U;; along each edge
ol € . Tts representation SO(3,1) x R — G'L;(R) is defined such that the Poincaré
group element (A, ¢) characterizing the Lorentz transformation A and the translation
¢ yields the following connection:

Aij by A=A

Uij = s.t. Uji = U-_-l = Y
0 1 0 1
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The edge data A;; € SO(3,1) and ¢;; € R* will comprise the degrees of freedom of our
discrete action. We note that Aj; = (A;;)~* and £;; = —A;;(;; above.

For notational ease, we define the connection along each edge U(c') to act from
the right. Therefore, given an arbitrary Lorentz gauge transformation defined at each

vertex, say

{gz = g<0'1> € SO<3, 1) A o; € 20}, (Dg)

the connection U;; transforms as
- -1

i

L (D.10)

We denote the (A, B)™ component of the Lorentz connection along edge o;; by
Af} 5, and the A™ component of the corresponding translation connection by E{;. We
also adopt a notation for a Lorentz holonomy with an arbitrary number of edges. In

particular, for the holonomy comprised of (n — 1) connections between the vertices

Oiys- .04, We write
Ap s = (Nii Ay - 'Az‘nflz'n)AB
(D.11)
A c E
= A’i1iQCA’igi3D T Ain_linB
where intermediate Lorentz indices {C, D, ..., E} are all contracted. When a holon-

omy is comprised of the connections along the edges of a single face o € X2 (i.e. when
it is a “minimal” nontrivial loop), we will use the symbol Q2 for its Lorentz holonomy

rather than A, and we will suppress some of its indices. In particular, given a loop
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o;0;---00o; around a single face, we denote its holonomy Qf}kB. This notation is

general to the simplicial and cubic setting, such that, for example,

Simplicial: QAP =(AyApAw) P
Cubic: QA7 = (A Ay M) 1 CP. (D.12)
Here, ' labels the vertex diagonal to i on the appropriate face of the cubic lattice;
in a more typical notation, (i,7,7,k) = (n,n+a,n+a+ b,n + Z)) Q2 thereby char-
acterizes the Lorentz curvature of a face o2.
With the preceding notations in mind, we now define the discrete action and

Lagrangian on hypercells {o*} = 3* as follows:

S=> L%

otexd
(—1)ll (D.13)
L(o") = Y 5~ —canop (lx iz 2atyr) -
O'iC0'4 anu
w€ll;(0%)

The summand of Eq. (D.13) can be roughly understood as evaluating the Lagrangian
of Eq. (D.7) on a frame determined by edges adjoining ;. m denotes a permutation
of these edges whose orientation of parity |7| is inherited from the mesh itself. n,
denotes the number of vertices per hypercell, so that L(c*) averages over frames
constructed at each vertex of o*. p; denotes a shape factor that accounts for the
hypercell volume in a setting with edges of unit length. The determinant appearing
in Eq. (D.7) is now unnecessary; implicit in E{} and Q;‘}f are the lengths and areas,
respectively, of the discrete connection, providing a volume factor that need only
be normalized by py. Specifically, (ps,n,) = (12,5) and (1,16) in the simplicial and

cubic settings, respectively.

Finally, to demonstrate how the group-valued fields of Eq. (D.13) approximate
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Eq. (D.7), we note that
= exp (D.14)

for some w € 50(3,1) and e € R*. Thus, A%, ~ 64 + w?y and /4 ~ e to least nontriv-
ial order. Similarly, Q42 ~ nAB + FAB for some F' € s0(3,1), and n“? is annihilated
by the Levi-Civita symbol in Eq. (D.13). To leading order, therefore, fields of the
discrete Lagrangian recover the Lie algebraic fields of Eq. (D.7).

We further note the local Lorentz invariance of L(c?). In particular, under an

arbitrary gauge transformation {g; € SO(3,1)},,ex0 using Eq. (D.10) we find

!
<€ABCD€$<1>£5<2>Q%M(4>)
_ A _ B _ CD
= eapep (97 in)” (97 Win2)” (97 Qina)n@)9:) (D.15)

= EABCDgﬁr(l)Egr@)Qgr%)W(‘l)'

The last equality above follows from the Lorentz group relation

(9)EnfP = (9;1)PnTE and the SO(3, 1)-invariance of the Levi-Civita symbol.

D.4 The Discrete Equations of Motion

We now compute equations of motion (EOM) by varying the discrete action with
respect to the connection. To compactify notation, when an element of the permuta-
tion 7 appears in an index, it will hereafter be denoted by a corresponding underlined

number, for example, 1 = 7(1). As usual in a first-order formalism, we assume A;;

A

and {;; to be independent. Varying the action with respect to (77,

and applying the
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expression for Uj; from Eq. (D.8) where appropriate, we find

a8 —1)
=T - S| X S emeogy

n
v O'4DO'ij 7TEHZ‘(0’4) pf v
m(1)=j

(1)
> CUntogs]
7T€Hj(o"4) U

w(1)=1

(D.16)

The first sum of Eq. (D.16) arises from terms with basepoint i and the second from
terms with basepoint j. We note that although frames are permuted at distinct
basepoints in these two lines, their parities are understood to be induced by a global
orientation and are therefore mutually consistent. Eq. (D.16) is counterpart to (de)
of Eq. (D.5), and constitutes a discrete reformulation of Einstein’s vacuum equations.

We now derive the the Lorentz connection EOM, exercising caution to ensure
that the variation of A;; is constrained to the SO(3,1) manifold. In particu-
lar, ATnA =n implies (A'6A)Tn +n(A~16A) =0, so that A~'6A € s0(3,1) for a
variation dA. We can impose this constraint by taking a variation that satisfies
(A710A)AB = (A~'9A)AB] but is otherwise arbitrary.

To that end, we consider as an example the variation of Q%Y = (Ai&A%Aéi)CD in

the simplicial setting with respect to the Lorentz connection on the edge o0;3:

mgj = (A%EAQ.F) 5A§GA§AHAZD

— A%[E‘A&i‘a] DAL oA

The term in parentheses on the first line is a conveniently chosen form of the Kro-
necker delta 6%, and the second line follows from the notation of Eq. (D.11) and from
asserting the antisymmetry of the variation (A~*§A)!P¢l. Continuing in this way, not-

ing that Af}, = n*PAS, pnes, and denoting (=) /pfn, = al™! for brevity, we vary S
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with respect to (A;;0A;;)MN to find, in the simplicial case:

aS(simplicial
(AjidAi) N

= > | D deapentiith (AU[MIAZ'J'IN})

o04D0y; L rell; (o)
m(3)=J

+ Z Za| |€ABCD€]€1£’€2<Akj[M|Ak:2]|N) (D.17)

ke ell
b7 )
r(4)=

+ Y aleapopn il (Q%HN])] .
€Il (o)
w(4)=1

O:

The first line of Eq. (D.17) arises from terms with basepoint i, the middle line
from terms with basepoint k # 4, j in ¢* and the last from terms with basepoint j.
Eq. (D.17) enforces a discrete zero-torsion condition analogous to (dw) of Eq. (D.5).

The Lorentz EOM for a cubic discretization follows similarly:

aScubic
(AjidAs) VN

= Z Z a|7r‘€ABCD££€iB; (Aﬁz & MIAZCJ'IN])

04Dy L well;(0?)
m(3)=j

+ Z Z ‘W|€ABchf;€kB2 (A MlAkmN])

keo® well
b7 (D.18)
k'=j

+ Z Z al™ |6ABCD£k1£k2 (Aka[MlA’“ﬁiﬂN])
keo? TrGHk( )
k#ig k=
7r(4):J

1)l

0=

GABC[Mlgﬁgﬁ (QJ'C&IN]) )

+Z

mell;(
Tr(4)

Egs. (D.16-D.18) define the desired algorithm for vacuum numerical relativity.
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However, while these equations suffice to compute simulation steps in the bulk, the
evolution of boundary connections—including connections along both spacelike and
timelike boundaries—still requires some explanation. In particular, even if initial
and boundary connections are known a priori, Egs. (D.16-D.18) involve data from
holonomies that generally extend outside of the boundary wall, and are therefore
underspecified on the boundary.

The strategy we adopt [173] to derive equations of motion for boundary connec-
tions, therefore, is to extend all spacelike and timelike boundary surfaces outward
from the bulk, creating a narrow ‘double wall’ of some fiducial thickness ¢ around
the simulation domain. This double wall is then populated with cells of width e,
such that connections between an inner wall vertex o; and an outer wall vertex
~ 1+ O(€) and ¢

Tioee Will have A ~ O(e€). The connections lying along the

iiniout iiniout

outer wall itself are chosen to copy the initial or boundary conditions of the inner wall.
Then, equations of motion for the inner wall connections can be derived as usual from
Egs. (D.16-D.18), as they now behave as connections in the bulk. Finally, we take
¢ — 0 in the resulting equations of motion for the (inner wall) boundary connections.

It is worth noting that not all boundary and initial conditions will satisfy the
discrete equations of motion. Just as boundary constraints must be satisfied in the
continuum theory, care must be taken to ensure that Eqgs. (D.16-D.18) are satisfied

on the initial surfaces of the discrete theory.
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Conference Presentations of

Dissertation Work

1. 2019 Sherwood Fusion Theory Conference: “Toward Plasma Simulations with

Exact Conservation of Energy-Momentum and Charge”

2. 2019 61st Annual Meeting of the APS DPP: “The geometric theory of charge

conservation in PIC simulations”

3. 2020 PCTS Workshop: Structure-Preserving Geometric Discretization of Phys-

ical Systems: “Poincaré Symmetry on a Discrete Lattice”
4. 2020 62nd Annual Meeting of the APS DPP: “One-Loop Theory”

5. 2021 63rd Annual Meeting of the APS DPP: “A New Gauge-Compatible Finite

Element PIC Algorithm on an Unstructured Mesh”
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Publications Concomitant with

Dissertation Work

1. E. Kur and A.S. Glasser, “Discrete Gravity with Local Lorentz Invariance.”

(2022). To be submitted.

2. A.S. Glasser and H. Qin, “A gauge-compatible Hamiltonian splitting algo-
rithm for particle-in-cell simulations using finite element exterior calculus.”

arXiv:2110.10346 [physics.plasm-ph] (2021). Submitted for publication.

3. H. Qin, Y. Fu, A.S. Glasser and A. Yahalom, “Spontaneous and explicit parity-
time-symmetry breaking in drift wave instabilities.” Phys. Rev. E, 015215
(2021).

4. A.S. Glasser and H. Qin, “One-Loop Theory.” arXiv: 2007.05968 [hep-th]

(2020). Submitted for publication.

5. A.S. Glasser and H. Qin, “The geometric theory of charge conservation in

particle-in-cell simulations.” J. Plasma Phys. 86, No. 3, 835860303 (2020).

6. A.S. Glasser, A.H. Glasser, R. Conlin and E. Kolemen, “An ideal MHD oW
stability analysis that bypasses the Newcomb equation.” Phys. Plasmas 27,
022114 (2020).
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10.

11.

12.

. A.S. Glasser and H. Qin, “Restoring Poincaré Symmetry to the Lattice.”

arXiv:1902.04396 [physics.gen-ph] (2019).

. A.S. Glasser and H. Qin, “Lifting Spacetime’s Poincaré Symmetries.”

arXiv:1902.04395 [physics.gen-ph] (2019).

H. Qin, R. Zhang, A.S. Glasser and J. Xiao, “Kevin-Helmholtz instability is the

result of parity-time symmetry breaking.” Phys. Plasmas 26, 032102 (2019).

S.J. Thomas, M.A. Paluszek, S.A. Cohen and A.S. Glasser, “Nuclear and Future
Flight Propulsion—Modeling the Thrust of the Direct Fusion Drive.” ATAA

Propulsion and Energy Forum, (2018). Conference paper.

A.S. Glasser and E. Kolemen, “A robust solution for the resistive MHD toroidal

A’ matrix in near real-time.” Phys. Plasmas 25, 082502 (2018).

A.S. Glasser, E. Kolemen and A.H. Glasser, “A Riccati solution for the ideal
MHD plasma response with applications to real-time stability control.” Phys.

Plasmas 25, 032507 (2018).
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