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1. Introduction

Chaotic dynamics [1,2] arise from different fields, such as astrophysics [3], meteorology [4],
chemistry [5], turbulence [6], thermoacoustics [7] among many others. The dynamics of chaotic
systems can be modelled either with equation-based models or with data-driven models. Here,
we focus on data-driven models. Predicting the temporal evolution of a chaotic dynamical system
is challenging because infinitesimal errors and perturbations grow exponentially in time. This
makes the time-accurate prediction of chaotic systems challenging after the predictability time
[8], which is a characteristic scale of the physical system. On the other hand, chaotic solutions
of ergodic systems can also be characterized by quantities, which are unaffected by infinitesimal
perturbations; e.g. the statistics of the solution, and invariant properties such as the Lyapunov
spectrum [9,10], the Kaplan—Yorke dimension [11], covariant Lyapunov vectors (CLVs) [12,13] and
many more [8]. As argued in [13-16], a data-driven model for chaotic time series is ‘good” when
it (i) predicts the evolution of the dynamics for a relatively long horizon in an autonomous way
(i.e. after training), (ii) predicts the long-term statistics of the solution and (iii) infers the invariant
properties of the solution. Key to the computations of most invariant properties is the Jacobian
of the data-driven model. In the large variety of data-driven models that is available, we focus
on reservoir computers because their ansatz is principled and justified by synchronization theory
of chaotic systems [17,18]. Synchronization in two chaotic systems can be achieved by designing
a coupling between them. In the case of one-way coupling, a driving system (i.e. the physical
system) provides the forcing to the response system, which is a higher dimensional system
[19,20]. The conditions for which the response system is synchronized with the driving system
are provided by generalized synchronization (GS) theory [21-24]. Specifically, the properties
of the coupling map between the drive and response systems are influenced by the strength
of synchronization [25,26]. Recent works in reservoir computers have shown that, when some
conditions are met, classical reservoir computers are GS systems with the training time series
acting as the driving state and a reservoir state acting as the response state [27-29]. Reservoir
computers were employed to predict scalar invariant properties, e.g. the Lyapunov spectrum
[30-32] as well as geometric invariant properties, e.g. the CLVs [13], of the Lorenz system and the
Kuramoto-Sivashinsky equation. Importantly, GS is connected to the echo state property (ESP),
which needs to be met for a reservoir computer’s performance to be independent of the initial
reservoir state, which, in turn, is necessary for a reservoir computer to forecast the time series
[33,34]. When the ESP is fulfilled, reservoir computers can also accurately infer other invariant
quantities, such as how small changes to the physical parameters affect an objective functional for
design optimization [35], and the chaotic properties in the latent space of autoencoders [16,36]. In
this paper, we import the theory of GS into quantum reservoir computers (QRCs).

Quantum mechanics offers ansatze for reservoir computers [37]. QRCs have been employed
for time-series forecasting on classical [38—41] and quantum data [42], on near-term noisy
quantum devices [43,44]. Some applications include forecasting from real-world data in financial
markets [45], molecular properties [46] and for level generation on superconducting quantum
hardware [47]. As compared to classical reservoir approaches [33,34,48,49], a quantum benefit
is achieved in terms of expressivity, i.e. the quantum substrate with entanglements offers
a rich feature generator to effectively learn nonlinear dynamics from data [50,51]. Because
quantum reservoirs do not require backpropagation to be trained, they do not suffer from
vanishing gradients, which are also known as barren plateaus [52-54]. However, there are other
challenges to be tackled such as the effect of sampling noise [39,55] and exponential concentration
[56]. The effect of finite sampling noise can be reduced with gate-based recurrence-free QRCs
(RF-QRCs) [41,55], which are scalable and efficient machines, which make parametric studies
computationally less demanding than they would be with recurrent QRCs. Recent works have
proposed to redefine the ESP for quantum reservoir systems [57-59]. Here, we propose an
alternative approach for defining the quantum ESP by considering the quantum reservoir as a
drive-response system, which requires GS. Complementarily to existing strategies to quantify and
optimize the performance of QRCs [60], e.g. using Krylov methods [61,62], this work provides
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a fundamental link between QRCs, dynamical systems theory and GS. Finally, the design of
robust QRCs also needs to consider noise. Noise can be projective (i.e. caused by finite sampling),
coherent and incoherent [63]. The effect of noise was investigated in [43,44,64,65], which show that
noise enhances performance. In this work, we analyse the performance in noisy environments
from a GS perspective.

The overarching goal of this paper is to make a connection between generalized
synchronization theory and QRCs to enable the design of robust machines in both noise-free
and noisy environments. QRCs and RF-QRCs are ‘robust” when (i) they fulfill the ESP; (ii) they
predict the chaotic time series beyond the predictability time over a range of initial conditions;
(iii) they correctly infer the invariant properties of the chaotic solution; and (iv) the range of
hyperparameters for which their performance is good is large.

The paper is structured as follows. In §2, we introduce the concept of GS. In §3, we make
the connection between GS and the learnability of chaotic systems with quantum reservoir
computing. In §4, we analytically derive the Jacobians of QRCs and RF-QRCs, and deploy them to
infer the invariant properties of chaotic systems from data. In §5, we provide practical guidelines
for designing robust QRCs with GS both in noise-free and noisy scenarios. In §6, we conclude the
paper. Further details are provided in the appendices.

2. Stability and generalized synchronization theory

In this section, we review stability analysis of chaotic systems and GS in drive-response
systems. In §3, we show that QRCs are one-way coupled synchronized dynamical systems. This
interpretation will enable us to exploit GS tools to analyse and design robust QRCs in §5.

(a) Chaotic systems and invariant properties from stability theory

We consider a nonlinear autonomous dynamical system

d. - - -
37O =fM), x(0)=xo, 21

where x(t) € RP 1 is the state vector; f : R — RP is a continuously differentiable nonlinear vector
function and D is the number of degrees of freedom. In linear stability analysis, we analyse the
evolution of an infinitesimal perturbation ew applied to the state x as

X+esw and &—0. (2.2)

Substituting equation (2.2) into equation (2.1) and retaining the first-order terms yield
d =
2O =1GMOm®), wO)=wo, (2.3)

where J is the Jacobian, 717 =9f;/9x; with i,j=1,2,...,D. (Equation (2.3) is known as the
perturbation, or Jacobian, or tangent or variational equation.) The perturbation, w, evolves in the
tangent space spanned by the Jacobian, which is evaluated at the time-varying state, x(t). The goal
of stability analysis is to characterize the exponential growth and directions of infinitesimal
perturbations. To do so, we numerically time march D pseudorandom vectors, w;, cast as columns
of a matrix W, which is periodically QR-decompose as W =QR, where Q is an orthonormal
matrix, and R is an upper-triangular matrix [66]. To compute stability properties, we follow
the procedure outlined in [13,67,68] (For completeness, the algorithm is shown in appendix A.)
Oseledets multiplicative ergodic theorem [69], under mild assumptions, shows the existence of D

I The notation ¥(t) is simplified to ¥ unless it is required for clarity.
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Lyapunov exponents (LEs) A1 > - -- > Ap, which can be computed as

T
Li= lim lj In[R(t); 1], dt. (2.4)
T—oo T to .

The leading LE 21 is the largest growth rate of the chaotic dynamics [8]. Almost every
infinitesimal perturbation grows exponentially as |[w(t)|| ~ 1 w(0)|| for t— oo. If 41 <0, the
perturbations decay; i.e. the attractor is a fixed point. If 11 =0 the attractor is periodic (or quasi-
periodic if there exist at least two neutral LEs), and if 11 > 0, the attractor is chaotic. The focus of
this paper is on chaotic systems. The inverse of the leading LE 11, also known as the Lyapunov
time (LT), is used in this paper to scale the physical time units. The dominant portion of the
Lyapunov spectrum provides the Kaplan—-Yorke dimension, which is an upper bound of the
attractor dimension [11],

Yha ki

Dgy =1+ ,
[l

(2.5)

in which [ is defined as Zle A;>0and Zig A <O.

The Lyapunov spectrum and the Kaplan—Yorke dimension are scalar invariants (measures)
of the chaotic attractor. Geometric invariants, which describe the vector structure of the tangent
space, are the CLVs [12,70,71]. CLVs, by definition, are covariant with the dynamics and invariant
under time reversal. CLVs provide a (generally) non-orthogonal, local splitting of the tangent
space into unstable, neutral and stable subspaces, corresponding to positive, zero and negative
LEs, respectively. The (absolute) angle between pairs v;, v; of CLVs is

180 o
v,y = ——c0s Y-, [°1 ij,=1,2,...,D, (2.6)

where (-) denotes the dot product and provides information on the structure of the dynamical
system (hyperbolic versus non-hyperbolic [67]). In this paper, we use these angles as metrics
to quantitatively assess the reservoir computers’ performance in time forecasting the chaotic
dynamics.

(b) Generalized synchronization and conditional Lyapunov exponents

We provide the background for GS [17,19,22,23,25,26]. Upon explicit time discretization, the
continuous-in-time dynamical system in equation (2.1) becomes a discrete map:

x(tiy1) =F(x(t)), x0=x(0). 2.7)

The training time series, #, may, in general, be u(t;) = h(x(t;)). In this paper, without loss of
generality, we set /i to the identity operator, so u(t;) =x(t;). (This means that we focus on fully
observable dynamical systems.) We consider a one-way coupled chaotic system, in which the
driving state, u(t;), one-way forces a response system described by the vector r(t;) € RN with N >
D. Figure 1 shows a schematic of a one-way coupled drive-response system with relevance to
QRCs (83). The dynamics of the one-way coupled system is governed by

u(tiy1) =F(u(t)), ug =u(0) (2.8)
and

r(tip1) =G(r(t),u(ty), ro=r(0). (2.9)

where G is a user-defined map, whose properties are discussed in the remainder of this section.
The response state, 7, is in GS with the driving state, #, when G generates a map ¢ :x — r that
guarantees asymptotic stability (e.g. [24,25]),

lim ||r(t;) — p(x(t))|| =0, forevery x(t)eM, (2.10)

where M is the attractor of the driving system (also referred to as synchronization [72,73] or
physical manifold). In other words, GS occurs when there exists a continuous ¢ that fulfills
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Physical system Response state
Driving input (T T

| % %i%) 5_"ﬁ(tiﬂ):["('3:'+1)]Tmet

Discretised time series /

Physical state as input signal Quantum reservoir state
ult) =hEE) ) =6, uw)

Figure 1. QRCs as drive-response systems. The chaotic time series (data), x, is available at discrete intervals over [, t + 1, . . .]
asu(t;) = h(x(t;)), with h being the observable map. The driving input forces the quantum reservoir systemr (response system).
The reservoir state evolves asr(t;1) = G(r(t;), u(t;))) (83). The linear map W, is the only trainable part of the QRC.

Table 1. Criteria for GS and differentiability. The most negative LE of the driving system is denoted A *. The relationship between
the exponents of the continuous and discrete systems is provided by equation (2.11).

condition (continuous system) condition (discrete map) property
(i) max(Aqe) >0 max(Aqe) > 1 @S does not occur.
i) A <maa) <0 2 <maxhae) <1 GSocaurs, isnot differentiable.
(m) ............. max(A(LE)<A*<0 ........................ max(A([E)<A*<1GSoccurs¢|scont|nuouslydlfferentlable
Differentiable GS (DGS).

equation (2.10). Equivalently, GS occurs when (i) physically, the response system converges to the
attractor, M; (ii) mathematically, G is a contractive map, i.e. it has a Lyapunov spectrum smaller
than unity; and (iii) from a functional analysis point of view, r(t;) = ¢(x(t;)) is a Cauchy sequence
that tends to ¢(x(f)) on the attractor M. There might exist infinite maps, ¢, that guarantee GS;
however, only a continuously differentiable ¢ guarantees that the attractor M can be correctly
reconstructed, thus, its invariant properties can be correctly inferred by the response system
(differentiable GS, [25]). The conditional Lyapunov exponents (CLEs) of G (equation (2.9)) and the
LEs of F (equation (2.4)) determine the differentiability of ¢ [25,74,75]. The CLEs are computed
from the Jacobian of the response system conditioned on the driving signal, #, as shown in §c.
As proved by [25], ¢ is continuously differentiable if condition (iii) in table 1 is met. We use this
condition to design robust QRCs.

The relationship between LEs of discrete maps (Adiscrete) and the LEs of the corresponding
continuous system (Acontinuous) 1S

In(Adiscrete)
Acontinuous = dlstcrete ’ (2.11)

where dt is the time step. In this paper, we show the LEs of the continuous system.

3. Quantum reservoir computing

We make a connection between quantum reservoir computing and GS. In a quantum reservoir
computing approach, a quantum system is the response system (reservoir),> and the driving
states are the observation on a physical system, encoded in data. The quantum ansatze with
entangled qubits offers rich expressivity [37,38] to infer the mapping ¢ in equation (2.10). In gate-
based quantum systems, the quantum reservoir state is a ket vector |y), which is propagated by

2From a hardware perspective, this quantum system can be an analogue [50] or spin qubit system [76], a superconducting
quantum circuit [77], transverse-field Ising model [37] or more generally a gate-based quantum circuit [40,41].
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a unitary /(@) at each time step [41],

[ (tiz1)) =U@)Y (1)), G.1)
= V(@) E (u(t;)P(r(t:))|0)°", 3.2)

where V(a) is a unitary with random parameters & € R", 5 (u(t;)) is a unitary that depends on the
input data, #, and P(r(t;)) encodes the effect of previous states for the reservoir (response) map as
in equation (2.9). The ket |0)®" is the tensorial product of the initial states of n qubits.

Each unitary evolution is made of classical input-dependent single-qubit rotations R, and
two-qubit entanglement CNOT gates to encode and process the classical data for the quantum
reservoir. Common choices for the unitary map, known as feature maps, were investigated in
[41,77,78]. In this work, we use a fully connected feature map for unitary evolution (figure 2) as
in [41]. After each time step, a measurement in the computational basis {|k)}]]§2(2)" is performed to
form a new reservoir state vector r(t; 1), [41]:

MO(ti1) =1 — rO ) + el (W (ti) k)12, (3.3)

where % is the component of the reservoir state on the basis vector k, and 0 <€ <1 is the leak
rate, which is a hyperparameter. In vector notation,

r(tip) =1 —ert) + -
— €01 P (r(t) & (u(t) V(@) ) (KT V (@) 2 (1)) P(r(2:)10)", (3.4)
=(1— e)r(t;) + (012" PHr(t) ET w(t))WE (u(t;)P(r(t;))|0)2", (3.5)

where W® = V1K) (k|V form a 2"'-dimensional vector. Finally, the reservoir state is mapped back
onto the physical domain as

utiy) = r(ti+1)Twout1 (3.6)

where 1 is the reservoir computer’s prediction, and W, € RN-><Nu jg 5 rectangular matrix, whose
components are the only trainable parameters. QRCs are trained by minimizing a quadratic error

E=|lutiy1) — r(tis1) WourlI* + BI1Wourll?, (3.7)

where g is the non-negative Tikhonov regularization factor, which is a hyperparameter. The
training of QRCs is a quadratic optimization problem (equation (3.7)), whose global minimum
is found by solving a linear system (ridge regression):

(RRT + B)Wou =RU}, (3.8)

where R=[r(t1),r(t2),...,r(tn,)] € RN-~>Nr js a matrix with concatenated reservoir states
corresponding to each neuron for Ny time steps of training, and Uy = [u(t1), u(t2), ..., u(tn,)] €
RNwxNir jg the matrix of concatenated input time series (data). After training (open-loop phase)
and validation, the reservoir can be deployed as an autonomous dynamical system (closed-loop
phase) to predict the evolution of the physical state in the future. A good QRC accurately forecasts
the time series and infers the invariant properties of the attractor.

(i) Two types of quantum reservoir computers

As we have already described, QRCs can be either recurrent or recurrence-free (QRC or RF-QRC).
On the one hand, QRCs [40,79] contain recurrences in the unitary P(r(t;)) in equation (3.5). These
recurrences keep memory of the past, which is key to time series forecasting. On the other hand,
RF-QRCs [41,55] set P(r(t;)) =1, where I is the identity. The memory of the past is kept by leaky
integration in equation (3.3). The leaky hyperparameter, ¢, determines the memory (0 <€ «'1
preserves long memory, whereas the limit € =1 is that of extreme learning machines [56], which
have no memory). As shown in [41,55], RF-QRCs scale to higher-dimensional systems, are robust
for chaotic time-series forecasting and require fewer tunable hyperparameters. In this paper, both
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qo : »—.—o—.—«—. Ry (Xo)
Qe W— Ry (X41) [7]

q2 :

@ (7] il—o— i

aoy
j=s]
=
B

n : Ry (Xo) Ry (Xe)

Figure 2. Fully connected quantum circuit for the RF-QRC [41] architecture with noise channels 7 after each gate operation
(noise will be applied in §5a). The number of encoded parameters ® for RF-QRC is equal to the dimension of the input data
(® = D) for Z (u) unitary. When D > n, the feature map encoding is applied multiple times to encode all u dimensions. For a
random unitary V(u), the number of encoded parameters is equal to the number of qubits n, (& = n).

QRCs and RF-QRCs are analysed, but the focus in the main text is on RF-QRCs (appendix D
contains results on QRCs).

(ii) Echo state property

For classical reservoir computers to perform well, it is necessary that the ESP is fulfilled
[33,34,48,80,81]. The ESP is defined as the property of a reservoir computer to ‘forget’ the effect of
initial conditions [29,73,82-85]. From a GS point of view, we argue that the ESP is equivalent to
the condition of GS in equation (2.10). GS and ESP are the same conditions under two different
names, which originate from two different communities. In this paper, we propose the criterion
GS =ESP, which is a shorthand to mean that GS implies ESP, and vice versa, in quantum
computers.

(a) (Casting quantum reservoir computers as a generalized-synchronization problem

The reservoir computer ansatz (equation (3.6)) defines implicitly the local inverse of the map ¢
in the GS theory (§2b), i.e. ¢ =Wy Drawing on classical reservoir computers, [29,73,82,83,86],
we argue that the learnability of a dynamical system can be achieved with a QRC if W, is the
local inverse of a function that fulfills at least condition (ii) in table 1, and, ideally, the stronger
condition (iii). A good W, which satisfies GS, results in an autonomous response system, which
is deployed to forecast the time series and infer the invariant properties of the driving system.

With tools from GS and dynamical systems, we propose two principles to assess the
performance and enable the design of QRCs:

— During the training phase, the synchronization between two subsystems (drive-response)
is assessed by computing the CLEs of the quantum reservoir update (equation (3.3)),
which is the one-way coupled drive-response system in GS theory (equation (3.14)).

— In the autonomous evolution after training, the invariant properties of the physical
manifold are computed using the Jacobian of the trained quantum reservoir system,
which we analytically derive and show in §4. We use the tools in §2a to compute these
invariant properties, and the quantum reservoir state (equation (3.3)) is the response
system in GS theory (equation (2.9)).

We use these two principles in §5 as a strategy to tune and design robust QRCs. A summary
on the connections between QRCs and GS is listed in table 2. A hyperparameter tuning should
fulfill at least condition (ii) in table 1 to guarantee the fulfillment of the ESP.
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Table 2. Connection between GS and QRCs.

generalized synchronization quantum reservoir computing

X physical state (driving state) physical state

e e map (u:h(x)) ................................................. B
S ey mg T e
s evolutlonmapofdrlw . g . syste e
g— evolut|onmapof response syste s
S responsestate ........................................................................................................................
¢ ................................................... deﬁnedlmpllcltlybyGandF .............................................................................................
o ty ....................................... asymp e ty ................................................................................................................

(b) Contractive maps and generalized synchronization in quantum reservoir computers

The map G in equation (2.9) ensures GS when it is contractive:
IG(r1, u) = G(r2,w)l| < y [Ir1 — 121, 3.9)

which means that, for the same driving state u, two initial conditions, r; and r», converge to the
same limit with a rate 0 < y < 1. This implies that the reservoir state r asymptotically becomes
independent of the initial state, thereby satisfying the ESP [27]. In quantum reservoir computing,
equation (3.9) can be rewritten in terms of completely positive and trace-preserving quantum
maps, T, which act on the quantum state represented by the density operator p [63],

1T (o1,u)) — T(o2,u)ll < ¥llo1 — p2ll. (3.10)

The map T is unitary, therefore, y = 1. This is a fundamental property of quantum mechanics,
which reflects the fact that unitary operations do not alter the relative geometrical configuration
(e.g. rotation angles) between quantum states in Hilbert space. This means that unitary maps
are non-expansive in trace norm. Therefore, the quantum reservoir state update shown in
equation (3.2) (as is) does not satisfy GS = ESP (§(2)). In this paper, we propose two methods
to design a contractive QRC, which satisfy GS = ESP: (a) using leaky integration (equation (3.3))
with € <1 to ensure a contractive update; and (b) exploiting the dissipative nature of noise.
Either condition (a) or (b) makes the quantum channel in QRCs strictly contractive (y <1 in
equation (3.10)). This is good news: in contrast to classical reservoir computers, which may have
expansive maps that make the machine divergent [87,88], we propose QRCs that are contractive
by design. (Further conditions on GS in QRCs with injective GS were recently explored in [59,89].)

(c) Jacobians

Key to computing the invariant properties of chaotic systems (§2a), such as the LEs, CLVs and the
KY dimension, is the Jacobian of the QRC update. The Jacobian of equation (3.3) is

dr(tip1) _ 0G(u(ty), r(t)) du(t;)) = 0Gu(t), r(t:))

Jot) wlt) = 3" = uwy  ar) ar(t) (3.11)
By using the recurrent QRC ansatz, the Jacobian is
Yot u(t) = (1 = ) + € s (01" P () 2 W)W E ()P (1) 100 Wouy
d ®n pt . . M
+ o) (01" PH(r(t;))MP(r(£)))10)=", (3.12)
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where M® = tW®gZ. This Jacobian can be calculated on quantum hardware with the
parameter shift rule or linear addition of unitaries [90]. In the RF-QRC (8§3), P(r(t;)) =1, which
simplifies the Jacobian to

Jr(t),ult) =1 — )l +e (01" BT u(t)WE (u(t;))|0)>" WL, (3.13)

ou(t;)
As explained in §2b, establishing whether GS occurs (or not) also requires the computation of the
CLEs, which are defined as the LEs of the Jacobian conditioned on the driving signal
_ 9G(r(t), u(ty)

Jot)) e = ) (3.14)

Using the recurrent QRC ansatz yields the Jacobian for the computation of the CLEs

d

n pt i . n
vy 017" P MPE 0", (3.15)

Jrt)icte=1 —e)l +¢

which, in RF-QRCs, simplifies to
Jr(t))cLe = (1 — €)L. (3.16)

Equation (3.16) shows that the RF-QRC Jacobian is a perfectly conditioned and isotropic matrix
with N; LEs equal to 1 — €. The Jacobian of the RF-QRC is constant (equation (3.16)) and has
negative CLEs. This mathematically shows that the RF-QRC fulfills, by design, condition (ii) in
table 2, which means that the RF-QRC is, by design, asymptotically stable (hence GS = ESP). This
is one of the key results of this paper.

4, Results

(@) Low-dimensional Lorenz-63 model

The first task is to forecast the chaotic dynamics and infer the invariant properties (§2a) for a
three-dimensional Lorenz-63 system, which is a reduced-order model of a thermal convection
flow [91] (appendix B). The time series data are obtained by the Runge-Kutta method. The
numerical parameters are listed in table 3. Each time series is divided into washout, training
and testing data sets [92]. The washout is the phase in which the transients are discarded to
minimize the effect of initial conditions. We perform a grid search to find good hyperparameters
(Tikhonov regularization, g, and the leak rate, €) as listed in table 3. For the Lorenz-63 system,
we employ reservoirs with seven, eight and nine qubits. The results are shown for the reservoir
size of seven qubits. The parameters & of the random unitary V(a) are sampled from a uniform
distribution between [0,4x]. We train 10 quantum reservoir networks, each with a different
random seed, to reduce the effect of random initialization on the model performance. The
ensemble average is used in the figures. The training length is 20 LTs (table 3). After training,
in the autonomous phase, we deploy the RF-QRC to infer the invariant properties of the physical
system.

Both the ground truth and inferred Lyapunov spectra are obtained by autonomously evolving
the network for 50 LTs. The quantum reservoir accurately infers the positive A1, neutral 1, and
negative A3 LEs, as listed in table 4. Figure 3 lists the distributions of the CLV angles between
the unstable-neutral subspaces, 6; N, the unstable—stable subspaces, 61,5 and the neutral-stable
subspaces, ;5. The RFE-QRC model accurately infers the long-term statistical distributions of the
CLV angles, which means that the RF-QRC can accurately infer the geometric structure of the
tangent space. Figure 4 shows the angles between the subspaces on the chaotic attractor. When
there are no tangencies, i.e. the subspaces are separated, the system is hyperbolic with structurally
stable dynamics and linear response [93].
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Figure 3. Lorenz-63 system, RF-QRC with a reservoir of seven qubits. Probability density functions (PDFs) of the inferred angles
between the three subspace, where U stands for unstable, N for neutral and $ for stable.

Table 3. Parameters for the tests on the Lorenz-63 and Lorenz-96 systems.

parameters 3-D Lorenz-63 10-D Lorenz-96 20-D Lorenz-96
time step At 0.01s 0.015s 0.01s

Table 4. Lyapunov spectrum of the Lorenz-63 system. Comparison between the ground truth (target) and RF-QRC (inferred)

model.
Lyapunov exponents target RF-QRC
1 0.9051 0.9173
2 85x 1073 9.6 x 107
3 —14.56 —14.65

(b) Higher-dimensional Lorenz-96 model

We investigate the Lorenz-96 system [91] with 10 and 20 degrees of freedom (appendix B). Table 3
lists the model parameters. We train 10 different networks to reduce the effect of the random
initialization due to . The training data are 200 LT long. After training with different reservoir
sizes, we find that a good reservoir size is made of nine qubits for a 10-dimensional case and of
13 qubits for a 20-dimensional Lorenz-96 system. In the prediction phase, the reservoir is evolved
for 60 LTs. As shown in figure 5, the RF-QRC accurately learns the Lyapunov spectrum from
data. Table 5 lists that the RF-QRC networks accurately infer the Kaplan—Yorke dimensions of the
attractors. In conclusions, the RF-QRC can infer the physical invariant properties of the chaotic
attractors in both low- and higher-dimensional systems.
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Figure 4. Lorenz-63 system. Angles between subspaces. Top: Ground truth solution. Bottom: Prediction with the RF-QRC with
a reservoir of seven qubits.
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Figure 5. Lyapunov spectrum of the Lorenz-96 system with 20 dimensions. The RF-QRC has a reservoir with 13 qubits.

5. Designing robust quantum reservoir computers

In §4, we showed that RF-QRCs can accurately forecast the chaotic dynamics while inferring
the invariant physical properties of the physical system. In this section, we provide practical
guidelines for designing robust quantum reservoirs by exploiting the connection between QRCs
and GS made in §3. We compute the CLEs in the open-loop (training) phase for different leak
rates, €, while keeping the quantum reservoir size fixed as in §3. The core idea is to analyse the
CLEs (§4) in the training phase to establish whether the QRCs are robust (or not). In the training
phase, the Jacobian is provided by equation (3.14). The pseudo-algorithm to compute the CLEs is
shown in algorithm 1.
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Figure 6. Lorenz-63 in closed-loop autonomous prediction phase. (a) LEs versus leak rate. (b) LEs versus maximum CLEs.

Table 5. Kaplan—Yorke dimensions. Comparison between the ground truth (target) and the RF-QRC (inferred) model. % The
‘Error’is defined as the absolute relative error between target and inferred values.

system target RF-QRC % error

Lorenz-63 2.06 2.06 0
s (10D) ................................................ Co o 0
Lorenz96(20D) .............................................. g o

First, figure 6a shows the LEs inferred in closed loops for the Lorenz-63 system for ¢ in the
range {0,1}. For € > 0.2, the spectrum is accurately inferred. For ¢ < 0.2, only the positive and zero
LEs are captured correctly. This is because, when the leak rate is small, the reservoir dynamics is
slow, which means that the RF-QRC struggles to capture fast decaying perturbations associated
with the negative LE.

In figure 6b, we show the maximum CLEs and LEs for the same € as in figure 6a. The
magnitude of the maximum CLE grows with the leak rate ¢. For slower reservoir dynamics,
when the maximum CLE is larger than most negative LE of the driving signal (max Acrg > A%,
i.e. condition (ii) in table 1), the reservoir is unable to capture the negative LEs accurately.
This leads to an incorrect increase in the Kaplan—Yorke dimension [83]. Increasing the user-
defined leak rate enables the tuning of the maximum CLE, thereby satisfying condition (iii) of
table 1, which provides an accurate prediction of the entire spectrum. The same conclusion holds
for the higher-dimensional Lorenz-96 system (appendix C). Finally, in figure 7, we show the
maximum CLEs as functions of the leak rate for both QRCs and RF-QRCs. The CLEs remain
negative for all leak rates, which means that the reservoir dynamics is stable. The colour of
each point in figure 7 quantifies the short-term prediction of the reservoirs with the valid
prediction time [32]. The results in figure 7 show that the RF-QRC performance is robust and
predictable over a larger range of leak rates than that of QRCs. In detail, in RF-QRCs, there
exists an injective (monotonic) relationship between the leak rate and maximum CLE. The
network approaches the behaviour of an extreme learning machine [56] when € =1, with the
magnitude of maximum CLE approaching infinity (see equations (3.16) and (2.11)). A very large
magnitude of the maximum CLE makes the reservoir unstable and sensitive to noise. On the
other hand, in QRCs, the relationship between ¢ and the maximum CLE is not injective (not
monotonic). QRCs are stable for intermediate ¢ values (0.25 < ¢ < 0.6), whereas the RF-QRC is
stable for a larger range, € > 0.2. In these regions, QRCs and RF-QRCs can be used for both
short-term predictions and inference of invariant properties from chaotic time series. In appendix
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Algorithm 1: An algorithm to compute CLEs with RF-QRC.

Choose k leak rates € in range [0,1]
for each € do

W < random e RN*D I+ Initialize D GSVs */
Q,R <~ QR(W); /* Orthonormalize GSVs */
W <« Q e RN-xD

NQR <= Niwin ; [+ Nunmber of QR deconpositions */

Save the time series of R for CLE calculation

Initialize R < 0 € RP*D*Nox

JcLE =jacobian(RF-QRC) ; [+ Jacobi an of the quantumcircuit is
conputed in Pennylane [94] as in Eq. 3.14 =/

Evolve the hidden state and GSV's simultaneously.

Skip the initial transients for Ny, time steps.

n<o0; [+ I ncrenent the nunber of QR deconpositions */
fori=0:Ny do
r(tic1) =f(r(t)) ; /* QRC state update as in Eq. 3.3 */
J<Jt)); /+* The updated Jacobi an */
W—JW; [+ The variational equation */
Q,R <~ QR(W); [+ QR at every tine step */
W<Q
if i > Ny, then
Al n] < log(diag[R])/dt ; /+ Save Finite tine LEs */
R[;,:n] <R; /+ Save R */
n=n+1;
end
L end
Ajzzi%R Alj,i1/Nygin; 1+ The jth Conditional Lyapunov exponent =/
B heLe =max(}j) ; [+ The | argest Conditional Lyapunov exponent =/

D, we show the results obtained with the QRCs, which further corroborate the robustness of
the RF-QRC.

(@) Influence of noise

In this section, we analyse the effect of different types of noise on the performance of RF-QRCs. We
analyse the role of finite sampling noise, which arises from the probabilistic nature of quantum
mechanics, and, therefore, it is naturally present in fault-tolerant quantum computers [95]. In
addition, we analyse types of noise that promote dissipation (loss of information) in the reservoir
update. We analyse incoherent errors due to the interaction of the quantum hardware with its
environment, i.e. depolarizing noise and amplitude-damping channels [63]. Previous works have
proposed dissipation from noise as a resource to improve QRCs [43,44,64]. We show that tuning
noise intensity helps satisfy GS = ESP.

(i) Sampling noise

To recover the classical information on the time series, the quantum reservoir state update
(equation (3.3)) needs to be measured in the computational basis (equation (3.8)). Mathematically,
the measurement makes the quantum wave function collapse randomly on one of the eigenbases;
therefore, multiple measurements (also known as shots S) must be performed to obtain a
statistical estimate of the reservoir state. The effect of finite sampling noise [39,55,56,96,97] on
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Figure 8. Effect of sampling noise on the RF-QRC performance with eight qubits. (a) Lyapunov spectrum for 1000 shots. (b)
Leading LEs for different shots.

the reservoir state can be modelled as an additive stochastic term ¢ (f) with zero mean,

1
Vs
In the limit of infinite measurements, S — oo, the noisy estimator r(t) converges to the noise-free
reservoir signal 7. The goal of this section is to analyse the effect that sampling noise has on the
conclusions drawn in the noise-free scenarios of §4. We evaluate the performance of inferring the
LEs for different shots, S (table 6).

Figure 8a shows the results of a RF-QRC with an eight-qubit reservoir sampled with 1000
shots at each time step during training and prediction. The results are the outcome of averaging
the performances over five different random seeds for the V() unitary. Even for a number of
finite samples, RF-QRC is able to accurately infer the LEs of the Lorenz-63 system when the

(t) = 7(t) + —=¢ (). .1)
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Table 6. Types of noise analysed.

cause type of noise parameters number of qubits

finite sampling projective measurement § = {1000, 5000, 10 000, 25 000, 50 000} n=
depolanzmgchannel .......... unltal T p 2{0001001 0 0501} ................................. e
amp I|tudedamp|ng ............ nonumtalmcoherent ............. p 2{0001001 . 0501} ................................. e

leak rate is small (the memory is high). This means that in the presence of noise, the reservoir
dynamics must be slower to infer the LEs (noise promotes dissipation, thereby requiring larger
memory). However, reducing the leak rate to values close to zero, or operating near the edge of
chaos (Acr g =0 in table 1), results in a loss of GS. In this case, in the presence of noise due to
finite sampling, the hyperparameter leak rate should be tuned in the range {0.2,0.3}. Even for
finite samples (e.g. 1000 in this case), there exists a good range of leak rates for which the RF-
QRC infers the stability properties accurately. Finding this optimum range can vary depending
on the analysed chaotic system and the sample size. In figure 8b, we perform a parametric study
with the number of shots (table 6). The noise intensity influences the performance of the RF-QRC
and the range of good hyperparameters €. As expected, by increasing the number of shots, the
accuracy increases.

(i) Incoherent noise

A quantum hardware state, represented by a density operator py, is entangled with the
environment, pgy, to form a combined system-environment state, which is modelled as a product
state pg ® penv. To consider the effect of a unitary transformation, U/, acting on the quantum
hardware, we take a partial trace over the environment to obtain the reduced state of the system
[63]:

N(or) = trens [UpH & penvd ], (5.2)

where t is the conjugate transpose, and N is a noisy channel, which takes the quantum hardware
state pg — N (om). Let |e;) be an orthonormal basis for the (finite-dimensional) state space of
the environment, and peqy = leg) (eg| be the initial state of the environment (assuming pure state).
Equation (5.2) in operator-sum representation can be written as

N(pm) =Y _temlUl(pr ® leo)eol 1A em), (5.3)
=Y KupK}, (5.4)

where Kj;; = (e;;[U|ep) is an operator on the state space of the quantum system. This representation
is also known as the Kraus representation, in which Kj, are the Kraus operators, which fulfill
>om Kmen =1 [63]. The maximum number of Kraus operators to model incoherent noise and,
consequently, the size of the noisy state, scales quadratically with the size of the Hilbert
space (2")2. We consider the effect of amplitude damping and depolarizing channels (figure 9).
These types of noise have been previously studied in quantum natural reservoirs [77,98], using
dissipation as a resource [64] and with artificial noise channels with tunable noise parameters
[43]. We consider the density operator, py, that represents the quantum state of one qubit:

o= (ﬂoo pm) . (5.5)

Pgl P11
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Figure 9. Bloch spheres of the quantum state of a qubit for (a) noiseless unitary evolution, (b) uniform contraction of the state
due to depolarizing noise and (c) non-uniform contraction of the state due to amplitude-damping noise.

The amplitude-damping channel applied to this state can be modelled with the Kraus operators

KO and Kl,
_(t 0 _(0 v
KO = ( T — p) and Kl = (O 0 ), (56)

where 0 <p <1 is the noise intensity. The Kraus operators can be combined with equation (5.3)
to build the density matrix Map(pn) [63]. Physically, this type of noise represents the asymmetric
shrinking of the Bloch sphere, thus, it is referred to as non-unital noise (figure 9c). We vary the
intensity of the noise channel with p, as listed in table 6, for a seven-qubit quantum reservoir
system. The visualization of the noise channel in the quantum circuit is shown in figure 2, with 5
being the noise channel.

The second type of noise analysed is the depolarizing channel, which for a single qubit can be
represented by>

Nor(p) =1 = phon +p. 67)

The depolarizing noise shrinks the Bloch sphere uniformly, i.e. it is a unital type of incoherent
noise (figure 9b). With p =1, the channel returns the maximally mixed state for any input state
pH, which corresponds to the complete contraction of the Bloch sphere to a single point given by
%. We vary the intensity of the noise channel (table 6 and figure 2). First, figure 10a shows the
effect of the amplitude-damping noise channels on the RF-QRC performance. We show the error
between the inferred and target leading LEs (1) for different noise intensities and leak rates. Each
data point in figure 10 is computed by ensemble averaging over three random seeds of the V(«)
unitary. The case with p = 0 corresponds to the ideal noise-free state-vector emulation. We increase
the amplitude-damping noise intensity from 0.001-0.1 (0.1-10% noise intensity). The largest error
in the prediction on A is ~0.04, which occurs for p =0.1. For other noise intensities, when
the reservoir dynamics are slower (small leak rate), the prediction performance improves over
the noise-free scenario. This shows that adding amplitude-damping noise promotes dissipation,
thereby strengthening GS. The addition of noise in the faster reservoir dynamics region (i.e.
large leak rate) does not improve the performance beyond the ideal noise-free case. Figure 10b
shows the results on the depolarizing noise channel. For p =0.1, the reservoir cannot infer the
correct value of 11, and the maximum relative error is =~ 0.2. As in amplitude damping, when the
reservoir dynamics are slower (i.e. small leak rate), the performance improves with the addition
of depolarizing noise channels, i.e. noise makes the RF-QRC more robust and accurate than the
ideal noise-free case. In conclusion, noise adds dissipation, which, in turn, promotes GS (and
consequently ESP). This can be seen from equation (3.10), in which noise ensures a contractive
map (y <1).

3The associated Kraus representation could also be derived with four Kraus operators {Ky, K1, K>, K3} and their corresponding
Pauli matrices {I, X, Y, Z} as shown in [99].
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Figure 10. Error on the leading Les with a RF-QRC with seven qubits. Each result is the ensemble average over three different
realizations of random seeds. (a) Effect of amplitude-damping noise. (b) Effect of depolarizing noise.

6. Conclusions

We propose criteria and methods for the analysis and design of robust QRCs for chaotic time
series forecasting. Key to the criteria and methods is interpreting QRCs as coupled dynamical
systems, which can be analysed with GS from dynamical systems theory. The core element
of the framework is the Jacobian, which is analytically derived for both recurrent QRCs and
RF-QRCs. First, we show that QRCs can accurately predict the chaotic dynamics and their
scalar invariant properties, such as Lyapunov spectra, attractor dimensions and their geometric
invariant properties, such as the CLVs. We test the framework on low- and higher-dimensional
chaotic systems (Lorenz-63 and Lorenz-96 systems). We show that both QRCs and RF-QRCs can
infer correctly the chaotic dynamics, their long-term statistics and the invariant properties. The
RF-QRCs are more accurate and robust across larger ranges of hyperparameters. Second, we
propose a criterion for QRCs to fulfill the ESP, which is a necessary condition for the robust
design of reservoir computers. The shorthand for the criterion is GS = ESP, which means that
if the QRC is in GS with the training data, then it fulfills the ESP, and vice versa. Third, we
provide a method to design robust QRCs and evaluate when GS = ESP holds. The method is
based on the comparison between the LEs and the CLEs of a QRC. We show that RF-QRCs are
conditionally stable, which means that they satisfy GS = ESP, by design, across a larger range of
hyperparameters than that of recurrent quantum computers. Finally, we consider noise caused
by finite sampling, depolarizing channels and amplitude damping. We show that dissipation
caused enhances the contraction rate of the QRC map. This shows that noise can be exploited
to make QRCs and RF-QRCs more robust. RE-QRCs accurately infer the chaotic dynamics and
its invariant properties even in noisy scenarios. We find larger sets of hyperparameters in which
noise improves the accuracy of RF-QRCs with respect to the noise-free setting. The application
of RF-QRCs (and QRCs in general) on real-world, noisy and chaotic systems such as weather
and climate dynamics, as well as time-series forecasting of stochastic systems, such as financial
markets, is scope for future work. This work opens opportunities for designing robust QRCs
for chaotic time-series forecasting, which can be implemented on near-term noisy quantum
hardware.
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Appendix A. The computation of Lyapunov exponents and Conditional Lyapunov
vectors

We use the procedure to compute LEs and CLVs as described in [13]. Here, we outline the
algorithm for computing these stability properties on classical computers using a quantum
reservoir as a feature generator. Gram-Schmidt vectors (GSVs) are randomly initialized to span
a linearly independent orthonormal basis. After computing the LEs and saving R and Q, both of
these matrices can be used to compute the CLVs. The process of computing CLVs, after generating
R and Q with a quantum reservoir, uses algorithm 2 of [13].

Algorithm 2: An algorithm to compute LEs with RF-QRC.

W <« random € RN-<D ; I+ Initialize D GSVs */
QR <~ QRW); /* Orthonormalize GSVs */
W <« Qe RN>D

NQR < Niest ; /* Number of QR deconpositions */

Save the time series of R and Q for CLV's calculation

Initialize R < 0 € RP*DxNox

Initialize Q « 0 € RN-*DxNor

Initialize A < 0 € RP*Nox

J =jacobian(QRC) ; [+ Jacobian of the quantumcircuit is conputed in
Pennyl ane [94] as in Egq. 3.13 */

Evolve the hidden state and GSV's simultaneously.

Skip the initial transients for Ny, time steps.

n<0; /* Increment the nunber of QR deconpositions =*/
for i =0: Nt do
r(ti) =f(r(t); /* QRC state update as in Eq. 3.3 */
u(tivr) = [rti )] Wour
J<J@t)); /+ The updated Jacobian */
W—JW; [+ The variational equation x/
QR < QRW); /= QR at every time step */
W<Q
if i > Ny then
A[:, n] < log(diag[R])/dt ; /* Save Finite time LEs =/
R[;,:,n] <R; |+ Save R */
QL nl < Q; | Save Q */
n=n+1;
end
L end
)»jZZi%R Alj,i1/Ntest ; /+= The jth Lyapunov exponent x/
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Figure 11. Lyapunov spectrum of Lorenz-96 systems with 10 dimensions. Comparison between ground truth and RF-QRC-
inferred Lyapunov spectrum for a reservoir size of 10 qubits. (a) Various leak rates (b) Various maximum A corresponding
to leak ratein (a).

Appendix B. Physical Systems

The Lorenz-63 system [91] is a reduced-order model of thermal convection flow governed by

dX1
= — B1
5 =G —x), (B1)
dX2
= - - B2
3 — Ml —x)-x (B2)
and % =X1X2 — ﬁX3, (B 3)

where o, p and B are system parameters. We take [0, p, ] =[10,28,8/3] to ensure chaotic
behaviour of the system. The Lorenz-96 model [91] is a system of coupled ordinary differential
equations that describe the large-scale behaviour of the mid-latitude atmosphere, and the transfer
of a scalar atmospheric quantity, governed by
dx; .

d—tl =(Xip1 —xi2)xi1—x;+F, i=1,...,m, (B4)
where F is the external body forcing term which we set to F =8 to achieve chaotic behaviour.
We apply periodic boundary conditions, i.e. x; = X, 11, and study the reduced-order model of
Lorenz-96 with 10 and 20 dimensions corresponding to m = 10 and m = 20.
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Figure 12. Lorenz-63 system autonomous prediction of the Lyapunov spectrum with QRCs (a) dynamical system’s LEs versus
maximum CLEs of response. (b) Dynamical system’s LEs versus Leak rate. In both plots, three points on each vertical line
correspond to the three inferred LEs. For very small leak rates, reservoir dynamics are slower, and negative LE is not inferred
correctly. QRC performance is optimum for intermediate € between {0.35,0.5} but performs inaccurately with € > 0.6 (as
opposed to RF-QRCin figure 6).

Appendix C. Stability analysis of a 10-dimensional Lorenz-96 model

We extend the analysis about designing practical quantum reservoirs, shown in §5 for the Lorenz-
63 system, to the 10-dimensional Lorenz-96 system. Specifically, we analyse the influence of the
leak rate hyperparameter € and the magnitude of the maximum CLE on the ability of the reservoir
to infer LEs on the unseen test data set. The training procedure is the same as described in §4b,
and other model hyperparameters are listed in table 3. In figure 11a, we vary the leak rate from € =
0.001 to € = 1.0 and compute the inferred LEs of the model. In figure 11b, the colour bar indicates
the maximum Acp g value associated with the corresponding leak rate in figure 11a. These results
are in line with the findings of the previous analysis from §5. The maximum CLEs and their
effects on the inference task are shown in figure 11b. When the reservoir dynamics are faster and
the leak rate is closer to 1, the reservoir over-predicts the positive and under-predicts the negative
LEs. Because the reservoir dynamics are faster, the reservoir is also very sensitive to noise in
this region. Therefore, depending on the learning tasks and form of noise, the rate of reservoir
dynamics must be carefully tuned with the hyperparameter leak rate.

Appendix D. Stability in recurrent quantum reservoir computers

For completeness, we perform similar studies shown in §5 for a QRC framework. The motivation
for this work is to analyse how the addition of a recurrent layer affects the learnability of QRCs.
As previously shown in figure 7, the relationship between the leak rate and the maximum CLE
AcLE is not injective (not monotonic). The main reason for this is the addition of recurrent states
in the reservoir update, which changes the spectral radius of the reservoir and now the effective
spectral radius governs the rate of dissipation [34]. We use a similar fully connected quantum
reservoir as RF-QRC with the same hyperparameters listed in table 3 and perform the stability
analysis of the Lorenz-63 system. In figure 12, we compute the autonomous LE predictions of
the Lorenz-63 system for various € values, uniformly distributed within [0, 1]. Similarly to the
results of figure 6, for small €, QRCs can accurately capture the positive A; and neutral 1, LEs,
but cannot capture the negative A* LE. Furthermore, in contrast to RF-QRC, which remains
conditionally stable for large € values, the performance of QRCs when € > 0.6 (JAcLg| > 100)
becomes inaccurate. The addition of recurrent connections enhances the spectral radius and
reservoir memory, and when the artificial dissipation with a leak rate € is not strong enough,
the QRCs become unstable. This analysis further informs about the design of future QRCs, by

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2025.0550/2814291/rspa.2025.0550.pdf

by guest

on 05 January 2026

0505707 18 I 205§ 2014 eds/jeuinof/BioBuiysiigndiaposiefos



showing that a very high expressivity without dissipation, can result in an unstable reservoir. To
address this issue, we propose a leaky integrated RF-QRC model, to tune dissipation and GS.
Alternatively, the combination of other QRCs with classical leaky integrators can be employed.
Both approaches can help in the design of efficient quantum reservoir computers.
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