
            

PAPER • OPEN ACCESS

Probing Yang–Lee edge singularity by central spin
decoherence
To cite this article: Bo-Bo Wei 2017 New J. Phys. 19 083009

 

View the article online for updates and enhancements.

Related content
Partition function zeros for the Ising model
on complete graphs and on annealed
scale-free networks
M Krasnytska, B Berche, Yu Holovatch et
al.

-

Non-Gaussian distribution of collective
operators in quantum spin chains
M Moreno-Cardoner, J F Sherson and G
De Chiara

-

Location of zeros in the complex
temperature plane: absence of Lee-Yang
theorem
W van Saarloos and D A Kurtze

-

Recent citations
Relations between dissipated work and
Rényi divergences in the generalized
Gibbs ensemble
Bo-Bo Wei

-

Probing Conformal Invariant of Non-unitary
Two-Dimensional Systems by Central Spin
Decoherence
Bo-Bo Wei

-

Quantum work relations and response
theory in parity-time-symmetric quantum
systems
Bo-Bo Wei

-

This content was downloaded from IP address 131.169.5.251 on 02/12/2018 at 23:39

https://doi.org/10.1088/1367-2630/aa77d6
http://iopscience.iop.org/article/10.1088/1751-8113/49/13/135001
http://iopscience.iop.org/article/10.1088/1751-8113/49/13/135001
http://iopscience.iop.org/article/10.1088/1751-8113/49/13/135001
http://iopscience.iop.org/article/10.1088/1367-2630/18/10/103015
http://iopscience.iop.org/article/10.1088/1367-2630/18/10/103015
http://iopscience.iop.org/article/10.1088/0305-4470/17/6/026
http://iopscience.iop.org/article/10.1088/0305-4470/17/6/026
http://iopscience.iop.org/article/10.1088/0305-4470/17/6/026
http://dx.doi.org/10.1103/PhysRevA.97.042132
http://dx.doi.org/10.1103/PhysRevA.97.042132
http://dx.doi.org/10.1103/PhysRevA.97.042132
http://dx.doi.org/10.1038/s41598-018-21360-7
http://dx.doi.org/10.1038/s41598-018-21360-7
http://dx.doi.org/10.1038/s41598-018-21360-7
http://dx.doi.org/10.1103/PhysRevE.97.012114
http://dx.doi.org/10.1103/PhysRevE.97.012114
http://dx.doi.org/10.1103/PhysRevE.97.012114
https://oasc-eu1.247realmedia.com/5c/iopscience.iop.org/208587137/Middle/IOPP/IOPs-Mid-NJP-pdf/IOPs-Mid-NJP-pdf.jpg/1?


New J. Phys. 19 (2017) 083009 https://doi.org/10.1088/1367-2630/aa77d6

PAPER

Probing Yang–Lee edge singularity by central spin decoherence

Bo-BoWei
School of Physics and Energy, ShenzhenUniversity, Shenzhen 518060, Peopleʼs Republic of China

E-mail: bbwei@szu.edu.cn

Keywords:Yang–Lee edge singularity, spin decoherence, Lee–Yang zeros

Abstract
Yang–Lee edge singularities are the branch point of free energy on the complex plane of physical
parameters and have been shown to be the simplest universality class of phase transitions. However,
Yang–Lee edge singularities have not been regarded as experimentally observable since they occur at
complex physical parameters which are unphysical. A recent discovery regarding the relation between
partition functions and probe spin coherencemakes it experimentally feasible to access the complex
plane of physical parameters. However, how to extract the critical point and the critical exponent of
Yang–Lee edge singularities inmany-body systems, which occurs only at the thermodynamic limit,
has still been elusive.Here we show that the quantum coherence of a probe spin coupled tofinite-size
Ising-type spin systems presents universal scaling behavior near the Yang–Lee edge singularity. The
finite-size scaling behavior of the quantum coherence of the probe spin predicts that one can extract
the critical point and the critical exponent of the Yang–Lee edge singularity of an Ising-type spin
system in the thermodynamic limit from the spin coherencemeasurement of the probe spin coupled
tofinite-size Ising-type spin systems. Thisfinding provides a practical approach to studying the nature
of Yang–Lee edge singularities ofmany-body systems.

In 1952, Yang and Lee [1, 2] initiated the examination of phase transitions by studying the partition function
zeros, termed Lee–Yang zeros, on the complex plane of amagnetic field h (or fugacity z forfluids). They found
that for a system above its critical temperatureTc, the partition functionmust be nonzero throughout some
neighborhood of the real axis of themagnetic fieldwithin a gap determined by two edges at ( )h TYL . Therefore
the free energy is an analytic function of the realmagnetic field. On the other hand, below the critical
temperatureTc, the Lee–Yang zeroswill come arbitrarily to the real axis as the thermodynamic limit is taken,
destroying the analyticity of the free energy in h for those realfields at which the Lee–Yang zeros accumulate.

Kortman andGriffiths [3] pointed out that the edges of Lee–Yang zeros of amany-body system in the
thermodynamic limit are singularity points, termedYang–Lee edge singularities [4]. Fisher [4] proposed that the
Yang–Lee edge singularity could be considered as a new second order phase transition point with associated
critical exponents. Renormalization group analyses [4] show that the Yang–Lee edge singularity is associated
with an ji 3 theory and the crossover dimensionality of the Yang–Lee edge singularity is dc= 6. Later, the
investigation of the Yang–Lee edge singularity has been extended tomany othermodels, such as the classical n-
vectormodel [5], the quantumHeisenbergmodel [5], the sphericalmodel [6], the quantumone-dimensional
(1D) transverse Isingmodel [7], the hierarchicalmodel [8], branched polymers [9], the directed-site animals-
enumeration problem [10], Isingmodels on fractal lattices [11], Ising systemswith correlated disorder [12],fluid
models with repulsive-core interactions [13], the antiferromagnetic Isingmodel [14] etc. A comprehensive
review of the study of Yang–Lee edge singularities can be found in [15, 16]. Recently, Kibble–Zurek scalingwas
shown to appear at the Yang–Lee edge singularity [17], which supports that the Yang–Lee edge singularity is
similar to conventional second order phase transitions.

Yang–Lee edge singularity occurs in the ferromagnetic Isingmodels above its critical temperatures in a
purely imaginarymagnetic field hi (figure 1). For  > ( )h h TYL , the partition function acquires zeros, which
becomes dense on the linewith > ( )Ih h TYL . The density of Lee–Yang zeros ( )g T h, in the thermodynamic
limit behaves as  ~  - s( ) ∣ ( )∣g T h h h T, YL when   ( )h h TYL from above, withσ being the universal critical
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exponent of theYang–Lee edge singularity. Fisher showed that [18] for 1D systemswith classicalfinite range
interactions, the critical exponent ofYang–Lee edge singularity takes a universal value s = -1 2, independent of
the temperature and the details of theHamiltonian.Cardy showed that [19] s = -1 6 for aYang–Lee edge
singularity in two-dimensional (2D) systems. The exponent s = 1 2 for dimensionality d dc [4]. From the
density of Lee–Yang zeros,weknow that the free energy densitynear theYang–Lee edge [15, 16]behaves as

 ~  - s


+( ) ∣ ( )∣f T h A h h T, YL
1where the amplitudesA±maydependon the signof  - ( )h h TYL . It follows that

the susceptibility, c ~ ¶ ¶f h2 2 divergeswith an exponent g s= -1 . The correlation functionof two spinswith
distanceR apart near theYang–Lee edge singularity for an Ising-type systembehaves as  ~ n( ) ( ˜ )G R T h D Rh, ,

h- +Rd 2 when º  - ˜ ( )h h h T 0YL and  ¥R . Similarly, hyperscaling relations, s h= - +( )d 2
h+ -( )d 2 and g h h= - + -( ) ( )d2 2 2 are verifiedup to upper critical dimension dc= 6 [4–6].

AlthoughYang–Lee edge singularities appear ubiquitous inmany-body systems, experimental observationof
Yang–Lee edge singularities has, however, not been achieved before. Previous experiments couldonly indirectly
derive thedensities of Lee–Yang zeros fromsusceptibilitymeasurements plus analytic continuation [20, 21]. The
difficulty is intrinsic: Yang–Lee edge singularitieswouldoccur only at complex values of externalfields, which are
unphysical. A recent theoretical discovery [22] about the relation betweenpartition functions andprobe spin
coherencemakes it experimentally feasible to access the complex plane of physical parameters andmore generally
the thermodynamic on the complex plane [23, 24].Wei andLiu [22] found that thequantumcoherenceof a
central spin embedded in an Ising-type spin bath is equivalent to thepartition function of the Ising spin bath under
a complexmagneticfield. Then theLee–Yang zeros of the partition function are one-to-onemapped to the zeros
of the central spin coherence,which are directlymeasurable. This leads to thefirst experimental observation of
Lee–Yang zeros [25, 26]. However, how to locate the critical points and the critical exponents of theYang–Lee edge
singularity,which occurs in the thermodynamic limit of amany-body system, has remained elusive.

In this paperwe show that the quantum coherence of the probe spin coupled to afinite-sizemany-body
systempresents universal scaling behavior around the Yang–Lee edge singularity. The universal finite-size
scaling of the quantum coherence of the probe spin predicts the critical point and the critical exponent of the
Yang–Lee edge singularity accurately and systematically. Bymeasuring the quantum coherence of the probe spin
which is coupled tofinite-size systems, one can extract the critical point and the critical exponent of the Yang–
Lee edge singularity of an infinite system and verify the universality of the Yang–Lee edge singularity.

Let us consider a general Isingmodel with ferromagnetic interactions J 0ij under amagnetic field h. The
Hamiltonian is

å å= - - º +( ) ( )H h J s s h s H hH , 1
i j

ij i j
j

j
,

0 1

where the spins sj take values±1.We use a probe spin-1/2 coupled to the Ising system (bath), with probe–bath
interaction l l= - Ä å º ÄH S s S HI z j j z 1 andλ being a coupling constant and º ñá - ñá(∣ ∣ ∣ ∣)S 2z

being the Paulimatrix of the probe spin. If we initiate the probe spin in a superposition state as ñ + ñ(∣ ∣ ) 2
and the bath at inverse temperature b = T1 described by r b= b- ( )Z he ,H

0 with b = b-( ) [ ]Z h, Tr e H being
the partition function. Then the quantum coherence of the probe spin, defined as = á ñ + á ñ( )L t S Six y , has the
intriguing formof [22, 23]

b l b
b

=
-( ) ( )

( )
( )L t

Z h t

Z h

, i

,
. 2

The denominator in the above equation is nonzero for realmagnetic field and temperature. The numerator
resembles the formof a partition function butwith a complexmagnetic field l b-h ti . The probe spin
coherence in afinite system vanishes whenever l b-h ti reaches a Lee–Yang zero. Particularly for Ising
ferromagnets, the Lee–Yang zeros all lie on the unit circle, the nth Lee–Yang zeros =  =h h n Ni , 1, 2, ... ,n n ,

Figure 1. Schematic illustration of Lee–Yang zeros andYang–Lee edge singularities in a general ferromagnetic Isingmodel on the
complex plane ofmagneticfield = ¢ + h h hi . (a) Lee–Yang zeros in afinite-size ferromagnetic Isingmodel where unit-circle
theoremholds, i.e. all the zeros are purely imaginary. (b)As the thermodynamic limit is taken, the discrete Lee–Yang zeros condense
into a linewith the two-edge termedYang–Lee edge at  ( )h TYL when temperature is above the critical temperature.
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and therefore aremapped to the probe spin coherence zeros (tn) for vanishing externalfield (h = 0), with the
correspondence relation l= t hn n . This leads to the first experimental observation of Lee–Yang zeros [25, 26].

To probe Yang–Lee edge singularities, which occurs only at the thermodynamic limit, is non-trivial because
any realistic experiment is always performed onfinite-sized samples. To extract the properties of an infinite
system from the experimental data forfinite-sized systems, one needs to employ the finite-size scaling technique
invented by Fisher andBarber [27]. The central idea offinite-size scaling is that the physical observable of a
finite-sized systemwith spatial extent characterized by a lengthN only depends on the universal ratio xN with
ξ being the correlation length of the infinite system. Finite-size scaling has been an important tool for the
understanding and development of statisticalmechanics of systemswhich are close to a critical point [28] and
was later shown to be a natural consequence of renormalization group theory [29].

Applying thefinite-size scaling hypothesis [27] to Yang–Lee edge singularities, the singular part of the free
energy density of afinite system fNwith spatial extensionN presentsfinite-size scaling behavior,

x= F
¥

( ˜)
( ˜)

( ) ( )
f h

f h
N 3N

where = ¢ +  -˜ ( )h h h h Ti c , hc(T) is the position of the Yang–Lee edge singularity, x ~ n-h̃ is the correlation
length near the Yang–Lee edge singularity for an infinite system, and F( )x is a universal scaling function. Because
the singular part of the free energy density near the Yang–Lee edge singularity for an infinite systembehaves as

~ s
¥

+( ˜) ˜f h h 1 [15, 16] and the hyperscaling relation n s= +( ) d1 , the singular part of the free energy density
fN of a finite systempresentsfinite-size scaling behavior [15, 30],

= F s- +( ˜) ˜ ( ˜ ) ( )( )f h N hN , 4N
d d 1

where d is the dimensionality of the system,σ is the universal critical exponent associatedwith the Yang–Lee
edge singularity, and F̃( )x is a newuniversal scaling function. The free energy of the system can bewritten as
sumof two parts, = +f f fs ns with fs being the singular part and fns being the non-singular part [31]. Thismeans
that the partition function takes a product formof two factors =Z Z Zs ns with º -f k T Zlns ns B s ns. Thus the
singular part of the partition function is =Z Z Zs ns, which presents universal scaling behavior because it is
related to the singular part of the free energy. Note that the non-singular part of the free energy fns does not
depend on the size for systemswith periodic boundary conditions [31–33]. Near the critical point, one can
assume that the non-singular part of the free energy fns is a constant b( )f0 and then the non-singular part of the
partition function is b b= -( ( ))Z N fexp d

ns 0 . The relation between the probe spin coherence and partition
functionwith a complex parameter in equation (2) implies that the rescaled probe spin coherence coupled to an
Ising-type spin bath presents finite-size scaling behavior,

b l b= +˜( ) ( ) ( )L t Z h t, i , 5s

b l b
b l b

=
+
+

( )
( )

( )Z h t

Z h t

, i

, i
, 6

ns

b
b b

=
-
( ) ( )
( ( ))

( )L t Z h

N f

,

exp
, 7

d
0

l b= Y - - s+˜ (( ) ) ( )( )h t h Ni . 8c
d 1

Here Ỹ( )x is a universal scaling function. In particular, for Ising ferromagnets the Yang–Lee edge singularity is
purely imaginary = ( )h h Tic YL and therefore we study the probe spin coherence for the vanishing external field
h= 0. Formore general spinmodels, the Yang–Lee edge singularitymay not lie on the imaginary axis [15]. In
such a case, one needs to study the probe spin coherencewhich is coupled to a spinmodel at afinitemagnetic
fieldwith thefield strength being the real part of the Yang–Lee edge singularity.

According to thefinite-size scaling hypothesis, the rescaled probe spin coherencewhich is coupled to a
ferromagnetic Ising-type spin bath at zeromagnetic field presents a universal finite-scaling behavior,

b
b b

l=
-

= Y - s+˜( ) ( ) ( )
( ( ))

( ( ) ) ( )( )L t
L t Z

N f
t t N

, 0

exp
. 9

d c
d

0

1

Here Y( )x is a universal scaling function and analytic forfinite-sized systems and b l=t hc YL . This universal
finite-size scaling behavior of quantumcoherence is powerful for studying the nature ofYang–Lee edge singularities:

(1) Identifying the critical point of the Yang–Lee edge singularity. If we plot ˜( )L t as a function of time for systems
with different sizes at afixed temperatureT, all curves cross at b l= = ( )t t h Tc YL if the non-singular part
of the free energy b( )f0 is properly chosen and all the curves cross at = Y˜( ) ( )L t 0c . From the crossing point
of ˜( )L t for different system sizes with afixed temperature, we therefore can locate the Yang–Lee edge
singularity for an infinite system.
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(2) Data collapse. If we draw ˜( )L t as a function of l - s+( ) ( )t t Nc
d 1 , then the curves for different system sizes

collapse around the Yang–Lee edge singularity because Y( )x is a universal scaling function.

(3) Extracting the universal critical exponent of the Yang–Lee edge singularity. Since the universal scaling function
Y( )x is an analytic function forfinite-sized systems, Taylor expansion of Y( )x around x= 0 in equation (9)
leads to

l= Y + Y¢ - + -s+˜( ) ( ) ( ) ( ) ( ) ( )( )L t t t N o t t0 0 . 10c
d

c
1 2

Differentiating both sides of equation (10)with respect to lt and taking =t tc , we obtain

¢ = Y¢ s+˜( ) ( ) ( )( )L t N0 . 11c
d 1

Here ¢ º
l =˜( ) ∣˜( )L tc

dL t

dt t t
1

c
. Taking a logarithmon both sides of equation (11), we obtain

s
¢ = Y¢ +

+
˜( ) ( ( )) ( )L t

d
Nln ln 0

1
ln . 12c

Equation (12) predicts that ¢˜( )L tln c is a linear function of Nln with the slope being s +( )d 1 . Thuswe can also
extract the critical exponent for Yang–Lee edge singularities from the probe spin coherencemeasurement for
finite-sized systems.

Note that in equation (9), it is not the central spin coherence L(t) but the rescaled central spin coherence
˜( )L t , which is equal to the central spin coherence times partition function at zeromagnetic field, that presents
finite-size scaling behavior. Since the Yang–Lee edge singularity only occurs for temperatures above the critical
temperature, one can obtain the partition function at zeromagnetic field from the high temperature expansion
method [34, 35]. An alternativemethod to obtain the partition function of afinite system at high temperature is
the cluster correlation expansionmethod [36, 37]. The non-singular part of the partition function near the

Figure 2.Yang–Lee edge singularity in a 1D Isingmodel. (a)The rescaled spin coherence ˜( )L t as a function of time in the 1D Ising
model at inverse temperature b = 1.0 for systemswith a different number of spins. The blue line is the case forN= 20 spins, the red
line forN= 30 spins, the green line forN= 40 spins, and the black line forN= 50 spins. (b)The same as (a) but for inverse
temperature b = 1.5. (c)The collapse of the curves in (a)when t is rescaled by the critical point and critical exponents of the Yang–Lee
edge singularity in the 1D Isingmodel at inverse temperature b = 1.0, - s+( ) ( )t t Nc

d 1 . (d)The collapse of the curves in (b)when t is
rescaled by the critical point and critical exponents of the Yang–Lee edge singularity in the 1D Isingmodel at inverse temperature
b = 1.5, - s+( ) ( )t t Nc

d 1 .
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Yang–Lee edge singularity can be treated as a constant, independent ofmagnetic field,
b l b b b= -( ) ( ( ))Z t N f, i exp d

ns 0 .
To illustrate the above idea, we study the 1D Isingmodel with nearest-neighbor ferromagnetic coupling

J= 1 and the periodic boundary condition. The 1D Isingmodel can be exactly solved through the transfermatrix
method [38] and there is nofinite temperature phase transition in the 1D Isingmodel, i.e.Tc= 0. Figure 2 shows
the extraction of the Yang–Lee edge singularity in a 1D Isingmodel fromprobe spin coherencemeasurements.
At inverse temperature b = 1.0 , which is above the critical temperature of the 1D Isingmodel, we choose f0 so
that the rescaled probe spin coherence for systemswith different sizes =N 20, 30, 40, 50, cross at point =t tc

as predicted from finite-size scaling theory (figure 2(a)) andwe found that b = =( )f 1.0 0.0050 . From this
procedure we obtain an approximate value for tc.We then choose different parameters tc andσ so that all curves
infigure 2(a) for different system sizes collapse around the Yang–Lee edge singularity (figure 2(c)).We found
that s= = -t 0.1354, 0.491c .We can see the finite-size predictionsmatch the exact solution
= »- -( )t esin 0.1357c

1 2 and s = -1 2 verywell.With temperature decreasing but still above the critical
temperature, the Yang–Lee edge singularity pointmoves towards the real axis. As shown infigure 2(b), the
rescaled probe spin coherence for different system sizes =N 20, 30, 40, 50 at inverse temperature b = 1.5
cross at one point whenwe choose b = =( )f 1.5 0.0010 . Thenwe choose tc andσ so that all curves infigure 2(b)
collapse (figure 2(d)).We found that tc= 0.0499 and s = -0.492, which agree well with the exact solution
= »- -( )t esin 0.0498c

1 3 and s = -1 2. Thus it is feasible to extract the critical point and the universal critical
exponent of Yang–Lee edge singularities from central spin coherencemeasurements.

We further study the 2D Isingmodel with nearest-neighbor ferromagnetic coupling J= 1 and the periodic
boundary condition. The 2D Isingmodel has been exactly solved byOnsager in 1944 [39] and there is afinite
temperature phase transition at b = +( )ln 1 2 2c [39]. For the 2D Isingmodel under afinitemagnetic field,
there is no exact solution available but one canmap the problem into a 1Dquantum Isingmodel with both a
longitudinal and transverse field using the transfermatrixmethod [40]. Figure 3 shows the extraction of the

Figure 3.Yang–Lee edge singularity in a 2D Isingmodel. (a)The rescaled spin coherence ˜( )L t as a function of time in the 2D Ising
model at inverse temperature b = 0.2 for systemswith different numbers of spins. The blue line is the case for ´ = ´N N 9 9
spins, the red line is for = ´N 10 10 spins, the green line is for = ´N 11 11 spins, and the black line for = ´N 12 12 spins. (b)
The same as (a) but for inverse temperature b = 0.1. (c)The collapse of the curves in (a)when t is rescaled by the critical point and
critical exponents of the Yang–Lee edge singularity in the 2D Isingmodel at inverse temperature b = 0.2, - s+( ) ( )t t Nc

d 1 . (d)The
collapse of the curves in (b)when t is rescaled by the critical point and critical exponents of the Yang–Lee edge singularity in the 2D
Isingmodel at inverse temperature b = 0.1, - s+( ) ( )t t Nc

d 1 .

5

New J. Phys. 19 (2017) 083009 B-BWei



Yang–Lee edge singularity in the 2D Isingmodel from central spin coherencemeasurements. At inverse
temperature b = 0.2, which is above the critical temperature of the 2D Isingmodel, the rescaled probe spin
coherence data for different systems sizes ´ = ´ ´ ´ ´N N 9 9, 10 10, 11 11, 12 12, respectively, cross at
one point (figure 3(a))whenwe choose b = = -( )f 0.2 3.0100 .We then choose tc andσ so that all curves in
figure 3(a) collapse perfectly (figure 3(c)).We found that tc= 0.2571 and s = -0.151. One can see that the
estimated value is close to the exact value s = - » -1 6 0.167. The Yang–Lee edge singularity pointmoves
away from the real axis as temperature increases.We show ˜( )L t as a function of time for different system sizes,

´ = ´ ´ ´ ´N N 9 9, 10 10, 11 11, 12 12, respectively, at inverse temperature b = 0.1 infigure 3(b). One
can see that the rescaled probe spin coherences for different systems sizes cross at one point whenwe choose

b = = -( )f 0.1 3.9810 .We then choose tc andσ so that all curves infigure 3(b) collapse completely (figure 3(d))
andwefind that tc= 0.5420 and s = -0.149. The estimated value is close to the exact value
s = - »1 6 0.167. These results prove the feasibility of the central spin decoherencemeasurement for
studying the nature of the Yang–Lee edge singularity.

In summary, we show that the quantum coherence of a probe spin coupled to afinite-size Ising-type spin
bath presents universal finite-size scaling behavior near the Yang–Lee edge singularity. The universal finite-size
scaling of the quantum coherence of the probe spin predicts the critical point and the critical exponent of the
Yang–Lee edge singularity. Thus bymeasuring quantum coherence of a probe spinwhich is coupled tofinite-
sizemany-body systems, one can extract the critical point and the critical exponent of the Yang–Lee edge
singularity of the infinite system. In particular for ferromagnetic Isingmodels, the unit-circle theoremholds
regardless of the interaction range, geometry configurations, disorders, and dimensionality. Such universality
offers a great deal of feasibility and flexibility for experimental observation of Yang–Lee edge singularities. For
other systems (e.g. antiferromagnetic Isingmodels), the Yang–Lee edge singularitiesmay not lie on the
imaginary axis. However, one can apply an external field h, and obtain the Yang–Lee edge singularity of the real
part h. Thusmeasuring the quantum coherence of a single spin provides a universal tool to probe the singularity
point ofmany-body systems on the complex plane of physical parameters, and inmore general the
thermodynamics on the complex plane. In the complex plane of temperature, there are also singularities [41]
termed Fisher edge singularities. Thus onemay expect that similar finite-size scaling techniques can be applied
to probe the universal nature of Fisher edge singularities.
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