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We show that the correlator of three large charge operators with minimal scaling dimension can be
computed semiclassically in conformal field theories (CFTs) with a U(1) symmetry for arbitrary fixed
values of the ratios of their charges. We obtain explicitly the operator product expansion coefficient from
the numerical solution of a nonlinear boundary value problem in the conformal superfluid effective field
theory in 3d. The result applies in all three-dimensional CFTs with a U(1) symmetry whose large charge

sector is a superfluid.
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I. INTRODUCTION

The emergence of classical physics at large quantum
numbers is a concept familiar since the early developments
of quantum mechanics [1]. Well-known examples include
the rigid rotor and the hydrogen atom. In both these cases,
the path integral computing the wave function of states with
large angular momentum # >> 1 is dominated by a classical
saddle-point trajectory. The expansion around this classical
configuration coincides with an expansion in inverse
powers of £ (see e.g., [2] for an illustration). A similar
picture underlies certain simplifications in the study quan-
tum field theories, such as the Berenstein-Maldacena-
Nastase limit in N = 4 super-Yang-Mills theory [3], the
large spin limit of double-trace operators in conformal
theories (CFTs) [4-6] or the effective description of large
spin mesons as semiclassical rotating strings [7]. Recently,
the connection between semiclassics and large quantum
number has also provided a useful inspiration in the study
of operators carrying a large conserved internal charge in
conformal field theories.

The interest toward this problem stems from the remark-
able fact that the large charge sector of many, otherwise
nearly intractable, strongly coupled CFTs has been argued
to admit a universal weakly coupled description in terms of
a certain number of hydrodynamic Goldstone modes [8].
This is because, by the state-operator correspondence, large
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charge operators are associated with states with large
charge density for the theory quantized on the cylinder.
Analogously to the aforementioned quantum-mechanical
examples, one then expects the path integral describing
their time evolution to be dominated by a classical
trajectory. This in turn will generically break the internal
group as well as certain spacetime symmetries [2]. Taking
the internal group to be G = U(1) for concreteness, the
simplest possibility for the symmetry-breaking pattern is
the one defining a superfluid phase, which admits a simple
effective field theory (EFT) description in terms of a single
Goldstone mode [9]. In the EFT, the systematic derivative
expansion coincides with an expansion in inverse powers of
the charge; this makes it possible to study perturbatively the
spectrum of charged operators of the theory. Extensions of
this idea have also been applied in related problems in
CFTs, such as the study of R-charged operators in super-
conformal theories [10,11] or the determination of the
spectrum of spinning charged operators [12].

The cylinder viewpoint is illuminating in the study of the
spectrum of charged operators. However, it does not seem
to provide a useful starting point in the study of correlators
with more than two large charge operator insertions,' that
so far eluded our understanding (in the nonsupersymmetric
case’). In fact, from that perspective it is not even clear if
correlators of n >3 large charge operators should be
calculable within EFT. This is because known EFT

"It is trivial to extend the analyses of [8,13] to compute
correlation functions of light operators in between two large
charge operators; see e.g., [2,14] or the discussion below
Eq. (A22) here.

For theories with extended supersymmetry a lot of progress
has been achieved in the study of protected operators; see e.g.,
[15-18] in a similar context.
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descriptions of CFT operators are often associated with the
existence of an appropriate macroscopic limit [14,19], in
which the radius of the sphere is sent to infinity while the
local charge and energy densities are kept finite. This limit
is most naturally formulated for correlators involving two
heavy operators, hence with large scaling dimension, and
possibly additional insertions of light operators, whose
scaling dimension is much smaller than the heavy ones and
whose insertion can be thought as a small perturbation of
the heavy states.

However, as we will argue in this paper, the EFT in fact
allows also for the controlled calculation of three- and
higher-point function of large charge operators. Physically
this is because, in radial quantization, each operator creates
a superfluid state with charge n, > 1 around the insertion
point x,. The three-point function then describes the
transition between the different superfluids, which is
associated with a new classical trajectory in the path
integral. Since the radial fields are locally gapped around
each state, the corresponding modes are not excited by the
classical profile, that thus can be reliably computed
within EFT.

Let us call O, the operator with minimal scaling
dimension with U(1) charge n and O, its Hermitian
conjugate. Focusing on three-dimensional CFTs, we will
show that the calculation of the three-point function
<(’),11(9,1ZC7)”1+,,2>, to leading order in the charge n; and
for arbitrary values of the ratio n,/n;, reduces to the
solution of a boundary value problem. Solving this problem
numerically, we obtain the operator product expansion
(OPE) coefficient. The result takes the form

3/2
w3/

_ 1 by M
Ay i T, = EXP [67“/5]”()))], yv=—=. (1)

n

Here ¢ is the unique Wilson coefficient upon which the
EFT depends at leading order and the function f(y) is
plotted in Fig. 2. We expect that the result Eq. (1) applies in
several theories. For instance, we expect that Eq. (1)
describes the OPE coefficient of the three operators with
minimal scaling dimension at fixed large values of their
charges ny ~ ny ~ |n; + ny| > 1 in the O(2) model, where
Monte Carlo simulations found ¢ ~ 0.31 [20]. To the best
of our knowledge, Eq. (1) represents the only example of a
universal correlator of three heavy operators in CFT which
has been computed (so far) without supersymmetry
ind>2’

While the main focus of this paper is on the general
superfluid EFT, our ideas might also be of some relevance
in the study of weakly coupled theories. It has been recently
shown that a semiclassical approach can be used to over-
come the breakdown of perturbation theory in the

3For related results in d =2 see [21] and more recently
[22-24].

determination of the scaling dimensions of large charge
operators in the epsilon expansion [13]. In the Appendix we
discuss the semiclassical problem associated with the
calculation of the three-point function (g™ @™¢™+™) in
the |¢|® tricritical model in 3 — & dimension. There we show
that our formulation allows one to overcome some tech-
nical issues with the generalization of the approach of [13]
to higher-point functions. The formulation of the problem
will make manifest that the calculation reduces to the one in
the EFT discussed in the main text in the appropriate
regime. A numerical solution can be obtained in more
general regimes as well, but we leave a detailed inves-
tigation for future work.

The rest of the paper is organized as follows. In Sec. II
we briefly review the structure of the EFT and explain how
to use it to compute flat space correlators in the large charge
regime. In Sec. III we discuss the three-point function. We
formulate and solve the associated boundary value problem
in Sec. Il A. The result is discussed in Sec. Il B. We
comment on future directions in Sec. IV. The Appendix
contains a formal discussion of three-point functions of
large charge operators in the weakly coupled U(1) tricrit-
ical model in 3 — ¢ dimensions.

II. FLAT SPACE CORRELATORS FROM EFT

We expect that correlators of large charge operators in
three-dimensional CFTs admit a universal EFT description
in terms of a single U(1) Goldstone boson [2,8]:

O R

Previous works generically considered the action (2) on
R x §?, which provides a natural starting point to study the
spectrum of the theory. However, the Weyl invariance of the
action ensures that the same results can be recovered
working directly in flat space. As a warmup to the study
of the three-point function, here we illustrate this point
explicitly for the calculation of the two-point function of
the charge n operator with minimal scaling dimension.

In order to proceed, we should find a suitable definition
of the operator. To this aim, we notice that, by the state-
operator correspondence, an insertion of the operator O,, at
the point x; in a generic correlator may be equivalently
represented by cutting the path integral around a ball
B(x;, r) of radius r and specifying appropriate boundary
conditions for the fields on the surface OB(x;,r) [25].
These follow from performing the path integral inside the
ball. For r — 0 the path integral inside B(x;,r) is inde-
pendent of the other operator insertions; hence in this limit
we can use the boundary conditions on 9B(x;, r) to fully
specify the operator. Notice that the infinitesimal radius » of
the ball B(x;,r) provides a natural regulator for the
divergences associated with the wave-function renormali-
zation of the operator.
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In principle, the appropriate definition of the state on
OB(x;,r), and hence of the corresponding operator, can
always be found solving the functional Schrodinger equa-
tion in radial quantization. In practice, for the operator O, it
is easier to just guess the result. Here we just provide the
prescription. We will see later that this indeed reproduces
the expected form of the two-point function, hence proving
that our guess is correct.

To specify an insertion of the operator with minimal
scaling dimension with charge n at the point x;, we add to
the action a boundary term of the form [2]

s = —if dQy, (3)

T JOB(x;.r)

where dQ is the volume element on S2. The boundary term
(3) may be thought as a wave functional for the state in
radial quantization and fixes its charge to be n. Notice that
imposing that the variation of the action (2) plus the
boundary term (3) vanishes implies that, on the saddle-
point solution, the Noether current approaches the form
expected from spherical symmetry and Gauss’s law close to
the insertion point:

I, = ieoo S I

A (x — x;)3 "

In general, to compute n-point functions of the operator O,,,
we cut the path integral around »n different points with balls
of infinitesimal radius r, and we add a boundary term of the
form (3) for each insertion.

We are now ready to compute the two-point function.
The leading-order result is given by

<(_9n (xf>(9n (xi>> = exp {_[S + Sg) + Sg)]classical ’ (5)

where the action and the boundary terms are calculated on
the profile which solves the saddle-point equation:

9,J" =0, (6)

with boundary conditions (4) for x — x;/; (with the
replacement n — —n for x — x). The solution reads

o =il n
— 10 . - — . 7
% = —inlogy ] n=A (7)

The physical meaning of this solution is simply understood.
Set x; to be the origin of space and take the limit x; — oo.
Then Eq. (7) reads

(8)

which, unsurprisingly, is nothing but the superfluid profile
considered in [8]. The conformal equivalence with the

Y = —Iiut + const,

solution (8) and the Weyl invariance of the theory ensure
that higher derivative corrections are always suppressed
with respect to the leading order for u ~ /n > 1.

We may now use the solution (7) to compute the classical
action (5). We find

_ N2
(©u)0ux)) = ik o)
Xif
where x;; = |x; — x| and
N, =28 A, = 20 +0(n'?).  (10)
3vVA4nc

This agrees with the result for the scaling dimension first
obtained in [8]. The value of the normalization N, is
unphysical, but it will be important to properly (re)normal-
ize the three-point function and extract the OPE coefficient.

Notice that the form of the solution (7) is totally fixed by
conformal invariance. This is because the classical expect-
ation value for the current physically represents a (normal-
ized) correlator of three primary operators:

(O (x7)J*(x) Oy (x7))
)

chllass( ) - 7

(On(x) O, (xi)

which is equivalent to Eq. (7) after using the result for the
correlator on the right-hand side based on the Ward
identities and conformal invariance. This provides an
alternative proof that Eq. (3) indeed defines a scalar
primary operator.

Finally we remark that a definition analogous to Eq. (3)
can be used to simplify the study of flat space correlators of
large charge operators directly in the UV theory, when the
latter is weakly coupled. In that case, the definition of the
operator should be supplemented by appropriate boundary
conditions for the radial components of the fields of the
model on the surface of the ball. We show an example in
Sec. A 3 of the Appendix for the tricritical U(1) fixed point
in 3 — & dimensions.

, (11)

III. THE THREE-POINT FUNCTION

In the previous section we explained how to compute flat
space correlators and we exemplified our approach with the
calculation of the two-point function. In this section we
formulate and solve the semiclassical problem associated
with the three-point function. Though we were only able to
obtain a numerical result, we provide approximate analytic
expressions in different limits.

Physically, the reason why we can compute n-point
functions within the EFT is that all the operator insertions
specify a superfluid state with large chemical potential
U2 ~|n,|/c. Local excitations of the radial mode are
separated by a large gap ~|u,| with respect to the
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Goldstone modes close to these points. Hence, if the
transition between the different superfluid states is suffi-
ciently smooth, these will not be excited by the solution—
which can then be computed within EFT. More technically,
the calculation of the saddle point requires control over the
full nonlinear structure of the leading-order action (2), but it
only rz:ceives small corrections from the higher derivative
terms.

A. Numerical solution

The general form of the three-point function is

<Onz+n, (xf)onz (xc)Om (xi)>

= x ananNn]+nz ’ (12)

N, 1 iicf xAz'jifoi('
cf *fi

—— is the OPE coefficient and we defined

Where /lnl Mg,y

Aabc :Aa+Ab_Ac’ (13)

with A; = A, , A, =A, and Ay = An1+nz' Notice that
since we can always redefine O,, — ¢'*0,, with a, € R,
the phase of the OPE coefficient is unphysical. For
concreteness we consider n; > n, > 0.

According to the prescription explained in Sec. II, to
compute the three-point function we need to solve the
problem specified by the action:

Setr = S+ Y 4+ 5% 4+ 59, (14)
where
s = _;la dQy, a=icf, (15)
4z JoB(x,.r)
with n; = ny, n. = n, and n; = —n; — n,. This is equiv-

alent to solving the equation of motion (6) with boundary
conditions in the form (4) close to the insertion points.

To write a convenient ansatz for the solution, we notice
that the solution depends on four points (x and the insertion
points). Conformal invariance then suggests to introduce
cross ratios as

X —x;)%x2
"y — (2 ) cjz‘ — 627, (16)
xic('x _xf)
2,2
(x_xc) Xif o

B x%c(x _xf)2 B

1+ e* —2¢ cos 6, (17)

*This is analogous to what happens in gravity, where many
interesting solutions follow from the nonlinear structure of the
Einstein-Hilbert action, but they are largely unaffected by higher
curvature corrections.

where (7,6) € (—o0, o) x [0, z]. The solution may then be
parametrized as

A0 =ip(e0. w= I

where ¥ is purely real and 7 and € are defined in Eq. (16).
Formally, this ansatz can be justified by arguments similar
to that explained above Eq. (11). The physical meaning of
the coordinates (16) is understood noticing that the bulk
equation of motion (6) is equivalent to current conservation
for the theory on R x $? in terms of 7 and 6.

Working with the rescaled field 7 in Eq. (18) is

convenient since its value depends on the ratio y=

\/na/ny but not on u ~ /ny. Indeed, the bulk Eq. (6) is
independent of any field rescaling, while the boundary
conditions for 7 depend only on y. Explicitly, the expansion
of the field at the boundary points read

)?H—_Eor + ¢+ O0(e"),
7—0
jnzlogv + ¢, + O0(Vv),

. T—=+00
X —

14+y* 142+ 0(e™). (19)
Equation (19) shows that, in this parametrization, the
saddle-point profile takes a superfluid form at 7 - +oo.
The singularity at (z, 8) = (0, 0) provides the source which
accounts for the mismatch in the charge fluxes at 7 = —o0
and 7 = oco0. In Eq. (19), besides showing the leading
behavior to be imposed in the solution, we also defined
the first constant corrections ¢;/./¢ to the field y close to the
insertion points, whose value is determined solving the
equations of motion. Finally we stressed that the additional
corrections to the boundary values at 7 — oo decay
exponentially fast.’

Discretizing the equation as explained in [26] and
introducing a sufficiently large cutoff for |z| < T, it is
now possible to solve for the profile numerically. The
typical shape of the solution is shown in Fig. 1. As it may
be seen from there, ¥(z, 0) is regular everywhere but at the
insertion points, where the solution however is conformally
equivalent to a superfluid profile. Hence higher derivative
corrections to the EFT (2) are always suppressed by 1/?
with respect to the leading term, provided y > 1/u. This
justifies the use of the action (2) a posteriori.

We now use the numerical solution for the profile to
extract the OPE coefficient. To this aim we notice that the
action (14) on shell reduces to a boundary term. Therefore,
we find that the OPE coefficient may be written purely in

The form of the solution close to the insertion points is
obtained linearizing the equation around the profile dictated by
the boundary conditions.
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y=1

S N N
>0

I —
N

FIG. 1. Plot of the solution 7(z,8) when y = \/n,/n; = 1 for
(7,0) € [-4,4] x [0, x/2].

terms of the boundary coefficients ¢, defined in

Eq. (19):

2 - . -
b = gl 7%= 1470

3/2
m
exp [l 200 (20)
where f(y) = V4x[¢; + y*¢, — (1 +y?*)¢;]. From the
behavior of the numerical solution close to the insertion
points we determine the ¢,’s and we use them to compute
the function f(y). The numerical result is plotted in Fig. 2
for 0 <y <1. This range fully determines the OPE
coefficient, since by permutation symmetry we must have
f(») = y*f(1/y). We verified that this relation is satisfied
within the numerical error for 1 <y < 28

B. Analysis of the result

Equation (20) with the numerical result plotted in Fig. 2
is the main result of this paper. Here we discuss its behavior
for small y < 1 and for y ~ 1.

In the regime 1 < ny/c < n;/c we may compare the
result with the EFT prediction for the OPE coefficient of a
light operator in between two large charge ones. This is
given by [2,27]

7\ B /2
’1"1,"2,m¥nzzcnz ?

nz n5/2
xexp |0.05 x —=2 +0< 2 )] 21
p{ ez \mye 1)

®The result plotted in Fig. 2 was obtained discretizing the
equation on a grid [-7,T] x [0, z] with T = 8, uniformly dis-
cretizedin 651 x 131 points. Different choices of the grid provided
compatible results within the numerical uncertainty. A fourth-
order approximation was used to discretize the derivatives. We also
made use of the shift symmetry of y to set ¢, = 0in Eq. (19). From
the variance around the mean value of the field at r = +T, we
estimated the numerical error on ¢; NS from which we found the
relative uncertainty on f(y) to be S1% for all values of y.

f(y)

1.0
0.8
0.6
0.4
0.2
_ |2
0.2 0.4 0.6 0.8 1.0 n

FIG. 2. The function f(y) determining the OPE coefficient
(20). The blue line interpolates between the numerical values.

where C,,, is a Wilson coefficient, which may depend on n,
but not on n;. Such form is compatible with our result (20)
for 1 < ny/c < n;/c provided the coefficient C,, takes
the form

2a\ A,, /2
C,, = (C”; ) T for myfe > 1, (22)

where « is a constant which does not depend on the charge.
This implies that the function f(y) in Eq. (20) admits the
following expansion for small y:

) = Vany} (-logy + a) + 1.6y* + 0(3°).  (23)

This is in good agreement with our numerical result.
More precisely, retaining only the leading order f(y) =
—V/4ry?® log y we find agreement up to relative O(10%) for
y < 0.4. The comparison of Eq. (23) with our numerical
result for y < 0.3 can be used to determine o ~ —0.3. Even
including the subleading terms, for y = 0.5, which is
equivalent to n,/n; 2 1/4, the prediction (23) and the
numerical results start to differ significantly. In particular,
the expansion (23) obviously cannot be extrapolated to
y = 1. The comparison is summarized in Fig. 3.

For y ~ O(1) the result (20) can be seen as a resumma-
tion of infinite n,/n, perturbative corrections to the OPE
coefficient computed in [2,27] for n, < n;. We find
f(1)=099%~1 and in general f(y)~O(1) for
y= \/m ~ O(1). Hence Eq. (20) predicts that the
fusion coefficient for three operators of charge n,~n>1
grows faster than exponentially, as ~e”"/Ve ~ ¢#n Asg
for the scaling dimension (10), the power n3/? just follows
from dimensional analysis and semiclassics. In fact the
value of the Lagrangian, locally, is naturally set by the
largest dimensionful scale for the theory on R x §%, which
is given by the charge density J, ~ n. Dimensional analysis

implies £ ~ Jg/ ?, from which the scaling follows. Notice
also that the nonpolynomial growth in Eq. (20) is not
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f(y)

10 — V47 y3(-log y —0.3)+1.6 y*
0.8 — —Vamyllogy
— numerics
0.6
0.4
0.2
- [
0.2 0.4 0.6 0.8 1.0 n
FIG. 3. Comparison between the numerical result for the

function f(y) and the form predicted by Eq. (23) for small y.

compatible with a finite macroscopic limit as defined
in [14].

Equation (20) is reminiscent of the result of [22,23],
where it was shown that the average value of the OPE
coefficient for three heavy operators obtained in 2d CFTs
grows as c®, where ¢>1 is an O(1) number. As
commented in [22], this growth is not surprising. Indeed
Eq. (20) describes a correlation function with operators
located at 0, 1 and oo, but this is only a convention. A
different choice of the operator positions would change the
correlation function by an exponential factor and could
possibly cancel the growth of the result (20).

We may also use permutation symmetry f(y)
y*f(1/y) to provide an approximate expression for f(y
when y ~ 1. Indeed Taylor expanding the relation f(y)
¥} f(1/y) we conclude f'(1) =3f(1), from which we

e 7
infer

~

F0) = F) 131 =3) + 0((1 =3P

1= (=) +0((1 -y, (24)

Equation (24) agrees with our numerical result up to
relative O(10%) for y = 0.55.

We summarize the comparison between the approxima-
tions that we discussed and the numerical result in Fig. 4.
We see that, though we have not been able to compute the
OPE coefficient (20) in a closed analytic form, the
approximate expressions (23) and (24) combined suffice

"In general, the functional equation f(y) = y*f(1/y) relates
f@*+1(1) and a linear combination of even derivatives of lower
order, £ (1), f@*=2)(1),...,f(1). For instance, the value of
f"(1) can be used to improve the approximation (24) with two
more terms. Comparing different numerical fits we found a
relatively small value for the second derivative f”(1) < 0.08,
justifying the accuracy of the linear interpolation (24).

f(y)
1.0 — V4 (-logy -0.3)+1.6 y*
0.8 — 1‘%(1—3’)

— numerics

0.6
0.4
0.2

no

0.2 0.4 0.6 0.8 107 4 ny

FIG. 4. Comparison between the numerical result for the
function f(y) and the approximate expansions (23) and (24).

to give a numerically accurate description of the result up to
relative O(10%) for all values of y.

IV. OUTLOOK

In this paper we illustrated how to compute semiclassi-
cally three-point functions of large charge operator in three-
dimensional U(1) invariant CFTs. Our main result,
Eq. (20), provides a novel general prediction for the
OPE coefficient of three large charge operators with
minimal scaling dimensions. This prediction applies in
all CFTs whose large charge sector is in a superfluid phase.
For instance, we expect that it applies in the O(2) model,
where in principle it may be tested via Monte Carlo
simulations, along the lines of [20].

Our work admits some obvious extensions. As already
mentioned, it is possible to obtain numerical results for the
OPE coefficients directly in weakly coupled models, such
as the tricritical model in 3 — ¢ dimensions discussed in the
Appendix, or, via an obvious generalization, in the Wilson-
Fisher O(N) fixed-point in 4 — & dimensions. Perhaps, a
similar procedure might be applied in the O(N) models at
large N as well (see [28,29] for recent progress in the study
of large charge operators at large N). It is also possible to
study higher-point functions. For instance, generalizing
Eq. (18), we expect that the semiclassical solution y(x)
determining the correlator of four charged operators will
depend on five independent cross ratios. Three of them will
be given by the independent components of the coordinate
x, while the other two should coincide with the two
physical cross ratios specifying the configuration in the
four-point function. A detailed analysis of this problem
within the large charge EFT would allow for the determi-
nation of OPE coefficients involving operators correspond-
ing to phonon excitations on top of the superfluid ground
state [8]. It would also be interesting, but probably
technically challenging, to extend our analysis to sublead-
ing order in derivatives and to include quantum effects.
Notice however that in the EFT quantum corrections to the
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OPE coefficient scale only as n° and are hence quite
suppressed with respect to the leading order.

To the best of our knowledge, the result (20) represents
the only example of a universal correlator of three heavy
operators in CFT which has been computed without
supersymmetry in d > 2. The universal nature of the result
stems from the fact that it has been obtained within the
conformal superfluid EFT. Differently from matrix ele-
ments of the form heavy-light-heavy, which are obtained
considering small perturbations of the heavy state [2], the
result was obtained considering a new saddle-point profile,
which accounts for the classical nonlinearities of the action
exactly. Perhaps a similar approach might extend the
existing result on heavy-light-heavy OPE coefficients of
generic (not necessarily charged) operators, which are
based on thermodynamics and hydrodynamics [19,30],
to the heavy-heavy-heavy regime.

In the case of weakly coupled theories, the semiclassical
approach can be used to overcome the breakdown of
perturbation theory for multilegged amplitudes describing
large charge operators [13]. For instance, in the tricritical
||® model in 3 — & dimensions discussed in the Appendix,
the result (20) can be seen as a resummation of infinite
Feynman diagrams in the regime An,, An, > 1, where 1 ~
V€ is the perturbative coupling. The connection between
semiclassics and multilegged amplitudes was first appre-
ciated in the study of multiparticle production processes
[31], where the physical rate was shown to be associated
with the solution of a semiclassical boundary value
problem [32]. Unfortunately, the status on the solution
of the latter is still a controversial subject to this date (see
e.g., [33,34] for the two opposite viewpoints). It is
interesting to compare that semiclassical problem with
the one considered in this work. Somewhat similarly to the
situation considered in Sec. III A, where the singularity of
the solution in Fig. 1 ensures that Gauss’s law holds
globally, the solution to the problem of [32] requires a
singular field configuration to account for the change in the
energy (the production by a source) between the initial and
the final state. However, differently from the case of CFT
correlators, the multiparticle production classical problem
does not admit a fully Euclidean formulation. Perhaps more
importantly, at present there is no clear EFT picture for the
corresponding physical process. This is again different
from the problem that one encounters in the study of large
charge CFT operators in perturbative theories, addressed
for the first time in [13], whose solution was indeed almost
completely guided by previous EFT developments in the
same context [2,8].
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APPENDIX: THE THREE-POINT FUNCTION
BOUNDARY VALUE PROBLEM IN A WEAKLY
COUPLED MODEL

In this Appendix we generalize the approach in the main
text to the calculation of three-point functions of large
charge operators in weakly coupled theories, focusing on
the tricritical U(1) fixed point in 3 — ¢ dimensions for
illustration.

It has been shown in [13,35] that the scaling dimension
of the operator ¢" can be computed semiclassically as an
expansion in the coupling A ~ £!/2 at arbitrary fixed values
of An, which plays a role analogous to the ’t Hooft coupling
in large N gauge theories. The same approach has been
successfully applied in the calculation of two-point func-
tion of charged operators in several different models (see
e.g., [29,36]), but technical difficulties make the generali-
zation of the method to higher-point functions nonstraight-
forward. Here we show that the calculation of the three-
point function (™ ¢™¢™*+™) in the perturbative model can
be reduced, to leading order in 1 but to all orders in An; and
An,, to the solution of a boundary value problem. This
problem enjoys exact conformal symmetry and, crucially, it
is formulated in three Euclidean dimensions; this makes it
always possible to look for a solution numerically, differ-
ently from the existing formulation of the problem based
on dimensional regularization. We argue that for An; >
Any > 1 this problem reduces to the EFT studied in the
main text. We leave for future work a detailed investigation
of more general regimes.

1. The model

We consider the following (Euclidean) action in d =
3 — ¢ dimensions for a complex scalar field ¢:

S:l/¢&kﬁw+~£@@ﬂ. (A1)
A 36

The beta function of the coupling starts at two-loop order;
hence, this model is conformal in d =3 up to O(1). To
higher orders, the theory admits an IR stable fixed point in
3 — ¢ dimensions with ¢ < 1 for [37]

23
Mﬂ2:78+0@%'

(A2)

We will always work at leading order in the coupling (in the
large charge double-scaling limit); hence, in what follows
we set d = 3 when not specified otherwise.
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2. Operator insertions as boundary conditions in the
double-scaling limit

We consider correlation functions of the lowest dimen-
sional operator of charge n, given by ¢" within perturbation
theory. In [13] it was shown that its two-point function can
be computed in the double-scaling limit A - 0, n — oo
with An fixed. The result takes the form

<4_5n (xf)¢’1 (xi)> — e/ (An.xp)+To(An.xg; )4+
_ VP

27, °
Xip

(A3)

where x;; = |x; — x|, N, is the normalization of the
operator, including its divergent wave function, and A,
is the scaling dimension. In particular, Eq. (A3) implies that
the scaling dimension admits the following expansion:
A=l 4 folim) 4o (Ad)
The leading-order term f_; arises as the result of a
nontrivial saddle point which accounts for the operator
insertions and hence is purely semiclassical in nature.
Formally, the saddle-point equation follows from exponen-
tiating the operator insertions and treating them as sources

in the action. This leads to the following partial differential
equations in d = 3 — &:

[_az - % (Mz] ¢ = %5@ (xr=xp). (AY)

For small values of An we can make sense of these
equations working within dimensional regularization and
treating the interaction term perturbatively (see e.g.,
[13,38]). Unfortunately, it is less clear how to proceed
for more general values of An. To appreciate this, notice that
the leading-order term I'_; in Eq. (A3), while it is not
affected by the renormalization of the coupling, does
contain the divergences associated with the wave-function
renormalization of the operator. This implies that Egs. (AS)
must be solved via analytic continuation to d =3 —¢
dimensions to regularize the result. This procedure breaks
scale invariance at intermediate steps of the calculation, and
it does not allow for a simple numerical formulation of the
problem.8

¥The authors of [29] were able to solve analytically a similar
saddle-point problem to determine the two-point function of large
traceless symmetric operators in the O(N) model at large N. A
similar approach might allow one to solve Egs. (A5) as well, but
we do not expect it to be easily generalizable to higher-point
functions, in which case the saddle-point solution might not be
expressible in a closed analytic form.

In [13] this issue was solved exploiting the Weyl
invariance of the model to map the theory to the cylinder
R x §%1. The state-operator correspondence then maps the
operator ¢" to the lowest energy state for the theory
quantized on R x $¢7!° This allows one to extract the
scaling dimension Ay from the expectation of the
Euclidean evolution operator e~/7 in an arbitrary state
of charge n, provided this has nonzero overlap with the true
ground state. A clever choice of the state then allows one to
perform the calculation straightforwardly.

While the approach of [13] cannot be generalized to
higher-point functions, we may proceed as we did for the
EFT in Sec. II. Namely, we define the insertion of the
operator ¢" at the point x; cutting the path integral around
a ball B(x;,r), with r — 0, and specifying boundary
conditions on the surface dB(x;, r).10 Since the infinitesi-
mal radius r of the ball B(x;, r) provides a natural regulator
for the divergences associated with the wave-function
renormalization, we can work exactly in d = 3 to leading
order.

To choose the appropriate boundary conditions, we map
to the plane the state chosen in [35] to perform the
calculation on R x S2. To this aim it is convenient to work
in polar field coordinates:

_ P iy 1 P —iy
= ——e%, = —=¢@ .
VoA A
To specify an insertion of the operator with minimal scaling

dimension with charge n at the point x;, we add to the
action a boundary term analogous to Eq. (3):

(A6)

s — i~

dQy.
4r JoB(x,.r) d

(A7)

As in the case of the EFT, imposing that the variation of the
action (A1) plus the boundary term (A7) vanishes implies
that the Noether current takes the following form close
to X;:

P e n (6= x)
=7 0ar =

(A8)

To fully specify the boundary value problem, and hence the
operator, we need to specify another boundary condition on
OB(x;,r). It turns out that the convenient choice is to
demand that p takes a fixed value, given by

°This is because all the other charge n operators have scaling
dimension O(1) larger than that of ¢" and hence cannot mix with
it within perturbation theory. Notice that this argument holds for
arbitrary values of An, as it follows from the result of [35] for the
Fock spectrum of charge n states on the cylinder.

More precisely, this procedure specifies an operator which is
equal to ¢" up to an unphysical normalization, which cancels out
from observable quantities. With a slight abuse of notation, we
shall call also this operator ¢" in what follows.
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2 4
HX=X; f . f 5 1
th “—=u"—-, A9
O P T R (A9)
where yu is
1+ 4/1+ %%
= sgn(n Al10
= senlm (A10)
For small An >0 one finds p=~j+ f’;’;j; while in the

opposite regime y ~ 4—11 (%) 1/2_ Finally, we assume that the
path integral is supplemented with vanishing boundary
conditions for the fields ¢ and ¢ at infinity.

In the next section we will compute the classical action
obtained by expanding the path integral around the classical
solution of the boundary value problem specified by two
operator insertions. The result will take indeed the form of a
two-point function for a primary operator with scaling
dimension A,, hence proving that our definition indeed
specifies the desired operator to leading order in the
coupling. We will then use this definition to discuss the
three-point function.

3. The two-point function in flat space

We are now ready to compute the two-point function.
The leading-order result is given by

(@"(x)¢" (x)) = exp {~[S + 5§ + SY luasscar )+ (AL1)

where the action and the boundary terms are calculated on
the profile which solves the saddle-point equation:

— 1 - -
0+ (9d)* =0,
(A12)

1 -
~0¢+ 5 $(§9)* = 0.

with boundary conditions (A8) and (A9) for x — x;,» (with
the replacement n — —n for x — x).

In the limit » — O that we consider, the semiclassical
problem is conformally invariant. It is therefore natural to
consider an ansatz in the form of a correlator of three
primaries inserted at x, x; and x, for the classical profile.
Therefore we look for solutions of Egs. (A12) in the form

¢ = ¢ X (Oac1)2(X)Opcins2(x:) Op——in2(x5))
|xi — )Cf|l/2
|x _ xi|]/2+ir/|x _ xf|1/2—ir; ’

=cX

(A13)

where we used that ¢(x) has weight and mass dimension
1/2. We use a similar ansatz for ¢:

P(x) =& X (Onc12(X)Orc_in2 (%) Opsio (x5))

|x; —)Cf|l/2

=X ¥ — x| 20 — |2

(A14)

where we reflected # — —n with respect to Eq. (A13).
Using this ansatz in the equations of motion and demanding
the boundary conditions we find

1 _ 1 . An
- (ce)? = - (772 + Z)’ —2inct = i (A15)

These equations are solved for purely imaginary # as

n=iu, cc = f2/2, (A16)
where y and f are given in Egs. (A9) and (A10). Therefore
the solution is totally specified up to rescalings of the form
{c,¢} = {ac,a”'¢}. Indeed, on the solution (A16) the
fields (A13) and (Al4) are analytically continued away
from the contour ¢ = ¢* and rescalings of the form
{p, ¢} » {ag,a"'¢p} are a symmetry of the action ana-
lytically continued to arbitrary values of the fields.

To understand the physical meaning of this solution, it is
convenient to set x; to be the origin of space and take the
limit x; — oco. Then working in polar coordinates (A6) for
the field we recast the profile as
Pay = xlp* = £2 x = —iulog |x| + const. (A17)
Introducing a time coordinate e” = log |x| and performing a
Weyl map to the cylinder, Eq. (A17) coincides with the
superfluid profile considered in [35] for the theory on
R x S2. Of course, this is not surprising, since our
definition of the operator coincides with the prescription
used to specify the charged state in [35].

We may now find the result for the two-point function
evaluating the action on the corresponding solution. Upon
integrating by parts, we find

s+ 55 + 5]

classical

1 r 2, | 3,6
__EOWIng_ff_zﬂf +mAwdxp , (A18)

where the bulk integral is over the subtracted space
R = R*\[B(x;,r) U B(xs,r)]. The explicit evaluation
gives

2
X4

/ dBxpS = 4nfSlog 7. (A19)

R/B r

Overall, using Egs. (A18) and (A19) in Eq. (A11), we find

that the two-point function takes the form (A3) expected for

the primary operator ¢". The leading-order results in the
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double-scaling limit (A3) for the operator normalization
and the scaling dimension read

NP = P2ne= 22 (A20)
n 1
A = — 2 o
"3 < a +4ﬂ>
5 5/17252 4 ... for in < 4n,
- { V2 20
a2 for An > 4.

31746 /x

The result (A21) for the scaling dimension agrees with the
one found in [35], hence proving that our prescription
indeed describes the same primary operator considered
there. In the small An regime the expansion of A, may be
compared to the diagrammatic result; this check was
performed in [39] up to six-loop order, finding perfect
agreement. In the regime An > 4x the result reproduces the
EFT result (10) with § = ﬁ.

It is worth recalling that the technical reason why the
solution to this problem reduces to the EFT for An > 1 is
that, in this regime, the solution (A13) satisfies
P2 ~43 |Oy|, while the kinetic term for the radial mode
is negligible (0p)* < |9y|>p* ~p°. We may therefore
neglect derivatives of p in the equations of motion
(A12), which reduce to the one deriving from (2).

While the field should always transform as a primary
with half-integer scaling dimension in x, the fact that the
solution depends on the insertion points x; and x; as
specified in Eq. (A13) is a consequence of the chosen
boundary conditions. This happens because the boundary
conditions (A8) and (A9) specify a primary operator [29].
To appreciate this, notice that the classical expectation
value for the field physically represents a (normalized)
correlator of three primary operators:

(@" (xy)pp(x)9" (x;))

A e B

pglass (X) =

where we stressed with the subscript class that the left-hand
side is evaluated on the saddle-point solution. It is then easy
to see that Egs. (A13) and (A14) ensure that Eq. (A22) has
the right form to describe a CFT correlator of three
primaries. One may similarly check that the form of the
solution ensures that higher-point functions of the form
(¢"(xf)...¢"(x;)) are compatible with conformal invari-
ance. Relatedly, as an obvious by-product of our analysis,
we can compute an infinite number of three- and higher-
point functions of light operators inserted within ¢"
and (Eﬁ”.”

""This can also be done within the original approach of [13].

4. The triple-scaling limit

As for the two-point function (A3), the three-point
function (@™ ¢™¢™ ") can be computed in the triple-
scaling limit A - 0, n; — oo and n, — oo with An;, in,
fixed. We assume n; > n, for definiteness. The result is
organized as

{@mtm(xp) g™ (xc )™ (x;))

= (g + ) VDG sty (A23)
Comparing with the general form for the three-point
function (12) and taking into account the normalization
of the two-point function (A3), this implies that the OPE
coefficient admits an expansion of the form

y) (A24)

Ny A A4 exp %F—l(lnl’ /11’!2) +ee

Proceeding as commented below Eq. (A22), we can
compute the OPE coefficient in the regime An, < 47 using
the classical solution (A13) to extract the four-point
function (g™ (x;)@"(x2)¢™ (x;)¢™ (x;)) and matching
the classical result to the OPE decomposition (see e.g.,
[2,29] for similar calculations). The result for the fusion
coefficient reads

P 1 ny \"/2 (A25)
nl,nz.n]Jrnz_\/n—z! 2/41 )

where p; is given by Eq. (A10) with n = n;. This is
equivalent to

F_ :;/lnz{l —log<2,ul j’::)] + 0<(é’;2));>. (A26)

Expanding for small An;, Eq. (A25) reproduces the tree-

(ny+m))!
nylny!

level result (using Stirling’s formula). In the

opposite regime, the result takes the form ~(n;/4)"/4, in
agreement with the EFT prediction for the OPE coefficient
of a light operator of dimension n,/2 and two heavy
charged operators [2].

5. The boundary value problem

According to the prescription explained in Sec. A 2, to
compute the three-point function we need to solve the
problem specified by the action

Ser = S+ S 4 51 4 st (A27)
where
R E— dQ =i
. = )y, a=1ic,f, (A28)
4z JoB(x,.r)
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with n; = ny, n. = n, and ny = —n; — n,. The boundary
conditions for p are specified as in Eq. (A9):
2 4
X7 Xa fa . fa 2 1
— th —=pu;——, A29
P Vit Mg (A29)

where p, is given by (A10) with n = n,,.

To solve the equations of motion, it is natural to
generalize the three-point function ansatz (A13) and
look for solutions which take the form of a four-point
function:

b~ (Osy(NO0s ()0 (x)O,_(x))).  (A30)

Formally, this form of the solution follows from argu-
ments analogous to those explained around Eq. (A22).12
Working in polar field coordinates (A6), the ansatz (A30)
reads

p(r,0)|x; — x;|'/2

=Pl = 7

p(x) =

x(x) = y(z,0) + const,

(A31)

where the constant piece in y is irrelevant due to the shift
symmetry. The physical meaning of this parametrization is
appreciated noticing that the equations of motion for p and
y coincide with those for the theory on R x S2:

1. 1
-VHo 0, =0,
P+ ( x)p+4p+48p

Vu(p?o'y) =0, (A32)
where Vﬂ is the covariant derivative on R x S2. The

boundary conditions set the value of the fields at 7 —
+oo and at the point (z,6) = (0,0):

RS IR il

) {ﬁ—)fi+0(€_r)v
T—> —00.
X = —iut+ &+ 0(e");
p— f.Jv/* 4+ 0(w'/*),
o)~ .0 {7700 PO
x — —iFlogv+¢. 4+ O(/v);

) {ﬁ—’ff+0(€_r)’
7> 00!

A33
x = —iluglt + ¢+ 0(e™). (A33)

The physical interpretation of the semiclassical problem is
the same as in the EFT. As below Eq. (19), we defined the
first corrections ¢;,./ to the field y close to the insertion
points, whose value is determined solving the equations of
motion.

Once the classical profile has been found, the OPE
coefficient can be obtained computing the classical value of
the action (14). Since the solution cannot develop
singularities other than the ones required by the boun-
dary conditions (A33),” all the divergent contri-
butions are absorbed by the normalization in Eq. (A20)
and we are left with a finite result that can be compactly
written as

1/2 (mod)
)“nl o, CXp|: znaca + ml (mo y (A34)
where 1™ is the following convergent integral:

1™ = 27 / " dr A " 4o sin 0p8 (7. 0). (A35)

Here p .., 1s obtained subtracting the nonintegrable
contributions from p:

f?+f?—f§» 1

Pha(.0) = §°(5.0) = |

Notice that given the boundary conditions, y is purely
imaginary on the saddle point; hence, so are the ¢, and the
OPE coefficient is real.

“From that perspective, the boundary conditions (AS8) and
(A9) ensure that correlation functions of light operators obey the
correct OPE limits close to x;, x. and x;

PThis is because, as explained below Eq (A22), the classical
solution represents a physical correlator itself, whose only
singularities are the ones dictated by the OPE.

(A36)

(1)

Equations (A32)—(A34) provide an abstract general
solution to the problem of finding the OPE coeffi-
cient of three large charge operators. In practice an explicit
solution can only be found numerically. We leave a detailed
analysis for future work. Here we just comment that for
Any > Any > 1 the solution satisfies p°® ~ |Oy|® > (0p)?
close to all the insertion points. We may hence treat self-
consistently the kinetic term of the radial mode as a
perturbation, and to leading order the problem reduces
to the EFT one studied in Sec. III A.

2 B
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