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Abstract

In an optomechanical system (OMS), the dynamics of quantum correlations, e.g., quantum

discord, can witness synchronized squeezing between the cavity and mechanical modes.

We investigate an OMS driven by two coherent fields, and demonstrate that optimal

quantum correlations and squeezing synchronization can be achieved by carefully tuning

key parameters: the cavity-laser detunings, loss rates, and the effective coupling ratio

between the optomechanical interaction and the amplitude drive. By employing the steady-

state solution of the covariance matrix within the Lyapunov framework, we identify the

conditions under which squeezing becomes stabilized. Furthermore, we demonstrate that

synchronized squeezing of the cavity and mechanical modes can be effectively controlled

by tuning the loss ratio between the cavity and mechanical subsystems. Alternatively, in

the case where the cavity is driven by a single field, we demonstrate that synchronized

squeezing in the conjugate quadratures of the cavity and mechanical modes can still be

achieved, provided that the cavity is coupled to a squeezed reservoir. The presence of

this engineered reservoir compensates the absent driving field, by injecting directional

quantum noise, thereby enabling the emergence of steady-state squeezing correlations

between the two modes. A critical aspect of our study reveals how the interplay between

dissipative and driven-dispersive squeezing mechanisms governs the system’s bandwidth

and robustness against decoherence. Our findings provide a versatile framework for

manipulating quantum correlations and squeezing in OMS, with applications in quantum

metrology, sensing, and the engineering of nonclassical states. This work advances the

understanding of squeezing synchronization and offers new strategies for enhancing

quantum-coherent phenomena in dissipative environments.

Keywords: optomechanical system; drive-loss engineering; synchronized squeezing;

quantum discord; entanglement

MSC: 81V80

1. Introduction

Cavity optomechanics, the study of interactions between electromagnetic fields and

mechanical resonators, has emerged as a promising platform for generating and controlling

non-classical states of both light and motion degrees of freedom [1–8]. A key objective

in this field is the controlled generation of squeezing and quantum correlations, such as

entanglement and quantum discord between the cavity and mechanical modes [9–16].
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Achieving this goal demands a fundamental theoretical understanding and experimentally

feasible approaches that preserve conceptual clarity and physical interpretability. Such

advancements would pave the way for deeper explorations of quantum hybrid systems

and their potential applications in quantum information processing, precision sensing,

and foundational tests of quantum mechanics.

The generation of quantum squeezing in OMS has emerged as a key research direction,

connecting fundamental quantum physics and applied quantum technologies [11,17–29].

Traditional approaches to squeezing in OMS have largely focused on single-mode squeezing,

typically realized through drive-dissipation engineering [3], dissipative optomechanical cou-

pling [30], kicked quadratic optomechanical coupling [31], parametric amplification [32], quan-

tum measurement [33–36], or a combination of different techniques. Therefore, two principal

mechanisms for the generation of such quantum states have been explored. One is through

two-tone driving (red and blue cavity-detuned), where the cavity acts as an engineered dissi-

pative reservoir, cooling specific Bogoliubov modes and allowing unconditional steady-state

squeezing of the mechanical resonator [3]. This concept can be extended to multimode and

entangled states by engineering a reservoir to simultaneously cool and entangle multiple

mechanical or optical modes [4,20,37].

A very detailed theoretical study of a two-tone-driven optomechanical system with

backaction-evading (BAE) measurements was presented in [20]. By going beyond stan-

dard analytical approximations—such as the rotating-wave approximation (RWA) and

adiabatic cavity elimination—the authors predicted the simultaneous generation of me-

chanical squeezing, intra-cavity squeezing, and optomechanical entanglement. Similar

schemes have been both theoretically developed [3,4] and experimentally demonstrated,

e.g., in [11] the authors employed a reservoir engineering technique with two-tone driv-

ing to generate and stabilize a quantum squeezed state in a mechanical oscillator. Their

results demonstrated squeezing of 4.7 ± 0.9 dB below the zero-point level, surpassing

the conventional 3 dB limit. Further works examine the robustness of these strategies

under non-ideal conditions, such as in the unresolved sideband regime [38], and explore

multimode entanglement in hybrid systems [39,40].

Another major mechanism relies on the parametric effects, in which direct modula-

tion of the mechanical or cavity frequency at twice its resonance frequency implements

degenerate parametric amplification. This process can generate strong single-mode squeez-

ing, as analysed in early theoretical proposals using modulated driving fields [41,42] and

further explored with mechanical non-linearities such as Duffing-type interactions [43].

Additional proposals combine drive-dissipative engineering and parametric mechanisms,

leveraging their joint action to enhance and stabilize squeezing or entanglement beyond

what is achievable with either approach alone [37,44–47]. For example, the theoretical work

in [45] proposed a hybrid scheme combining two-tone driving with parametric pumping to

enhance mechanical squeezing. This joint mechanism not only breaks the 3 dB limit but also

improves robustness against thermal noise and mechanical decay. However, challenges

remain in optimizing such systems. The study in [46] identified a new type of optomechani-

cal instability arising in two-tone BAE measurements. This instability imposes fundamental

limitations on measurement sensitivity due to parametric effects, even when intra-cavity

fields are perfectly balanced. Addressing these limitations requires refined control strate-

gies. In this direction, ref. [47] demonstrated how optimal control theory can maximize

mechanical squeezing in a two-tone driven OMS while minimizing the protocol duration.

Their findings reveal that the minimal achievable squeezing time is lower-bounded by the

inverse cavity decay rate for autonomous drives. The study also provides key insights

into the factors limiting squeezing and simplifies the time dependence of external drives,

making the protocol experimentally feasible.
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A particularly compelling extension of the squeezing paradigm is the joint squeezing

of photon and phonon modes [4,20,37,48]. This phenomenon is intrinsically linked to

the emergence of quantum correlations between these modes and enables measurement

precisions that surpass classical limits. Such advancements are crucial for applications in

quantum metrology, sensing, and information processing. Therefore, generating dual-mode

squeezing, where both the optical and mechanical quadratures simultaneously exhibit noise

reduction, remains a significant challenge due to several factors: (i) competing noise sources,

such as thermal fluctuations and quantum back-action; (ii) dissipation asymmetry between

the cavity and mechanical modes, leading to uneven decoherence rates; and (iii) the need

for a delicate balance between amplification and cooling effects to maintain the squeezed

correlations. To the best of our knowledge, no reported results have shown synchronized

squeezing of both mechanical and optical modes or observed this effect through quantum

discord in either (i) a two-tone driven OMS coupled to thermal baths, or (ii) a one-tone

driven OM cavity connected to a photon squeezed bath. Our proposal thus uncovers new

intrinsic features of driven-dissipative OMSs, paving the way for engineering optimal

simultaneous and correlated mechanical-optical squeezing.

In this work, we investigate the synchronized squeezing between the cavity and me-

chanical modes induced by drive-loss engineering, where two coherent fields drive the

cavity mode. Throughout this manuscript, we use the term synchronized squeezing to

describe the dynamical phenomenon in which squeezing in both the cavity and mechanical

modes occurs not only simultaneously, but also exhibits identical or strongly correlated

temporal evolution in magnitude. The term synchronized aptly conveys the notion of an

actively co-evolving relationship, where the squeezing in one mode is intrinsically linked

to and reflects the behaviour of the other. We discuss in detail the conditions necessary

for generating and synchronizing squeezing between the cavity and mechanical modes.

The application of two distinct drive fields, tuned to the blue and red sidebands of the OMS,

introduces an asymmetry in the system structure, enabling the emergence of quantum

correlations. The interplay between coherent driving and dissipation results in squeezing

in both the cavity and mechanical quadratures, eventually reaching a steady-state regime.

This study demonstrates through numerical simulation and theoretical analysis that the

squeezing can be flexibly controlled by adjusting the ratio of effective optomechanical

coupling strengths and loss rates. Meanwhile, the robustness of synchronized squeezing

against environmental temperature fluctuations can be significantly enhanced by optimiz-

ing loss ratios. The key findings of this study demonstrate the successful realization of

drive-loss engineering for efficient photon and phonon squeezing synchronization. In par-

ticular, our scheme bypasses the need for non-linear parametric amplification [37,44,45],

offering a more robust and experimentally feasible alternative. Furthermore, we show that

the emergence of synchronized squeezing can be effectively witnessed and characterized

through the behaviour of Quantum Discord, providing a reliable indicator of nonclassi-

cal correlations.

This paper is structured as follows. In Section 2, we introduce the physical model of an

OMS driven by two coherent optical fields. We derive the system’s effective Hamiltonian,

emphasizing the key phenomenon of two-mode squeezing, which underpins the quan-

tum correlations in the OMS. Section 3 details the derivation of the dynamical equation

governing the covariance matrix of the system’s quadrature operators. Here, we also

define the key metrics used to quantify quantum correlations and squeezing in the OMS.

In Section 4, we present our main results, analysing both the dynamical evolution and

steady-state behaviour of quantum correlations and squeezing between the optical cavity

and the mechanical oscillator. In Section 5, we explore an alternative scenario, where the

system can be driven by one field and interacting with a squeezing reservoir to reach the
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synchronized squeezing. We compare its effects with those of the original model, assessing

how reservoir engineering influences quantum correlations. Finally, Section 6 summa-

rizes our findings, discusses their implications, and outlines potential directions for future

research in quantum optomechanics.

2. Physical Model

Let us consider the OMS schematically illustrated in Figure 1a. The system consists

of an optical cavity with resonance frequency ωc, coupled to a mechanical oscillator (MO)

of frequency ωm. The strength of the radiation pressure interaction between the cavity

field and the mechanical mode is quantified by the single-photon optomechanical coupling

constant g. In this setup, the system is driven by a two-tone laser field with frequencies

denoted by ωj (j = 1, 2). The corresponding drive amplitudes are given by Ej =
√

κP/ωj,

where κ represents the decay rate of the optical cavity and P is the power of the external

pump driving the system. These drive amplitudes quantify the strength of the coherent

input fields interacting with the cavity mode at each frequency component. In the frame

rotating at the cavity frequency ωc, the system Hamiltonian takes the form (with h̄ = 1):

H = ωca†a + ωmb†b − ga†a(b + b†) + i ∑
j=1,2

Ej

(

a†e−iωjt − aeiωjt
)

, (1)

where, a (a†) and b (b†) denote the annihilation (creation) bosonic operators of the cavity

and MO modes, respectively, and satisfying the usual canonical commutation relations

[a, a†] = 1 and [b, b†] = 1. Throughout this work, all parameters in the frequency and time

domains are normalized to the mechanical oscillator frequency ωm. For numerical simula-

tions, we set ωm = 1, ensuring that all quantities are expressed in dimensionless units.
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Figure 1. (a) An OMS driven by two coherent fields tuned to the blue and red sidebands, i.e., at

frequencies ω1 = ωc + ωm and ω2 = ωc − ωm, respectively. Wigner function visualization of

(b) cavity and (c) MO illustrate the simultaneous squeezing effect for the conditions defined in

Figure 3d. For visual comparison with the squeezed state, the red dashed line denotes a thermal state.

Considering the effects of mechanical damping, optical cavity decay, and environ-

mental noise, the system’s evolution is accurately described by a set of nonlinear quantum

Langevin equations (QLEs). These equations capture the interplay between coherent dy-

namics and dissipation, providing a detailed framework for analysing the open quantum

behaviour of the coupled system.

ȧ = (−iωc − κ)a + iga(b + b†) + ∑
j=1,2

Eje
−iωjt +

√
2κain, (2)

ḃ = (−iωm − γm)b + iga†a +
√

2γmbin, (3)

where γm is the decay rate of the MO mode. Here Oin ≡ {ain, bin} is the input noise

operator, satisfying the non-zero correlation functions [49]:
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⟨O†
in(t)Oin(t

′)⟩ = n̄Oδ(t − t′), (4)

⟨Oin(t)O
†
in(t

′)⟩ = (n̄O + 1)δ(t − t′), (5)

where n̄a =
(

eh̄ωc/kBT − 1
)−1

and n̄b =
(

eh̄ωm/kBT − 1
)−1

denote the average thermal

excitations of the cavity and MO, respectively, at environmental temperature T, with kB

being the Boltzmann constant.

By imposing the resonance conditions ω1 = ωc + ωm and ω2 = ωc − ωm, we selec-

tively address the blue and red sidebands of the OMS, respectively. Under these conditions,

we can derive an effective Hamiltonian by applying the rotating wave approximation

(RWA), which allows us to neglect rapidly oscillating terms. This approximation signif-

icantly simplifies the dynamics while retaining the essential physics of the interaction.

Specifically, it captures the coherent interplay between the optical and mechanical modes,

mediated by simultaneous red and blue sideband processes. As a result, the system exhibits

non-trivial quantum effects such as two-mode squeezing, which is central to the generation

of quantum correlations and squeezed states in the OMS. The detailed derivation and

assumptions leading to this effective Hamiltonian are provided in Appendix A.

H(RWA)
eff = δa†

(

G1δb† + G2δb
)

+ δa
(

G1δb + G2δb†
)

, (6)

where G1 = ga1 and G2 = ga2 represent the effective optomechanical coupling strengths

associated with the drive fields through the mean amplitudes a1(2), as defined in

Equation (A5).

In the following section, we define the key measures employed to quantify nonclassical

correlations within the framework of the QLEs. These quantifiers form the basis for our

investigation into the dynamics and steady-state of quantum correlations and squeezing

phenomena in the OMS setups considered in this work. Specifically, we focus on Entangle-

ment and Quantum Discord as tools to characterize the quantum correlations. In parallel,

we explore the conditions for the optimal generation of squeezed states, with particular

emphasis on the simultaneous squeezing of both the cavity and MO quadratures. This dual-

mode squeezing introduces complex dynamics that can substantially affect the strength

and character of nonclassical correlations within the system.

3. Methods

3.1. Dynamics of Quantum Fluctuations

To investigate the dynamics of quantum fluctuations in greater depth, we employ

the effective Hamiltonian defined in Equation (6) to derive the set of QLEs governing the

fluctuation operators:

δȧ = −κδa − i(G1δb† + G2δb) +
√

2κain, (7)

δḃ = −γmδb − i(G1δa† + G2δa) +
√

2γmbin. (8)

In what follows, we introduce the cavity and mechanical quadratures, defined as

δXO = (δO+ δO†)/
√

2 and δYO = (δO− δO†)/
√

2i, where O ≡ {a, b}. The corresponding

noise quadratures are given by XOin
= (Oin + O†

in)/
√

2 and YOin
= (Oin − O†

in)/
√

2i.

The Langevin equation can be expressed in a more compact matrix form:

σ̇(t) = Aσ(t) + ε(t), where σ = [δXb, δYb, δXa, δYa]
T is a column vector of the system fluctua-

tion operators, and ε =
[√

2γmXbin
,
√

2γmYbin
,
√

2κXain
,
√

2κYain

]T
is the corresponding noise

operator vector. A is the drift matrix governing the system’s dynamics with its explicit form

given by:
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A =











−γm 0 0 G2 − G1

0 −γm −(G1 + G2) 0

0 G2 − G1 −κ 0

−(G1 + G2) 0 0 −κ











. (9)

The stability of the system, in compliance with the Routh-Hurwitz criterion, requires

that all eigenvalues of the matrix A possess strictly negative real parts [50], see details

in Appendix C. Due to the linearity of the Langevin equation and the Gaussian nature

of the quantum noise, the system asymptotically relaxes to a stable Gaussian state. This

state is fully characterized by its 4 × 4 covariance matrix V [51], defined in phase space

as: Vij = ⟨σi(t)σj(t
′) + σj(t

′)σi(t)⟩/2, (i, j = 1, 2, 3, 4). The time evolution of the covariance

matrix V is described by the following equation:

dV
dt

= AV + VAT +D, (10)

where AT denotes the transpose of A, and the elements of the diffusion matrix D are

defined by the relation: Dijδ(t − t′) = ⟨σi(t)σj(t
′) + σj(t

′)σi(t)⟩/2. Therefore, the form of

the diffusion matrix D becomes:

D =

(

D11 D12

D21 D22

)

, (11)

where the matrix elements are given by: D11 = γm(2nb + 1)I2, D22 = κ(2na + 1)I2 and

D12(21) = O2, (where O2 denotes the 2 × 2 zero matrix, and I2 is the 2 × 2 identity matrix).

3.2. Quantifying Quantum Correlations in OMS

In this work, we investigate quantum correlations—specifically entanglement, quan-

tum discord, and quadrature squeezing in the cavity and MO modes. Understanding

these correlations is crucial for applications in quantum information processing, metrology,

and the development of hybrid quantum systems. To quantify these effects, we employ

the covariance matrix V , which fully characterizes the Gaussian state of the system and is

defined as follows:

V =

(

V1 V3

VT
3 V2

)

, (12)

where V1, V2, and V3 are 2 × 2 sub-block matrices of V .

3.2.1. Gaussian Entanglement

To quantify the entanglement between the cavity and mechanical modes, we employ

the logarithmic negativity E , a well-established measure of quantum entanglement for

mixed states [52,53]. This quantity, derived from the negativity of the partially transposed

density matrix, is defined as:

E ≡ max(0,− ln(2ν)), (13)

where ν = 21/2
[

Σ −
√

Σ2 − 4R
]1/2

and Σ = R1 +R2 −2R3, withR1 = detV1, R2 = detV2,

R3 = detV3, and R = detV being symplectic invariants.

3.2.2. Gaussian Quantum Discord

Quantum Discord (QD) is a measure of quantum correlations that extends be-

yond entanglement, capturing nonclassical interactions even in separable states. Unlike

entanglement-based measures, QD quantifies the disturbance induced by local measure-
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ments, revealing quantumness in correlations that classical theories cannot explain. For the

Gaussian bipartite system under consideration, the Gaussian QD is given by [54,55]:

QD = f
(

√

R1

)

− f (ν−)− f (ν+) + f
(√

W
)

, (14)

where the function f is defined as

f (x) ≡ x + 1

2
ln

(

x + 1

2

)

− x − 1

2
ln

(

x − 1

2

)

, (15)

and

ν± ≡ 2−1/2

√

∆(V)±
√

∆(V)2 − 4R, (16)

are the two symplectic eigenvalues of V , with ∆(V) ≡ R1 +R2 + 2R3 and

W =















[

2|R3|+
√

4R2
3+(4R1−1)(4R−R2)
(4R1−1)

]2

, if
4(R1R2−R)2

(R2+4R)(1+4R1)R2
3
≤ 1,

R1R2+R−R2
3−
√

(R1R2+R−R2
3)

2−4R1R2R
2R1

, otherwise.

(17)

3.2.3. Squeezing

The degree of squeezing in the quadratures of the photon and phonon modes can be

quantified in decibels (dB) using the following expression:

SZ = −10 log10

[ ⟨Z2⟩
⟨Z2⟩vac

]

, (18)

where Z = δXO or δYO represents the quadrature fluctuations, and ⟨Z2⟩vac = 1/2 corre-

sponds to the vacuum noise level. A positive squeezing degree (SZ > 0 dB) indicates the

presence of photon or phonon squeezing, signifying reduced quantum noise below the

vacuum limit in the measured quadrature. In general, squeezing levels above 3 dB are

considered indicative of strong quantum squeezing.

4. Results

In this section, we analyse the conditions for achieving tunable squeezing in both the

cavity and mechanical modes of the OMS. By examining the interplay between driving,

dissipation, and coupling strengths, we identify critical thresholds for the emergence of

quantum correlations and squeezing, as well as their dynamical evolution.

4.1. Emergence of Quantum Correlations and Squeezing

Figure 2 depicts the evolution of quantum correlations (quantified by E and QD) and

amplitude Squeezing (SδXO
), as functions of the effective drive-coupling ratio G1/G2. At low

drive-coupling ratios (G1/G2 ≲ 0.1), the quantum correlations remain suppressed due to

dominant losses from the cavity and mechanical oscillators into their respective reservoirs.

However, once G1/G2 exceeds this threshold, a gradual buildup of correlations between

the cavity field and the mechanical oscillator becomes evident, see Figure 2a,b. This onset

indicates that a minimal degree of asymmetry in the coupling strengths is necessary to

overcome dissipative noise and enable the emergence of intermode correlations. As the

ratio increases further, the system exhibits a progressive enhancement of these correlations,

with a clear development of coherence between the cavity field and the MO. This trend

highlights the pivotal role of the coupling ratio in mediating and tuning nonclassical

correlations within the system.
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Figure 2. The evolution of quantum correlations and squeezing (in dB) is analysed as a function of the

coupling strength ratio G1/G2, with the dissipation rates set to κ = γm = 10−2ωm. (a) Entanglement E ;

(b) Quantum Discord QD; Squeezing: (c) cavity mode SδXa
, and (d) MO mode SδXb

. Other parameters

are: G2 = 0.1ωm, n̄a = n̄b = 10−3.

Concurrently, the competition between coherent driving and dissipation gives rise

to squeezing in both the cavity and mechanical modes. Figure 2c,d demonstrate how this

squeezing evolves dynamically, eventually reaching a steady-state regime. For instance,

in Figure A1, the case of G1/G2 = 0.8 exemplifies the dynamics where significant squeezing

is achieved. During this process, quantum correlations initially rise to a maximum before

decaying as the squeezing stabilizes into a steady state. However, there exists a loss

regime, e.g., κ/ωm ∈ [0.07, 0.1], where finite steady-state entanglement and QD coexist

with squeezing for a given G1/G2 ratio, as illustrated in Figures 4b and A1. Additional

results and analysis are provided in Appendix B. These findings highlight the intricate

and interdependent relationship between the degree of squeezing and the strength of

quantum correlations. The dynamic interplay between these two phenomena—governed

by the balance between external driving and system losses—offers valuable insights into

the mechanisms underlying the emergence and stabilization of nonclassical steady states in

driven open quantum systems. All of this not only reflects the interrelation of quantum

correlations and squeezing but also underscores how engineered dissipation and coherent

control can be harnessed to tailor quantum resources.

4.2. Decay of Squeezing at Strong Coupling Ratios

Interestingly, when the coupling ratio approaches unity (e.g., G1/G2 ≳ 0.9), the system

enters a regime where squeezing of both cavity and MO modes begins to diminish. This

reduction is due to the intensified interaction with the dual drives, which destabilizes the

squeezing mechanism while still preserving a residual amount of quantum discord, as indi-

cated in the upper range of Figure 2b. The persistence of QD despite the decay of squeezing

points to a partial retention of quantum correlations, where QD ≈ 0.1, underscoring the

robustness of discord against certain forms of decoherence [56–58]. Therefore, these results

demonstrate that the coupling asymmetry G1/G2 serves as a powerful control parameter

for tuning both squeezing and quantum correlations in the system. The development,

stabilization, and eventual suppression of these quantum features illustrate the subtle

interconnection between coherent dynamics and dissipative effects, providing valuable per-

spectives for the advancement of quantum technologies based on optomechanical systems.
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4.3. Controlling Squeezing via Pump and Losses for Cavity–Mechanics Synchronization

To achieve synchronized squeezing of the same quadrature in the cavity and me-

chanical modes, we find that it is advantageous to operate in the regime G1/G2 ≲ 0.9,

as illustrated in Figure 2c,d, and to maintain a balanced loss rate with κ/γm ∼ 1. In this

regime, the interconnection between the optical and mechanical modes supports coherent

energy exchange and correlated squeezing dynamics. To more clearly visualize the squeez-

ing behavior, the Wigner function is especially useful, offering an intuitive phase-space

representation of the state that reveals both the degree and orientation of squeezing in each

mode. The Wigner function can be expressed as shown in [59]:

W(R) =
exp

(

− 1
2 RTV−1

O R
)

2π
√

det[VO]
, (19)

where R = [δXO, δYO]
T represents the 2D vector, and VO is the corresponding covariance

matrix (where O ≡ {a, b}).

The squeezing dynamics reveal fundamental constraints imposed by dissipation ratios.

In the top panel of Figure 3, we observe that strong steady-state phonon squeezing (>3 dB)

occur when the cavity decay rate κ dominates over the mechanical damping γm, i.e κ ≫ γm.

This regime benefits from the cavity’s enhanced ability to mediate squeezing interactions

before mechanical dissipation destroys quantum coherence. Conversely, the bottom panel

of Figure 3 demonstrates a qualitatively different behaviour: optimal squeezing synchro-

nization between optical and mechanical modes occurs precisely at the critical balance point

κ ≈ γm. This equality condition suggests a resonant energy exchange regime where dis-

sipation matching enables: (i) phase-coherent coupling between modes, and (ii) balanced

quantum noise redistribution essential for joint squeezing. The inset in Figure 3d presents a

magnified view that clearly demonstrates both E and QD remain strictly positive during the

early stages of the dynamics. A similar behaviour occurs in the case presented in Figure 3a.
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Figure 3. Tunable squeezing (in dB) through dissipation rate control. (a) Phonon squeezing with

asymmetric dissipation rates (κ = 10−2ωm, γm = 10−3ωm), showing enhanced mechanical squeezing

due to suppressed phonon decoherence. (b,e) and (c,f) Wigner function of the final states of cavity

and MO, respectively. (d) Simultaneous photon and phonon squeezing under balanced dissipation

(κ = γm = 10−2ωm), revealing optimal squeezing synchronization (overlapping of red and blue

lines) between optical and mechanical modes. The inset in (d) presents a magnified view that clearly

demonstrates both E and QD remain strictly positive during the early stages of the dynamics. All

other parameters match those in Figure 2.
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The squeezing synchronization at κ/γm = 1 represents a fundamental trade-off, while

individual mode squeezing may not be maximized here, the system achieves maximal

cooperativity in its quantum noise suppression. In Section 5, we discuss how certain

experimental techniques enable dissipation engineering in the regime γm∼κ. Alternatively,

we propose a different model configuration, where synchronized squeezing can be realized

for γm < κ, a condition frequently encountered in optomechanical experiments.

4.4. Steady-State Squeezing

In this section, we explore the relationship between steady-state squeezing and quan-

tum correlations. Specifically, we analyse how these quantities are interrelated when the

system reaches its long-time limit. In this regime, the covariance matrix V(∞) satisfies the

Lyapunov Equation (10) in the form

AV(∞) + V(∞)AT = −D. (20)

Figure 4 presents the steady-state behaviour of cavity/MO squeezing and quantum

correlations as functions of the loss rate ratio κ/γm for specific values of the drive-coupling

ratio G1/G2, extracted from the broader parameter space depicted in the colour map of

Figure A2 (Appendix B). These results reveal a clear dependence on the dissipation balance

between the two subsystems. One finds in Figure 4, that the cavity squeezing is enhanced

when the cavity losses are lower than those of the mechanical mode (see left panel where

κ < γm). Conversely, MO squeezing is favoured when the mechanical damping is lower

than the cavity decay (see right panel where κ > γm). Interestingly, optimal synchronization

of squeezing of the cavity and mechanical modes coincides with the maximum quantum

correlations, as shown in the central panel of Figure 4. This synchronization peak occurs

precisely when the loss rates are balanced, i.e., κ = γm.
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Figure 4. Steady-state squeezing (in dB, color lines) and quantum correlations (black lines): (a) γm = 10κ,

(b) γm = κ, and (c) γm = 0.1κ. Other parameters are the same of Figure 2.

For instance, a marked increase in quantum correlations is observed in the region

where squeezing synchronization reaches its optimum. Importantly, QD emerges as a

particularly sensitive indicator: it exhibits a sharp rise as squeezing begins to degrade due

to system losses. This observation is consistent with the findings reported in Ref. [60],

where QD becomes nonzero while synchronization remains optimal, even though entangle-

ment (E ) is still absent. In conclusion, this highlights the role of QD as a valuable witness to

the interplay between dissipation and nonclassical correlations in open quantum systems.

Additional results and analysis are provided in Appendix C.

We also explore how the thermal environment affects the squeezing properties of both

the cavity and mechanical modes. As shown in Figure 5, optimal squeezing occurs when

the average thermal occupation is low, specifically for n̄a = n̄b ≲ 10−2. These conditions

are experimentally achievable in state-of-the-art platforms. For example, OMSs operating

in the microwave regime—such as those in Refs. [61,62]—typically feature mechanical fre-

quencies around ωm/2π ≈ 2 GHz. At cryogenic temperatures near T∼10 mK, the thermal
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phonon population can be suppressed to n̄b ≈ 10−4, creating favourable conditions for the

observation of squeezing.
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Figure 5. Steady-state squeezing (in dB): (a) cavity mode SδXa
, and (b) MO mode SδXb

as a function

of thermal excitations, where n̄b = n̄a, for G1/G2 = 0.8 and different γm/κ values. Other parameters

are the same of Figure 2.

Conversely, when the average thermal excitation exceeds n̄a = n̄b ≳ 10−1, a notable

degradation in squeezing is observed in both modes, eventually leading to its complete

suppression, as shown in Figure 5. This trend underscores the harmful effects of thermal

noise on quantum coherence and highlights the critical importance of low-temperature

environments for preserving features such as squeezing in OMS.

5. Discussion and Outlook

To illustrate the practical applicability of our theoretical framework, we examine an

alternative approach for inducing synchronization-like squeezing between the cavity and

MO, and contrast it with our original two-tone driving scheme, in which this phenomenon is

more easily realized owing to the presence of the thermal reservoirs for both subsystems. In

this alternative model, we propose a cavity coupled to a squeezed photon reservoir [7,22],

where the generation of squeezing can be controlled by tuning the driving fields—for

instance, by selecting either a single drive or two drives.

Using the covariance matrix formalism (introduced in Section 3.2 and derived for this

specific case in Equation (A14) of Appendix D), we investigate the dynamics of squeez-

ing and quantum correlations. The time evolution of squeezing is shown in Figure 6a,

which reveals that significant cavity and MO squeezing only emerges when the squeezing

parameter r is sufficiently large, see Figure 6b,c. It is worth noting that this effect can

be achieved with either coherent single- or two-tone cavity driving, as demonstrated in

Figure 6b,c. These plots show how the steady-state squeezing of both modes depends on

the ratio G1/G2 and the parameter r, which characterizes the degree of squeezing in the

photon reservoir. A particularly striking result is that strong mechanical squeezing persists

even with only a single active drive (i.e., G2 = 0.1ωm and G1 = 0), with the squeezing of

cavity and MO enhancing progressively as r increases. This finding highlights the critical

role of input squeezing and asymmetrical driving in engineering nonclassical steady states,

offering different strategy for the control of quantum effects in OMS.

Figure 6d,e presents the steady-state phase-space Wigner representation of the system.

A key observation is that the mechanical mode exhibits squeezing along the Y-quadrature,

whereas the cavity mode displays squeezing along the X-quadrature. This asymmetry in

quadrature squeezing can be attributed to the distinct types of reservoirs each subsystem

interacts with: the cavity is coupled to a squeezed photon reservoir, while the MO is

connected to a thermal reservoir.
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Figure 6. (a) Dynamics of cavity and MO squeezing (in dB, color lines) and quantum correlations

(black lines) for G1 = 0 for cases: (I) κ = 10−2ωm, γm = 10−3ωm and (I I) κ = γm = 10−3ωm. Density

plot of (b) cavity mode SδXa
, and (c) MO mode SδYb

as a function of ratios G1/G2 and squeezing

parameter r of the cavity bath. Wigner function visualization for the final states of (d) cavity and

(e) MO. Here, we observe that optimal squeezing synchronization (overlapping of red and blue lines)

between cavity and MO modes occurs with one drive under the squeezed photon reservoir. Other

parameters are: G2 = 0.1ωm, r = 1.2, κ = 10−2ωm, γm = 10−3ωm and n̄c = n̄m = 10−3.

In Figure 7, we investigate the impact of introducing a second drive. The panel

Figure 7a shows that competition between the two drives disrupts the synchronization

of squeezing between the cavity and the mechanical mode, thus altering their collective

dynamics. Panel Figure 7b, however, reveals that optimal synchronized squeezing is

reached with single-tone drive of the cavity, and also is associated with enhanced quantum

correlations. As in the previous case, QD here also acts as a sensitive witness of the optimal

synchronized squeezing, i.e., it emerges when the synchronization disappears, moreover

the MO squeezing starts to decay meanwhile cavity squeezing increases as function of the

rate κ, because the back action effect of the photon squeezed reservoir.

As in the previous case, QD also serves as a sensitive indicator of optimal synchro-

nized squeezing, emerging precisely when synchronization breaks down. Remarkably,

the mechanical squeezing begins to decay due to decoherence as it interacts with its thermal

reservoir, given that γm = κ. Meanwhile the cavity squeezing increases with the rate κ,

driven by the back-action from the squeezed photon reservoir.
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Figure 7. Steady-state squeezing (in dB, color lines) and quantum correlations (black lines):

(a) G1/G2 = 0.5 and (b) G1/G2 = 0. Other parameters are the same of Figure 6.

Taken together, these findings illustrate how the interplay between three key factors—cavity

reservoir squeezing, drive asymmetry, and coupling strengths—governs both the emergence

and robustness of cavity and mechanical squeezing and quantum correlations. This insight

provides practical strategies for manipulating nonclassical states in reservoir-engineered OMS.

Finally, we provide a brief discussion on the experimental feasibility of our proposed

schemes, outlining the key requirements, potential challenges, and possible implementation
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strategies within current optomechanical platforms. In the first OMS scheme we analysed,

featuring two coherent drives and coupling of both the cavity and the mechanical oscillator

to their respective thermal reservoirs, the crucial effect of photon and phonon squeezing

synchronization is achieved under the specific condition γm = κ. This requirement is

particularly uncommon in standard OMS, where typically γm ≪ κ due to the intrinsically

low mechanical damping compared to the optical cavity loss. However, such a regime can

realistically be expected in certain specialized platforms [1,5,21]. In particular, ultrahigh-

Q optical cavities—such as whispering gallery mode resonators and photonic crystal

cavities—exhibit extremely low optical losses, effectively reducing κ to values comparable

to γm. Similarly, in microwave cavity optomechanics (e.g., superconducting circuits coupled

to mechanical resonators), photon losses can be engineered to be exceptionally low, again

enabling γm to approach κ.

All other parameters considered in our model lie well within the range of current

experimental capabilities. For instance, the effective couplings Gj = gaj can be directly

tuned via the driving field amplitude E, and no strong single-photon optomechanical

coupling is required. Therefore, this aspect does not pose significant experimental difficulty.

The photon loss rate used throughout the manuscript, κ = 10−2ωm, is fully compatible

with the resolved-sideband regime and aligns with the experimental parameters outlined

in the review by Aspelmeyer et al. [1]. All these conditions provide a favourable platform

for observing the predicted squeezing effects.

Moreover, it is possible to intentionally engineer mechanical dissipation in hybrid

architectures by coupling the mechanical mode to a designed dissipative bath. Techniques

such as active feedback cooling, coupling to auxiliary resonators, or embedding the me-

chanical mode within tailored thermal environments can be used to enhance the effective

mechanical loss rate γm. This dissipation engineering provides an additional experimental

handle for accessing the γm∼κ regime, thereby facilitating the observation of synchronized

photon-phonon squeezing. Under the comparable loss condition γm ≈ κ, it becomes

possible to access a variety of alternative quantum effects beyond synchronized squeezing.

These include photon-photon [63] and photon-phonon [64] asymmetric quantum steering,

phonon-photon conversion processes that enable efficient cooling and coherent information

transfer [65], and the optomechanical preparation of photon number-squeezed states [66],

among others. Such phenomena highlight the rich landscape of quantum dynamics that

can emerge when the mechanical and optical dissipation rates are carefully balanced.

As a natural extension of this work, further investigations could explore additional

quantum effects linked to squeezing synchronization in asymmetrically driven optome-

chanical systems, such as the recently demonstrated phenomenon of asymmetric one-way

steering [64]. Beyond this, other yet-uncovered nonclassical features may emerge in such

driven-dissipative settings, offering fertile ground for discovery. This direction not only

deepens our understanding of quantum dynamics but also opens intriguing possibilities

for quantum control and information processing. Future studies may reveal unexpected

phenomena, further enriching the interplay between nonlinear optomechanics, quantum

synchronization, and open quantum systems.

6. Conclusions

Our study elucidates the complex relationship between squeezing and quantum corre-

lations—specifically entanglement and quantum discord—in an optomechanical system,

highlighting how these quantum features can be precisely controlled by tuning key system

parameters. Focusing on a driven-dissipative OMS, we identify the conditions under which

squeezed states emerge and become synchronized between the cavity and mechanical

oscillator modes. As a key result, we show that in the configuration where the OMS is
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driven by two coherent fields and both the cavity and mechanical oscillator are coupled to

thermal reservoirs, simultaneous squeezing of photon and phonon modes emerges from a

delicate interplay among the coherent interference of the driving fields, the optomechanical

coupling strength, and the ratio between cavity and mechanical dissipation rates. A com-

prehensive steady-state analysis offers deeper insight into the fundamental mechanisms

underlying these effects, showing how the effects of amplification and noise competition,

jointly contribute to the emergence of robust quantum correlations.

We further demonstrate that synchronized squeezing in the conjugate quadratures

of the cavity and mechanical modes can be achieved even in a single-tone driven system,

provided the cavity is coupled to an engineered squeezed reservoir. In this configuration,

the reservoir compensates for the absence of a second driving tone by injecting directional

quantum noise, thereby enabling the formation of steady-state squeezing correlations

between the two modes. Effectively, the engineered reservoir serves as an external control

mechanism, allowing for robust manipulation of quantum states within the one-tone

driving scheme.

Interestingly, we find that the effect of synchronized squeezing can be effectively

detected and quantified through the behaviour of quantum discord, which serves as

a reliable and accessible indicator of nonclassical correlations within the system. This

conclusion is consistent with findings from other configurations studied in the context

of synchronization effects, e.g., [60]. Our findings not only deepen the understanding of

quantum optomechanics but also open new avenues for the controlled manipulation of

photon-phonon correlations and synchronized squeezing. These advances hold significant

promise for applications in quantum sensing, noise-resistant quantum communication,

and the development of hybrid quantum technologies. Therefore, this work contributes to

the broader effort of harnessing OMS for next-generation quantum devices, where precise

control over squeezing and correlations is essential.
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Appendix A. Derivation of the Effective Hamiltonian

The standard linearization procedure is applied by expressing each operator as the

sum of its steady-state mean value and quantum fluctuation, i.e., ȯ = ȯs + δȯ. Substituting

this decomposition into Equations (2) and (3) leads to:

ȧs = (−iωc − ig(b∗s + bs)− κ)as + ∑
j=1,2

Eje
−iωjt, (A1)

ḃs = (−iωm − γm)bs + ig|a|2. (A2)
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Consequently, the standard quantum Langevin equations for the fluctuation operators

take the form:

δȧ = −i(ωc + g(b∗s + bs) + κ)δa + igas(δb + δb†) +
√

2κain, (A3)

δḃ = −(iωm + γm)δb − ig(a∗s δa + asδa†) +
√

2γm b̂in. (A4)

Given that the cavity mode’s amplitude is primarily concentrated at the two-tone driv-

ing frequencies ω1 and ω2, we approximate the steady-state cavity field as

as(t) ≈ a1e−iω1t + a2e−iω2t. Moreover, in many experimental setups where the optome-

chanical coupling strength g is weak, the term g(b∗s + bs) contributes negligibly and can

thus be safely omitted from the governing equations. Under these approximations, we

derive the mean-field amplitudes a1 and a2, which characterize the cavity’s response to the

respective driving frequencies. These amplitudes read:

a1 =
E1

i(ω1 − ωc) + κ
, a2 =

E2

i(ω2 − ωc) + κ
. (A5)

Using Equations (A3) and (A4), we derive the linearized Hamiltonian by expanding

the system dynamics in terms of quantum fluctuation operators. This yields effective

interaction terms around the classical averages, resulting in:

Hlin = ωcδa†δa + ωmδb†δb + ga∗s (δaδb + δaδb†) + gas(δa†δb + δa†δb†). (A6)

Next, we apply the rotating frame defined by the unitary transformation

U = e−i(ωca†a+ωmb†b), to obtain:

H′ = (G1ei(ω1−ωc−ωm)t + G2ei(ω2−ωc−ωm)t)δaδb

+(G1ei(ω1−ωc+ωm)t + G2ei(ω2−ωc+ωm)t)δaδb†

+(G1e−i(ω1−ωc+ωm)t + G2e−i(ω2−ωc+ωm)t)δa†δb

+(G1e−i(ω1−ωc−ωm)t + G2e−i(ω2−ωc−ωm)t)δa†δb†, (A7)

where G1 = ga1 and G2 = ga2 denote the effective optomechanical coupling strengths

induced by the drive fields. Without loss of generality, we take G1(2) > 0 to be real and

positive. Under the resonance conditions ω1 = ωc + ωm and ω2 = ωc − ωm, the system is

described by the effective Hamiltonian:

Heff = δa†
(

G1δb† + G2δb
)

+ δa†
(

e−2iωmtG1δb + e2iωmtG2δb†
)

+ H.c. (A8)

Under the rotating wave approximation (RWA), the effective Hamiltonian reduces to

the form:

H(RWA)
eff = δa†

(

G1δb† + G2δb
)

+ δa
(

G1δb + G2δb†
)

. (A9)

Appendix B. Dynamics of Quantum Correlations and Squeezing

In Figure A1, we present the time evolution of quantum correlations and squeezing as

a function of the cavity decay rate κ, under the condition γ = κ, and for a fixed coupling

ratio G1/G2 = 0.8. The dynamics reveal two distinct regimes governed by the level

of dissipation.

In the low-dissipation regime (κ < 10−1), quantum correlations (E and QD) initially

rise, reach significant values, and then gradually decay at long times. In this same regime,

Squeezing is initiated shortly after the peak of quantum correlations, evolves dynamically,

and eventually stabilizes to a steady-state value. This stabilization marks the onset of



Mathematics 2025, 13, 2171 16 of 21

cavity-mechanical synchronization due to the condition κ = γm, clearly visualized in the

bottom-right region of the plot with calypso colouring.

Figure A1. Density plots illustrating the time evolution of quantum correlations and squeezing

(in dB) as a function of the cavity decay rate κ, under the condition γ = κ and for a fixed coupling

ratio G1/G2 = 0.8. Other parameters are identical to those used in Figure 2.

In contrast, in the high-dissipation regime (κ > 10−1), quantum correlations no

longer vanish but instead settle into finite steady-state values—approximately E ≈ 0.4 and

QD ≈ 0.2. However, in this region, squeezing is significantly suppressed, as indicated by

SδX → 0 (see the dark-blue region in the top-right corner of the lower panel in Figure A1).

These findings highlight that quantum correlations act as a sensitive probe for iden-

tifying and characterizing the onset and stabilization of synchronized optomechanical

squeezing in this parameter regime.

Appendix C. Steady-State Squeezing Analysis: Drive vs. Losses

According to the Routh–Hurwitz criterion, the system is stable if all the eigenvalues of

the drift matrix have negative real parts. For the matrix A defined in Equation (9) of the

main text, the eigenvalues are given by:

λ1,2 ≡ −γm + κ

2
−

√

4(G2
1 − G2

2 ) + (γm − κ)2

2
, (A10)

λ3,4 ≡ −γm + κ

2
+

√

4(G2
1 − G2

2 ) + (γm − κ)2

2
. (A11)

Since the parameters {γm, κ,G1,G2} are strictly positive, the solutions in Equation (A10)

satisfy the Routh–Hurwitz (RH) stability criterion. In contrast, solutions in Equation (A11)

satisfy the RH criterion under the constraint:

G2
1 − G2

2 − γmκ < 0. (A12)

Throughout the manuscript, we have consistently considered the relation 0 ≤ G1 ≤ G2,

which is fully compatible with the constraint Equation (A12). Therefore, we conclude that

the parameter regime adopted in this study ensures the existence of a stable steady-state.

In Figure A2, we present a detailed density plot illustrating the steady-state behaviour

of both squeezing and quantum correlations as functions of the drive-optomechanical
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coupling ratio G1/G2 and the loss ratio κ/γm. This two-dimensional landscape provides

a comprehensive view of how the interplay between coherent coupling and dissipation

influences the emergence and stabilization of nonclassical correlations and synchronized

squeezing in the OMS. In the first row, where cavity squeezing is shown, we observe

a clear enhancement when the cavity dissipation is lower than that of the mechanical

mode (κ < γm). Conversely, in the second row, the mechanical oscillator exhibits stronger

squeezing in the opposite regime, i.e., when the cavity dissipation dominates (κ > γm).

This complementary behaviour highlights the role of dissipation tailoring in localizing

squeezing to one subsystem.

The most striking behaviour emerges in the central panels, corresponding to the

balanced dissipation case (κ = γm). Here, we observe the emergence of synchronized

squeezing—simultaneous and time-correlated squeezing in both the optical and mechanical

modes. This balanced regime also coincides with the maximal build-up of quantum

correlations, as previously seen in Figure A1, confirming that balanced drive-loss conditions

promote coherent quantum interactions between the subsystems.

Remarkably, quantum discord continues to serve as a highly sensitive indicator of

nonclassical behaviour in this case. It not only captures the emergence and enhancement of

quantum correlations beyond Entanglement, but also reliably monitors the degradation

of squeezing as system losses increase. This makes it a robust and insightful witness for

both the onset and breakdown of quantum synchronization between cavity and mechanical

modes, even in regimes where other indicators may fail to detect subtle quantum features.

Figure A2. Density plots illustrating the steady-state squeezing (in dB) and quantum correlations.

(Left panel) γm = 10κ, (center panel) κ = γ and (right panel) γm = 0.1κ. Other parameters are

identical to those used in Figure 2.

Appendix D. Synchronized Optomechanical Squeezing via Single Drive
and Squeezed Photon Reservoir

In this Appendix, we explore an alternative configuration for generating squeezing

and inducing synchronization between the cavity and mechanical modes. Specifically, we

consider a scenario in which the cavity is coherently driven by one or two fields, while the
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mechanical oscillator remains coupled solely to its thermal reservoir, as described in the

main text (see Equations (4)). Distinct from the configuration studied earlier, the cavity is

now incoherently coupled to a squeezed photonic reservoir.

In this setup, the input noise operator ain acquires modified statistical properties due

to its transformation into the squeezed frame. This transformation is implemented by

applying the squeezing operator S(r) = exp
[

r
2 (a2

in − a†2
in )
]

, where r ∈ R is the squeezing

parameter that quantifies the degree of reservoir squeezing. As a consequence, the cavity

mode is subjected to nontrivial input noise correlations that differ from the standard thermal

or vacuum noise and play a significant role in shaping the quantum dynamics of the coupled

OMS. These altered noise correlations lead to an effective modification of the system’s

dissipative dynamics, enabling the engineering of enhanced steady-state squeezing in both

the cavity and mechanical modes. Interestingly, this configuration supports the emergence

of squeezing synchronization, a regime in which both modes exhibit correlated squeezing

along orthogonal quadratures, despite being coupled to reservoirs with fundamentally

different statistical properties.

This analysis reveals that by tuning the squeezing parameter r and the relative

strengths of the coherent drives, it is possible to access new regimes of nonclassical be-

havior and improved synchronization between the photonic and phononic subsystems.

The corresponding noise correlation functions in the squeezed frame take the form [67]:

⟨ain(t)a†
in(t

′)⟩ =
(

n̄a cosh(2r) + sinh2(r)
)

δ(t − t′),

⟨a†
in(t)ain(t

′)⟩ =
(

n̄a cosh(2r) + sinh2(r) + 1
)

δ(t − t′),

⟨ain(t)ain(t
′)⟩ = −(2n̄a + 1) sinh(r) cosh(r)δ(t − t′),

⟨a†
in(t)a†

in(t
′)⟩ = −(2n̄a + 1) sinh(r) cosh(r)δ(t − t′). (A13)

Building upon the considerations outlined above, we now derive the dynamical

equation governing the evolution of the covariance matrix V ′, which takes the form:

dV ′

dt
= AV ′ + V ′AT +D′, (A14)

where drift matrix A is defined in Equation (9), and for the diffusion matrix we get,

D′ = diag
[

γm(2n̄b + 1), γm(2n̄b + 1), κ(2n̄a + 1)e−2r, κ(2n̄a + 1)e2r
]

. This equation cap-

tures the interplay between coherent quantum interactions and dissipative processes within

the system, providing a fundamental basis for investigating quantum correlations and

squeezing dynamics in the optomechanical framework considered here.
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