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Solving the Subset Sum Problem via Quantum
Walk Search

Giacomo Lancellotti
and Gerardo Pelosi

Abstract—Quantum walk-based search algorithms have
demonstrated an asymptotic quadratic speedup compared to
classical search methods. Formulating a generic search problem
as a (quantum) search over a graph makes the efficiency of the
algorithm to be closely dependent on the properties of the graph
itself. In this work, we present a complete implementation of a
quantum walk search procedure on Johnson graphs, speeding
up the solution of the Subset Sum Problem, a well-known
computational problem with applications in resource allocation,
scheduling, and cryptanalysis. We provide a detailed design of
each sub-circuit, quantifying their costs in terms of gate count,
circuit depth, and qubit width, and exhibit all figures of merit
as a function of the problem parameters. Qur approach includes
two distinct implementations: one that minimizes qubit usage
and another focused on optimizing circuit depth. We compare
our solutions against the unstructured Grover based quantum
search algorithm, demonstrating a reduction of the cost on terms
of T-count and T-depth, for practically solvable instances. The
proposed design serves as a foundational building block for the
development of efficient quantum search algorithms that can
be modeled on Johnson graphs, bridging the gap with existing
theoretical complexity analyses.

Index Terms—Grover search algorithm, Johnson graph, quan-
tum computing, quantum walk search, subset sum problem.

1. INTRODUCTION

ECENT advancements in qubit manufacturing, quantum
Rerror correction techniques, and both hardware and soft-
ware control systems for quantum devices, make the devel-
opment of practical quantum computers increasingly feasible
[1], [2]. Quantum computers are attracting significant interest
due to their potential to substantially improve computational
efficiency. Problems that can be efficiently solved by a quantum
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computer (i.e., in polynomial time) fall within the bounded-
error quantum polynomial time (BQP) computational com-
plexity class. This class encompasses all problems solvable in
the P class as well as some in NP and co-NP classes, including
also the factoring and the discrete logarithm extraction prob-
lem. However, it is an open question whether the NP-complete
class— which includes problems of significant interest— falls
within BQP [3] or not.

While a polynomial-time quantum algorithm for NP-
complete problems is not anticipated, Grover’s proposal
[4] offers a quantum algorithm to perform unstructured
exhaustive searches quadratically faster than any classical
search algorithms. This algorithm provides a robust framework
to accelerate the solution retrieval of the search variants of
NP-complete problems, which are equally difficult with respect
to their decision counterparts.

An alternative approach to tackling search problems lever-
ages quantum walks, the quantum analogue of classical random
walks. In this framework, the search space, represented as a
graph, is explored through a sequence of probabilistic steps
until the target element is located. Compared to probabilistic
methods that repeatedly sample elements of the search space
independently, the quantum walk approach offers an advantage
by allowing information generated in previous steps to be par-
tially reused. Quantum walk-based searches have been proven
to provide a quadratic speedup over classical random walks [5],
[6], and they reduce the computational complexity of Grover-
based quantum search algorithms by a polynomial-factor when
applied to specific problems. For instance, Ambainis [7] intro-
duced a quantum-walk search strategy on a Johnson graph for
solving the element distinctness problem, outperforming any
realization of the Grover’s approach. A similar strategy was
later used to solve also other computational problems, such as
the syndrome decoding [8] and the claw finding [9] problems,
both of particular relevance in the analysis of post-quantum
cryptosystems.

In [10], the authors explore the theoretical advantages of
using a quantum walk search algorithm to solve the sub-
set sum problem (SSP). By adapting a classical meet-in-the-
middle approach to the quantum setting, their strategy signifi-
cantly reduces the number of required operations compared to
classical solvers. The asymptotic runtime of a quantum SSP
solver was further improved in [11], [12] by exploiting differ-
ent adaptations of the classical strategy. All these approaches
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rely on an exponential amount of Quantum Random-Access
Memory (ORAM), whose practical realization is still an open
challenge [13].

To the best of our knowledge, the first comprehensive work
detailing quantum circuits and providing finite-regime com-
plexity metrics for quantum walks was presented in [14]. Focus-
ing on the claw-finding problem, the authors describe the design
of data structures for a quantum walk-based solver, modeled
through a Johnson graph. However, their approach modifies the
graph structure by incorporating self-loops at each vertex, lead-
ing to performance that falls short of theoretical expectations.
Additionally, their approach requires an exponential number of
qubits. Subsequently, in [15] the authors proposed an alternative
quantum circuit for quantum walks, applying it to solve the
subset-sum problem. Their approach eliminates the self-loops
introduced in [14], and only relies on a polynomial amount of
qubits. Additionally, the authors report trade-offs between the
quantum walk and Grover-based approaches, noting that while
the Grover-based method exhibits more favorable complexity
metrics in terms of gate count for cryptographic-grade parame-
ters, it requires a greater circuit depth for the same parameters.
Contributions. In this work, we apply a quantum walk strat-
egy to solve the Subset Sum Problem (SSP), a mathematical
problem with applications in several fields such as cryptogra-
phy [16], [17], job scheduling [18] and resource optimization
[19]. Consistent with prior research, our analysis assumes a
fault-tolerant quantum computing regime, deliberately omitting
considerations of noise resilience and specific hardware imple-
mentations. Each quantum circuit is implemented using both
a general gate set and the Clifford+T gate set, with the latter
chosen for its strong potential in achieving fault tolerance. We
derive closed-form expressions for key spatial and temporal
complexity metrics, including quantum gate count, qubit count
(also known as width), and circuit depth.

We present two distinct circuit architectures: one optimized
for minimal qubit count (termed low-width) and the other for
reduced circuit depth (termed low-depth). In both cases, our
approach advances upon existing implementation in two dis-
tinct directions. Firstly, with respect to both theoretical and
finite-regime analysis, it obviates the need for exponentially
sized quantum random access memory (QRAM) and limits
qubit requirements to polynomial growth with respect to the
search space. Additionally, the low-depth approach improves
upon [15] by reducing all complexity metrics, including circuit
depth, gate count, and qubit usage. Meanwhile, the low-width
approach introduces a novel insertion and deletion circuit for
the support data structure, achieving the lowest qubit count
compared to the state-of-the-art.

We additionally propose a novel strategy to encode a uniform
superposition of a combinatorial number of integers into a
quantum registers. The circuit exploits the Dicke state and a
Vertex Binary Encoder, and improves upon a similar circuit
proposed in [15] in terms of all complexity metrics.

Following the approach shown in [15], we compare our
design with respect to a Grover-based search approach. Our
comparison tackles a range of problem sizes, from practically
solvable SSP instances to those large enough to be used in

post-quantum cryptosystems, which are assumed to be unsolv-
able even with quantum computers (taking the intersection be-
tween NP-complete and BQP to be empty). Differently from
[15], we show that the quantum walk approach is asymptotically
better than the Grover approach in all cost metrics.

II. BACKGROUND

In this section, we provide an overview of foundational con-
cepts in quantum computation, with a particular emphasis on
Grover’s framework and the MNRS quantum walk framework,
including the associated cost model for assessing computational
complexity. We also present a formal mathematical formula-
tion of the Subset Sum Problem (SSP) and illustrate how this
problem can be transformed into a search problem built upon
a Johnson graph.

A. Quantum Computing Basics

The fundamental unit of quantum information is the qubit,
defined as a vector in the Hilbert space H = C?. Using the
standard bra-ket notation, the state of a qubit is expressed as
a column vector that forms a linear combination, or superpo-
sition, of the basis states |0) and [1), i.e., |) = a|0) + B]1),
where «, 3 € C are the amplitudes. The state of an n-qubit
system is represented as |¢,,) = Zle a;|i), a vector in the
Hilbert space H = (C?)®™ =2 C?", where ® denotes the tensor
product. By convention, an n-qubit quantum state is labeled
by an n-bit strings. For instance, the state of a two qubits sys-
tem can be expressed as |12) = ag|00) + ap1]01) + cv1o|10) +
ayp|11). When an n-qubit quantum state is measured, the state
is said to collapse to one of its 2™ basis states, with a probability
given by the square of the magnitude of the corresponding
amplitude, e.g., |a;|* for ).

The state of a n-qubit quantum system can be evolved by
applying quantum operators, described through unitary matri-
ces in C2"*2" . A matrix U is unitary iff UUT = I, with U
being the conjugate transpose of U. Starting from a generic
quantum state |¢), the application of the operator U leads
to the new quantum state U|t)). If a sequence of k quantum
operators is applied, they are executed in right precedence order
as Uk, .. ,U]W))

As an alternative to the algebraic formulation, a sequence
of operators can be visualized using the circuit model, closely
resembling a classical combinatorial circuit. An example of
a quantum circuit is shown in Fig. 1(b). In this model, each
qubit is represented by an horizontal wire; a logical grouping
of qubits is called a quantum register a. We use classical array
notation to index qubits within a register, e.g., ay; denotes the
qubit at index 7. The system is evolved by applying, from left to
right, a sequence of quantum gates, corresponding to a circuit
representation of the quantum operators used in the algebraic
model. Fig. 1(a) shows an example of common quantum gates.
When having a quantum gate corresponding to the operator U,
the circuit corresponding to U T is retrieved by reversing the
order of the application of the gates used for U, additionally
replacing each gate with its adjoint. A generic quantum gate G
is termed controlled when its application depends on the state
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(a) Common quantum gates
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(b) Quantum circuit

(a) Unitary matrices associated to some common quantum gates. I denotes a 6x 6 identity matrix. (b) An example of a quantum circuit, showing

the application of gates (boxes) to qubits (horizontal wires). the U denotes a generic gate having an associated unitary matrix.

of m control qubits. We use the notation C*—G to denote an
arbitrary gate G in which the gate G is applied only if all the
m control qubits are in state |1). When m=1, the exponent is
typically omitted. Additionally, since the X gate is commonly
interpreted as the quantum analogue of the classical NOT gate,
it is standard to refer to C—X and C>—X as CNOT and CCNOT,
respectively. In the quantum circuit, the control qubits are rep-
resented through black circle on the corresponding horizontal
wires, and they are connected to the gate by a vertical wire.
Projection and Reflection Operators. A projector operator is
defined as an operator that projects a state |+) onto a subspace
spanned by orthonormal vectors. We denote the projector onto
the subspace |¢) as U (4) = |#)(9|. The reflection operator is
defined as U ep(g) = I — 2U ,1j(¢)- This operator changes the
sign of the component of |¢)) along the direction of |¢) while
leaving the orthogonal component unchanged. We also define
U.ct1 (1) as the reflection operator that inverts the amplitude of
the quantum state labeled as the all-ones binary string, while
leaving all other states unchanged. Similarly, U, .+ (o) is the
operator inverting the amplitude of the quantum state labeled
as the all-zeroes binary string, leaving all the other states un-
changed. Both operators correspond, in the circuit model, to the
application of a (multi-)controlled Z gate.

B. Unstructured Search via Grover’s Algorithm

In its generic formulation, a search problem involves find-
ing one or more elements from a domain set X that sat-
isfy a certain condition expressible by a Boolean function
f+ X—{0, 1}. This function evaluates to 1 if the element meets
the condition and O otherwise. All elements for which f(x)
evaluates to one are included in the marked set, defined as
M={z*|x*eX, f(xz*)=1}. We denote the fraction of marked
elements as e=|M|/|X|.

To assess the computational costs of classical or quantum
algorithms, we typically employ the query model, where the
complexity of the procedure is estimated by counting the ac-
cesses (or evaluations) of an oracle that implements the function
f(x). For unstructured search problems, every deterministic
classical algorithm will find a marked element in O(1/¢) func-
tion evaluations.

In [4] Grover proposes a quantum unstructured-search algo-
rithm that identifies a marked element in O(1/+/¢€) calls to a
quantum oracle, achieving a quadratic speedup compared to
its classical counterpart. The algorithm, whose circuit model
is given in Fig. 2, consists of three phases: input preparation,
oracle, and diffusion. By repeating the oracle and diffusion

repeat ~ \%

4 )
Urcfl (@) Uref(X)
0 [0 z{ Ul O [0 1
|0) Uy Uj | ]
|0) Ut (1)
>~ / J
Fig. 2. High-level quantum circuit scheme of Grover’s algorithm, showing

the three main operators: the input preparation U y, producing the uniform
superposition of the bitstring belonging to the domain; the oracle U ;1 (a*)
performing a reflection around the state orthogonal to the solution state x™;
the diffusion operator U ¢ (), performing a reflection around the uniform
superposition produced by the input preparation circuit.

stages =~ 1/4/€ times, the probability of observing the marked
state is close to 1.
Input preparation U y. This operator is used to create a
uniform superposition of all the bitstrings corresponding to
the elements of the domain X, given by the expression |X') =
ﬁ > wcx |z). We denote the cost of this operator U x as the
setup cost, represented by T's.
Oracle U, ;. (,+). The oracle acts as a reflection that inverts
the sign of the amplitude associated to the marked state |z*).
It can be logically decomposed into three sub-operators: U ¢,
U.ctt(1), and U}. In the circuit model, the operator U ; cor-
responds to the quantum implementation of the function f,
and it stores the Boolean result into an ancillary qubit. Next,
Ui+ (1) 1s applied to the output qubit of the function, followed
by the operator U }, used to restore the qubit labels to their
initial values. The cost of the reflection is negligible, since it
corresponds to a multi-controlled Z gate. The cost of the oracle
step is equal to twice the cost of implementing U y. We denote
such a cost as check cost, and represent it as Tc.
Diffusion U ,.¢(x). The diffusion operator is a reflection around
the state corresponding to the initial superposition, and can be
decomposed as U ef(x) = U x U, e52 (o) UL. Since the cost of
Ui+ (o) is negligible, the cost of the diffusion step is equal to
two setup costs 2T's.

The total cost of the Grover algorithm is

Ts+(2Ts+2Tc)/Ve (1)

C. Probabilistic Search via Quantum Walks

Probabilistic search algorithms based on random walks are
considered to be a promising alternative to exhaustive search.
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In this context, when referring to random walks, we focus on
discrete random walks.

A discrete random walk on a graph G = (V, £) consists in
taking a sequence of steps moving from a vertex v; € VV to one
of its adjacent vertices v; € V accordingly a given probability
distribution. In the special case where the probability of transi-
tioning from one vertex to an adjacent vertex is independent of
the sequence of previously visited vertices, i.e., P(V;41 = ve41 |
Vi=wv, ..., Vo =wv9) =P(Vig1 =vy1 | Vi = v¢), the random
walk is a Markovian process, which is equivalent to a Markov
chain. From this point forward, we use the terms random walk
and Markov chain interchangeably.

Given the set of all possible states of a Markov chain V, the
state at any given time can be represented through a probability
vector v € RIVI, where |V| is the number of vertices in the
graph. This vector encodes the probability distribution over the
vertices, i.e., the probability of being in each specific vertex
at a given time. A transition or stochastic matrix P, of size
|V| x|V, encodes the transition probabilities. In such a matrix,
each element P;; represents the probability of transitioning
from state v; to state v;. Given an initial distribution v, the
probability distribution over the vertices after ¢ steps is given
by v; = Ptvo. A Markov chain is said to be irreducible if the
underlying graph is strongly connected, meaning every node is
reachable from any other node. A state v has a period of k if
returns to v occur only in multiples of k steps. If k=1, the state
is aperiodic, and, if all states have a period of 1 the chain is said
to be aperiodic. In the case of an irreducible chain, all states
share the same period. A chain is considered ergodic if it is
both irreducible and aperiodic. In our analysis, we focus only on
stationary, ergodic Markov chains on finite graphs, meaning the
graphs have a countable set of nodes (states), and the transition
probabilities associated with each edge remain constant over
time.

For stationary, ergodic states, the chain reaches a stable state

v, after a finite amount of steps, meaning that P"v7T = v, for
each 7. The state v, corresponds to the eigenvector of P associ-
ated with the eigenvalue 1. For an ergodic chain, this eigenvalue
is unique, while all other eigenvalues have magnitudes less than
1, as per the Perron-Frobenius theorem. We define the spectral
gap 6 of the chain as the absolute difference between the two
largest eigenvalues of P, i.e., 6 = |\{| — |A\z|. For an ergodic
chain, this simplifies to § =1 — |\;|. The number of steps re-
quired for the chain to approach its stationary distribution is
referred to as the mixing time, denoted by ¢,,, and is given by
tm=1/0.
Random walk search. To adapt the random walk framework
to the search problem given in Sec. II-B, we model the domain
space X as the nodes of the graph G = (V, &), where each
vertex represents an element of X', and an edge between two
vertices encodes a relationship between the elements.

A simple random walk search procedure involves sampling
an initial vertex vy from the graph, following any probability
distribution, which need not necessarily be uniform. We then
check if the vertex is marked as v}, i.e., if the element associated
with the vertex satisfies the search condition. If the solution
is found, we output it. Otherwise, we sample a new vertex

among the adjacent ones according to the current probability
distribution. The probability that v;¢M is equal to 1—&, and
the expected number of trials required to get a success is equal
to the mean of the geometric distribution, i.e., 1/. Since we
want to avoid biasing the search toward any particular group
of nodes, we want every node to have the same probability
of being sampled. Therefore, we sample every time from the
uniform distribution, which, for d-regular graphs (the case of
our interest), corresponds to the stationary distribution. To reach
the uniform distribution before a new sample, we need to per-
form a number of steps proportional to the mixing time ¢,,. To
quantify the complexity of this type of search procedure, we
adapt the cost notation used in Sec. II-B. Let Tg denote the
cost of preparing the initial distribution and generating the first
sample, Ty the cost of performing a step over the graph, and
T the cost of verifying whether a node is marked. The overall
complexity of this algorithm is expressed as:

Ts +(Ty /6+Tc)/e )

Quantum walk. A quantum walk aims to evolve the state of
a quantum system, through the application of a walk operator
Uw, in a way that mirrors the dynamics of a random walk
on a graph [20]. Several models of quantum walks have been
proposed in the literature, to construct a walk operator, with one
of the earliest being the so-called coin model introduced by [5].
In this model, a coin state |c) is associated with each vertex of
the graph. The coin role is to store the direction that will be
followed in the next step of the walk, and a coin operator is used
to initialize the coin at each step. Once a direction is selected,
the walk proceeds through a shift operator that acts on the vertex
space |v), performing the actual step. This operator can be seen
as a permutation of the labels used to encode the vertices in the
quantum state. Thus, the walk operator is a sequence of coin
and shift operators.

While the coin model offers a simple way to define a quantum
walk, it is not easily generalizable to arbitrary graph topologies.
This is because assigning a unique labeling to each node and
coin state using a finite-dimensional coin is not always possible
[20, Chap. 7]. In this paper, we utilize the Szegedy, or dou-
ble reflection, model, initially proposed by Ambainis to solve
the Element Distinctness Problem [T] and later formalized by
Szegedy in [6]. A single step in the Szegedy model consists of
transitioning from an edge to a superposition of all edges origi-
nating from the endpoint of the initial edge, and then repeating
this process.

MNRS search algorithm. In [21], the authors developed a
search algorithm to find a marked vertex based on the Szegedy
model. Their algorithm, known in the literature as the MNRS
framework (named after the initials of the authors’ surnames),
consists of a similar amplitude amplification scheme to the one
proposed by Grover, coupled with a Quantum Phase Estimation
(QPE) routine to approximate the diffusion step, i.e., the reflec-
tion around the state corresponding to the initial superposition.
Before presenting the main phases of the MNRS algorithm,
we introduce the operators needed for the subsequent discus-
sion. The operator Uy, creates a uniform superposition of all
the quantum states corresponding to the vertices v; € V of the
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Fig. 3.

Quantum circuit representation of the MNRS quantum walk search algorithm, consisting of three main steps: the input preparation U ¢, producing

the uniform superposition of al the edges of the graph; the oracle U ;1 ,«y. performing a reflection around the state orthogonal to the marked vertex v*;
the approximate reflection Uref< &) implemented through a Quantum Phase Estimation (QPE) circuit on the walk operator (W).

original graph. This is represented as \V)zﬁ > wey [v). This
superposition will serve as the building block to generate the
superposition over the edges of the double cover. We associate
the cost of implementing this operator with Ts. The update op-
erator Uy generates the superposition of the adjacent vertices
given the current state vertex i.e., [ay)=3_,_, |v;). The cost
of implementing U 7|v)=|v)|a,), is denoted by the update cost
Ty. The algorithm can be dived in three main stages: input
preparation, oracle and the approximate diffusion.

Input preparation U¢. This operator creates a uniform su-
perposition of all the quantum states corresponding to the
edges e,€€ of the double cover graph, represented as by
|€) = ﬁ > vy, [vi)|ay, ). Since the edge superposition can be
achieved through the application of Uy, and U the cost of this
stepis Ts + Ty.

Oracle U ;. (,+). Similar to the Grover algorithm, this step
inverts the sign of the marked vertex, which contains the so-
lution to the problem, i.e., U, cs1 (,+)[v*) = —[v*), leaving all
the other vertices unchanged. As per Grover’s algorithm, it is
implemented through the sequence of gates U }Urch(l)U ¥
We denote the cost of U as T, while the cost to implement
U.cs1 (1) is negligible; the total cost of the oracle is equal to
2T¢.

Approximate Reflection U ¢ (¢). The walk operator Uy is
used to take a step in the double cover graph, simulating the
dynamics of a Markov chain on the edges. It is constructed us-
ing a double reflection approach: Uy = Uref(a“j )Uref(a“i) =
UTyU o1 () UvUTyU epr (yUu which comes at a cost of

Ty.

To understand how Quantum Phase Estimation (QPE) can
be used to realize an approximate reflection over edge states,
we need to consider the relationship between the eigenvalues
of the stochastic matrix P of the original chain and those
of the walk operator Uyy. The eigenvalues \; of P can be
expressed as |\;|=cos(6;), while the eigenvalues of Uy are
ni=e*2"%  Since |€) corresponds to the stationary distribution,
which is unique (as a Markov chain has a unique eigenvalue

equal to 1 corresponding to the stationary distribution), |£) is
an eigenvector of Uy with eigenvalue 1, implying its phase is
0=0. Therefore, QPE can estimate the phase of the eigenvalue
corresponding to |E), thus realizing the approximate reflection
U..t(¢)- By applying the controlled version of the walk operator
for approximately O(1/+/9) iterations [21], we achieve suffi-
cient precision to estimate the correct phase.

Following an amplitude amplification scheme, this process
requires applying the two reflections, U ¢+ (,+) and U er(e),
for O(1//e) iterations to achieve a probability close to 1 of
measuring the marked vertex.

The total cost of the MNRS search algorithm is:

Ts+(4 Ty /Vé+2Tc) /e 3)

This cost has a quadratic advantage with respect to the classical
random walk cost (compare Eq. (2)), and it outperforms a
Grover-based search if 4 Ty / Vi < 2Ty (compare Eq. 1).

A high-level view of the quantum circuit implementing the
MNRS walk is illustrated in Fig. 3.

D. Subset Sum Problem as a Walk on a Johnson Graph

Given a set of n integers X the Subset Sum Problem is
defined as finding a subset S C X’ such that the sum of its ele-
ments equals a given value p > 01i.e., > g2 =p. A common
variation of the SSP is the constrained subset-sum problem
(CSSP), which imposes an additional constraint on the size of
the subset. Specifically, this version requires that the subset S
must contain exactly k& elements. Both formulations belong to
the class of NP-Complete problems [22].

At a high level, the classical algorithm to retrieve a solution
to the CSSP iterates through all the (Z) subsets S having size
k. Its runtime is € O ((})) To solve a version of the SSP
having subsets up to a fixed k, we can cycle through all the
(7;) subsets of size ¢ < k, and, for every one of them, check if
the subset elements adds up to p. This approach would require
ZLI O((7)) € O((})) operations, having the same asymp-
totic complexity. On the other hand, to solve the SSP, we can
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Fig. 4.  An example of a Johnson graph J(n =4, k = 2) having as initial set
X ={1,2,3,4}, used to solve the CSSP with target value p = 3. the vertex
highlighted in red, which corresponds to the subset S={1,2} represents the
solution to the problem.

run its constrained version forall ¢ € {1,..., [n/2]}, since that,
for values of ¢ > [n/2], the problem can be tackled by finding
the subset |S| =n — i whose elements add up to ¢t — p, with ¢
being the sum of all the integers of X.

To tackle the CSSP using a quantum walk approach, we need
to model the search space using a Markov chain associated to a
graph suited for our needs. In this work, we use a Johnson graph
J(n, k), defined as an undirected graph G = (V, ), where each
vertex represents a size-k subset S of {1,...,n}. There exists
an edge between two vertices S; and S; if |S; N S| =k — 1,
meaning that two vertices are adjacent if their corresponding
sets differ by exactly one element. By definition, this graph has
[V| = (}) vertices and || = $k(n — k) (}) edges. The property
of Johnson graphs that make them interesting for quantum
walks is that their spectral gap has a known value equal to
be 0 =n/k(n — k), that does not require the materialization
of the stochastic matrix associated to the graph, and is big
enough to retain the quadratic speedup offered by quantum
walks. Using this model, solving the CSSP means finding a
node in the Johnson graph such that the sum of the elements of
its corresponding subset equals the target value. Fig. 4 shows
an example of a Johnson graph J(4,2), used to solve the CSSP
for p =3.

III. CIRCUIT DESIGN

In this section, we present our construction of the MNRS
quantum walk search algorithm over the Johnson graph to solve
the CSSP. We outline the key implementation choices for the
main components of the quantum circuit. In the following, we
denote by m the number of bits or qubits required to repre-
sent the maximum value present in the initial set X’; that is,
m = log, (max (X)).

All the main support registers used in our implementation
are reported in Table I. As common in quantum computing, we
assume that all the qubits are in state |0) at the beginning of the
computation.

(d

~

Fig. 5. The main abstract gates used in our quantum circuits. (a) a quantum
gate implementing a reversible function f, for which the left black triangle(s)
indicate which qubit(s) is taken as input, while the right black triangle denotes
on which qubits the output of the computation is stored. (b) The C—x; gate,
implemented through a series of sequential CNOT gates to write the binary
encoding of x; on the target qubits. (c) The SHIFT gate is a linear cyclic
shift on a quantum register of size k. It corresponds to a sequence of CSWAP
gates. (d) The COPY gate performs a bitwise copy of the value in a cell onto
a new cell with a sequence of parallel CNOT.

TABLE I
PRIMARY QUANTUM REGISTERS UTILIZED IN OUR MNRS
QUANTUM WALK SEARCH ALGORITHM ON THE JOHNSON

GRAPH
Quantum Semantics of the content
Register
S. T Edge of the Johnson graph
J(n, k), with S, T CA{L,...,n},
[S|=IT|=k |SNT|=k-1
ST Complement sets, ie.
S'={1,...,n}\S and
T ={1,...,n}\T
m Stores the sum of & values
a, o Stores the element to be inserted or
deleted during the updates
o Stores the Dicke state | DE)
w, W’ Stores the Dicke states \D}C) and

|D7117 %> corresponding to W-states
|[Wi) and |W,, _) respectively

A. Data Structures for Johnson Vertices

As discussed in Sec. II-D, the Johnson graph’s favorable
spectral gap and regularity makes it highly suitable for quantum
walk applications. However, implementing it with elementary
quantum gates necessitates defining data structures satisfying
specific properties.

The data structure associated to the Johnson graph should
encode a finite subset of elements, denoted by S, without re-
lying on QRAM, while efficiently support sampling, addition,
and deletion of elements. Such a data structure should be im-
plemented in a reversible way to comply with the quantum
paradigm of computation. Furthermore, to permit predictable,
non-random accesses, the internal arrangements of the elements
must remain identical regardless of the specific sequence of in-
sertion and deletions, a property known as history independence
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[23]. Such property guarantees that each subset S; has a unique
quantum state representation |S;).

Several approaches to building history-independent data
structures for sets are discussed in the literature, including
combinations of hash tables and skip-lists [7], radix trees [10],
and sorted arrays [14]. In this work, we adopt the sorted array
approach and optimize its design for greater efficiency.

B. Operator Uy,

The operator Uy, is used inside the input preparation circuit
U¢. It generates the uniform superposition of all vertices be-
longing to the Johnson graph J(n, k), and it corresponds to the
cost Tg in Eq. (3).

Dicke state. Firstly, we use a circuit to generate the so-called
Dicke state | D), which corresponds to a uniform superposition
of the n-length bitstrings d having a Hamming weight equal to
k,ie.|D}) = (2)71/2 >4 ld) with Hw(|d)) = k. We generate
the Dicke state on the register o using the circuit construction
proposed in [24].

Vertex Binary Encoding (VBE). This circuit is used to store
the elements of a subset S into k distinct cells of the quan-
tum register S in increasing order. Additionally, it stores the
elements of the complement set S’ = X'\ S into the quantum
register S’. In [15], the authors utilize the BIX procedure
to generate a uniform superposition of the k-length subsets
corresponding to the vertices of the Johnson graph, using the
indices of the labels of the states contained in o as controls.
Although their procedure correctly generates all the subsets
corresponding to the vertices of the Johnson graph, it is limited
to encoding only elements € {1,...,n}.

We improve with respect to their proposal to allow for the
presence of both arbitrary values and duplicates. While the
inclusion of arbitrary values does not pose relevant problems
when used with our data structures, the existence of duplicates,
though permissible in the CSSP formulation, prevents the use of
the Johnson graph to directly encode the data. Knowing that the
elements of X presents duplicates — it can be easily checked
in time O(n) before generating the quantum circuit — we can
use the elements of the set X = {1,...,n} to label the nodes
of the Johnson graph, while using each element of such a set
to access an additional, fixed set of qubits storing the original
data. Since the encoding procedure is the same for subsets with
or without duplicates, we will present the design for the latter
case, accounting for an additional lookup circuit when using the
subsets as indices.

Fig. 6(a) illustrates the abstract gates used in our implemen-
tation for the vertex encoding procedure. We use a register .S
of km qubits to encode the k elements contained in any given
subset S;. Note that, while the elements contained in the set
are known at circuit generation time, the superposition of edges
require the Dicke state generation circuit, and hence available
only at runtime. For this reason, after the Dicke state generation
circuit, we perform 4 iterations, with ¢ € {0,...,n — 1}, and if
the value of o), = 1, we insert the value of X into Sy using the
gate C—x;. We then perform a cyclic left shift operation (gate
C—SHIFT) on S, which shifts the position of the value in S by
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one position in a circular fashion. In this way, at the start of
the next iteration, we have a blank slot ready for writing in S.
Since all the values of X are known at circuit generation time,
they can be inserted using a sequence of CNOT gates controlled
by o ;, with the targets being the m qubits of Sy, used to hold
the binary encoding of the value. If we want to encode only
indices in the set {1,...,n}, a +1 increment is applied at each
iteration.

Similarly, we encode in S’ the complement subset
S'={1,...,n}\S; the only difference is that all the controlled
operations are managed using the indices equal to zero on
o. The C—SHIFT gate requires (k — 1)m CSWAP gates. Since
the control qubit is shared among all CSWAP gates, they are
applied sequentially. The C—x; gate requires the sequential
application of m CNOT gates.

The total depth and number of gates used in the vertex en-
coding procedure is O(n), which is linear in the size of the
initial set. The closed formulas for the complexity are reported
in Table II.

C. Operator U y

The operator U , used inside the oracle operator U, os (-,
inverts the sign of the marked vertex that contains the solution to
the problem by verifying if the sum of its elements equals the
target value p. To implement this, we sum the k values from
the register S using a support register m and a series of k
distinct adders, each taking one element from S and using m
as the second addend. The sum of k integers can be performed
in various ways, such as summing in parallel and merging the
partial results, or using a sequence of additions while saving
qubits. Once the sum is computed in m, we can perform the
quantum analogue of a logical bitwise XOR between the result
and the target value p using a parallel chain of CNOT gates. For
the adder construction, we utilize the circuit proposed in [25],
which requires 5n—5 CNOT gates and 2m—2 CCNOT gates, with
a depth equal to Sm—3.

D. Operator Uy

The update circuit for the operator Uy, used inside the
approximate reflection U ,¢¢(g), serves to realize the uniform
superposition of the adjacent vertices of the vertex we are
currently visiting, with the additional property that two vertices
are adjacent if they differ by only one element (see Sec. II-D).
Since we want to generate the new subset leveraging the infor-
mation that we have already computed for the current vertex,
the idea is to swap an element z; € S with another element
z; € X\S for each of the k(n — k) adjacent vertices. We use
a second register IT" to encode the superposition of the adja-
cent vertex subsets along with their complement sets on the
register 1.

The high level overview of the update circuit is shown in
Fig. 6(b). In the picture, we do not represent the copy step
performed as a first operation.

Copy S into T'. The update circuit expects to find the registers
T and T’ to be in the all-zero state. As a first step, we then
copy the contents of S into T, and similarly, we copy S’ into
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(a) The Vertex Binary Encoding (VBE) circuit, used to store the elements of S in S. each gate at iteration ¢ is controlled by the i-th qubit of o

being in state |1). the C—x; gate inserts the value z;, available at circuit generation time, into the first cell of S, while the C—SHIFT gate performs a cyclic
left shift on all the cells of S. the circuit is analogously applied to S”, with the only difference that the controlled gates at iteration 4 are applied only if the
qubit i of o is in state |0). (b) the quantum circuit corresponding to the operator Uy, in which the first stage, corresponding to a copy of S (S’) on T'
(T) is omitted. To explain its functioning, we provide the state of the quantum registers after each gate application for a specific example of a johnson graph
J(4,2) having initial set X={1,2,3,4}. the quantum register T" is assumed to encode the subset {1,2}, while T” encodes the complement set {3,4}. while
the W states generate a superposition state, the example assumes to work with only one state of the superposition, specifically |10) for w and |01) for w’.
the ¢-th qubit of w is used to control the sampling of the element of T placed in the i-th cell, and copy it into a (the C—COPY gate); the same applies to
aw’. then, the element stored in cv is deleted from T (DEL gate) and inserted in T (INS gate). analogously, the element stored in o’ is deleted from T and

inserted in T.

TABLE I
COST METRICS IN TERMS OF NUMBER OF GATES, DEPTH, AND NUMBER OF QUBITS USED IN THE QUANTUM CIRCUIT DESIGN, DIVIDED BY
GATE TYPE, FOR THE MAIN SUBCIRCUIT COMPONENT DESCRIBED IN SEC. III ADAPTED TO A QUANTUM WALK ON THE JOHNSON
GRAPH J(n, k). THE OPERATOR Uy, GENERATES A UNIFORM SUPERPOSITION OF JOHNSON GRAPH VERTICES; IT CORRESPONDS TO COST Tg IN
EQ. (3). THE U y IMPLEMENTS THE FUNCTION f; IT CORRESPONDS TO COST T'c IN EQ. (3). THE OPERATOR Uy GENERATES THE
SUPERPOSITION OF ALL VERTICES ADJACENT TO THE CURRENTLY VISITED VERTEX AND CORRESPONDS TO COST Ty IN EQ. (3). FOR THIS
OPERATOR, WE REPORT BOTH A LOW-WIDTH AND LOW-DEPTH IMPLEMENTATION

Costs Uy Uf Uy
Dicke VBE Low-Width Low-Depth

X k 2n 0 2 64nm — 46n

Ry dnk —4k* —2n + 1 0 0 n—2 n—2
CNOT Snk — 5k* — 5n 2nm Skm — Sk 17nm — 1ln — 28m + 22 17nm — 1ln — 2
CCNOT 0 0 2km — 2k Inm —4n — 16m + 12 25nm — 20n
CSWAP 0 n*m — 2nm 0 2nm — 4m 4nm

10nm — 10km +n — k +
Depth | 2mh=Un2TK'43 | p2m _ pkm 4 2n Skm — 3k 12n — 12k — 6m + n—k H 6log, (n _”k) +
2logy(n — k) —7 36log,(m) +

Qubit n nm log, (A=K 4k nm+n+2m+4 Tnm +n + 2m — 3

T'. This operation can be realized through CNOT gates having
as control qubits the one in S (S”), and as target qubits the ones
in T (T).

Uniform sample from T and T”. This stage selects a uni-
formly random element from T'. To do so, we generate the
Dicke states |D');, and [D')(,_s) on w and w’, respectively.
These states represent a superposition of all the bitstrings of size
k and n — k respectively, each one having a single qubit set to
[1). Such special cases of Dicke states are also known as TW-
states, and for this reason we denote them as |Wy) and |W,,_)
respectively. As reported in [26], the circuit generating such a
state has a logarithmic-depth and a linear amount of gates, and
does not require ancillary qubits.

The unique qubit of w (w’) having value |1) is used as a con-
trol qubit to sample a unique element from T (T") and copy it to
the quantum register a (). This sample and copy procedure,
denote as C—COPY, can be realized through a sequence of CCNOT
gates. While all the gates of a single C—COPY all depend on the
same control qubit of w (w’), we can interleave the CCNOT gates
belonging to different C—COPY gates, and therefore achieve a
depth of n — k.

Insertion and deletion. For the insertion and deletion proce-
dure, we describe two different strategies: the one proposed
in [14], which has a lower depth, and a novel procedure
that minimize number of qubits. We describe the two pro-
cedures using the quantum register 7", since the circuit for
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(a) Low depth insertion circuit for vector T" from [14]. It is structured in six stages. The circuit uses two additional registers of size k, T and T5.

first, the sample value from c is copied into Ty and the last cell of T'. In the second iteration, the greater or equal result of the comparison between the i-th
cell of T and T is written to T5. the next two iterations use conditional swap gates to move the sampled element into its correct position within T". Finally
the last two iteration are used to uncompute the additional ancilla qubits. (b) Low width circuit has a sequential design that uses only one additional ancilla
qubit, 7, to control the insertion operations. First, the value in o is copied into the last cell of T". At each iteration ¢, the value of cell T' li is swapped with
the value in T li—1 if the value in the current cell is greater than the value in the previous cell. A second comparison is needed to reset  to O after each

iteration.

T’ is identical. Additionally, the deletion circuit (DEL) is the
conjugate transpose of the insertion circuit INS, and there-
fore its description is omitted. In both cases, the insertion
circuit assumes to find a blank space, denoted as |L), in
the last cell of the register in which we perform the inser-
tion, i.e., T;,_; =|[L). Such a blank space is due to a pre-
vious deletion. Both implementations ensure that at the end
of an insertion/deletion procedure, the resulting set is ordered.
This is essential for the history-independent property, which
guarantees the correct interference between computational
paths.

The low-depth strategy, shown in Fig. 7(a) and first described
in [14], is composed of six stages. It uses two additional reg-
isters, T1 and T3, having the same size as T'. First, the value
contained in @’ is copied into all the cells of Tj and into the
last cell of T'. This can be done using km CNOT gates with a
depth of log £k using a fan-out procedure.

In the second stage, each cell of T is compared with the
one at the same positions in 73 using k parallel comparators,
storing an all-ones string in the corresponding qubits of T if
the value contained in T is greater or equal than the corre-
sponding value in Tj. For such comparison, we implement and
optimize the logarithmic-depth comparator circuit outlined in
[27], which compares two m-bit bitstrings at a cost of 6m — 5
CCNQT gates, 3m — 3 CNOT gates, and 16m — 12 X gates. This
comparator requires 4m — 4 ancilla qubits and has a depth of
14log(m) + 3.

Based on the values of T3 the third stage apply & conditional
swaps between the cell T'; and T';, if the value of T3 P is
equal to the all-ones bitstring. All the k conditional swaps can
be performed in parallel using m CSWAP gates for each cell.

A second layer of conditional swaps, controlled again by T3 =
is then applied between T'; , , and Ty i1 This also costs km
CSWAP gates, and has a depth of 1.

At the end of the first four stages, the original value to be
inserted, stored in o/, is placed in its correct position within
T, ensuring that all values in T" greater than the value to be
inserted are moved one position forward. The last two stages
resets the cells of Ty and T} to zero by performing the second
stage and first stage again.

The low-width version for the update utilizes only three
additional ancillae qubits to insert a new element, at the cost
of increasing the depth of the procedure. The strategy, whose
full design is reported in Fig. 7(b), first copies the value stored
in o’ into the last cell of T using m parallel CNOT gates,
and then performs k£ — 1 identical stages. Each stage ¢, with
1 <i <k, compare the value contained in T',_;_; with the
value contained in |a)) and XOR the state |1) in the single-
qubit register r if the comparison holds true. Since the register
T starts with all elements in increasing order, and without
duplicates, the result of the Tx_; contains the new element to
be inserted, originally stored in o, and such element is not
in the correct position. For this reason, using the value in 7
as control, we perform a controlled swap operation between
T, _;and T, _;_,, thus shifting the lowest value in the lower-
index cell. To reuse the same ancillary qubit 7 in the next stage,
we perform the comparison T';,_;_; = a’. This comparison
holds true only if the previous comparison was positive, and
hence, by XORing into r the value |1), it brings back its state
to |0) Since all the swaps are controlled by the same qubit
in 7, all operations must be performed sequentially for each
stage.
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Since this variation aims to reduce the number of ancillary
qubits, all the comparators are implemented using the high-bit-
only design proposed in [28], which uses only 1 ancillary qubits
as input, 2m — 1 CCNOT, 4m — 3 CNOT, and has a linear depth of
2m + 3. Specifically, while the approach uses the input qubits
for intermediate computations, it restores all of them to their
original value.

IV. PERFORMANCE ANALYSIS AND VALIDATION

In order to evaluate the computational complexity of our
quantum walk circuit implementation, we compare it to a
Grover-based search strategy. This comparison aims to assess
whether the theoretical advantages of a structured search are
materialized when considering the implementation associated
costs, including those related to auxiliary data structures. The
source code associated to our implementation will be made
publicly available upon publication.

Both algorithms rely on an amplitude amplification scheme,
which, after the initial superposition preparation, requires
O(1/+/¢) iterations of the oracle and the diffusion operator for
Grover’s algorithm or the approximate reflection operator for
the quantum walk. Since the initialization only occurs once
for both procedures, and the oracle construction (involving a
sequence of addition operations) is shared between both ap-
proaches, the major cost differences arise from the diffusion
operator U ,¢¢(x) in Grover and the approximate reflection op-
erator U ¢(¢) in the walk. Consequently, our analysis focuses
on these operator differences.

To ensure a consistent comparison between Grover’s ap-
proach and the quantum walk approach, we reuse the same cir-
cuit construction whenever possible. In Grover’s algorithm, for
instance, we use the vertex encoding procedure from Sec. II1I-B
to initialize the input superposition. Since the goal in the CSSP
is to generate quantum states corresponding to a superposition
of sets of size k, we reuse the vertex encoding circuit to produce
the superposition over valid subsets S; (excluding their com-
plement sets S’;, which are only involved in the update step of
the walk). Thus, for the diffusion step, we account for the cost
of applying the vertex encoding twice, once to uncompute the
initial superposition and once to recompute it, as well as the
cost to construct a reflection through the all-zero state.

For the walk, we account for the costs associated with the
QPE routine, which comprises O(1/+/3) iterations of the walk
operator Uy, plus the cost of implementing the Quantum
Fourier Transform on the qubit used to estimate the phase of
the walk operator, we add also and the cost of uncomputing the
QPE routine. Additionally, we include the cost of applying a
reflection through the all-zero state on the qubit used to estimate
the phase.

To compare the two procedures beyond their asymptotic
costs, we first need a set of basic operations to represent all
the abstract gates discussed in Sec. III. For this purpose, we
utilize the Clifford+T gate set. Indeed, for two-dimensional
topological codes, such as surface codes, which are among the
most promising error-correcting codes [29], all Clifford gates
can be implemented transversally by applying the same gate

to all physical qubits associated with a logical qubit. However,
the T gate requires different techniques for its implementa-
tion, including magic state distillation, code switching, and lat-
tice surgery, which necessitate extensive resource consumption.
Consequently, performance of quantum circuits is often char-
acterized in terms of T-count and T-depth. We do not claim that
the decompositions into Clifford+T employed in this work are
optimal, as many alternatives exist with polynomial overhead
[30], targeting various optimization objectives such as depth or
width.

With respect to one-qubit gates, the only gate employed not
belonging to the Clifford+T set is the Ry () gate. The authors
of [31] propose a synthesis algorithm for approximate unitaries
up to a precision &, utilizing only discrete gates. Fixing an ar-
bitrary precision &, it requires 3.067 log, (1/£) — 4.322 T gates
to achieve the desired approximation. The authors additionally
report that a value ¢ = 10~ is sufficient for most applications
of practical interest; as reported in [32], this value results in a T-
count and T-depth of approximately 149 for the Ry (6) gate. For
the multi-controlled gate, we decompose the CCNOT gates using
two different strategies: for the low-width implementation, we
use the decomposition strategy from [30], which requires 4 T
gates with a T-depth of 3, without ancillary qubits; for the low-
depth implementation, we use the decomposition strategy of
[33], having a T-depth of 1 at the expense of 1 additional qubit.
The CSWAP can be decomposed into one CCNOT and two CNOT
gates, and hence only requires the decomposition of the CCNOT
gate as before. For quantum gates with C" controls, we utilize
the decomposition strategy presented in [34], which requires
2n—4 CCNOT gates and a depth of log,(n+1) + 1, plus n — 2
ancilla qubits.

In Fig. 8, we present the comparison between the efficiency
of the proposed quantum walk strategy, low-width construction,
and the Grover search approach. The ratio between the cost
of the approximate reflection of the walk operator (using the
low-width update implementation) and the diffusion operator
(W/@G) is presented in terms of T-count, T-depth, and T-depth
multiplied by width. We focus on the low-width implementation
because it exhibits an asymptotically lower T-depth compared
to Grover’s algorithm. Additionally, the low-depth approach
demonstrates even lower T-depth, while the difference in width
is not substantial enough to affect the asymptotic behavior of
T-depthx width. We chose a range for the CSSP that includes
values of n and k low enough to be tackled classically, as well
as values that are sufficiently large to be deemed impractical
even for a quantum computer. This range is particularly useful
for designing post-quantum cryptosystems [16]. We report the
results for four values of the ratio k/n: 0.2, 0.3, 0.4, and 0.5.

Our quantum walk approach outperforms Grover’s search in
terms of asymptotic behavior, further improving the design pro-
posed in [15]. Specifically, we observe that our approach begins
to show a lower T-count for all values of k/n starting from
n~2°, and a lower T-depth from n ~ 2'3. When considering
parameter sizes large enough to be used in cryptosystems, i.e.,
n > 2'3, our approach yields quantum circuits that are up to
50% shorter in terms of T-depth compared to Grover’s. Finally,
when evaluating T-depth x width, which captures the effective
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W), and Grover’s diffusion U, @), as a function of the parameters n and k/n of the constrained subset-sum problem. It can be noticed how the
ref(X) p P

quantum walk approach outperforms Grover’s search in terms of asymptotic behavior. The low-depth implementation, not shown, exhibits an even better

performance of the quantum-walk approach when compared to the Grover-based one.

TABLE III
NUMBER OF QUBITS, CIRCUIT DEPTH, AND NUMBER OF
GATES FOR SMALL CSSP INSTANCES, ASSUMING FULL
QUBIT CONNECTIVITY AND QISKIT’S DEFAULT
SIMULATION BASIS GATE SET, CONSISTING OF THE
UNIVERSAL SINGLE-QUBIT ARBITRARY-ROTATIONU GATE
AND THE TWO-QUBIT CNOT GATE

n k m | Qubits U CNOT  Depth
4 2 2 38 4107 3453 2220
5 2 3 57 8910 7440 5711
7 3 3 75 14915 12420 8837
10 5 4 126 32408 26916 16095

use of a quantum computer, as quantum gates on some qubits
require others to remain idle—our approach demonstrates sig-
nificant improvements for cryptosystem-relevant parameters.
A distinguishing feature of our quantum-walk-based ap-
proach is the explicit encoding of Johnson graph indices. This
encoding incurs an overhead of nlog,(n) additional qubits
compared to the O(n) required by Grover-based implementa-
tions. Although this overhead has negligible impact on overall
circuit complexity for practical problem sizes—as shown by the
minimal difference between the depth and depth x width metrics
in Fig. 8—it significantly limits the feasibility of classical sim-
ulation. In particular, classical simulation on standard hardware
(e.g., systems with 64 GiB of RAM) is typically limited to
circuits of about 32 qubitsl. However, as reported in Table III,
resource estimates obtained with the Qiskit simulator? for small
problem instances (n € {4, ..., 10}, k = |n/2]) show thateven
the smallest non-trivial case (n = 4, k = 2) already requires 38
qubits, exceeding the practical limits of classical simulation.
For this reason, to ensure the correctness of our design,
we validated and tested all key components of the proposed
quantum circuit architecture. To facilitate reproducibility and

ISee, for example, https:/figci.fi/publications/2025-04-01-LUMI-quantum-
simulations-qiskit-aer
2Freely available at https://github.com/Qiskit/

enable further experimentation, we provide open-source imple-
mentations in both the Qiskit framework® and the Atos QLM
environment*.

V. DISCUSSION AND CONCLUSION

We presented a complete design of a quantum walk-based
search algorithm over a Johnson graph to accelerate the solu-
tion of the constrained subset-sum problem. Our algorithm is
formulated in terms of logical qubits and noiseless quantum
gates, intentionally abstracting away hardware constraints. Like
other algorithmic families that rely on similar assumptions,
such as Grover’s and Shor’s algorithms [35], it is designed for
fault-tolerant quantum computing (FTQC) platforms, which are
assumed to exhibit quantum error correction capabilities that
enable a reliable execution of deep circuits as well as high-
fidelity gate operations.

Since our analysis targets the fault-tolerant regime, the fea-
sibility of implementing our approach on near-term Noisy
Intermediate-Scale Quantum (NISQ) devices [36] remains lim-
ited. Current hardware typically supports around 100 qubits,
with constrained connectivity and relatively high error rates® (in
the order of 1073, with respect to the 10~ !> required by FTQC
algorithms [32]), which prevent the execution of our quantum-
walk-based approach. Exploring hybrid or hardware-efficient
variants of our method, while further reducing both circuit depth
and width, could be a promising direction for future research.

Our proposal improves upon the current state-of-the-art tech-
niques for generating a uniform superposition of all subsets of
size k from an n-sized set of integers. We detailed the quantum
circuit construction for each component of our algorithm and
provided closed-form complexity expressions for their respec-
tive costs. Additionally, we compared the performance of our

3https://github.com/mantixpolimi/SubsetSum_QW Search.git

“https://github.com/paper-codes/2025-TC

SFor example IBM reports https://newsroom.ibm.com/2025-06-23-ibm-
and-riken-unveil-first-ibm-quantum-system-two-outside-of-the-u-s, for its
Heron quantum computer, error gates in the order of /= 10~3


https://fiqci.fi/publications/2025-04-01-LUMI-quantum-simulations-qiskit-aer
https://fiqci.fi/publications/2025-04-01-LUMI-quantum-simulations-qiskit-aer
https://github.com/Qiskit/
https://github.com/mantixpolimi/SubsetSum_QWSearch.git
https://github.com/paper-codes/2025-TC
https://newsroom.ibm.com/2025-06-23-ibm-and-riken-unveil-first-ibm-quantum-system-two-outside-of-the-u-s
https://newsroom.ibm.com/2025-06-23-ibm-and-riken-unveil-first-ibm-quantum-system-two-outside-of-the-u-s
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solution against a Grover-based search, using metrics such as T-
count, T-depth, and T-depth x width. Our results show improve-
ments across all metrics, demonstrating that the advantages of
quantum walks persist even for very large parameter regimes—
particularly those relevant to cryptanalytic applications. These
results demonstrate that while the asymptotic cost suggests
that Grover’s and the quantum walk framework both achieves
the same quadratic speedup with respect to classical solvers,
practical implementations may result in polynomial advantages
of one with respect to the other.

Our algorithm, which solves the constrained subset-sum
problem (CSSP) over n items with a constant size k of the
subset, can be naturally extended to address the unconstrained
subset-sum problem by running the solver for the constrained
version for all subset sizes k € {1,...,|n/2]|}. Fork > |n/2],
the problem can be formulated to check whether a comple-
mentary subset of size n — k satisfies the corresponding com-
plementary condition on the total sum of the input. Since the
number of combinations grows with k, the worst-case of the
execution time complexity of the unconstrained solver is dom-
inated by the case k = [n/2].

The design of the CSSP solver can be naturally extended to
address the 0-1 Knapsack problem, where each item is asso-
ciated with both a weight and a value, and the objective is to
maximize the total value of the selected items while ensuring
that their total weight does not exceed a fixed limit W*. In this
setting, the CSSP oracle circuit is adapted to simultaneously en-
force two constraints: (i) the total weight of the selected subset
must not exceed W*, and (ii) the total value must be at least a
given threshold V*. For a fixed subset size k, a binary search is
performed over V* to identify the maximum achievable value
under the weight constraint. At each iteration, only the threshold
value V* within the oracle circuit is updated; the remaining
CSSP subcircuits remain unchanged. This procedure is repeated
forall k € {1,...,[n/2]}, and the best feasible solution across
all subset sizes is selected. The overhead introduced by this
strategy, relative to the original SSP solver, is logarithmic in
the total sum of item values, and thus negligible in practice.

We emphasize that our standalone circuit constructions, such
as the Vertex Binary Encoding to generate a uniform superpo-
sition of vertices of a graph, the uniform sample of adjacent
vertices of a node of a graph, and the insertion circuit into an
ordered data structure, may hold independent interest.

We leave as future works the adaptation of our design to
other domain-specific problems (e.g., the syndrome decoding
problem for code-based cryptography [32], [34], [37], [38]),
and the analysis of the computational complexity when other
kind of graphs, both regular and irregular, are used to model
the search space.
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