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Abstract. We present our results for the kaon semileptonic form factors calculated by using
two sets of the PACS10 configuration, whose physical volumes are more than (10 fm)4 at the
physical light and strange quark masses in the Nf = 2+1 lattice QCD. The configurations were
generated using the Iwasaki gauge action and Nf = 2 + 1 stout-smeared clover quark action.
The form factors near zero momentum transfer q2 can be calculated thanks to the large volume.
Using our data, a q2 interpolation and continuum extrapolation are carried out simultaneously.
The value of |Vus| is determined using the result of the form factors at q2 = 0 in the continuum
limit. Our result of |Vus| is compared with the one determined from the CKM matrix unitarity
and with those determined using recent lattice results.

1. Introduction
One of the CKM matrix elements |Vus| might be a candidate of a signal beyond the standard
model (BSM). The value of |Vus| determined using the most accurate kaon semileptonic (Kℓ3)
form factor [1] at zero momentum transfer q2 = 0 is 3 to 5 σ away from those obtained through
the CKM matrix unitarity using |Vud| [2, 3]. Furthermore, the value of the Kℓ3 determination
is slightly different from that of the kaon leptonic (Kℓ2) determination [4]. To confirm the
discrepancies, it is important to calculate the Kℓ3 form factor by different groups. For this
purpose, we calculate the Kℓ3 form factor using the PACS10 configurations [5, 6]. They were
generated on huge volumes of more than (10 fm)3 at the physical quark masses in Nf = 2 + 1
lattice QCD. It is possible to remove major systematic errors in the lattice QCD, i.e., the chiral
extrapolation and finite volume effect, by using the PACS10 configurations. We will present our
progress in the calculation for the Kℓ3 form factors.

All the results in this report were already presented in our recent paper [7].
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Table 1. Simulation parameters. The lattice spacing (a), spatial and temporal extents (L, T ),
and the π and K meson masses (Mπ,MK) are summarized.

a[fm] L3 × T L[fm] Mπ[MeV] MK [MeV]

0.063 1604 10.2 137 501
0.085 1284 10.9 135 497

2. Results
The 3-point function calculations for the Kℓ3 form factors are performed on the two ensembles
of the PACS10 configurations, whose spatial extent is more than 10 fm at the physical quark
masses. We employ the Iwasaki gauge action and Nf = 2 + 1 stout-smeared clover quark
action in the configuration generation. Details of the configuration generations are explained
in Refs. [5, 6]. The same quark action is used in the calculation of the 3-point functions. The
simulation parameters are tabulated in Table 1.

The Kℓ3 form factor f+(q
2) is defined by the matrix elements,

⟨π(p⃗π) |Vµ|K(p⃗K)⟩ = (pK + pπ)µf+(q
2) + (pK − pπ)µf−(q

2), (1)

where q2 = −(MK −Eπ)
2+ p⃗2π is the momentum transfer squared. The scalar form factor f0(q

2)
is defined by f+(q

2) and f−(q
2) as,

f0(q
2) = f+(q

2) +
−q2

M2
K −M2

π

f−(q
2). (2)

The two form factors are extracted from the 3-point functions with the vector current Vµ.
We employ two types of the vector current: the local current and point splitting conserved
current. For the renormalization of the local vector current, we employ the renomarlization factor

ZV = 1/
√
F bare
π (0)F bare

K (0), where F bare
π (0) and F bare

K (0) are the unrenormalized electromagnetic

form factors for π and K at q2 = 0 with the local vector current. The two currents give different
form factors at a finite lattice spacing, while they should coincide in the continuum limit. Using
the two current data at the two lattice spacings, we will discuss the continuum extrapolation of
the form factor.

Figure 1 presents the results for f+(q
2) and f0(q

2) in a function of q2 with the local current.
Thanks to the large volume, we can calculate the form factors in the q2 = 0 region at both
the lattice spacings. The data of f+(q

2) at the two lattice spacings seem to be explained by a
smooth function of q2. It means that the finite lattice spacing effects are small in f+(q

2) using
the local vector current. Similar to f+(q

2), the data of f0(q
2) with the two lattice spacing near

q2 = 0 have a small finite lattice spacing effect, although there is a visible discrepancy in the
smaller q2 region. In contrast to the local current data, the conserved current data have larger
finite lattice spacing effects [7].

A q2 interpolation and continuum extrapolation for the form factors are carried out
simultaneously using the two current data at the two lattice spacings. The fit forms are based on
the formulas in the next-to-leading order (NLO) SU(3) chiral perturbation theory (ChPT) [8, 9]
with additional terms for finite lattice spacing effects. We choose three types of the polynomial
function to investigate stability of the fit result. The constraint of f+(0) = f0(0) is included in
the fit forms. The explicit forms of the fit functions are shown in Ref. [7].

The continuum extrapolation of f+(0) is presented in the left panel of Fig. 2. The data at
each lattice spacing are estimated from a q2 interpolation with the fit forms based on the NLO
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Figure 1. Kℓ3 form factors, f+(q
2) and f0(q

2), in a function of q2 using the local vector current.
The different symbols express different lattice spacings.

SU(3) ChPT formula using the local and conserved current data separately. The local current
data have a flat behavior against the lattice spacing, which can be expected from Fig. 1. In
contrast to the local current data, the conserved ones have a clear a dependence. From the
observations, we empirically adopt a constant and linear fit forms for the local and conserved
current data, respectively, in a continuum extrapolation. In this fit, we assume that the two
data agree with each other in the continuum limit. The fit result is denoted by “fit A” in the
figure. To investigate the stability of the continuum extrapolation, we also employ quadratic fit
forms for both the data. The result represented by “fit B” in the figure has a larger value than
the one of fit A.

The right panel of Fig. 2 presents a comparison of the results of f+(0) obtained from various
analyses, such as using different q2 fit forms and different data sets. The upper two results, fit
A and B, correspond to the ones in the left panel of Fig. 2. The fit C result is obtained from a
similar fit form to fit A in a continuum extrapolation. Apart from the upper three results, the
analyses are carried out using different fit forms for q2 interpolations and different data sets with
the same fit form as fit A for a continuum extrapolation. All the analyses are in good agreement,
except for the fit B result. A systematic error in the result is estimated from this discrepancy.
It should be noted that if we use the fit B form for continuum extrapolations in the analyses
using different fit forms for q2 interpolations and different data sets instead of the fit A form,
similar results are obtained to the fit B result in the figure. This is because we include the fit B
result in the systematic error estimate. The fit form dependence in the continuum extrapolation
is expected to be largely reduced, if data at a smaller lattice spacing is added in a continuum
extrapolation. It is an important future work in our calculation, and we are generating the third
PACS10 configuration at a smaller lattice spacing.

Our result of f+(0) is plotted in the left panel of Fig. 3 together with previous calculations [10,
11, 12, 13, 14, 15, 16, 17, 18, 1, 19]. Our result is roughly consistent with those results within 2
σ in the total error. Combining the result of f+(0) and |Vus|f+(0) = 0.21654(41) [20], the value
of |Vus| is determined. Our result is shown in the right panel of Fig. 3. Some recent results
determined using the Kℓ3 form factor [14, 15, 16, 18, 1, 19] are also plotted together with the
ones from the Kℓ2 decay process [4, 7] and from |Vud| [2, 3] through the unitarity of the CKM
matrix. Our result agrees with the ones of the Kℓ2 determination. On the other hand, it deviates
from the recent Kℓ3 determinations and the CKM unitarity with |Vud|, while the differences are
not so significant, which is less than 3 σ. For the BSM physics search, it is important to reduce
our large systematic error. To do this, we plan to calculate the Kℓ3 form factor at a smaller
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Figure 2. Left: Continuum extrapolation of f+(0) with the local and conserved current data.
The horizontal axis is the lattice spacing. The dashed line and dot-dashed curve represent fit
results with different polynomial functions for the continuum extrapolation. Right: Comparison
of the fit results of f+(0) in the continuum limit with various analyses. The upper three results
are analyzed with different functions of the continuum extrapolation. Other results are obtained
from analyses with different fit forms in q2 interpolations and different data sets. The solid lines
and gray band express the statistical and the total errors, respectively. The total error is
evaluated from the statistical and systematic errors added in quadrature.

lattice spacing.
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Figure 3. Left: Comparison of our result of f+(0) with those calculated in previous
works [10, 11, 12, 13, 14, 15, 16, 17, 18, 1, 19]. The inner and outer errors express the
statistical and total errors. The total error is evaluated from the statistical and systematic
errors added in quadrature. Right: Comparison of our value of |Vus| with those for previous
calculations [14, 15, 16, 18, 1, 19] together with the ones determined from the Kℓ2 decay
process [4, 7]. The light blue and gray bands represent |Vus| determined from the unitarity
of the CKM matrix using |Vud| in Refs. [2] and [3], respectively.

3. Summary
We have calculated the Kℓ3 form factors using the two ensembles of the PACS10 configurations,
whose spatial extent is more than 10 fm at the physical quark masses. The result of f+(0) in the



International Conference on Kaon Physics 2022 (KAON 2022)
Journal of Physics: Conference Series 2446 (2023) 012007

IOP Publishing
doi:10.1088/1742-6596/2446/1/012007

5

continuum limit has a large systematic error, which is mainly caused by the fit-form dependence
in the continuum extrapolation. Using our result of f+(0), the value of |Vus| is determined. It is
consistent with the ones from the Kℓ2 determination, and roughly agrees with the ones from the
recent Kℓ3 determination and the unitarity of the CKM matrix with |Vud|. An important future
work is a reduction of the systematic error arising from the continuum extrapolation. For this
purpose, we plan to repeat the calculation at a smaller lattice spacing.
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Yoshié T (PACS) 2019 Phys. Rev. D99 014504 (Preprint 1807.06237)
[6] Shintani E and Kuramashi Y (PACS) 2019 Phys. Rev. D 100 034517 (Preprint 1902.00885)
[7] Ishikawa K i, Ishizuka N, Kuramashi Y, Namekawa Y, Taniguchi Y, Ukita N, Yamazaki T h and Yoshié T
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