Eur. Phys. J. A (2024) 60:245
https://doi.org/10.1140/epja/s10050-024-01461-w

THE EUROPEAN ()]
PHYSICAL JOURNAL A e

updates

Regular Article - Theoretical Physics

Simple approximate model for pion masses

Ulf J. Lindgwister®
UJL Laboratories, Peoria, IL, USA

Received: 7 June 2024 / Accepted: 22 November 2024
© The Author(s) 2024
Communicated by Evgeni Kolomeitsev

Abstract Closed expressions for the masses of the charged
and neutral pions are derived based on a simple approximate
model for electrostatic screening when a proton is located
adjacent to a neutron. The estimated mass values agree to a
few percent of experimentally measured values. The electric
dipole moment of the deuteron is also estimated based on the
phenomenological toy model used here.

1 Introduction

While the Standard Model agrees with most high energy
physics experimental data, it still requires at least 19 input
parameters, including 9 mass parameters for the six quarks
and three leptons. The bare masses of the valence quarks in
nucleons and mesons, such as protons, neutrons and pions
(pi-mesons), account for only a small fraction of the experi-
mental baryon and meson masses. It is thought that the mea-
sured masses of the neutron, proton and pions come primar-
ily from the gluons and sea quarks. Theoretical estimates of
the masses of the pions have been derived using a number of
approaches, including lattice QCD [1,2] and methods via the
Higgs field [3]. This article proposes a simple phenomeno-
logical toy model to estimate the pion masses based on elec-
trostatic screening in nuclei when protons and neutrons are
adjacent. Experiments have demonstrated the impact within
nucleons due to adjacent nucleons in atomic nuclei, which
includes the EMC effect [4].

2 The model

Atomic nuclei consists of protons and neutrons and here we
will analyze the potential effect on the neutron substructure
due to the electrostatic field from an adjacent proton. The
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geometry of the two adjacent nucleons are shown in Fig. 1,
where the origin is at the center of the proton and the x-axis
passing through the both nucleon centers. Assume that the
quarks are confined in the neutron and relatively free to move.
Outside the proton, from Gauss’ law, the proton charge +-e is
concentrated at r = 0. The geometric equations for the two
nucleons are

x4y 42 =02 (1)
(x—2a)+y*+72=d° 2)

combining equations yield

y2 + 2% = dax — x> — 34> 3)
r? = 4ax — 3a’® “)

where a is the radius of the neutron (and proton), a = r, &
r p-

Since the quarks are confined within the neutron, we know
from the uncertainty principle an estimate of the momentum,
which in turn can be used to estimate the matter wavelength
of the quarks:

Ap = §)

i
Ax
h
Ap

P ~ Ax A a. 6)

The quarks then span the volume of the neutron and given
their high speeds, they can be approximated with a charged
gas or cloud of uniform density p~ for the two negatively
charged down quarks 2¢g; = — % and p for the positively
charged up quark ¢, = %e
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Fig. 1 Proton and Neutron adjacent where x-axis runs through each
center. The radius a of each nucleon is assumed to be approximately the
same

In the unpolarized state, these densities are assumed to be
uniform inside the neutron and cancel out electrically. Once
the proton is brought in next to the neutron, we assume there
is an induced density fluctuation, where the motion and cloud
of the ¢4 quarks are assumed to move slightly towards the
proton and the ¢, quark cloud to shift slightly away, causing
a polarization within the neutron.

3 Analysis of Charged Pion masses

From Fig. 1, note that the force components in the y- and z-
planes cancel and the net force is only in the x-direction for
the negative and positive charge densities, where the negative
g4 charges move slightly towards the proton center and then
back towards the just separated, polarized positive cloud,
causing an oscillation with frequency w. A volume element
perpendicular to the x-direction is dV = 7 (y? 4 z%)dx and
the force on the negative g4 cloud in the neutron is

p dVke e ke

- _ _ ke 2, 2
dF; = P S rzn(y +z%)dx (7
:_ﬁ dax — x? — 3a4? dx ®)

2a3 4ax — 3a?

where we used Eqgs. 3 and 4 and & is the Coulomb constant.
The net force on the negative cloud in the neutron from the
proton electric field is then

F__E/3“4ax—x2—3a2dx ©)
. 2a3 J, 4ax — 3a?
=—ﬁ<5—gln9) (10)
16 a2 8
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Next assume the fluctuations of the negatively charged cloud
in the neutron can be described by

x(1) = xpe ' (11)
d2
Fo=m d_t)zc = —my w’x (12)

where m, is the bare mass of the down quark g,. Next use
Egs. 10 and 12 to solve for x:

ke 1 (52 (13)
xX=————|5—-In
a? 16my w? 8
The polarization is given by P~ = p~x and the relative
dielectric constant &, by
1+ P
E, =
' €0 Eqve

2 1 1
=1 ¢ ]i 5—211’19
2mad a? 16mg w 8 €0 Eave

where E ;. is the average electric field in the neutron from the
nearby proton. The average electric field can be approximated
by

ke 3a dx
Ky ke [ 9% 14
/r2 o e'/a 4ax — 3a? (14)
ke
= —1In9=2a Eave (15)
4a
1 ke
E ve = 51119- —(20)2 (16)

where we have taken the average electric field from the proton
located at the center of the neutron (r = 2a). The dielectric
constant then becomes

)

&=1-— (17)
1)

from where we can identify the plasma frequency w,, of the

negative g4 cloud in the neutron as

2
(w;)2 = ki#(i — 2) (18)

a a’my

Note that the (a);)2 is proportional to 1/mg4, which is anal-
ogous to the resonance frequency w? o< 1/m of the simple
system of a mass m attached to a spring in one dimension.
The Yukawa potential is
Vy = —g 1 e—ksr
r

where g is a scaling constant and 1/k; is the approximate
range for the nucleon-nucleon interaction. In Yukawa’s orig-
inal theory, ks = myc/h and m is the pion mass and c is
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the speed of light. If we assume that the plasma frequency is
identified with this range, then we have

—\2

(2 = ) (19)
C

me =Sl 20)
Cc

from which we arrive at an approximate expression for the
7T~ pion mass

Bk 1 1 /5 9\\/? o
Mmoo~ (= _Z
T c\ a myc?a?\In9 8

~ 152 MeV/c? (22)

using my ~ 4.67 MeV/c2 and a = 0.8409 fm [5]. The
experimental value is 139.57 M eV/c2 [6], which is about
9% different from the approximate expression in Eq. 21.
While measurements of the proton charge radius has been
fluctuating some in recent years, we used the most recent
measurements above. However using a proton radius of
a = 0.8751 fm based on other experiments (see for exam-
ple [7]), we obtain for the charged pion mass 143 MeV /c?,
which only differs by 2.9% from measurements.

The density fluctuations of the g4 cloud in the neutron
is oscillating back and forth between the slightly polarized
positive cloud in the neutron and the positive field from the
proton. In addition, the masses of the quark combinations
up quark + anti-down quark is the same as the down quark
+ anti-up quark. Hence one would expect that the positive
density fluctuations of the g, cloud would be of the same
frequency. Therefore we assume

w, ~ o} (23)

which would imply that

My— X M+ (24)

4 Analysis of the Neutral Pion mass

From the quark model, we know that the charged pions con-
sist of either ud for 7+ and du for 7~ (assuming that u is the
up quark and d is the down quark and that 4 and u are their
respective anti-quarks). Note that the masses of the quarks
and anti-quarks are the same, hence my = mzand m, = my.
However, the masses differ for my # m,,.

The neutral pion 77 consists of acombination of dd and u
quarks, where these two quark pair masses are quite different
(mgmg # mym, # mgmy). Therefore, we would expect
that the fluctuation frequencies involving a combination of
dd and uu would differ from a pair of either ud or du, since

(b) /W/V\/.

Fig. 2 Analog models of intra-nucleon charged density fluctuations
for (a) the charged pions and (b) the neutral pion

in the latter case the masses of the positive charged pion or
negative charged pion would be the same. The assumption
of this article, is that the proton electric field has induced
a polarization of the positive and negative charge clouds in
the neutron, while it was assumed that the proton’s charge
+e remained fixed at r = 0. In reality, the dynamics of the
neutron quarks are likely to induce electric field fluctuations
for the quarks of the proton as well. Hence, in this manner
a neutral charged exchange meson could mediate a residual
strong force interaction just like a charged pion, but with a
different fundamental frequency.

Consider a simple analogous model, where two coupled
masses are attached to two springs and a wall, as in Fig. 2.
The spring constants are the same, but the masses are differ-
ent. The previous analysis for the masses of the positive and
negative charged pions are similar to the model in Fig.2a,
while the model for the neutral pion is assumed similar to
the coupled system in Fig.2b. The k in Fig.2 is the spring
constant.

The equations of motion for 2(b) in one dimension are

d2

m17? = —kx1 — k(x1 — x2) (25)
d2

mz—dt? = —k(xs — x1) (26)

Assume x| = A sin(wt + 8) and x, = B sin(wt + §), which
yields a simple solution for the resonance frequency w

2 <1+ 1>ik(l+ 1>1/2 27)
w = _— E— _ —_
mp  2mp m% 4m%

Next identify m; = mé and mp, = mﬁ (where m, =~
2.16 MeV/c2) [5], an effective mass can be estimated
approximately as (choose the negative sign)

1_(1+1) <1+1)1/2 08)
megy  \mg o 2my mg 4
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Based on this analogous system, define an effective mass as
a combination of uu and dd masses and insert it into Eq. 21
to yield

hike* 1 1/5 9\ 29,
mo~—-|———| —— —
=\ a mefpc? a®>\In9 8

~ 143.6 MeV /2 (30)

which is 6.6% different from the experimental value (134.98
Me V/c2 [6]) of the mass of the 9. If we again use the earlier
proton charge radius of 0.8751 fm, we obtain a neutral prion
mass of 135.15 MeV /c?, which only differs by 0.5% from
neutral pion mass measurements.

5 Estimates of the Deuteron electric moments

Electric Dipole Moments (EDM) of subatomic particles pro-
vide a tool for probing CP violating physics beyond the stan-
dard model. Since we have explored a simple phenomeno-
logical model here of the neutron-proton hadron, we could
use it to also obtain an estimate of the EDM of the deuteron.
Individually the EDM for the neutron has been limited via
experiments to be d, < 0.18 % 107> ¢ cm and similarly the
EDM for the proton is limited to be d), < 2.1 * 10~2e cm.
If we assume that the EDM for the deuteron is approxi-
mately dy ~ d, + d, one would infer that the EDM for the
deuteron is also zero. However, if we assume that the proton
induces a small polarization in the neutron (when adjacent
in a deuteron) and a similar induced small polarization in
the proton, then from our model the small displacement is
approximately

ke? 1
a? 16my (0, )2

Xy = (5 _ 21119) _ 3, 31)

8 8

where we have used Eq. 13 and replaced w? with the esti-
mated plasma frequency (a);)2 as derived earlier (Eq. 18).
In Fig. 3, we have aligned the neutron (in gray) above
the proton along the x-axis. The point s is far away from
the deuteron, hence r >> a, where a is the radius of each
nucleon as before and r is the vector from the center of the
deuteron to the point s. The negative charge cloud in the neu-
tron (N) is centered at x = a —x4/2, while the positive charge
cloud is centered at x = a + x4/2, both along the positive
x-axis. The small displacement x; between charged clouds
in the neutron is assumed to be caused by the nearby proton.
From a far distance at s, it appears as if the negative charged
cloud is centered at the open circle in the neutron, while the
positive charge cloud is centered at the filled circle. The open
circle will be treated as if all the negative charge in the neu-
tron is located at this point, with a charge of —2 ¢/3, while

@ Springer
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Fig. 3 Estimating the moments of the deuteron, where the neutron (N)
is placed above the proton (P) and the point s is far away, such that
r>>a>>xd.

the filled circle will have a charge of 42 e/3. The distances
from each of these points to the point s are labeled r; and r
respectively. Note that if there is a small charge separation
in the neutron, then this would form a perfect dipole (when
adjacent to a proton).

Next, we assume that the polarized clouds in the neutron
induce a small polarization in the proton (P) as well and that
to a distant observer, the positive charged cloud is centered
at —a + x3 (filled circle) and that negative charged cloud
is centered at —a — x4 (open circle). Similarly to the case
for the neutron, we will treat the positive charge as if it was
all located at the filled circle with a charge of +4 ¢ /3 and
the negative charge located at the open circle with a charge
of —e /3. This is then an unbalanced dipole (charges differ
at the end points) and the small displacements x3 and x4 are
not equal, however since each displacement is very small
compared to a and to r, we will assume for now that they can
be approximated by x3 &~ x4 = x4/2. The vectors from
each charge point in the proton to the point s are denoted r3
and ry.

The angle between the x-axis and the vector r is 6 and
since the point s is far from the deuteron, we will assume for
simplicity, that all angles from the x-axis to each vector r;
are approximately the same as 6. Next the potential V (s) at
the point s is given by
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2e/3 —2e/3 4e/3 —e/3
/Jr /+ /Jr /

rl r r3 rq

ey V(s) =

(32)

Each of the r; are similar in nature, hence for example for
r1, we have

r

—1/2
((a+x1>2 + r? —2(a+x1>rcos(e)> (33)

2 “12
<1 n (a+x1) —2<a+x1)cos(9))
r r

(34)

N | =

- <P0(c0s(9)) + Pi(cos(0)) (“tx‘) + 35
2
Py(cos(0)) (a tx‘) n ) (36)

where x; = x4/2 and the P;(cos(0)) are the Legendre Poly-
nomials. We expand each of the r; and collect terms to obtain
(keeping only the first three terms)

deo V(s) ~ ; T r%cos(@) Gxi —a)+ 37)
P L
3 (Bcos“ () — 1) (2 3 ) (38)

Note that the first term is just the net charge e as expected
for the deuteron. Setting & = 0 for the dipole term, would
yield an estimate for the electric dipole moment (p;) for the
deuteron

pa ~ e(B3x1—a) = —6.7 x 10 4ecm (39)

Similarly for the quadrupole term, if we select & = /2,
the quadrupole moment (Q,) for the deuteron is estimated
as

1Qal ~ ea(% - %) = 0.34¢ fm? (40)

The experimental value for the quadrupole moment of the
deuteronis Oy = 0.2859%¢ f m?, which differs by about 18%
from the estimate provided here.

6 Conclusion

These simple toy models provide closed expressions for the
masses of the pions, but are ignoring strong force effects,
other than the fact that the quarks are confined within their
respective nucleons. Moreover, the GMOR [8] relation from
QCD indicates that the m% = (mg + m,)B, where B is the
quark condensate. Hence, from QCD’s perspective, the bare
masses of the quarks may go to zero, while in the simple

model explored here, it would not work, since expressions
for the pion masses are proportional to 1/m.

It is surprising that such a simple model agrees relatively
well with experimental values of the pion masses and the
quadrupole moment of the deuteron, especially since the
strong force are orders of magnitude larger than the elec-
tromagnetic (EM) force. One reason could be that the strong
force peaks at a distance of about 1 fm and falls off expo-
nentially at larger distances and become approximately equal
to the EM force at about 1.75 fm. The distance between the
two centers of the nucleons in the deuteron are about 1.7 fm
and the strong force continues to fall exponentially beyond
this separation (note also that it is the residual strong force
that binds the neutron to the proton, where the strong force
also must contain the quarks within each nucleon). More-
over, in calculating a)f,, we used the ratio of Polarizaton P~
over the electric field E,y.. It is possible that this ratio can-
cels out potential strong force terms that could appear in the
estimates for the polarization and the average field.
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