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Abstract The successes of f(R) gravitational theory as
a logical extension of Einstein’s theory of general relativ-
ity (GR) encourage us to delve deep into this theory and
continue our study to attempt to derive an extension of the
Schwarzschild black hole (BH) solution. In this study, in
order to solve the output nonlinear differential equation, we
closed the form of the system by assuming the derivative
of f(R) with respect to the scalar curvature R to have the
form F(r) = d{&f(ﬁr))) =1- %, where « is a dimensional
constant. Our study shows that when « — 0, we obtain
the Schwarzschild BH solution of GR assuming some con-
straints on the constant of integration, and if these constraints
are bounded, we obtain the anti-de Sitter (AdS)/de Sitter (dS)
spacetime. For the general case, i.e., when o % 0, we obtain a
BH solution that tends asymptotically to AdS/dS spacetime.
Moreover, we derive the timelike and null particle geodesics
of the BH solution studied in this article. The equation of
motion and effective potential of test particles are calculated
to study the stability of radial orbits (trajectories). The energy
and angular momentum are calculated to study the circular
motion and stability of circular orbits. We also derive the sta-
bility condition using the geodesic deviation. Moreover, we
discuss the physics of the output BH solutions through cal-
culation of the thermodynamic quantities including entropy,
the Hawking temperature, and Gibbs free energy. Finally,
we check the validity of the first law of thermodynamics
applied to the BH of this study. Although we can derive a
Schwarzschild black hole solution in the lower order of f(R),
specifically when f(R) = R, where the gravitational mass
is generated from the source of gravity, we demonstrate that
in the higher orders of f(R), when f(R) # R, the source
of gravity is attributed primarily to higher-order corrections,
and the source of gravity that was originally derived from the
Schwarzschild black hole has ceased to be dominant.
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1 Introduction

An elegant and straightforward scientific theory, the Einstein
theory of general relativity (GR) is currently the most effec-
tive theory of gravity for explaining a wide range of observa-
tions, including the perihelion precession of mercury, light
bending, and gravitational redshift of radiation from dis-
tant stars [1-3]. Recently, the Event Horizon Telescope’s
astounding success has been furthered by the discovery of
the black hole (BH) shadow in the Messier 87 (M87) image
[4-6]. However, it is necessary to put GR through additional
tests, as it is tainted with unresolved problems like singular-
ities [7-9] and fails to adequately explain the nature of dark
energy and dark matter [10-14]. In addition, the quantum
nature of gravity is still unclear and elusive [15-17]. In light
of all of this, the search for a more comprehensive theory
of gravity becomes more compelling and eventually leads to
GR in the low-energy limit. Numerous alternative models of
gravity have been proposed to address the shortcomings in
GR. A viable alternative gravity theory must not produce a
fifth force in local physics, must be free of ghost modes and
consistent with solar system-based tests, and must satisfacto-
rily account for observations that GR theory does not address.
The three categories of alternative gravity models that meet
these criteria are as follows: (i) modified gravity models, such
as f(R) gravity, where the gravity action is supplemented
with higher curvature terms [18-21], or Lanczos—Lovelock
models [22-26]; (ii) extra-dimensional models, which due
to the bulk Weyl stresses and higher-order corrections to the
stress tensor may alter the real four-dimensional gravitational
field equations [27-33]; and (iii) gravitational scalar-tensor
theories, such as the Brans—Dicke theory and the more gen-
eral Horndeski models [34-37].

Among the various modified gravity model, physics
researchers have long been interested in f(R) theories
[18,38—-41], since these models use the simplest modifica-
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tion of the Einstein—Hilbert action while still demonstrat-
ing the ability to address a wide range of cosmological and
astrophysical observations. The late time acceleration is one
of these [41-43], along with the universe’s initial power-
law inflation [41,44], the rotation curves of spiral galaxies
[45,46], the four cosmological phases [19,47], and the detec-
tion of the gravitational wave [48—50]. Although these mod-
els frequently suffer from ghost modes, some f(R) models,
such as f(R) theory on a constant curvature hypersurface,
can be demonstrated to be ghost-free [51-54]. Furthermore,
they can outperform the solar system tests, which only place
restrictions on f”(R) and consequently the model parame-
ters [55-57].

Extra dimensions were proposed mainly as a way to com-
bine gravity and electromagnetism into a single theoretical
framework [58—60]. This later provided the foundation for
string theory and M-theory, which aim to unify all forces
of nature under one overarching theory [61-63]. The huge
differences between the electroweak scale and the Planck
scale led to many string-inspired brane world models [64—
68]. Most of these models assume that the observable uni-
verse is restricted to a 3-brane, where the standard model
particles and forces exist, while gravity can move into the
extra dimensions [64—70]. These models have interesting and
observable consequences [71-76], such as the production of
mini-BHs that can be detected at colliders [77,78]. On galac-
tic scales, they offer an alternative to dark matter [45,79-82],
while in cosmology they provide implications for inflation
and dark energy [31,83-95]. Since we do not fully under-
stand quantum gravity, deviations from Einstein’s theory of
gravity could emerge at high energies through extra dimen-
sions. The curvature of spacetime in the extra dimensions is
expected to be near the Planck scale, so higher-order cor-
rections to Einstein’s equations should become important at
high energies.

While BH solutions in GR are also valid in many alterna-
tive gravity theories, including a broad class of f(R) gravity
models [96], BH solutions that differ from those in GR can be
used to distinguish between different modified gravity the-
ories. They can also place constraints on model parameters
using gravitational waves or BH shadows. As aresult, finding
exact BH solutions in f(R) gravity theories is important but
difficult due to the complexity of the equations of motion,
which contain higher-order terms.

Despite the difficulties, many precise and numerical solu-
tions have been obtained using different methods, includ-
ing the Lagrange multiplier [97] and the generator method
[98]. First, the simplest case is a special class of f(R) grav-
ity with constant curvature. The solutions of this class, such
as Schwarzschild-like [96,98-101], Reissner Nordstrom-like
[102,103], and Kerr-Newman-like solutions [104], differ
from GR solutions only by a constant coefficient f’(Rg)
that can be absorbed into Newton’s constant. Solutions
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with dynamic curvatures [96,97,105-113], however, have
real differences from GR solutions. Static spherically sym-
metric solutions with perfect fluid [114], Yang—Mills field
[115], nonlinear Yang—Mills field [102, 116], Maxwell field,
and nonlinear electromagnetic field [117-120] have also
been obtained. Using Noether symmetries, axially symmet-
ric solutions can be derived from exact spherically sym-
metric solutions [121]. Interestingly, there is a correspon-
dence between solutions in Einstein-conformally invariant
Maxwell theory and solutions in f(R) gravity without mat-
ter in arbitrary dimensions [122,123]. Furthermore, spheri-
cally symmetric vacuum solutions in f(R) gravity in higher
dimensions have been studied. In summary, while exact solu-
tions in f(R) gravity can be quite complex, methods have
been developed to find many precise and numerical solutions
that differ meaningfully from GR solutions in important ways
[98,124].

The remainder of the paper is organized as follows: In
Sect.2, we present the building block of the f(R) grav-
itational theory and obtain its field equations. In Sect.3,
we apply the field equations of f(R) gravity to a space-
time having spherically symmetric and unequal metric poten-
tials. We present the nonlinear differential equations which
are composed of four nonlinear differential equations hav-
ing three unknown functions: one is the derivative f'(R) of
f(R), and the other two are related to the metric potentials.
We study special cases that yield a consistent BH solution
derived in previous studies. Then, we study the general case
and derive a new BH solution assuming that the derivative
J'(R) =1 — %.In Sect.4, we study the physical properties
of this new BH solution by giving the form of the metric
potentials in asymptotic form and show that it is different
from the GR metric potential of the Schwarzschild BH. This
difference is due to the contribution of the nonlinear curvature
scalar terms. We also study the scalars of the BH solution and
show that its peculiarity is stronger than that of GR because
of the contribution of the higher-order curvature. In Sect. 5,
we study the geodesic of the extension of the Schwarzschild
BH. In Sect.6, we derive the trajectories of the test parti-
cles near the extension of the Schwarzschild BH. In Sect. 7,
we study the radial motion and derive the conserved quan-
tities momentum, /2, and energy, E 2. of the extension of
the Schwarzschild BH. In Sect. 7.3, we present the stability
constraints of this BH solution by using geodesic deviation
and investigate the regions of stability graphically. In Sect. 8,
we evaluate the basic thermodynamic expressions, namely
the Hawking temperature, entropy, quasi-local energy, heat
capacity, and Gibbs free energy, related to our new BH solu-
tion and show that it is physically acceptable. In Sect. 8.2,
we explain that the new BH solution fulfills the first law of
thermodynamics. In the final section, we discuss our derived
results.
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2 f(R) gravity theory

The f(R) gravitational theory is different from GR when
f(R) # R,and when f(R) = R werecover GR. In the four-
dimensional case, the action of f(R) gravity theory yields
the form [18,41,125-131],

2_ 2 dr?
ds® = —A(r)dt” + + dQ where dQ
Ai(r)
— 2 (d92 + sin? 9d¢2) , 6)

and A(r) and A (r) are two unknowns of r. The Ricci scalar
of the spacetime (6) has the form

P2AIA — PPAN A = 2P AALAY — ArA[ALA — AAY] + 44200 - A))

R(r) = 7
(r) 272 A2 @

. _ _ dA d’A
5= i/d“xx/—_gf(R), (1 WithA =A@, A= A4@), AT =G, AT = gz, and
2k Al = %. Using Egs. (3) and (5) with Eq. (6) and by using

where « is the Newtonian gravitational constant and g is the
determinant of the metric.

Using the variation principle of the action (1), we obtain
the equations of motion of the f(R) gravitational theory in
the form [132]

1
R/wfR - Eguvf(R) + [g,uulj - VMV\,] fr=0, (2)

where the symbol [J refers to the d’Alembertian operator,
and [ is the derivative of the arbitrary function with respect
to the Ricci scalar, i.e. fp = 3—1{,. The trace of equations (2)
yields the form

30fr+Rfr—=2f(R)=0. 3)
From Eq. (3) we get

1
fR) =2 BOfr + Rl “

The use of Eq. (3) in Eq (2) gives the field equations of f(R)
as [133]

1 1
R;wfR - Zg;waR + Zg;waR - Vuvva =0. (5)

The field equations (5) reduce the order of derivatives from
fourth order, which characterized the field equations (2), to
third order. Thus, it is important to examine the field equa-
tions (5) to a spherically symmetric spacetime whose line
element has two different unknown functions. This task will
be discussed in the next section.

3 Construction of spherically symmetric BH solutions

Let us assume that the spherically symmetric line element
has the form

Eq. (7), we obtain the nonvanishing components of the field
equations (5), i.e., the (¢, t), (r, ), and (0, 0) (or (¢, ¢)), as

1
0= s [FA’2A1r2 — FA'AAr? —2FA A" Ar?
r

—4FrAjA'A+4FrA} (A)? —4 FA? +4FA%A,
“3APRF A +2 AN AL + AEF AL 4+ 4 A2rF/A1] ,
(®)
o
T 8A22
—4FrA’A| +4FrA|A’A —4FA? + 4FA%A| + ArPF A A

[FA/QAer —2FAA"AP? — FA'A| AP

—6A%2F" A — 3 A% A + 4A2rF’A1] , )
1

8A2r2

—2FAIA"Ar2 + FAR A2 — AFPF A\ A

0= [—4 FA2 + 4FA2A| — FA'A| A2

2 A22F" A|— A% F A +4 AZVF/AI] : (10)

The use of Eq. (3) gives the trace of the f(R) equation in the
form

1

0= 505 [BAFALA + 6 A2 F/ AL +3 472 F 4,
+12A%rF'Ay — FAA[Ar? —2 FA A" Ar? A% Ay r?
—4FrA|A'A — 4 FrA| A% + 4 FA?

—4FA2A, — 4fA2r2] , (11)

g 2
where F = F(r) = LQO) pr — dED - pr — &E0)

dR(r) > dar > a2
"o __ dBF (r) . . . .
F" = 3 and f is an arbitrary function of the radial

coordinate r. Now let us analyze the system of differential
equations (8), (9), and (10) in detail.
Using Egs. (8) and (9), i.e., (8) minus (9), we obtain
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0=2FA A’ —2FA|A+ FAA'r
—2F"AAyr — F' A} Ar. (12)

Additionally, Egs. (8) and (10), i.e., (8) plus (10), yield

0=2FA1A —2FA|A+ F'A1A'r
—2F"AAr — F'AAr. (13)

An in-depth examination of the above equations indicates
that Egs. (12) and (13) agree with each other. Thus we obtain
two independent differential equations from Egs. (8), (9),
and (10). From the above discussion, it is clear that Eq. (8)
is equivalent to Eq. (9) with a minus sign and equivalent
to minus two times Eq. (10). Therefore, Eqs. (8) and (13)
are two independent equations which contain all possible
solutions. Now, we have three unknown functions A, Aj,
and F, which is the main reason we are unable to fix one
function. To obtain specific solutions and to investigate the
physical properties of the derived solutions indicating that
Egs. (8) and (13) involve all physically reasonable and natural
solutions, we will assume the form of F in the following.

It was shown in previous studies that when A = Aj, we
obtain from Eq. (12)

F” =0, whichleadsto F = Fj + For. (14)
From Eqgs. (14) and (8) we obtain
=212 (Fi 4+ Far) A" = 2r’ A" + 4 (F, +2F>r) A

—4(F1+ For) . (15)
If we suppose that F, = 0, then Eq. (15) gives
0= Fi[r?A” —2A +2]. (16)
From Eq. (16) we obtain
A=1+ @ + a1r2,

r

provided F1 #0, (17)

where ap and a; are constants of integration. Equation (17)
is the well-known Schwarzschild-AdS spacetime.
If F; = 0, then Eq. (15) yields

0= F[r?A” +2 —4A +rA'). (18)

The solution of Eq. (18) has the following form:
A=lians @ (19)
= — +apr —.
2 0 r2

Here, ap and a; are constants of integration. Equation (19) is
derived in [113,134].

In previous studies [113,134] we have assumed F =
1+ r"‘—z to solve the system of differential equations (11).
In the present study, we will solve the system of differential
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equations (11) assuming that'

o

F=1-—,
]

(20)

where « is a dimensional constant. The use of Eq. (20) in the
system of equations (8), (9), and (10) gives

1
= 5512 [A1r2 (a — r4) A% —2 A AF? (a — r4) A"
r
— ir (a — r4) A/1 —4A1a} rAA’

+4A2{ Lar — <r4+ 13a) Ar+r? —a}], @1)

= &6% 244172 (o« = r*) 47 = a2 (a = 1*) A2
+rA[r(a—rt) A —aar (i +2a) |47+ 4 { a7
—(7a—r4) A —r4+a}A2], (22)

0= ﬁ [2 AAlr2 (a — r4> A — A1r2 (oz — r4) A”?

+r24A [(a — r4) A ~|—4A1r3] A — 4{ Qo+ 1)
—(33a+r4>A1+r4—a}A2]. (23)

We will try to solve the system of differential equations (21),
(22), and (23) assuming some specific forms of the unknowns
Aand Aj.

3.1 The case when A(r) = (1 — %) X(r)Y(r) and
A =01-2)yr)

Now we will assume the two unknowns A(r) and A (r) in
the following form:

2M
A(r) = (1 — T) X(r)Y(r), and A1(r)

oM
= (1 - 7) Y(r). (24)

The form of the unknown functions A and A; given by
Eq. (24) is a very important choice in the frame of f(R)
gravitational theory because this choice is a natural exten-
sion of the Schwarzschild BH solution in f(R) gravitational
theory. Here, X (r) and Y (r) are two unknown functions
of the radial coordinate. Of course we can write the two
unknown functions A and A; in many different forms, such
as A(r) = (1 — M) X(r)and A;(r) = (1 — 2) Y (r) but
we chose the form given by Eq. (24) because it will repro-
duce a physical BH, as we will see below. Furthermore, if

' The assumption given by Eq. (20) is a logical assumption, because
if we assume that F = 1 — %, then we will get a spacetime that is not
asymptotically flat, and the case FF = 1 — % is studied in [106,109-
112,135], while F = 1 — ;"7 n > 4 makes the calculation very tedious.
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X (r) = 1and Y(r) = 1, we naturally return to Einstein GR.
Therefore, let us proceed and put the form of the unknowns
A and A; given by Eq. (24) in Egs. (8), (9), and (10), and
obtain

- [Pl 03

x QM —r) X" —2r2X> (a 4

) oM —rY"
—rX [3r <(x - r4) oM —r)Y'

2y (25 =M + 3Ma>] X’

+4x2 {2r (3Ma - Mrt = ra) Y’

+(r5+33m—72Ma)Y+r(a—r4)”,

= 72 [2r2YX <r4 - oz) M —r) X"

+2r2x2 (r“—a) QM—r)Y"—r2y (r4—ot) oM—r) X2
—rX {3r ((x — r4> oM —r)Y'

-2Y <2r5 — Mt 1IMo +4r(x>] X’
+4 x? [2r (3MO{ — Mt - ra) Y’

+(7 = Tra+8ma)y +r(a—rt)].

= 72 [2r2YX (oe . r4) oM —r) X"

12,2x2 (a—r4) QM—r)Y"—r2y <ot—r4) QOM—r) X2
+rX {3r (a—r4) @M—r) Y2 (2ra+3Mr4—7Ma)} X’
—4x? {2r (3Moz —Mrt—ra) Y’

+<r5—13ra—32Ma>Y+r(0l—r4)”~ (25)

The analytical solution of the above system, given by Eq.
(25), takes the following form:

100 5ot o’
+rT+rT6+rTO )

r2c2 vV F3 r2

50 1002
X(r)=c 1+_4+_8
r r

Y(r) =

S a(r) F3 a(r) V4F F3da(r)
TR ki
r
( \/ﬁ )] o6)
where F3 = 1+ 5 = F—i—f—‘}, and a(r) = ( —ZTM)

Equation (26) shows that when the dimensional constant «

is vanishing, then F' = F3 = 1, and in that case

3r3¢y 4+ ¢3 — 3r

X =er, 3ra(r)

and Y(r)=-— 27

For X (r) and Y (r) to have asymptotic flat spacetime, we
mustputc; = l and ¢ =0 and c3 = —6M.

Using Eq. (26) in (11), we derive the form of f(r) as
follows:

a 150{2
= 3 F\/F —_
1= rFF{ ' 1( r8 )

(e
)e)

[ i (5

5
+2F <l—r—?>'/F\/F]5dr+r F\F

180(62 50 9o 4502¢,
(1 + 37’ )+ r—4 r_8 - 6
502 5ot 9a5 500
T T 6 T 0 oA
7
o Sa
_r28) - (1 - r—4> F14C3} (28)

Using Eq. (28) in Eq. (7), we obtain the Ricci scalar in the
form

4 6
R:ﬁ {3r16F2\/F1 <1+—‘Z) {[Z/F\/F15dr—C3:|
Fi r
v FP? V F 5
! FV Fp3 ( 3 ! dr) dr}
r r*F

Y= dr -2
o
r—4) U Fy F3dr +r'°/F F?

2
—2r'F* (1 -

X <a6 + 6rta’ + 15r8a* +20r %63

+ 15-10¢2

+18r22acz +6r0% + 24 + 3r26c2>]

2
7 (1 _ _‘jf) F14C3} , (29)
r
When o = 0, we obtain
R = 12r'%;, (30)

and when ¢, = 0, we obtain a vanishing scalar Ricci which
corresponds to the Schwarzschild BH.

Now we rewrite f(r) and R(r) atlarge r,i.e.,as r — 00,
and small 1, i.e., r — 0, and obtain

36a

16ac;  180a2¢cy 115242
ra +

r — 00) X 6cy — - ’
£ = o0) e R
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£ 0 120 1024 12802  6016r°
r — ~ — — —
1176 42972 100l 900922’
N 36a  16ac3  180a’cy | 1044a?
R(r — o0) = 12c2__r6 + P — p: + 500
3602 3188art 466248
R(r — 0) ~ — . (3D
11 429 9009c

From Eq. (31) we obtain

1
r(R) ~ %\/570\/204491%20(2 +237120a — 81510Ra,

f(R)~ Ci 4+ C2R + C3R?, (32)

where C 1, C~'2, and 63 are constants structured by the con-
stants ¢y, ¢z, and c3. Equation (32) shows that f(R) has
ultraviolet terms.

In the next section, we will analyze the physical properties
of the solution given by Eq. (24) using Eq. (26).

4 Intrinsic physical properties of the BH solutions given
by Eq. (24)

Now we will extract the intrinsic physics of the BH solution
given by Eq. (24) using Eq. (26). The asymptotic forms of
the metric potentials given by Eq. (24) after using Eq. (26)
take the following forms:

cic3  acyp acies
A(r) ~ —r2 _des ) mer Tees
(N~ -—riae+ea-——=+-3 25
260%c;  43a2cic3
+ T R
r r
2
2 c3 Sacy 4o Tacy 15acc;
Ay~ —r 62+1_3_r+ r2 _r_4+ r 0
376a>  15a%c;  263a’c;
358 6 880 33

Using Eq. (33) in Eq. (6), we rewrite the line element in the
form

from the dimensional constant «. Equation (34) ensures what
we have stated in the introduction, that is, in f(R) grav-
ity, one can derive a spacetime that is different from the
Schwarzschild one, and when F», = 0, we can recover the
Schwarzschild (A)dS/dS metric [136] as usual. In conclu-
sion, at a higher-order curvature, we can obtain a neutral
spacetime that is unlike the Schwarzschild solution and coin-
cides with the Schwarzschild (A)dS/dS at a lower order of
f(R) = R + constant.

Now we will calculate the invariants of the solution given
by Eq. (33) and obtain

2
Ryvpo R = 24A% + 48M” — 144A B 384A aM

76 77
120A2
— r8 +
216aA  576AaM 78002 A2
R RM = 36A>- 202 2000 T
r r r
+ ..
36 96aM  180a2A
R=—12A - —0 4 220 7%
r r r
+oen, (35)

where {R, R,y R™, Ry R*VP°} are the Ricci scalar, the
Ricci tensor square, and the Kretschmann scalar, respec-
tively, and they all have a true singularity at r = 0. It
must be noted that the dimensional constant « is the source
of the differentiation of the present study from the (A)dS
Schwarzschild BH solution of GR whose invariants behave as
(Ryunpo RE7P7, Ry R2, R) = (2442 + B4 3602, 121 ).
Equation (35) shows that the leading order of the scalars
(Ruvpo R*™P7, R,y R, R) is (rlﬁ, rlﬁ, riﬁ),which coincides

with the form of the (A)dS Schwarzschild BH solution whose

leading term of the Kretschmann is (lﬁ) Thus, Eq. (35)
r

shows that the singularity of the Kretschmann coincides with
the (A)dS Schwarzschild BH solution of GR.

+dQ?, (34)

2M 3Ma  26a* 258 Ma?
ds? ~ {—r2A+1——+34— e - “}dtz
r r r r
dr?
oA 2M SaA 4o | 42aM _ 1502A 37622 _ 78922 M
I =roA r + r2 r4 + rd ro + 3518 4479

where we have putc; = 1, c» = A, and ¢3 = 6, M.
Equation (34) shows that the line element expresses the
asymptotic (A)dS spacetime when A > 0, and the dS space-
time when A < 0, and is not identical to the Schwarzschild
spacetime due to the contribution of the extra terms of the
higher-order curvature of f(R) gravity which come mainly

@ Springer

5 Study of the geodesics

In this section, we will derive the geodesic equation for the
BH given by Eq. (33) and also study the geodesic deviation
equation to derive its stability condition.
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5.1 Geodesics of the BH (33)

Because of the spherical symmetry of an improved
Schwarzschild BH, we can study the motion of the test parti-
cles on the equatorial plane, i.e at 6 = % Therefore, we have
three geodesic equations:

d%  A'(r)dt dr

de2 T AGr) dede (36)
dr 1 L rden2 A gdry2
g2 T4 (r)(E) 24,00 (E)
do2
—rA](r)<d—f) —0, 37)
d’¢  2dpdr
@ i Y (8

where A(r) and A1 (r) are given by Eq. (33).

To solve these geodesic equations we will consider two meth-
ods in the next section. One is the effective Newtonian poten-
tial method as studied in [137,138], and the other is dynam-
ical system analysis [139].

6 Effective Newtonian potential approach

The Lagrangian of a particle motion of the extended
Schwarzschild BH is given by

2 3 2602 258 Ma?
2L = — —r2A+1—ﬂ+£— M“+ o 258 Ma
r }’4 }’5 }’8 }’9
P 72
r+ 2 2M SaA 4a 2aM
I=rA =22+ -G+ 55
—|—r2(9'2 + sin? «9({52), (39)

where the overdot refers to the differentiation with respect to
the affine parameter ¢. Here, the Lagrangian £ is not explic-
itly dependent on the coordinates ¢ and ¢. Thus, because of
these two cyclic coordinates, we obtain two conserved quan-
tities, the energy E and the momentum /4 conjugate to ¢.
Energy:

E dr A( )dt (40)
=g,— = A@r)—.
Bae de de
Momentum:
oL .
2h = % = 2r2¢ = constant, 41

where / refers to the total angular momentum of the particles.
Recalling the normalization condition

dx* dxV
Buv de de
where € is a parameter whose value for timelike geodesics
is € = 1 and for null geodesics € = 0 [139], we have on the

= —e, (42)

equatorial plane

(dr>2 g2 Aq(r) Al )(hz +6>
—) = — ) = | — .
de A(r) AV

Therefore, Egs. (40), (41), and (43) are the equations required
to describe the dynamics of particle trajectories at the equa-

torial plane of the extension of the Schwarzschild BH.
Now we will rewrite Eq. (43) as

(43)

1 /dr\2 E?
—(—) = Ecrf — Vegr, where E.pp = -

d
2 \de an

L h? Sa 70
R R R e e
2M

%(l—rzA— +5aA_4_a 420{M>
, 2 ] -5

9
r rd

10C,  7Cs

7C; 10C,
A @D
where C = aE.pp, C1 = aME;f, Co = Olegff, and
C3 = aME.sr/A. Therefore, Eq. (44) describes the equa-
tion of motion of a particle with a unit mass and an effective
energy E,rr moving in a one-dimensional effective potential
Very (r). Therefore, E describes the conserved energy of the
particle per unit mass, Verr(r) is the effective potential for
the radial coordinate r, and E,yy is the effective energy. The
physically acceptable regions are given by the values of those
r for which E.rp > V,pr(r). Thus, Eq. (44) represents the
energy equation for the radial coordinate r. This equation is
necessary to study the radial free fall and the stability of the
particle trajectories.
By imposing A(r), Eq. (43) takes the form

dry2 2 )
(—) ~E°—e+r Ae+
de

2Me  SaAe
2

r r

doe

4

L2aMe  h? 5 2Mh?* SaAR?
A

4ah®  42aMh>  5C  C

o7 T

10C,  7C;

iy (45)

The geometry of the geodesics in the equatorial plane 6 = 7

can be determined by Eq. (45). To determine the shape of the

trajectories, we use Eq. (41) to express g—; as

drdrd¢  hdr

4 dpde ~ dg (0

Now, we introduce the transformation u = %, which yields

( du ) 2 4 ( dr ) 2
— ) =u"(—) .
de de

(47)
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Using Eq. (47) in Eq. (45), we obtain
du\2 13 12 11 210
<E> = —7C3u"” + 10Cou"“ + Cqu ' +4Ch”u
—42C Meu® + Csu® + 2Mn%u” + Cou
+2Mew’ + (E* — € + AR u® + Aeu®,  (48)
where Cy = —(7C +42CMh?), Cs = 5C(1— Ah>+4/5¢),
and Cs = —5C A€ —h?. Now, using Eqgs. (46), (47), and (48),

2
we obtain the expression (g—;) as follows:

(du)Z B _7C3u9 10Cou®  Cau’ . 4C5u'0

do h2 2 2 2
42C Meud  Ceu® 3 Cou? 2Meu
- 2 + 2 +2Mu’+ 2 +T
(E? — e+ Ah*)  Ae
3 + o35 =S, (49)

Equation (49) describes the trajectories of the test particles
near the extension of the Schwarzschild BH. From the phys-
ical viewpoint, the radial motion and the circular motion of
the particles are two critical topics for studying the parti-
cle trajectories. Thus, in the next section we will study the
particle trajectories for these two cases.

7 Radial motion

It is important to study the radial geodesics to investigate the
ingredient properties of the spacetime for which the angu-
lar momentum becomes zero. Also, for the radial motion,
¢ = constant, in which Eq. (49) fails to provide us with the
information about the radial trajectories because most of the
terms blow up as & — 0. Additionally, to study the radial
trajectories of the particles, we can consider Eq. (43), which
becomes

dr\2 A
(é) =2 (%) —Al(Pe. (50)

7.1 Motion of massive particles

For massive particles, € = 1 and Eq. (50) yields

dr\2 2 5CA 4C 42C
(U cerorains 250 40 _ s
de r r2 r4 rd
5C  7C 10C, 7Cs
AT 8 9 G

By differentiating Eq. (51) with respect to ¢, we obtain

drr (M 10(C + 5C/4) 4562)
w- Gz 3 e
I5CA  126CM  28C;  35C;
+(rA+ 2r3 ré + r8 + r10 ) (52)

@ Springer

Since the trajectories of massive particles feature timelike
geodesics, we suppose that along the path, the affine param-
eter proper time is 7 rather than €. Therefore, the motion of
massive particles can be studied by the above equation, and
the condition of attractive force per unit mass is given by

M 10(C+C/4) | 450
<r_2 rd rd )
ISCA 126CM  28C, 3503
> (ra+ et ) 3

The condition given by Eq. (53) is important because it gives
the bound states of massive particles. The particle can gain
kinetic energy during the gravitational interaction when it
passes through the gravitational field of any BH. Then we can
calculate the change in the potential energy of the particle
in that gravitational field by considering the particle’s rest
position, so that the radial coordinate r changes to R. Now,
we are interested in describing the trajectories of the particle
in the (¢, r)-plane. With the help of Eqs. (40) and (51),

EF -l () a2 e

Itis clear that §- =0 for all points when E2 = A(r). From Eq.
(51) we can obtain the effective potential V, s as follows>

1 ,. 2M 5CA  4C  42CM
Veffzz(l" e
5C  7C 10C,  7C;3
_r_4 r_7 — _r8 + r_9 . (55)

In Fig. 1, we show the behavior of the effective potential,
Vers, with respect to the radius r of the orbits for three dif-
ferent values of the cosmological constant. From Fig. la it is
clear that V. is an exponentially increasing function of the
redial coordinate r but with negative values.

Now, from Eq. (54), we can write

dr A0 [ (A0
o= E \/E (A(r)) Aq(r). (56)

When A = 0, Eq. (54) will not be blow up for r — oo0.
Hence, Eq. (56) will only be a function of the total energy E,
and therefore if we can observe the behavior of the particle at
infinite distance from the source, then it will behave like a free
particle. However, ?j—; and E will be finite for a measurable
distance from the source.

2 1n the context of this research, we will utilize the natural units for

the physical system of measurement.:
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(a) Potential given by Eq. (55) of the BH (33). Here we put
M =0.01 M =0.06 a=0.01,C;y =C2 =C3 =0.01.

(b) The energy given by Eq (61) of the BH (33). Here we
put A=1, M=10,C1 =C2=C3=C4=Cs =1

1. x 1031 R .
2 \
S
5 ‘| \
5.x 1029 1 !
| "
\ N
\ '~
% 0 e S S
----- C =10’
12
-5.%x10 — Cc=10
— = c=10"
-1.x 10"+ ‘ ‘ ‘
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r

(c) The energy given by Eq (62) of the BH (33). Here we
put A=1, M=10,C; =C2=C3=C41=Cs =1

Fig. 1 Plots: (a) the potential given by Eq. (55), (b) the momentum given by (61), and (c) the energy given by Eq. (62). All these figures are

depicted against the coordinate u of the BH (33)

7.2 Motion of photons

For photon motion where € = 0, Eq. (50) yields

CI—Z)Z =E <i1<(rr>)> ’

(57)

where E is defined in Eq. (40). Also, defining 4- = - 4¢

obtain

dr
dt

= &E,We

Sa¢ 1002
— =2E |1+ 5 +—+
r r

103

Sat b
2

36+ (9)
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The solution of Eq. (58) is complicated, and thus it is difficult
to prescribe the trajectories of the photons using this method.
Circular motion:

Itis clear from Eq. (49) that at equilibrium position of circular
orbits, u = constant, so S(u) = 0 and S’ (u) = 0. From
Eq. (49) we have

7C3u9 10C2u8 C4u7 4651410
S(u) = — 7 + w2 + W + W2
2CMeuwd  Ceu Cou? 2Meu
- 2
% + 02 + Mu? + % + 2
Ae  (E%2—e+ Ah?)
+ h2u? h? ’ (59)
and
) = _ 63C3u® N 80Cou’  7C4u®  40Csu’
h? h? h2 h?
210C Meu*  4Ceu® 2Ceu
— 6
%) + W7 + 6 Mu® + 2
2Me  2Ae
7 T s (60)

Solving Egs. (59) and (60), we obtain an expression of angu-
lar momentum (h) and energy (E) of the particle obeying
circular motion, respectively, as follows:

h? =

63C3r —80Cor? —7C4r? —40Cs +210CMr> —4Cr® —2Cer® —2 Mr® + 2 A r1?

dZe dx* dxV

€ o | dx* de” o
2 - = — = P =0,
d82+ {/w} de ds+{,uv},p ¢

de de
(64)

with €” being the four-vector deviation. Using Eqs. (63) and
(64) in Eq. (6), we obtain

d?t 1 di d d?e
=0 A0 _r(4® _o,—=o,
de de de de?

d’¢
de2
and the form of the geodesic deviations using the line element
(6) gives

)

=0, (65)

d%e! dr de® d¢ de?
= + Ar(r)A’ (r)d_d_ —ZrAl(")d—d—

! A'(r) A A A" dr)®
+ |5 (AOA0) + 41A ) (5)

2
— (A1) + r AL (1)) (%) } el =0,

2
d?e’ A’l(r)gﬁzo’ d2€2+ do 2 o
de? A(r) de de de? de
d23+2d¢de “o 66)
de?2  rdedr

, (61)

6r’ M

and

1
6Mr10
+63AC3rt —100C, Mr? —80ACor’ —8Cy Mr?
—TAC4r®—56Cs M — 40 ACsr> + 168CM>r
—2C6./\/lr6—4AC6r9—i—2C6./\/lr8—2AC6r11

E?=— {—6Mr‘°+8M2r9+2A2r‘5+84c3 Mr

+8MA r12+2locMAr8}. (62)

The behavior of Egs. (61) and (62) are shown in Fig. 1b, c.

7.3 Stability of the BH (33) using geodesic deviation

The geodesic equations have the following form: [136]:

2,0 B dxr
d“x {a}dx dx _o. 63)

Bo| de de

and the geodesic deviation equations take the form [140,141]

@ Springer

where A(r) and A (7) are given by Eq. (33), and the prime,

i.e. “/”, is the derivative with respect to the radial coordinate
r. From the condition of a circular orbit, we obtain
T do dr
0=—, — =0, — =0. (67)
2 de de

Using Eq. (67) in Eq. (65), we obtain
de\?2
de

dr\*> 2 68
<£> T 2A() — rA(r) (68)

We can rewrite Eq. (66) as

A'(r)
r[2A(0r) —rA'(H)]’

2.1 0 3

t de
a0 ”“@g‘ mg

2 17 de 2
[2 [A "2+ AP A (r)] (d¢>)

~[Am) +rA®]]¢' =0,
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de? d*e® A'(r) dr de! as [142-148]
_— €° = _— _ =
de? ' d¢? ~ A(r) d¢ do 1
23 54l T = lim (g/s"87). (74)
d-e 2 de _ 9) A7 gu—0 \O11
d¢?  rd¢

From the second equation of Eq. (69), we can show that
we have a simple harmonic motion, which is the stability
condition of the plane & = 7/2. The remaining equations of
(69) assume the following solutions:

0 = {1ei“¢, el = 0e°?, and e = {3ei”¢, (70)

where ¢1, {2, and ¢3 are constants and o is an unknown func-
tion. Using the values of ¢! and €3 given by Eq. (70) in the
fourth equation of Eq. (69), we obtain

n=-27". )

Then, substituting the values of €? and ! given by Eq. (70)
into the third equation of Eq. (69) and using Eq. (71), we
obtain

_ V2A r3 72)
&= A
Substituting Eq. (70), after using Eqgs. (71) and (72), into the

first equation of Eq. (69), we obtain the stability condition as

3AAIA — 02AA —2rAj A+ rAAL A"

AA' ~
We show Eq. (73) in Fig. 2 using specific values of the model.
This figure exhibits the unshaded and shaded zones where the
BH is stable and unstable, respectively.

0. (73)

8 Thermodynamics of the BH solution (33)

In this section, we will investigate the thermodynamic prop-
erties of the BH solution (33) without/with the cosmological
constant, i.e., A. The Hawking temperature of a BH is defined

1
723/7\‘/M222/3<7§w + 12 Jay/2323y2/3 4 288 a2/3

r—

The Hawking entropy of the horizons is defined as

1
S=Alr. (75)

where A is the area of the horizons. The quasi-local energy
is defined as [142-145,149,150]

1
E= 1/ [2fR r+r2{Fo (R (r)) — R(r) fr r}] dr. (76)

Finally, the Gibbs free energy is defined as [150,151]
G=E-TS. 77)

8.1 Thermodynamics of the BH (33)

In this subsection, we will study the thermodynamics of the
BH (33) without/with the cosmological constant. We will
now discuss the case A = 0 for the BH solution (33) taking

into account the BH up to O (%) The BH (33) is char-
acterized by the mass of the BH M and the dimensional

parameter . The metric potentials when A # O take the
following form:

2
A~ A1 =M% e~ A 4
r r4
2M
AL (78)
r r

The metric potentials of the BH (78) are calculated in Fig. 3a
when A = 0.

From Fig. 3a we can easily see the two horizons of the
metric potential A(r). To find the horizons of this BH, given
by Eq. (78), we put A(r) = 01in Eq. (78) when A = 0 [147].
This gives four roots, of which two are real and the others
are imaginary. These real roots, inner and outer, are given
respectively as

(6 M w{‘/Mzzw V3Yy 412 Jav2323y23 + 288 a2/3

3/4
+3%/6 (M222/33/§3Fy + 12 Yay/232323 1288 az/s) 22/3 | 94331/ {(Mzgfzg/gw 6 a3y

12
2402139028 | MRS VB Yy + 12 Ya YTy 4 288025 + MOPSYEfy } 3) ,

1
T2y M2 Y3y + 12 Ya /2Ry 1 288023

r+

<6 M W7M222/3%W + 12 Jav/2323y2/3 4 288 o2/3

3/4
+3%/0 (M22PYBYy + 12 Yad23 3y 4 288 023) 223 = 243312 {(MA2Y3 Y7 — 6 a3y

172
—24 a2/335/622/3) \/M222/3€/§€Fy + 12 /232323 4 288 2/3 + M322/3€/§ﬁ} 3152> , (79)
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4 4
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(a) Stability of the BH given by Eq. (33) when « and A are (b) Stability of the BH given by Eq. (33) when A is
vanishing and M takes different values. vanishing and « takes different values.
15 = - 15
[
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(c) Stability of the BH given by Eq. (33) when « is (d) Stability of the BH given by Eq. (33) when « is
vanishing and A takes positive different values. vanishing and A takes negative different values.
4 T
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(e) Stability of the BH given by Eq. (33) when A # 0 and «
takes different values.

Fig. 2 Plots of Eq. (73) against the radial coordinate r for the BH (33) which indicate the region of stability and non-stability for different values
of M, a, and A
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where y = M? 4+ /M2 —768a and M? > 768a. It
is easy to check that the degenerate horizon for the metric
potential A(r) given by Eq. (78) occurs for specific values of
(o, M, r) = (2, 66, 2.9), respectively, which correspond to
the Nariai BH. The degenerate behavior is shown in Fig. 3c,
and Fig. 3¢ shows that the horizon r_ decreases with r while
r4 increases.

The degenerate behavior is indicated in Fig. 3c, which
shows that r— < rg. As we observe from Fig. 3c, as «
increases, we enter a parameter region where no horizon
exists, and thus the central singularity is a naked singular-
ity.

Now we will discuss the case when A # 0 where we
obtain six roots, three of which are real and the others are
imaginary. The explicit forms of these roots are very lengthy,
but their behavior is shown in Fig. 3b. Figure 3b clearly shows
the three real roots, where we have two inner and outer roots,
as usual for any BH, and the third horizon corresponding to
the cosmological constant.

From Eq. (75), the entropy of the BH (33) takes the form

Sy et (1 - 14) . (80)
r+
Plots of the entropy (80) when A = 0 and A # 0 are drawn
in Fig. 3e, f, which indicate an increasing value for S; when
A =0and A # 0.
From Eq. (74), the Hawking temperature of the BH (33)
is calculated and we obtain

_GBAr® —rt 4 3a) (50 — 2r.h)

T
* 8mry?®

(81)
Plots of the entropy (81) when A = 0 and A # O are
drawn in Fig. 3g, h, which indicate a decreasing value for 77
when A = 0and A # 0.
From Eq. (76) we evaluate the local energy of BH (33)
and obtain

EL~

N 21740 + Tary® = 21Ar ' — 1260 Ary + 378 Aa’r 3 + 54a°r, — 210> M

The plots of these energy values are drawn in Fig. 3k, 1
when A = 0and A # 0, which indicate a positive increasing
value for G .

8.2 First law of thermodynamics of the BH solutions (33)

An important step for any BH solution is to check its validity
for the first law of thermodynamics. Therefore, for the BH
given by Eq. (33) the Smarr formula and the differential form
for the first law of thermodynamics in the frame of f(R)
gravity can be expressed as [150,152]

M=2(TS—-PV), dE =TdS + PdV, (84)

where S is the Hawking entropy, 7 is the Hawking temper-
ature, P is the radial component of the stress-energy tensor
that is used as thermodynamic pressure, i.e. P = 7,” |+, and
V is the geometric volume. The pressure, in the context of
f(R) gravity, is determined as [150]

P = ! F +1(f(R) RF) +l 2F+F/ T
8w |2 2 4\ ry ’
(85)
Using Eq. (78), when A = 0, we obtain
1 o
M~ - — . 86
2 <r+ + 3}”+3) ( )

By calculating the necessary components of Eq. (84), we
obtain

P~ 3 4 e - ot =3a
* 167 ry2 9r 4 )’ * 4y S
4
T\|ryT — o 4
Sy~ [+—2] V= -mr’. (87)
r+ 3

Using Eq. (87) in Eq. (84), we can prove that the first law of
the BH (33) is verified when A = 0 and o2 = 0.

(82)

42r+8

Equation (82) shows that when A = o = 0, we obtain
Ey = %, which is the energy of a spherically symmetric
spacetime. Plots of Eq. (82) when A = 0 and A # O are
drawn in Fig. 3i, j, which also indicates positive increasing
values for E 4.

Finally, using Egs. (74), (80), and (82) in (77), we evaluate
Gibbs free energy as

42r 12 4 301ary B 4+ 42Ar 1 — 840 Mry? — 330a?rt — 945 Ar 10 + 182702 Ar, © + 31507

9 Discussion and conclusions

In this study, we focus on deriving an extension of the
Schwarzschild BH solution in the framework of the f(R)
amended gravitational theory. This so-called f(R) gravi-
tational theory is a fourth-order derivative theory, and thus

G+

1681"_1,_11

(83)
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Fig. 3 Plots of thermodynamic 10
quantities of the BH solution :
given by Eq. (33): (a) the F— g,
behavior of the metric potentials :
A and Ay for A = 0 when

M =66 and o = 0.3; (b)
typical behavior of the metric

potentials A and A for

A =0.001 when M = 12 and
a = 0.1; (¢) typical behavior of
the horizons for A = 0 when 50
M =66 and o = 2; (d) typical
behavior of the horizons for

A = 0.1 when M = 12 and
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(c) The horizons of the BH (33) of the metric potential A (d) The horizons of the BH (33) of the metric potential A

when the cosmological constant vanishing

when the cosmological constant is not vanishing

7 7]
701 ; 450+ -
/ 7
. 7/
60 / 2
/ R4
50 7 4007 7
k4 7
40 K4 R4
/ Ve
304 /,/ 350 /./
Sy " S, 2
1 7
2 7
101 g 3001 /./
’ /s
o—-— " " —"—"———— —- a
./.
-10- . — 2507 . . '
0 2 4 6 10 12 14 16 0 10 20 30
r+ r+

(e) The entropy of the BH (33) without cosmological
constant

deriving an analytical solution in the realm of this theory is
very difficult. To overcome this issue, we employed the trace
equation of f(R) theory and solved it with respect to the
arbitrary function f(R). By using this solution, we write the
field equations of f(R) theory and apply them to a spher-
ically symmetric spacetime that has unequal metric poten-
tials and is of a radial coordinate, i.e., g # g--. The out-
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(f) The entropy of the BH (33) with cosmological constant

put differential equations are solved assuming the ansatzes
as g = (1= 2) XY () and g, = (1 - 2) Y(r),
where X (r) and Y (r) are two unknown functions of the radial
coordinate. To be able to close the system, we assume the
derivative of the F(r) = dfd(R% =1- %, where « is
a dimensional constant. It is obvious from the assumption
of F(r) that when o« = 0, we obtain F(r) = 1, which is
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Fig. 3 continued

the case of GR, and in that case we obtain X (r) = 1 and
Y (r) = 1, and in turn we obtain the Schwarzschild solution,
ie., gt = &r = ( — ZTM) In the general case, i.e., when
Firy=1- %, we solved the equations of motion of f(R)
theory and derived the exact form of the metric potentials,
that is, we derived the form of the two functions X () and

Y(r).
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To delve deep into the physics of this solution, we derive
the asymptotic forms of g;; and g,,. From this asymptote,
we explicitly note that the BH solution of this study is com-
pletely different from the GR BH solution and coincides only
when F = 1, ie., o = 0. Moreover, we write the line ele-
ment of this BH and investigate whether it asymptotically

behaves as (A)dS/dS spacetime. We calculate the asymptotic
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form of f(R) and show that it contains ultraviolet terms. We
evaluate the invariants of such BH and investigate whether
there is a true singularity as r — 0. Also, we show from
these invariants that we have a strong BH compared with
the Schwarzschild BH, and the source of this strength is
the dimensional constant «. Also, we study the geodesic of
this BH and derive the potential and the conserved quantities
of energy and momentum. We reveal the behavior of these
quantities as shown in Fig. 1. Additionally, we evaluate the
geodesic deviations of this BH and obtain the condition of
stability mathematically and graphically, as shown in Fig. 2.

Further checking the physics of this BH is carried out
through the study of the thermodynamics of this BH by cal-
culating its physical quantities of entropy, Hawking temper-
ature, quasi-local energy, and Gibbs free energy, and derive
their forms mathematically and draw them graphically. Addi-
tionally, we check the first law of thermodynamics and note
that this BH verifies the first law. Finally, if we follow the
procedure for odd perturbation discussed in [134], we can
show that this BH is stable.

In summary, this research has brought to light a signif-
icant discovery: the expansion of the Schwarzschild BH is
influenced primarily by the existence of higher-order grav-
ity terms rather than because of a point mass at its center.
The Schwarzschild BH is restored when the impact of these
higher-order curvature terms diminishes.

To summarize our study, we derived a new BH solu-
tion in the frame of f(R) gravity and showed that its Ricci
scalar is not constant. This BH is new, and its originality
comes from the dimensional constant that involves «, which
comes from our assumption of the first derivative of f(R),
ie., F(r) = %R(gr))) = 1 — &. We stress that the source
of the gravitational field of this BH is not the gravitational
mass of the Schwarzschild BH, but the contributions of the
higher order of f(R). This means that the gravitational field
reproduced from the higher-order f(R) gravitational theory
is dominant in the Schwarzschild BH solution for the BH
reproduced from f(R). Finally, can the procedure applied in
this study be used to derive for the first time an extension
of the Kerr solution in f(R) gravitational theory? This case
needs further study and will be considered elsewhere.
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