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Abstract. Despite its dominance in the present universe’s energy budget, dark energy is
the least understood component in the universe. Although there is a popular model for the
dynamical dark energy, the quintessence scalar, the investigation is limited because of its
highly elusive character. We present a model where the quintessence is gauged by an Abelian
gauge symmetry. The quintessence is promoted to be a complex scalar whose real part is
the dark energy field while the imaginary part is the longitudinal component of a new gauge
boson. It brings interesting characters to dark energy physics. We study the general features
of the model, including how the quintessence behavior is affected and how the solicited dark
energy properties constrain its gauge interaction. We also note that while the uncoupled
quintessence models are suffered greatly from the Hubble tension, it can be alleviated if the
quintessence is under the gauge symmetry.

Keywords: dark energy theory, cosmology of theories beyond the SM

ArXiv ePrint: 2208.09229

c© 2023 The Author(s). Published by IOP Publishing
Ltd on behalf of Sissa Medialab. Original content from

this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must
maintain attribution to the author(s) and the title of the work,
journal citation and DOI.

https://doi.org/10.1088/1475-7516/2023/02/005

mailto:kkaneta@lab.twcu.ac.jp
mailto:hyesung.lee@kaist.ac.kr
mailto:anffl0101@kaist.ac.kr
mailto:wodhr1541@kaist.ac.kr
https://arxiv.org/abs/2208.09229
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2023/02/005


J
C
A
P
0
2
(
2
0
2
3
)
0
0
5

Contents

1 Introduction 1

2 Model 3

3 Quantum corrections 5

4 Quintessence dynamics 6
4.1 Thermal dark gauge boson 8
4.2 Coherent dark gauge boson 9

5 Gauged quintessence on the Hubble tension 13

6 Constraint on the dark gauge coupling 14

7 Summary and outlook 15

A Slow-roll condition 16

B Evolution of the gauge potential 17
B.1 Thermally decoupled 17
B.2 Thermally coupled 18
B.3 Boltzmann equations 18

C Coherent dark gauge boson 20

1 Introduction

Dark energy is very elusive because it started to dominate the universe’s energy density only
recently (z . 1). While simple and quite successful, the dark energy in the Λ-CDM model is
treated as a non-dynamical cosmological constant (Λ) of the general relativity, which is only
determined by fitting the model with data. (The CDM stands for cold dark matter.) Taking
the cosmological constant for the dark energy is not satisfying for many reasons including the
lack of reason why we have a similar density of dark matter and dark energy in the present
universe (cosmological coincidence problem). The distance conjecture on the swampland also
disapproves the stable de Sitter vacuum [1, 2], and favors a dynamically varying vacuum over
a constant one.

Quintessence is a popular model suggested by Ratra and Peebles that identifies the dark
energy as a scalar field, which slowly rolls down a potential [3]. The dynamical feature of the
quintessence models allows them to address the cosmological coincidence problem [4]. (See
refs. [5, 6] for some reviews on the quintessence.)

Established evidence of dark matter, the other component of the unknown part of the
universe, is also based only on the gravitational effects. However, direct/indirect dark matter
searches are based on the assumption that dark matter has a sizable interaction other than
gravity with the standard model (SM) particles. It may be the SM interaction or a new one
such as a new gauge symmetry [7–28].
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Considering the myriad of global activities in the dark matter searches based on the dark
matter interaction, it may be worth investigating if the quintessence may have interaction
and what constraints are expected in such models. The new interaction might open a new
direction for studying dark energy.1 It would be important to build a specific and realistic
model of a new interaction to see what constraints generally arise and what predictions are
naturally given.

In this paper, we present a dark energy model “gauged quintessence”,2 in which the
quintessence scalar field is the radial part of a complex scalar charged by an Abelian gauge
symmetry. The scalar boson and the gauge boson of this model are of tiny scale, and the
original quintessence scalar is restored in the limit the gauge coupling vanishes. Dark energy
physics is quite sensitive to the interplay between the quintessence scalar and the dark gauge
boson, and we exploit it to constrain the model. We also address the Hubble tension issue [33]
with this quintessence model under a gauge symmetry. The uncoupled quintessence model is
known to be agonized by the Hubble tension much greater than the Λ-CDM model [34, 35].
We discuss how the gauge symmetry can alleviate this drawback.

Taking quintessence as a part of a complex scalar field is not a new idea [36–46]. The
complex scalar under a global symmetry was studied in refs. [42–47]. As a matter of fact, it was
pursued with a gauge symmetry, too. The authors of refs. [38, 39] studied the homogeneous
scalar field carrying a U(1) charge to see if a long-range repulsive force can explain the late
time accelerating expansion of the universe. The gauge symmetry in this scenario needs to
be explicitly broken to have a nonzero homogeneous charge density [38]. They considered
homogeneous and isotropic gauge field configuration (insisting their gauge field, Xµ, should
satisfy ∂iX0 = 0 and ~X = 0), which results that the gauge field is not a dynamical field of its
equation of motion.

In contrast, our model preserves the gauge symmetry and there is no explicit symmetry
breaking. The gauge boson mass is given by the value of the quintessence scalar, which is
basically the spontaneous breaking of the U(1) gauge symmetry. Furthermore, in our model,
the gauge field maintains dynamical degrees of freedom. Therefore, we can take into account
the dark gauge boson quanta or its zero momentum condensates. The charge density is zero,
yet the gauge symmetry alters the quintessence scalar potential by the dynamical gauge field.

The basic structure of the model is described in section 2. In section 3, we calculate
quantum corrections and argue why a tiny gauge coupling is demanded to protect the late time
slow-roll of the scalar field, which is essential to produce the dark energy-like behavior. We
discuss the general behavior of the quintessence scalar and the dark gauge boson in section 4.
In section 5, we discuss the impact of the gauged quintessence on the Hubble tension. We
discuss the constraints on the model in section 6 before the summary and outlook in section 7.
In appendix A, we go over basic slow-roll conditions for the quintessence field. In appendix B,
we discuss the evolution of the gauge symmetry induced potential and derive the Boltzmann
equations for mass varying particles. In appendix C, we obtain the potential for a coherent
dark gauge boson.

1In fact, it was already discussed on general grounds that the scattering of dark energy and baryon could
affect the cosmic evolution [29, 30] and the screened coupling of dark energy to photon may explain the
XENON1T anomaly [31].

2We note the “gauge quintessence” model [32], which takes a vector boson as a dark energy field. Our
“gauged quintessence” model takes a scalar as a dark energy field charged by a gauge symmetry, and the gauge
boson is not the quintessence.
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2 Model

The model consists of a complex scalar (Φ) and a U(1)Dark gauge boson field (Xµ). The
complex scalar field has a radial (φ) and angular (η) degrees of freedom,

Φ = 1√
2
φ eiη , (2.1)

which is charged by a local U(1)Dark symmetry and is singlet under the SM gauge symmetries.
We will treat φ as a cosmologically running field, which is homogeneous and isotropic,3
and take it as a quintessence dark energy field. (We assume φ > 0 throughout this paper.)
The nonzero value of φ gives the mass to the dark gauge boson, and the η becomes the
longitudinal component of the dark gauge boson Xµ of the U(1)Dark. We call our model
gauged quintessence model.

The minimal gauge-invariant action containing the Φ and the gauge boson in the isotropic,
homogeneous, and flat universe, i.e., gµν = Diag{−1, a(t)2, a(t)2, a(t)2}, is

S =
∫
d4x
√
−g

[1
2m

2
PlR− |DµΦ|2 − V0(Φ)− 1

4XµνX
µν
]
, (2.2)

wheremPl = MPl/
√

8π ≈ 2.4×1018 GeV is the reduced Planck mass withMPl ≈ 1.2×1019 GeV
being the Planck mass, R is the Ricci scalar representing the curvature, Dµ ≡ ∂µ + igXXµ
with a U(1)Dark gauge coupling constant gX , Xµν ≡ ∂µXν − ∂νXµ, and V0 is the potential for
the scalar field only. In the unitary gauge where

η = 0, Xµ = Xµ + 1
gX

∂µη , (2.3)

the imaginary part of the Φ is absorbed into the dark gauge boson field, and the action can
be written as

S =
∫
d4x
√
−g

[1
2m

2
PlR−

1
2(∂µφ)2 − 1

4XµνX
µν − V0(φ)− 1

2g
2
Xφ

2XµX
µ
]
. (2.4)

The last term in the action is the interaction between the quintessence scalar and the
dark gauge boson, which contributes to both the dark gauge boson and the quintessence
masses. This term contributes to the quintessence potential, and we call this term the gauge
potential (Vgauge),

Vgauge = 1
2g

2
Xφ

2XµX
µ. (2.5)

Then the tree-level masses are

m2
φ|0 = ∂2V0

∂φ2 + ∂2Vgauge
∂φ2 , m2

X |0 = g2
Xφ

2 . (2.6)

Here, the symbol |0 indicates that the corresponding mass is evaluated by using a value of
φ(t) determined by the tree-level potential for φ, namely, V0(φ). The quintessence mass and
the dark gauge boson mass change during cosmic evolution.

3This condition may be relaxed. For instance, see refs. [48–51] for anisotropic dark energy models.
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To discuss the background evolution, one should know how the φ and X evolve during
the cosmic evolution. The equations of motion for the φ and Xµ with the tree-level potential
are given by

φ̈+ 3Hφ̇+ ∂V0
∂φ

+ g2
XXµX

µφ = 0 ,

∂µX
µν + 3HX0ν − g2

Xφ
2Xν = 0 .

(2.7)

Thus the evolution of the quintessence is affected by the background dark gauge boson field.
The energy density (ρφ+X) and pressure (piφ+X) of the quintessence scalar and the dark

gauge boson are obtained from the 00 and ii component of the Hilbert stress-energy tensor,

Tµν = (∂µφ)(∂νφ)− 1
2gµν(∂αφ)(∂αφ)− gµνV0(φ)

− 1
2gµνg

2
Xφ

2XαX
α + g2

Xφ
2XµXν +XµαX

α
ν −

gµν
4 XαβX

αβ. (2.8)

In the following, we divide the stress-energy tensor into two parts, one corresponding to the
quintessence and the rest corresponding to the dark gauge boson. We define the quintessence
energy density (ρφ) and (pφ) as the same as the usual definition of the scalar field energy
density and pressure:

ρφ = 1
2 φ̇

2 + V0(φ) ,

pφ = 1
2 φ̇

2 − V0(φ) .
(2.9)

Also, the energy density and the pressure of the dark gauge boson is ρX = ρφ+X − ρφ, and
pX = pφ+X − pφ.

Even if the Vgauge is not a part of the ρφ, this term still affects the motion of the
quintessence scalar. Therefore, the scaling of the quintessence energy density by the scale
factor is not given by the typical definition of the equation of state,

w0 = pφ
ρφ
. (2.10)

Instead, one can define the effective equation of state, weff [52],

ρ̇φ + 3H(1 + weff)ρφ = 0 , (2.11)

where the explicit form of the weff comes from eqs. (2.7) and (2.11),

weff = w0 + 1
3Hρφ

∂Vgauge
∂φ

φ̇ . (2.12)

When the ρφ � ρX , the quintessence scalar can explain the dark energy if weff < −1/3.
For the scalar potential V0 in our analysis, we take the inverse power potential suggested

in Ratra-Peeble’s work [3]

V0(φ) = Mα+4

φα
, (2.13)

where α > 0 and the mass scale M will be specified later.
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3 Quantum corrections

Calculating quantum corrections to the quintessence potential, using the functional method [53–
55], is in order. The dark energy behavior of the quintessence scalar depends on the potential,
and we have to ensure the right property is preserved even at the quantum corrected level.

The quantum effective potential of the scalar field (Veff) is obtained from the saddle
point approximation

Veff = − 1
V T

Γ[φcl] = − 1
V T

(∫
d4x

(2π)4 L[φcl] + i

2 ln det
(
δ2L
δφδφ

)
+ · · ·

)
, (3.1)

where V T is a spacetime volume. The φcl is the vacuum expectation value of φ. We assume
the homogeneous vacuum; thus, φcl only depends on time. The determinant is evaluated over
all the internal degrees of freedom and gives the 1-loop quantum correction. This is equivalent
to the sum of all the 1-loop diagrams in figure 1.

Then the Veff with a cutoff Λ is given as

Veff = V0 + 1
2g

2
XXµX

µφ2 + Λ2

32π2V
′′

0 + (V ′′0 )2

64π2

(
ln V

′′
0

Λ2 −
3
2

)
+ 3(m2

X|0)2

64π2

(
ln m

2
X|0

Λ2 − 5
6

)
, (3.2)

where the ′ denotes the partial derivative with respect to the φ. The quadratic divergence term
from the gauge boson loop can be absorbed to the counter term quadratic in φ. For the effective
potential to have a physical meaning, it should be gauge-independent. With our Lagrangian
in unitary gauge, the gauge dependence of the effective potential is removed [56, 57].

Now one can obtain the φ mass with the leading order correction from the second
derivative of Veff as

m2
φ = V ′′0 + g2

XXµX
µ + Λ2

32π2V
′′′′

0 + V ′′0 V
′′′′

0
32π2

(
ln V

′′
0

Λ2 − 1
)

+ 9g2
Xm

2
X |0

16π2

(
ln m

2
X |0
Λ2 + 1

3

)
. (3.3)

For the quintessence to explain the dark energy in the late universe, the following
conditions should be satisfied at present:

Veff ∼ 10−123M4
Pl ∼ 3× 10−47 GeV4 and mφ . H0 ∼ 10−42 GeV , (3.4)

where H0 is the Hubble parameter in the present universe. The first condition comes from the
present dark energy density [58]. The slow-roll of quintessence requires the second condition.
(See appendix A for details.)

We demand that each term in eq. (3.3) is at most the order of H2
0 . In principle, each

term can be much larger than H2
0 , if they cancel each other so that m2

φ is of the order of H2
0 .

However, such cancellation can only be possible by fine-tuning, and there is no guarantee that
the evolution of φ during the Hubble time does not break it.

Thus the fourth term in eq. (3.2) is much smaller than the third term since H0 � Λ,
and we can ignore the fourth term. The last terms in both eq. (3.2) and eq. (3.3) contain the
tree-level dark gauge boson mass mX |0, so one can constrain the mX |0 by using the conditions
in eq. (3.4). If we ignore the contribution from the log term, we get mX |0 . 10−11 GeV from
the last term in eq. (3.2) being O(10−123M4

Pl) or less. Also, if mX |0 < Λ, the first derivative
of the last term is negative. Hence the quantum correction tends to push the φ to a larger
value. We will discuss further dynamics of the φ in the next section.

– 5 –
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(a)

(b)

Figure 1. 1-loop Feynman diagrams in the gauged quintessence model. The dashed are for the
quintessence, and the waves are for the dark gauge boson. The diagrams in (a) correspond to the two
terms involving V ′′0 in eq. (3.2), and those in (b) correspond to the last term in eq. (3.2).

The m2
X up to the leading order correction is

m2
X = g2

X

(
φ2 + V ′′0

32π2 ln V
′′

0
Λ2

)
. (3.5)

The quantum correction to the dark gauge boson mass is negligible since the V ′′0 is of the
order of the H2

0 in the present universe.
So far, we have considered V0 as a classical potential. There is an alternative approach

taking V0 as the one that already includes all the quantum corrections. However, for the
coupled quintessence models, such an approach is less appealing as it requires that any
coupling terms of the quintessence should be manipulated to produce the wanted effective
potential [55]. Therefore, it is a fair attitude that one considers the V0 as a classical potential
or classical potential + corrections from the quintessence-only loops. Regardless of which
approach is taken, it does not affect the quintessence dynamics in the late time universe
for the Ratra-Peebles potential [55, 59], and we take V0 as a classical potential throughout
this paper.

4 Quintessence dynamics

The dynamics of the φ and Xµ are determined from the coupled differential equations in
eq. (2.7) through the effective potential in eq. (3.2). The equations of motions are connected
via cosmologically evolving Vgauge.
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Figure 2. (a) The φ excursion for various parameters with (black solid) α = 1, φi = 1010 GeV, (gray
solid) α = 1, φi = 1011 GeV, (gray dashed) α = 2, φi = 1011 GeV. (b) Equation of state of quintessence
with the same parameter sets. The φi is the initial φ at a = 10−12 and φ̇ = 0. The M is set to give
the present dark energy density for H0 = 67.4km/s/Mpc. It is M = 2.2× 10−6 GeV for α = 1, and
M = 0.027GeV for α = 2. These plots illustrate the dynamics of the pure quintessence model without
the dark gauge symmetry.

Let us first discuss the sole quintessence dynamics when gX = 0, and discuss the gX 6= 0
case later. When gX = 0 (thus Vgauge = 0), the dynamics of the φ is solely determined by
the α and M in eq. (3.2). One can consider the M as a function of α, since we adjust the
current density of the quintessence to give the right dark energy density [5]. Therefore, the α
and the initial condition are the only parameters determining the excursion of the φ. The
potential becomes steeper as the α increases, so the equation of state of the quintessence (w0)
at present increases.

It is well-known that the solution of the equation of motion under the Ratra-Peebles
potential has a tracking behavior [60]. Due to the balancing between the slope of potential
and the Hubble friction, the solution tries to follow a standard tracking solution. Thus a wide
range of the initial condition converges into common late-time behavior. Figure 2 illustrates
that the φ near the present time is only distinguished by the shape of the potential, i.e., α.
If the chosen initial value is much smaller or bigger than the tracking value, the φ can be
frozen before it joins the tracking solution. In the former case, the φ is initially placed on
a very steep hill, and it rolls exceedingly quickly so that it overshoots the tracking solution
and stays frozen by the Hubble friction until it joins the tracking solution. In the latter case,
the potential hill is too shallow to overcome the Hubble friction. In both cases, the φ joins
the tracking solution when mφ ∼ H. The solid black and gray curves in figure 2 show that
two quintessence fields of different initial field values converge to the tracking solution for
α = 1. On the other hand, the dashed gray curve deviates from the other two by following
its tracking solution for α = 2. One can also see that the equation of state is dynamically
varying during the cosmic evolution, and it is closer to −1 as the α decreases.

If the φ follows the tracking solution, φ ∝ a3(1+wB)/(2+n) when the dominant term in the
potential is proportional to φ−n and wB is the equation of state of the background [5, 61].4 In
our example, the third term in eq. (3.2) dominates when φ�

√
α(α+ 1)Λ2/32π2 ∼ 1018 GeV.

Hence the scaling of the φ is mostly governed by Veff ∝ φ−α−2 instead of φ−α.
4wB = 1/3 in the radiation dominated epoch (RD), and wB = 0 in the matter dominated epoch (MD).

– 7 –
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Now, we discuss the gX 6= 0 case. As we argued in section 3, the dark gauge boson mass
should be smaller than 10−11 GeV. Otherwise, the quantum correction that is proportional
to the m4

X would overproduce the current dark energy density. Such a light dark gauge
boson can be produced in various mechanisms such as coupling to the scalar field [62–66] or
gravitational production [67–70].5

In the rest of this section, instead of specifying a definite mechanism to produce the dark
gauge boson, we consider two typical scenarios as effective descriptions of the dark gauge
boson at later times. We will show that Vgauge is proportional to the dark gauge boson density
in both cases but largely suppressed for the thermal dark gauge boson case. We present a
concrete example with the coherent dark gauge boson in figure 3.

We will first consider the dark gauge boson whose distribution is assumed to resemble
the thermal one. Such distribution is possible if it is produced thermally (from either the SM
or dark sector heat bath). In this case, the dark gauge boson in the given mass range is likely
to behave as dark radiation due to its small mass. The second scenario is the dark gauge
boson as a coherent state, where the oscillation of the coherent state can be non-relativistic
even if its mass is as small as 10−30 GeV [62]. This is because the coherent dark gauge boson
can be non-relativistic whenever H . mX . (The H is about 10−26 GeV around the primordial
nucleosynthesis and gradually decreases to the present value of 10−42 GeV.) Such a gauge
boson can be produced during inflation as a condensate if it couples to the inflaton via the
kinetic function of the dark gauge boson [62, 76].

It should be noted that in both cases we will only consider the case the adiabatic
condition [77], which can be written as

dmX

dt
� m2

X , (4.1)

is always satisfied. If this condition is violated, the WKB-like solution for the wave function of
Xµ cannot be used. In other words, non-perturbative Xµ production could be non-negligible
in such a case. The adiabatic condition may break in some cases,6 which can bring intriguing
phenomenology. Furthermore, the violation of the adiabaticity indicates that the fragmentation
of a condensate (φ and/or Xµ) may take place through gauge or self interactions7 in a similar
manner of other coherent states, such as inflaton [78] and axion-like particle [79]. However, in
this paper, we will investigate the simple cases in which this condition is valid.

4.1 Thermal dark gauge boson
The XµX

µ in Vgauge can be computed using the Gibbs average [80].

〈XµX
µ〉 =

∫
d3~p

(2π)3
3f(~p, a)
E~p

, (4.2)

where f(~p, a) corresponds to the phase space distribution function including the scale factor.
Eq. (4.2) is valid under the adiabatic condition given in eq. (4.1). If the dark gauge boson

5Note that if such a gauge boson minimally couples to gravity, only the longitudinal mode can be produced
through the gravitational effect [71, 72], whose spectrum is non-thermal and equivalent to the gravitationally
produced light scalar [73–75]. On the other hand, if it couples to the inflaton via the kinetic function of the
gauge boson, both longitudinal and transverse modes can be produced during inflation and form a homogeneous
condensate [62].

6For instance, the background quintessence field may roll faster or oscillate abruptly.
7The dark gauge boson does not have a tree-level self interaction. Hence, such fragmentation can be made

only via higher order corrections.
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is produced thermally, it has an effective temperature (Tf ), which is redshifted from the
decoupling temperature (Td) as Tf = Tdad/a. Then Vgauge ∼ ρXm

2
X/T

2
f , and Vgauge is

suppressed by m2
X/T

2
f . (See appendix B.1.).8

Since the dark gauge boson of our model is extremely light, we expect Vgauge to be largely
suppressed. As an example, let us take gX = 10−30, which is the largest possible value of the
gX for the tracked quintessence model with the Ratra-Peebles potential (see figure 6), and
φ ∼ 1016 GeV at a = 10−3 from the black solid curve in figure 2. If one assumes that the dark
gauge boson once has a similar temperature as the SM heat bath, i.e., Tf ∼ 10−10 GeV, the
suppression factor is about 10−8. Also, the ρX should be smaller than the CDM density during
the matter dominated era. Hence, ρX should be smaller than ρCDM at the matter-radiation
equality, and further diminishes as ρX ∝ 1/a4.

Due to these reasons, Vgauge cannot affect the φ dynamics for most of the parameter
spaces. However, there is a loophole to overcome the given restrictions. When the dark
gauge boson is produced from the dark sector heat bath, its temperature can be much smaller
than that of the SM bath (and mX at the decoupling of the dark gauge boson). Thus the
Vgauge can be large enough to affect the quintessence dynamics. Such a possibility could be
potentially interesting, but we will not pursue this direction in this paper.

4.2 Coherent dark gauge boson

The coherent dark gauge boson [62] is a spatially homogeneous oscillating field. Therefore, it
can be easily described by its equation of motion [81]

~̈X +H ~̇X + g2
Xφ

2 ~X = 0 . (4.3)

The dark gauge boson field can have any value prior to inflation. Then the dark gauge boson
field takes some random value in the causally connected patch of the universe [81]. In the
early universe, H � mX , so the field is frozen until the oscillation begins when H ∼ mX . As
the universe cools down, the H can drop below the mX , and the dark gauge boson field is
released from the frozen state to the coherently oscillating state. (The detail of the coherent
X dynamics is given in appendix C.)

During the oscillation, the dark gauge boson behaves as a non-relativistic matter as it is
a condensate of the zero momentum state, and the XµX

µ scales as mXa
−3. Furthermore,

since the Vgauge ∼ ρX , Vgauge is negligible to the quintessence dynamics if ρX is much smaller
than the rest of the potential. For instance, when gX = 10−35, the ρX is always smaller than
the quintessence energy density. Hence, Vgauge does not affect the quintessence dynamics, and
the φ excursion and the evolution of the effective equation of state are the same as those
shown in the solid black curves in figure 2. On the other hand, the curves for gX = 10−39

show how Vgauge changes quintessence dynamics. As the dark gauge boson energy density
becomes comparable to the quintessence energy density, the φ oscillates about the minimum
of the potential until Vgauge becomes subdominant. Such an oscillation is imprinted in the
oscillating effective equation of state in figure 3(b). Later on, the dark gauge boson is a
subdominant component of the dark matter; hence the quintessence dynamics during the
dark energy domination era is not affected by the dark gauge boson. Thus the quintessence
recovers the tracking before the dark energy domination era.

Figure 4 illustrates how Vgauge is significant in some periods but disappears in the late
universe. At first, a narrow potential well is made from the combination of Vgauge and other

8If mX > T , then Vgauge ∼ ρX .
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Figure 3. Various plots for the quintessence (blue) with the coherent dark gauge boson (orange)
with two choices for the gauge coupling constant: gX = 10−39 (solid), gX = 10−35 (dashed). The
plots show (a) the quintessence field values, (b) the effective equation of state of quintessence, (c) the
ratio of the dark gauge boson and quintessence energy density to the CDM density, and (d) masses
of the dark gauge boson and quintessence. The green curve is the Hubble parameter H. The shared
parameters for all curves at a = 10−12 are α = 1, M = 2.2 × 10−6 GeV, Λ = MPl, φi = 1010 GeV,
φ̇i = 0, ρX/ρCDM|i = 3× 10−16 (initial fraction of the dark gauge boson energy density to the CDM
energy density). H0 = 67.4 km/s/Mpc and the SM radiation, baryon, and CDM density are taken
from ref. [58]. We assume the CDM is non-relativistic during a = 10−12 to a = 1. Note that, in panel
(b), the solid curve may not reflect the exact oscillation pattern due to the sampling grid size, but it
does not affect any discussions in this paper.

terms in the potential. So the φ oscillates about the minimum of the potential (φmin) and
does not follow the tracking solution of the sole Ratra-Peebles potential. Then, as Vgauge is
redshifted away, the φmin also moves toward the larger value, and the potential well becomes
shallower. Hence, the oscillation cannot persist, the φ cannot track the φmin anymore, and
φ is left behind. Then Vgauge does not affect the φ dynamics anymore, and the φ joins the
tracking solution. As an example, the solid curve in figure 3(a) shows the deviation from the
tracking solution due to Vgauge but accordance in the late universe.

As we mentioned, the dynamics of φ and X drastically change when the hierarchy
between the H and the mass of the each field is switched. This is essential to understand the
evolution of ρX . Figure 3(d) compares mX , mφ, and H. The mX is simply proportional to
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Figure 4. The evolution of the Vgauge. The parameter values consistent with the solid curves in
figure 3 are used. The black curve is the V0 + quantum corrections, and the orange curves are the
Vgauge. The full effective potential is a sum of the two. The Vgauge evolves from the one at the top
(bright orange) to the one at the bottom (light orange) with time.

the φ, but the mφ ∼ H due to the tracking.9 The moment when the mφ (mX) crosses with
the H is marked by the solid (dashed) vertical lines in figure 3(c). One can easily see that
those vertical lines coincide with the sudden warp of ρX . The followings are brief descriptions
of figure 3(c).10

• mφ < H, mX < H: Both X, φ are frozen by the Hubble friction. So, ρX ∝ a−2. This
regime is the left side of the first bending of orange curves.

• mφ > H, mX < H: X is frozen, but φ is running on the potential. So, ρX ∝
φ2a−2 ∝ m2

Xa
−2. This regime is between the first and second bending of orange curves.

(ρX ∝ a−2/5 and ρX/ρCDM ∝ a13/5 in the RD, or ρX ∝ a−4/5 and ρX/ρCDM ∝ a11/5 in
the MD.)

• mφ > H, mX > H: X is in the coherent oscillation, and φ is running on the potential.
So, ρX ∝ φa−3 ∝ mXa

−3. The factor of a−3 is interpreted as a dilution of number
density by the expansion of the universe, and the additional factor of mX is an energy
of an individual dark gauge boson. We can identify the dark gauge boson as mass
varying CDM. This regime is the right side of the second bending of orange curves.
(ρX ∝ a−11/5 and ρX/ρCDM ∝ a4/5 in the RD, or ρX ∝ a−12/5 and ρX/ρCDM ∝ a3/5 in
the MD.)

Note that if the conditions other than the gauge coupling are the same, the present dark
gauge boson density is proportional to g2

X as one can see from eq. (C.2). Nevertheless, the
present dark gauge boson energy density in figure 3(c) increases as the gX decreases. This is
because the curves are drawn with a fixed initial dark gauge boson density (ρX/ρCDM|i), not
a fixed initial X field value. If one decreases the gX with the fixed initial X field value, the

9The mφ can be larger than H if Vgauge hinders the growth of φ.
10When mφ < H, mX > H: X is in the coherent oscillation, but φ is frozen. So, ρX ∝ a−3. However, this

setting does not occur in our example.
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present energy density of the dark gauge boson also decreases. Likewise, it explains why the
oscillation of the φ gets stronger as gX decreases, as one can see from figure 3(b).

One should note that the dark gauge boson may constitute an extremely tiny portion of
the total energy density of the universe in the early universe, but it grows to take a significant
portion in the present universe. For example, the normalized energy density of the solid
orange curve in figure 3(c) is 3× 10−16 initially but is an order of 0.01− 0.1 in the present
universe. This is because the φ can grow by 108 times larger than its initial value, and the
energy density of the dark gauge boson before the coherent oscillation begins scales as a−2

while the CDM scales as a−3. If the energy density of the dark gauge boson is comparable
to the quintessence energy density in the recent universe, it can affect the expansion of the
universe. In such a case, one has to consider the equation of state of the φ+X fluid.

Considering that the energy density of the dark gauge boson evolves as mass varying
CDM in the late universe (pX = 0), using a3ρX/mX = ρ0

X/m
0
X in the non-relativistic

limit. Often it is convenient to define the effective dark energy density and effective CDM
density [82], as

ρ
D̃E
≡ ρφ +

(
mX

m0
X

− 1
)
ρ0
X

a3 ,

ρ
C̃DM

≡ ρ0
X + ρ0

CDM
a3 ,

(4.4)

with the Friedmann equation

3m2
PlH

2 = ρ
D̃E

+ ρ
C̃DM

+ ρb , (4.5)

where we suppose that ρ0
X + ρ0

CDM accounts for the total dark matter energy density observed
in the present universe. The quantities with the superscript zero denote the present values,
and the ρb is the baryon density. Here, one can separate the a−3 scaling and only include
mass varying effects to the dark energy component. Therefore, it is easy to compare with the
numerical results, which usually assume non-interacting CDM. By taking the time derivative
of eq. (4.4) and using eqs. (2.7), (2.9), and (C.11), the effective equation of state of the
effective dark energy density weff(D̃E) can be obtained [82]. (Replace the ρφ in eq. (2.11)
with the ρ

D̃E
.)

ρ̇
D̃E

= ρ̇φ − 3H
(
mX

m0
X

− 1
)
ρ0
X

a3 + ṁX

m0
X

ρ0
X

a3

= −3H
(

(1 + w0)ρφ +
(
mX

m0
X

− 1
)
ρ0
X

a3

)
= −3H

(
1 + weff(D̃E)

)
ρ
D̃E

.

(4.6)

Then the effective equation of state for the effective dark energy density is given by

weff(D̃E) = −1 + 1
ρ
D̃E

(
(1 + w0)ρφ +

(
mX

m0
X

− 1
)
ρ0
X

a3

)
. (4.7)

A condition pX = 0 is used in the second equality. A simple calculation shows that pφ =
w0ρφ = weff(D̃E)ρ

D̃E
= p

D̃E
, which tells that the pressure of the effective dark energy is

solely determined by the pressure of the quintessence since pX = 0.
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Figure 5. The weff(D̃E) in the gauged quintessence model with various amounts of the dark gauge
boson density. The present energy density fractions of the dark gauge boson over the CDM are 0.013
(yellow curve), 0.09 (orange curve), 0.27 (red curve). The uncoupled quintessence model would nearly
overlap with the yellow curve. The α = 1/16, M = 6.3× 10−12 GeV, gX = 10−39 are common for all
curves. The energy of dark gauge boson scales as ∝ mX/a

3 and evolution of φ is the same for all cases
in the given domain.

5 Gauged quintessence on the Hubble tension

The 5σ discrepancy between the Planck satellite result [83] and the distance ladder measure-
ment [84] on the Hubble constant is referred to as the Hubble tension. It is argued that the
uncoupled quintessence model may worsen the Hubble tension [34, 35].

In order to alleviate the Hubble tension, we need weff(D̃E) < −1 [35, 85–89]. This is
because any late universe change in the cosmic model should preserve the comoving distance
since the baryon acoustic oscillation angular scale (θs) is a model-independent quantity [85, 86].
In other words, if the sound horizon (rs) does not change, then the angular diameter distance
(DA) to the last scattering should be fixed.

DA = rs
θs

=
∫ 1

as

da

a2H(a) , (5.1)

where the as is the scale factor at the last scattering. Hence the larger H0, which can alleviate
the Hubble tension, should be compensated by the smaller H in the recent past. Since
H ≈

√
ρ
D̃E

/(3mPl)2 in dark energy dominated era, ρ
D̃E

should increase over time to relieve
the Hubble tension. This condition demands weff(D̃E) < −1 for some z [85, 86].

In this sense, the gauged quintessence model can perform better than the uncoupled
quintessence model. If ṁX > 0 (i.e. φ̇ > 0) and there are sufficient dark gauge boson energy
density, the weff(D̃E) becomes lower than that of the uncoupled quintessence model. The
decrease of the weff(D̃E) becomes larger if (i) the present energy density of the dark gauge
boson is more significant, (ii) the change of the dark gauge boson mass is bigger. [See eq. (4.7).]
This can be observed in figure 5. In the past, the red curve shows the lowest weff(D̃E) as its
present dark gauge boson energy density is the largest among the three cases. All three curves
have the same weff(D̃E) in the present since the dark gauge boson contribution vanishes.
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Figure 6. The solution and constraints on the dark gauge coupling gX with a present dark gauge
boson mass mX . The blue band is the allowed region for the model with the Ratra-Peebles potential
with α = 1/16 to α = 2. This α range is where the quintessence shows the tracking behavior.
The conditions in eq. (6.1) exclude the red area. The yellow area is disfavored by the weak gravity
conjecture [90]. The cutoff Λ = MPl is adopted.

6 Constraint on the dark gauge coupling

As discussed in section 3, the quantum correction from the gauge boson loops may ruin the
dark energy behavior of the quintessence. Order of magnitude estimation of the constraints
on the parameter space can be obtained if one demands the criteria that the magnitude of
the gauge boson corrections for Veff and mφ [the last terms in eqs. (3.2) and (3.3)] at present
are smaller than the other terms.

(i) 3(m2
X|0)2

64π2

(
ln m

2
X|0

Λ2 − 5
6

)
< 3× 10−47 GeV4 ,

(ii) 9g2
Xm

2
X |0

16π2

(
ln m

2
X |0
Λ2 + 1

3

)
< 10−84 GeV2 .

(6.1)

The criteria (i) only depends on the mX . Thus it constrains the mX . (Note m2
X ≈ m2

X |0 in
the present universe as discussed in section 3.) The criteria (ii) depends on both mX and
gX , and it constrains the gX at each mX . In figure 6, criteria (i) constrains the right red
region, and criteria (ii) constrains the upper red region. These constraints only account for
the quantum correction, and whether dark gauge bosons are particles or coherent is irrelevant.

The weak gravity conjecture [90] states that gravity is the weakest force in nature, which
requires

m

MPl
. gX , (6.2)

where m is the mass of the lightest charged particle. In our case, since the quintessence is the
only one charged by the U(1)Dark gauge symmetry, it is the quintessence mass mφ. Thus it
constrains the gX .

The gX and mX are not independent as mX ≈ gXφ, and the present day φ value is
determined by the excursion of φ that depends on the shape of the potential and initial
conditions. Furthermore, the Ratra-Peebles potential has a tracking behavior, so a wide range
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of the initial conditions converges to the common late-time solution [60]. This is even true
under the presence of the Vgauge, if Vgauge is subdominant in the recent universe. Therefore,
the actually allowed parameter space of the model with a specific potential may be limited.

The blue region in figure 6 shows the parameter space with the Ratra-Peebles potential
that shows the tracking behavior. While there is wider parameter space if we do not require
the tracking behavior, those with the tracking would not stretch much from the given blue
region (with weff = −0.97 to −0.65) when α is an order of 0.1 − 1. There is a one-to-one
correspondence between the α and the present equation of state since the present equation of
state of the quintessence with the Ratra-Peebles potential only depends on α if the gauge
boson induced terms are small compared to the V0, and the quintessence is under the tracking.
It is known that the φ ∼MPl if the quintessence field is driven by the Ratra-Peebles potential.
Thus, although we showed only the band bounded by two representing choices of the α = 1/16
(weff = −0.97) and 2 (weff = −0.65), the curves with other choices would lie close to the blue
band. The blank area in figure 6 shows the viable parameter space independent of shapes of
the potential.

The quantum correction constraints in eq. (6.1) originate from the quartic interactions
between the quintessence and the dark gauge boson. Thus, the constraint from the quantum
correction is independent of the detail of the quintessence model (i.e., the form of V0). In this
sense, the red constraints of figure 6 are model-independent.

We evaluated the weak gravity conjecture with the present quintessence mass. However,
the constraint may differ if one takes the quintessence mass at different times, which will be
larger than the present value. Therefore, the weak gravity conjecture bound in figure 6 has
to be interpreted as a conservative bound of the gauge coupling in the presence of the weak
gravity conjecture.

7 Summary and outlook

In this paper, we investigated to answer the question “What happens if the dark energy
component of the universe is under a gauge symmetry?”. Dark energy is garnering more and
more attention these days; it is the most elusive part of the universe, and the observation
data regarding dark energy are becoming precise enough to test the dark energy models. We
assume the dark energy is dynamic rather than a constant de Sitter and take the popular
Ratra-Peebles quintessence scalar model as a basic form. We generalized it to a complex
scalar to impose an Abelian gauge symmetry and presented the gauged quintessence scalar as
a new cosmological dark energy model.

We studied the general properties of the model in both qualitative and quantitative ways.
We found that the gauge symmetry in the dark energy sector brings intriguing characters to the
dark energy model in a very general way. First, the dark energy complex scalar field provides
mass to the dark gauge boson. Second, the dark gauge boson mass and quintessence scalar
mass are cosmically evolving. Third, the new gauge symmetry provides extra contributions to
the quintessence mass and the scalar potential by quantum corrections due to the new gauge
boson. This imposes severe constraints on the new gauge symmetry for the dark energy field
since both the quintessence mass and the scalar potential at the present universe should satisfy
certain conditions for a viable dark energy candidate. Using these constraints, we obtained
the upper bound on the new gauge coupling constant and found it is very small, but it can
still be consistent with the weak gravity conjecture. The constraint on the gauge coupling
constant limits the dark gauge boson mass to be tiny (mX . 10−12 GeV). Moreover, our
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study suggests that applying the weak gravity conjecture, which involves both the coupling
and mass of a particle may not be naive when the mass is varying cosmologically. We also
discussed the oscillating feature of the quintessence scalar due to the gauge symmetry and
how it fades away with time in our scenario. It is also interesting to note that the dark gauge
boson contribution to the effective equation of state of the dark energy may alleviate the
Hubble tension issue suffered greatly by the original quintessence model.

Although we studied only a simple scenario where there is only a gauge boson with a
small coupling constant, there are potential directions to extend the scenario. For instance, the
gauge symmetry may be extended to the dark matter sector connecting the dark energy and
the dark matter with a dedicated interaction in the dark sector. For this to be valid, however,
the flatness of the scalar potential should be arranged by some symmetries or mechanisms.
The kinetic mixing between the dark gauge boson and the photon, which is not forbidden
by any symmetry, can be another potentially interesting direction. Considering dark matter
searches in both direct and indirect ways are very active partly because of their presumed
non-gravitational interactions, the introduction of a new interaction in the dark energy sector
may also enrich the dark energy studies.
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A Slow-roll condition

The slow rolling of the quintessence scalar is essential in typical quintessence models for
dark energy. In this appendix, we briefly review how the quintessence mass is related to the
slow-roll condition in eq. (3.4). We do not restrict the potential to be Ratra-Peebles potential
here. Instead, the discussion applies to any potential, which gives the slow rolling in the
late universe.

The equation of motion of the φ with an arbitrary potential can be written as

φ̈+ 3Hφ̇+ ∂Veff(φ)
∂φ

= 0 , (A.1)

where the Veff(φ) is the effective potential which includes the thermal and quantum corrections.
For the slow rolling to be stable during the Hubble time, ∆t ∼ 1/H, which is the typical time
scale of the dark energy domination, it should be satisfied that

|φ̈| < |Hφ̇| . (A.2)

Hence, eq. (A.1) is reduced to

3Hφ̇+ ∂Veff(φ)
∂φ

≈ 0 . (A.3)

Further, one can take the time derivative on the above equation and arrange the terms as

∂2Veff(φ)
∂φ2 ≈ −3H φ̈

φ̇
− 3Ḣ . 3(H2 + |Ḣ|) , (A.4)
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using eq. (A.2). The last step is to use the following Friedmann equations

H2 = 1
3m2

Pl

(1
2 φ̇

2 + Veff(φ) + ρm + ρr

)
,

|Ḣ| =
∣∣∣∣∣ 1
2m2

Pl

(
φ̇2 + ρm + 4

3ρr
)∣∣∣∣∣ .

∣∣∣∣∣ 1
2m2

Pl

(1
2 φ̇

2 + Veff(φ) + ρm + 4
3ρr

)∣∣∣∣∣ ∼ 3
2H

2 ,

(A.5)

where the ρm and ρr are the matter and radiation density, and the inequality of the second
equation holds since the dark energy equation of state is less than −1/3 (i.e., φ̇2 < Veff(φ)),
and the ρr is much smaller than the other components.

Finally, one can combine eqs. (A.4) and (A.5) to get

∂2Veff(φ)
∂φ2 = m2

φ .
15
2 H

2 . (A.6)

This inequality states that the quintessence mass should be comparable to or smaller than
the Hubble scale to have a slow rolling. In the main text, we simply state that mφ . H. [See
eq. (3.4)].

B Evolution of the gauge potential

In this appendix, we demonstrate the evolution of the Vgauge by the redshift without any
particle to particle interactions.

B.1 Thermally decoupled

The 〈XµX
µ〉 is given from eq. (4.2),

〈XµX
µ〉 = 3

∫
d3~p

(2π)3
f(|~p|, a)√
m2
X + |~p|2

, (B.1)

where the scale factor dependence of the phase space is explicitly written. Due to the expansion
of the universe, the momenta of the particles are redshifted. Hence, if one knows the phase
space density at the specific scale factor ‘a0’, one could find the phase space density at the
arbitrary scale factor ‘a’ by the relation f(p, a0) = f(a0p/a, a).

Therefore, the 〈XµX
µ〉 and the Vgauge can be written as

〈XµX
µ〉 = 3

(
ad
a

)3 ∫ d3~p

(2π)3
f(|~p|, ad)√

m2
X +

(ad
a

)2 |~p|2 , (B.2)

Vgauge = 3m2
X

2

(
ad
a

)3 ∫ d3~p

(2π)3
f(|~p|, ad)√

m2
X +

(ad
a

)2 |~p|2 , (B.3)

where ad is the scale factor at the decoupling. We assume that the dark gauge boson is
relativistic at ad. The peak of f(|~p|, ad) is at |~p| ∼ Td, hence |~p|ad/a ∼ Tf = Tdad/a. If
mX � Tf , the mX in the square root gives the dominating contribution, so the Vgauge ∼
mXnX ∼ ρX ∝ mX/a

3. On the other hand, if mX � Tf , the mX inside the square root of
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eq. (B.2) can be neglected resulting in Vgauge ∼ ρXm2
X/T

2
f ∝ m2

X/a
2, where we approximate

ρX as follows:

ρX = 3
(
ad
a

)3 ∫ d3~p

(2π)3

√
m2
X +

(
ad
a

)2
|~p|2f(|~p|, ad) ∼ T 4

f . (B.4)

Therefore, the Vgauge is suppressed by m2
X/T

2
f from the ρX in the mX � Tf limit. One can

numerically check that the given relation between the Vgauge and ρX is satisfied by the thermal
distribution with high accuracy.

B.2 Thermally coupled

In this case, the integral in eq. (B.1) can be evaluated in both the relativistic and non-
relativistic limit with the Bose-Einstein distribution

f(|~p|, a) = 1
e
√
m2
X+|~p|2/T (a) − 1

. (B.5)

In the relativistic limit,

〈XµX
µ〉 = T (a)2

4 , (B.6)

thus the Vgauge is

Vgauge ≈
T (a)2m2

X

8 . (B.7)

In the non-relativistic limit,

〈XµX
µ〉 = 3T (a)3/2

(2π)3/2 m
1/2
X e−mX/T (a) , (B.8)

thus the Vgauge is

Vgauge ≈
3T (a)3/2

2(2π)3/2 m
5/2
X e−mX/T (a) . (B.9)

Thus, the Vgauge is exponentially suppressed when mX � T (a).

B.3 Boltzmann equations

In this appendix, we derive the Boltzmann equation for mass varying particles. As we will
demonstrate, the mass varying effect can be understood as an energy exchange between
the quintessence scalar and the dark gauge boson. We start from the general form of the
Boltzmann equation of the phase space density f .

L[f ] = C[f ] , (B.10)

where L[f ] is the Liouville operator and the C[f ] is the collision operator. The covariant and
relativistic Liouville operator is [91]

L = pα
∂

∂xα
− Γαβγpβpγ

∂

∂pα
. (B.11)

In the FLRW metric, the Boltzmann equation is written as

E
∂f

∂t
− ȧ

a
E|~p| ∂f

∂|~p|
= C[f ] , (B.12)
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where E =
√
m2 + |~p|2. If one integrates this equation by the three-momentum, with the

integration by part, one gets

d

dt

∫
d3~p

(2π)3Ef −
∫

d3~p

(2π)3
∂E

∂t
f −

∫
d|~p|
2π2

∂

∂|~p|

(
ȧ

a
E|~p|3f

)
+ ȧ

a

∫
d|~p|
2π2

(
3|~p|2E + |~p|

4

E

)
f

=
∫

d3~p

(2π)3C[f ] . (B.13)

Since the integral of f in the whole momentum space is finite, f should be 0 in the |~p| → ∞
limit. Also, it is trivial that |~p|3 = 0 at |~p| = 0. Hence, the third term, which is a boundary
term, in the l.h.s. should vanish, and the l.h.s. can be simplified as

d

dt

∫
d3~p

(2π)3Ef −
ṁ

m

∫
d3~p

(2π)3
(E2 − p2)

E
f + 3 ȧ

a

∫
d3~p

(2π)3

(
E + |~p|

2

3E

)
f , (B.14)

where we used that ∂E
∂t = ṁ

m
(E2−p2)

E .
The expression can be further simplified with the definitions for the energy density (ρ)

and the pressure (p),

ρ = g

∫
d3~p

(2π)3Ef ,

p = g

∫
d3~p

(2π)3
|~p|2

3E f ,

(B.15)

where g is a degree of freedom of the species. Now, eq. (B.13) can be written as

ρ̇+ 3H(ρ+ p) = ṁ

m
(ρ− 3p) + g

∫
d3~p

(2π)3C[f ] . (B.16)

The first term in the r.h.s. accounts for the mass varying effect. The second term accounts for
the decay and the annihilation of the particle. This equation fully explains the evolution of
the energy density of the mass varying particle in the presence of the interactions. When there
are no interactions, i.e., C[f ] = 0, we can see our equation rederives the equation obtained
in other mass varying particle scenarios without interactions (for instance, the mass varying
neutrino model [52]).

One can show that the ṁ dependent term in eq. (B.16) is simply a manifestation of
the energy conservation between the quintessence scalar and the dark gauge boson. Let us
consider a situation that both the quintessence and dark gauge boson do not have any collision
terms. The equation of motion of the quintessence scalar can be written in the form of the
Boltzmann equation, if one uses the relations ρφ = φ̇2/2 + V (φ), pφ = φ̇2/2 − V (φ) where
V (φ) ≡ Veff − g2

X〈XµX
µ〉φ2/2 as

ρ̇φ + 3H(ρφ + pφ) + g2
X〈XµX

µ〉φφ̇ = 0 . (B.17)

The last term can be rewritten with help of eqs. (4.2) and (B.15) along with mX ≈ gXφ as

g2
X〈XµX

µ〉φφ̇ = ṁX

mX

∫
d3~p

(2π)3
3m2

Xf(~p)
E~p

= ṁX

mX

(ρX − 3pX) . (B.18)
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Hence, the Boltzmann equations for the dark gauge boson and the quintessence are

ρ̇φ + 3H(ρφ + pφ) = −ṁX

mX

(ρX − 3pX) ,

ρ̇X + 3H(ρX + pX) = ṁX

mX

(ρX − 3pX) .
(B.19)

The r.h.s. of these equations tell us that the energy transfer between the quintessence scalar
and the dark gauge boson is proportional to the ṁX .

C Coherent dark gauge boson

If the dark gauge boson is in a homogeneous condensate state, the equations of motion in
eq. (2.7) become [81]

φ̈+ 3Hφ̇+ ∂V0
∂φ

+ g2
X

| ~X|2

a2 φ = 0 ,

~̈X +H ~̇X + g2
Xφ

2 ~X = 0 ,
(C.1)

and the energy density of the dark gauge boson is

ρX = 1
2a2

(
| ~̇X|2 + g2

Xφ
2| ~X|2

)
. (C.2)

Note that gXφ ≈ mX and X0 = 0 [62, 92].
(i) In the early universe, H � mX and the dark gauge boson field stay frozen due to

the friction term. One finds from eq. (C.1) that

1
a

d

dt
(a ~̇X) ≈ 0 . (C.3)

So,
~X = ~Xa + ~Xb

∫
dt

a
, (C.4)

where ~Xa is the initial ~X value, and ~Xb is some proportionality constant.
Thus, if one assumes the initial condition that ~̇X ≈ 0, i.e., | ~Xb| � | ~Xa|, the energy

density of the dark gauge boson evolves as ρX ∝ g2
Xφ

2a−2 ≈ m2
Xa
−2 since the ~X is almost

constant. Also,
Vgauge = 1

2a2 g
2
Xφ

2| ~X|2 ≈ ρX . (C.5)

(ii) As the universe ages, the H may drop below the mX . Then the ~X oscillates as
eq. (C.1) suggests. The dark gauge boson equation of motion in eq. (C.1) can be simplified
with the conformal coordinate (τ, ~x) where dτ = dt/a as

d2Xi

dτ2 + a2m2
XXi = 0 , (C.6)

and each Xi is independent of the other components. One can use the WKB approximation
to find an approximated solution when the following condition is satisfied [93]

d(amX)
dτ

� a2m2
X . (C.7)
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This condition is equivalent to the adiabatic condition (4.1). Then the WKB-like solution of
eq. (C.6) [93] is

Xi(τ) ≈ Re
[

χi√
amX

ei
∫
dτ amX

]
, (C.8)

where Re[f ] denotes the real part of f and χi are some coefficient. We can take ~X(τ) =
(0, 0, X3(τ)) by choosing a proper coordinate without losing generality [62].

Also one can show that the Ẋ3 is oscillating a quarter cycle away from the X3,

Ẋ3(τ) ≈ Re
[(
− 1

2a2
da

dτ
− 1

2amX

dmX

dτ
+ imX

)
X3(τ)

]

≈ Re
[
mXχ3√
amX

ei(π/2+
∫
dτ amX)

]
,

(C.9)

where the condition (C.7) is used in the second line. Therefore the energy density of the dark
gauge boson is

ρX ≈
mX

2a3 |χ3|2 ∝
mX

a3 . (C.10)

Note that the magnitude of the | ~̇X|2 and the m2| ~X|2 is the same. Therefore, we have

Vgauge ≈
1
2ρX . (C.11)
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