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1. Introduction

In many physical applications, one must solve an N X N system of

linear algebraic equations,

Mx =x s (1.1)

where M arises from a finite-difference approximetion to an elliptic

partial differential equation. For this reason, the matrix M is sparse

and the nonzero elements occur very regularly. As an example, let

(1.2)

and partition E’and z’to conform with M. If one can interchange both

the rows and the columns of & matrix so that it has the form (M-I), the
matrix is said to be two-cyclic.  Expanding Eq. (1.1), we have

IR Rl O

T
Fo*t%=%L -
Multiplying the first equation by -FT and adding, we have

(ZIZ-F:[‘}F‘)E’2 =¥o - FT&J . (1.3)

By this simple device, we have reduced the number of equations. If

(I—FTF) is also two-cyclie, we can again eliminate a number of the

variables, and continue until the resulting matrix is no longer two-cyclic,

In fact, F has block structure in meny applications; and one has the



freedom to specify the number of blocks in it. In these cases, a proper
choice of the number of blocks may enable the reduction process to con-
tinue until the final (I—FTF) has block dimension onej the reduction
methods to be developed impose such a condition.

Direct methods for solving (1.1) are attractive since in theory
they yield the exact solution to the difference equation, whereas commonly
used methods seek to approximaste the solution by iterative procedures.12
Based on a suggestion of one of the authors, Hockney8 has devised an
efficient direct method which uses the reduction process. Also, Buneman2
recently developed an efficient direct method for solving the reduced
system of eguations. Since these methods offer considerable economy

5

over older techniques,” the purpose of this paper is to present a unified
mathematical development and generalization of them., Additional general-
izations are giveh by George.

In Section 2 we develop the method of matrix decomposition or discrete
separation of variables., In Section 3 we develop the block cyclic reduc-
tion process and techniques for solving the reduced systems. In Sections
4, 5, and 6, we apply the results of 2 and 3 to Poisson's equation on a
rectangle with Dirichlet, Neumann, and periodic boundary conditions,
regpectively. Section 7 extends the results of h, 5, and 6 to higher
’dimensions; Section 8 extends 2 and 3 to other applicetions; and Section 9
extends 2 and 3 to "L-shaped" regions. In Section 10, we show that
straight¥forward applications of the results of 3 can result in severe
round-off error in many applications of interest., In Section 11 we |
develop the Buneman algorithms which are mathematically equivalent to

the reduction process of 3, but are not subject to severe round-off.



In Section 11 we apply the Bunemen algorithm to Poisson's equation with

Dirichlet, Neumann, and periodic boundaries. Finally, in Section 12 we

show the stability of the Buneman algorithms.



2. Matrix Decomgpsition

Consider the system of equations
Mx = x , ) (2.1)

where M is an N X N real symmetric matrix of block tridiagonal form,

g - Ju—

A T
T A .
M= . e . . (2.2)
. . T
T A

- -

The matrices A and T are p X p symmetric matrices, and we assume that
‘AT = TA .

Such a situation arises for those problems that can be handled by the
classical separation-of-variables technique. Indeed, the methods we
discuss amount to an efficient computer implementation of the idea of
separation of variables carried out on a discretized model of the elliptic
differential equation. Since A and T commute and are symmetric, it is

well known1 that there exists an orthogonal matrix Q such that

Tag=4A, fTQ=0, (2.3)

and A and () are real diagonal matrices. The matrix Q is the set of
eigenvectors of A and T, and A and ( are the diagonal matrices of eigen-
values of A and T, respectively.

To conform with the matrix M, we write the vectors X and y in

partitioned form,
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Furthermore, it is quite natural to write
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System (2.2) may be written

A +Tx, =¥ »

Tic,j_l +A;’£j + Ticv'jdl-l = x’j’ J = 2,3’ooo,q"1 Py

Tl "M = g

Using Eq. (2.3), this becomes

i-?c-:’j-l- +Al¥d + csc:nj-f-l = ij s (j = 2,3’.'-,q-l)
X +A— =y .
U1 T T Ny

na

(2.4)

(2.5a)
(2.5v)

(2.5¢)

(2.6)



where
- T - T

The components of gj and ;'.5 are lsbeled as in Eq. (2.4). Then Eq. (2.6)

may be rewritten for i =1,2,...,p

— —

AjXyp * WXy = Fyq o

%5 g ¥ ME gt O X = Yy (3 = 2,000,0-1) , (2.7)

wixiq-l + }‘ixiq = yiq .

Now let us write

AL W
1 1
W xi R
Fi = . . . )
* L] w.
1
w, A,
1 1
L daxa
il Ii1
i2 Jio
v}f'l = . z'i = . 3
_ =
1 14
L L B
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so that Eq. (2.7) is equivalent to the system of equations,

=% (2.8)

Thus, the vector gi gatisfies a symmetric tridiagonal system of equations

that has a constant diagonal element and a constant super- and sub-diagonal
element. After Eq. (2.8) has been solved, it is possible to solve for
53 = di . Thus the algorithm proceeds as follows.

1. Compute or determine the eigenvectors of A and the eigenvalues

of A and T.
2. Compute L = Q?z (3 =1,2,¢00,0) .
3. Solve rigi = xi (i=1,2,.e4,D) .
4. Compute Xy = QEﬂ (i = 1,2,...,q)>.

Hockney8 has carefully analyzed this algorithm for solving Poisson's
equation in a square. He has taken advantage of the fact that in this
case the matrix Q is known and that one can use the fast Fourier transform
to perform steps 2 and L. Shintanill has given methods for solving for
the eigenvalues and eigenvectors in a number of special cases.

A and T need not commute. Assume that T is positive definite and

1l

symmetric. It is well known™ that there is a matrix P such that

T

T=PP , A=PAP, (2.9)

3

where A is the diagonal matrix of eigenvalues of T-lA, and P'.T is the
matrix of eigenvectors of T-lA. Thus, using Eq. (2.9), we modify the
algorithm as follows,

1. Compute or determine the eigenvalues and eigenvectors of T-lA.

= -1
2. Compute Zﬂ =P zd

2-4



3. Solve I‘i '%i = 21 where

- -
6. 1
1
1 61 .
1-\. = . . . .
1
. . 1
1 &

i, Compute X5 = P lx, .

0f course, one should avoid computing T-]'A because this would destroy

the sparseness of the matrices. Golub et al7 has proposed an algorithm

for solving AE = 6T5 when A and T are sparse.

2-5



3. Block Cyclic Reduction

In Section 2, we gave a method for which one had to know the eigen-
velues and eigenvectors of some matrix. We now give a more direct method
for solving the system of Egq. (2.1).

We agsume again that A and T are symmetric and that A and T commte.

Furthermore, we assume that q = m-1 and

where k is some positive integer. Let us rewrite Eq. (2.5b) as follows:

T?f-j-e + A-Jsj-l + Tﬁj = Xj-l R

Ty ¥ A%y Y T =Xy >

TXy * A5t TRy S Lya o

Multiplying the first and third equation by T, the second equation by -4,

and adding, we have

o 2 2 2 _
Tzt (e1%-A )iﬁj MR T N 5.1 Alj * Tsa ¢

Thus if j is even, the new system of equations involves X j's with even
indices. Similar equations hold for x, and x . The process of
~2 ~m-2

reducing the equations in this fashion is known as cyclic reduction.

Then Eq. (2.1) may be written as the following equivalent system:



I 1 7
' (2T¢-A2) ° X,
2 2T2-A2) 72 X,
L] * T2 :
2 2 2
T 2T7-A7) X
-2
L N i ]
T YT - A
Ty *Tys - Ay
W1 ¥ ez ™ M-
- ]
and
A 0 -W 51 _W za TEQ
0 A o ﬁé xé - T&Q - Tzh
L] L] O : :
o A Zn-1 Y = TEp-2

+1

Since m= 2k ,

and the new system of Eq,. (3.1) involves 5ﬁ's with even
indices, the block dimension of the new system of equations is 2k-l.
Note that once Eq. (3.1) is solved, it is easy to solve for the zj's
with odd indices as evidenced by Eq. (3.2). We shall refer to the
system of Eq. (3.2) as the eliminated equations.

Also, note that the algorithm of Section 2 may be applied to

System (3.1). Since A and T commute, the matrix (2T2-A2) has the same

(3.1)

(3.2)



set of eigenvectors as A and T. Also, if

AMa) =2, MT) =w, fori=1,2,...,mn1,
x(zrz-Ae) = ewia - xf .
Hockney8 has advocated this procedure.

Since System (3.1) is block tridiagonal and of the form of Eq. (2.2),
we can apply the reduction repeatedly until we have one block, However,
as noted above, we can stop the process after any step and use the methods
of Section 2 to solve the resulting equations.

To define the procedure recursively, let

A(O) = A, T(o) =T Xéo) = ¥y (3 =1,2,4..,m-1).

Then for r = 0,1,...,k,

N
A(r+l) - Q(T(r))2 _ (A(r))E’

27 o ((7)y2 | r (3.3)
zgr_l) < (™) x(r) + x(r) Al xgr) .

5-28 Tyt
At each stage, we have a new system of equations,

NONONIOY

to solve where
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The eliminated equations are the solution of the block diagonal system

N(r) E(r) - g(r)’ (3.5)

A(r-l) O O
0 alr-1)

where

@)
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We cen use the methods of Section 2 to solve the system M(r)z,(r) = ,f,(r) ’

or we can proceed to compute M(rﬂ) and eliminate half of the unknowns.

After k steps, we must solve the system of equations

(k) (x)
A = . .6
S = Lk (3.6)



In either case, we must solve Eq. (3.5) to find the eliminated unknowns,
just as in Bq. (3.2). This can be done by

1. direct soclution,

2. eigenvalue-eigenvector factorization, or

3. polynomisl factorization.

The direct solution is_attractive when k is small, One can form
the powers of A and T quite easily and solve the resulting equations by
Gaussian elimination. Thus, if k = 1, end A and T are tridisgonal matrices,
A(l) is a five-diagonal matrix, and for such band matrices it is easy to
solve the resulting system of equations.

Tt is possible to compute the eigenvalue-eigenvector decomposition

of A7) ana 1), since A < g A o¥ ana 2(°) = @ q ¥, ve may write
A0 2 g aA®QT ana 1) 2 alFgT .

From Eq. (3.3), it follows that

AfrH) |, (n(r)>2 - (A(r))z

Q(r+-l) - (Q(r))2 )

3

Thus the eigenvalues of A(r) and T(r) can be generated by the simple rule

)\.(r+1) - Q(wgr)>2 _ ()‘i(r)>2 , )\i(o) -1

i i i?

= W

L) 2(w§r)>2 , w§°) S

1

i=1,2,...,m~1,

Hence, the methods of Section 2 can easily be applied to solving the
systen M(r)zfr) = zﬁr) and N(r)g(r) = %‘r). Hockney9 has described this
algorithm as the FACR(4) algorithm where £ refers to the number of cyclic

reductiong performed.



From Eq. (3.1), we note that A(l) is a polynomial of degree 2 in A
and T. By induction, it is easy to show that Al") 15 a polynomial of

degree 2" in the matrices A and T, so that

o1 r
Py cg) A 12 e (a,m).
J=o0 ’ 2

We shall proceed to determine the linear factors of P r(A,T).

2
Let
T 2 (
_ r) 2j ,2-23 r)
P r(a,t) = Y cpy @ t , e/ =-1.
2 §=0 o
For t £ 0, we make the substitution
a/t = -2 cos @ . (3.7)
From Eq. (3.3), we note that
2r+1 2
P I'+l(a’t) =2t - (P r(&,t)) . (3'8)
z 2

Tt is then easy to verify using Egs. (3.7 and (3.8), that

oF
-2t cos 20 s

p _(a,t)
=

and, consequently,

.pgr(a,t) 0 when a/2t = -cos (-@J—i>n for § =1,2,...,2.

2r+1
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Thus, we may write
} :
2j-1
pgr(a,t) = - ?T [a + 2t cos (—%7i> n’] ,

and, hence,

where G§r) = (2j-l)n/2r+l .
Let us write

ng) = A + 2 cos ng) T.

Then, to solve Eq. (3.6), we get El = -z‘i) and repeatedly solve
2

(k . K
G, ) B4y =2y Tords= 1,2,00.,2 . (3.9)

Thus,

If A and T are of band structure, it is simple to solve Eq. (3.9). To
determine the solution to the eliminated Eq. (3.5), a similar algorithm

may be used with

T
KON a{*)

(3.10)
j=1



+ .
The factorization for A(r) may also be used to compute zér 1) in

Eq. (3.3). It is possible, however, to take advantage of the recursive

nature of the polynomials p r(a,t). Let
2
ps(a,t) = -2t% cos 50,

where, again, for t £ 0, a/t = -2 cos 6.

Then a short manipulation shows that

L

2 .
ps(a,t) -aps_l(a,t)—t ps_z(a,t), s 22,
Po(a,t) = _2, pl(apt) =8 .

Therefore, to compute A(r) (r) as in Eq. (3.3), we compute the following
’ Za ’

sequence:

e s me Ay

L = A q Tmp for s = 2,3,...,2 .
Thus,

Lr = Pgr(A,T)Zér) RONON

We call this method the cyclic odd-even reduction and factorization
(CORF) algorithm. In Section 10 we will show that the numerical calculsa~
tion of’ggr) in Eq. (3.3) is subject to severe rounding errors in many
cases of interest. Consequently, numerical application of the results
of this section must be accompanied by close attention to the results of
Section 10. In fact, from & computational viewpoint, the CORF algorithm

as developed here is virtually useless; however, the theoretical results

3-9



of this section are necessary for the development of the stable, Buneman

variants of CORF,
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4. Poisson's Equation with Dirichlet Boundary Conditions

It is instructive to apply the results of Section 3 to the solution
of the finite-difference approximation to Poisson's equation on a
rectangle, R, with specified boundary values. Consider the equation
w t v = £(x,y) for (x,y)eR,
(k.1)

u(x,y) = g(x,y) for (x,y)e3R .

(Here 3R indicates the boundary of R.) We assume that the reader is
familiar with the general technique of imposing & mesh of discrete points
onto R and approximating Eq. (k.1). The equation u  + U = £(x,y) is

approximated at (xi,yj) by

Viag " g tViag o, Ve T gt Vige
2 2
(ax) (&)
= f, (1si<nl,1<Jsml),
sd

with

vO,j =go’j, Vm,j =gm’j (lS,j Sm-l),
and

v (1 =is<n-1).

Vio“ 810 YVim©~ 8,3
3 3 b 3

Then vij is an approximation to u(xi,yj), and fi,j = f(xi,yj),

g. . =g(x,,y.). Hereafter, we assume that
i,d i*7J

h-1



When u(x,y) is specified on the boundary, we have the Dirichlet
boundary condition. For simplicity, we shall assume hereafter that

Ax = Ay. This leads to the system of equations
MpyrL=%,

Where My is of the form of Eq. (2.1) with

-l 1
1 -4 1
A = '3 . » s
L] L] l
1 -4
L J (n-1) x (n-1)
and T = I

n-1 °

The matrix I _, indicates the jdentity matrix of order (n-l1). A and T
are symmetric and commte, and, thus, the results of Sections 2 and 3
are applicaeble, In addition, since A is tridisgonal, the use of the

factorization (3.10) is greatly simplified.



5 Neumsnn Boundary Conditions

When the normal derivative is specified on the boundary, we

du
3 an’
have the Neumann boundary condition. Assume that

%‘ﬁ = g(x,y) when (x,y)e€3R .

We meke the approximation

u o ulxkie,y) - ulx-px,y)  du o ulcy+y) - u(x,y-Ay)
x 20x > dy 20y

This approximstion leads to the matrix equation

MyL=%>

where MN is of the form

A 2T ]
T A T
: / (5.1)
T . T
2r A
Here,
-2
A R |
» T=I., -
1 -4 1
N 2 -]

(n+1) x (n+l)



Agsin A and T commute, but MN no longer has the structure given by
Eq. {2.2) . Therefore it is necessary to modify the algorithm of Section 3.

From Eq. (5.1), we see that

Axo + 2$zl = zo s

Tzﬁ-l + Axﬁ + sz+l =X J=1,2,...,m-1,
-1 * Al = -

Performing the cyclic reduction as in Section 3, we have

(2‘1‘2-A2)v + 2Tv = -Ay + 2Ty )
~C ~2 Xb 1°?

2 2 2 2 '
T lj-z + (2T°-A )X'J + 7T Z3+2 = T(xj_l + lj+1) - AXj , |

> (5.2)
J=2,4,...,m-2,

2Tv + (21%-2%)y = 2T -

-2 ~ Xh-l Axm : J

The similarity of Eq. (5.2) to Eq. (3.1) should now be evident. Since

Eq. (5.2) is of block dimension 2k+l, after k steps we have the system

A () v Kék)

28 g (k) ng _ »‘L(i) ’ (5.3)
k (k

] 0 oplk) 4 () ] ] 12k+l— _)lekz-l |

and a final reduction yields

- (o[ )0 e

]

5-2



Equation (5.4) is equivalent to writing

(N) (k+1)
P (A,T)v = , (5.5)
( )~2k sz

o+
2k 1

()

+
(A,T) is again a polynomial of degree Qk 1 in A and T.
KL
“

where P

Note that from Eg. (3.8),

—~
=
~
~—~
o]
c+
~
]

r+l
2 N 2
P2r+l 2 2t - [P;r) (a,t):l , r=0,1,...,k-1,

and from Eq. (5.4),

k+1
(N 2 (N 2
P kll(a,t) = ht - 1P k)(a,t)
2 2
2k k
Therefore, since p k(a,t) = -2t cos 2@ ,
2
k 2
pé§11(a,t) = <2t2 sin 2k9) ,
and, thus,
pég_)'_l(a,t) = 0 when a/2t = -cos -‘;% for j = l,2,...,2k+l .
Consequently, we mey rewrite Eq. (5.5) as
k+1 ' |
m [A + 2 cos e(k”l)cn]v. = ) (5.6)
- 3 ~K k
J=1 2 2
where 9§k+l) = jTT/2k. Again, y , is determined by solving oKt tridisg-
2

onal systems. The other components of v are solved in the manner indicated

in Section 3.



Note that the application of matrix decomposition to this problem
only requires the modification of the tridiagonal matrices Ti in (2.8);

i.e., the first super-diagonal and the last sub-diagonal elements must

It is well known that the solution to Poisson's equation is not
unique in this case, Therefére, we would expect the finite-difference

approximation to be singular. This is easy to verify by noting that

M =2,

where E? = (1,1,...,1). In addition, one of the systems of the tridiagonal
matrices in Eq. (5.6) is also singular. On a uniform mesh, the eigen-
values of (A + 2 cos GjT) satisfy the equation

k

A, (A+2cos 9,T) =k -~ 2 cos (£E> + 2 cos <3I!)
yA 3 n 5

: k+1
(. =0,1,2,.0.,n; § =1,2,...,2° )

Then XO = O when j = 2k. Similarly, one can show that FO of matrix
decomposition is singular, Normally, the physics of the problem deter-

mines the coefficient of the homogeneous solution for the singular case.

54



6. Periodic. Boundary Conditions

In this section we shall consider the problem of solving the finite-

difference approximation to Poisson's equation over a rectangle when

u(x ,¥) = ulx,,v) ,

(6.1)
u(x,yo) = u(x’y:n) d
The periodic boundary conditions Eq. (6.1) lead to the matrix equation
My, =X » (6.2)
where
A T 0 . . 0 T
T A T o . . 0
O . . . .
MP == L] * . * L] ’
L4 L] - L 0
0 . T A T
\ T 0 . . 0 T A_
and

1 -4 1 0 . . 0]

o . . o L

A= , T=1I .
- * L] L] O
0 1 -4 1

nxn

6-1



Note that M, is "glmost" an m block tridisgonal system and, similarly,
A is "almost" an n xn tridiagonal matrix, The cyclic reduction can again

be performed on Eq. (6.2), and this leads to the reduced system

2 2 2 2
(er-A)y, + Ty, + Ty, = My *xy) - AL
2 2 o - . .2 _
T ? (er%-A MLy * T Lyyp = T(Xg-l +’X§+1) - Ay s
(6.3)
,j = 2,’4,0..,1’1"‘2 >

2 2 2 .2
T s + T XD + (21°-A )xm = TC{l +'xm-l) - AXm .

The similarity with the previous cases is again evident. Equation (6.3)

has block dimension 2k. After (k-1) reductions, we have

—

A1) (k1) o p(E-1)
ee1) o) (k-1)  q(k-1) o
M = b
F o L) (el (kD)
p(k-1) o pE1) (k1)
and, finally, after k reductions,
RO o () |
A 2T v
=k Zek
” - = - . (6.4)
2T k A k v k
i | i R kL | _12k+1_

From Eq. (6.L4), the final equation becomes

[Lo® 2 L) 2| ()
L Lgk s

Ak



which is equivalent to

()

(k+1)
2k+l(A,T)x2k =¥k .

2

The analysis of the factorization of P(gll(A’T) is identical to that of
the Neumann case, including the fact tﬁat one of the factors of the
polynomial must be singular.

Again the application of matrix decomposition to (6.2) is straight-
forward; however, the resulting Ti matrices are no longer tridiagonal
since w, appears in the (l,n) and (n,l) elements. Standard algorithms
for solving tridiagonal systems can be modified to solve these systems

such that storage of the full nxn matrix is avoided. As above, one of

the Ti will be singular.

6-3



Ts Higher-Dimensional Problems

Tt is not difficult to extend the applications given in Sections L,
5, and 6 to higher-dimensional problems., We show this by a simple example,

Consider Poisson’s equation in three dimensions over the rectangle R:

u_ +u (x,y,2)€R .

+ 1
*X Yy z

, = £x,7,2)
u(x,y,z) = glx,y,2) (x,v,2z)€R .

Again, we assume that the mesh is uniform in each direction so that

Xjq =X * O (i=0,1,...,n) ,
y.j+1 = y,j + AV ('j = O’l,"'sm) b
Zyg =%, t 02 (£ =0,1,...,D) .
At the point (xi,yj,zz), we approximate u(xi,yj,zz) by vi,j,z' Let
b5 N) V1,3,
v v
~2,4 " 2,3,4
W, = vhere ¥, =
L_xm-l,z Yn-1,3,4

Assume that the ususl finite-difference approximation is made to u,

for fixed (x,y,z), namely,

U(X,y,Z-AZ) - 2\1(X,y,Z) + u(xjysZ+Az)
(82)°

uzz(x,y,z) =

7-1



It is then easy to verify that for 4 = 1,2,...,p-1,

M1 TR TR =4y

where Y and E@ are prescribed by the initial conditions and 24 is a
function of the given data. Thus, again, we have & block tridiagonal
matrix, and can use the previously developed methods. Note, also, that

H is a block tridiagonal metrix so that one can solve any of the eliminated
systems of equations by applying the CORF algorithm repeatedly. Other

boundary conditions can be handled in the manner prescribed in Sections 5

and 6.



8. Further Applications

Consider the elliptic equation in gelf-adjoint form

aleu,  + B, o+ uluy) = aboy) (x,y)eR ,

(8.1)
U(X,y) = E(X,y') s (X,Y)GBR .
Many equations can be transformed to this form. The usual five-point
difference equation when Ax = &y leads to the following equation:
Cya/e Via,y T %i-1/2 Vi-1,5 T Byjsr/2 Vi, g4 ~ Bs-1/2 Vi,3-1
(8.2)

- <Ax>2]vi -0 g

* [?i+1/2 *oy 970t Byaye * By )3

where

%4 /0 a(x, = 1/28), B44q/p = By * Ay),

a. j = Q‘(xi’yj) .

i,

If the equations are ordered with

b5} V1,3
Yo Vo3

y = s XJ = ’
Xm-1 Vn—l,j




the linear system of equations M\L =4 will have the block form

Q . . T-o ’ )
L Tm—2 Am—l__ L vm—l | L dm-l ]
Here
A, = |8 + 8 - (ax)?|T ¥
3 j+¥lf2 * Fy-1/2
O /2 * %0 %340
+ | 32 U372 T %5/2 ~%s/2
. . -an_3/2
Ch-3/2 %n-z/2 T %12
I _
= 'yj I+C,
T

Now suppose we have the decomposition

T



woere Q'Q = T and disg(3) = (mi,mg,...,mn_l). Thus,

it

Xi(Aj) Yj + mi 3 (i = l’g’oco,n"l) s

m
o

i3 °
As in Section 2, we define

- T - T
v, = v d, = d.
~J Q~:I >~ Q”J ’

and after a suitable permutation we are led to the eguations

rigi=§d s i=1,2,...,n-1 ,
where
Aol 83/2
53/2 }‘1,2 85/2
T, = : . ‘
1
o . Bm_3/2
Bm-3/2 )‘i,m-l
Vi1 iy
i2 dip
. = , a =
~ . ~, .
i,m-1 4 m-1




Thus, the vector ii satisfies & symmetric tridisgonal system of equations.
Again, once ii is computed for all i, it is possible to compute v.

Lynch et allo have considered a similar methods, but their algorithm
requires more operations. Unfortunately, it does not seem possible to
use the methods of Section 3 on Eq. (8.2) in this situation.

Now we mey write the equivalent to Poisson's equation in two dimensions

in cylindrical coordinates as follows:

-1
(r ur)r +r u

ee S(r,e) 3

and

(r ur)r +rou

’ t(r,z) .

The matrix A will still be tridiagonal, and T will be a diagonal matrix

with positive diagonal elements. We may meke the transformation

E& = Tl/%zj, and are thus led to the equations
~ -1/2 , -1/~ o~ -1/

Thus, by ordering the equations correctly and by making a simple trans-
formation, one can apply the cyclic reduction and the CORF algorithm to
solve the finite-difference approximation to Poisson's equation in
cylindrical coordinates.

Another situation in which the methods of Sections 2 and 3 are
applicable is in using the nine-point formuls to solve the finite-
difference approximation to Poisson's equation in the rectangle, In

this case, when Ax = Ay,



20 4
Yy -20 .
A - » * L ’
. 1 ] h
Yy -20
B (n-1) x (n-1)
L 1
1 L .
T - L] - . .
. .1
i 1 h__(n-l) % (n-1)

It is easy to verify that AT = TA, and that the eigenvalues of Aand T

are

%, (A) = -20 + 8 cos =, (1 = 1,2,...,0-1) ,
A (T) = b+ 2cos = (1 =1,2,...,n-1) .

Because of the structure of A and T, the fast Fourier transform may be
employed when using the methods of Section 2.
We leave as an exercise for the reader the application of the methods

in Secticns 2 and 3 to the biharmonie equation.
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9. Non-Rectangular Regions

In many situations, one wishes to solve an elliptic equation over

the region

We shall sssume that Dirichlet boundary conditions are given.

N

2

NW

When Ax

is the same throughout the region, one has a matrix equation of the form

where

Also, we write

P
H
T
A .
. [ ) .

35(1) x(l)
i‘,(g) Z(Z)
B S
S B .
i - . .

9-1

, (9:1)
S XY
. 5
S B



A

(1)
X2

L] (2

t
R

L)
~r

We agsume again that AT = TA and BS = SB.

From Eq. (9.1), we see that

0
5(1) - oL x(l) _ ¢l 0
— P p—
and _ _
ot
1(‘(2) -yl X(E) oyl 0
0
L .
Now let us write
oD =@ | 5@ LB
O M
0
Gw(l) = : , HW(
P

2) _

(2)

JN

a

(9.14)

(9.5)

(9.6)

(9.7)



(1)

Then as we partition the vectors z(l), EfE) and the matrices W

and W(e) as in Eq. (9.3), Egs. (9.%4) and (9.5) become

1y _ () _ (1) (2) -
X =z W (3 =1,2,000,7) ,
( . (9.8)
2 2 1
3 ) - Eé ) . v§2) 55 ) , (3 =1,2,.04,s) .
For Eq. (9.8), we have
_ - - - _ -
. (@) e @)
r ~r ~r
(2) (2) (2)
_Wl I ] . A

This system of equetions is two-cyclic, so we may reduce the system to

T - WI('l) Wiz) l‘,fl) - Za{l) ) w}{l) g}se) . (9.9)

This system of equations can most easily be solved using Gaussian elimi-
nation. Once the two-cyclic system of Eq. (9.9) has been solved, all

other components may be computed using Eq. (9.8) or by solving the system

e
G£(1) - x(l) _|o AE) ,
L. P -
R
0
) @) | ?Eq(-l) )
L.o -




If System (9.1) is to be solved for a number of different right-hand

sides, it is best to save the LU decomposition of

(I - wﬁl) w§2)> . (9.10)

Thus, the algorithm proceeds as follows.
1. BSolve for Eil) and Eig) using the methods of Section 2 or 3.
2. BSolve for Wil) and W§2) using the methods of Section 2 or 3.
3. Solve Eq. (9.9) using Gaussian elimination. Save the LU

decomposition of Eq. (9.10).

4, Solve for the unknown components of 5(1) and 5(2)



10. ~A,ccuracy of the CORF algorithm

As will be shown in Section 11, the CORF algorithm and the Buneman
algorithms aré mathematically identical. The difference between the
methods lies in the wéy the right-hand side is calculated at each
stage of the reduction. To the authors' knowledge, this is the only
direct method for solving linear eqﬁations in which the right-hand side
of the éQuatlons plays an important rdle iﬂ the numerical Solufion of
the equations. In this section, we show the difficulties encountered
in using the CORF algorithm. In section 13, we will prove the stability
of the Buneman algorithms.

Recall from Section > that it is p0531ble to compute A‘ ) (r)

‘by the following algorithm:

_ (7 _ ao(T)
To = =335 > Ty =AY

(10.1)
2 r
I.]S = -AT]S 1 - T DS-—E’ for s = 2,5,...5,2
"so that
’ r) (r
OO
~n 23
Because of round-off error, one actually compubes the sequence
~ r ~ r
(NI LT
(10.2)
~ -~ o . . ) r
ﬂsz_Aﬂs T + 3 (s = 2,...527) ,

L10-1



1

wnere ©_  is the perturbalion induced by the roundoff error. Again
~ N ‘ .

as in Section 2, we write
m ' .
A=Qnrg , T=QQQ | (10.3)

where Q is the sel of orthonormalized eigenvectors of A and T ,
and A and (2 are the diagonal matrices of elgenvalues of A and T ,

respectively. Thus, substituting Eq. (10.3) into Eq. (10.2), we have

o . — l » A N
=2 5 HT-3hETT, (20.4a)
E.=-AE - Qgi + T - (10.4v)
Z8 28-1 ~s-2 - o8-l o

where
- T (r) AT T
y= Q‘Zj I a és

Because A and (Q are diagonal, we may write an equation for each

component of &, ; namely,

-+

. 2 .
§j> s+l * >\'jg,j,s wj gj,s..j_ = Tj,s (G = 132:---)13) . (10.5)

The solution of Eq. (10.5) can be given explicitly. Consider the

characteristic equation

2 : 2
(o) =a + Na+ w. =0
?;(a) PR

which has roots Bj and 73 ,» then

10-2



gJ s Ej : ;j gJ 17 Bjyg ﬁg -—77 E',j'O
S T R 5773 ’
s -1 s-k s~k
B,j "73-
+ - T, when . E Y.
Bj - 73 J>k BJ f £
k=1
s—l ' s-k-1
= - + -
sp3 7 Ey 0 - (3DBS ) }j (s -} 1,  when
Let
“A./Pw, = cos O, h ‘ AN./2w.l <1
_J/ o os 0, when | J/ 93‘ <
= cosh z, when |A./2w.| >1
3 ¥yt =

Then using the initial conditions of Eq. (10.4a), we may write

Eq. (10.6a) as

,:l e k. Sin (s k)@
£ = -2u cos(s 905 + Lo s —sﬁ*g‘;"“ "3k
when |N./2w.| <1
J J
. s-1 k , sinh (s-k)z.
= -2w. cosh(s z)y. + E: w. - d o,
3 373 ¥ sinh zj Jsk
when (AN./2w.] >1
Note that

110-3

(10.62)

(10.7a)

(10.7b)



S - . . -

given in Section 3. Thus

T =P (A,T) (x) ; %i% s s (10.9)
Mg & Fg\o Zj s Q s-k Q ~k ’ -9

where

sin m 0,
*mj—t] " when l)\J/QUJJl <1l and i = ,]
m-1
{Sm}ij - (Dj X 4
’ sinh m Zj
t-—giﬁﬁ—ggq when IKJ/EQJI >1 and i = ]

=0 for i f£ 3

Therefore, if ]Kj/ij! >1, the éffect of the round-off

error can be caﬁastrophic. However, if lkj/ijl <1, we see from Eq.

(10.9) that 5 , My be a good numerical approximation to A(r)zgr)
We now apgly the above results to Poisson's equation with

Dirichlet boundary conditions. For the five-point difference operator

with mesh‘width A in the x-direction and Ay in the y-direction,

we have

_ 2 o T _
A= -2l1 p7(1 - cos o1 ] w5 = 1

10-4



and

o = (&x/8y) or (4y/nx),

depending on how one orders the equations. By inspection

1xj/2mj | >1

for all J, and hence as s increases, equation (10.1) leads to & numerically
unstable algorithm. A similar result holds for the nine point difference
approximation to Poisson's equation,

Although the above results were obtained under the assumption of
(10.1), similar results will be obtained regardless of how A(r) zﬂr) is
computed., The problem is that A(r) becomes very ill-conditioned as r
increases, For the five point approximation, the ratio of the largest

eigenvalue of A(r) to its smallest eigenvalues is

nN
L]

7T
w- cosh (27z ) T
n 2 (zn-zl) ]

r

~

cosh @ rzl)

Hong |

Given t-digits of arithmetic, it will generally be impossible to represent

n in t-digits whenever

21‘

T
2 (zn—zl) >t .

2,9

As noted in Section 3, Hockney™ ” has combined one or more steps of
odd-even reduction with the Fast Fourier transform to produce a Poisson
solver., The above analysis allows one to determine the nurmber of reductions

that can be safely performed, and careful attention must be given to it.
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11, The Bunenan algorithm and variants

In this section, we shall describe in detail the Buneman algorithm2
and a variation of it. The difference between the Buneman algorithm
and the CORT algorithé lies in the way the right hand-side is'calculated
at each stage of the reduction. Henceforth, we shall assume that in
the system of Egs. (2.5) T = Ip , the identity matrix of
order P . |

-Again consider the system of equations as given by Eqs. (2.5) with

g = X1 . After one stage of cyclic reduction, we have
X + (EI —-Ag)x + X =y + y -~ Ay (11.1)
~j- P ~J  =ite 5.1 R0l =3 )

for j =2,4,...,9-1 with X, =X = @ , the null vector. Note +that

g+l
the right hand side of Eg. (11.1) may be written as

(1) N (1),-1 -1
N = Yy. . - Ay. = AYA .oy, + y. - 2A . 11.2
Yy = Vit Vg o A Yyt Y5t Ve v, (1.2)
where A(l) = (ZIP - Ae) .
Let us define
(1) -1 (1) (1)
: = A . ) =Y. . - :
®; 55 0 Y J5-1 7 L34 2?3
Then L . ~
MO , (11.3)
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After r reductions, we have by Eq. (3.3)

L) (y§r)r . y(r)r) o) zgr) . (11.1)

~J “j-2n Tyte

Lel us write in a fashion similar to Eq. (11.3),

SRR R L @)

Substitubing Eq. (11.5) into Eq. (11.4) and making use of the identity

(A(r))2 = 21p-A<r+l) from Eq. (3.5), we have the following relationships:

(r1) __(r) _ (o)1 (2) o (x) _ (%) | 3
R A A (11.62)

L) () ()

N ‘«%ﬁﬁl) (11.60)
2] ~j_2r ~ 542 =]

r
O -
for J = 12 1 (i = 1,2,...,2k r~l) with

(r)  (x) _ (xr) _ () _
Po = 92k+1 =9 = %2k+1 =9

To compute (A(r))—l(P(r)r + p(r)r - qgr)) in Eq. (11.6a), we solve the
~j-28  mge2

~

system of equations

A(r)(P(r) _ p(r+l)) - p(r) + P(r) ) q(r) ’
~d j-’J ~j-2 ~ire

11-2



" where

A<r) is given by the factorization Eq. (35.10); namely,

AT
(x) _ T ] . o(r)
A = ~.£L'KA t 2 cos Oj IP) s
9§r> = (25 - 1);;/2_1“"“L .

After k reductions, one has the eguation -

A9 509 500 4 ()
o2 ~e e
and hence
(x) (k)y-1 (k)
Cx o =p ot (AY) T g
~2k ~2k ~2k

(k)

Again one uses the factorization of A

for computing (A(k))—l q(i)
: ~e

To back-solve, we use the relationship

X ’ + A(r) x. + X .= A(r) Pgr) + qgr)

~j-2 ~J ~je2 ~ ~

T . ktl-r . : .

for J = iZ2 (1 = 1,2, ...,2 -l) Wl‘th ,}EO = fzk—{—l - 9 .
. s r r k+1l r X 5 i
For Jj =2 ,3:27,...,2° ~-2° , we solve the system of equations
2 - p)y L) L s LHE L) (11.7)
~d = ~J ~j-2" T2

(r)

using the factorization of A ; hence
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- . . ) ) 11.8
~J ~J] .)EJ ) ( )

Thus the Buneman algorithm (variant 1) proceeds as follows:

) .

1. Compute the sequence {p(r), qgr)} by Eq. (11.6) for
k!~ i

r=1,...,k with pg ) - © for j = O,---,2k *, end

| .
go) y, for - 1,2,...,25 0,

2. Back-solve for x using Egs. (11.7) and (11.8).

It is possidle to eliminate the sequence {p( )} From Eg. (11.6b)
we note that
(r+1) 1, (r) (r) (r+1) /
- 1.
fa =z (@m G- ) (22-9)

where

Using Bq. (11.9) in Eq. (11.6a) and modifying the subscripts and superscripts

appropriately, we have

(r+1) _ () (r-1) 4 () | o (- 1)L )y

95 = %5.2n T %5on 35 %5+n Li+on
'_
. (x)y-1r,(r-1) - (=) o -1, (r)
R R N - I P
oz 1) _ (), -1y (11.10)

Y4n 7 Y5+om $5+%n



) with

Y Ar )

qé ) = q(u+j = Q ) for all r ,

2 R S
0 +

gg ) = Zj ~ L fOI‘ j:‘ l,?, -n,gk l*'l P}
(1) _ + oa™t for = 2,k oKL o

2 TR AT NS 15 5 SRS hen s o

To solve for X5 » We use the relationships Egs. (11.7) and (11.9) so that

~

1 (1), (x-1) (%)
X573 CHNE Urn a; ')
- (A(r))—}(fj~2h T Xsion T %gr)) ' (11'11)

Thus the Buneman algorithm (variant 2) proceeds as follows:

1. Compute the sequence {qgr)} by Eq. (11.10) for r = 1,2,...,k .

~

2. Back-solve for xj using Eq. (11.11).

Nole that ithe Buneman algorithm (variant 2) requires half the storage

ERTN

that the Buneman algorithm (variant 1) requires. However, the

variant 2 algorithm requires approximately twice as many additions.

The Pj 's and q'j 's can be written in terms of the x, 's. In

Section 1%, we shall show how this affects the stability of the methods.

T e
Note
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(1) -1 _ -1

. = A =%, +t A T(x, + X,
,EJ XJ ~d (Na—l ~3+l)
and

D P €Y

<3 ~3-1 0 =gl ~J

It

-1, (1)
- +
Xj-2 () AT §j+1) Z5ve

By aﬁ inductive argument, it is possible to show that

gr—l
(r) _ r+l (r) .
p, o =x,+ (1) 78 2;1 (5 _(ox-1) §j+(2kfl)) (31.12)
and '
2r-l
(r) r o(r) ,(r)
gy’ = x + (-1)" 8 AN E: (x. /5 + X, } ) o+ x (11.13)
23 ~j_2r w2 Ti-(Pr-1)  Zi+(2k-1) ~j+2r s
where
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12, Appiicafiohs of the.Bﬁneman.;;gorithm to Poisson's equation

As was pointéd out in Section 4, matrices of %he form of Egs. (2.5)
arise in solving the five-point finite difference approximation to
Poisson's equation over a rectangular regioh'with Dirichlel boundary
conditions; hence, it is-poésible to use the methods of Section 11.
For the.five-point approximation to Poissohfs equation over a rectangular
region Qith Neumann or periodic boundary conditions it is nécesSary to
modify the Buneman algorithms.

For the Neumann boundary conditions, we have the system of

equations
+ oy =
Axg ey Yo
St My T T Y (= B8ent) s
Oy + Ax = ¥y with m = 2571,
~M=-1 i} ~m
We define
1 1
yg ) _ 4 >P§1> ) qgl) for § =0,2,4,...,2%
where
(1) -1 (1) (1)
Po AT Yo % =2 mpp )
(1) _ -1 (1) (1) -
L IR LIRS I £ TS N P16 Bl -2 (3 = 2k ooom-2)
(1) _ -2 L *
Pn 7 A In ? Sé - Q(Zﬁ—l ) P( ))

~m
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In general then, as in Section 11, we have for r = 1,2,...,k-1

y(r+l) _ A(r+l)p(x+J) N q§r+l)

3
~d ~d ~dJ

where

(x+1) _ P(T) - (A(r))—l(EP(r)

BO =0 r

(5+1) _ g (),
5 2 Po

(r)
-SO ) EO T

P§r+l) - Pgr) —(A(r))_l(P(r)r*'P(r) -q(r)) , q(r+l> - q(r) +gq

k-1

for j = i2 (i = 1,2,...,2777-1)
D <5 ) ), gDy D ) gl
Finally,
A1) <) gl o)
where
551 _p a2
2 =2 - T o -

S ) L () ()

=4q +q
~2k ~0 ~2k+l ~2k

12-2

~g-et ~geet - -5zt ~gret

(r) _pplr+l)

J

~

(12.1)



FromEq. (5.1)

-
7

1) ot + kt+1
pD), L () ) (o)
= ~e “p

(k+1) . B(k—+—l) - q(}@-lj ‘
Tk T2k ( ) ok

indicates a solution to the singular system

2
kel kt1 kt] . J(eF1) L
By )(A . p( )) = q( ) . The factorization of B< 7 is gilven by
~~k =k 2.k
2 2 2
a. (5.€). The back-substitution process proceeds as in Section 11. It ie

tio
r)

pessible to eliminate the p
o ~J

sequence as wag aone in the :D'“”V_LOL{n

i)

For periodic boundary conditions, we have the system of eguati

ot
o

Ay v Xy xR =Yy
x, .+ Ax + X =y Tor § =2,3,...,m-1,

Z3-1 0 75 Siv1 23

b + x + Ax = .
~1 ~m=1 (i gm

Ve deline

(13 0, @) A Lkl

. :0 Tor J = 2,i,...,72
J

s

J
J
2

2

~d

wheyre

al

I



o
23

23

In general for r

where

wvhere

I

(++1) _
75

(%)

rll

=

Eq. (

(k1
o) _
~2

k

4

~

25

q(1) _

-~

1,2,...

(L) =

(1) |

(m) (r1) |

g§r> —(A(r))_l(ﬁ

grgr) - (A(I‘))-—l(

12.1),

()

<A‘r>>'1<p(r)
~e! "j

(x) +_§<r>

~5.2" ~je2
r) p(r)

e
2

k+ :
LY
2,

k

12-4

(r+l)
%

(x )

r

o)y,

L)

~oK

for gJ = i2

S0, o) g g®) gl

r+] T r+1

”2 ”5 2" 2

(r1) | (7)) (i)

~J 3~2 ”j+2 3

r+l T T) T+l
(D) - (5 () o)
~ ~p “m-2 -



(k1)

D = P
~ oK 2 o

Skt k

(i) - (A(k))~l<22(§21"g;§)) ) g;§+l> = Eqék) -hg;k+l)

,.(J‘
ond K 1) is defined by Eg. (12.2). Then

g0, - p (k1) p‘(iﬂ)? q(m‘)

~5 . S
so that

(1), (D)= (D)
g T2k * ? 2 x

[ 3]

"The back-substitution process proceeds as in Section 11.

. . Y r) . - .
It is possible to express pg ) and qg ) in terms of x, as in
~ed ~ ~

Fgs. (11.12) and (11.12).
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1%. Accuracy of the Buneman.Algdrithms

As was shown in Section 11, the Buncman algorithms consist of
e yC) '\'::t"-r » +he g e + - - e i (r) (r) Lel [ ite o
generalting the sequence of vectors {pj ,qj . Let us write, using Eds.
- =~ oy ‘

(13.12) and (11.13)

ggr) = fgr) + égr) (13.1a)
921«) "I T oF atr) §§r) - X (13.1b)
‘ j- 3+
where
-1
) ( l>1+l S(r) 2%—"’ ( + (1%.2)
g T\ B Maeee1) T Dye(ake1) o
N N D I GO S - (1%.3)
Then
1257 - x5, = e, el (131)
o7 - G _erx M, < e, 62
- J+ . - :

1" . s .
XXVHQ indicates the Fuclidean norm of a vector v ,

~

\lC Hq indicates the spectral norm of a matrix C , and
<

. g
Il = 20 Il -

J=1



When T = Ip » we may redefine the polynomials given in Section 3

in the following way. Let

~a/2 »"

-~
"

and define

- cos 0 for |y

-~
i

1A
]

cosh © for !Wl >

"

V
)

Then in a similar fashion to Eq. (10.8),

-1

il

]

p,(a) = -2 cos(2k cos ) fo IWl'S 1
2

1

]

-2 cosh(2k cosh” y)  for |yl > 1

Thus for A = A",
(x) T () -1
s ly = gzi flaldly “2

r-1 , 1
= (f)—max \[pj(xi)] | ;

=0 [yl oo

where {hi} are the eigenvalues of A . Therefore, for [Ki! >2,

-1 ' :
”S(T)HQ = 7% i‘g’ ?gx}{cosh 2 @ijhl ’
J= 17

where

-1
6, = cosh (- xi/g)
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¥inally,

T
¥ max ¥ cosh 2 @i

‘~(T> (r) -+l
1S A .= 2
1‘ I, =

when ]x.\ >2 .
1 —

For the five-point difference approximation to Poigson's equation

over a rectangular region with Dirichlet boundary conditions

2 i
A = -2(l+ p (1 - cos P*l)) )

where p = 2x/fy or (&y/sx)  depending on the ordering of the

equations. Thus
P & 2 im
o, = cosh (1 + p~(1 - cos 511))

which implies @i >1 for all i . Then

. _ . . _ | -1
max [cosh 2J 0, ] L [cosh 29 {cosh l(l + pz(l - cog —ET))}] .
6.} + prl
9 iJ
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Thug after some simplification,

~cQ

1 —c0
(r)y e 1 ]
5 = . < e (13.6)
H \\2 I‘—l —23+1©l 2>
[ a+e )
j=
r ’ 2
where ¢ =2 -1, cosh @ =1+p (1 - cos —)
A similar calculation shows
Q
T r . .
W& sy <2 e | (13.7)

Therefore from Eq. (13.6) we see that for large r, pgr) will be a

~

good appfoximation to x. . And from Egs. (13.5) and (13.7), we see that

~

(r) . °p < Il
L S N A F

so that the Hqgr)ﬂe remains bounded throughout the calculation. This
explaing why the Buneman algorithms lead to numerically stable results

for solving the finite difference approximation to Poisson's equation.



1k, Conclusion

Numerous applicastions require the repeated solution of & Poisson
equation., The operation counts given by Dorr5 indicate that the methods
we have discussed should offer significant economies over older tech-
nigues; and this has been verified in practice by many users. Computa-
tional experiments compafing the Buneman algorithm (variant one), the
MD algorithm; the Peaceman-Rachford alternsting direction algorithm,
and the point successive over-relaxation algorithm are given by Buzbee,
et al.3 We conclude that the method of matrix decomposition, the Buneman
algorithms, and Hockney's algorithm (when used with care) are valusble
methods.

This paper has benefited greatly from the comments of Dr. F. Dorr,

Mr. J. Alan George, Dr. R. Hockney, and Prof. O. Widlund.
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