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Abstract We are discussing a scenario where a compact
star (neutron star, NS) is embedded in a thin, uniform den-
sity background cloud (a remnant cloud after a supernova or
a cloud generated from the late stages of a star e.g., a plane-
tary nebula or asymptotic red giant phases) and its effect on
the stability of the compact star. Due to the thin background
cloud, the spacetime geometry is minimally deformed allow-
ing us to employ the technique of minimal geometric decou-
pling (MGD). Assuming a uniform background cloud den-
sity simplifies the problem, and through the MGD method,
one can take �t

t = � > 0, where � is the density of the
cloud. The background cloud interacts with the compact star
through a coupling strength α. By varying α, one can tune the
cloud density to analyze the stability of the embedded com-
pact star. We found that for α < 3 × 10−5, all the thermody-
namic quantities are well-behaved, indicating a stable config-
uration. Once the coupling parameter exceeds 3 × 10−5, the
adiabatic index drops below �′

max, triggering a gravitational
collapse. Beyond this limit of α, the pressure and speed of
sound also become non-physical. At the end, we have used
the M−R curve generated from the solution to determine the
radii of a few compact stars, namely PSR J1614-2230, PSR
J0952-0607, GW190814, and GW200210. Furthermore, we
have discussed the possibility of the secondary component
of GW200210 i.e. the less massive compact object with an
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upper mass of 3.3M�, which may be a stellar black hole
with a Schwarzschild radius RBH = 9.746 km. However, if
the mass is 2.83M� as observed, then its predicted minimum
radius is 10.74 km, corresponding to α = 0. This radius is
far beyond RBH = 8.357 km and therefore is most probably
a massive NS in the mass gap.

1 Introduction

A NS is one of the most compact and dense forms of mat-
ter in the observable cosmos. It is formed by the gravita-
tional collapse of the central core of a massive star (typi-
cally with a mass greater than eight times the mass of our
Sun) at the end of its lifetime. This collapse is followed by
a stellar phenomenon known as a supernova explosion [1].
The internal structure of NSs is determined by the nuclear
equation of state (EOS) governing the behavior of matter
at these extreme densities. These incredibly compact stellar
remnants can be detected through various observational tech-
niques, typically involving optical and X-ray astronomy [2].
However, our theoretical understanding of cold, ultradense
matter remains imperfect, as the conditions found within NSs
currently exceed the capabilities of existing laboratory exper-
iments to replicate [3].

The community often employs meta-models that encom-
pass the whole permissible pressure-energy density or mass-
radius parameter space, owing to our ignorance of the
EOS for extreme densities and highly asymmetric matter,
or the emergence of unusual degrees of freedom. Several
approaches have been employed to put this concept into prac-
tice [4–6]. These include parameterizing the EOS using poly-
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tropes [7–10], the speed of sound [11–15], or spectral rep-
resentations [16–18] – techniques that can impose causality
constraints when necessary. More recently, Gaussian pro-
cesses were introduced [19,20] as a non-parametric model-
ing method.

The existing methods allow us to constrain the EOS
domain that matches observational data, but they do not pro-
vide any insights into the composition of the matter, including
the proton fraction or the presence of non-nucleonic degrees
of freedom like hyperons, delta baryons, or deconfined quark
matter. These compositional details remain unknown and
require further investigation to fully characterize the proper-
ties of the dense matter under study. In the current study, we
shall imagine a scenario where a NS is surrounded by a thin,
uniform cloud (remnant of a supernova or cloud generated
from the late stages of a star, e.g., planetary nebula or asymp-
totic red giant phases), and investigate how the stability of the
NS can be altered due to the addition of small mass from the
thin cloud through the accretion process. Therefore, we will
employ the technique of gravitational decoupling minimal
via geometric deformation (MGD) to handle the minimally
deformed spacetime geometry caused by the thin background
cloud. The GD technique through the MGD was introduced
by Ovalle [21], which is an innovative method that enables
the anisotropization of well-established isotropic solutions
or generalization of any known anisotropic solution of the
Einstein field equations (EFEs). The MGD allows us to split
the original system into two subsystems, namely the seed
system, which is the same as the Einstein general relativity
(GR) system for source T̂μν , while the other system corre-
sponds to source �μν , which is known as the quasi-Einstein
system. This means that this methodology includes a new
source �μν into the seed energy–momentum tensor T̃μν of
the conventional EFEs. Including �μν can serve as a source
of anisotropy, dark matter, or density cloud. The MGD has
enabled researchers to investigate new solutions or exten-
sions of known solutions of EFEs from the isotropic to the
anisotropic domain or new solutions in dark matter halos. The
GD approach is not limited to GR, as it is also applicable for
modified gravity theory [22–32].

Notably, the isotropic seed solution may lack physical via-
bility, yet its anisotropic counterpart via GD processes may
represent physically realizable structures. The foundation of
GD in this approach is based on assuming a straightforward
matter distribution (T̃μν) and then extrapolating to a more
intricate source while maintaining spherical symmetry. We
can write

Tμν = T̃μν + α �μν.

The decoupling constant, α, connects conventional matter,
T̃μν , to the supplementary source �μν . We may proceed with

this approach via a sequence of iterations as

T̃μν = T̃ 1
μν + σ �1

μν,

that can generate more generalized gravitational fields. This
is an innovative method to induce anisotropy in seed solutions
obtained from ideal matter distributions.

Similarly, we may first consider the metric gμν corre-
sponding to

˜Gμν = κ2 T̃μν, (1)

to find the seed metric potential ḡμν and then solve

G�
μν = κ2 �μν, (2)

to generate the anisotropic source of metric g�
μν where κ2 =

8π (in geometrical units c = 1 = G). The total EMT Tμν

can be decomposed as

Tμν = T̃μν + α �μν, Gμν = κ2 Tμν, (3)

where T̃μν represents the source energy–momentum tensor,
and �μν denotes an extra gravitational anisotropic source of
energy–momentum tensor. Upon solving both sources indi-
vidually, we may derive the metric gμν by combining g̃μν

and g�
μν . This operation may be performed multiple times as

the stated number of gravitational sources permits. In every
cycle, we must infer the energy–momentum tensor (EMT)
and include the corresponding gravitational potentials of the
whole EMT. This technique demonstrates the rigorous work
on the MGD and its extension, as demonstrated in the follow-
ing references [33–37]. The MGD also works for the non-
uniform cloud density but we have to choose the form of
cloud density such that the overall magnitude of the deforma-
tion function should be increased with r to have a decreasing
effective density of the system.

Assuming a uniform background cloud density, we can
take �t

t = � > 0, where � is the density of the cloud. The
background cloud interacts with the compact star through a
coupling strength α, and by varying α, we can tune the cloud
density to analyze the stability of the embedded compact star.
We will explore the range of α where all the thermodynamic
quantities are well-behaved and represent a stable configura-
tion. However, we will also look at whether the surrounding
cloud density is at least 5% of the surface density of the NS
or not, as this would indicate that the additional mass from
the cloud has become significant in altering the stability of
the NS. Furthermore, we will observe that the denser the
cloud, the more mass can be added, and hence, the greater
the pressure at the interior. Finally, we will explore whether
the compact object in GW200210 with an upper mass of
3.3M� could be confused with a stellar black hole having a
Schwarzschild radius of RBH = 9.746 km, or if it is more
likely a massive NS, given that a mass of 2.83M� would
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correspond to a predicted radius of 10.74 km, which is far
beyond the Schwarzschild radius of RBH = 8.357 km, sug-
gesting that it is indeed a massive NS in the mass-gap region.

The investigations are organized across seven main sec-
tions. Section 2 briefly outlines the standard field equations
in geometric decoupling. In Sect. 3, a generalized compact
star solution in a uniform density cloud is presented. Sec-
tion 4 discusses the process of fixing multiple parameters via
Schwarzschild vacuum, taking into account the extremely
thin cloud density. The rigorous analysis and multiple tests
are logically structured in various sub-sections of Sect. 5.
Section 6 checks whether the solution is adapted to the
observed astrophysical scenario via the M−R curve. Finally,
the final remarks are reported in Sect. 7.

2 Field equations in geometric decoupling

The Einstein–Hilbert action in pure general relativity is mod-
ified by adding a geometric decoupling term as follows [38]

S =
∫

[ R
16π

+ LM + αL�

]√−g d4x . (4)

Here, LM represents the matter field Lagrangian density,
and L� denotes the Lagrangian density induced by the extra
source that produces the GD. The Ricci invariant is denoted
byR, and α is the coupling strength. The energy–momentum
tensors for LM and L� are given by

T̃μν = − 2√−g

δ(
√−gLM )

δgμν
= gμνLM − 2 ∂LM

∂gμν
, (5)

�μν = − 2√−g

δ(
√−gL�)

δgμν
= gμνL� − 2

δL�

δgμν
. (6)

Here �ν
μ = diag(�t

t ,�
r
r ,�

θ
θ ,�

φ
φ) is the stress-tensor corre-

sponding to the extra source term that generates the geometric
deformation. Varying (4) with respect to gμν , we obtain the
general equations of motion

Rμν − 1

2
gμνR = −8π Tμν = −8π(T̃μν + α �μν). (7)

Considering an anisotropic fluid matter T̃μν that is unper-
turbed by the GD, we have

T̃μν = (ρ̃ + p̃t )uμuν − p̃t gμν + (

p̃r − p̃t

)

vμvν. (8)

All symbols have their usual meanings. The �μν source term
in Eq. (7) can introduce anisotropy in a self-gravitating sys-
tem, which may be represented by a scalar, vector, or tensor
field. Since the Einstein tensor is always divergence-free, the
stress tensor Tμν must also be divergence-free, i.e.

∇μTμν = 0. (9)

For a spherically symmetric stellar system, the spacetime
inside takes the form

ds2 = eν(r)dt2 − eλ(r)dr2 − r2
(

dθ2 + sin2 θ dφ2
)

, (10)

where ν and λ are functions of the radial coordinate ‘r ’ only.
The field equations (7) now reduce to

8π(ρ̃ + α �t
t ) = e−λ

(

λ′
r

− 1

r2

)

+ 1

r2 , (11)

8π( p̃r − α �r
r ) = e−λ

(

ν′
r

+ 1

r2

)

− 1

r2 , (12)

8π( p̃t − α �
ϕ
ϕ) = e−λ

4

(

2ν′′ + ν′2 + 2(ν′ − λ′)
r

− ν′λ′
)

,

(13)

where the effective density (ρ), radial (pr ) & tangential pres-
sure (pt ) and anisotropy are

ρ = ρ̃ + α �t
t ≡ ρ̃ + ρ�, (14)

pr = p̃r − α �r
r , (15)

pt = p̃t − α �ϕ
ϕ, (16)

� = p̃t − p̃r + α (�r
r − �ϕ

ϕ). (17)

Further, the conservation equation ∇νTμ
ν = 0 implies

−d p̃r
dr

− ν′

2
(ρ̃ + p̃r ) + 2( p̃t − p̃r )

r

−α

[

ν′

2
(�t

t − �r
r ) − d�r

r

dr
+ 2

r
(�ϕ

ϕ − �r
r )

]

= 0, (18)

which is the modified TOV equation.

2.1 Gravitational decoupling approach

Since the effective stress-energy tensor includes the source
terms T̃μν + α �μν , the interior spacetime (10)

ds̃2 = eν̃(r)dt2 − eλ̃(r)dr2 − r2(dθ2 + sin2 θ dφ2), (19)

where the gravitational potential eλ̃(r) can be defined as,

e−λ̃(r) = 1 − 8π

r

∫ r

0
r2 ρ(r)dr = 1 − 2m(r)

r
, (20)

here the m(r) represents the Misner–Sharp mass function for
the standard GR. The influence of the extra source �μν on the
energy–momentum tensor T̃μν can be determined by the geo-
metric deformation via perfect fluid geometry {ν̃(r), λ̃(r)} in
Eq. (19) as

eν̃ → eν = eν̃ + α f (r), (21)

e−λ̃ → e−λ = e−λ̃ + α g(r), (22)
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where f (r) and g(r) are the deformation functions associ-
ated with the temporal and radial components of line ele-
ments, respectively. It is noted that these deformation func-
tions depend only on the radial coordinate, while the constant
α is a free parameter. The considered MGD method allows us
to set g = 0 or f = 0; in this situation, the deformation will
be performed only on the radial component, while the tem-
poral one remains unaltered (which corresponds to f = 0).
By setting f = 0, we get

e−λ̃ → e−λ = e−λ̃ + α g(r). (23)

This is called the MGD along the radial component of the
line element. After plugging the Eqs. (21) and (22) into the
field equations (11)–(13), we get two sets of equations: (i) the
standard Einstein field equations for an energy–momentum
tensor T̃μν , which are given as

1 − e−λ̃

r2 + e−λ̃λ̃′

r
= 8πρ̃, (24)

e−λ̃ − 1

r2 + e−λ̃ν̃′

r
= 8π p̃r , (25)

e−λ̃

(

ν̃′′

2
+ ν̃′2

4
− ν̃′λ̃′

4
+ ν̃′ − λ̃′

2r

)

= 8π p̃t . (26)

along with the conservation equation,

−d p̃r
dr

− ν′

2
(ρ̃ + p̃r ) + 2( p̃t − p̃r )

r
= 0, (27)

while (ii) the set of equations for the source �μν , called the
quasi-field equations, are given as

−g′

r
− g

r2 = 8π�t
t , (28)

−g

(

ν̃′

r
+ 1

r2

)

= 8π�r
r , (29)

−g

2

(

ν̃′′ + ν̃′2

2
+ ν̃′

r

)

− g′

2

(

ν̃′

2
+ 1

r

)

= 8π�ϕ
ϕ. (30)

The corresponding conservation equation ∇ν�μν = 0 gives,

d�r
r

dr
− ν′

2
(�t

t − �r
r ) − 2

r
(�ϕ

ϕ − �r
r ) = 0. (31)

At this stage, it is noted that both sources T̃μν and �μν

are individually conserved, which implies that both systems
interact only gravitationally.

3 Compact star solution in uniform density cloud

To begin, we need to turn off α and figure out how to solve
Einstein’s field equations (11)–(13) for an anisotropic fluid

matter distribution, which is a seed system. To find the solu-
tion, we choose a well-known physically viable solution
corresponding to the Krori–Barua (KB) metric ansatz [39].
There has been a lot of work done on the Krori–Barua space-
time to investigate static spherically compact objects in gen-
eral relativity (GR) as well as in modified theories of grav-
ity [40–43]. Here are the metric functions that describe the
KB spacetime:

λ̃ = c r2 and ν̃ = a r2 + b. (32)

Next, we imagine a scenario where a compact star is sur-
rounded by a thin uniform cloud, similar to a remnant cloud
after a supernova or from a nearby late stage of a normal star.
This scenario is quite possible in reality, as the last stage of a
star is associated with the ejection of outer shells during evo-
lution. This uniform-density cloud can minimally deform the
spacetime, which can alter the properties of the compact star.
The minimally deformed spacetime due to the background
cloud will affect the field equations through �

μ
ν , and for uni-

form density, the t − t component of the quasi-field equation
(28) with �t

t = � > 0 becomes

g′(r) + g(r)

r
= −8π r � or g(r) = C1

r
− 8

3
π � r2.

(33)

Here � is the background cloud density which is constant. To
ensure the finiteness of the metric potential at r = 0, we have
to take C1 = 0; therefore, the deformation function becomes

g(r) = −8

3
π � r2. (34)

Now, the uniform-density cloud background deforms the
unperturbed spacetime as follows

eν = eν̃ = ear
2+b and e−λ = e−cr2 − 8π�α

3
r2. (35)

The modified thermodynamic variables take the form

ρ = e−c r2

8πr2

(

2c r2 + ec r
2 − 1

)

+ α �, (36)

pr = 1

8π

{(

2a + 1

r2

)

e−c r2 − 1

r2

}

− α �

3

(

2ar2 + 1
)

,

(37)

pt = e−c r2 {

ar2(a − c) + 2a − c
}

8π

−α �

3

{

ar2
(

ar2 + 3
)

+ 1
}

. (38)

Since the coupling constant α and the background cloud den-
sity � are always in product form, the background density
can be tuned either by α or by �. Now, the rest of the physical
parameters can be derived from the above three thermody-
namic quantities. The pressure anisotropy can be determined
as � = pt − pr . The variation of density, pressures, and
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Fig. 1 Density and pressure for different α with M = 2M�, R = 12 km and � = 50

pressure anisotropy with respect to the radial coordinate is
shown in Figs. 1 and 2 (left). From Fig. 1 (left), one can see
that the central density decreases as α increases from 0 to
0.15×10−5; however, it increases when α = 3×10−5. This is
because, from Eq. (36), we can see that the density in the inte-
rior decreases as −e−c r2

/r2, which dominates over the term
+α � when α is very small in the range [0, , 0.15 × 10−5].
However, when the α parameter shifts to a larger value of
3 × 10−5, the second term adds a significant central density,
thus leading to a higher central density.

The causality condition can be investigated via the speed
of sound in the radial and transverse components, given by

v2
r = dpr

dρ
and v2

t = dpt

dρ
. (39)

In Fig. 2 (right), one can see that the causality condition holds
for α < 3 × 10−5. For α = 3 × 10−5, the values of v2

s are
less than 0 for radii above 6 km, signifying that the speed of
sound is unphysical (or imaginary). The reason behind the
imaginary value of the sound speed is related to the collapsing
state, which will be discussed in the coming section.

4 Boundary conditions

The interior metric (10) inside the compact star should be
joined continuously with the exterior metric. Due to the back-
ground uniform density cloud, the exterior spacetime must
differ from the Schwarzschild vacuum. For a uniform density
background dust, the field equation (24) takes the form

e−λ

(

λ′

r
− 1

r2

)

+ 1

r2 = 8πα � ∀ r > R, (40)

whose solution is found to be

e−λ = 1 − c1

r
− 8π

3
α � r2, (41)

where c1 = 2M ; however, due to the extremely thin cloud
density, one can always assume the Schwarzschild vacuum,
i.e.

ds2 =
[

1 − 2m

r

]

dt2 − dr2

1 − 2m/r
− r2(

dθ2 + sin2 θ dφ2)

,

(42)

with the radial coordinate r being greater than 2m. At the
surface (r = R), we get [44]

1 − 2M

R
= eνs = e−λs . (43)

Further, the extrinsic curvature Kμν = ∇μr̂ν (where r̂μ is
the unit radial vector normal to any surface of radius r ) is
also required to be continuous at the interface (r = R) or
equivalently [45],

[Gμν r̂
ν]s = lim

r→R+(Gμν r̂
ν) − lim

r→R−(Gμν r̂
ν) = 0. (44)

By using the field equations and Eq. (44), we obtain

[

8π Tμν r̂
ν
]

s
= 0, (45)

which implies
[

8π
(

p̃r − α �r
r

)]

s
= 0,

Or p̃r (R) − α �r
r (r → R−) = 0. (46)

By considering the boundary conditions (43) and (46), we
find

c = − 1

R2 ln

(

1 − 2M

R
+ 8π

3
α �R2

)

, (47)

a = 3 − ecR
2 (

8πα �R2 + 3
)

2R2
(

8πα �R2 ecR2 − 3
) , (48)

123
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Fig. 2 Anisotropy and square of sound speed for different α with M = 2M�, R = 12 km and � = 50

b = ln

(

1 − 2M

R

)

− aR2. (49)

Here, M, R and � will be chosen manually, with α serving
as a tuning parameter.

5 Hydrostatic equilibrium, radial perturbations, the
adiabatic index, and stability

5.1 Hydrostatic equilibrium

To achieve equilibrium in the stellar fluid system, the forces
acting on the system must counterbalance each other in the
modified TOV equation, i.e.,

−d p̃r
dr

− ν′

2
(ρ̃ + p̃r ) + 2( p̃t − p̃r )

r

−α

[

ν′

2
(�t

t − �r
r ) − d�r

r

dr
+ 2

r
(�ϕ

ϕ − �r
r )

]

= 0. (50)

Counterbalancing these forces can be observed in Fig. 3
where the effective gravitational force Fg = − ν′

2 (ρ̃ +
p̃r ) − ν′

2 α(�t
t − �r

r ) counterbalances the combined forces

of anisotropy, Fa = 2( p̃t − p̃r )

r − α 2
r (�

ϕ
ϕ − �r

r ) and hydro-

static pressure, Fh = − d p̃r
dr + α

d�r
r

dr . Thus, the system is in
hydrostatic equilibrium.

5.2 Radial perturbations, adiabatic index, and stability

A compact stellar system embedded in a background filled
with matter or clouds can significantly affect its stability. The
background cloud, coupled to the geometry of spacetime, can
be adjusted using the MGD parameter α. A slight radial per-
turbation may be triggered when a low-density background
cloud accretes onto the compact star.

As the compact star is embedded in a background filled
with a uniform density cloud, it is not difficult to imagine

Fig. 3 Forces in TOV for different α with M = 2M�, R = 12 km
and � = 50

that some mass may be falling onto the compact star, induc-
ing a small density perturbation. Assuming this perturbation
occurs only along the radial direction, then according to Har-
rison et al. [46] and Zel’dovich-Novikov [47], the mass of the
compact star must be an increasing function of the central
density (i.e., dM/dρ0 > 0) in a non-collapsing state (i.e.,
stable). The mass as a function of the central density ρ0 is
given by

M(ρ0) = R

2

(

1 − e−8πR2(ρ0 −α�)/3 + 8π

3
α �R2

)

. (51)

Here, R is the surface radius. The variation of mass with
central density is shown in Fig. 4 (left), which is an increas-
ing function of ρ0 , indicating stability under radial density
fluctuations. It can also be observed that as the background
cloud adds more mass (i.e., more α), the configuration gains
additional mass. This signifies that the system can support
more mass for the same ρ0 as α increases. In other words,
adding more mass from the cloud helps the system achieve a
more stable configuration. However, to gain a deeper under-
standing, one must also consider the corresponding adiabatic

123



Eur. Phys. J. C          (2024) 84:1295 Page 7 of 9  1295 

Fig. 4 Mass vs central density and adiabatic index for different α with M = 2M�, R = 12 km and � = 50

index defined by

� = ρ + pr
pr

dpr
dρ

. (52)

The variation of � is shown in Fig. 4 (right), and it is clear
that it is greater than 4

3 for α = 0 to 0.15×10−5 and less than
�B = 4

3 for α = 3 × 10−5. According to Bondi’s condition
[48], this system will collapse if � < 4

3 . The extension of
this similar condition was proposed by Chan et al. [49] for
anisotropic fluid as

�B < � ′ = 4

3

(

1 +
{

4� + ρ r2 pr
}

4r |(pr )|′
)

max

, (53)

where �′ is the new adiabatic index limit that redefines
Bondi’s limit, and �′

max is the maximum value below which
the system will collapse. The variations of �′ are also shown
in Fig. 4 (right), which are above the �B line. Here, for α = 0,
the maximum is �′

max = 1.773, which is above Bondi’s limit
�B = 4

3 . All the adiabatic indices � for α = 0−0.15×10−5

are above �′
max and hence stable under radial perturbations,

while for α ≥ 3×10−5, � < �′
max and hence unstable. This

means that if the mass falling from the surrounding uniform
density cloud exceeds a maximum limit, the system will trig-
ger gravitational collapse. Increasing in-falling mass implies
an increase in the background density ρ� = α �. Hence, the
perturbation induced by the background cloud increases with
the increase in the background density, which easily alters the
stability of the compact star.

6 Fitting of a few observed masses on M − R curve

To check whether the solution is adapted to the observed
astrophysical scenario, one must accommodate the observed
masses and predict the radius, which must be within the

observed range. The M−R curve from this solution is shown
in Fig. 5. Here, one can see that the mass and the correspond-
ing radius increase with the increase in coupling strength α

(or increase in effective cloud density). Further, for a few
massive compact stars, we have fitted the observed mass and
used their uncertainties to predict the range of radii for dif-
ferent values of α in Table 1 by using the M − R curve.
The overall predicted range is Rpred ∈ [10, 12.05] km. One
can also clearly see from the M − R curve that the com-
pact object in GW200210 lies above and below the Buch-
dahl limit when the uncertainty range 2.83+0.47

−0.42M� is used.
This means that the object (as of now unknown) lies within
the NS-black hole interface known as the “mass gap.” If the
compact object in GW200210 has the upper limit mass, i.e.,
2.83+0.47 = 3.3M� at a radius below 10.96 km (Buchdahl
radius), then the object will collapse and form a black hole
at a Schwarzschild radius RBH = 9.746 km. However, if the
lower mass, i.e., 2.83 − 0.42 = 2.41M�, is taken, then the
compact object in GW200210 is more likely a massive NS

Fig. 5 M − R curve for different α with M = 2M�, R = 12 km and
� = 50
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Table 1 Estimated radii of a few high-mass compact objects as shown in Fig. 5

Objects M
M� Predicted R (km)

α × 10−5

0 0.05 0.10 0.15

PSR J1614-2230 [50] 1.97 ± 0.04 10.15+0.05
−0.03 10.39+0.07

−0.03 10.61+0.06
−0.04 10.81+0.05

−0.07

PSR J0952-0607 [51] 2.35 ± 0.17 10.52+0.11
−0.14 10.87+0.18

−0.19 11.17+0.46
−0.25 11.39+0.24

−0.14

GW190814 [52] 2.5 − 2.67 10.66+0.03
−0.04 11.10+0.09

−0.07 11.44+0.12
−0.09 11.70+0.14

−0.08

GW200210 [53] 2.83+0.47
−0.42 10.74−

−0.17 11.31+0.29
−0.35 11.72+0.46

−0.45 12.05+0.55
−0.55

Fig. 6 Variation of the dark matter density to the normal matter density
ratio with respect to r

since RBH = 7.12 km is far below the range of NS radius.
For the rest of the objects, we have predicted the radii.

7 Final remarks

In this work, we have imagined a scenario where compact
objects, mostly NSs, are surrounded by a thin uniform cloud
similar to planetary nebulae-type environments, and how the
stability of NSs can be altered due to the addition of a small
mass from the thin cloud. One interesting observation is that
if the surrounding cloud density is at least 5% of the NS sur-

face density, i.e.,
ρ

�
(R)

ρ̃(R)
= 0.05 (for α = 0.15 × 10−5; see

Fig. 6), then the additional mass from the cloud becomes sig-
nificant in altering the stability of the NS. When α approaches
3×10−5, the density ratio will be above 5%, triggering insta-
bility. This instability may lead to a density perturbation suf-
ficient enough to initiate a gravitational collapse. Also, as
α approaches 3 × 10−5, the adiabatic index crosses �′

max
leading to gravitational collapse. Due to the increase in pres-
sure while increasing α, more exotic processes can be ini-
tiated, generating more anisotropy in pressure. In the range
0 ≤ α < 3×10−5, the compact system is still in equilibrium,
follows causality, is stable under small pressure and density

fluctuations, and is also supported by a sufficiently stiff fluid
with � > �′

max = 1.773.
The M − R curve and Table 1 determine the radii of

some massive NSs for different values of background cloud
density. From here, it can also be concluded that the com-
pact object in GW200210 is clearly within the NS-BH mass
gap. This object can be a stellar BH if the upper limit mass
3.3M� is taken. Its Buchdahl radius of 9.746 km is within
the NS range and hence can be confused with a massive NS.
Although, if the lower mass 2.41M� is taken, then the com-
pact object in GW200210 is more likely a massive NS, as
RBH = 7.12 km is far below the range of NSs. For the rest of
the NSs, we have predicted the radii for different surrounding
cloud densities.
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