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Abstract

The pEent mrk initblly deMib6 the gluoDic *ciiations in memn n6on slE
t€c by igmrinS the 6piD drd 0smu. This poftio! oI tbc sork i5 done by cine the

q? pot€ltidl in ibe quadraric polenti6l for gmud stst€ n@8, ed lor hybnd n@G
@ M u additioDal sneded i poi€ntial. For ilc pmM€ieE oI t[i! poi{tia], we

@ EIG ch@n to 1) milinire the €mr rdltins fron ou w ol a qua&atir pc
iential 6nd 2) bst 6t the l6liice d6ta for difi€M@ ol !, 6nd I1, cohisualiotu of

ih€ gluotrh field bei@ . qu&k dd u etiqudk, We e a pot€ntial mod€l ruirir
d ihe €rlend€d .l'iz bNis whid! ar quark lftl is LnoM io pmvide a g@d nt to
nundiol sinddtioN of s g:q-r srsten in pue gluonic tbery for st&tic qudks il a

pla.iion of sodcrriG. A @bbination of lgdEtitrg geup method fornalifl ed
Boh apprdin6rion b ued to includc the q@k hotion Gins mre fu[|iom of r q4

pot€otbl wi6in B clutd. At the qdk lftl, ihcluding the sluoDio qcitatioD @
not€d to p&tially 14 @ the rc€d for inircdritrg @y-body re@ iD a nuhtqrark
poteniial. We siudy h@ su@sfd such s replaccmeli b at the (dyDdnical) hadronic

lercl ot rclcmce to &1u.1 hdd €xrErimdts. Th6 ft srudy effeis of borh gluoDic

dcitstions md mdry body tdm o. u@ni. trsitior Amplitndes ald tl!. eners.

drift€ rqulting from th€ s@nd or<le! pertubstioD th6!y (i.e. frcm the r€sp.crire

In 3@ond p.rtior of th6is wo!k, e go b€tlDd the quadhiic poteDtia.l aDpbx,

iuarior and a the reslistic poteliial with ieludine tbe spin ed flsrcu ed N
lhe (wt $a@ funciioE (found by slving t[€ Schijdinser cqnation nrh..i@lly) to

lludy releslt .huetqisli6 like msls, rcot mee sque radii, dd radial ware



tmctioB st the orisin. We hare do!€ this mrc ecuste ud nu€dcally noie difr

cult {oik ooly for 6 qq sy3&m. The abow nentioh€d ctrda.teri6ti6 de studi€d lor

@nrentioMl charmoDim mM@ 3 @ll N for hybdds (with €xotic qrmtM num

b€! stai6 with JPd = 0+-,1-+ dd 2+- of chdmonitrn hybrid nM6). We m
d erlemion (fitted to the latiice data) of the qutrk poientbl nod€l to study th€

charet€ristics oi hybri.b. We he6t the grculd ed dcited gluonic 6eld betreen o

qwk md m dtiqwk s h tlD BoGoDpenhena{ qtpduioD, md Ne lhe slootin8

netlod to nunerimlly elre tb€ rcquired Schr6diDgs eqmtion for the radial wave

InnctioB. ADm th* w calcul&ie thc ab@ martioDed qumiitiesi fo! INs m also

clqk tbsugh a Clek Ni.hcbon di*reiizdtion, We sko @np{e ou r6di3 with

the e\T€rimialy ob6dEd !)As &d il@retidlly predict d r6dts of ihe other

nodels. Ou B'rlts law iDplicaiioE for sa]d fonh tu to6, .trdry shifts, nagmtic

polaiabilitis, d@y o6tot! d@y widths Md difideti3l clc stio6 of oF
mtioml ed hybrid mdE; w @.dingly irclude $me 6rlts that m help io

qpqindtdly r@snizins hybrid n@'E.
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Chapter I
Introduction

Aft€r twlre rss ol Yub$'s Ee! hypotlesis I1l, Potrrll l2l di&orered th€ [Bt

r mmtr in ltmi. mls to udNtdd ibe Datw of t[e strcng fore that bouds

rogether thc nuclei. ln 1960's, a lalge !@b€r of n€w particl6 rer€ diou€d, ud
it dade se thst atl the di@€d pdticl€ @uld mt be d@etri6.y puticl6-

Alier llny ,tc, pbrydcists, G€ILM@ I3l ed ZFig I4l ilrrcducd qudl( hoder

ih3i suss€ted ib6i tl hadrotu (n€s6 6nd bdloN) @ naile oI elem€Didr Ddticl€g

cdlcd qwk. M@B with int€gd spi! R@ modeled 6 s q@k etlqwk pai. md

b3rroc wilh haf hteger gpin E d€ up of ihr6 qudkr. Now pltydici6t6 @€pi that

qwls haft eix 8om; !, d, c, i, 1, b. u, ., md t. q@ks hare lretioDa.l eletric clarse

+2/3€, md d,r, ud 6 haE el€dnc d{ge -1l&, Amild prcDqty of qwk36
iuhodnced by GErbe.s l5l iD 1964 , ed latc! by Har sd Nmbu 16l i! 1965 thai

q@ks nls hae @lo. cbdge, TI€ olou cbNg€ b d @I@!€d q@tm uunbd like

eltrtric ch&ge. A1l qwts hrw d dtip{ticle silb oppcite cl{ge dd @ld. An

impofidt t€ature of the qu{L nodel b ilat qwk sd mtiqwlB embinc iogethe.

i! such a sy that theit boud stai6 {dlted hadroE) shodd haw @lou siuglet dd

h3e intes€! €lecidc dwgq



Duiry r970's. qwl model 13, 4l @ @Eide@d a @rpl€te mdd for h6dlon 3

decnpiion. Using ihis nod€I, nmy hadrc!'s properiies wre dplained phemne@

logicsly. Th€ greal achiemeDi oI ihi3 nodel ws the prediction ol O (a Ddticlc

with ibre i qwk!)- Qtdk nod€l 13, al @ qpLin tl@u's Dropstie {ith @-

tsi! JE qlmtu nuhb6. But il @utd not explstu th€ ph€nomem r€bt€d to gleD

dynMi6, 6uch e ii @uld not €xplsin ihe bybrftb (hadrons havine gluodc ffeld in

ihc.xcited sisie), Slue balls (boud stdies ot siuom) 14 that de sussdted by QCD

1.1 Quantum Chromodynamics

Sin@ tg?o\, Quetun Ch&oodlMu 6 (QCD) [8] is co$idered N ilD ilt€ory oI

etrons interMtiotr, This th6ry de&rib€ ilid&tioN betw! qMks ed gluoB

CluoE m llNls, spitr 1 olou chged P&ticl6 sr8bl€ of eti.s s a &lre

of gl@tric 6eld. QCD allow olou cluge witb th@ tt?6 .alled r€d, blue. dd

grm. Duc to l&t oI thr@ oloft, QCD it e SU(3). th@ry' Qwks inieret

bet@ ea.h other by dchalgilg the gluo! betwD then For the region oI lege

n@e!ta. QCD b ftll 6t't'lished, whcre ih€ p€rtubdtiw methods b&sl otr the

Falrlrn disslsc I9l wL dre to Gynpiotic fi€€dob l10l As'@ptoiic fr&ioF

ss intrcrlnced tu 1973 by Cros erd Wil@k l10l ud Poliih! IIll io explein the

qpqinetrts of deep imlstic sttering (& €leiron protoD 36tioiDs) At short

i €rq@t <Uitdc (or 5t hisl mdeia or noEeDti), the €ffeiiE mupling b@'n6

suficidtly osll. TI@foE tdd* o!d6 i! F€Jm dhgr@ or noFpdturbsti@

cffeis cm be negl€ct€d s a 6st apprditnstion. i € qurll &d gluos interet re'v

ftakly. This ness tb6t intereiion betreen qrks within hadroB svnptoiicallv

@nwrg€ to 4rc at slnrt di6id6.



ttowv€r, Ior reeio! ol mslld Done s (.t lsge distd@, .onpd6ble io h&Lon

sie (r tu)), situ&tiou G difi€reni thercticsllv dd exP€riD€ntallv. In ihi' tsron,

efi<iire onpling b*oo6 les€, thd€Iore higher otdds in FellnN di8grAtr$ camot

b€ negl€cted dd non-pe.tubotih efecls nav dist i.e ine nrtereiion betretr qndk

dd gluon b Ery st&ug Gdlins in qusk @ !@ot ThereIore b6nii' drcui

oI eDqgy is rcquired to repdaic qtrulG l! ihis region 4nother spproMh b ftll_

Gtsblished t€@ed s latiiegaugetl@ry

1.2 Lattice.Gauge-Theory

laiiic+ssugethmry {s prop.s€d by wilson [12], Pol]dkov [13]' dd wesner tlal

It is ih€ study ot ihc gouge th@n6 on sPme tine tlot hE ben dilelis'rl on 3

lattic€. This Ery n vdid for the sttdv ot ld enqgl QCD properti€ Dut this

siB olny rumbeb (or nunerical re ts) lor sl@ted di*ret€ @nngurotiont Th*

nMerical ndlio<16 ee er?siw od roquire much cotrputer tiue Thu for e

undcEtading of prop..ti€s of QCD, nodels me requied'

1.3 QCD Models

Tbe uube6 gcDdttc{ by latti@ simtlatios Df qumtu clNmodvumi6 dld on-

tiNun nodek of ihe hadrcnic svstflrs cd be sed io improve mod€ls thrugh 'oF

str.nns of gdtntg a kst chisqtrso difiercre tith th€ nun||)e6 for ih€ ocpondinA

di*rct. qwk ed etiq@l! @.!g!raiio4 Su'h latti'eiDprov€d nDdeb 6n

ther be e@udbly u*d for slt spatial @nfigaratioB to cmtuUv gire dvtruial

prcdictioN fd experioentsllv tressable qud iti6like n'€o

bindineF and crN sdtions asd PhN Blifts (poleizatioD poimtials II5l) to n6on



Ims diliog tbrough Dmn-meen looPsi eic Tb stndv the propqtig of nedium

md lo{ d€w QCD. s L4e nubs of Eodels hnw b@ derclop€d $cn 6 QCD

bsed Potential Model, Flu Tlbe Mo<l€l, S@ of tw bodv Poteltial mod€I, Four

body Pot4ftial Dodel, eic.

1.3.1 QCD bas€d Potential Model

The n@t $gni6cet hodel is the poi@lill mod€l iD *lrich th€ qwL mtiquk in-

tqMtion (sith grcutrd 6i6t€ gluonic 6€ld) is nodeled bv a potential shrch h giren

by oue sluon *chese me.hei@, bui is nodified to incorporatc ihe @nnlilg po

iential I the limit ior l&gp dist6nes This meds that for maU n&Fqudk distmce

r, tle pototi.l is expdted io b€ of th€ odmb fom (b salogv to the potentid

bet@er electdcally cldg€.I poticled epdated bv distde t' 6Dd lor ldee inteF

quk d&t c, thc qwk e sbjct io o!fitring folc, od frcn! the lin€iritv of

the spi! vtltrs veNu (mst)': lor hadrons il i! deducd that the poienibl 6t ldge !

is h&d [16]. Ths s tsvoured QCD poienii.l for eloud state Bl@Dic n€H o6isi6

ofmuloDb pls lind fo@

QCD bsed potentid nodel @n be dtmded to inorPor'te the sltroDic exc'i8-

iioN. ID the 41od€d QCD pot@tisl 
'nod€l 

s additionsl t€m (for dcit€d slat€

potentisl) is ddded h the lired plN @ulombic pot€nti'l

1.3.2 Flux T\rbe Mod€l

Flu T[be Model Ir4 for hadmG is bosad on q@ks dd nuiube d€s6 of fredon

Thjs mod€l is odreted Aon th€ strcng coupting ltmiltoDm lAttice folnulation of

QCD,i rcduccd bt Joho Kosu| ed L@trdd SNkird {181' h whicb Gaugcinwidrt



onfiguaiiol spee hare a @Ie.tion oI stnrgs tith qudk at their end5. The strings

de li!€ of mn-rb€lie ebtnc is. In tbb lsrti.e Hmiltonim apptu&h il rct U8l'

the tull QCD E@iltoniu d be oBid.ted a s su or tm pi6i ore d€ribe

the dt@nr of the slue ed inc|!d6 ilte qe! |]6 t€u, dd oiher d*ib€ ttE

quk dynMics e wI s tbe oorion sd @ih dtio! or 40 pair'

In flu ttrbe nodel, sluoB cdrdgB tlENlE into flu tub€ h hana qudL

tiDit, thse 8q tlb€ adjst their @trfigu!4tio$ ilEtdtmeoslv in Fpom to qudk

moiion, Ths qDeLs ee @tutrdined io 
'now 

o! adiobatic gluonic erera/ surt&6

The lftst adabaiic 6ulMe coftGponds to gtuuld state potential (coulonb plB

lin@) ddiBble fton l6tii@ gsuge thsry ll9l Stst6 with spud si6ie potential

foD coMtrtioml d*u ol qust tudel, ed stai6 with mited tisie potential

couepod to hybrids. Flu tub€ Dodel lll i5 not lslid at shon irt6 quek distdG

1.3.3 Potential Mod€15 for Multiquark Systems

A .6tul nodel of ha&os (strcndy hi€r&tirs psticl6) shodd be 6bh to de

&nbe pNible m tipleq@li dystqns e wll I20l Mdv nodels for the studv of

Dlopllties of a mdtiple qudk ststen prcperti6 se d€relop€d The sinpl6t $v to

e*iend. twepsticle poidiia.l model to 6 fe*'bodv is to N th€ pot€rtiol for e&h

p6ir of peticle h the fes-body s!tslen ed sinplv sdd np sucL tbbodv pototisls'

This approa.h is uset in ers. [21, ?2, 23, 241 dd is sa€s$,I iD aronic dd nuclon

s'€t@; the orc?otrding tbbody i!td&ti@ being d@ibed bt CotnoDbic ud

Yulam potoiial, for emple. For s b.d&D (ot . srstd of hadmm) @mp@d o{

!@y qwL5 eliqwks sd tbe Sluonic 6eld thc lorct orde' p€nubsti@ Fcl@d

anplitud6 d€ of this turlpdr-wi* fonn, Thoush Fevmd dia€t@ t[e'@lE



bere impreiiol for iyPic.l hadidic eMgi€8 b@@ oI lds€r couplingi ood€13

hare b@ tri€d which sinply Fde ib€ l@body CouloDbic poie.ti6l (@ti6lly

. Fouia tNsf(m of tbe Gluodc Dropasrto.) by tu@ g@6ral Coul@bicpl@

lild fomr s ee- 124 l22l l23l l2a]. Tbi! sppro&h is Dot he or p@bl@; oie

phdl'lr@logrcal probLn riih s@-oltFbody poi4ii.ls @del dise whe! it i3

.pplied to nlltlqudk srrt@, It l€lds io ibv€e Do6 @ dd W..b' pot@tials

b.tr@ $D@t€d @loesi!8|€t b.d!@ 1251, ehi(} is in onhdiciioo witb €xpdi

m@til dr,t6, Ir ilyiDg to @Gl th€ ptubl@ with su|MliFbody eodcl in 1930 3

a fou body pot€Dtial @del w D.op@d [20] 1261. TIB fN body pototi.l nod€l

td nulti{uL syst€tu ir d.6n€d by mditi!8 oELp ed potlntid ut!i6 or

tbe wql @uplilg libit tbrcugh mdtiplyiq tbeir offdi.gold eleD@lt bv t fa.ior ,
thst depeDds oo the pcitid of dl fou qwt& , tod! to 1 for sbdt dbtd6 while

ii tsd! to O tor ldrgd @6, Fd @a[ dirtl!6, cbis mdd 5gB witb tFbodv

potolid nod€l 6ults. Fo. .lbtoc€ 5b@ 0.5 fdDi, it .g|6 with the fu tub€

An 4plielroo of |,hG bu-body pot?lrid @dd tu ll@F!t@! 5tst4d {rF
syst€o)co ltj6d-!|@tr sdr€tus snd bi!di!8, bded o! the E6ddtirg grcup Dethod lzl,

b D@nt€d io rd. l2ol ttich ieludG bot[ the spi! aod nsu desrd of lra"doo. q'

bDding th€ to@rlim pr@lt€d sLqdy in lhe spi! ildeperdeut diudon 1261. Tbi!

dod€l l20l @ applied to Kk ottqiug ((k e tt for i6@tts ed I(F - 'y'
for illretoG). It i! e! thtt du€ to fou-body tuddilg of the the gluolic eff€cts

in thi! eultlqdk sttt€d, tbe KF-sttr&iio! mulliDr iom the q@k qclwlge

D€chdiq g€td ippr4i6bly deEas€d @bPlr€d to thst €be$ing thlough the Miw

tFbody potatial apprca.h.



h 1990's A. M, G!@ ed P P(rr@€tr @Etruct€d a pot€Drial ood€l I28l ror '
sl€ctiotr of 6 (sisiic) geonetncs of a q'Qa 6tst@ foi 6xed coffglrstion of tm qdk

iro siiquk eyelem iI su(2). mitt4 i. 6 6i,x 6i6i6 bsis wiib eidt p6r@et€B

(tr,lf , rf , e- h,0o 4,6) The p6.dete6 wlu6 prcpc€d bv thG o inum qqrit

nod€l Ere ch@D io simplY minimize

'i= fr1f'tt trro", (13.r)

whse N(G) is tb€ Dunld of dat3 Pointr fo. B@oetrv G qq4{ gometdc6 I28] nu-

n€dcd.lly mrk€d o! wde squ6!8, Bidsl6, t iralt'dra, etc with qu6rls at the

oms. For uI dtrta point i , th€ latii@ e!er&/ 4 rc dt'@ied bt slving rhc

followirg eigelBlue equanon

wLI = N"w{"'"I (r3.2)

for .\l?) that appr@ch6 to sp( 14) s {Euclidd iine) T _ 6, ud then eubtr&t-

itr8 tle elsgJ/ of ts spd.ted qo clui6 ftoD the 14 to get the bttiGSodatdt

q4q? bin<hns erersy 
't 

for ihe dota point' The !8lu€6 oI thc ll")' dd ths or 
'"

d€pdd otrIy ou tb€ !@eric.l !sl@ oI tbe et@ts of $€ mtria of lb' \'!il$n

loop€. The Elu6 ol ft md i depend on ttE nunbd ol wil$n lmp€ *lnotedi fo!

ihe qqqT srstlm tbe vge iako to be 1 Nd 2 Tw of ihe @@pondiss Wil&n

op*atoF (whN @uun expetdiiotr rdud de tlle wil$n l@ps wA) @ sI(N in

Fis.l.l 1291 Knowios th€ Wiletr loop6, th€ prcedule oI s€ilins 14 cs be loud lor

(,mple iD €q:s. 4, u. 12 &d 15 or ref [30l The dsmente for the onl'huu limit

bei4 a.hier€d befote e*r6ciilg q de si@ in rel [31] TIF M in €q (1 3 1) de

obtsined hr $bt!&tiDg ercrg/ of t@ *p@t€d qi clB-t€s lrco the €iroiBl6 ot



Figlr I I Fou quuk wtlxon loops WI sd wl,

s mtrn obtsincd iheugl e n dd of tle qqiq- s'sio. Fo. thi6, ihe model hs tt

sire o bsis dd u op€i.tor i vh@ Fpr@i.tioD with !6pei io ihe bsis si6 a

poieniial ndtrix v. M, ee obtai!€d by *ltilg the detdninaht of y - (Mr + yI)N

equl to zerc, with yr benlg ihe 6erE/ ot ttu sepdat€d qq- clsles sd N beiig

the (@lsp) rutrix {or N ideDtity ops.to, i! .he b8is. h [28], lhd diDNio d
ps@etq & is us.d itr defniDs t in eqs.(2.3.1,2-3.2), dd its r6lu€ is mntioned

in pdagrsphs jst bel@ th* €quiiolE and itr . partgaPh jct b.low eq (3 3 6).

li,lj,l. de in eq.(3.0.5), [" h eq.(3.0.4), o.,o,,c, d€ pdaheics wd in miting

the poi€lti6l en€rgJ/ nstrn elen€nts. ln rci. 1281, /f ud 0o de 6xed ai 0 dtd 1, ed

To re6!€ il'e n,odel. boih the bsi5 dd tlD op@to. m be imNoltd. Rer. I28l

iDprore dirtctly ibe @trix tepBeDtaiion) aft€r Mitiry dom th. urddlvins bsis.



]lEy do this i! a nur!€. or @rs. O@ model, t@ed model II, !g {ll}, 2),l3}}

b4i6 bui nultipli6 the ofi diagolal eleEe s of MLap ud pot€niial dErg utne

{ih6t i., the rep!*eltatioc o{ the id€ltity ed potential operdto.s

!,,1F, r,i<

Bpetirely) by s fe*body gl@ic 6€ld (El.p f!.tor t Here ar b tbe gsud stat€

po|€n ial s{s Nd F,.F de defined in c[apts 2 sftd €q.(2.1.1) Thi! Dodel II w
noted io much ledre, at th€ qudk ler€I, tbe chGqw of eq (1 3 1) This nodel ba

bar work€d out in [20, 26, 32] till n6on-l€wl trmition Mplitudd. The dv!@ical

calcutsiioG requne 6 kineiic ene!8y tenD s well Thai is talen, apdi ftoD soEe

ts,bhical @id€rstioB of lemiciiy, prcPonioml to ihe ()wlaP nairix ed hme

irs ofl-di.goEl .leu@t€ @ 
'lso 

ouliipli€d by t[e oElsp .f f&|o! Tbs t Drcvides

one pedneriz.iio! i!4t @Il@ts QCD sibuLtic vith hdd qpsinents

Bui rudel II is not th€ b6t tudel of re{. I28l; ih€ papd @ntiN6 io thm im

prM the bst by includiDs the gluoDic €rcitatioE s wel Thst is, ii qtends the

{lt), 2), 13) } bsb by itrclldilg the *iied sietd ot sluoDic 6eld lr), 121, 131 (rhe

qcited stlt6 oI gtuotric 6eld ce, for qspl€, b€ s! b the QCD nw€rioi sinF

lations; s ret133, 191 sDd oth6). !vh@ |hc @rlap, potdtial &d Linetic e@s/

ls|riG @ Mitt@ i! ibis dieded b6i!, tben ordd i!(x!ss lo 6 x 6 nrlEr t[d
pwio6 3 x 3. lt in additioD, w iutrcduc. @ry bodv tefu in thi6 dtendcd Bod€l'

new kind of eluonic freld mrlep t&io$ (l', J') 'ppd in the off disgonal t€rm

@rdting in vb6t rel [28] term nodel III sivirs the least chisqute in ret l28li (*e

eq.(3.3.3) b€low).
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1.4 Brief Sketch of Thesis Work

'the pu&ce oi our th6iB mrk is io sttrdy the Sluodc q.itdtioDs ln 6st Portion of

thsis wo!k, w study thde *citatioD in ne@n-mercn er€ten bv ignorins spin and

fl.wu, dd uiI|g s quddrsiic qi pot€ntial ID s@Dd Portion of th6is. w inpr@

the wort by inclu.lins spin @d flavou with realisiic pot€ltial but Ior a quek u_

tiqwk !}tsim. To study the gluonic dotatioc in m6on_mee! stst€m, w sork

out oD tlE imprcltd model Ill ol ref l28, 341 till the nsu_mdn @ltning Mpli-

tu.les md energy shiftd As this inlprov€d nodel III includ$ thc gluonni €xcitetioDs'

ii inorpo.st6 rdsnios fton fou qldk srcud stste to thc ore tsvilg SlDnic

\\Ihat m tdd to thit ed$ (models introdftcd ir refs l28, 341) or sorkr is

r) ol@lE MiriDg I &alvtic.l qtrdBtic plE dpotr@tisllv falli'g €xpdiotr

Io! the exciied si&te glnonic 6eld potenli6l bctwcco t qudk md otiqusk dd fir it3

pemeies io thc laiiice dats lor th€ 4ciied staie gluonic fi€ld qln6 dEilable for

di@t€ qudk dtiqwk *pd'tioc i! [19] . dd

2) ts modeh md 6ta oi reI l28l io extend ihe oodel to a slsien of diquak'

dietiq@k drd to it€ SluoDc *itatios P@iselv, re repls'e th€ nm4iclUv frtted

0.562 + 0.06s6r - ry - ry groun<l siste qdk sntiquuk potcniial ucd in rct [281

by a @Mtei pls qnadr6tic onfilirs poteDtbl tem dd lle ' 
ddit"t i - + +ry

potdrial f6t tb. qq gloonic @iiation bv ore of ih€ Iom '4exp( Af ) We h3re ro

do thls, b@aN tc de doi!8 s lull Eesr level dvnani'al calculetiond for tldrsiilo!

mpliiud6 fron one *t of quk-utiqudt clsi€Dnss (Dmd) to the other' Floo

the Mplitndd ft also calc ate Poldiz*tion poteliiaL ll$l tor & ntNor_desn



ll

sysied. ThN w inorrDrate qurk noiion (prck lv, mre huctioc for diferent

qqqq s!6tial oDnsuatioN) s wll, 'ha6 the Dodd of.ef l28l sp€tuliB to a

6&d otrfsuarion of the te q@lr6 ed t@ a iqwlc. We htE to repld ilp

Euliios pot€trtiar romds of eL l28l by siDpl€. on6 that @ b€ stBbolicallv

intgrat€d at a latd stsgei aft.r tr@try nultipucstios bv 4ve tunctioc oI qA4t

psitioE to @mplete th€ adiabaiicapDrdnuiio!-bs€d treei@i ol a qqq.d s!6iem.

In adiabatic approximotion, in 6rst sicD qMrks drd antiqudkB de coNidered fixql

at denniie poirts (or igDor€ lhe kiDctic oFlgy tern), so that onlv sluonic pdrt ot

mre tufttiou i6 discus€d. Th$ otuidc. th€ slo{ ootion s comps€d to Sluonic

A worth-n€DtioDins 6p€ci k haw studid i! the hsdronleltl implic.tioF oI

th€ difieM€ of i,hc gluodedcn.don-ircluding tudol III md the slllNf_paiFwi*

approe!. Tbe q@&-lerel m.k in re( I2ll M be iatdpreted to nd that wiih

stritsble qtebtom Nd nodif@do6 $mdhing !i[e a sm_olpdiB apprclch @

be a smd aDpuiution foi a tehaqudk sttten s *ll lt mit6'At the lhortet

di!is6, upto about o.2fin, perturb6tion th@ry is ree!&bl€ with the bhditE bcing

givc! minly by the lt),l2), dd l3) sisics irteF Mt ing 6lnplv throush the tscqndk

poieDtials with little effat lrcm iouFqu6rk potenti6lt'. Homrer, ret l28l iclls, "fo!

tdge inteFqwk di5t5!ce (Srccter ilDn 0.5 tsti), qudk-pan a€ation ce no long.r

be rcsl€ct.d. ltow€Er, i! th€ internediaic e!€!&/ rsge, tron ahout 0 2 to 0 5 fn'

th€ fou qwk pototisls ei in such a $6y s io r€dr@ ih€ eflet of the lr), 2), ed

13) stai6 s that the birdins i6 dominti€d hv the lr), l2') ud l3') stst6' which

oM ilt€ret moDg iL€NdB agsin 3iDply i[eush the t@ qut pot@tids {il[

little efi{t lrom lou-quNk poi€hiia]s" Thi! susg6ts tlat a model inslvins onlv



L2

t@quk pototisls @uld be jutifred provid€d dcited sluotr shted (6uc! s 1'),

l2'), l3')) e itrdtrded on the 6M€ rootins @ the st*dord stat6 1), 12).13). we

h.w clpcl.d if such fe5trc sirire 6t ih€ €xp€rimdtaly mdiDgtul hads! leal,

by onDsing ihe dlDmical implicatioB of

(l) . hodel didded to t[e sl@lic *it.ti@ but othwise sbdils D0ny ft+

tue with tbe s@if-p.n-wi!. rpprcei, {ith

(2) s nod€l th3t includ6 €xplicii mey-body t€rE bnt .LoG not inchde gluonic

T[u * report if afi4 iDcludilu the 8)uonic 4cit6iioB s sm oltwGbodv potential

bod€l @ .cpl@ to sm€ *isl maly-body totentbt t€IG in 6 tehaqudk 3'E

tn .@tu ar a h4dt@ic Lul. 3pai6c6lly, re he cdc a.tet i! borh litrd of models

neh-ll@! irmitior @plilud6 ?', trer (i) s gb@d state nsu'lt@tr clusr€F

ing to (r) a difld€nt srcud-Gt|te .lst€lins ed to s dEtdins of sl@nio*ited

mmB. & re ele@is oI tbe Desn-D*n mrtsing ihorv ?_nd.n, ce b€

t*nred N ph* shift6, irMiiio! pot.ntidls or 6@n-nsn @upliry, dd th.n ab'

sluie squreF siE neon-nmn difleFDtidlcrN sciio6 [23] Moleowr, sinsih@

irusiiion mplituds in the s@!d order perturbatior theory w€ ca.lctlaic shift6 in

a grc@d state m@njneD @e.8y d& io @upliry to o difi€ut srcund-statc clF

tenng dd d& to otrpliDs to e dcited .tat€ nmn tlmn srst€d (i c. to lvrnd

loopr). The mersl shi&s @ rhli @ diso tdbed Flsriation potdrtials ll5l.

To re...U ih€ t'dmdc l4l, rc [aE ircluded q@t mti@ ibmtrgll qwk Mw

fuctioB. To $Ire for qu&k p6iiiou w6rc fiDctio6, thde e a !ub€. oI urcihods

ued such s wisiioDrl rethod 121' 221, Bolmrd€r di6crm 1231, dd t6oDAiinS

ercup m€thod 1101. VsistioDAl lpproa.h h ued by weinsiciD md Iseur I2l, 221 io
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optimire ! h@n-m@n Mw lunciion in a qu6dlatic (ud lata @uloob plu line&)

potdtialud & hypa.6ne terh @nbined with a su-oltwGbody approa.h Tha

they projet€d th€ neson-nesn si&te oDto fF n6on Ndve tunctions fo €stimt€ o

relatire tm nesn w6re fulction which gi@ the equiul@t m@n-nl6n poiential

ed obtaircd the b€&n-nercn phe shilts, The sinile !6 ts catr be obtained by

sing Bom-ordd q{dk €x.l8nge dia@ms l23l i! 6 lon{elativisiic potenij5l model

io dsnbe bN €rergy scatidiDg of qE ne&c. In th€ prslt papd, a lomaLisn of

rsDting sroup nethod is u*d 3 @d in I26J. In t@Mtilg glonp retnod, d€pd

dme on the intmol @ldinat€ of th€ stridtr is spein d b€Iore elvins the prcbleD

to intesrate out th€ degr6 of feedon corrs?ddiDg io ib€ intmol oordiDat6 of

ciEt6 of the ststee. Ai s l.ts sbgB, bse of tbe conpl€xity ot tbe cdculatiG

re al$ speify the dep€ud@ oD the EtoB @uetiDg tbe entes of na$ of ou

|mic clusi6, ehethir'g tl,ar i! doe iD s Bom appdi@iion. Mo@E, @ baE

loi ilcluded iD ou bsis e explicn diqukiio*iq@t st.te h the rq& @upfdg

limit scb e 6iste i5 . lin@ @mbirEtion of th. !@n-nsn si3t6 drd thu {mt

be imlud€d itr s bdi!, A*qy fton the wsk @uplilg thG {s be iftlud€d. Btrt its

iDclEion in th€ bdi! did not .Sect the latti@ siDul.tioc ih&i ba*d the mrk ir

ret I28l ud ihu N€ hare 4p&ded ou twequsk itu eiiquek mre fiDctio! h a

bsis ihat is limit€d to four b6o!-metr 6t.i6r gloud md eited statd lor €ac!

of th€ tm pNible qqqt clutedn$ shryn in fig, 2.2.

Ilr thie worl! v€ haw ta,ken all th€ @D.stiiuefi qurk nNs to b€ sme s that

of a chnn quek. Without incoDorating n6b. 6nd sp dep@dene, the pupN

of this chapter i6 to stndy @rtditr leeiuB of including th€ sluonic exciiatiore in



ou b6i!. But the c,lcubtioM My b€ relewt io prop€tiie of op€n chaD nrm!-

nercn t)€iehs in limit of ms6 oI other q@k dpproetring that of the <iheh qudli,

ed mtiqwk in the 6yBt€e, Or, without inorporaiiry atrtisynm€trt tion of thc

identical queks and mtiqudks, Tbis cleptd noy indicote @risin l€otures of th€

@upUnss of etu 6rgs6t€d nes like d(40,10), d,(4415).'r(37?0) md /(4t60) s
lepofted in ret [35] 1361. Th€e psrricl6 de susg6ied to haw the flarcr @ntot of

I. thb th6i6 erk, son€ clsetedstiG (na!s, root h€m sguec radii ed wave

luNiiou at tbe origitr) obhiDble rbiolgh the nlfuicslly g€Maied stunotu of Don-

lel6tiri.iic Scluijdiuso €qution (also us€d h rei. Ir9l) ror onwnrional and hybrid

msm e sldi€d bt ircluding thc aDih Nd fldbu d€rffi ol fedon. R*iFs ot

thc .pdtluh of the Mited 6t3t6 m be fouud in ref. [3?] 1381. A! adEDrase ol

eEid€rins ihe clrlmoDim n@m is indi€tcd in ret l39l s

{be bd s}6tm 6r . bybnd ffih my be d or t5 rh* rhF !, s 1618

sap botren NIe l(rest 6tar6 od rhe Dt and BE threhod !€peNiwly,"

To lind tlE waw fu.tions ol @nEntion l clmoniutn h6ons, sc ue rhe F.li.ric

@lurDhic plc linw pot€dial hod€l b $Ire thc Schijdined equrion num€ncaly

by teking tle onsprndi4 q@im dnbels of dmn6. To erudy hybrj<L. re

rep@t the nudicd e r with de @luDbic plu lil@ pore!(ill plc €xpotr€trridly

falling potcntial. ftom the nhenca,lly loud w6E fundiorN, we ca.lculstc ihe roor

hM sqnM radii- Th* radii @ be us€d to fild s.6ld forh letos J,lol for

chmoliun nmm, 6loDs with enersy shift! l41l md mAgnetic pobiizabiliiio l41l

Thc w htre r€port<l s@ prcdictioro sbout |he qtrmtitie for @tr@tionsl &d



l5

hybrid .h{nonim nNE W€ ho* 6150 fould the Me.ical \alue of radial @re

tunctior lqude st the o.isjn (l8(0)l'), wltich cm be ued to @lculote tllc deav

@steis 1421, decay rat€s 1421, md diflerential @s sdtions [43] tor qudkoniun

stst*, Tbe predictios sbotrt th* que iij6 &€ also repoded iD chapt€r 5 tbr

@n@iioual md byb.id clamoniu u@8.

I'r Chaptd 2, tle potdtisl nodels (su of trc body poteni,ial nodel &d fou

body Do!€ ial @.tel) h ibr€ gluolic bsit b introduc€d for thc diatic qudb Ba_

si.a.lly, iu this ctspter w in@rDorote the qtrdk notion ilmwh 6 r6o$tn)s grcup

lleihod loM..lisn wlich neus presp@ifyirS qwk-mtiqulk {3{ lunctioni wiihin

'?q_ 
c\$tes. Thc .oupled integr6l equsiio$ for th€ Imairing jnter{lust r Nrw iDG

iioD r((Rr) de abo wniien in this clspt€., md Rr i. denmd in .q (2 3 6) rr

Cl'spl€r 3. |uc poiential mod€l six b$i! itr the pue glnonic th6ry b iDtroduc€d

tor the shiic qwks. we teu whm do6 tle mo&l or rcr. [28] 6ts in our full *]one

ihst imorporatd the qu} notion thougb a renotitrg exoop nc|hod folDalisn

which ncac prespecivine quek-antiquark mre fiDctioE witlrin qf clsteF Ther

coupl€d i'testulequ&iios for i olclsid w&re fulciiom ls(Rn) dd ri(Rx) d€

denwd. Th6e integrsl equatio6 6re solv€d to cslculaie the handitioo dnpliiud6

sd ene.g shitt6. l! pretioE cbapt€B, HmiltouN {natdx r€pt@ aiion) de

Miit€n for D' tiquk srst€m (sithout spio ed 0arcu bsb slste) with quadntic

potential, Bur in Chspter 4, ihe HMitiotriN se wittet foi r€alisdc @uloDbic pls

hce Dotcnti6l and inp.or€d by ih@llJor&tils spin ud darcu d€grc of fr€edoD

but limitcd to a qa syst€n lor rhc conrcntional sd hvbnd n6o$. TlEr dhootins

n€thod-bs€d Dumerical promdw is d6oibed to 6nd the eluiion oI ilE Scl!'ijdinser

€qustion ld mtrmtioml chmonium n@N The 4pRsions n6ed to liDd nas'
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@t E@ squsre hdii, sd sque of ndid re iEctioB .t i!€ o{ti! (li(0)lt) of

6!@ti@.1 dd bybrid (hlrDdiM bd! N 6160 Mitt4 i! abi6 cbpt€. nE

Nlqi..I 6ult6 60. EdoEe@! syst@ t@iti@ @P!iud6 &d emrF/ 8hift3

{itb @cludi!8 t€oek @ si@ ir c}rPld 5. Tte p.rtid Ble andFi. fo! Eac

D6! lcatl.iilg M ts !.s abo .€!..t€d i! dtPtd 5. Rdrlts (fd q? or q{fu)) lor

!h€ elseq @t ttl@ sql@ ndii ed li(0)1" of @M!ti@d.Dd lj/brid bd8 @

dlo repod€d i! thir.n ptd for qtt@' @epo6€d of cbd quk3 lDd utiqutc

Bosed d ih@ 61dt!, e@ 6dt3 reLaad to o<psit@t llv D€.salle q@titi€



Chapter 2

The Potential Model for
Meson-Meson Svstems in Three
Gluonic Basis (Ignoring Spin and
Flavour)

l!' r[b chrpt€r the pot€trli.t 
'nodd 

for the mFGmn svstec is d@nbed

& alr&]v introduced in rels. 126, 201. For lhj3 ih€ q':f hamiltoni& n srittcD n!

thc gluoDc bsis shs the qdl etiqudk poteutisl mdel r€noring ihe tpil md

flawur. Due io t!€ rcgl€.t of spin, isDin, md 0dtou!, spin ed florcu! bNh 6re

not n€Dtioned. Thelefore hype!fine t€nn nr llc poimtial is alr Deglexed ilDt 16{6

us with only the ghodc b@ie dd quuh sDAii6l dependent psn ol thc Nsrc fuodio!.

I rodmhg o@rt p, pot.nti6t, aDd knDric e&rB| nstriG in ihc gluonic bEi$, aDd

Nins lhe fonnalim of lgmti.g group D€ihod 1271, @upled int€sr6l .lu6tions 8rc

17
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2.1 Sum-of-Two-Body Potential Model for Meson-
Meson Systems

ln sum-oftwGbody poieDtia.t !!odel, poieDii6l pdt of the b6lnltoDie of ihe q"': G

a strn of i@body pot€trti.ls b€treen e&I p3it (ii) oI q@ls arniqnslo [20' 221

Using tb€ trcbody poi@tial nodel, t[c HDiltoniu 122] ror nmFm64 s]6tms

in ! sur!-of-pdLwi* ht€retion fom' d@nbed s

Itr t[€ abow €quation, n! i€ tle bs dd 4 n the mom€nt@ of th€ nh ptlticl€

(qtdk or mt|qtrdk) 6nd v : t<jqrFrFr is the poieDtial €ners/ opc!&to",

is the qusk-mtiqudk Pot€rtial n€ ioled betow in e$.(2 3 1?,2 3 18) Here Fr

{op€r6iins on id p{ticle) hs eisht @'npoldis Eari @Dponmt ir equol to }
wh€rc I de the cell'Mdur natri6. Fo! qwls F = i, dd ror dtiqudks + l22l'

The Mirix elendri6 of Ff4 de written iD Appendix tiih olou bsis | 1), 2)'

sd | 3)- In fou q@k stste6, the bosis @rr6"onding to tbr€ difterent topologi€

(sh@! h Fi8.2.2 s tu rei [20]) N defrFd s

'= -16.fi].1,"''', (2.r.r)

ll), = (q'q,)(q,q.)' 2)e: (,?,ir)lqrqJ), md 3)g = (q'q:)(qrq.) 12.12)

lh rhB bN, th€ @rlsp mlrix d b wnt@ r rcf 126'

1 1/3

1/3 1-
rl'4 -rlJl

201 s
r//3 |

r/\/3 |,,lr"=,610, 
I

(2 r.3)
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u^=t@"*.a-',r- oo

vu= ft1-zt ,r+,*) +

v*= #Ql...1+ts) 
+!,,

F,.Fj in bssi€ | 1), | 2), md | 3) lilt€d i!

i (ilituduc€d aboa just aftd eq (2 l rD

I v" v- v.l
vtt),= lv" v' vs l.

lvn vs vs l
(2.1.4)

vo=

vx=
(2.1.s)

v"= i@t+ 'at
v": i (z(,. * ,al * ,,r * o,1+ li + x.6)

This snn tp6ir-wie ili€retiotr oppro&I hs ndv pLdom€noloAcal su@66 but

ii G not fre oI Droblemi for *Mple ii lerd! io ilvdrc po{er vsn der Wsld poto-

ti6le l25l b€twen *peated colouFsnBbt hadrcG, which de in @Nradictioo wiih

dpdimnt6l dsta Nmnn€16 thi6 Bod€l hs llnv phaon€nologicll su<K

&d it G mrth{bile inquinng if

1) i! pdide s bsi. ed opdstor to g@ate . potdtisl @trl\1 dtl

2) hd good i! the chisq@ (defiled in eq (r'3 1)) il the eiscD$l@ (',) ot tle

ie$niine mstrix de usd s Mt i! oq (1 3 11

The sw! provided by reI l2Si sd edlier el6ted worlc is ihat tlu 
'nodel 

de sen

sate soairi-l oftb€ required Ljnd But lhe BUltiDg clisqlre, dein'd bv €q (l3 r)'

c too badi re Fig.2 r (Fis.4 of rcf.l'l4l).



x

0

FlsuE 2.1: a a@ iftd. Cdlo dEd.ttoD ed 4t(t = 1) noD &! 2 x 2 rood6l

& lhoE ir Fitia od rd. [.1,{.
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2-2 Modiffed Poteltial Model for Meson-Meson
Systems

ln hynrg !o @!rect the prcblm wiih ile eum-oftbbodv potentislnodel, i! 1990's

four body poicDtia.t nodel rmed /-mod€l wd plopGed [26] [20] This fou bodv

poientid Eodel for ndtiqut s,tsiem is d€6!€d tY nodifving lhe 4rl6P md pG

te ial natli6 (in eqs.(2.1.3,2-r-4)) of @k @uplirg Ulit€ ihrough nultiPlvi4 tb€ir

ofl-diaso..l el€D€lts ty a hator ,. h ihi6 fou b.dv pot€ntisl mdel J26, 201 Mlap'

poiotial dd krnetic mds/ ashi6 se dei!€d s

ftJFIlrtN:,lr t),=l tB I Ilrt
I Jl,/3 - I /,/3 I

, (22r)

v =,\klv rtt,= (2.2.2)

Y,, =

(22.3)

4, ,-3l,tt+ldJ
u' =;Jlu\.+L\- x't- r,s w- n's)

v-= ft\ - zl,a +,al + ri+ 16- rt- w)

u- = #f POt +,*) + 
"\"+i,tr -.b. - ud)

-il(,,i+0:i)

|l (z{.. + ,s) + ,,v + ," + ,'n + ,,";

r(E:, c | lrE t4" = ,tl.,r# t qr,'!t,,. 122.4)
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2.3 The Gluon Field Overlap Factor

The b6t fou ot the slnoDic field @rlep lMtor, J is sDsis€t€d by reI [28] s

(2.J.r)

wiih S being mininsl MIae @ bouded by *temd lin6 obt.ined by joining tbe

p6itio! of q@ks md dti-que|c, dd 4 i5 si.itr8 t€Eion l17f ,r./ i5 t din$ion-

ls parmier atrd in rct [28] A/ = 0.57 n obtsiled tv a fit ot silnpldl th shte

e€ebsed model (l8ed s 1.) to Dunerical r6ult3 fot a selection of m@n_Dsr

In Ft I45l ihe sluonic lield dellsp t&tor I is Ed in Ce8ian form s

I=ed-krt',r]il. (2.3.2)

€Dploled in SU(3). fi! im€rpretilg 6ult3 in lm of the poi@iial for ihe core

sponding he6w-lishi m@n. In Ef. 1451, ihe 6inulatio6 de 6iied by usi.s J {hm

the sluonic neld is in ihe gonnd siate i.c. derlap mat[{ is d 2 i 2 ndtrix Fof a pd

ticdd glonetry, the 6bore ndtioled lorht oI t e€ rel6ted Thorelore pddn€td

& in eq.(2.3.1) sd orcpotrdins t, i! eq (2 3-2) Is be oDpared ror a pdticuld

s6nctry. It i5 not€d thst, aftd @rretioE to. a oti6 of 8 b€t@o 3m of sqtrN

ot diele.e (includi.s t@ diagoult a'd .fu for sqDm geo€irv tlE relatire dir

fer€lce i! jut 5%; t/ : 0.6 lrt5l for tle sth of squm ot di.iecs i'r cq (2.3 2) ed

tr = 0.5? l28l in cM oI ni nal d€ in €q.(2.31) we @d &r muliiplvnrs suD oI

ues rom of J (Mitkn iD eq.(2.3.2)) {itb n/ = 0 6 (d Ed in l45l) Ior nnndi@l



2.3.1 The Quark Motio$ and Overlap' Potential Energ/' Ki-
netic En€rry Matric€3

In the adisbstic &pprdimtiotr the qudls etiquffks d! coNidered 6x€d &t definiie

points in 6$t slage, $ thlt oDty sluonic part ot the Mw fuctio! is ditruscd, thd

@Bid€.ed the slowr Dolion s EEtl. UsinA this APFditulioq tbe toisl st.ie Etor

of 6 sysi€n ontainnlg t@ qudk6, i@ qli-qul6 dd sluonic 6eld b€treen thed cm

bc mitter 6 rum of prodrt ot qudk position dependcnce funciion 0!(rr , tr, rr, q)

ud sluouc 6€ld sists I e),. (The sltunic ststa I t), i€ denncd 6 a state apprc&hire

to colou stai€ | e)r io the linit ol qwk etlqu{k epdation spploehing to tb.)
The t@tion dr(f,, r,, r5, FJ c.! be wliiten s

-lr)'
-B),
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(2.3.3)

(2.3.4)

(2.3.6)

Cr(r,, r.. ri II) = d!(R",Re,y(,zx)'

wnh r, ( = 1, 2, 3. P. is owal e €r of hs Gordimic of th€ vholc .r!tm. Herc

trc dilt€rcni symbob * &d l( m uod jtrsi for conwoiclce in chg ihes eqsliom

in the Dat dnpter in which the sinilar rcrL is dole iD extdd€d bNis (srcund dd
qcii€d staie gluodc b*i6)- h cbapter 3. I = t, 2, 3, l', 2', 3' but fa ialue tmiG
uornSm.

With trotatiou of Fig.2,2, the relatiw c@ordimtF Rt,Rr, ed n de defiDed 4

e,=|t.,+..-",
n" = ]t', +u "r

Rr i6 re.tor joilnr8 enim of IlrM of n@nic

abdi Rz sd Rr. Now uing the foE!6lim of

cluteG (1,3) ud (2,4i snnile$

r@@tins sreup Dethod I2?1, the



R&tfl-|ryU,

figw 2.2: Thre diffemt topologb of diqu k dd diutiqnNk *stetu

qwk pGitiotr dcpendo€ frrctiotr 4n be witt€tr s s prcduci oI h(m dependence

U on R",yr,z( 6hd onknom dependeu@ x on R(. i.e.

dx (R., nx, v",'x) = /"(R.)x(Rx){,s (vx, 
'x)

ThE, the total staie @tor of the q? sr5(@ @ be niite! @

\2.3.6)

,! (qrqzq'{-,) - t | 
^),%F")x(Rx)lr(y(, 

zr),

wh€re xdRr) bliog ire.t€d s wialion l tuctios to be delernircd bv slving th6

apprdiMt€ @uplcd Scltiidiles €q!.tiom in ihe elaii* @rdiui6 Rr dd Fz

0! tn€ besiuing Rj als €nt4E into ihc fonotim, !trt lat r it b integrst€d oui.

Then the r€mi ns coupLal €q@iioE depend ody on R1 sd Rt. {r Or, zr) b e

Droduct ot irc tunctioF €l(y() md (r(rx ) conetpodins ro the iM m6odc cluiers
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r,r(yx,zA) = {r(y^)€r(z^ ), {2.3.8)

(23e)

{rFr) md zr) bein8 th€ tDrmuzed solutiolB oI ihe Schrddins€r equatioD lor

quadlatic connnin8 pore i6l (wdfte! in .q.(2.3.18)) for a pat of quek dtlqrdk
within 6 cluter. We tske

a^\y*t: \2,(i,4 ii
aKtz^t=-qp\- - 

L

s in rcil26l. Hd€ d is the siz of m@n (detait is Mitten aftq q.(2.3.r8)) dd
beins rhe octitunt qudk ms. lD ou (N. m is the I)6 of c-qdl dd €qual

1.4?94 Gav s uql in 1401.

In above, ih. potentia.l 6d Mrc function Ee lor 6 p,ir of quMkj. Nos M
Mite the Sclriiiings equtior for tlE Ddn-n@D sFteD, sterins fmo Niilg
that the @rlap or (H - ,q) | V) vtl e ebitrary wi.rioD I dv) of stat \stor

V) hish€ wh€re I V) is rhc stetc rector ot wlDle diqudk dimriq@k ,y!i.!n

writte. in eq.(2.3.7). In I ,q), re consider only vdi6rion in &, N in @natins

sroup neihod [2?J. Thu e Mne

{rv l H - f- l vr, I d R d R^ds^ d, *b.tL-drr R(J(l{y^ l.r(zxrelir
(r ln - 414,'r.(&)r,@,)€,0)et@L) =0.

(2.3.r0)

fo.K, a,t,l = 1.2,3. Tbe dbihary wistiore rr(Rr)'s for differ€d hlu6 o{ I?(

de Lin€ely ihdepend€nt ud bor@ thei ccmcietrr il eq.(2.3.10) shodd be zer!.



,(l lH - 414, =' (t l(' + v +4m- Ec t)s

For r = ,, itr cq.(2.3.1U x!(RL) i! independent of v( sd 2( th*erore d be

lalen dt of ilte8rstio6. AIts ide8..tion, the 61lt i6 N R{ dep€udent (rficidt

oI r(R(). For l( + ,, y( dd zx e replaed bv iheir li"ar mnbiDtioDs with

oDe of them 4 identiel to R, drd other one indepmdeni of it The jMobie oi

trmsfo!@tion frcn yx,zr io R( i! equsl io 8. Ollv the latter (independelt R)

@ be i.t€s.dted out b@F ol ttl, unlM turtionsl depodene of xr oD &

20

With the trivial i" iriegration pe{orm6d to si@ a 6nite laulf ihb leads io

, Idu*d"*t 0)€,("*)"{a lH - t" lr),k(R,){,(v.)6(2.) = 0, (2311)

AItd integrstion w-r.t R (indeped@t of lJ, @ get

; / o*, l'".,','". ".'-v,,rR^ 
R, r-{r' I * r"-u* 

"'].,'

r, Dsi.ic 126l sii! b8i! | 1),, | 2),, | 3), e Mitten s

I r jE(8,,n ) *t(a',&) I
| ,!r(E,.at 1 *E(&,8.) l,
L +E(h. R) iE(R4,b I I

&) = .(&).(&) 'irh

"ro 
: 

[*d;-..n 1]"'-[ - " 
-#-*' *],

Rr)=o

12.3.\2)

(2.3.r3)

{2.3_14)

and rt G ihe kjn€iic ends/ @ttix As @ oGid€t€d thsl dll $sks



, e integr4tion giG the loUowing Mult,
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*iE{a,, firP(i,,&) I
-*E(&,&) | 

,

i. - *ve, l
(2.3.15)

rc=
i@ - *v4 iiE(n.R )Pl&,R )

:;€(R,,itP(4,,&) i" i;ee
*s(&,&) -tt(a3,at

h ihe pototi.l mod€ls. the oDnDiry

stat€ gl@nic ffeld b h6tly usd i! the

Il5 r + 4F1.-" -".1li --j-tn;+ t.r)l

potatial for Q@ sr€t€D in

(r + 4W) (2.3.16)

(2.s.r7)

vith ilts{wk disrrc r. g4 d, i6 qwk glmn oupliDg oEtet D n string

teNion, . is @ctdt, sd -4l3 i! dte io the color f&to! F F (s eq. (5 1 5)).

Ar shedy Dentiored in introduction th&t lircd term di6 flom co.nndent md

Coulomb teln deqibs q@k ilie.&iion due io ihe one gluotr exclulce. This tenn

is donindt si sbo.t ift€r-qwk diste@ Whdt w us€d ih€ pot€trtisl vith ihe oloui

sirctue of ooe ghor dch&g€ in ih€ lon n€ltion€d sb@, it bM6 ihpcibl'

for s to solE ite iDlesrsl equsiioE appesrins bel@ in €q,(2 4.1-2.4 3) The!'forc

ve @ the parmetriztiion of the sietic iwo qudk poteniial s

',t=++b'+'

,,, = cl, +C. witb t,J = 1.2,3.4 (2.3.1E)

Thi,e re al& rE€rl i! qtrNL dsiption otrv,rv r.ttqilg la? 481, ed in p€edo sd6'

n6on ll)mn *otierinS lagl. Th€ poientiat h qusdratic torm lw 8ls bed us€d in

reL [50, 261 dd t*nily Ed in rcf. l32l to aplain ihc dvn@i6 oI desn'm6oD
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s'stqn. In thi8 sinplc h@nic pot€trtisl, ibe p,rMstd C ed u &e rcbid to

sire (d) oi ware lunction (f[) thlousl ihe r€laiioN @ = # ed c = -+@', md

for comist€rcy of iL€ diag@al tm of the int€srsl €q.(3.4.3) d = i(4n + tr - 2MJ

Ccv 126l siib M beils ihe |!e oI a 6en. In ref. [26], the ab@ qpr6io! ior C is

obtain.d tor lighi quak-etiqudk sr€ten, but re uled it for heata qu&k-sriqwl

+Etd (.Ieeniu ll@tr s's|en) rnL M = 2n = 2.9588cev. The pdmete. d

is ch@tr in sul a way to reduce the eror mdtilg hom d k oI ihis qusdlatic

pot@ri6l istod ot th. r€alietic one. The (xu tuy bc botb id the sarc tundiom of

tlD dilidc€ batl,|lu A qwL &d mriqrNk *irhin cl6ler (4t.lyL,zr) ot d:'.12.3.7))

and r or cq.(2.3.7) of ihe v€.tor joining th€ @nt€6 of n66 ol rrc cluiss. A' foi

tlE fiai depod@e, w foEd Aat tbe DdiDm oBl6p iltegral of eact oI ihe mw

tumiioB €xox) dd 6rktr) ot the qua&atic poreniiat md rhri or 6 hore rcatistic

mulombic plw line{ pote ial h 99% .r d : l 16cev-r . (For tle p.rahercs of th.

FaIJiic potmriar re u*d !61u6 a, = 0.5a6rcev la6l dd 6, = 0.1425cfv 146l for

n6oB @npo*d of .hm quuk!). Tbir owrlap i! sh@n in Fis,2.3. A sinilar erk
ws done id rf. [51] fq ligbter qwlc. th€y toud rlDt the lMlap waE tuDciio.

or SsO {quadratic potential) ed ibai of @ulonbic phs lind {n b! uldc s laqe

6 99.4% wiih the suitable adjsrm€nt oI pd6met€$. Now uitE ih. pot€ntial il the

qnddraiic form, rhe Y trbtrn b@m6

| 24c"d' sccoEtlrn2' +cog{nr.&/fl
,- 

|

L'fc"r'R" n,ra +co4i" a4H D\R-).1Bc !
s i! rt 1261. For th€ @nrenienc in Mitirg, k defirc

, (2'3 19)

H = (2pd + sq,e = 8^r + ar*1,co = -!c = 4wnt.
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r

r (G.vj)

Fisue 2.3: O@lap of ihe (gtuud .tate) m€ frDction of the Ealiltic lild plu
CodoDbic potdti.l ed th.t of the quldrstic pot oti.l Tte &l lie ep!d.!,6
lit@ plB @uloobic potati.l sw ftetioo .!d the dahed tD€ EDr6.ds qu.d8tic
poterthl w.E firctio!,
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D{aJ' ari?i + ;Dupt 4k 4)llr + 4 k8 t' - 0 + 84fi 'e4-a Eill

2.4 Coupled Integral Equations

Using th*.^/,v, md rt mt|ie in €q.(2.311), * obiaiDed the foll@ins tbre

oupl€d equriom (s in ret 126l

avlI\ E.,8c{ -;e - #+;d+4m)\'(R,)+

(-: ;.;)t I du"*e/-o.d#"?-$)r-?
v - te + ffi (| - tRi + qx#))tr,rn,)+

* (*#r-)' /""".'({a%&a) r-'
. t^ - "r" - ffi (* r"i + R:x1f))rr(R,),

(2.1.1)

t-a.-ace le -ft *3Uo+4n)r,(R )+

Gut;', ou)' Io''*(i' 
ts8r41!Rj+R?))'| E -

T - :.. Hy(T - (ni*nirr#r)l',in r*

r(roa=rp;)' /o"*"(=s$@)'-"
-'^ - ie. ffi (| -r*: * u:x#r)t*"(*).

8Ctr

3(r + aF.l,)

3(l + 41d)

6cd

\2.42)
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t-8"- acf - ?e -* +Xd + a'')x!(&)+

r/ I \i/"_ /-(r + 8Fd?)(Ri + HJ \, ^ 6Cl
A\;a'u;ad J d''.'e*\-- -fr- )r L' - t- Arn=l

- 4- ? + L#t (\ -r*; * +xSr)i',6r
| | r \t /,- _/-(r+8EdoX4+U)\r_F _ ic/

- a\;ett;dd ltK4e4\- -- lt-E.- \L+AEel

* u - ie. ffi (tt -rai *qx#r)r,,r",r
12.1.3)

Th6€ thc coupled inlsgrsl equtiom $€ soltd i! Fl 126l to fDd ibe tiMiii@

uirix elenots. The€e equati@ e d€rild whd th€ Slebic fre.ld b i! ihe grcud

drt€. In the ldt c.hlDtd E liU d.tiE the ilt€sal equlti@ in the Dodi6.d bosis

wiih the i!@poEtio! of qoted st€te 8ludic 6eld.



Chapter 3

Potential Model in Extended Basis

In ih€ pwious.I6pie!, @ irtrcduced ihe sm of ttu bodv poleniialmod€l dd

hodiffed it lo in lude QCD effsb ihrcu8h DultiplviDs ih€ ofi-diasonal el€Dents oI

@.lsp, pot€oti6l od kineiic o6e, nstli@ in the bsis ll)'. l2)r,l3),(d€find i!

eq-(2.1.2)) or @k otrDliry linit by ihe sluod 6eld (,Elap fetor , I! tbis dDptd'

w fudher Dodifu tbis potdtidl mod€l by odading tbe b8tis idto 8ix 6tat6 bv

including thce con6poodrng to |hc qcited staie cluonic field Th@ new drcited

st6te bsi! 6!e defined s

It')= (c,cb)"(q,q.),, l2')= (fiq.),(arc!)', ud l3')= (q'q,)'(q!q{)' (30 r)

U{e ({'4r), d6ote r sbte 'h@ 
glenic freld is in lrct *ciied d.t€- (Excit€d

stat6 of gl@nic 6etd {n, for Mpl€, b€ 6d in the QCD nusical siDultrtioc:

By exicndi!8 t!€ bsis to tix stsi6, llD N, y, @d KE mdtricd b€coms 6 x

6 matri@ with gluoljc 6€ld @rlap feios I' ed /. in addiiion to the obore

beDtion€d I. Tb@ fcto6 e pdsmoidad i! ret [ ]$ s to 68r@ th€ SU{2).

32
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sinulstioF report€d n ihis wrk In SU(3)., the @rbp lMtos

o'tr)= 0.t3')= (rt3') = -T' (3.0.2)

(3.0.3)0'12):0'13) = (2'13'):...... =

AmordiDs io reL lt8l f is dealed in rot l28l in a lorn

-T'

.f = exP(-b'lJ)

f = (Ji + 4lisqp(-''r" 5)'

'iih li = o [2rl. Ir is also mdtion€d in .et [2E thst (1lr) = {212)

bd@ of the orihogonsliiy of gluonic Mited st6t€ {ii[ grcud state'

h rLe six bsis (or the extod€d bsis) wih J = f = Jc : f ihc

hsr the followine fom

(3.0..11

(3.0.5)

= (313') :0

F,-
+ t(,' +€a,i)F,.F (3.0.6)

where !r i! ihe potenlial en€tA/ oI 6 q? Dair ti lor $ound stite glnonic ficld 8nd Ati

is the diflftme b€t@n ground sd scitcd stste gluonic n€H potetrtial tor ttai pan

\\h t.le ihc kin€tic dc.S. in t[€ non'relstivistic limits Tl'i! limit t abo us€d i! a

@nt work by vijdde ref. [50] that ddlt with dltiqndk s]3tem (t@ qu5!l(3 md

tm lntiqNlc) to study the spsh$r Dsi!8 a stdng lnod€l lor ihe potcniial ln

Et 1281, pot€Dtisl ene€/ utrix cl€Dsts re nitto e that ihc poistial me/

tor €&I p6ir tJ is eqDal to u., Ior ihe nstrix elenoit ot ihe Eaniltonie bet@



sluonic gDuod 6i!16, dd it i5 €qual lo ur + A,i tor th€ tuhix €ldeDts bet@

tLe glnodc*ited stst6, We h.w Fodelcd th@ tw form by i*i!g . = 0 for

the groDd 6t&ie matrix elen€lid 6nd. = 1 for ihe el@ents bet@n gluolicdcited

stst6. For the elenelts bet@en Sround and excited stoie gluolic ff€ld, the € rEluc

th6i Bults fton the pdM€ter o0 o{ !ef. l28l beils litted io 4 (iD iLeir Table 1)

is suryrisinsly 2 snd uoi dny valno betwceD 0 And 1. A posibilitv is that ihis is a

r6dt of then takng thc @s S, M meftioned nI chapier 2 in €q.(2.3 2), in the forn

ol aHage of th€ sm of triegte {eN idtead ol o tlboticaliv noti€ted nlnnBl

suf@ @4 Thsre hare $hewhdl exPlorcd r: i betftm 0 ed 1dd. = 1in

additioD to. = 2 which @ haE hainly studied

F, (op€htiDsoD ntr pdticle) is.lEady defDed aft€rcq (2 r'D misnNofq@k

(or aDti-qwk). we e€ @@ddilg ltat all tbe lou qudks hare sDe m6i a which

il equal to the nN of c-qudk ud ihs ,r = r'479'l G.V 6 us€d h ret La6l TrE

mahix elenmts of Fi.F, N witt n in APp€ndn betwD the groud stat€ sluoDic

6eld b6is I I)0,I 2),, | 3),, dd *iied list sluolic 6eld baab Ir'),md 2')

3.1 Overlap of Linear plus Columbic plus Gluonic
Excited Potential and Quadratic plus Gluonic
Excited Potential F\nctions

For the additioltl t€rm nr the Ad potcDiial lor the gluoni. €xcitation' the uual nu

tube (tr/r l17l) or strils bed dnelytica.l cxprusions b@ne inprMticsl ror N Thu

f6r ih6i re tried s dnrrir: of ihe folm ol

v

(3.1.1)



c nelito!€d itr the iltrcd@iion. Thi! gdse gl@oic potdti.l b a u€std fom

of 4P4 s wntto u appedix ot reI l22l Frd th€ Fig 3.1 (Fis 3 ol lr9l)' * 8ei

th€ poteltia,l €mrey difl4e@ €. betwe! goud ed *cit€d 6tdi6 ior drfid€trt r

rslu6 (4). We ch(@ A dd B for whicl f b{r@6 mid|rlM. rz is defned a

r-- ) lf, - rerpL-rr,-,ll

rirh r b€iry the tr@b€. of dst poi!15. Thb grE

(3.r 2)

,4 = l.8139G€V, B = 0.0657gev'

Fo fndidg t[€ me fructio! @@poditrs to ou tot.l pot€ltial CtL+e + Ae- E'i' 
,

ft tred ihe Briatioml melhod with an 4nrar: ww lunct'otr

*lv) ="uT"a( wh)-

Th€ nornalizatio! or ihi! €i (yx) w.r.r ?( gi@

(3.1.3)

"= (r:ipiXu|"1)

This lavs ud wiih o!€ wiatioml pd@eter P clcd to ninimize the exp@taiion

!sl@ of ib€ t@ body Elsittdie lor tA psi iD the qcii€d stote gluonic freld Bk
ntictnr. Thi! sare p = 0.04EG€V'. For tbis lslue of p, tte o€bp of s@ iuction

of the quadraiic potential plE A,i dd thdi or @nlohbic plu lin€d pls Aui *ithir

s nybnd dst€r b@e 99.9%- Both qw nDdio6 (of Sroud plu qcit d stat€

pot€ntisl) 6re sh(m in h Ii9.3.2. T!€ sre iDclioB of th€ grculd state pot€Dtial

&a snoM in Fis,2.3. Having nuch reduccd the eroB ihe iFclusld letos rh of iUc

totsl e@ fubciio! (or €q.(2.3.7)), the quEtior lmic hd Duc[ tb€ inter-clutq

f&ioB tr of lhe (tm of th€) total st.te Btor de 8fieckd bv our w of @@ient
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Firur. 3,2: &cit€d .t t bE fiDctiots of Elilaic li!6! plu @luebic pla

^.!a(-Atl 
&d qu.dt6th Dlu ,469(-At') Dold,id Solid lin rept*li liE

d plu @luEbL plE /oa(-Atl Ftdiid ed d!.h.d li@ ttp@i qlrdr.tic
plu ,4 rr9(-8fl pototiil *3!s fitdid.
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but not reststic q4 pot€ ials. For ih€ in|6{luis Mw 6Dctioc. €rBtually @

w bel@ itr eq- (3.5-U) pl&e Bw forN whicl sei then justifGtic ftoh the

qlidity of Bom appdibstion for our prcblm regedld of pototi.l a?r6iom

re N- This pl e mw lou [d oDly olc 6uAl pametd {the ure nmb*)

Nd €q.(3.5.10) below r€lats its Bluc {or ihe groud s r€[ s d.ited st6te int4-

clutd vave nrcdoE to the wry gpod vslues oI d md p that a.ln6t siw resliltic

ground siaie md dcit€d state vare lunctioE within qd cluttes. Bnt ihe lclalioDs

beiv€en the inier-cluter wsk nunbers and the d snd t do s6ume e quodroiic

onlinereot. Thi. @y sfi*t our numetical redis, bui hopefinly not at lest the

qudliiatiw fe.tu€ wc e pointing oul. Pcrhap6 ii b rcrth mmtiodng hde ODi

prcpsti6 of fq: s'sts fte cddtarql uing quldJAtic oDfnoent in ref l21l,

ed thd *ith the realj3tic potmi,6l in ret l22l ed both the @dG rawurcd thc

qi6td@ of n@Flrrmtr noldulcs. Th.t i., dr€n 6utts for 4:-4t systm we mt

3.2 The Approximations Used

NN all tbe n*saiy ingredimts hat been dGcused to wriie the nultichahtrel

Schr6dnge! eqstion in ou extcd.d bsis Before geuoalting ihe Schridinger

oq@tion of eq (2.3.11) to th€ exiended bai!, a.ll n(lsdy apprcximotioE are *ltien

nr ihis sdion thst e ued in ihe ih6b @1, for the sinplicity @d nDericl

conrenioe of the mrk lvt6t of then haw dqdy bm odtioned sbok HeE

.1t of tho m @ll6t€d that e neniiorcd sbow or used st s l.ts siagc in th€

el ion of integral eqn.noc 6'rlting lbtn rdnatitrg grcup D€thod ud Scbr6dingpr
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l-Quadratic Confin€ment

ln th€ HMiltonie oI the mdn{osn sy3t€n (mitlen in €q.(3.0.6)), the sp@

depddent oeficiot ot F,.FJ operaior repreeni€ the qudk coI)fnement, Thb ce

encieni is taken in the qudr8tic fonn iostead of tle tl'eorctically better noii€ted

coulombic pl$ line6r form Thb sppronmetion is alreddy dilcced in the paragrap!

Nou-R€lativistic Kinetic Energy

The kinetic eners is also @'6id€red in the mnrelativisiic lnnfts. This i. lalid lor

hela quek . Th€ DoD-relaiivisdc hnits e sle Ed in ref. I5Dl that d€els dth

nultiqwk srstm (tw quarlc ed iw antiq@b) io sludy the sp(am siDs .
st.ins nodel for the pot€nti.l-

The Clusler Wave F\uctior Pre-speciffed

B@N of lsrge nmber of qwl oordiMt6, it b{on6 difrcdt to slre tbm

@tly. nathd th€ deped€n@ is eprcifi.d o! the qtoB joidng peticl6 iNide a

n€ c.lus1er befoe elviig the Schiddinger equstion, whicb is slwd jEi tor t!€

depend€n@ oD the wioE joining the conteB of tla of lhe nesnic clcters

Neslect of th€ Third Gluonic Channel

This two lwel apprdiMtion h Dot

is r€lated io the leglet of the thild

sd diotiqrL nesnic ch@€ls).

nentiorcd nr ihe abok tdi. This apprcxination

gluonic chdihel thet i6 nNolve €rTlicitly diqus&

Justiicdtion ofthi! npprcxinatior is giren bclow
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Born Approximation

Bom App!di@(io! is al6o uerl bel@ itr solving ibe nicgrsl eqmiions. This aF

prcxih6tion is r6tid iI int€r&iioD (?-n6t'ix elddis or phe sbfts) drc.!ull [55i

3.3 Setting up the Coupled Integral Dquations

N@ w re{it€ the S.hr6ding€r eqmiio! (a&Bdy tuifi@ €q (2.3 10)) in tlE tix

Lsis 5t6tes (l 1),12),13),12),, 3')) by embinins the Hdnilto ar (defined n'

€q.(3.0.6)) @d aU tlE mw tulctios rcntiolcd sb@ Th$ re {rcte

d* H t-lv/-t /d fLd'Rrd"u/d'?(u.l R 'd\lR r ltl (vn )€.{z^ ),

(t lH- E ll),{.(F")1,(Rr{,(v!)€,(,, = 0

(331)

fort, / = l, 2, 3, t'. 2', 3* md K. I : l, 2, 3. Tb. dificre!@ beiwo this cq (3 3 1) aod

iheeq.2.3.ro (wiilte! iD previou chapiet is tlDt eq,(3'31)n {dtten in six bais but

eq.2.3.10 G mittq! h tb@ bs's ststc- The sbiirdt wisiiols 
'r!(Rr)'3 

fot

difiereni !alu6 oI ]?x 5re liDe6rlv irdep€nd€nt s lefore and hen@ their @eFcieot

in eq.(3.3.1) shdld be rerc einilor to eq (2 3 11) Wi|h thc trivi'l /l. iDtesotio!

perforned io givc o 6niie resuli, this lo&b io

t / dv^d,'(.(v^ r{("),(r I H - E I r),\l& )6(vt 
'6rzlr 

- 0 i3321

,(r lH

Elm€trts or dlorge<t v md KE mstrice (sinil6r to ets (2 2 r_2 2 4)) ee defncd

below in eq.(3.3.5)6nd eq.(3 36) In ref l28lii i6 stalcd thai,
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"In some of ou earlier mrk ihie ws int€lpreted to m€8tr th6i it @

uuEc€sdy to ioclude .ll fire siai6 dd & ihe sl]meirv 6 bbkd

by tlepilg ibe rw ststs sith th€ losst @dgJ/, let u sv A ed B A

sinild thing also oeurcd i! tl€ lattic sihul&tions Th€re it *d found

thst t[€ @er5r of tbe lo€t stlrt tu als]s tbe *me in both 3 2 x 2

od 3 x 3 d@iption, pdidilg A or B h.d th. lowt €n6rBf ln addition

t!€ cnergr oI the s@!d stste tu' in m@t cM, F F dr lN the Me"

This tw l€wt sppMimaiion is 6lso u6€d in th€ Eodel of a latd mrk I52l fo! the

ietdqwt syste6- CoBidding rbi!, * imlud€ otrlv tm topolosi6(r'2)' @i'g

fou statd0 1),I 2), I r), | 2)) A@rdins to th€ mdd of let l28liheodlap detdr

,vh this iruoei€d 4bdi! is sit! bY

vUj =, tk lv lt)r=

I ll3 o -f/3
ll3 1 -1"/3 o

o J./3 | -f /3
-f 13 o -fl3 I

v- v4 vtf vtz"

v, vrr vt! vt 2.

. {3.3.3J

For pot€ntial n.ilix v(J) the ma

(3.3..1)
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v', = -;(,,! +,-r
v.=uo=ltl,,+,*
v,= -11!r?+Dal

u,. =v^= -#(,/tt""
v,.=v,"= #(r.@
r,." = |r,; +,;t

+0;)-

+th) -

(!i.+!;) \r(-,i,-

l14r+D;) \ae,h-

,.e,

'&, (3.3.5)

(3.3.6)

16

l6
\/2

1/\[.,.=v''.=-rsf( (oi, + u; + lil +,;) + 10(o; + 4r),

y,.,. = ;(u;+ u;)

vr.\ =vn =vt2=u*=0,

'ith '; = !r + .A!. . . b€ils d€6n€d abM (aft€ eq-(3 0.6)). Tl& @6cients oI

,,, dd,i, u,nting hon the r.r oDerdtor, ee siEn in ih€ Appodn. Th€ kinetic

erEe/ nairix ol ihe t@ q@k te 6niiqudrl6 h t*en to bc

xe =" 61ra 14" = r111i.,tlt nnri,.
Tlrc tinetic 4er(!/ iD tLe sme forD is sle u.d h ret 126]. wlEU w ft observi4

dtnsEcd cff@ts tor $oud stst€, ou oEdaP, potential dd kiDctic €neq/ mtri€
d€ 2 x 2 mairi6 dd ve w I $iih &./ = 0.6 s usst in ret [3o](deNail is alreadv

Mitio in clbpter 2 afta €q.(2.3.2)). But wh€! w in@rporate tbe 4ciied state

gluouic neB !toi6, of (Mlap, poteDtial dd ld!€tic @d&f tutri@ b@n€ 4 x 4

mtrie. Itr the uppe l€ft 2 x 2 bloc& of ib@ mtric, the form oI J remsiE tl'e

me but ihc Blue of li, G cbeged to 1.51 Mordhs io a @ncluio! or ref l28l ln
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ih€ othd blocts lo. f I28lI53ledeu*d rw til€ ,. sInmtiotroldMs

defiled in 1281, ii b4oneB unoaBs€&ble to slre the htesra.l equatioG (3.4 C3 4 6)

below ed hmce @ haE tsko l'to h€ a.o.stet. Bui w€ h6re tned 6 @ietv

oI its Bl@ to qplore h@ euctr ou @nd6ioE dep€d d ii€ wlre' As for f,
the 6t i! rce. [Si) l2El of the tudel of th@ mrlcio the laiiie data farcm &. = 0

(intrcdu@d sb@ iD eq.(3 0.4)) vhich nnpts ilet t' = I i.c. sciied @.nsuaiiou

iltelet molest th€melks in tb. say Apecied fton perturbotion thort Thus re

3.4 Coupled Integral Equations

Usitrg ".{"," v" std "{g' €lenmis in eq (3.3.2), @ got four iliegr.l equatioB lor

fou difi€FDt rslu6 of t or I Th@ * do ih€ yr &d t( int€satioE. llct oI

ihe int€sratioE in the sbM equtio! e h the G.sis tdF. Fot K = L = \'2.

in eq.(3.3.2), rr(Rr) is indepoddt oI yr md z( ed, thG, @ be tak€tr out of

inhgratioN, After ihe iniegr6tion, th€ @ult i. R& depend€ni cHfrci€lt of xr (Rr)
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Fw i.ragntio! fr,nuls'3 ued m:

| "oe N" + t.ul at! = liY n 
"q]1!1

lot*+t-V *.r'rtt, - 1;Y"!,*1!1

I t "*c v * t.a a = t\tq4 * rlndfi l

It*nc$ * '.ota, 
= t\t*fto, {.*<{t (3.4.1)

| !'.*eF 
^i' 

+ r.d du = (;)""19x * $ * *1 
p*1fi ;

l f .+c tf * t.ulas = ( ;*r*'L * ]$' ff r"*rf r

I f we $ + t.tvu = rit*16fu * r*l!4 
+ l$ * $xotfi r.

Fo. I( I ,, ys dd ,( se fepla.€d by iheir lil@ @nbiDtioD *lttr oe of tb@ a
id@ticd to R. 6Dd otbq o@ iDdep€Dd€ut of it N R{, Tle j@bi.D of cr6!&@.iio!

hd yx,rr( to R( G €qua,l to 8. Th6 R int€grat. the equiio! P,r,i R!. Fsw
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bteS.atio! tomdil tr$d @l

/"'rr-re * r.nta'n = tlf ,'*rtfi I

Jralexp(-)8, 
+ J.R)d3R: (;rrtfi * jt *r{t

/a'*1-re * r.oy'n:1irtr*J1r g * *,"-,rO,

lf.ddp(-.\a, 
+ J.R)rR = (lr*r* . 'ifl" ' - # * {fr-tr-otf r

/n *p1-.ln, + :.n;rn = 1;,* (* . # . q.!#rs{.
17:5^3lllo5\Irrl 9^7^5.3\ .J':.-------?.- + 16\. Jexlr4 \ '

lf 
R,.&qp(-.\,q? + 

"J.R )dR, = (if,'(,A)ai"-(4^{)

/rn,.n f",r .\nt + r.e")dR, = (i),/,(ar,4a* fi)"-rr4r

/4tn,anct-rd*,.r.n"ta". = tif"(t"v^1ai * s.lr'ai)4"-t*r

/qR, &r"*e(-)q + 208,.".r". = rir,{$i",.",y4. *4 (,tlc

- r8EirR,.R.r) i.r63,R.R,,'- r4ai4 - Jiri liul -,i,ir
35 -") .1.

+ itFni]qe(4.\)
(3.42)
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Intqrsiio!, 6 d@rib€d ab@, l6w the fou@ing ioul €q@tiom:

A,(R,)rG,) + (Fir + 4Fd)-L)t /d","-(-('. 
*r#'i. $) 

[- +-

ffi . ry - iu., i:F.(T, r{ * ux$r)],ra"r
. #al I o""*t#r"a1-zpn111*{ 

";;ctn,,n 
r

_ 2,ar."!, Ra)lri(R,) = o, 
(r.4.r)

0,,.,r.,r*,r - (;frr,-) | 

/""","-( 
-(' .'-g#*l' $) 

[ 
- ?

#*at+ -Zu.#(f; tnl.n;rr$r)]"rn r

- aHA I o",*rt#,*e(-2Pqxt+rp):r'(R",Rt
_ 2/ir(n , Rt)]xl,(Rr) :0, 

e.4.4)
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^ 
*.''',n,,- -uu!. ,; /,rn *n, ;f ""n,-:1,q''; " ,;'3i.'n,.n,,

- t"
2,4ErR,. R,i\?rR?, + :a r 

/ dRrex 2pRi - 2pRjr 
f ;ri 

(E /-irRr. R?r

+ F6(R,. &)) + 2.4[€xp( Bni)t,'(R,. &,)D,(Rt + RlRj + 2(nl + Rirq)

,,(R,)+ 2(R? + q)DrF2)+ D4(R4) - 4RiDi(R,.n4) - 4D6(R1, Rr-
8n-;Dr(R,,R ) - 4R!Ds(&)- 4D,(R?) 8RiDr(R,) + 16D,,(R,, n4))

"*,,:ot o,' ;)' . er"t -BRi)lD(&. R2 rD't R' J - RlR j . 2rRf ' RiRl l

D,(Rr)+ r(Ri +Rj)D3(R,)+ A(R,) lRir!(&,R,) 4Dr(n4.R,)-

sRiD?(R,, R,)- 4R1D!(R,) - 1&(R,) 8qDm(Rr) + 16rr(n?,R,))

"-'o,a. 4o-i r 2n(i )i D','R,. &)l\irR ) u,

(3.4t)

r,rR,, ,R,, | *{:+ J Fp",^v';F,sp{-2pRi,.r-: I2pr:..&.R,,
l"

2,,1ErRl. R,) \,lR,, - :,-' J 
r.R rxp -, pRi. 2/,Rj,Lr ;p)i 

(F rrrtu.R I

+ 4(R,,R1)) + r,4[dp( anlXD(R,, R])D,(R,) + RiRi + 2(R: + RtR?)

D,(R?)+2G;+Ri)Dr&)+rr(&)_4RiD5(R,&),1D(R4,R,)_

8RiD?(nj,R,) 4F_iDs(R,) - 4D(R,) 8F_iDD(R,) + 16r,,(R".R,))

"rcr;@"-:iar- qe, -BRj'iDrrir R,,D,rR2r I RlRl . /rRi. RjRi.

,{Rr)+2(R; +R?)D3(R ) + Dr(R ) -4RiD,(&,&,)- 1D6(R,.&)

8R;D,(R,,R )- 1R1Ds(R2)- 4D"(&)- sRiD,(B,)+ 16D,,(R,,&))
lNDr4--rlra nrt: --r.,-r:o,,rn,. 

n, rl1;rn,1 o

{3.r.61



A(&) = ," 8cl -

&(&,Rj) : 2Rl +

4aqR;
di,p+ Br

E(R" &t = r-,+-,it+.p+

Fr{&, RJI= (&r +
15

* ffi)@"-rne -rucai -rac L4t# + u))
r rx6ln' aRi - aR;) 2Aexp(-Dq - rR;,1 - 2r r.rr# 

-,
#+tt #+tu'' juo; 

"oo**''ur'"l e,j-$,-
,;T1;irz2 - [2p& -&l\.1 | ---+--raoop,q 8a0pJ+

oa + zpr

8(# + 2p)3"

e(nt = ""pr-aR.it"*d , 
8:( 

=rfr+zP+D
loaT.j 2BRj 15

lr- YL* 1- *0.,

\atb +2p+ B)3 (+ +2p+ By 2l& +2jJ + BJ,

,(R2) 881&.R,),- tE +rp+ B\- tE+rp +EF'

t)1{r6E(R &(&,R) + 2E(&).!(&. &)}.

a(# +2p)'

15 Rl
- 24d - ^cn! 

2sc-L' 21# + 2r'l
A(n".&J: {E +

+2Ae'al-BR: Br.3) + 2Aqpl-BR: + BR:ll -uaffit

t#"," #ril' ,r-{ronl-+pn1 'o,r*:-9}: -#
2l+i 2n)@ - Eop*i + x2e't: t# +'+i + #) +

( tzt + w,ni - $ + 
*4. 

a$r * jffi * rllr,

-6{tRt+31 4, R; - mRl r' ' d] 4 2(*, +2pt d\++2p1""

l5
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F,&, = 4n + i {ffi (;), - * (ffi ,*. ffi t ffi).
E / 106 3I t5 299 3 6E5 39690 . -- 110395 315 66t5\

z. \rer)'-t "atr'tu' 
s!@ - -@ - -',SF - d -,8pF/

. r .r 8vl 225,r ,\1,' r 2n 163s4r,''

a(&,&)= nlR; + 
{sprq 

+ #(t5Ri +$4 - 36&'q -32(&.R ')+

*oq$ + rRi4 + (sr),9(Ri 
+ R'r

r,(&, R ) = (-r0,4ea(-rE;+-ft/t - ro,upt an=Etlt#tn, * ni

*4qR1r - (Ri' *(nl + 
"l*1. 

3d',",C -q. ffi - $
raoff --Erg 8.:R? I4oRj 3r(&.&)' 1644,

- ]&F - e (&)t l;- - lsp)r - --(8pF - -(8pl-"



D(&,&)

r,(&)

r,(&)

13(&,Rj) =

^._ . (2A&r 2t(28R,)1
"r\4' = (28+spl6 + 

{28 + 8r,f- 
+

(2AR f 36(2A&f
"!'"'r= 0B+ 8pf- 

+ (rB + 8r,)' 
+

= Rj+R4 +44q,
1o(28R,)7 (2AR,)4
(2A +8r)r (24 + 8rl
(29&f l

(28 + 8p), (28 +8p)'

(28X&.RrF

l5
(ru + 8eF'

105

(28 + se)3- - (28 + 8p)4

1260(2r&F
(28+ 8p)6 (28 + 8p)s

378(28&)1

105(2a&F

50

945
- (rB + 8er'

l2B + 8p)) (28 + 8e)

'"(&' &) = 
("ir;1#;tl 

+ (2a + sp)oq(lsRt(& 
Ri)'+ nl4t + #h

(63(R .Rj),+ r4(R? +,i'i *riu? *.?.i) * d#,
,r+, &) = #r+LRl(R..&)' + ffi(z(e.&)" . nfR) - (rs%)r,

^ -. (2afRl Rl
"',-,' =,16 * soy- 

* -i sr,

a(&) = c,--i*;r . ir#&:;R: + #+ sp|-'..4lRi 
+ #Iffi Ri,

D'"(& ) = dTh"t . #hRj + 
on.up),L*;

p"(n, n, = #rpr,LRi(& Rt' + #h(bRl(&.RJ)'+ 
qR')

+ (rr+sP)'('(& &)"+ 4Ri)' -d
a,1n,q1= ffi{ - ssz5 + 3r6sp54rRi(4 + 4) + l opeiin: + xtq)+

40s6p.(244 - 4344 +2rt4)+ 5r2l,14 + 4)obd - r{4a,1

+ 154 + r6(2(&.RjF + qry l1- uo"(w4 -n244+
a7q + 672(2(&.RjF + x(R?) - r0r4 ( f q + r4{&.R' f )).1.



5t

We h6w @iurly rcpleed rr,r,,r!,t byRr,R?,Rr,dtdR< Wit! trivi6l int€sE

tion on R., * [sE eq.(3.3.2) t]st i3 ind€Pe!.left of Rr' Nw' eftq ihe irt€snti@

on R3, the obove lour intesral eqnsriotu (3 4 93.4.6) d€pcnd olnv on Rr and R, so

eqy quntiiy {hich v€ mt to ca.lculat€ depelds on Rr and Rr' h eq (3 4 3-3 4'4),

the fi6i im tm @ntliDins rr{Rr) sd rr(fu) h 6crr.quiion N for the sroud

stste. li is notad tbst itr tI@ tqm. th€re i! no doi prcduct of stoE Rr dd &'
So ihe r6ults 6om thcse ter6 6hould not dep€nd on the 6ngle betren Rr 6ud Ra,

thsi w call d. Thc lhnd t{n D €cI ofcqs (3 4 }3.4 4) is due io ihe Slnonic gxoud

ed qcil€d stat€. b tlre te@ dot prcduct of t@ Kbs (Rr ud Rr) App€e

so thc rea{lt3 hon th€@ term depdrd on t

3,5 Solving the Integral Equations

Nd td.ils the th.* dimffiioDar Fouid |lssform of eq (3 4 3,3 4 5) sitl 6ptrt

to Rr 6nd eq.(3.4.4,3.4.6) wiih EPtri to n2! iLe n egralequotiols baonE

I E"-8d 
Ze 

+#+f,,.l-y,r",r'fr( --l--",)r/r"'
au,"-r,r,',r.*(al,r@@) | + m- *4. ?-
ed- +#(+ - (Rt. qx' *#'r)],rn 

; * fr /*n,an'
dp(,p,.R,)€xp(#)"'p( un 

"ffiltt:-ttt 
r'w'ut

- 2,4s(R,,R )]r;@) = o, 
(3.5.1)
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-3-P"?3t/tt-f.-8.d' .ic 
=-;-,4e)rr/P:r, ^ jl- 

-

12tr) \rd':(r 'ald'])

dR 
".p(,p,.R,)".e(-(r 

+8-'{IRi + Rr)u? r**4.T-
ia. S(f - r"l *ur$r)t*,ro,r * -! /r",r".
*01*,..,1*01$p-1 w"zt#aF
2,{r(R?, R,)lxi(R,) = 0.

(3'5 2)

(o- . ""tzzst- 
- ,. 11( 22',A , 22\, lrTs/ \ 8 , .0s

\'' 
"4pla 

2p' 3 \r6L2p. B,;l,?p); r6t2pt1 3212p.. J 2n; tap)'

JI 15 299 3 6a5 39C90 " 10395 315 0615 tr 8Pi-
2 baf tq, 8p216r: ap' '-- \8pl p) / lp 2n
22s:' !\,.,p.,-I 8/", /*," 

",163610'r./ \ 
"''" 

+ 
[f,] r6 rtrzo*j: I " "'o 

E 
'mue r' 

Ft FxD( 2;r I

. t pl-2pRi L..1\1(8" - -.- 
= 

/ dR.dR'qPlrp'' R, rexpr 2pRir
\zn)' r J

4p(-2!q)l.. liti(R,)= o, dd
(3.s.3)

l, 4,f\F. - r -' / 2254 22Lv ri7i, \ q t05

\""-' r,4r"i, t\r6rrp. rtp;' rcdfr .tz,zpy.) z"i 
'at,,3l 11 2s9 3 645 ]c690 , ro39s JI$ 0615 r , UPI

, b4f t6p ap/16|] 8p, --' (81)t pt y' 4p 2n

lld L\."",,, -L Efn'1 [n'.]l
rbrsap' r,/\drb' ' wiE@af, J 

*^" &qtirP' RJFxp{ if)
tur,,-4Ri.l .,\ ,R,. . .+ry' / *n,a.n,"*1u,p,, n,,.,0,-20p.

\2n)i J r
2pn;)[--.]ri(R,) = 0.

)' I n",

lr-r-+ - )jr,(R,. R,l-

(354)



ln abm xr{P,) is tlE fouitr rresr(m or xd&), dd xi{P,r} b the fouid tr$sfon

ol xi(&) The lin€e Don€ntu 4,P, de onjusste io R,. & for $ound Biaie

slno c 6eld ud q,, P1, de @trjnsste to Rr, R2 fo d.ited 6i!ie sluonic 6cld. The

ofi'diagoMltelm of€qs.(3.5.3) ud (3.5..{) ee loo l€qthy md mi Nd lor r€sults,

e dots @ tsd to redu@ tlp losrh of ou eqBiiom. The ab@ eqe.(3.5.1-3.5-4)

ha'e fornal slutioM s [26]

r,e,) =,r(p, p"(l))/pi(r) u-- (ru-]*,) ; 

/a,n,".n,
*p1,e,.n, p"o (:.0r 

q{Ri:4)) 
n ? - r* *_4 

. ? - io
# (* -,: - vul-lgtr)n,r",r - ofu fr /r.,ao
*01,",.",1*nt$l*ot-zc4::--!tL,tGJ^lNr,tn,w:
_ 2,4r(R,, R,)lr;(Rr, 

(r.5.5J

x,tp,) = 6( p, &(2)) / 1 t2)- #,# ("d*--)t | *",tu
*a,r,n,y,*( 0-r!q)girri)r-f ffi -f -i-.
#(f - r"l.orSr)r*,r",r - 

^u:4;fr /*.,r",
*p(r".R ) "*p(#) .,at-2e4' t8ffiFKt1)l r,&.F)

- 2.48(R1,R,)lxi(Rr),

(3.5.6)
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xi(A,)= d(8. - p"(l,))/p.':(*r- ufrtfr--P --/,r*'a'",
sp('pL.R,)ap(#)e!"(-2d,)r......h'rR,) - I#+#
Jf 

dR,dR *D('P,..R1)€a( 2rd)dp(-2en?)1.- l{(&),

ed 
{3571

xie; = 6(pu n\2,).)t 4Qn - d'j&#,p I m,an,

.xv@..a)*ct$h,ot-tci?)t......f r,(R,) - &+u+#
/*n,an *01'e".n 1*01-zo4)"'r,{-2oa;)L -lxi(&) 

,..r oy

a,e,):

(ap)a'2p'

3 \ r6(2p+ a)l(2p)i
1575. \ / r05 3l 15 299 3

2l2dtJ\(epl2 6af 16p 8p

,_+i"+a^t-e
f | 2254 225a r57t. \
T\166; Dl(tF - rc(rr)'- Jr(rpt-l-

4-81"-4 - ie +

(,
225A 225a

' t6(2pt1 32lA)t J \Gp)t 2 64f 16p 8p

315 c6r5 \, tr ,s 8(P'")I 225trr r -* t - wf )'4' z' to:e6' -*
(3.5.9)

685

2s6f
39690 ^_ ,10395
8p. + 

"e_ (8p),

,"1'; : a0 =,fiii - $ * "-pt,

P.(2"): e(r,) =

(3.5.10)

B66G oI ths .ouplils lo ihe glnonic cxcitatioa, it b€ome difrcdi to $|rc abore

n,icsral €qD6tioDs lor noD trivial $hiiond for xr(Pr), r,(P,), ri(PL), dd r;(P*)

2a. E, - an1- to6b6ie {'" frffirr-Lr. - r,



d!.lyti.e.lly s done in 126, 201. h [26], the nesn war fia.tio6. irchding gluonic

6eld oqldp f6.tor, i! *pesble in Rr, & ed hene ilrc iniegrsl €qutioc ce be

$h€d e.ltti.ally by repb.ing X' md Xr M|h $lutioc obhined by Bom Appui-

@tiotr. Brt i! ru p|gr wk, the o@!-@D BE fr@tioE u€ Dot sp&sble

in R,,R.. So @ @ tle Bom spDldi@iiotr @ uled in I23l to eire the iDregra.l

equatiorb for m@Hr@n stioin8) to elre the integiol cquatiotu. Ou rd ts

siv€n bel@ 5ko juiily our @ oI rhe Dom App.qi@rion. For sjns rhis appu-

in6rior, @ fiFt find the &lutiotu (x(&),ti{&)) oI eq,. (3.4.}3 4.6) tu sh6..@ of

nteturiob (nmils /: f = l" :0). Tbe @

xr(R1) = lr?cxp('Pr'R'I)'

rnR)=r:-e(,P,.R),

ri&) = r?"*p(,P,, 
R'),

o.r {(R"): f}-e(,p,.R ).

n€re ihe @frcieft of e4(rP,.&) is clorn $ tnsr ir m6&a! x,(Rr) wirh i: 1,2 s
Fourid td6foh of q3tf.lu. Sihitdly rhe @emcieni or exp(!p!.&) is clbd!. U&

ing thjs sppmxihation, the integrsiioro on Rr ud R, nr eq.(3.5.5) ce b€ Derfomed

(3.5.rU
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x(pr=,(p,-p.(r)/4(,)-dhr[:()t(*)t(-----]-)t(,-*4)'

-( - ff #) "l - ^urr 
itirr tlrrr"'rir t [.*rff r

@e)/ ((#t)t F@ - #not) - ffit6igtt*tffii
r;t* t6,tt'r-ffiw - ffir *igtt *rffii
'2e+B'Frk)

r .r. i .r ,(4P,.+&

--,2 
(_J Iqp(-----:;7

lF ta)
lM r.r ,-4.

+ 
3J'r Ftu)r'ea{T-r

tffrta]r )l"e(

wd

- r + sldr-'

(3.5.12)

l5o + 4d) (t + 1EB)2 -4d - Ptd
lc*r.* -(

O + 8-tatr

R+*-



2l'!.+ Bll* +kl
3 \ / -loa 2rB \/ -rP?B - ^ \- rF"til - \ "\rii6" 

| 6i BWT r )\4ep I Btt'"4'I
I I , - .^-1s1.e"- !L*tr)" (,P,, - e#)' .

,Ftu)- + r6it;EFlri ' ''" \ 44Gt-'--l64Gt-'
,t,D - trAZ\2

d,i - 88" P? l:+#: r ;,@ ) 
+ I B Pi

("46-fu:"P' 
Pb) 

- n,o,r',' r,, - o.,((fif;," - ffi
pi1e,- + c,, + e-) - uffic,p,.n.1 * ffi{",.",,)e,,*
4tB .^ ^ ^ ^, ^,\ l {.n, -4d3*)\

q1-i'\fb + f" + f"tfi, - 'ti )niFF - ffi- )

57

=\<ro * r1'-

3

-ru"'(4

l5

.4\'l'rfrd)l

n, '4(2P+B)' 4lt +2P)' il2p+ B),(* +2pl

\ r/ sa' 481 \lP"-ffi
l \t?'+ RY a(2p+B)z(++2d|\ aF;b)

+

tFzlyl
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a,= | ,1Pl 15

\16+BF-i6iBr- 4l# + 2pf
l5

4(2p+ B),(t +2p)
4B' 'I

4l2p + B)'\@ + 2p) /
2LB \

4Qe + A)rGt, + 2p) /

,/ \(2p+8)l
I LPi+ ## 3 \ / -Ioia ,

\ 4F;(r) 2F,b)) \4(2P+ B)t

(;i#ir. ^t)rta,- c,r, , 
",.{e 

- '.''1't"';i't''"r:r
1,R, + !p!s4au l{ - #) - sB'4(!L:"r,-)' - -r )-

2\2p + B)l+ +2p)

16I;(p)

, ",t (W\ - u, *,,,. . 
",,' ",,((,, -tB-, 

-

#ut'i'o- * "''* "'"''
r.c,.c.tc,,, ffie," *

-uffic'e'c"t- rtuB
8p+ 4B

a,*q,rpi -,tr")#n *
(,P,,*4,E3%)\
@)

+ a';&t' .h)j
"a,(el

0{
r5 roPl 2Pl=146-W-6fi

D2 tR2 -P!t1 J\ L -:-t-!'' 4r, 
/ F;r(p) l6pr

2 .-P,, 3..1fi81
- Eo)'re; ' rp'- \etll

-ffir'

30-w
* 1r\

4"

qrtld'

4B-4#

EBZ

28.

atB-#)" 16{8 - #),
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( | \P? 4 
'5 

\/- 42' 2aP
t-rr'={(-^- j - _--.^ "|r | ^=- ^,^:" L\3rp. r6r2pr lor'/r 6\2 6\2tb-2D) n

- #16 - di6 * rffi . fit- e,,t * *t) *

Gi,fi-*#t"t(-4'd+3r)+
90a

2940. 72

6\12l+ + 2p

).uJl;+zpY t"1;

\ l6pr 4pl\(++2pl

nt*t +2p\t

^t2+v')+ -+28c

6rt|),

dr6 ^Gl#in.50?' \ . /8y' 8. \
'^5*roY)-\;-ah)
rffrr"-rfr,

F(r)=( ' rit-
* +2p+ 8"2p+ B

)idp( a2p, u ,Fk.la+;+Ed
4Bl

l(2+ (* + 2p+ 8)1 ;,.-,R- 6' 
'l

artt*' +zpf m(* +2p)
10s 1o5Pi\ I-@-@)I( (4rF- - (4pf-

2Br

\A +2e+ BJ'

r5 to8r+(
:tr].2p+B,6ksta " - '51,'a8|r

(+' +2e + B)3

++2p+8"412

4\2p +

p+ B zpp+a-p5fl*,1

2\*, + 2p+ B)'z

hto): * + B #q, sd Fi\pl: t +2P+ B

Now ilom ibis eq.(3 5 r2), the €lmentt ot trmitiotr mstrt (T) m ba roud As in

rcf. [28], ea.h of the 5t6t5 with ihe gluoDic qcitatioc de orthosondl to edrl ot ihe



6{t

Tbjr giE

'Ift = ffr ='It? = I',t4 = 0

Tbu the pNible tr$sitio6 @ Tt, ?ir, T^,'Ih, TD {t T2!. As the €q (315)

ed (3.5.6) @ siDlAr (ideth@sils & &d Rr h eq.(3 5.5). it be,@ equl to

€q.(&5.6)), $

(1 | f) = 0' | 0 = (2 | 2') = (2' 2) = 0.

Tp =Tn,
(3.5.$)

(3.5.14)

n' ce be cal@lrtad (s i! !er. [26]) by uirg the @eedet or E+6j @ntddqs th€

r(&) ftm eq.(3.5.r2). A! i! tbis.quriioo. thre i, m co€ficieDt having x!(&)'

e it siE T,, = O. Tu @ be clrclbi.d ty lfunddilS the @ftciot of 6t61

(3.5.r5)

coni.ilils ihe rr(Ra) lrcu €a(3.5 12) i! ih€ folo{ine €q.

7,,= M:P,l@| o/ :-;r @trl'idtrr r'(&)1.

vitb M beins tle tls of d n(d. Sidulrlv 
"* 

@ be ctlculd€d hv dh6tituiiog

tbe co€mcidt of E;lE @ltainins ihe l'i(Ra) ftom eq. (3.5.12) in th€ follditg €q

re = MiP'.lnr "/E#j -b-"s $(R,rl (3.5.16)
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The Elation betretr l-mtri] ald $@irlr is written N

S=I 2rT' (3.5.1?)

i! ref [t4] md nitter 6

5 = exp(2,al {3 518)

@mbining thc 6bot im €qs.(3.5.r?3.5.18), ofl-ditsoml pl'N shiats {n be ctlcu

lated by snrg the following reldtion

ud rhp Flarior' bprwstr S-mqlr dd plt@sbrfb i" siFh

I 2LT = ela\216),

{here S, ?, l,md A Fpm! 4 ! 4 si&n!g, trmition' idmtitn &d

Detri6 rdl,€ctively. As ou phe thilis ue smAll, iherelore negleting

p()ss oI A io the expsioD of cxp(2rA), ita eq-(3 5 19) @ be writt@

(3.5.19)

(3.5.20)

for,, i = 1, 2, 1', 2' Fron thi6 eq (3 5 m), re obt6incd thst ihe ph@ shift s dc equl

to nesst@ otfhe trsiiio! MplitNte, cs rori=l,j=2 A-:*:-r"

Wit[ ile u* ol ir.mitior sailn €hnent' M co a'lso calculat' Dbthd qu''lt'tv'

€n€rsr shift. The enersv shi& of nd!_n@n $6ien (ccE) {N b€ caldbted bv

sing the stationdy state periubstion ih@rv, i e'

s,=h 2tln=6i+21A'i.

a,: a *2,*2l"^ ffiae' (3.5.21)

widr tLe initisl stare t dd iniernediste siaie i we h'e oEiddd initial 3rat6

vhete the gluonic frcld shodd be onlv in gtoNd stete, $ i = r' 2 Uut intennediat'

slmlic field msy be itr g&ud or siicd stote. i'e j:l2il"2. H€rcn = (il"lt)'
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l&1,= olTlt 3, E: is rhe qErs/ of s 8rotrld state (I or 2) of m@njn€sn evst€m!

ud ,j msy b€ the encqy of the oiher sidte (n6on n@n grcnnd siate or d gluonic_

qcired h@n-n@n stlre)

With tbe E of Bom.pDidi@iion ttMiti'o! Dtlii.l€tuuts (4| 3!d ?2) @

ze 6 €xplained 6b@ befoe eq-(3.5 15) Btt shs w @ tbe mit{iiv coDdition

(,9r,9 = t), ft soi Dotr-@o vlrn€ oI?l, ot ?, Thi6 n(s ihat Born apprqimaiion

violaiG the u tditv @Klition s sitteo nr rel [55]' To find lrr'| re 
'6n 

be Mitte!

v:

2iT,\ |
2LTr1

-2ttt,

-2tt, -2il*
-2{t2 2A^'

-21'\, L- 2NTrr

-ztfzo -2tifz'r

2$r.
2tI*

-2tTr2.
| 2tTt t

bddtion ProbabiUiy ?l] <lne to

the unitAry coDditio! (,5s1 = I)

, (3522)

r+2A:\ 2fli, 2tlIt z i'
2!Ii' r+2lI:E 2tTi'z 2"7t"

ztTi,. 2LT;,. | +2tTi.r 2tr["
2L'I:,. 2LI;'. 2lxi 2' 1+':I:;',

(3.5.23)

1000
0r00
0010
0001

(35.24)
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(As nsual, the synbol * is Eed lor comphx @qjne&te.) Th€ I x 2 €lde oI SSr = I
giq tbe foUowilg lelatioD

(3.5.2s)27\\t + 2n rk = -'(T;t - 
"$).

Ou r6ults tur r!, (in daptd 5) shd that T,, i! r€'.1, e T;

€qultty ed eq8.(3.5.13,3.5.U), ih€ €q.(3.5.25) sis

tur"lzrd = o

we lolw th.i I', 10, iheEfote

T"=nnffr. (3 5-2)

N@ to 6lcul,!t€ ihe iDaginsy pad of ?'r, th€ I x I €luot of s.tt : t i,s L.€d

ft€ 1 x I el@ei iE the toll@ios rdtti@

-(r'tit -.Tn + zl|rr-) = t\,IA + zr07i,.

Usilg €q.(3.5.2E) i! eq.3.5.29, w sei

(Ir,tt\)' - It'NIn +"lr7:i2+T\,'Tir =0.

Solvins this eqt6tio! for lmft, * haw

ll

RlTn = 0.

(3.526)

Q.6.n)

(3.5.29)

(3.5.30)

rnr,t = i+ a

=1,

(3.5.31)

(3.5.32)

Nd phe Bhitts €n be ca.lculiied by sinS r€laiion (3.5 20) For ,i = j
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Sin@ 4r = 
"r,.o 

m haw

(3.5.33)



Chapter 4

Quark Dynamics and Gluonic
Excitations in Mesons

ln prcvions clapteF, @.k ia do\o for ner Bsn systerm ircludillc glldiic

acihtions wilhout sDin dd flovour bsi6 w'ih qA trctcurial il qDdraric fonn. NoN,

io hclude tlrc 6pi!, flercu, dd .@l!iic @lloDbic plu lilEr Dorenrial, ve srdy

the simpler Bt6ter! oI o!€ quark a one mti-qudk. For sn.h a sinpter systeD,

* study $'n€ relc\d ch*&tedsti6 lik€ nM. rcor m@ square .adii dd sa{,

tuDctiom ar the origin oI ihe conrentional dd hybri.l ohdtrorirun nmn! througl)

thc nudicdly g@ated $lutions oI 
'Dcrelativisric 

S.luijdinse. .qmtion (.t$ lBl
in rel llel).

In the qudk nodcl, n@!b hare only @rsitr /. qndnua lrdbes. Hcre J is

total dlgDlf non&oiun drd is equal to the 6uD of orbiill aDgdfl noDmtuur

6pi! elgubr monFtu!, i.c

J = L@s - lL- sl....lL+ sl.

'l hc slrbol I, is u€d fo. o.bit l dgxlar mmctrhm dll 5 is u{d for sph ansnlar

oo'neninu ot the qlldrk diiq{ek pair P is tl'c prity of the nhon dd C n usxl

65
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lor chere @ujwatiotr. Th€ patitt (P) ed chese @jusatiotr (C) ae stun bv

c = (-1)*"

(4.0 r)

(4.0.2)

For 5 = 0,1 ud, = 0,1.2,. .,, 6p*tiwly, the pNible JPt statdde 0 +, l--, l+-,

o++ j t++, 2++ j...._. 'ItE sr|!6 with JE = 0+,0 -, 1-+i 2+, 3-+,{+-,... N forbid'

d@ in the qu5!k nodel and de knND d qoti6 (hybrid, slue ball, etc.). Qwtun

ChboodrrMi€ (QCD), d@ibua the int€r&xio! bct'm the q@ls Nd sleoc

field, F€dicts th€ diet@@ of hyMd lrls6 vhich @nldn the qciied slm .6eldt

Thu tor uddstddile of QCD, e ned Elding dpenmentally t6idbl€ pr€dic

tioN of ihe th@ry for situdioE io whi.n th€ gl@nic 6eld b.t9u t quuk od

utiqtrdk is in atr dcit€d stste. Thu hybii& &e d inpodot &ur@ of infomnrior

relst€d to @nfinilg prcpelti6 of QCD, od chetiDg lor exist4.c of byblid n€eG

i5 tEry inporrut objetiE of peticle phrs6. Rcvieh of tle 6petru of dcit€d

sluonic atat€ ce be foutrd i! ref!. 131 1381. R@ntly, 6 rMleo is obs€rwd at

COMPASS 156l sith JPc = l_+. SoFe otho sorps like \aES [57], E352 t581. ud

ihe Crr€tsl B&reI ol$oraiion [59] abo obs.ed the st6t6. PnFicbis ee mrkios

i. sech of \ybdd n6oB dt PEP2 (BABAR) 1601, KEKB (BELLE) [61], Jcffe!&n

Lsb 1621, CLEO,C detAt r i631, &d BESIU der@tar 164, 651.

Thorerically, [ybrid DsN I|rtrs ha@ b@tr predictal Bing difieMt nodels

such u Flu Tube nodel lul, tle l6iti@ sause theory 1661, MIT Bas @del 16?,68],

lhe qNk model sith lxNtirumt slwn t69, 701, Nd QcD sun ru15 rtl.
Usins thc Bo.D-Oppcnlrciner e&i!tsiou, the mrk of tuding implietion of QCD
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for a m6n 6n be split into 6st ciry the !@qic!t lattic€ simul,atioc of QCD

to mit€ down 6 qndk diiquek pote ia.l &rd thm oding this potcntia.l to calcul4te

dymical ihplic6tioB ot the pot€liial. E€u a Mericslly deined pot€ ial cd be

ued in thG *Imq tbi! i! wb't er. Il9l d6. Btrt * *!it€ d snatyricd odobbic

plns linear plur ei<pondtia,lly laling c*pro$ion for ihc doted stat gluonic 6€ld

potmtisl betwn a qnuli dd mtiqlsk Nd 6t its p&M.i&3 to ihc l6ttice daia lor

the dcit€d stat€ slnoDic ficld eoers Dlu€ 8llable in rel lr9l for di..rctc qrEk

h ihis cb6ptd, in stion 4.I beld, ft Mite ihe HMilidie lor tl!' conrentiohal

ueG- TlrcD ft d*ibe tb€ shooibs oethod-ba*d nundicd Prc@lua tD 6td

ihc Mltrtion of the Schrddntger eq{4tion {or @nvdtiotul clalnoDnrn ncsoN Thc

dprGioc @ u*d to lind !],s6 root tr!@ squ@ radii' dd sqwe ol radial qlt

fuuctio$ st ile odsin (la(0)l?) ol corwntiod cr|dnoniu DsF 6re also qittcD

in this section. In ffition 4 2, the Hsniltoniu is wdttcn for hvbrid mM!s, dd tltn

* roto .ll ile nmericsl mrk 6 done nr stion 4 1 tor llvbn& nos

4,1 Characteristics of Conventional Charmonium
Mesons

The Potential Model for Conventional Charmonium Mesons

In the potenti6l nodels, the cofining poietia'l fo! q? svsten nr itr€ sroud 5i6te

glmnic 6eld is mostly us€d iu ihe IorD of lil@ pls 
'oulonbic 

poicltial m td nr

eq.(2.3.11iD clbpter 2. li is a.ls mentio!€rl in clspt'r 2 after eq(2317) ihat tlr

couloBbic lenn is drc to on€ gluod qcl6nse md th€ liDesr tem h li\ed @nfnirg

poidtial U6l. This potoli6l lom pdid6 a good 6t to ihe biticc sinulatioE of
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refs. l?2, ?31. By includins tbe Gsu6siaNm€ded hypdfrre iniq&tion [17] [46] dd

orbital dls ar mon€trtum (or mirifua.l) tm, th€ pot€Dtial of the qi 6tbiem in

the grcud state gl@ic 6eld hlE foll@ilg forD

vb +. +!, +ygt+)'er.,s. s. r ,-*-.1=!.1. 
(4.r.r)rf Yni vt zrr

s s" -;lsrs + r) - s,tt - Ir s(s ' lrl.

S, ed ,tr beilg ihe spin qwtM luab€re ol clEn qnNk ud uinqudk, S is tho

total spin qusttrm nunbe! defined d

a=5"+&.

A6 qusks m spin ; porticle, s S" = q = l. Tbis 6'dts in

S.(S. + l) =.9($ + l): -

^ ^ S(S + r) 3r..;.= ____ 
a

In €q.(4.r.1), & is the 4dued us of qu{k-dtiqnmk, dd b deiDed I
m.aI (4.r.2)

Inou(xrn + :d.rh4mbthettBof .I,n qwk. Tbatoe,

p= i
For tbe d msB, the parmet€E @,, D, ,, 6nd n d€ t6k ! to b€ 0.5461, 0, t425G!V,

1.0946 CeV, sd 1.4796 GeV s lsd in ref. la6l. The qrstuo lub€F (, sd 5)

for sne eNentiolr.l clEnoriM mesDs ee report€d in Table 4.1.
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Trbl. 4 L QlNr M NMbeB ol s@. .Imonium ua)N

L 5
0 0
0 I
I 0
I 1

Charact€ristics of Corventional Charmouium M€sons

A conw ionsl nm! @ be dddibed by the mre tulction of thc bould qwk-

siiquek steic vLich satisffes the Schrddi'tger equ&tion wiih potential ol eq (4 1.1).

Ra.lial sch!6diDser equation with waw lunciio! u(') = 'a(/) is w'itten (n! laiual

vuL + ulE - vvru(tj =o. {4.r3)

Hft n is the radisl mre fuction ed r ii the inlerqwk di6ia!€ E it ilE sm

of kineiic od potmtial of quk-dtnqu{k s}5!en, Nd Vt) is delircd in cq.(a r'r)

md I is dofined in eq.(4.1.2).

In qudk-6ntiqutrk bomd 5i6te, ihe w6w fuctiotr mui s&tisfv ihc bomdev

@ditio'! U(0) = 0 ed u(-) = o Por tbe nmen6l $lution of th€ sduiilins!'

eq@tion for U(r) wiih the potmtisl of cq.(4-1.1)), rc rep€4t€d gcnqated €rcIev A

Iiom -2 !o 2 GeV i! 6t F of 0.1 CcV. For e.ch su.,h hial iDitisl enclgf, w used the

Nestotr heihod l?41 to sl€t, if a!y, the enogy lor whicl the nuDdical $lution

oi Schr6dinge. equstioD for U(r) beom! zorc 6t i.6niry' To obi6nr tlcrc ounericai

solutioG, se @.1 th€ RK n€thod lTtl siih uins mv a,bilrsrv integer Blue of

U'(0). For difleretrt r€l€ or U'(0), ,om.lized slutioE or the sclrddinser equatio!,
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obrsitrpd by muk,pl\.ng lhe mlurrcn uilh 
'0P 

norm6lizs"o!,.-t-, ,@;.
main tle st. The *rg| eigeivslue plB @trstiteli qudk IIIM N t.k@ to

b. ihe .a mmns noss (in !&tual unite) We foDd ihat our !6ulis for conentionar

clddoli@ n@o agr€e {itb the Tabl€ I of ref la6l whicl $u}ports the relhbiftv

of ou nethod. We slso ch€clad tLe @6ittdcv of our Dethod

l)by setiing e 100% ov€rldp offiU od EU {ho@ g is th€ Haniltonid ior q?

2) by c5lcul&ting tbe n6s of the @tr@iioDl n@s listcd i! Tsbl0 4 1 wirh

@r$poding qwtm nunbds by ihe Crank NiclEl&n DGditizatior and findins

th.i llrM obtaiDed by bolh of th€ melhods m idcniic-ci

The Fiss.(4.1'4.4) slow tbe dependene ol t, "r/{, nc, md r. Domalized radial

$ar luciioN oo lLe radist ep{ation t bdm the qNk snd mtiquark' 'rh€

grapbs shq ilat the radial @w fuctioE of r. n.. X", dd 40 nsD lDre the sdne

properti6 s th6i of hydrogen aton !ddi61 @t lunction, i e thcv behsve N r' fo!

sn6tt inier qwk dists6 .nd ilecr* cxpondtisllv at INgE irtq qudk dbtdt@

Figs. (a.14.2) ale ror t = 0, so th* grsphs de sinil6! to 'odrr(-')' 
Fi8s ('{ 3_4 'll

de for I : 1, s th* sraplE te sinild to rl€ip(-r) As tr ntcleas, tlu weve

tulctid\ pet g06 avAy frcD th€ odgi!- Thi! meu that @trt'itugal t'nn 16

nDlc efiects oD Nore fiDctiotr thm thst of the hlperline term One Posible leason

is it'!i s€ ee .lealins {ith h6!T qurl{s e the 1/m? lactot (slowo in eq (1 1 1)) or

the hlTe.ffnc iern b@n6 rerY slbll

The nornDlized saw functioD LI{r) b upd nr ihe tuther calcul&tioN for loot

nM s$N radn dd Qdi6l mw fucli@ at ongir' To 6nd tbc @t ndt $oe
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2.O

1.0

.1 r.s
€

z

frgw 4.l th€ radra. p3rt oi 4 D@n w6F frn'lion ol I

2
rffm)

Fisnrc 4.2: Thr radisl pet of J/', mw ructioD with r6pat to r'
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!,2

1,0

0,

Fisrc 4,3| Ttp r.di.l r{n of lt. m€s uE tulctioo vicb 6p@t to r-

1,4

L,2

1.0

1o.a

o,4

0.2

2
r(fn)

Fig1e 4.4: Th. radi.l P&t of X. mson $w lwtion wlih r6plci to r'



?3

radii of the.. D@rE, R ured ihe fouqitrg rebtion:

(4 r.1)

Th6e ndii @ be ued to find {slN fom t&ioB Fol hr chamonim me6, alons

viih endsy shift5 l4rl dd nas@tic poldiz€biliti6 l4tl.

In rct f6l, for nomali4d w!@ fuciioD

u'(n)= R(0)= v{;v(o) (1.1_51

b @d. Thu th€ dqivative oI U(r) &t r = 0 is crlculeted initially {or cohwniioml

clmoni@ ll@tu to 6!d lA(0)11 dd tnst i5 d*nbed in ihis $iion. lA(0)1,

G scd in msy applicatioG of ligh energ/ ph]€ics such s to cabdote tLe dc.y

oci&lt6 [a2], dsy r 6 la2i. dd diflcmtisl rc stiotu l43l ror qwkodrm

4.2

The

The @rrifugd tem for

is w! icn in reb. I??, 331 6

Characteristics of Hvbrid Charmonium Mesons

Potential Mod€l for Hybrid Charmonium Mesons

the bybnd De3m epleiDs tlB l6t td@ olq.(a.t.r)

LIL+r)-2Lx+<4>
(4.2.1)

qh€re A G the projetid of the tota.l abgrtd mob€ftm J, of the gluodc field.

Th. Btates with ,\ = 0, r,2,3,,.... de uu6lly repqeniot by ihc cap .l grek lettaF

t,n,4,6,... r6petiwly. We m ift€rBt€d in nndiry th€ mN6 sd rmt m@n

squ&e rsdii ol thc hybrid siai6 0+ ,l-+! ed 2+_. ID laiiie siD'lationd, ihe



Trbl€ 4.2: The quMtun nunbeB oI .t hyb.id n6oDs wilh O+-,r-+ 6nd 2+- JN

L
I
2

.5

I
t
I

2

2

otul 8:0.0657212C.V.

siat6 @n b€ senerared hom tL€ n" por€niial. For the lI, pote|lrial, < 4 >= 2 ud
  : 1 1331. Thqerore -2 '+ {4) = 0, & e rihssl hator for the llybrid ns$
i6 L(L + l)/2pr'z. ID rer. l33l ./ = ,@5, P = .(-i)t+^+,, dd C =.,i( 1),+^+r

qilh r,t = +1. ThcreIore piih sMe qudtun nnmbeB (L,S), difrent JPc siat€s

&€ p6ible. Z ud .t for th* hybnd Jre srst6 m sh(m in T6ble 1.2 (s gim i!
rcr. J?81). For the dcil.d pet of qwk eriqwk DoreDrial '/r G u5st i! tlF flu rub€

model [1. Iu tbi chepter, m slio e ihe chaprer 3, anliit; of rh€ forn ,4dp ,"
Ior the excit.d p6rt of ibe qwk antiqusk potential; this uqrz is a smded toror

of qry!. D€tail€d dmipti@ ix slr€ady gire! !! clspter 3 afi€r eq,(J.r.l), siong

I = 1.8139266C€V,

frtted b the lsrtie.bra nstioned rb@. w€ etcutar€d x1(s delin€d nr eq.(3.1 2))

for,4dp ": d.l tr/r, ud foud tnai !h€ r2 for.4f-rl i3 l*r ibd tbar fo. tr/r.

Thi6 mes th&t scit€d srore potebtial in lom or,4qp(- r/r) harc 6 sood aeeen€nt

qiih QCD simulatjons Fgl s omp*ed to tr/r. This nw pot€Drjal forn n 6lEdy

ued in a morc complic.rcd rcrt Eporred in c}.ptq 3, &!d ref. l7ql. Usins rhis, re



75

@ writp rlF q@k dtrquuk DoFd'Dl D ddFd doic sluoni! li,ld

,*'\
4,v(,) = -:!! + D, +

r(! + l) - 211+ <

14.2.2)

Characteristics of Hybrid Charmonium Mesons

Usine the exciied stste Dotentisl of eq. (4.2,2) slong with th€ nb@ nentioned ral-

u€ (6fter cq.(4.2.1)) ofA ad < 4 >, the €!er4/ eised-mlns dd the corepod g

ware t@ciiom e€ foud by 6iog rhe sle tdhniqu€ s emplord for comDtioDAl

hdtu (neDtio!€d in stioh 4.1). The eig@r€iu6 DIu tl'c co!3tftocnt qwk &L

riqurk nlrtss e talctr to b€ the hM of rh. Lybiid msE orcp@dins oi

Table 4.2 lybrid bsN. Then M Donnalizdt rhe eluiioD of S.]trdding€r qruiiotr

and lomd lhe root D@ squde radii oI rle hybrid msom by sins eq.(4.t.4). Tlrc

norodized soluiiore lor chunoDiun lybrid n6om de Craphicolk rcprestred nr

Fis,4.5,46,4.7, lDd,18. In frs.4.5 ed 4.?, tlrc wave function b ptotted by using rlE

exc cd staie lotential ii ihe forh of derp( Arr) sftl by us. Tlrc Fig.,t.6 dd 4.8

5re draM by usng ile qciied siate potoiial h the fod ot r/. of ihe ltM ttrbc

Th* 6su6 slow the saE nrcdotr dep@d@@ oD Z ed S Thd€tore thc

IIrN ed r@t nm sq@c radii ol 0+-. r + ed 2+ ./z s.at6 !.ls dcpen.t on rtr€

qudhrb rmber6 , &rd S. we al$ foud lt?(o)P for hybrid hNN sirl8 cq.(4 1.5).
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Figue 4.5: Eybrid dmoniM !@! rodi.l waE tuctiod for 0+-,1 + sd 2+_ JPc
.t;i6 with L:r, S:r ed dcn€d sluolic ffeld poi@tial in the fom or -aap{-Ar')

3

Fig@ ,t.6: Hybrid cb,mnim n@u r.dial
.rE 6toi€ with L=1. S:l oid qcit€d llumic

sw nDcdd for 0+ ,1 + !d 2'-
6eld potatisl in the fom ot t/t-



FbN !Z Ayhid A."r'-tr'- E !o! iadLl rw tD.rioo tor 0+-,r-+ .!d t-
JFc.r.b r h L = 2, S - r .od.Ei!.d stnic ldd ooa@d.l b rh. bD of
A.{',GBr,\.

I'lsu. a.8: Eybrld daE@lm Desoo rad.l qs herio! fttr 0+-, t-+ ud ?}-
JE .bh. rilb L:2, S-r .d dtr6d rhnlc fdrr Dokdntl b tb brn of./r.



Chapter 5

Results and Conclusions

ln this.lupler, @ults !e reported in tbree s@tios ln the 6Bt 6ation, trasiiion

@plitud!ts. pb@ shifLs, sd ms s[ifts (dern€d abore iD e$(3 5 15.3 5-16.3 5-19.3 5 21)

de rcpoted lor th€ hl$-n@n sysien (ismnns the spiu) six bsis (tbrc fo'

gmmd stare gluodc 6€ld dd the for exciied siat€ gluonic Reld) bv osideriu

the fou sttriic quAlks. Magnitud6 ol ph&e shilts of eq (3 5 19) 6nd sdgv 6hjfts

of eq.(3.5 r0) swraed mr the o CeV to 2 Gev centd or h6s enels/ rese de

a.le report€d for thc grcud stetc ud ekited state gluo c ficld The @npdisors

of grcud dlic Md|s {sssee p[e slift sd mqe'' sLitt) *ith *cn€d s't3le ie

sults are ab n'clnded in ihis setion AJ m€ io!€d il claptd 3 ali€r 4 (3 4 6)

for grcnnd 6tate Sluonic fi€kl, the.eults de indepodent of d(the egl€ b€t{er Rr

md R, & partial wst dalysis dlc oot DNible for Eroud stsrc gluonic ffeld At

ihe eud of fiis li6t wtior pa.tial {ow saltsi! is repofi€d fot meh_nEon sFt€n

phN stlifis (or rcgatit of trmition Amplitode) whe! the sluo c field is in th€

dit€d srate. A3 m€Dtion€d abore in clsPicr 3, stl th* quariitiG N calcnlat€d

78
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sing the Bom Apprditrriio!. E &in€ i! nr = Tz = 0 The Bon 
'pprdindiiotr

viol6t6 the uitdity @ndition ed it w€ @ tLe uiieitv coDditiou, @ 8ot rehtions

.cpoiied in eq6.(3.5.2713 5 31) bet'd ofl-diagpndl ed didgo@l mtrix elmeni3

In stion 2, the Frnrs fo. non-do ?'r re rePorted ftr *ttiou 3 the !6dis lor

nss! rooi tue6n squle radii, 6nd I E(0) r or @nrention'l dd hvbdd clmonium

n@c * reportcd by including ihe s?in dd ihe q@k dvnMi6 slong with gluoo

dy@i6. Bed otr th* r6ults, w€ also include @me pledictioft lor exp'rin€nt6llv

l-R.esults for Meson-Meson Systems in Four Basis

for Static Quarks

1- Tbe pdunet46 slu6 uert in ttc llm€ric5l @rk m wriito in Tdble 5 l'

Here d is tlE siz of m4\ o sd C reldei to d 6 defined abore in dDDtd 2 itr

pea.srdph a.It.! .q.(2 3 18) Thc ptrd€tes d' d' C Fnd e arc discsed il tlP

p&ag.ph .fter eq (2 3.18) The PddclcE '4, 9 n' p &e relaiqj to gtuooic dcit'd

st6t6 disusd aftd eq.(3-r'1) dd €q (3 t 31

2 Thc trmsition dplitude 4r' Ircm one m€$ljnesn sound sislc to other'

ee cslculat€d tt Nine eq (3 5 15) *ith 
'il 

= 0 6 l45l(*ithoft thc iMrDoration ot

gluonic scited ttot6). Its {tepen<loe oD tlle centet of !83 Linetic €n€rlry E drow!

ir Fig.5,1 below As it is noied tlBt -ili? = pna'e dt" is 16 thu r' m the

rdulis sboM th€ validnv ot the Bom alprdjmdtioD thsi ft hs* Md il dupt€r 3

Io r6ult 4 w codpee iue phse shiftd (ir radidE) ol lhis md bodv srouDd statd

gluofc 6€ld Bodel at &, = 0 6 with the DbN shift6 obrdin€d lioo a nodel thdt is
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Tsble 5.1: The M€ler mlG uled ir ihb mrk

C
e

B

1.16 G€V-'
1,4794 CeV
0.048Crv2

0-m36 C€v7'
0.5023 C€V

{.07m CeV!
0-5651CeV

I
0.6 or 1.51

0.18
1.Er9 CeV
0.065? Gela

0.5.(ir
0-u25ce1r'
1.09,16 Gev

st@d€d to gl@nic *citatioB along eilh cbeging *r = 1,6r.

+ Tb€ trMitid mst.ix el€hmt 4r,, 60r ttMiti@ h@ 8rculd 6t*e [o wit d

etste sluolic ff€ld with 4 = 1.51, d€pend o! tbe psa@t€E . or eq.(3.0.6), ed f or

eq.(3r.3). 
",r 

slto &pods oo d (tte algle tld Pr m&ed t n P, &d P! 6dG

with Pd, We r.k pe,@id f d a @trlt !t a dis4uBed @li€r in ch.pt* 3.

Fo.. = 2, w tsk di&r6t EIG of l' to & the efie& of J. d 49. Fig!.5.2

io 5.6 sbd the d€p6der@ of 4? on f st snsle , : 0, 30, 60, ?5 ed 90 d.gB
lep@tiwly. Fo.. = l/2, the d@dde@ ortr on I' at A = 90' i6 6h4r in Fi9.5.7.

And for . = 1, th€ depdd@e of 1i, d f .t , = 9f i! shlm i! Fis.5-8. TLe
g&ph! sh@ iist the ph@ sbift iequaf b -fir) is iDoqiDB wiih tbe incree of



0.t

0.0t

0

4.05

ti.o.t

4.li

4.2

425b 0.5 r

Tc (GeV)

Fisw 5.1: A gspb b€tE!€! eds ard nt foi groud 3t.t€ at t, = 0 6
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ft{cevl

I'Uur 5.2: A ssph b€ttrd @s, ald 4' tL 
' 

= 0" *itb ' = 2 for 
'li&teft 

vdE

"r7. 
i[ 

""fu'J,r' 
a.'" 

" 
t"rl" = 0015. *ith lilo plu Poini' i! ror f =005

*iri ri..Jr- j" = o os,.irh D@ts Lr for /' = 01. Nd tith sreF i! Ior /" = 0 ts
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Tc lcevl

Figlre 5.3: Tbe se srsph * Ftg.5 bui vith d = 30'
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t.5

,t
l-

OJ

I

I! tGeV)

Fisxre 5.4: The @e 8r&ph s F8-5 btrt with d = 60'
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T' lcev)

figure 5.5: TIE sue sr6ph 4 Fig S bnt with 0 = 75'
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T( lcevl

Figue 5.6: Tlte me sr&Pb s Fis 5 but wiih, = 90e



E7

Tc(6€vl

FicN 5 7: A sI.Pb b.twd AESY &d lrl
diE".€d ""16 

of f The (1N f,it! dol! for

fd f = 0.05, {ith utle6 is for f = 0-06! vith

si A : 90' desr6 vith . = 1/2 fol

/ = 0015. sith li@ pla Poirts ir
Doints is fo! f = 0 l' dd with steF
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4 For the coier ol 116 ki&iic auEv rdse 0 to 2 CeV, t[e awrase of th€

nodd6 of phe shifts (dcludi.g 4cited st.t6) is €qud ro -0 0369 radis 6i l|/ =

0.6. B it @ clDnge ibe lslue of &, fton 0 6 to 1 51 dd rl$ inclde th€ dcit€d state

gluolic freld. this a@rase neen-nson ph@ chi{t agun b€con6 (-0 0218 - 0'0152)

udis = -0.0370 radim by choosi4 l' : 0 03 dd , = so" with € = 2 Tbis

nem ilat & sltNll{Gbodv poteliial @dcl @ repl&t to en€ di@i mdv

bo<ty poicniisl ted in a tetra4udk .vst€m bv inclding the glumic c&itaiioG

(ADexaclaMof i{o bodv t€rm mutd requrcd t = f ihougL) In ebow 00218

radis is lhe PI!@ 6hift due to sroun.l staie gtuonic field 6t t/ = l 5r' a'd 00152

r6di&s i5 ihe ph* shift due to Sluolic sotdl stat6

We lBre sl6o 6?lored tbe rslis rii[ ' = l/2 dd ' = t As ( is proportional io

tlrc poientiel notrn ebnents takeu b€tscen ercu 6nd gluonic cxcited stot6' wh€!

tu replee . = 2 siih t = 1/2 or I , il tE no efleci on ?'? and arerage phN 8hi!t

But lor . = ; sitl ilcluioD or Sltodc eitsiioc' nd thc BluG J' = 0-08 md

0 = ?5' 6lDGi r6torc ibe awaae phar sbifts for tr = 1 51 to (-0 0218 - 0 0149)

r6dimd = -0.036? rsdid3 (TLe digni6@& of the fist md Mond ldD is s beforel

For. = l, &t ,. :0 055 md 
' = 90", thc aMaCE phsc shifts lor lt = 15r b@m6

(-0.0218 -0.0150) r6dias = -0'$6arodi@ Tbjs alm6t rEtorsliotr aaoi'r itrdiob

tblt pdhs!6 re cm .lmvs cho@ PNMeiN ot the nwl€l e ihat with dr incluion

o{ the glelic dcitotiom the su-ot tvGbodv poterti6l model con eflectiwlv r€pl@

hoy-body potential teds in e iet'a4@rk s'sim

t Th€ effdts of r!@n_l!@D iutdetiotr qe also ob6dad thrcudr €nde/ 6[ift

by Nins €q (3 5 21) Ha€ ?n = 0 *ith t = 1 2 I" Lr #+dP' * l''* cho*'

El : 5.9176 GeV, ih€ Blu€ of4€!6/ Ior vhich @fter ntnas kineiic eDersv becomeb
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,@. Th€ itrt€mediate e!6s/ sftte 4 depelds d th€ st|te of glDnic 6eld ( l2),l2')

m only posible ststeB that ouple io Il)) For the sluoDic sroud ,ts|e (2)1, 4 =

5-91?6 + 0.3380Pi (cslculsted cibs eq.(3.5.10) Fith P"'(l ) : Pi)i dd for the dcited

st.te sluonic neB (12')), 4 : 5.4638 + 0.3380Pjr, (c.lelsi€d uins {3.5.10) with

Pc11s) = Pi). At t/ = 0.6 ard 6" = 5.91?6 (i.e. ai thc thEhold), ihe shifi io the

sroud state n@n-u@n €!6s" i! found to b€ E, = 4 - 0.7%8 GcV sclndills thc

glmnic qcilstio6. If wilh in@iDg t/ io 1.51 s Bul dd Dcluding tl!€ oupling

to i]& gluonic'€x.ited meen-h€$n sidte, {e wmt to !6iore ihe ssme ercre/ shifis

re @ ger io (with suc oriSiD of tbe 661 md m corEtion rc.tu)

Et: Ef + (-0.0950 0.6371)G€v = Et - o.732rcev

if f = 0.14 is u.ed. Thb 6hoG thst gluoDic d.itatio$ d efdti@ly eph.e d&

IIny tenE fo. ena6/ elifh N @ll. We Nt€ ihat thc cners/ shili is nd€podeni oI

0, the dule b€tren Rr ud R, or Pl Dd P, or P! 6nd P,,. Tlrc en€rB/ shi{ts *e

hsre repo.ied hde @ bc ompat€d with the ha&on-loopss€nersted Ilrs shifts to

chmonjud stat6 repo(ed h Table Ill or re|. [801. Ii tu difrcdt, though, ro onclude

eythnrg froh ihi3 ompdlison s in rct l80l tle niteglsnd coniairb squs..s of the

Datrix eleheni. of the rPo Dmtr d@t mplitud6 shd@ iD our iftegatd! ir

eq.(3.5,21) rcntein sguas oI mon-m@n @npling!. ThG thougl the i emediate

6t6f6 iD both mrk6 de iesp€ti\e hollnn loops qqqi, the biiial dd fina.l !t6ta6 in

d I80l e€ {4 but iD ou srk oitisl od 6nal st!t6 qe als qqrq4. O y tlE slouric-

sited intcmedist€ q4qq- sirt€ (i.€. the lybnd hadronic loop6) is common in thc tm

so!l!. In !6dt 4, ii is noted thai thc drerase pl!@ dhift obtucd (for €: 2) by

a Dodel th3t d@ trot include the glsnic *itatioN i6 cqual to tbc asase Dhe
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sbilt obtrined by includilg gl@ic *itaiioB [o. f = 0.03, bui the derg'' slift

obtai!€d by boih models b@n6 onpd6ble at lo:0-r4 Ole pGibl€ lrs! or

tbn difi€ere in th€ 6lu€ of f could be thst ihe sEage phe shifi b calcdoted

lor the c€!te! of oss kinetic enary ring€ io b€tm 0 GeV to 2 CeV, but dergv

shilt is cdcul6ied 6i ihrdhold @ntq of rGd kinetic enqg]/.

& For the ground shte sluonic fleld, treiiioD mtrix eleDeli3 ac , idelmd@t

But lor ir@itioD €lemts to th€ gluonicqcit€d I|rI$_Dmn sbte depen& d d

We prcjei€d lbjs &sle dep@d@@ @ lphdical b,mdj6 yt'. The Bults of this

pdtial waw esl,tsk ee alo repolted in Fis3. (5.$5 11) for m = 0 {d /' = 0 03 (ihis

lalu€ G ued above in Mult 4). The Een fo! iruncating tbe spberic8l *pMion to

n:0 bdmni6 i! rLAt thst re haw haw !o d€podoe on d, tlle eihuthd dsle

This erlt€C 6hN thar petisl m@ Mplitud6 @ .le|@ing 6 ft go hon the

oefEcieni of fe io ihsi of ro @€6ci€nt i.e. tDn $mE to H-sw. Fies S.S md

5.10 de fo! tbe d€n vare (D,G,...)ratic with s-ware' S/D r6ti6 e slso N€d

h rer. I81, 511. Our enpld shNs tb6t the,S/C ratio b too nuch ld8€ s @npd€d

to the S/t latio. It Des thai S-ware is domi@i orer C-vaw ln Fig 5 11

6tim of odd mG witb 5 mw ue showu. w€ noted ttDt S/It i5 too mcl lars€

d @nps€d to s/P. Tbir.L@ ibli tl,J,. m6 d be o€slcr.d s @dparcd

toS waw, The petidl ware ealt€is indictie th€ p@Da of qD,f'G,ItmG

ody shen re include the sluonic excitatiotr in @nbinotioD vith e@ntbllv su!_

ol-paiRile app!@h. lt m(s tl[i, iu the pr*ne oI gluoDic *itatiom' d I =
O. r,2,3,... ground 6tate lmFne$n st€tq my @uple to I = 0.1.2'3, hvbdd

bybrid s'6lfE s o Dl,6Eedi c dtti6 or a li!!i sr3l6
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5.9: A gr.ph bei@ ?: ad,9/D rotio.
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Fisule 5 10; A $oph betretr ?: dd S/C dtio
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400,000

100,0m

200,000

r0om0

Figw 5.11: A grapb betNen
ihi! $lid line i! for ,9/4. dnd
4 compuied io s/ll that ihe

T" 8d Sl P, Sl F, S / E rcti6. Dshed liDe is for S/P,
thi& slid line i! ror 5/Il. s/P and S/a m s smll
cuNs fof S/P ed S/a d€ lio slons hodzontat did
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2- Diagonal elements (71 or Tzz) and unitarity con-

dition

& n, = ?r, $ the Eulrs plat€d to i-1si"".y pdt of 4r e repon€d here. The

sm€ r6ul$ w be fo! ?,1.

1' The real !d of n, = 0 N srm sb@ h chsptd 3 in cq (3 5 2?)) To calculat€

the inagina.y pari of"rr, eq.(3.5.31)iB ued For the sluonic 6€ld grcud eiete'

th€ bsis st3i6 M 1), | 2). e n' is arc (6 | 2') trot dbt lor 8roud siat€ slsni.

neD). TlErefore, eq.(3.5.31) ftdue io

(5.0.r)

Hme lor grcuDd el6t€ el&nic tield 
"r' 

depeD.ls onlv or 4,. 42 i5 calcuhted bv usins

€q (3 5 15) with q = 0.6 l45l(withoui ihe inorporstiotr of gluornc dcitel 3t3i6)

S$6ritutins th€ Eult6 for n, i! 6bm€q (5 0 1), w calcnlsied 
",,. 

Eq (5 0 1) 3hs

ihat for e!.h wlue of @t4 of lrN kineiic €Ms'' (?:), In"L, !6 tro diffeEnt

Gultsr obtain€d by Bns the €q.(5.0 I) in the fo.n of

(5.0.2)

=;.;

1t
= t+t

1l
22

it

depddeoe of i-rg'""'Y tet
relrtioh giwn h sq,(5.0.2) 6nd

of 4 r on enr€r of ll$ titutn:

F8.5.13 shou the dep€nd€nre

(5.0.3)

- 47,Ii,.
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t
E
E

1.00

0.99

038

0J7

0.95

T.lG€V)

FiguE 5.I2: a graph beh*en endgy dd ima€ildy pmt ot 
"!r 

for srcurd state

obiaiftd by cing the r€lstiotr AiEn in eq.(5.0.2)
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0,05

3 o.o3

F o.o2

0.01

1.0

r. {G.v)

Fi8ure 5,13: The sm€ grsph s Fig.5.l2 but obtailed by silg ihe iel&tior giEn in
€q.(5.0.3)

2,00.5
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of iDlginary pdi ot 41 oD .enter of m6 kiDetic en€rgy by uiry the r€lsiiod giren

ir eq.{5.0.3) ro! srcund 3t.t, !l@ic 6eld.

2- Wit! the inorpor.tion of *cited stote glmni. 6eld, k/ cbogd IDD 0.6 to

1.51, 6 di,.rilsal in @tiob I of tLi. clispter. Now aiDs eq.(3.5.31) in ihe to& oI

ll
= t+t

ll
22

| - 4Tt2Ti, - 4Tv-1i. ,

L - 4TnTi, - 4Tt2.T;2. ,

(5.0.4)

(5.0.5)

irDginary pdi of nr is c.lculd€d. Fig.5,l4 6hN tb€ relntion betm cdtet of

DN kiDdic ene€/ dd thi6 inagi@ry Ddt of nr by itrclDditrg lhe excit€d si3te

gluoDic field. Fig.5.rb sh@e the Dlstion betwetr cent€r of oN kinetic m€rg'' ed

iE!o!!ry pdt of 
"r 

with

& Th€ ph@ shift is calculai€d for th€ dit€pn l €leMi ol the irsitiotr m.trix, ?lr

by usitrg the relsliom nitieD D eqs (3 5,32,3 5 33) Fo! tLe @!tc! of ns ldletic

€n€.g rdge 0 to 2 GeV, the.E .ge of the ood' u ot phe sbitu (erchdiry eit€d

dtltd) is €qul to -0 0068/ ladiu dt k/ = 0.6 Btrt if re clans€ ihe r€lu€ of &/ fton

0.6 to 1.5r &rd 6lso ilctud€ ibe excit€d stst€ gluonic ne|d, the N€r6ge m@n_nen

phe shift again bom6 -0.m6s, radi@ tv cbdils l' :00258 dd 
' 

= 90"

wiil c : 2 This ned6 ihal a strn_oli@bodv poteniid nodel cd replre io eDe

ext€ many-body potdtiat i€G a t traqtrdt s'5t€m ht incltdiog ihc glDDic

dcii&tio$ e@ iI w mt
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L00

" 0.95

ti 0.90

: 0.!)

i
E o.8o

0.75

0.5 t.0 1.5 :.0

Tc lcevl

Figu€ 5.14: s graph bet'@ eu€rSy &d in giuy p&l of nr tor trit€d st3te

sluonic ffdd obtaircd by eq.(5.0.4)
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0.10

_0.?5

; o20

F",,

0.05

r. (c.v)

Figm 5.15: The slm gtsph 6 itr Fi8.5 14 bui obtaD€d bv eq (5 0 5)
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3- Properties of charmonium Hybrid mesons

In aI sbow 6ul|s eEects of glmdc *itaiioN ue stu<tied tor m@!-D@tr sjste6

lor ststic qull with Gflarcu by tugl4ting the spin Nd followils rKlts @

obisined by in@rpo.atins the spin ud qsrl6 dy!@i6 in a reen t$tem compoe<l

of qtrdk autlquek baviog c fltrcur.

I Ou colct .ied lN Nd rcot nee sqle rtdii for @nwntioml clemo

nim b@E ob!6i!.d by $lvitrs ihc eq.(4.ri) with poteotid wriii€u i! eq (4 1.1)

m repo.t€d in TAble 5.2 dd 5.3 along wirh tbe €xpdim€Didl ed thoreti@l pre

.lictiom of the oth€r mrk' We obBerwd tbst ou r€tults 6!c in good 68ren€rt

wiih th€ dpelimelta.l s sisting th@Btically predict€d ltluee, which shows the

lslidity of ou m€thod. Queiu IMheic.lln {ho L itrdeds @ntdfugal barn€r

inre & pdticld b€@e 16 b@d iEpliDs imreas€d mt m@r sque radii

Ou calcdai€d r@i nm squN radii & n! agrment with ihis dp@tetion-

2- With the ptranet€s (eiren in Table 5a) for the o+-il + ed 2+ JP'

si6ies, ngs trld root neu squs€ radii @ olculsted lor the chatmolim hv_

bnd nmE. In Table 5 4, das of cldnonim hvbnd mMn e olcnl8i€d for

J{ st3r6 0+-,1-+ dd 2+- usi!8 rhc qcir€d st.re glmri. lield pordtial in the

{m ol4dp(-B") ud '/r. In Tsble s5, rmt n@ s$ue r.dii ae cdcuhted

by ta!i4 ihe qcited st6te PotcDtial in the fom oL4 dp( A'1 dd tr/' For @!!

puisD with eslier vor}l, m@s ol.a l\vbrid n6oN wiih O+-i 1-+ aDd 2+ Jtd

stet6 d€ rcpo*cd i! Table 5.6.

'Fo. 
@n*nti@sl D@8, U!(0)l' i! Epori€d in Tsbles.T ln(0)lz ol d hvbnd

I!@s for 0+-,I-+ Nd 2+ .1re t!.i6 is equal to *rc bv ou calcdalion dd



Tsble 5.2: Th€ erT€nrelt€r
The qp€rimeot6l ns is ihe ekrase PDG [46] od
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of s'ne .l)8nnoninr n@n
rcunded to 0,000r CeV OU!

L s rtd trr6 146l

0 0 2.9816 2.942 2-9?92+0.0013 146l

0 3.09m 3.090 3.09687 + 0,00004 [46

0 3.$r56 3 516 3 525 + 0 00055 fiol
I 3 5246 3.556 t55018 + o.ooor3 l82l

Ilble 5 3: TM lheeticsl rcot md sqwe mdii of chm'oni

L s
t')

rbd. (") I83l

0 0.365 0348
0414 0.!04

0 0.674 0.602

I 0.685 0.606

L ,5 <[i>

2
2

4.0619
4.1433

4.3571
4.4632
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Ou! catculoted root m€d squde r6dii of.E hvbid msn 0r , i ' md

ediclioB oI1 +,0+-, sd 2+- stat6Thble 5.6; Th

this sulr rgrd wiih &f. M wbich niie "modeb of hvbrid! tvpicallv €rT€t ihe

wsw tunctio! st ihe origi! to wish', W€ noted that l\vbnd 
'MoBs 

IEs de

ge$s dd radii ee l@r when ur€ *ited Potmtia.l i. in the fonn oI t/r instead of

,4.ll)( B.?). we al$ Dot€d that the ntr* ed rmi nee 6qle radn ofthe hxbrid

Drm N sMi€r thu orditrey|rlF6ol6l@ 6abu ed qu$tm Nnbs Sitr@

0+-j r +, 2+ stat6 m not pcible witl qwL oodel quantum !unb6, $ @ N
not conpa@ tb6e JPd shtet tith conwutiolal m6om

5.1 Conclusions

In tbn tL6is th€ gluodc qcit.iios e s1ldjed

1) by mgl*iing ibe spn md uing the qu6dratic potential sPprqimtion for

L s <r;>

2

I I 2
2

1.258
1.3203

1.1061

1.ruo

Prdrtd I|rM (Cev)
2+

: 3.9 [851
4.24.5 186

a.Ie+ s!,s.,rrd 18fl 166l
4.7 I89l

:4.5 lE€l
4.58 [89]

" 4 I88l

4,1-4,5
!.369 - 4.420 190, 91, 921 4.714152) l92l 4.395(88) [931
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Table 5.7r la(o)lz or.. |mn

L 5 m predicted aoroulzd n(o)f

0 0 1.9767

0 1.10865

I 0

I 10-

osn-mmn s]6tem, ud

2) by htrcducins spin ed uing the ralietic @ulonbic pls lDd pot€rtial for

The uddstsdins of gluoic qol.iioE is !€l,erv to elw the nFterie€ ol

bsdbD spetrcpy. To udmt&d th€ qwk dchNge effets in m@Fmn svs

tec (o nulii{wk syst€M), @ haE u*d s QCD ba*d pot€Dti6l nodel We {*d

a potfliirl Dodel matrix i! fou bqis *hic! ar q@k leEl i5 Llom to puide I gmd

6t to Il|llMi@l sim stioM of s qpqa d)BtnD id pw gluotrjc ihmrv fd stdtic qwts

i! a s.letion of g@metri6. Th€n w law usd d folnalis 61 Hnating grcup

trEthod md Bom appuimotioD to siudv the itrieretiou oI m€D ddn svst@

havine dynMics r€sulting through qudk qcldgB effsis cing s6re tunctioB of a

qd poiatiai within s clut€r' The applqtu&tioN scd i! cbapi4 3 de nmtioned

in 6eciion 3.2. The p6!@ete!s u*d in thi. wrk 6!e beltioDed i. Tabl€ 5 r'

As nmtioted obore in r€suli5 4 & 5 in section l, re @DpN

trNitio! upliiudG 5nd poleiation poieuiial6 (in tbe rdpecti€ 
'eder 

ol dB

odsr re\g6) iD an *t.nded slhdi eum-of'Pdr-tis 6pPrcd'b dd ' nanv bodv-

tem ba*<l ore. Appently this obpdi$n h@ M! 6 qusliiatit difi€mc ir (e
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of the tr@ition anplitudd (n, md fi, which have d d€pendme o! the @iieriDs

dsle (ndi.s @uplins to P md Uighd oibitd qcnrdoE in the 6$l cldncl) ir

e @ sluonic qcitation io @nbnBiioD wiih eentialtv sm-olp6ir_wis appo&b

(c& re Fies.(5.2-5.6)) bul re s€t th€ sMe trmiliotr mpliiud.Ior a.ll the *ltcrins

dgl€6 if w @ r my-body pot€trtiol lidins srcud{bt€ du'teb oDlv But 3

recelt Mrk l32l indicate that the absence of mgle dcpendence i3 dr *tifaci oI the

djuiiied @rly simDle fom of th€ cluo.ic @rbP fetor t (d€lin€d in eq (2 3 2));

uing s prcp€r l&itieBatrge th@ry ba*d ford ol .f (dcnn€d in cq (2 3 1)) als sults

in this 6ngle dcp€nddce &d the lesdting @npling to hish€r orbitdl *citations'

The 6di€ sh@ed ihai,Ior srcud tilte b6is, ih€ asas€ phe sbift dd 3reF

sgc eneqy shitl de deoding with the increN of p6r@€ter l/ But s€ hclud€

tlr qciled eisi6 bsi6, ih€tr, by the prcper adjcimeni ot pdanc|ar fi rc cou

pqEied the deree in swrss€ Dh@ 6hift ed .wrage €M6/ sltift This meds

tlut et /i/ = 1 tl, iho intcr&iio! b€tm0n grourd stai6 de'rea4{t drd thG d(r'@

is @op€mt€d by the incor?oratiotr of..icited siai6

The noen{@n to hybrid-hybrid oupling mrkql out nr tlft th6is nav aflect

prop€rti6 ol Nry sJ€i€n lh6t is p!@ lv ud€r6t@d |o be s p{lelv sroud{i6t€

m@!-mmn st€t€m. Thi! nes, in addition to ihe crcrsr' sbift of llE n@nindn

'nolccul€s 
due to .onpli4 ro hvbndivbtid sy6t@q Doiltins oui the posil'ilitv or

a hybn{Lhybrid @npon€nt i! the mw fuctio4 of n)es li}e X(38?2)' X(3940)'

v(a260), md Z(4-{33) qhich arc co6idcred io hsE q'f @npoDents And in ihc

abow paragrdph, we indioie th.t thi6 oupline nsv a'lso ilcludc dudnrs to olbita'l

dciistios. TIN m hope to Poinl olt a rcw dineNion in di*sio6 about the

shucture of lcale nsm s reu
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wlm *e @n@trsted on s 4O p6ir but tith sDi4 6!rcu., ed relistic qusrl

6ntlqumk potelii6l in clapter 4, re coocluded that spin angulnr dgrl& norcntu

h!re kry little efl4is on the |N ud di4 of Dsn d @FpN€d to orbii6l $gtnd

mn€otm. It i! abo @!dD&d thal vith ih€ ilrlrlte of o.bit.l atgul* notr@tu.

ibe si@ ed n6 of the |rr@n inc.ease. We sl& not€d that hvbnd

de gre&td md radii de l@r whd the qcited potentiel ie in the fom of t/r
iBtead ol,4€l,(-Br'). we aje loted thsi ihe llr!€g sd rcot ned 6qnde rddii

of ihe hybrid msB e 8.eata the ordirFy trrs$ of se€ fl.su dd q@tM

As scald lom fetoB laol md €nerry 6hift€ [41] e prcpoltional to squd€ of !@t

n€{ sqlre radii dd nsgleli. poleirabiliiio [41] de PrcportioDsl to oesatiw or

squN of Mi u]@ dql@ mdii, w pr€dict tlat m4uiude of thd q@titi6 fo.

rybn& d€ grc.la the th@ fo. @lwuiioDsl m{3s of the m quante lubeB

wc 6ls rcied thdt lr9(0) '?:o in c@ of hybrid nmB. Usirs this Buli, w€ c&

predici tlai desy comimts 1421, d@oy r6i6 [42], ed diflercniiar cc ffiion, (a3l

of hybrid mdE e *b s tb* q@titi6 @ prcporiionsl io lE(o)l:.
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In this thetit s€ @ th€ @lour bsis srretr thtough eqs (2 1 2,3 0 r) In ile

notatior oI App€ndix C of ref l22l, the diquek-didiiqudk sr3ten hare colou bsr

l3u3!), l6p5ri) sd m@Fmetr s'€r4n b!re @lou bs6 (lhl.')'l8F8,t) or

(1,.1*),l81iS,.)). IIere 13D3ts) repr€dte ihat qwks I ed 2 ste in dti'unmetiic

.€pr*trtstion 3 of SU(3), &d etiqndkl 3 snd 4 se in utiG]dneiric reprse ation

3 oI su(3). we @ thc m@!-lilc b@ st.t6 (l3r,3s).l1,i1a). F,r&r),le'rci)

TIee are sritten in tenns of the ortlononnal diqwk'dimiiqrt bsis in ApPeldix

n,'a"r = fin"ar* t,4ro"o.r,

1,,rr,l = fir,,t"l* firu"r'1,

1r,,r,n1 : fi1,,,,r1 - fi p,,t"1,

',a,"t 
= \[tt,.,"r * \A t,,r,.r'

To €bdste ih€ trD$ix etdeots or the F, 4 opsstoE (nltoduc€d 
'boE 

i! ar'(3 0 6)) '

fo! difident ldueB of indic4 t md j, the lesults giren in the Appcndix C oI ret l22l

&€ tr*d olorg wiih ihe aboE eqs {5 l t-5 1 a) md Iolloeins gouP ihorv r6ults

(5.1.1)

(5.1.2)

{5.r.3)

(5.1.4)
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(8tr8,rlFnF,l8t!8,r)

The Dltrix €le!@b of the ,i.4 opdotolt e

I
6

.ol

A5 nitto iD 6rpie 2 ihrr the glMb c.t | *)' it t d!t! 3pprdt hioS to @l,u

d.!e | *). i! ii. I@ii of qwl eti{ut ..t ratid .pFE hing lo 4m

4.ri
F,.Ii
4.&
&.r!
&.fl
fr'4

D"-"Al

(5.r.5)

(5.1.6)

0

0

0

0

Jrl

nll

F .Fz

4.&
Fi.4
h.Fs

Fx Ft

a.&
I.,.4
Ft.Ft

Ir.Fr

&fr

4.4
4.Fr

4.4

fr.r,
I't.&

Fz Ft

(5.1.7)

_J_

ta
-2_

-m
-ia
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.€l

F,.Ft

F,.A
f Ft
Fz.Ft

Fz.lt

&.Ft

l3). =. (rl

(5.1'E)

(r.r.e)

(5.1.r0)

(rr.rr)

0

0

0

0

d2l

FtFt
I'.f!
4.4
Fz.Ft

$.Ft
&.Ft

4.Fz
r'.r!

&,Ft

;it

fr
-+

t1t

"(21

4.Fz
fift
4rr
&.Ft
a.!i
4f.
ftJ,
A.r!
4.rr

PzIt
&.4

-ft
-&

-l-
_lr
--r-
-J-
#
{.
{-
J-

-J-



.(r'l

Fr'Fx

rr'Ir

az.f!

4.F,

_!

__!-

!9

ll0

(5.1.12)

(5.1.13)
"01

.<Tl (5.1.14)

The sluolc atat€ | a)' b den!€d s 6 slde 6pprc&&ir€ to @lour sttie | &). in th€

llnit of qudk dti q@k *pdatio! ePproa.ling to 4ro

fr.4

_!

_!
_z
_!
_!.

_1

r'!.,r
r'.rl
Fr.Ft

Fz Ft

Fz Ft
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D).namical ImplicationB of Cluonic Excitations in
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@ J..r r . 00 . lLoM.n As.ro and for, _ l,h. d.P"ud,nu or /ir o f , 0 _ 00 n "[*,';rurL rkFpb d@ dn d{ ptle.hjfi (qd 6 - 7D.r 6 rroq e,! e ll]lfuor./.
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APPENDIX B
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Wave Ftnciion Based Characteristics of Hybrid Mesons
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Wave function-bas€d charactedstics of hyMd mesons

ccih tu E.! && P!'.q uDq&y de h!j.r 
'& 

(ffi). Ptfu

R.ddrr@0r/Ild6srqeru
o &fu t'.tlu d rLF / srl4 vql{ tr I

baqr@!d!c|hhFd'6t'ks'b|albdu
udada6, inDutrirdcluh

fu|LnEtlDq!'d'eFdd!'d.|@Ifob
elrq!d&!uoefu4}4u{

h&.hdliEoqb'c8[N6edree6'
rd bbd tu*"- -i; *--,e

ts6|didlyoddBsa&illrllfu!pd|d

,d|dtti6.eg@dqj&buddl|trd'doD*ddMjodLy&e

^ 
Drbq of h.doD Fe.rc m Eu deibcd by

$c oul Dodd 'la. 'ns! 
h qldd rubdr

J = i 6s. P=(-OH iod.= {-rl4s, ! rdsb+
tu lho qdM ombr. ft. ft qu,*drqNl dni.l
|m|I'lolE'uodlbddod!!4i{!c!E
i;, Gpd,ary llr s'6 qd rE - or .'',rr-
lrd the los' bq h,bn& io ih. du trb. eodcr)
.r nd b. ftr,Ded ftm r qq pd ed h.E c rcr.1.
loud ln ihe qu.* ood€I. rbe d6 r. 3i4.1, hr
.siic h@6 (irbnd4 3lreb6n:, €k). Qtuiu ob
ho4Fmb (acD), ddbug 

'ha 
iJlbftrion h.tur

qunk3 nd *Luon! oeld pEdift tb. d*@a or \ybid
n6fuofuiijailmgoidgt@futsld.Thuldh'
ddrirdiq qcD, w o!.d b 6Dd 4diDoi'lry Et.bh
pr.didbr of ih€ ilq Io! dtutbd h i.h ih. rlu.
mic fldd bdlg ! qEt 8nd 0 uihuk tu h u d.
.ir.d @ Ttu bybri& E & i4!.d &'n or d
,odrid aLrd b tr. @6!tu lryltd olecD, &d
dr-rntr h.lhctudfhrb| wnlq iG
Ftd objdiE ol F.ri.h pladi Rdrj d Lt ae
hn oI tt! drd deE 16 cu bc ft'Dd h nr. Ill
Rdlly. . re h ohdQd d cow ss I2l rtt
JF = r -r. soc otb gr4 ure vEs Isl E362 16-

'01, 
rd ri. c4d.r 8a:d cdb'Ndh lrtl 't oh.

.cnd]fuhrrFle'c6

Ui!! tb. IboFfai.ic qrrd, .r. wk .f
tudnu ilddd or QcD to. r ffi d b. dn itu
tu !e t[. lllmior tu rdrldm orocD b 6L

F@oI|qsL'6iqd(Fdir|uddgE
iq dn Fd,.r b arcdd tu drtddr bdiorin.
66 r lffiio||y dd&d .tui'i @ b. ulcd io e
!.h!8, ! b Eft. h2,r3l. lk tuk u em Dd.F
d.bbr!. * h*rid h.s rld h udid pob.brljrv
c|'tr (bni 9|4D! @ qa tu tudim @bd *
e) \trd w rdd id lhis wk is ibi !4 * !ugt& i
ombd dr n irti..l l'iFd@ fd ih€ dcltod n.h 3lu.
oirc &rd D@.id bM 6 qwr .d dhudk ed ii
ibskFr@kblhehliied$'ortb.sdidddd.
dhd .uk dsrtc to d sq Blus adlrbr€ in rcr' Ilrl

nod.dfuh|6cbbs&edd|haI'l.dUdi.
ddy hlrirs lw ^.tr tutiooal mr a.h 'd.l hr ln
filtu. w. c ibis an t ot pddrh t irdic.h .uiG

Mial qidldb of @Effirddr fe'bodyuw
freb rh@ r orqidr @tudr q be ds
lda poblor Ou tln Ln oI dilq'N d ork .ffi

dqGcdu!trbclld{do.bdio@rjhbddE
lb.oEfucub.ody!!rE{dly'!o.dbllilbdk'
^nfui4kpdalebd!Eqfui@|
ii6d.!dt'blrdmD!@Eii,id'qneof'.dij
n€ ftidld d tb ddn. w.&!i!u riu ftdhl rn.



fublll@Prqdjt,d^

b dc. Eedld i d lrq h .[l bdsh o. rne i'.k
htt.ptu*D@.E4lyN.ds@b&-

ndmDau'A!latub&ofdjdlri4lbai'iG
dokd h nr. l'41 a

"Thebd,stl@loihylrjdl*d'@ybldol16
rhl ,D dd 3E dEL; sDd'srv "

dmM.r@rhGlenid.cdudic'|[ljlg
Frdi.jEodbelE|h.sd,6djqEquloDIIIF
i6ltyh'EiarLc@tEaddin!qdr!ubq'of
rhetrld'TonudybJl,'id4w4dfuoudd
Ddion€d [' m. i] FYon the dheiclrLy lound vlE
hfdiNuqhndeihgrcdn.jqlendii,aa
d {& L+ u.d ,o 6!,r *{d rod ren lr5l rd dr
tuim iED, &4;r! add dft F6l ud D}
d Dddrhi.i4 ltq
li€didiou tl@r iL6. qdilid fo! o4dd d

ffii.,t tdud dr que or aljd sE lfu@ * tu
msi (ln(O r), qtu @ b. uod E c.lculft th( dG
6r @u'sd l'71 d@y rblLl
dbu lul tor @L"un dr}. !rc Pddbd ei
ih*dsln!.&.1& EFd.d ft. orotd d W-

h d. 2 b*r, a dk th. tuDntu h< rL. ots

b8dn!rui.lrEarbfnd|h'nhfuo|ftn.
djrl sdddt@ qu'iid in emdihlr d!@odim

dr 0n(o)trloiqrcr@n dl|moaiu ltl€@e&

tql a do.r n d.2 ix bdrin n. ftt ddd

R(0) z dr dmtbnd sd hyrdd neos c s{Hl l"

sbdd.dbqFlrd.l|'Edu.&(@dd6'

2 Cfidcrditic. of cqigtlmd ctatd'd

b rh! dati.r 0dd5. ,!l d6!i4 Fd e a{
$b to d.!,Wdtu du* frdd i. db ud Ii

silh bb+dk di*u€ r. {@, 4/3 ! dE b de
e|ouldd'alhrh.q'Nl3lt'otr.oup]h4.,i81h9

Ed 
'oD 

. ib! riid €q6!i4 F,@!ii lrq. rir pdo.
.irl'{4Fdi.rloodtr|b&blld'!!ul!ed
cb. 1421. Br lr.ludLg .h. c.ui.!.!td ttF
6!. i!i!u6@ l23l ud th. 4ud.&!!E-r@4ru
(0 @di4d) laI, .b. pddd or rln aO st@ 6

4": k +3+ ht\&)

Brdi€r e D nr. l23l rie qlduq nmL.E 6n rh.
tubJdemiu'ffiEdoo.!turudul'

r{ot!'fuiggcueddbdi'|t.tefu
s.bt6diuq @im iL! e 

'ffid 
.r q (2) r!€

ndir sd'.d;p c@m rtb tr 6de ui'l =
rt(r) i3 rifro (i! du.r ue) u

e,uk)+tllD v(rDun) =0. {3)

ItlG .(r) ii rI. Bi! 'aE frrdd, r i' dB hrsqur
dhrlE'it[.{uf|b!lddtihdpddid@
of rr.auk-ud@r rtu, edv(r).nd/ eddd
.h.hnlll q. (r).

rb nd sti.t th. boDdq @dnbu t(0) = 0 ed
Uldl = 0. Fd ih. DudcJ soluhd' or rh€ sd,6dhFr
quhoo -rh 

'rre 
pkdBrorq (r) 4 rop.der\ sFr

ddhod lal b !dd. ii q. rb @a6' for effi ft
oudql,,trli@ofth.s&6diqFqltt@lt!'e
u,.d rr. Rft dbod I,5l id Glg q -dtq d
F rde ollloJ ra d,fi.@ d'6dlLr10),!lrd'
lud'oruluord(sch^diaq."@|4,'bt.".dby
nur6p1t4 tb! *tdioD drh .le M udbtr &Gbr
l-J..:) Fiuh 'l[ s.m
Edsl:Drnuol{Br,qmfl|b'oFca
rrdE!r|5(qdddb)

1!51 
' 

or d. l,3l. mr e@tu ih. dr.hilnv of d



ffidl'HlEE

I Clr.hdsidc. ot hybdd chanonlm

'Irr pdijd tud.l ,r hrntn .n nsnrm

'llE€dftcnfu@b(eL'dIFri!nifuh

Pa. r, r d F6d4 r/{,,!, d L |lEI ft
tuh. drh"d 16 @ d. J/d *s idh. e
@l4reNfulb|.'!€nldh{nllfuqEgi

nthod ws &o d.dd tb. €dirbd qr lry e!h.d
br r) sdtu! . r00* 6lre or tr ,Iu .d EU ud 2)
br dotuns d. E|E or !h. drut'n|l ldr by
1ie €tu!-Nid.&d Didtu &d sndia t[* itf
il'6 obr.jn d by bolr rh. drsd! c iddiEl Fb-
r 1 rhm ih! d.pad@E or,, 4/, rr., .id i. lltmn-
iz€d ndlJ mE tudcdm d ihe ndlil @iim r. nr
qMrm dEb-! (! ud 5) hr .ba Fniol€3 u dh
bcror itr khL s. Tn@ sq$5 !h@ rh.r .h. ldin nE
6frd df 4, t., t., rDd J/V be cr|.n D'w!b I
.hG. ol!1. hdr.lE tu did w tud6q i4 .he
lt& ! r! tu mI @cur dir6.!d d.!n
@diilty{1.4.i!t.4u*di'@'fu&|id.!d
drshsd lire s.rh. m fr( , = 0, e ib* sa!h! @
Bbn& b /.D(-fl rhi* Bolid lirE .d Flb N 6r
, = l, e rhe Fiphi ft dbnd 6 rre{i). ai I
tuIla rh. nE ildimt F* &6 rq n@ thc
di.il rnir ru .bi $e @rrltug.l l.fu L[ ,ft cl-
6d @ ri. nE ftnltm .ba oM. Vpcre ldn oa
Fdrhl.lm!i.th'Ecddliun6kqgk.
$ !h.1/'{ ne (r}dn i q. (r)) ofli. \F6m ldb

Th! ffidi'.d ns nlctio! @ u!.d h th! ndhq

mE ludLd3 ai ih! de!. To did .b. d 
''16 

que
di ol tbc d led, a u!€d ih. tollo'& rcLrim:

(.)

(5)

rn ftr l5l, tu oduri!€d rM tuodrd

------,,7-
fbd. ,1 b !r. 9l.tdh. o{ .be brd isir! id4
b r, o.1h. dunr [dd. tu ne n|h , - 0, r,2,
I. .. c ds[, 

't?.a!.d 
br .b. 6sibl 

''crt 
k 6

r, 4!,4 , EF!i!dr. w. e i!b*.d i! i!db3

'[.bm',ddDdaunr,djjord.hybdd,e0r-.1-r ud 2+-. n@ d*E @ e F6i!d 6@
!h. t" Ddd Fbl rh. rI. Fr4id (J"i, - 2 sd
,1 - r Pal. rmhru -1,r: + (J?) = 0, s .ri .oriruga
ie tu th. \add tMB b ,(r + r)/rn/. rtr nr l$l
J = r,6s, P = n-r)!.r'r, 'Id 

c = zr(-Dbi+s

bd. (r, s), djsaar Jrc !c E po.dbL , ud s ir
lbc b,trid Jrc .e e lboE i hnh 6 (a liH
i! 'd lrD. Fd rh. ddLd Fi of tbe quik di@&L
Fdid 't i!' uld ii .he iq rube mdd 1301. rbjs
lonD oI diadq dHry L d'ly $lid ri hs. i a@L
drl.rc. In @nFi:.o, w suFi .d &luE t[e q.
.ikd Dtud @6/ rtr lb's rhih e r.lld h. ,!.ller
dtG s ldr Fd $n FIIIF, r 3d n. plbd
.uE,6tuq GJ btu e{rd ud adrd M
i, i!. 3 or t€r. It4, &d €r.urar I drr r nt 

'v 
('/r,

,.( x dp(-Br), .r i 6p(-rlre), : +.{ x dp(-al),
lrd ; + , ! 4(-rffr) ol dBdd hr itln! p|roe
.E {pdiqB h dh .Er! DtffiidnLi x? l, d.6oc{

r, - ::-, 
(jt-_ v!l' )i 

,

't!h 
| = 1.2,3,...,3 bd4 rhe nor!.r of d.r !oi!b

d@ v!(r) b ! rodd o{ ih. pd@trr @ry d'fi@e
b.tu rb Fud ed .:clisd dai€. v. ti.d

vl.)=:+i xqd-rd,ad
vld-: +.{ x dD{-rt)
me FaeE ,1,4,c, ed l

lrq 1rB @ddi (v,(r) mlh the
d.r dr nl. l12l ed qd€d h
.!drealloNpd.dbi'bh
f(oEha or d.! Fid) d r =

,[,",-

u(rldr-0 i! ErqLld btud lx(o)l'. |r{on' iud
h ry !,plldbBoththq/ D\dG u dm.d ft i Dtd.td l}. 1 for 4r L s& tla d

4hTp&dJdl',Ecfdr,Fguz'llo@nriq
n$#,



i

fu EWd Ph'lOJ J@J 
^

;..rd'*P'*.Fd'b&rtutud ra
dddb@rbFdddfr'tl9odl; u!

@larJd|dbErdteF60oll:lEr^'
4;'&!'Fr d 4uxr Fu Eltqdn 'e @q
;; ittu* i -rr-ri)

!e di. k dtrrrt td@ d ,c@dd dflEe 'b!b, !1" ge 6"iry lh t' dte..Eutu
@cDordtid (, oP(-Bl)) n blN i, dr EF
Ltuqlldk itr@ r'dpl-alrrrmdd rmot
@.dmrhslredmr' Ftl rFF'Arr
u:--to.mtr^-pl 3/)) bs d rd-L.'
b { d & dlt !d u dFabr {ct!1d u
.rrdh'lL(.tJrtdbrd@dteFnde4G
"d ";qd . s c"du -m tudb' d rh q@a$'

-r. 
noh'rBBFd.ld8or6vtudlodF

d.drulo'q*[i'or'Iolddi!fus!futr@p9
d'rr'd D !h b4rud dd tuv G.aI ryr
..€ iddis b lca tlE in4dd ' c||E& '|rldlrqmbk4Jdb!mfuby'Upd'dlLe+
;^* b tE ,.h*. p--"-' d ,L "* Mfr* -
6J tb d.r*uk ode -d "m M@ !4 '-
"d|@tdid'lT}!dld'fudolsae
{.*dfolrjulorftgq@.bodyr'ffi.pr
r* . ;hr ''Nr "'.d 

b trtr €-diq e-P 'amu

b@d ,Bhm! Lsr,3rl or ' 4lo of M qudr sd h

,h;&s' No"fu e'dd!n@ ry b.E*rya
ntudbrcr lq @d ' o.'n{ b4ud bv s
fu!.Ytdl&ftorlyF@oDt|d'teo@
; b te 

'.uru.LjD.n'i.l 
-'€* * c'udD ,*

-" b;tud b d. r . -P(- t/) im bd!' "t'
m;. ;-moi .r.- ."r i'^e* d rh" 'Nn '*l
oE-; s",qh.d ro, tL. Bpaii e PrcuLffi tr (n@

or rb trh'l| r u d tel
1L {.Mk c.!nD

ool a/' @ i. !q'r.dr cE b t.@ c .ffilr4
'i;dif;s'€. 

(o.,,G o-ld i! bqtu vtb uie

i"1iffi1'"Ha:T*1T' { l:)1"*i1,5 iv" 
jT

;!dkTh: tldr LLr'fmd&wdG
dr€r aNd;6 d(:sLrrd tu s-u../at
;tuld cdnr @rdod nE M@@ o

;-!d hufrrl tuldd rs 'k !*i 
3tr{Yn'r -ry '

-'" 
dM 132.$l Bd | .idrt MY dr}l'd mre

-tu c.^.- ai"q4@ "ruc 
rd d-!a edr -'

-|l!d rbs ,r , .a(-a{ rd r=!*dt'r'llxE
; d ^dr.bk. 

ud tb d rd b --Fro r"

Yfi".*r*."o".* *"*, r', u,. o,u*

a + r'6 +t;GF

ri6 fton ii 3 .r I l'rl ". "e*d th. nus"*
I*i;i,Ii &*$':* ilLT;# f,':
d o{ ft d.u -u c *kd * @dd "-*
hdrii !. 

^. 
tu tb. D!$d {.Mfl (d lllq

.-d.id rr'! d" ), 'k i" d- rd !d'de "-

.G odmtid rm ud $u Io 0er lPk$ou tr !&
b b; dLed br ob or bl!3 daue

F@n a lld lbc &tdiu dd."l Fl4' !"1
r-_^
i"",,'"('.;).., (')



d *&! ds of nt ltrl b rb @&' u!!d ri rL ltsl h hd e Ntuqt

d.I.l.l@orbhrrdn!ry

3.1 w.{ ruitu {d ndll or hytrld .h'mnlum

N'|ftudbrneqal..s'|qu'LPMi'lba.

.. -&. 3214. / r \' -'r- -

i
!
i

d 6 + v6{-iFrr.ldu ik! d$ d d hrl wrh
! 6 ft ,@rr a + nFi6iiFr d e F h d4

Pe.'6pbdFbd@be6tad
,'r+h"(x+|)+q. tu d h r b f,0.!d

dFtu&6(r-0duoid04.lkdb
Lbx=ldudho&tsb&h':leld
d tq.tun4Lr.r$. x -,dL4.&Pdrd

v|i|i 
^' 

= 0,r , r! rbrt 33N, tb. pe Ellgd rho
&E 6k.! no Gr lr2l rho Ft!:er ErE, I .!d
dha.fr ffiof tL!r!i4 Ded.l tr.b. dr.
(of dr.d p&ni.r) of rd. l12l n @i.d b hn s.
T[. a@r nls & r.roid.d by fi84 rl d&
o|addFdn.h.b.di4peri.LTt.oly'
rrd drcur'b (hr ridbu.retu tnc) N d
F6it,l.dthc'ndnqp@i.li]@aw{

L\L+t) uz+\I)

v,t) i! d!6d !h rid .q (4.
udq rb! ruild-dik p.bilrl dfr!. (r0) ald4 'i'hrh. iblFmollmd !:lu (dE q (6) oI / ed (4)

ih! .lry oFaru .ut rh€ cG@@dis qE tunc
ii@e'Du!dby64th.|ehbi'q''EdPlqld
ror ordroDl m. (Mto.d il d. t). a. h6
ft6'|id..e4du,|!d!i.dPkdgl.
Me6rabb.!h.co|IvbridDgE.Tla
r uDrd e t& iidro! r'! ijlrd ib d
@ rqlm r.dii of hrbrid mr tr rdq q {.1 rr*
lrDnbd djn EE tudLd fotr .I.mdu hyhnd
mtrearlhi..lly4€1.di!69'5!.d6&6
Tlrc ftrl's ol ry llld.dlv c.l.uLi.d Edin '!Etunclrds (L' = ri) ror ihe 4di.d rdd 8r a no.j6d

Dut,iru by r'/-iEe drb b re { b d r q

"= ({,r,r)05r"r).

Th! 
'll:@icn 

dE ol p L iDhd by rlrli4 tri iDdiq
'].hlhedrbo'I'llmi4llyc!cu|.|€d'Nffeih.&ld

Fktrg t dd 6 8hd ih. rE frfriod d@adaft
d, ud S. Thed{. |lE M &d d tl,€I w
ndjlof0}'r+dd'+-JEterl,.dddddtb.
qtu,!!6dr r .Dd s. lx(0)1, i hud 6. bddd@ d4. q (5). FUu6 t .!d . .1,. 6td' lhd .hc
Fb oi e s4b hr ndr.l ro$.bint l6tr @ b
..Endhrb.Fro|.h.ndi.|!'!b.}i|'ty.tre

e 2.o

:u
I



tuk r. e(|liuM l drk6rF|!erd6

fuD)I@P[,jdJfudr

I

i,,i.ii;u i"- ' *m 
" 
c-uu 

'L 
hd c! r4-!/h*"*

ruwuqt*e' "";.-tu'ndtunrdDr'-, Pru

;i;;; :& q;; r ; "-;d bvtu;* n- ri" --tu* *.'*@bi erubu Dru r- 1 4r'n
-,il.-*.iJqu.^; u. d"-b"*d."'oo prub{F
::;;;-ff;;;q;;;i---".va uur*md6,.6i[n :iFnb^Frdd

ur.'fu|.eF6&4bl$|bl-'ds=l'

I



.iddtbb d wd ffid

o6LFd4lEdlY.oMle@

"* tud;!d ..EeETPN rll d md bo@ro! tu

!aR€ft. ard @.d[rdE
r) Fe ddiod l@, d ol.!i.t€d l!l!*.d
doE!!{udr.diiN4otr€dih!1.'ddi6'tth
ib. ffitui'l !'d !h@ .d Drsdidjm oI lbs dh6
trls wo oh6sred ilut ou du|! e b gd at@
dih ft qdMi.l rd.ndbs ihldionv pr€dtdsd
€116. lhid shM ih. dldnv oI ru ftlnod Quim
!Ds-!@idrr *b4 , rma lhr ditusd bdd in-
c.!gedhl6b.om16.h.ondhplyiainc&.d
d l!ft slN.dii. Ou..lc'd.ed d tll6l a@
bdiiGhsad'nnihncxpd!fu'

,) wdtt F||M (d€ r dre6) ra thc 0r-,

ndii e ordln d b. !i. .h'rlmtu brkid ml
b l* 6. !!g E 6L!L!.d u'i4 ih. odr.d @
ollrlrllrlanthdi6srq6mofdt]bidlllod
w,rdo+ .r* !'d r_ Jrc ah *F- b hbr.7.
hdL3.dM!{eddtm€r.dd.dbydr.l
cddidorn ddhd !tudrl. Ih iible t, ljj,g dd Fd
@b 34uN Edii .r epon d tu ib. sid F oir.l
hftfo,-or6+!r+In_iFr'.

l) rs 6o@b!d M! Lx(o) 
r L @i.d ln b

e r. E!.I |n(0) : or lhc d byMd oM! in 0r-, r+
d2+JEd6b!qu.|btE15.l[6l4fuol
d6E .!E n.t r. I34 rlid ri6 "!od.!

or h,nrid. q@6tly dg! .Ic ff tudb d !b. o4!

nunrdno.il.tqkidD@e.'sEtb.!ad.
s@blh.ae6&f'dqufu!ffi(r.d s). silE 0+ ,1 +. r+_ 6b c d P6ihh

'itbc@l.i.d6lqduDubascld@@Fi[@ JP' tu6 dd dMdddul h@d
In d lt6l, ihc a.!!!I Iffi teid h nilh a

I"(.) = r +;(/);,+o(',).

r! r.r. 116l, eD@ *ji! !d d,l.ii! FLlizMtr &

.- | t.H. l? d \,J'r61tL ,\

It@ tb. @tu &, ll, ., n $ u!.d bI iLe @ls
fu'nrodicio|d,.h4ddm6ofllEqwk.
t = f , d b ih. aDsre kGd ,tI .d ob6r€ oordie

re @ h""b3 k d+r1"1 !.r.t.d E rtu a*

a- i($-",.,-i)rrr



c&ltrPt'tiElJd^

fthL.'odtddDEddd!'tr
M6d Ptu d orrNbt !!s r@4

lth7'n!roFdboudriloi

v/rfl ir .rd @d. c.dto& dc tu e,q

ndd'.dD.fu o+"6itiiFJddtulud

J6\

I! tu.h@ qunbB O3)-o5) e hd !16! iqu.
D'@r'i-df rrc!,r.rfm f..d ubl..!4dm 116l.
ud qrdi. eddidtr [q 6. |'hli& &.,'E

Hd i i3 r rDdiou ora e sE bt lq. 04. suh.dtulb.
rb Eu[ orq. (16) ii 4 Os)rd(ltltheslrldm

ou &rd 6adrd lro '

bcdddlgdtl.ld,rbi]jlybcdre

I,{i)= '+;i#;i+4i),4 \ts"'J;ne= -a\4pr * h)-@tr
Nun4dy.d.u]d!d}€Ju6o'nad'cdhh
rrhre 1 fd drftm! lro d ih. ddi.d.r* Fiari,l|

& E udd.d .IoE. iqqf i qd b dD h.
hykid oEr. udir di Bd!, R d Fdd tu d
oY@! lrn, dq rb lrn, dd tlfcud .lt'
dtu lr3l .f hyhdd rc e t@ r lh4 {Dnd4
d6 

'llFud 'o 
R(o)lz a mr.r in t[a! r.erdc.





fude|edlybdrood

w.n,itu b,hlrd6!d6h ctuorPdnb
h ftr 6ie'd 4Dotr m. | lH (Bt,) F d/sd'/@

r c. w!u, rur Plra 1 ?11, s (@).
2 e c!@rss cdlhb (r' /'LrtY a d), PrF

b, bi rq, lrc (.8) e co PN(},llb
ihi (B. coh. d d), rxhtm'ur, F+ql (rd0).

3 vEs Cddro (Yu P C@ d .r), f tuhc
{. vB @bb (vu.^. xborje d d), N!d. Pir'

5 vtl co!&dh (! zdb d d ), Nd Prrt a 6td,

d Ea* (}'fub {c.s. ^i6 
d d), Ptrr b h

7 Bi2 cebd.rd (s.u ciq d d ), PlF R.v. D 6,

a. e (}lrldh (at. rnp d d), Ptrr R! h.
,. 616M.b 0. xub d ql.)L Pbr' tnt s 6e!,

r0 E !, (illfub (t L! d d), PtJ! b h. {,
n. c.A. B& d,r P[s. ke. B @, r@ (mE
D.(JJ@,J'xd.c'Mqqb$a.^IPfu'kd3.
n cr. Mdlirrs, M Pbe, PBr b. D o. d

153A!d['d@''c.'id,cc.L4!b'J'cg.
{. Lo4hL .rD! Ln, B m1 n. (@),

n s.r. kdq. PrF. tu. D m, r@ o@)
r. B.tu4PC v'rLs-,r. Ph!. c $, 0,@ (@)
r& c.3.6q, C.. Ae, r.x. {4 ?lF k. D6t, G
r D H Pdh. /de.,i b ,si' 6*e trau (Mi
a c.s tu a{, P!6 b D 6r, o!@ 0m).

,. c.s. Bd, Prra 3+ s, r (Dn
l.c,lt.qufu'Pd!fu{4oJohI.NE|Pl!.B
,''3!m.s'kfty.E5sn!4'Pl}abDz,

(&uq ke*r Pr Ld. Ds)
5'DvNfutj'e'N'cb'sd@'l4ldxu

Fblr.M lvEh6rdr4lll,rtu rd, !s).
1!'M.MFe['fuwqk^an'9d''4'llfu7l's

'.('Js.J'(d'cJMddicE,PhF'bk.32.
6d'Js.Jxst'c'J'MdFbNuI'PhFPE
b re srrls, ru e@r.d ! rirlrxr qotutup

s' N, b4l. J. Pcb| PhF' fuy D 5r, ,lo os)
s J wd*b. N. L!!r. PtF tur. D .1, e oso)
, N. rb, B !!n. dc trm.r@ (r!)
e u.r. .rd, e Md, tu Plu. J. 

^ 
.t, s (tn)

Eu. PrJr J. A rr, B Omt)s,fu.hl6.Esfu.ahqPL'bc
6 (x. ed, J PrF cd &. o, e (e).
3r s. cd[q, tur Ptsi! o, dP vektn c.dr

!d vd@!6. ECoNt C (Erun$ {M). IXN,FP

$'Pagh''R'R'{@..'KM,J'M'ifu.Pl'E
$ r kb.r lb. J. P!F. c r, dt o!$)
4. x. Lr!, J lb, trF b. D 4, 4ro 0G).
d. r M'b, r. lb, PrrE b. D s, r@ os).4LAc'dib.c'Mdq|'PELIlfu.bFknB
4 s P..fr4 c. Mjtur Nud. PiF B &t, s 0o)
4 . tdn,i. gtd. dr!.Fa .ru6{ (e)
6 1. Mrb d d , Prv! k! ki. d, e ow)
6 z.r. Md, x.a. Lb, h r Md PiF a 13,t!3(48)
.7 Y. h, x.a. 14 Pbr Rd. D 7r, Mro (M)
4 x. L!. a. M&, 'lkbF!trN.


