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Zusammenfassung

In dieser Dissertationsschrift werden Amplituden in Quantenfeldtheorien und konformen
Feldtheorien (CFTs) studiert. Zunéchst wird mittels der »double copy «-Methode gezeigt,
inwiefern Integranden von Gravitationsamplituden aus Integranden von Eichtheorien gewon-
nen werden kénnen. Um diese Methode anzuwenden, bedarf es einer konkreten Darstellung
der Eichtheorieintegranden, sodass die kinematischen Faktoren des Integranden die gleichen
algebraischen Relationen erfiillen wie die Strukturkonstanten der Eichtheorie; insbesondere
muss die Jacobiidentitat erfiillt sein. Mithilfe dieser Methode werden Vierpunktsamplituden
in N' = 0 Supergravitation gekoppelt mit Yang-Mills in erster Ordnung der Stoérungsreihe
berechnet, welche als asymptotische Zustdnde Gravitonen oder Gluonen positiver Helizitét
enthalten. Weiterhin ist es moglich die virtuellen Axionen und Dilatonen in Spezialfillen zu
entfernen, sodass einige Resultate in reiner Einstein-Yang-Mills prasentiert werden konnen.

Das Analogon der Amplituden in konform invarianten Theorien, genannt Mellinampli-
tuden, wird anschlieend im zweiten Teil diskutiert. Nicht nur durch ihre Beschreibung als
Funktionen »lorentzinvarianter« Variablen, welche durch eine Art » LSZ-Reduktion« gewon-
nen werden, weisen Mellinamplituden eine formal heuristische Ahnlichkeit zu Amplituden
auf, sondern auch kénnen alle physikalischen Grofien einer CFT aus ihnen berechnet werden.
D.h., ebenso wie Amplituden einen Streuprozess vollstindig charakterisieren, ist eine CFT
eindeutig iiber ihre Mellinamplituden festgelegt. Fermionische Mellinamplituden wurden
zum ersten Mal, in der Verdffentlichung worauf diese Dissertationsschrift basiert, studiert.
Jede Komponente der fermionischen Mellinamplituden ist einer bestimmen Tensorstruktur
zugeordnet, deren Polstruktur im einzelnen diskutiert wird. Es werden die analytische Eigen-
schaften der fermionischen Mellinamplituden der gemischten Vierpunktskorrelationsfunktion
von zwei Fermionen und Skalaren, sowie von vier Fermionen studiert und darauffolgend
werden diese Resultate durch stéorungstheoretische Rechnungen bei schwacher und starker
Kopplung bestétigt.
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Abstract

In this thesis, amplitudes in quantum field theory (QFT) and conformal field theory (CFT)
are studied. In the first chapter a modern technique to obtain integrands for gravity theories
from gauge theory integrands is discussed. This formalism is called the doubly copy method
and it can be applied if the gauge theory integrand is given in a specific representation where
the kinematic numerator factors obey the same algebraic relations as the colour factors,
e.g. the Jacobi identity. This method is applied to obtain the positive helicity sector of
amplitudes in A/ = 0 supergravity coupled to Yang-Mills with external gravitons and gluons
at one loop. Only the special case of four external particles is studied. Partial results are
also obtained for pure Einstein-Yang-Mills amplitudes, where the axion and dilaton as virtual
particles have been removed.

In the second chapter, the natural analogue of amplitudes in CFTs is studied. These
mathematical objects are called Mellin amplitudes. Mellin amplitudes can be understood
as the CFT analogue of QFT amplitudes, because they are functions of “Lorentz invariant”
quantities of their “momenta”. In addition all the CFT data is encoded in the Mellin ampli-
tudes as all the data of a scattering process is included in usual amplitudes. The study of
fermionic Mellin amplitudes has been carried out for the first time in the associated publica-
tion. These Mellin amplitudes have several components each associated to a certain tensor
structure. The analytic properties of fermionic Mellin amplitudes corresponding to mixed
four fermion-scalar conformal correlators and four fermion conformal correlators are deduced
and finally these general results are confirmed by explicit perturbative calculations at weak
and strong coupling.
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Chapter 1

Introduction

Physics describes the phenomena of nature in mathematical terms and verifies its claims
by experiments. The mathematical formulation of these phenomena is realized by abstract
models. The modelling process is reductionistic and it assigns a quantity to the phenomena
which also appears in the mathematical equations. E.g. in the solar system the force of
gravity is assigned to the planet which pulls it towards the sun, but exactly this force also
appears in Newton’s second law. In this sense the model can also be seen as an interpretation.
Ideally the construction is based on a theory which includes fundamental principles and
instructions on how to use these principles to apply them to the observed empirical data.
However, the empirical data is not sufficient to uniquely specify a theory. Therefore different
theories which model the same class of phenomena can predict the same observables [6,
p. 76] [7, p. 168f]. There are plenty of examples like string dualities, particle-wave duality,
Bohmian and Kopenhagener quantum mechanics etc. which illustrate this. This is well
studied in [6]. It is important to note that the ontology of these theories might be very
different [6, p. 101f, 206f]. Therefore a physicist has the freedom to choose the kind of
theory to model a certain natural phenomenon. The chosen model has to satisfy at least two
requirements to be useful in physics: Firstly the dynamics of the system should be formulated
in such a way that it can be solved (analytically or numerically, completely or perturbatively
etc.). Secondly all the essential features of the phenomenon have to be describable within
this model.

Nowadays local quantum field theory (QFT) is the most efficient framework to incorpo-
rate these ideas in high energy physics and it is also frequently used for condensed matter
and statistical systems. In this thesis the focus lies in the realm of high energy physics.
The importance of QFT stems from two observations: Firstly, the fundamental principles
of quantum mechanics, Lorentz invariance and cluster decomposition necessarily imply the
possible description of relativistic phenomena by a QFT [8, 9]. Although this description
might break down at high energies, it is still useful to model low energy physics according
to the folk theorem given by S. Weinberg: “It is very likely that any quantum theory that
at sufficiently low energy and large distances looks Lorentz invariant and satisfies the cluster
decomposition principle will also at sufficiently low energy look like a quantum field theory
[9, p. 8] Secondly, it combines the two aforementioned necessary requirements to construct
models. The basic principles and the mathematical methods of QFT provide a description of
processes at a characteristic energy scale such that the essential features of it are described.
This is established by constructing the most general Lagrangian consistent with the symme-
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2 CHAPTER 1. INTRODUCTION

tries of the process which allows to calculate expectation values at least perturbatively. In
addition, this Lagrangian defines the fundamental degrees of freedom at each scale, because
the fields which appear in the Lagrangian are elementary [9]. The success of this approach
is evident in particle physics, e.g. collision experiments are well described by perturbative
methods of QFT. The mathematical object to study these collision experiments is the uni-
tary S-matrix S = 1 + ¢T which maps in-states to out-states [10-13]. The non-trivial part
of a scattering process is included in the transfer matrix T and its matrix elements are am-
plitudes. Hence, the art of calculating these amplitudes is a very crucial part in theoretical
high energy physics to test the validity of specific models constructed using QFT.

The need for a detailed and accurate theoretical comprehension of collision experiments
is based on the facts that these experiments are among the most conducted ones in the
current field of high energy physics and that in general the success of experimental physics
is intertwined with the theoretical development of the field itself. These experiments paved
the way to the most significant theoretical model constructed by quantum field theorists:
the Standard Model of particle physics. Its development started by successfully combining
the electromagnetic and weak interaction by Glashow [14] and its inclusion of the Higgs-
Englert-Brout-mechanism [15, 16] by Weinberg and Salam [17, 18]. Among other things
the importance of scattering experiments results from the fact that the last elementary
constituents of the Standard Model were experimentally verified in colliders, like the top
quark [19], the tau neutrino [20] and the Higgs boson [21, 22].

Weinberg’s definition of QFT as the description of low energy physics combines well with
Wilson’s notion of QFT as a way to parametrize the effective degrees of freedom of a system
only in form of an effective field theory (EFT). This concept along with the renormalization
group method has shaped the modern understanding of QFT and it paves the way to under-
stand QFT beyond perturbation theory [23—-25]. This idea is implemented by constructing
the most general Lagrangian consistent with the symmetries of the system and integrating
out high momentum fluctuations. The different coupling constants of the Lagrangian may
start to grow and become relevant at a certain energy scale. At each scale the system is
described by an EFT. A change in scale is obtained by a so-called renormalization group
transformation (RGT). It is interesting to note that many high energy EFTs may lead to the
same low energy EFT. Hence, in the process of integrating out high momentum fluctuations
information about the system is lost. Contrary to a Feynman diagrammatic expansion, Wil-
son’s approach does not treat all wave lengths the same way, because it integrates out high
energy modes [26].

This approach is well suited to describe physical systems at criticality (for example phase
transitions) near the fixed point of the RGT. At the critical surface the correlation length
diverges such that there is no natural scale associated to the model any more; hence the
system is scale invariant and does only depend on universal properties, but not on the
details of the interaction. Critical exponents which describe physical quantities near phase
transitions are universal. Close to the fixed point the RGTs can be used to determine
the critical exponents of the system [26, 27]. If scale invariance is enhanced to conformal
invariance, systems at criticality can be described by conformal field theory (CFT) [28]. For
example this is the case if the energy momentum tensor of the model can be made traceless
[29]. Thus CFTs can be used to study non-perturbative phenomena like phase transitions.

Not only is the goal of physics to simply describe physical systems, but also to under-
stand the fundamental principles and laws which govern them. Hence, the construction of
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a coherent and all-encompassing theory which unifies all four known interactions is one of
the major aims in theoretical physics. The next step to achieve this goal is the unification
of gravity with the strong, weak and electromagnetic interaction in a theory of quantum
gravity. So far there is no satisfying theory of quantum gravity, the best current candidate
can be found in the framework of string theory. Especially, in the early 90" Maldacena
conjectured that superconformal gauge theories in the large N limit, N being the number of
colours, can be used to describe supergravity in anti de Sitter (AdS) space which is the low
energy limit of string theory [30]. This idea, developed further by [31, 32|, is one of most
active research areas in high energy physics nowadays. It is intriguing that the conjectured
AdS/CFT correspondence can be used to define quantum gravity with asymptotically AdS
boundary conditions by a CFT. This highlights the importance of CFTs again, because it
implies that quantum gravity in AdS can be seen as emerging from a boundary CFT. It has
to be emphasized that both theories describe the same observables. The AdS/CFT corre-
spondence is a strong/weak duality which implies that strongly coupled systems in the CE'T
are weakly coupled in the dual gravity theory and vice versa. Especially, in the classical limit
where the gravity theory can be solved, this duality enables one to study the dual CFT at
strong coupling in the planar limit. Perturbatively the strong coupling regime of a CFT can
be studied by Witten diagrams due to this duality [32-34]. Even though this correspondence
is not proven yet, it has led to a lot of insight into current physical research problems, like the
black hole information paradox [35, 36], holography [37, 38], the emergence of (approximate)
symmetries [39] etc.

Therefore, to understand physics on a fundamental level as well as for phenomenology
the study of amplitudes in QFT and to find an appropriate description for CFTs is of
great importance and demands further investigation. These two aspects are diverse fields of
research in their own right and have developed massively in the recent years as it is discussed
in the following.

The study of amplitudes has a long history. Nowadays, the canonical algorithm to com-
pute these amplitudes perturbatively is based on Feynman diagrams which are the graph-
theoretical building blocks in this perturbative expansion. Although, in principle, this algo-
rithm works to all orders in perturbation theory, it is, in general, not very efficient. E.g. in
quantum electrodynamics the number of diagrams grows rapidly in terms of its loop order
L. Asymptotically it is of the order O(L!) [40]. Therefore, physicists have developed various
tools to obtain the amplitude by different, more efficient methods. To name a few, the meth-
ods are ranging from standard techniques like colour decomposition [41, 42|, spinor-helicity
formalism [43, 44], supersymmetric identities [45, 46], Berends-Giele recurrence relations [47]
and generalized unitarity [48-50] to more modern approaches, e.g. twistor space methods
[51, 52], BCFW recurrence relations [53, 54], the amplituhedron [55, 56], CHY formalism
[67-59] and the double copy method [60, 61]. However, all of this methods lack some sort of
completeness. Either they can only be applied to special kind of particle types, to particular
dimensions, to a limited order in perturbation theory or they still need information which is
obtained from Feynman diagrams. Therefore it can be said that, although a lot of technical
progress has been made in the calculation of amplitudes, Feynman diagrams still form the
basis of this field.

In this thesis the focus is on the calculation of gravity amplitudes. The computation of
gravity amplitudes using conventional Feynman diagrams is even harder than it is for the
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other three fundamental interactions, because for gravity it is already difficult to construct
the Feynman integrand [62]. An efficient method to determine the gravity integrand has
been proposed by Bern, Carrasco and Johansson in [60, 61]. The general idea is to construct
gravity integrands from gauge theory integrands where the latter are much easier to build.
This method has triggered a broad field of interest: It has made the direct calculation of
many gravity amplitudes possible or easier [63-70] and it has been extended to classical
physics too [71-79] like to the study of perturbative black hole solutions.

Concretely, in this thesis all amplitudes in N' = 0 supergravity coupled to Yang-Mills
with four external positive-helicity gluons and gravitons are calculated at one-loop order
using the aforementioned double copy method [2]. This extends the work done in [80] where
pure Einstein-Yang-Mills amplitudes with four external particles have been calculated at
one-loop in leading order of the Einstein constant.

Even though there are doubts about a graviton being detectable [81, 82], there are still
experimental reasons to study gravity scattering amplitudes. Recently, there has been a
growing interest in relating amplitudes to classical, perturbative solutions of gravity theories
[83-89] which extends earlier approaches [90-92]. The interest has been enhanced due to the
recent detection of gravitational waves by LIGO and VIRGO [93, 94].

In order to solve a concrete physical problem, a formulation of it in appropriate mathe-
matical terms which concisely incorporate the dynamics of the system, is even more impor-
tant than the different calculation techniques. An adequate choice of language can simplify
or even trivialize physical statements like the covariant formulation of Maxwell’s equations
shows. Here it is argued that the Mellin-Barnes representation, notably the Mellin ampli-
tude, provides an efficient formalism to study CFTs in dimensions higher than two.

Recall that the complete information to construct any m-point correlation function in
a CFT is given by the CFT data. The CFT data is the combined knowledge of all the
operator product expansion (OPE) coefficients and the spectrum of local primary operators,
i.e. their scaling dimensions and their Lorentz representations [95-98]. A mathematical
formalism which makes this data manifest is a proper way to describe CFTs; and the Mellin-
Barnes representation provides such a formalism. This representation has been studied by
Mack in [99, 100] systematizing earlier ideas presented by Symanzik [101]. In the Mellin-
Barnes representation of conformal correlation functions the complete spectrum and the OPE
coefficients are encoded in the analytic structure of the Mellin amplitude. The location of
its poles gives the twist of the exchanged operators and its residues at these poles give the
OPE coefficients as well as their Lorentz representations.

Moreover the formal structure of Mellin amplitudes is very similar to massive momen-
tum space scattering amplitudes. According to this analogy the Mellin variables become
products of fictitious momenta and the scaling dimensions of the exchanged single trace op-
erators play the role of the masses in massive QFTs. This observation has stimulated many
research ideas: It has been argued that Mellin amplitudes are the proper object to define
scattering amplitudes in AdS. These ideas were further developed by constructing perturba-
tive “Feynman rules” in Mellin space in the weakly interacting gravity theory which is dual
to the strongly coupled CFT [102, 103]. “Feynman rules” in the weak coupling regime of
the CFT have been determined in [104]. This shows that the Mellin-Barnes representation
is in particular fruitful in studying the AdS/CFT correspondence. Further progress in this
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direction has been achieved by investigating Regge theory in AdS [105] and the flat-space
limit in AdS which relates Mellin amplitudes to QFT amplitudes in flat space. The flat-space
limit refers to a scattering process where all length scales are much smaller than the radius
of AdS [106-108]. Further, the flat-space limit has shed some light on a broader field of
applications of Mellin amplitudes. It has been used to derive bounds on the cubic coupling
constants of the flat-space scattering matrix of massive QFTs in two dimensions by com-
bining it with the program of numerical conformal bootstrap [109]. In general the Mellin
amplitude is not a meromorphic function, because the spectrum of a generic CFT contains
“double twist” operators which accumulate for increasing spin [ — oo [110, 111] and the lo-
cation of the poles of a Mellin amplitude is dictated by the twist of the exchanged operators
which implies that the location of the poles of the Mellin amplitude accumulate. Hence it
cannot be meromorphic [112]. However, in the large N limit of conformal gauge theories
the analytic structure of a Mellin amplitude simplifies drastically, because it describes the
spectrum of single trace operators only whose values of twist do not accumulate. Thus the
Mellin amplitude is meromorphic in the large N limit. The nice analytic structure of Mellin
amplitudes in this limit is reminiscent of the structure of tree-level amplitudes as manifest
in the BCFW recursion relations [53, 54]. In BCEW recursion relations the amplitude (as a
complex function) is described by a sum over simple poles. The residues at these poles are
given by lower-point amplitudes. Thus it is a tempting challenge to prove similar recursion
relations for Mellin amplitudes. Even though this similarity is striking, there is still no proof.
A first step to analyze the factorization properties of Mellin amplitudes more closely has been
taken in [113]. Another field of current interest is to rephrase the conformal bootstrap ideas
stated by Polyakov [96] in Mellin-Barnes representation [114, 115]. This is one of the most
promising applications of Mellin amplitudes [116-122].

However, most of these research ideas have been applied to scalar Mellin amplitudes only.
There has been less progress in studying spinning Mellin amplitudes [113, 123]. Especially
tackling the problem of fermionic Mellin amplitudes had not been considered thus far. But
to obtain information about fermionic CFT data using Mellin amplitudes, it is necessary
to define Mellin amplitudes for fermionic operators and to examine their analytic structure.
This is discussed in chapter 3 based on the paper [1].

This thesis has two main chapters. In chapter 2, it is explained how to obtain amplitudes
in N = 0 supergravity coupled to Yang-Mills at one-loop in the all-plus helicity sector using
the double copy method. This chapter starts with the definition and different properties
of amplitudes in QFT. Afterwards, in section 2.2, the regularization procedure of these
quantities is discussed. In section 2.3 it is shown how tensorial Feynman diagrams can be
decomposed into a basis of scalar Feynman diagrams. In the present case this procedure
reduces all Feynman integrals of section 2.5 to known scalar integrals. In section 2.4 the
double copy method is introduced. The concrete realization of this double copy method
for N = 0 supergravity coupled to Yang-Mills is stated in 2.5. In the last section the
corresponding amplitudes at one-loop are calculated. This chapter is also supplemented by
two appendices: In appendix A.1 more properties of the spinor-helicity formalism are studied
and appendix A.2 contains further details of the calculations done in section 2.5.

In chapter 3, Mellin amplitudes for fermionic conformal correlation functions are studied.
Section 3.1 is a short summary of general properties of CFTs. This discussion is followed
by presenting a method to determine a basis of tensor structures of conformal correlators
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in section 3.2. Furthermore, a concrete basis for three- and four-point correlators in three
dimensions is given. In subsection 3.3.1 scalar Mellin amplitudes are introduced. A general
definition for spinning Mellin amplitudes is stated in subsection 3.3.2. In the following
subsections the pole structure of fermionic Mellin amplitudes is analyzed in three dimensions.
The results of this analysis are confirmed by perturbative calculations in terms of Witten
diagrams and conformal Feynman diagrams which are computed in section 3.4. More details
about the conformal algebra are spelled out in appendix B.1. To construct a basis of tensor
structures a concrete representation of the Lorentz algebra has to be given. This is done in
appendix B.2. In appendix B.3 it is illustrated how to calculate the Mellin amplitudes of
scalar contact diagrams at weak and strong coupling. In the last appendix B.5 the spinor
exchange Witten diagram is calculated in detail.

Remark: The signature of the metric is chosen like it is common in the respective re-
search fields. I.e. in chapter 2 the signature reads (+,—, —,...) except the general analysis
of dimensional regularization and in chapter 3 general properties of CFTs are explained
in Euclidean signature (4, +,+,...) whereas the concrete analysis of Mellin amplitudes is
performed in Lorentzian signature (—, +, +).



Chapter 2

Amplitudes

In this chapter the signature of Minkowski space R%3 is (4, —, —, —). Thus a scalar product
of four-vectors ¢,p € R can be decomposed into p - ¢ = p°¢° — p - q. Further, Euclidean
vectors q € R? are denoted in bold whereas Minkowskian vectors are not typographically
emphasized and therefore they are written like scalar quantities.

In section 2.1 the notion of amplitudes is defined and the relevant properties of them
are explained. The next section 2.2 explains dimensional regularization, which is needed
to obtain finite, physical results from divergent expressions. The general concept of dimen-
sional regularization for scalar amplitudes is discussed in Euclidean signature in section 2.2.1,
whereas the four-dimensional-helicity scheme is described in Minkowskian signature in sec-
tion 2.2.2. An important concept to calculate amplitudes of non-scalar fields at one-loop is
the technique of Veltman-Passarino which is explained in section 2.3. The remaining sections
deal with the calculation of amplitudes in N/ = 0 supergravity coupled to Yang-Mills using
the double copy method.

2.1 Basics of Amplitudes

A classical Klein-Gordon scalar field theory described by the Lagrangian £(¢,0,¢) shall be
quantized by foliating the four-dimensional spacetime R along the isometry ; in three-
dimensional hypersurfaces 3; = R3. Each ¥; is endowed with a Hilbert space where canonical
commutation relations on the fields ¢ and II = % are imposed: [¢p(x),II(y)] = i3 (x —y).
IT is called the canonical momentum of the field ¢. The unitary time evolution operator

Ulty — t1) = e Ht2=0) .y 5y, (2.1)

evolves states {|¢1;) € V1} from one Hilbert space to another {U(t) [¢1.i) := |¢2.4) € Va},
where H(¢,I1) = [d®zH is the Hamiltonian of the theory which is the conserved quantity
with respect to time translation symmetry. Since all Hilbert spaces V; are related by a
symmetry transformation U, they are isomorphic [98, 124].

The probability that an initial vacuum state |0) € V;, evolves to a final vacuum state
|0} € Vout is given by the transition amplitude

(01U ltowe 1) 0) = [ DI D[ #O0IHED) = [l DS, (22
7
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where (2.2) integrates over all classical field configurations with the boundary conditions
that @(tin,x), ¢(tout,y) match onto free fields. These boundary values define the correct ie-
prescription of the Feynman propagator [125, sec. 14.4.1]. Equation (2.2) can be derived by
calculating the transition amplitude for infinitesimal time steps € successively and inserting
a complete set of eigenstates for IT at each hypersurface ¥;,. The path integral measure D [¢]
is defined by the formal limit € — 0, i.e. in the continuous limit where the time intervals tend
to zero. This is the Hamiltonian path integral, i.e. the sum over phase space paths weighted
by €', If the Hamiltonian does only depend quadratically on the conjugate momentum IT
the integral over D [II] is Gaussian and can be performed which leads to the Lagrangian
path integral

[ Plelest = [Dlgle [ Hetono), (2.3

i.e. the path integral over all paths in configuration space weighted by e*L. The Lagrangian
is related to the Hamiltonian density by £ = 0;¢ II — H [8, 126].

The path integral (2.3) shall be taken as the definition of any interacting theory and the
theory is completely specified by its action Sy,. All physical information can be deduced from
the path integral. The time-ordered correlation functions can be obtained by

'L x1)...0(Tn
(B(01) - 00aa)) = OT9(w1) ..ol 0) = TP 0mm)

where the state |0) is the vacuum of the Hilbert space on the given hypersurfaces Vi, and
Vout-l

By introducing a source term J(z) (2.3) is generalized to the generating functional
Z1J) = / DgSitif delo i Z[0] = / D [g] &5 (2.5)

such that (2.4) can be rewritten as

5" Z [J]

($(z1) ... d(xn)) = (—)"Z[0] " §J(x1)...6J0(zy)

(2.6)

J=0

Z[J] can be solved exactly for free field theory, however, for an interacting theory this
is not possible in general. But (2.5) can be computed perturbatively using the free field
theory result. This expansion is usually translated into a graph-theoretical language and
each algebraic expression can be represented by a Feynman graph or Feynman diagram
which, among other things, is an mnemonic device to construct this perturbative series of the
generating functional [125]. Feynman graphs can be constructed by Feynman rules which
are completely fixed by the Lagrangian. Calculating perturbatively the generating functional
Z [J] amounts to the sum of all non-vanishing Feynman graphs where the external lines are
attached to the sources J. But Z[0] generates all possible vacuum diagrams (diagrams
without external lines) and subtracts them from the numerator of (2.4) which implies that
in (2.6) all, possible disconnected, graphs which include vacuum diagrams drop out of the
sum. In particular (2.6) contains all non-vacuum Feynman graphs which can be constructed

Note that on the left hand side the field ¢ are quantum operator insertions whereas on the right hand
side the functional integral is over classical fields ¢, i.e. the eigenvalues of the quantum operators. However,
notationally it shall not be distinguished between these two cases.
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from the Feynman rules. The disconnected parts, however, factorize in a neat way such that
the generating function can be written as

Z[J] =Wl

where iW [J] is the sum over all connected graphs omitting vacuum diagrams [127, 128].

The correlation function generates all kinds of single- and multi-particle states. But to
calculate the probability that a certain set of one-particle states evolves into another set
of one-particle states it is necessary to project onto the latter one.? Let the interaction
be short-ranged such that the initial set of one-particle states |i) = |p1...Pk)s € Voo is
an asymptotic state at time ¢ = oo . In the same way the final set of one-particle states
|f) = |Pk+1---Pn)_on € Voo is defined at ¢t = —oo. Since it is assumed that the interaction
is short ranged the Hilbert spaces Vs, V_o are isomorphic to free Hilbert spaces. Therefore
the asymptotic states satisfy the on-shell condition p> = m?. Next the correlation function
(2.6) shall be projected onto these states which can be carried out by the Lehmann-Symanzik-
Zimmermann (LSZ) reduction formula [130]. This procedure defines the important concept
of matrix elements

k ‘ 2] m ‘ 2
(181i=(I[ 7 [ dtagemorms 200 i fatwgenes 22720 o) o) (227)
j=1 j=k+1

of the scattering matrix S. Thus the S-matrix maps the initial state |i) € Voo into the Hilbert
space V_o, O S |i) such that the overlap with the state |f) € V_o can be computed. Here
0; = 8j7,18;-‘ is the D’Alembertian and Z is the wave function renormalization constant.?
Note that the k incoming asymptotic states have the exponential factor —ipx whereas the
n — k outgoing states have the factor ipz [125]. Therefore, an incoming particle can be
transformed into an outgoing particle simply by p — —p which also changes the helicity
h — —h, i.e. the spin projection onto the three-momentum p. This implies that for the
S-matrix an incoming particle with quantum numbers p and h is equivalent to an outgoing
antiparticle with quantum numbers —p and —h. This property is called crossing symmetry
and it can be used to describe a scattering process with outgoing particles only, which is the
convention used in this thesis [131]. However, the helicity h is only a quantum number for
massless particles.

The S-matrix is the central object in scattering theory because the entire information
of a scattering process is encoded in it. To see that the LSZ reduction formula projects
onto one-particle states it is useful to analyze its pole structure and the on-shell condition

2Mathematically a particle is defined to transform in an irreducible unitary representation of the Poincaré
group. The representation has to be irreducible, because any observer (in any Poincaré frame) should be able
to measure one (and only one) particle and unitarity is required to leave the matrix elements (2.7) invariant.
This classification has been done by Wigner [129] and is well explained in [8, 125] .
The Poincaré group is non-compact which makes all unitary representations infinite dimensional. These
representations can be found by studying the little (stabilizer) group of the Poincaré group. The little group
for the massive case is SO(3) and has therefore finite dimensional unitary representations. The irreducible
representations are labelled by the spin. In the massless case the little group can be effectively described by
the two helicity states.

3The wave function renormalization arises from the on-shell pole of the two point function {@(x1)d(x2))

in momentum space, i.e. in the limit p? — m? the Fourier transform of (¢(z1)¢(z2)) is given by ~ ﬁzhﬂe
J
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of the particles: On the one hand propagators of asymptotic particles which satisfy the on-

shell condition p? = m? have poles of the form ~ ﬁ and on the other hand the Fourier
j

transform of O; + m? is —p? + m? which vanishes on-shell. Hence, only terms with poles
of the form ~ ]ﬁ shall be non-zero and the S-matrix elements (2.7) are given by the

J
residues of these poles. For spinning asymptotic particles the LSZ formula also multiplies
the corresponding polarization vectors to project out the desired spin state [125].

Diagrammatically the LSZ reduction can be carried out by amputating all external ex-
ternal lines which means that they are cut off until they begin to interact with other fields.
Thus only amputated diagrams contribute to (2.7). In general there is a certain probability
that the in- and out-state are the same (f| S |i) = (i| S |¢) # 0 which means that no scattering
at all occurred. To describe scattering processes only it is common to define the interacting
part, the transfer matrix 7', of the scattering matrix by the relation S =1 + ¢T" [125].

An important axiom of QFT is the so-called cluster decomposition principle which states
that distant uncorrelated experiments do not affect each other. This principle is automat-
ically satisfied if the Lagrangian is constructed out of fields or rather the Hamiltonian is
made of creation and annihilation operators. To make this property manifest on the level of
the scattering matrix it is useful to partition it into connected (sub-)parts, i.e. to group the
particles into clusters. For the four-point S-matrix element __(kiko|S [P1P2)_ o = Sk ko:p1p2
this principle states

_ qQc c c c c
Sk1k2%P1P2 - Sk1k2;P1p2 + Skl;mSkQ;PQ + Skl;PQSkz;m

which clusters the particles into a proper 2 — 2 scattering process Sﬁlk%plm and two different
1 — 1 processes which correspond to a free propagation of the particles. However, if the
particles ko and po are separated from the other two the only contributing element is given

by

Skip1 Skaipa
because these two particles cannot interact with k; and p; any more, respectively. For
a scattering process involving more external particles the S-matrix can be partitioned in
the same way. This shows that the general S-matrix factorizes into connected S-matrix
elements. In the language of Feynman graphs the connected S-matrix element is constructed
by connected Feynman graphs only. Another important property is that each connected part

of the S-matrix contains a single four-momentum conserving d-distribution. This property
is also manifest using Feynman graphs [8].

The partitioning of the S-matrix elements shows that it is enough to consider their
connected part only, because the full matrix element is a sum of products of connected S-
matrix elements. Expanding the S-matrix in a series S = 1 + ¢giT° + ¢?iT" + ... in terms of
its coupling constant g and applying this expansion to (2.7) leads to the important concept
of (n-point) amplitudes

FILL) +gi (1T i) + g% (1T i) + O (o°)

—free part + i(2m)*0% ( zn:pj) (gAg +g*Al + 0 (93)> . (2:8)
j=1

The overall momentum-conserving d-distribution, which follows from the cluster decompo-
sition theorem, has been explicitly written out on the r.h.s. The amplitude iA4]" can be
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constructed from momentum-space Feynman rules and the superscript m denotes the order
in perturbation theory. To evaluate i, A™ at order g™ all connected Feynman graphs with
m-loops have to be evaluated and summed up. Hence, amplitudes contain the non-trivial
contribution to the scattering process.

There are two kind of particle experiments to carry out: Either the decay of one particle
into n > 1 particles or a collision experiment in which two particles scatter into n > 1
particles, since it is very unlikely that more than two particles collide at an instant of time.

To show how the theoretical framework of QFT is used to make predictions the second
process, 2 — n scattering, is outlined. The mathematical quantity which describes this
process is the differential cross section do/d€2. It yields the number of particles which
scatter into an area described by the solid angle df2. It is defined by the quantum mechanical
normalized probability

ISR
(@l (15

that a scattering process occurs normalized by the elapsed time ¢ and volume V' where the
event happens, divided by the particle densities g; and the relative velocity v, of the beams.

P=

In the center-of-mass frame p; = —po it is given by
1 1 1 v? vV o1
dr=————dP=———dP=———dP (2.9)
tV 0109V, tV |vy — va| t |vi— vel

because the velocities are collinear.* The particle densities are normalized such that one
particle per unit volume occurs, i.e. g; = V1.

CWASRE
=y f\fE[

is the probability to detect the outgoing particle j in the momentum range d3 5 Free
particle states |p) (in a box) are normalized such that (p | p) = E,V which fixes the norm of
li) = |kika), and |f) = |[p1...Pn)_.. If it is assumed that a pure scattering is happening,
the overlap is given by (f|S|i) =i (f|T|i) = (27)*0*(>; ps)iA where in the last step the
cluster decomposition principle has been used to extract the d-distribution.® Hence, the
differential cross section for a 2 — n scattering reads

VL ISP Vo AP
v val Gl ([ ) 12 @oR " P ™ vy = va 4By, B,

dLps (2.10)

4 Actually, it is coincidence that the non-relativistic formula for the relative velocity appears in (2.9). The
general formula for the relativistic velocity is vye] = \/(v1 — vz)2 —(v1 % vz)Q\/l — V- V271 [132]. Thus the
flux of the particle beams reads ® = p102v/1 — V1 - VaVrel = 0102V, [133].

5The prefactor follows from the normalization that one particle is detected after integrating over a certain
range: 1 = f d*n; = # fdgpj. The last equality states the simple fact that a particle in the box V = L?

with momentum p; = (27") n; is quantized with the momentum quantum numbers n; € Z>.

5 A includes the connected as well as the disconnected S-matrix elements. Even though the disconnected
S-matrix elements do not come with an overall momentum conserving d-distribution, the identity §(z)d(y) =
0(z + y)d(y) can be used to obtain one.
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with the Lorentz-invariant phase space (LIPS) measure
dllpps = (27)*0* (Z]%)
454 d'p 0
= (21)%5 (sz> [ (pj—i—m)@(p).

In the last step the identity 6(x + y)d(z) = 0(y)d(x) has been used as well as the fact that
in the box the é-distribution obeys (27)*§%0) = [d*r = tV which follows from Fourier
analysis. The total cross section is obtained by integrating this expression in the region
where the particles p; are measured. Note that the final expression is independent of ¢ and
V. [125, 127].

d3p

r\
’U
<

(2.11)

EI
If=

Due to probability conservation (i |i) = (f | f) = (i| STS|i) the S-matrix has to be
unitary SST = S1S = 1 which implies that the transfer matrix 7' obeys the generalized
optical theorem

1Tt = —i (T - T) = 23(T). (2.12)

The generalized optical theorem is a very powerful statement, because it allows to determine
the imaginary part of the T-matrix at a given order from results of lower order in perturbation
theory. This is easy to see by expanding the (connected part of the) T-matrix in a power
series T = gT°+ ¢g>T' + O(g?) of the coupling constant g.” Applying this expansion to (2.12)
and inserting a complete set of state® 1 =3, [ dIl, |a) {a| gives

23((f|T"Ji) Z/dﬂ (717°1a) (al (T°)" 1) - (2.13)

The sum runs over all (on-shell) single- and multi-particle states |a), i.e. all non-kinematic
quantum numbers which label distinguished particles [125]. For example in SU(N) Yang-
Mills theory there is only one particles species (the gluon) which can have the two helicity
configurations +1 and N2 — 1 different colour labels. Thus one has to sum over all of these
quantum numbers. The integration measure is proportional to the Lorentz-invariant phase
space measure (2.11)

dHLIPS = (277)4 54 <2p1> dHa.

The unitarity requirement of the S-matrix manifests itself in terms of a Feynman diagram-
matic expansion in terms of the cutting equations [48, 135] which state that the imaginary
part of a loop amplitude comes from setting propagators on-shell, i.e. a cut is given by the
prescription

i 2 2 0
5 — 2m6(p” —m”)O(p"),

p? —m? +ie

"The analytic S-matrix program tried to bootstrap the S-matrix by obtaining the real part of the T-matrix
from the imaginary part by so-called dispersion relations. However, the program did not succeed [134].

8The completeness relation is defined in analogy to the non-relativistic quantum mechanical completeness
relation 1 = (2m) ™3 f d®p|p) (p| where the states are simply labelled by their momenta.
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which can be seen by comparing (2.11) and (2.13) on a diagrammatic level.

Nowadays this method has been refined and allows to decompose a loop-level amplitude
into a finite basis of master integrals {I;}. This method of generalized unitarity cuts is
one of the most efficient ways to determine loop-level integrands by studying the analytical
structure of loop-integrands which are rational functions of Lorentz invariant quantities. The
idea is to find a basis {Ix} (i.e. a spanning set of cuts) in which the n-point m-loop amplitude
A" can be expressed

AT =" el (2.14)
k

where the coefficients ¢ are given by manifest gauge invariant functions of Lorentz invariants.
It can be rather difficult to construct a good basis, however, in general a basis can be found
by making use of different constraints on the amplitude like power counting. Due to the fact
that the final form of the amplitude (2.14) depends on the chosen basis, it is important to
choose a suitable basis. The method of prescriptive unitarity [49] suggest that a good basis
is given if every coefficient ¢ is determined by a single field-theory cut. The next step is to
make an ansatz for the integrand and to determine all the unknown coefficients ¢ using linear
algebra by the criterion that the residues match the field theory [49, 50, 136].° Whenever
a decomposition of the form (2.14) is possible using generalized unitarity the integrand is
solely determined by its residues.'® However, not all amplitudes are cut-constructable. In
particular the rational terms as functions of Lorentz invariant quantities in the amplitude
cannot be obtained by cuts, because these do not have any discontinuities (and therefore
no imaginary part). There are different methods to overcome this obstacle like using d-
dimensional unitarity cuts [137], because functions which are rational in four dimensions are
not rational in generic dimensions d and therefore former rational functions develop branch
cuts.

A further advantage of this method is that properties of tree-level amplitudes can be
carried over to loop-level if the property is basically unchanged if a propagator is cut [136].
In section 2.3 the method of Veltman-Passarino reduction is explained which also uses the
idea that a certain one-loop amplitude can be decomposed in a set of basis integrals.

2.1.1 Supersymmetric Ward-Identities

The generating functional (2.5) is independent of the integrated fields. Hence, applying an
infinitesimal shift ¢(x) — ¢(z) + dp(x) does not change the generating functional:

27 = / D [¢] eiSLI6+60.0u9+0,56) +i [ dta (¢p+89)

= Z[J)+6Z[J) + -

9In the light of generalized unitarity this is done by cutting a certain number of internal propagators
and calculating their contributions using the generalized optical theorem (2.13) (or Cutkosky rules). This
expression has to be matched with the basis {Ix} to find the coefficients c.

10Residues of the integrand manifest itself in discontinuities of the integrated amplitude, e.g. the rational
function % has a pole at z = 0 but its integrated expression In z has a branch cut along the negative real axis.
Thus one can either talk about the discontinuities of the amplitude or the residues of the integrand.
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where it has been assumed that the measure D [¢] is invariant under the shift.!! In particular
this implies that dZ[.J] = 0, because this relation has to hold order by order in d¢. Taking
functional derivatives of 6Z[J] yields

5’!1

0= Sy i@ 2V
= [D][¢] e d4xli 5SL¢95 ...gb:cn+n¢>1: (g ()0 — ]6(;556.
[Pl [ ol irtsoten plen) + 3 o). e . an)it — )| 56(a)

The hat denotes that this quantity is omitted in the sum. Since the variation d¢ is arbitrary
this equation has to hold independently of it and also prior of the integration. This leads to
the famous Schwinger-Dyson equations

551 & A
<5¢($)d>(x1) . qb(a:n)> = zk; 5z — zp) <¢(:p1) (). ¢(xn)> (2.15)

which indicate how a quantum theory deviates from the corresponding classical theory by
the additional contact terms that are proportional to the §-distribution.!?

The Schwinger-Dyson equations can be seen as the QFT-analogue to the classical
equations of motions. However, in a classical theory not only the equations of motions
are important, but also the conserved charges and currents which can be derived from a
continuous symmetry of the action according to Noether’s theorem. The QFT-analogue
to Noether’s theorem is given by the famous Ward-Takahashi identities. They can be
derived by the following considerations. The assumption that §¢ is the infinitesimal change
of a symmetry transformation implies that the Lagrangian changes by a total derivative only,
ie.

LW
~ 90(x)

Using the equation of motions

oSy / 0L _ 9L@) OL()

5(x) + m%w(x) — 9K (a).

0L(x)

Yy
0p(x) dp(x)  O¢(x) "9(0,0(x))
this can be rewritten as
aL(x) 35S , 35S
0=0,| =———d¢(x) | —0L(x) + 0p(x) := 0,5t (x) + op(x 2.16
with the Noether current
. OL(x)
@) = 37y 00(x) — K“(w)) (2.17)
<3(3#¢(96))
"Hamilton’s principle 55572) = 0 holds for classical field configurations ¢c only, but the path integral
integrates over all field conﬁcgurations.
12 For a massless scalar free-field theory £ = %¢D¢, the equation of motions are %@) = —O,¢(x) such

that (2.15) reproduces the fact that the two-point correlator is the Green’s function of the free-field theory:
0o ($ute,) = —i0" (z — a1).

However, one has to take care that the operator O is outside of the path integral such that it also appears
outside the correlation function. This subtlety of the relation between canonical and path integral quantization
is explained in [125] in chapter 14.7.
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which is conserved for a classical field configuration 555&) = 0 according to (2.16). In
addition if the coordinates change too, which corresponds to a global space-time symmetry
¥ — 2’V = ¥ — &Y, the energy-momentum tensor TH”(z)&, has to be added to the r.h.s. of
(2.17) as well. Plugging (2.16) into the Schwinger-Dyson equation (2.15) yields the Ward-
Takahashi identities

By (" (1) ... p(xn)) = —i an M =) (p(@1) . dlwn) .. (wn) ). (2.18)
k=1

Thus a Noether current is conserved in a QFT upto contact terms. Note that the partial
derivative has to be written outside the correlation function (see footnote 12) [127].

The identities (2.18) are very powerful. They imply that in a theory invariant under global
supersymmetry transformations certain amplitudes vanish identically to all loop-orders. If for
a purely bosonic amplitude the helicity configuration of all particles is identical or identical
except one particle the amplitudes vanish. In particular this implies that in a theory where
Yang-Mills is coupled to Einstein gravity (see (2.65)) the amplitudes satisfy

M@AT a1 mTT) =0

2.19
M@= 2t o ettt L m )y = Mttt 2t L m ) =0 (2.19)

where n and m are the numbers of gluons and gravitons, respectively. This result also holds
for non-supersymmetric theories at tree-level, because the scalars and the fermions couple
at least quadratically to the gluon and graviton in the supersymmetric Lagrangian. This
statement can also be visualized diagrammatically: If at tree-level a graph contains internal
fermionic or scalar lines, the graph has to have external fermionic or scalar lines, too [45].

2.1.2 Spinor-Helicity Formalism

In physics the descriptive power of a given formalism is always based on the effectiveness
and conciseness of the language in use. Well-known examples are the covariant formula-
tion of Maxwell’s equations and the bra-ket formalism of Dirac for non-relativistic quantum
mechanics.

A very efficient language for massless scattering processes in four dimensions is provided
by the spinor-helicity formalism [43, 44]. The key point is that this formalism unifies the
description of the on-shell degrees of freedom momentum and helicity into a single object.
Since in spinor-helicity formalism all the operators transform under the double cover of the
Lorentz group SO4(1,3) which is given by SL(2,C), it is best to start with the massless
Dirac equation to introduce this formalism:

o=ibvtey =it = (0, 7o) (1) = (o)) e

where o# = (12,0), o* = (12,—0). In (2.20) the Weyl representation (A.2) of the ~-
matrices has been chosen. The defining property of the y-matrices is that they obey the
Clifford algebra {v#*,4"} = 2n*” 14. The Dirac spinor ¥ (x) can be decomposed into a pair
of two-component Weyl spinors ¢, and ¥R, because the spinor representation of the Lorentz
group is reducible which is shown in the appendix A.1. The vector ¢ contains the three
Pauli matrices, which are given in (A.1). The corresponding conjugate spinor 1 = 1)T70 is
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defined such that ¢ transforms as a Lorentz scalar. Furthermore, for the massless Dirac
equation the two Weyl spinors decouple, hence there are only two instead of four independent
solutions to (2.20).

Since 1) obeys the massless Klein-Gordon equation @@ = 921 = 0, it can be constructed
by a superposition of plane waves ¢,(z) = u(p)e”P*+wv(p)e’® of positive, u(p), and negative,
v(p), energy solutions which obey the following set of equations:'3

}Zﬁu(p) _ ((Ep —0o-p) UR(p)> — 0= —,'?”U(p) _ ((—Ep +0-p) UR(P)) .

(Ep + 0 p)ur(p) (—=Ep —0o-p)ur(p)
This confirms that there are only two independent solutions, since the two positive energy
solutions coincide with the two negative energy solutions. Thus one can identify ur(p) =
vr(p) := A(p) and ur(p) = vr(p) = A(p). Hence the massless fermion shall be described
by a two-component left- or right-chiral Weyl spinor:

Yo = (Xoa> (left-chiral),  or &, = (g) (right-chiral). (2.21)

The indices «, & = 1,2 distinguish between the fundamental 2 and anti-fundamental 2 rep-
resentation of SL(2,C). Writing the indices explicitly (2.20) reads

[ <U“).aa 0, % () _ (i CL) )w £%(z)
0= (z (6M)aa 8M¢L,a(37)> (Z (5ua::)aa Xa(iﬂ)> . (2.22)

Indices are raised and lowered with the SL(2, C)-invariant tensor € = iog, i.e. x* := (ex)® =

e*Pxp and & = (ef)s = edﬁ-f_g. Thus in momentum space the lower component of (2.22)
reads
04 3 ol _ 702
- . - 4 PP +p° pl—ip
Ga) (p) =0 th pie = prgda — : , 2.3
P**Aa(p) w1 p pro, (pl + zp2 po —p3> ( )

where the plane wave decomposition of the free Weyl fermion is given by

Pp 1 : .
Xa(z) = /7]) Aa(P) (ap e P 4 bL esz) . (2.24)

(2m)® \/2p0

Next it shall be shown that the momentum can be represented in terms of these com-
muting Weyl spinors. Solving (2.23) and the complex conjugated equation p B)\ﬁ =0 in the
Lorentz frame pg = (Ey, 0,0, Ey) gives

Ao(PE) = <\/20T0> and \*(pg) = <\/20T0> .

Comparing their product with (2.23) implies

& «@ 2E 0 (e 76
A (PE))\ (PE): < 00 0) =PE

13For the negative energy solutions instead of considering p° = E, < 0 the sign of the exponential has been
changed.
In this section the vectors u and v are written in the chiral eigenbasis. However, it is common to write them
in the helicity eigenbasis, which is equivalent for massless particles and opposite for massless antiparticles. In
particular, it holds ur = uy, ur = u—, vp = v— and vy = v4 (see [127, 138, 139] for more information).
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for the frame (Ep, 0,0, Ep). This expression can be boosted into an arbitrary Lorentz frame
which yields A¥\Y = p®@ . To obtain a Lorentz invariant quantity constructed from )\, and
A% one has to contract pairs of these or concatenate them with momenta:

(17) = (NiAj) == AT Aja = —(Ji), [i] = [iAs] = XiaS = — i, (2.25)
(112]3] := A2 p2anar My = (12) [23],  [1]2]3) := A apps2*? 252 = [12] (23).
These elements are the arguments of any gluon amplitude viewed as a function of Lorentz
invariant quantities in four dimensions.

In order to obtain an explicit representation of the polarization vectors €4 = ()%} in
terms of momentum spinors, it is also instructive to choose the Lorentz frame (Ey, 0,0, Ey).
One possible choice of the polarization vectors such that they are orthogonal to the momen-
tum is given by the circular polarized vectors (helicity eigenstates) which read

0

1 1

L (PE) = e = 5 | 4
0

They satisfy €1 pp €xpp =0, €4 pp = (E—pp)s PE €+ pp = Q0 E+pp = 0 with the reference
vector gy = (1,0,0,—1). The corresponding spinors of the reference momentum are defined
by ¢ := 7%r®. Due to the antisymmetric metric tensor €, identical pairs of spinor products
vanish: A%\ = M\ = 7%, = 747 = 0. Hence if the numerator of 5icpr is of the form
FEN or A%r® the orthogonality relations are trivially obeyed. Further A* (\%) has -1/2
(+1/2) helicity because it is the momentum spinor of the left (right) handed Weyl spinor
from (2.24). On the other hand the polarization vectors e{* (%) carry helicity +1 (-1)
which implies, after a suitable normalization, that the polarization vectors are given by

aoe S‘d(pE)ra(qO) do fd(QO))‘a(pE)
e = \/§<)\(PE)7“(QO)>’ e = V2 [A(pe)r(q0)]

These expression can be boosted into an arbitrary Lorentz frame, too. Therefore it can be
concluded that

. ) ) S\d,ra ) Fd)\a
AN =ple, gdo = ol cda = (Bl o 2.26
P, &y \f <)\7’> y € \[ [)\7"] ) ( )

which proves that the momentum Weyl spinors are the basic building blocks of the scattering
amplitudes in four dimensions. It can be checked that

(rr')

ei(p,q) = e4°(p,q) + 52p™  with s, =" = ﬁW’

Thus the freedom of choosing the reference vector ¢ encodes the gauge freedom of massless
scattering processes and it has to be chosen such that ¢ # p [131].

The power of this formalism relies on the fact that it is easy to manipulate these spinor
products. Consider for example

—(12) [41] [23] (34) = (14)(23) [12] [34]
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which implies that

= . (2.27)

This identity shall be useful later on to calculate amplitudes in N' = 0 supergravity coupled
with Yang Mills.

2.1.3 Colour-Ordering

One of the advantages of Feynman diagrams is that they represent complicated algebraic
expressions in a mnemonic, diagrammatic manner. However, they do not describe physical
quantities or processes because amongst other things they are not gauge invariant. Generally,
it is desirable to have gauge invariant building blocks for an amplitude, since they are easier
to control.

Hence, one would like to write an amplitude as a linear combination of gauge invariant
objects. The authors of [41] proposed such a form for an n-gluon tree-level amplitude which
is called its colour decomposition:

A (k) = g2 S Te (10w Tew) AD (1), o(n"n)) L (2.28)

Qn
c€ESH_1

Here g is the coupling constant and k:gl’: represents the k' particle with momentum py,
helicity hj and colour factor ax. The kinematic information of the amplitude A9 is contained

in the gauge invariant partial amplitudes A?ul, whereas the colour information is separated

into the traces Tr (7% ® ...T%m) of fundamental generators (T“)i3 of the gauge group
SU(N) = {U € GL(N,R)|UTU =1 and detU = 1}, which are normalized such that

Tr(TeT°) = 62 (2.29)

holds. The partial amplitudes are gauge invariant because the traces form a linear indepen-
dent basis in colour space. Due to the cyclic invariance of the trace the sum runs only over
all non-cyclic permutations S,,_1. Hence, the colour degrees of freedom have been completely
decoupled from the kinematic degrees of freedom. Any SU(N) tree-level amplitude whose
particles transform in the adjoint representation can be written in the form (2.28)14 which
can be easily confirmed by decomposing the adjoint generators

fabe _ _\21} (T“ [Tb, TD (2.30)

which appear in the Feynman diagrams of gluon scattering into fundamental generators 7.
Therefore a tree-level Feynman diagram for an n-particle scattering amplitude is given by
products of traces which contain three fundamental generators. Schematically the colour
structure is of the form:

fa1a2b1 fb1a3b2 o fbn—zan—lan ~ Tr(TalTalen)Tr(TblTa:ssz) o Tr(Tbn—zTan—1Tan>

=+ other traces.

4 This decomposition works for other gauge groups, too.
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Note that in each trace some of the adjoint indices a1, as,...,b1,bs,... are contracted with
the adjoint indices of other traces. Therefore one can combine these traces to form one trace
by using the completeness relations

N2-1
b b = - 1 - b
D (T (T =026, — 7030 for SUN)
a=1
which can be proven from fact that every Hermitian matrix B can be written as a linear
combination of the traceless Hermitian matrices 7% and the unit matrix: B = col +¢, 7. It
turns out that co = N~'TrB and ¢, = TrBT® which implies that 0 = —lell((T“)gll (T);2 +

6&2 6igl — %Qzléif). However, if all particles charged under the gauge group transform in the
adjoint representation the simpler completeness relation of U(N) can be used:

N2_1 = b b -
Z (T (1) =626 for U(N). (2.31)
a=0
Due to an isomorphism U(N) = SU(N) x U(1) one can add the additional U(1)-generator
T9)7 .= —L67 to the SUN -generators. However, this generator commutes with all other
7 VN U

generators which implies that %% = 0.

Since the partial amplitudes Ag;l (1h1, . ,nh") are the coefficients of certain colour

traces Tr (7% ---T%) they just receive contributions from a fixed ordering of the external
particles. Hence their analytic structure is much simpler than the full amplitude. For example
they can develop poles in channels of adjacent momenta (p; + piy1 + -+ + pi+j)2 only. By
defining colour-ordered Feynman rules which are obtained from the usual Feynman rules by
removing the colour degrees of freedom , this property is manifest, because with these rules
only planar diagrams w.r.t. a fixed ordering of the external momenta have to be drawn to
calculate a certain partial amplitude [138].

Colour decomposition of loop-amplitudes can be determined in a similar fashion. The
authors of [42] explained that for one-loop amplitudes, in addition, new kind of trace products
can appear where two pairs of generators are contracted if one closes a loop. Thus one shall
eventually obtain trace products of the form:

Te(T - - T TUTATOm T op  Tp(T ... TOnTUT% .. PO %t . T,

If two generators are positioned next to each other they produce (T“T al)ij =N 5ij due to
(2.31), which is the quadratic Casimir operator of U(/NN) in the fundamental representation.
Similarly, one obtains two traces if the operators are not adjacent. Hence, the general one-
loop colour decomposition can be written as:

AL (ol ) =gt Y N T (1% Tew) AL (a(17), o (n)
oESH -1

[5]+1
Z Z Tr (T% @ .. T% =) Ty (T% () ... %) (2.32)
=2 0€8,/Sn;c

x AL (o(™),.. . a(m)],

where A}l;c are the partial amplitudes and S,,.. are the subsets of permutations which leave
the double traces invariant. |n| is the greatest integer less than or equal to n. The primitive



20 CHAPTER 2. AMPLITUDES

amplitudes A}L;l, which are also colour-ordered because they are the coefficients of the single

trace structures, can be calculated by drawing all planar diagrams. On the other hand the
remaining partial amplitudes A}l; . for ¢ > 1 can be determined from the primitive amplitudes
A}L;l. For example four n = 4 they satisfy the simple relation:

Al (1h1,...,4h4) =Y Al (a(lhl),...,a(4h4)), (2.33)
0c€S3

where S3 is the sum over all non-cyclic permutations.

2.2 Regularization

In this thesis a perturbative approach to QFT is described by the expansion in the coupling
constants of the amputated correlators as described in section 2.1. The common tool to
calculate this series are the former mentioned Feynman graphs. However, a straight forward
calculation of many diagrams is not possible, because they may diverge when the loop mo-
menta go to infinity for fixed external momenta. These ultraviolet divergences are caused
by large fluctuations of the fields at short distances. To obtain sensible physical results one
has to remove these divergences systematically: This program goes under the name reg-
ularization and renormalization. The general idea of regularization is to introduce a
regulator and to evaluate the regularized expression in the region where it converges. After
the calculation the expression can be continued back to the region of interest. Technically,
this procedure is very delicate, because on the one hand divergent expressions cannot be
manipulated in a meaningful way and on the other hand a regulator may break some of the
theory’s symmetries like Poincaré or gauge symmetries.

2.2.1 Dimensional Regularization

In this thesis both of these problems are handled by dimensional regularization (DR). The
basic concept is to consider the integrals in generic dimensions d and do all the manipulations
in the region of convergence, i.e. for the dimension for which the integral converges. After
the expression is computed it is continued back to the dimension of interest: d = 4. Since
the expression is regularized, the integral is finite. A further advantage of this regularization
procedure is that neither Poincaré nor gauge symmetries are broken. The following discussion
is in the line of [140].

A sensible definition for integrals in non-integer d € C\N* dimensions has been given
by Wilson [23]. It turns out that the dimension of this vector space Vy has to be infinite
dimensional for generic d.'® To obtain a vector space in n € N* dimensions a d-distribution
is introduced effectively, which localizes the integral on an n-dimensional hyperplane. The
integration is defined such that it obeys general properties of radial symmetric Euclidean

15y, has to be infinite dimensional, because one can regulate any integer dimensional vector space V,, with
n € N* with it, which implies that Yn € N* : V,, C V4 has to be a vector subspace.
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integrals, like linearity and scaling as well as translation and rotation invariance
/ddL laf(L) +b g(L)] = a/ddL FL) + b/ddL g(L)
/ deL f(aL) = a1 / dL f(L)
[arswra) = [ )

for a,b € C and any vector q. Integrals defined over Minkowski space are obtained by a
Wick rotation. The uniqueness of d-dimensional integrals can be proven by showing that the
integral is unique for a set of basis functions f,q(L) = exp (—a?(L + q)?) due to linearity.
The radial basis functions are chosen to be Gaussian. Requiring that the integral of the basis
function matches the result of integer-dimensional integrals

/ AL foq(L) =a % [doL e = g g/ (2.34)
fixes the integral uniquely. Further it is demanded that

[t iyt M = [t ot

The next step is to construct a concrete formula to evaluate d-dimensional integrals. To
do so, it is useful to separate the finite n-dimensional subspace containing all the external
momenta q; € R" from the remaining (infinitely many orthogonal) components.

L= (Ll,LQ,...,Ln,Ln+1,...) :LH + L, with

(2.35)
L” = (Ll,LQ,...,Ln,O,...) and LL == (0,...,Ln+1,Ln+2,...).
Finally the d-dimensional integral is defined to be
/ddL f(L /dleLQ -dL, /dd "L, f(L), (2.36)

where the ordinary n-dimensional integral is performed after the integral over "L . Since
only rotational invariant functions are considered, the integral over d?~"L shall be defined
by general spherical coordinates

d—n d—n—1 o d—n—1 : m—1 7.rm/2
/ 4L, (L) = Vol(S4m 1) / ALy L) with VoI(S™) = 2y (237
0 2
Vol(S97") is the volume of the hypersphere S,
Hence the d-dimensional integral reads
d 271' (d—n)/2 d—n—1
/d L f(L /dleLz -dL, / dL, L1 f(L). (2.38)

o)

The convergence of (2.38) depends on the dimension d. At L = oo the convergence improves
for smaller d, but at L = 0 it improves for greater d. Next the formula (2.38) has to be
extended to regularize potentially divergent integrals, i.e. a generalized formula should hold
for all values of d. To do so (2.38) is manipulated in a dimension where it converges and then
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it is analytically continued to smaller values of d by explicitly subtracting and adding the
singularities. In the following it shall be assumed that the function f(L) does not depend
on external momenta such that the parallel space can be set to zero. Since the function has
to be invariant under rotations it has to be a function of L? effectively. It is assumed that
f(L?) is analytic in L and that the integral

d/2

/ddp f(L?) = i”(g)/ooo dL L1 f(L2). (2.39)

converges for 0 < R (d) < dpmax. Note that (2.39) is analytic in d, because I'(xz) ™" is analytic
in z. Now one can analytically continue the range of convergence of this integral to the range
—2 < R (d) < dmax by rewriting (2.39) in the following way

/ddL f(L?) = i”(d;; Voo dL L1 f(L?) +/0r dL L4 [1(12) - £(0) +f(o)ﬂ (2.40)
§ T

for any r > 0 which follows from power counting. Due to the analyticity of f(L?) the function
can be Taylor expanded f(L?) = f(0) + L?f’(0) + --- and the most divergent part f(0) for
small d is simply subtracted. Further it immediately follows from (2.40) that

—>01“

/dOLf 12) — lim 2”{/2 V dL L4 F(12) +/ aL L [(12) - £(0) +f(0)7"dd]
—2£(0) lim ) £(0).

If one is only interested in the range —2 < R (d) < 0 the formula can be further simplified
by taking the limit » — oo to obtain the simple formula

/w%f@%zﬁ?gﬁwﬂnﬂlvwﬁ—ﬂm}
2

Hence continuing this procedure for simple poles which are polynomials in L? the di-
vergence can be systematically subtracted (and added) to obtain a finite integral for any
dimension d with

_ 27Td/2 o0 _ f lf(l)(())
/dde(LQ) - r(g)/o dL L? 1[f(L%—f(O)_L?f(O)_.--_(L2) ; ]
[aPLra® = o7 0. (2.41)

The first formula is valid in the range —2] — 2 < R (d) < —2[ for any integer [ > 0 and
the second one for any integer | > 0. So far (2.41) has been derived for a function which
converges at least for $(d) > 0, but from now on (2.41) shall serve as a definition for
general d-dimensional integrals even though if the integral does not converge for any d.
This definition is sensible as long as the divergence is polynomial in L? at L = oco. This
is important. DR has been introduced to regulate Feynman graphs, however, these graphs
may posse ultraviolet divergences in d = 4 which implies they diverge at L = oo for any
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R(d) > 0. Thus the continuation process is not valid, but if (2.41) is taken as a definition of
the integral, one can always find a region of convergence for some d such that the integral is
finite, i.e. (2.41) gives a regulated well-defined definition of Feynman graphs.

The explicit continuation forces
/ d'L (L)% =0 for aeC, (2.42)

because the integrals are regulated by subtracting powers of L? to render them finite.

To show the power of the formalism this discussion shall be finished by an example.
Consider the function

B (L) B a 1 ©du 5 (L2 M2
g(LZ) = m = (Lz) F(B)/O ;u’ge (L2+M )

In the last expression the generalized propagator has been Schwinger parametrized which is
valid for & (8) > 0. This function can be integrated in general dimension using (2.41)

d/2 0 0 J[.2 atd/2
d 2\ _ m U B —uM> 2 —ulL?
/dLg(L)—ir /0 —u’e /0 573 (L) e

(B (d/2) u
_ dpel (d/24 )T (B —a— d/2)M2a+ o (2.43)
I'(B)I(d/2) :

The integral of g(L?) converges (absolutely) for (3 —a —d/2) > 0 and R (o + d/2) > 0.
However, the final result of (2.43) is valid for any value as long as the I'-functions in the
numerator are regular. Observe that I'(m) only has simple poles at —m € N. Thus the
(possible) divergence of the integral (2.43) now resides in the simple poles of the I'-function.
Hence, even if the integral of the function L?/ (L? + M?) had been considered which does not
converge for any positive d, (2.43) gives a regularized version of this integrated expression.

Therefore the actual quantity which has to be evaluated for Feynman graphs is given by
(2.41). Generally this integral is convergent for some region such that the integral can be
evaluated.

2.2.2 Four-Dimensional-Helicity Regularization

So far it has been discussed how to regularize scalar integrals. Tensor integrals shall be reg-
ularized in the same way, whereas the regularization is done for each component separately.
But for particles transforming under a non-trivial representation of the Lorentz group like
gluons which transform in the vector representation an additional subtlety arises. What
happens to the helicity degrees of freedom? Are they continued to d = 4 — 2¢ dimensions as
well or can one keep them in four dimensions?

There are at least three DR schemes which enables one to regularize integrals for vector
particles [141, 142].

1. It is possible to continue the polarization vectors of the observed and unobserved
particles to 4 — 2e dimensions such that a gluon has 2 — 2¢ helicity states. This scheme
is called conventional dimensional regularization [140].
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Conventional | 't Hooft and Veltman | FDH
momentum observed particles 4 — 2e¢ 4 4
unobserved particles 4 — 2¢ 4 — 2¢ 4 — 2e¢
helicity states | observed particles 2 — 2¢ 2 2
unobserved particles 2 — 2¢ 2 — 2 2

Table 2.1: Summarizing the three different regularization schemes.

2. Another scheme is that only the unobserved polarization vectors are continued to 4 —2e
dimensions but the observed polarization vectors are kept in four dimension. This
scheme is known as the ’t Hooft and Veltman scheme [143].

3. The four-dimensional-helicity scheme (FDH) keeps the polarization vectors of the
observed and unobserved particles in four dimensions.

The defining properties of the three different regularization schemes are listed in table 2.1.
Each scheme has its advantages and disadvantages: For example the conventional regular-
ization scheme is conceptually most appealing since it treats all quantities in a uniform way.
On the other hand it is incompatible with the spinor-helicity formalism which cannot be
defined in 4 — 2¢ dimensions. However, the FDH scheme keeps the external helicity states
and momenta fixed; hence it is compatible with spinor-helicity variables. It can be shown
that at one-loop all regularization schemes are equivalent [144-146].

Later the calculations shall be done with spinor-helicity variables, hence to regularize
Feynman integrals the FDH scheme is used in 4 — 2¢ dimensions with ¢ < 0. Thus one
separates the d-dimensional Minkowskian vector

L= (l,u) € R} x R, (2.44)

where the two vector spaces are orthogonal [ - 4 = 0. Therefore the momentum squared
is given by L? = [?> — 2 using the mostly minus convention (+,—,—,...). Thus a higher
dimensional vector can be viewed as a lower dimensional vector whose mass-squared is shifted
by 42.16 In particular a scalar product with a four-dimensional vector projects always onto
the four-dimensional vector space e.g. €4 - L = g4 -l. This implies one can treat the loop
integration with “massless” loop momentum L in d dimensions as a massive loop momentum
[ in four dimensions.

Following the conventions of [80] the d-dimensional scalar Feynman integrals at one loop
are defined by the expression

i d4l d72eu M2T
L] = / / 7 2.45
(4m)2 ] @n)* ) (2rn) % Do---Dn (2.45)

where

J
D; = Qi +ie = (g + L)* +ic = (¢; +1)> — p* + ie, G=Y_pi (2.46)
1=1

Note that L? = 12 — u? due to the mostly minus signature. This implies that if L? = M? then [ =
L? + u? = M? + ;2. Furthermore the elements of the vector space R™2¢ are defined in (2.35).
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and the p; are the massless external momenta. Thus the dependence on the non-integer
integration dimension (—2¢) is fully encoded in p?. It serves as mass term. Hence the FDH
scheme can be viewed as integrating a fictitious mass term.

The expressions for the scalar bubble I5 [1; S|, the one-mass triangle I3 [1;.S] and the zero-
mass box I4[1;S,T] are known.!” They are simple functions of the Mandelstam invariants
S = (12) [21], T = (14) [41], and U = (13) [31].

S ) I - _T1+9I*(1—¢
IQ [1, S] = Tre (1 — 26)’ with rr = T (1 — 26) s
I[1;8] = —g (—S)~', (2.47)
2 [(=9)¢ s ) T
I4 [1,S,T] = TF57T [( 62) 2F1 (1,—6,1—6;1+T)+ ( 62) 2F1 <1,—6,1—6;1+S> .

These expressions are exact for any e. Thus they are valid in any dimension. This can be
made manifest by a shift of ¢, e.g.

d = 6 — 2¢ is obtained by € — € — 1, d = 8 — 2¢ is obtained by € — € — 2.

One the other hand the p? dependence can be removed by shifting the dimension of the
integral under consideration using the formula

=t [MQT} = —c(l—€)(2—€)-(r—1—¢) [F=42r—2eq] (2.48)

Hence, this formula solves all the integrals of the form (2.47) for any p? factor, because (2.48)
removes the dependence on the fictitious mass p?” parameter by shifting the dimension of
the integration variable to 4 4+ 2r — 2e. The formula (2.48) can be derived by using (2.41)

d4726L r d4l d*QE N
/(27)4_26(#2) f( ,,u2) :/(27r)4/(27r)f;46 ('U2> f( "uQ)
> 2 —l—e+r
=vol(s ) [ [T ot () ()

- o V01(5—25—1) d4l d27"—26M 9
= (2m) Vol(S2r—2e-1) / (27T)4/(27T)2r26f<p’“)

P L(r—e d*l d?r—2€
= (4m) I(‘(—e)) / ) / (27r)2r—l;ef (p212%)

d4+2r—2eL

——6(1—6)---(r—1—6)(47r)r/W_Mf(p,uz).

For the particular case f (p, ,u2) = 1 the desired relation is obtained [137]. Later the following

"Even if the theory under consideration is massless (pf = 0) the triangle diagram depends on an additional
(mass-like) parameter since on one of the three legs two momenta are attached which do not square to zero,

e.g. (p1+p2)?=8+#0.
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explicit expressions are used in four dimensions:

_ - S S2
2. _ 4. __ =
I _:U’ 7S_ 6 + 0(6)7 I [,U, 75] ~ 60 +O(6)7
" 6 _ 53
12 _,LL 7S_ = _m + O(E)a
. 1 1 S
Is [p% S| = = + 0(e), Iy [u'; 8] = 2 + O(e),
K ] 252 24 (2.49)
[ 6. ] _
I3 _.u 7S_ - 180 +O(€)a
1 1
Iy [4%8,7] = O(e), L 1" 8,T] = =+ 0(0),
1 S+ T 1
6. _ 8. _ 2 2
Iy [M 15.T) = =2 10, I [u ,S,T] =0 (25 +ST+2T>+O(6).

2.3 Veltman-Passarino Reduction

Evaluating Feynman integrals is a daunting task. Thus different methods have been de-
veloped to rewrite unknown integrals in terms of known ones. A widely used method for
computing Feynman integrals at one-loop order is the integral reduction invented by Velt-
man and Passarino called Veltman-Passarino reduction [147, 148]. The idea is to reduce
a generic one-loop integral Ty xr(z) with IV external points and numerator factor N(L) to a
linear combination of one-loop scalar integrals which provide a basis for the tensor integrand.
In this thesis only the integral reduction of four-point massless amplitudes is discussed, since
these are the type of integrals which shall appear in section 2.6. For further information
the reader is referred to [149] and [138]. The following discussion is based on the second
reference.

It shall be shown that for a massless theory any four-point tensor integral T nr(r,) with
a numerator N (L) which is polynomially bounded in the loop momentum L%, a < 4 can be

written as a linear combination of scalar integrals IJ(\;N ) with N < 4 external particles:

T4,/\/(l) = % Z C47J4I£J4) + Z 63’j31§]3) + Z CQJQIQOQ) . (250)

(4r) ja i3 g2
The summations jy are taken over the different possible distributions of the external mo-
menta on the N < 4 legs of I](éN ) and the coefficients cN,jy are algebraic four-dimensional
quantities which depend on external data i.e. momenta and polarizations. The definition of
the scalar integrals is given in (2.45) and they are diagrammatically listed in table 2.2. Note
that no tadpole scalar integral appears in the decomposition of (2.50). The reason is that
for a massless theory the tadpole integral is of the form (2.42); hence it has to vanish in DR.
It is instructive to separate the integration measure into the region of physical dimensions
d, and the transverse dimensions d; such that d = d, + d;. Due to momentum conservation
there are only N — 1 independent momenta for an amplitude with N < 4 external points.
Thus it can be concluded that d, = N — 1. To perform the reduction it is appropriate to
use a dual basis {v; € R13|1 <4 < d,} to the region momenta q; = Zé-:l p; which satisfies
v; - ¢j = 0;5. This basis is called the Neerven-Vermaseren basis. The explicit construction of
vi(q1,---,q4,) can be found in [138]. For the following discussion it shall be remarked that
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P2 P3
\\\ / \\\ // . ddL 1
W G
ubbles //, \\\_’/ \\\ (4m)?—¢ 2[ ,S] (27r)d DyDs
D1 ’ ) DPa
b2 s
\\‘l\\ /// d
: \\\\ /, . d L ]-
Trinsles. X Ty [1; =/—7
riangles /}//, \\\ (47_(_)2 € 3[ 7S] (27T)d D0D1D2
m ) Pa
P2 P3
\\\ﬁ ______ T”’
: ! . d’L 1
Boxes: L el (18,7) = [
oxes — g (4m)? 1 ] (2m)4 Do D1 D2 D3
P - - D4

Table 2.2: Scalar integral basis for tensor integrals with four external legs. The inverse
propagators are defined by D; = (L + ¢;)? + i€ and ¢; = Z§:1 pj. S and T" are Mandelstam
variables. In this basis it has already been anticipated that only cubic and quartic vertices
shall appear in the theory which is considered later on.

the basis exists and posses the following properties:
Ny Ng = 0ps, Vi Ny =0, ¢-n,=0 and wv;-q; =0, (2.51)

where {n, € R"11 < i < d;} is the dual basis of the transverse dimension.'® The first
condition states simply orthonormality of this basis whereas the second and third condition
imply that this vector space is orthogonal to the physical (dual) vector space. Therefore the
loop momentum decomposes into

dp dt

L“zZ(L-qﬁUf%—Z(L-ni)nf.

i=1 r=1

In general, the loop momentum L is contracted with vectors of external data wu; in the
numerator N'(L). In particular if L is contracted with the region momenta ¢; one can rewrite
this scalar product in terms of inverse propagators:

(La) = 5 ([ a0 +ic] = [ +ie] — ) = 5 (D~ Do~ ). (2.52)

This reduces the degree of L in N(L) because this substitution re-expresses any tensor
integral Ty ar(z) as a linear combination of integrals with N "< N legs.

18Regarding the discussion of chapter 2.2.1 the dual transverse space has to be infinite dimensional since
d = 4 — 2¢; hence the vector space V_z. has infinitely many basis vectors. However, only the dual vector n.
to I_2¢ is needed which satisfies L - ne = l_2c - ne = 1. The notation (2.44) has been used.
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After these preliminary considerations the reduction procedure of a four-point tensor
integral can be applied straight forwardly. The tensor integral is of the form

T _ / dL  N.(L)
AN(D) = (27‘(‘)d DoD1D> D3

with  Np(L) = [J wi- L, (2.53)
=1

where u; is a vector which depends on physical momenta and polarization vectors. Since a
four-point amplitude is considered, the physical space has dimension d,, = 3 spanned by ¢,
g2 and g3 and the transverse space has dimension d; = 1 — 2¢. Thus

3
LF = Z(L qi)vl + (L ng)nly + (L - ne)nk,
o (2.54)
wj- L= (L-q)(u;-v;) + (L-n4)(u; - na)
i=1

by using u; - ne = 0. This follows from the fact that n¥ is orthogonal to all vectors of the
physical space. Inserting (2.52) into (2.54) gives

uj - L= (L ng)(uj - na) + O(D;) + const,

where O(D;) and const refer to terms proportional to inverse propagators and independent
of L, respectively. These steps already decrease the L dependence of the numerator:

Ne(L)  Tli—qui-L i (L -ny) const

= = ; 1 int int ds.
DoD1D>D3 ~ DoDiDyDs Ci DoD1DyDs T DoD1DyDs + lower point integrands

i=1
It follows from (2.54) that the coefficients ¢; depend on external data.

It can be seen that the second and third term have been successfully reduced to scalar
integrals or tensor integrals with less external points (one, two or three), respectively.'?
Further simplifications can be achieved by squaring the first equation in (2.54) and using the
relations (2.51) and L? +ie = Dg as well as (2.52) to rewrite the factor

(L-n4)* = —(L-no)? + const + O(D;) = —p* + const + O(D;),
where the decomposition L = (I, 1) has been used. Hence the numerator is of the form
Np(L) = bg + by (L - ny) + bop® 4 bs(L - ng)p® + bap* + lower point integrands — (2.55)
with the coefficients b; depending on external polarization vectors and momenta.

The same reduction procedure works for tensor integrals with two or three external
points. However, for tensor integrals with two (three) external points the physical space has
dimension d, =1 (d, = 2) and therefore the decomposition of L* is different.

Now it shall be shown that 7) rz) can be written as a linear combination of scalar
integrals and lower point tensor integrals. Plugging into (2.53) the numerator representation
(2.55) gives

dp—+dy
T4N(L) = / v L ! (b() + bl(L . n4) + bg,u,2 + b3(L - n4),u,2 + b4,u4) , (2.56)
’ (27r)d DyD1DyDg

19Removing a propagator implies that two external legs are fused together. This product only counts as
one external point after the fusion process.
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where the lower point integrals have been neglected. Due to rotational invariance of the
transverse space all terms proportional to (L - nyg) shall vanish. This can be seen by decom-
posing the loop momentum

3
Lﬁ = Z(L gt e RY, and L4 = (L-ng)nk + (L-nont € RLA-1
=1

which implies that the denominators of the propagators are of the form

Hence they are rotational invariant in the transverse dimension. The numerator N,.(L) is
of the order L% such that a general integral can be of the form of any of the following
components

o
ddt LJ_ 1 Llj_l L;iz
/ 2m)% DyD1DyD o Ve e
0142473 1 -1+~
YR N Vol Ve
0
_ / d*L, 1 d;tptre 2
(27T)dt DoD1DyDs 0

(d? + 2d;)~t (LA ptak2qHsia 4 perm)

because the first and third component are odd functions. Applying this argument to (2.56)
simplifies the integral schematically to

TyN(L) = e (b0.74[1] + boIy[p?] + b4I4[,u4]) + lower point integrals,

where the notation of (2.45) has been used. Similarly this technique can be applied to tensor
integrals with two or three external points. This shows that any tensor integral can be
written as a linear combination of scalar integrals. Since the scalar integrals are analytically
known the computation of tensor integrals is reduced to a problem in linear algebra, i.e.
finding the coefficients cy, j, .

2.4 Double Copy Method

In the last section it has been shown that the evaluation of certain integrals can be trivialized
by rewriting them as a linear combination of known scalar integrals. However, not only is it
difficult to compute the integrals which appear in perturbation theory but also to construct
the integrand of a certain amplitude can be quite challenging. In particular this holds true
for integrands which are derived from a gravity action. For example DeWitt has shown
that the cubic and quartic vertex of Einstein gravity contain 171 and 2850 separate terms,
respectively. The reason is that the vertices have to be invariant under arbitrary permutations
of the external momentum indices [62]. Furthermore linearizing G, = 7, +h,, the Einstein-
Hilbert action

1
Son = 5 / d*2v/=G R, (2.57)
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around the Minkowskian background metric 7, yields infinitely many interaction vertices
due to the Taylor expansion of the square root of the determinant of the metric /—G. The
kinetic term of the fluctuation h,, is contained in the Ricci scalar R. In a quantized theory
h,. is interpreted as the graviton. « is the Einstein constant.

Hence, it is not advisable to calculate gravity amplitudes using standard Feynman dia-
grammatic methods. In comparison building integrands in a gauge theory is much simpler
since their Lagrangians have a better structure for the purpose of quantum field theoretic
calculations. The famous Yang-Mills (YM) Lagrangian

EYM — _lFuu,aFa _ i

1 I (G“A,‘i) ; (2.58)

with the field strength tensor Fyj,, = 0, A7, — 0, A} +gf “bCAZAI; is an example of this, because
it posses a cubic and quartic vertex only. The last term is the gauge fixing term which is
necessary to invert the free equations of motions, i.e. to obtain the propagator. ¢ is the
coupling constant of the vertices and £ is the gauge group structure constant under which
the gauge field Aj, is charged. In the following the gauge group is given by SU(N). The
Feynman rules for this theory are given in appendix A.2.1.

Due to this observation it might be tempting to determine gravity integrands from gauge
theory integrands. The first realization of this idea has been developed by Kawai, Lewellen
and Tye (KLT) who derived a formula which relates closed string amplitudes to a sum
of products of open string amplitudes at tree-level [150]. Taking the point-particle limit
where the string becomes point-like their formula expresses tree-level gravity amplitudes
as a sum of products of tree-level gauge theory amplitudes. Combining this method with
generalized unitarity even loop-level gravity integrands can be derived from gauge theory
tree-level amplitudes [151]. Furthermore, the KLT formula has been generalized to one-loop
amplitudes as well [152, 153].20

A similar but different method to generate the gravity integrand is simply given by
fusing two gauge theory integrands together. A decade ago Bern, Carrasco and Johansson
[60] have argued that this is possible if at least one set of gauge theory numerators obeys
certain properties. If one represents the gauge theory integrands with trivalent vertices only
such that all kinematic numerators are arranged to obey a Jacobi-like relation mirroring the
property of the colour degrees of freedom, then the numerators of a gravity amplitude follow
by simply multiplying pairs of kinematic numerators of two gauge theories.

To apply this technique it is necessary to express an n-loop amplitude in a trivalent
fashion, which shall be illustrated for a SU(N) gauge theory amplitude with all particles
transforming in the adjoint representation. Such an amplitude can be written in the following
way

d™L 1  ¢jn;
A:Ln _ Z-nflgm72+2n / il 77 , (259)
gn;yze; (2m)@" S Ila, Da,

where the amplitude consists of three main ingredients:

e The colour dependence is encoded in the colour factors ¢; which are a chain of the

2ONote that the generalization at one loop needs the inverse of all but one propagator to be linear in the
loop momentum.
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adjoint generators if®¢.2l They obey the Jacobi identity, which for the four particle
case may be sketched as ¢s = ¢;+¢,, with ¢4 := ifabelifelc‘i, C = —ifadelife/bc and ¢, :=
—1 f“ce/z' fe/db. Furthermore, the adjoint generators if®° are antisymmetric in their
indices which implies that the colour factors are antisymmetric under transposition.
Ci = —Cj.

e The set of all reduced Feynman propagators 1/(L? — m?) associated to the ' graph
are denoted by the inverse of the product Haj Dy, .

e The numerators n; account for the remaining kinematic dependence of the amplitude.
Note that the factors +i of the Feynman propagators are also absorbed in n;.

The second sum runs over all distinct, non-isomorphic, trivalent graphs I' and the first
one over all |S,,| = m! permutations of the external legs. Any over-counting of the ;'
diagram is removed by the symmetry factor S; (including these of internal automorphism
symmetries with external legs fixed). Note that by using the identity 1 = Dg,/Dg,; any
graph in a diagrammatic expansion can be made trivalent formally.

Representing the amplitude in the form given in (2.59) reveals the parallel treatment of
colour degrees of freedom c¢; and kinematic degrees of freedom n; and is especially powerful
if one arranges the kinematic numerators in such a way that they obey the same algebraic
relations as the corresponding colour factors

cmare ), fromin o

C; = —Cj ng = —ny

This relation is called colour-kinematics duality (CKD).

It has been conjectured by Bern, Carrasco and Johanson [60, 61] and shown at tree-level
(n = 0) in refs. [154-159] that it is always possible to arrange all the numerators n; of a
diagram in such a way that they obey (2.60).

To illustrate this property the simple example of a four-point tree-level amplitude of YM
theory in four dimensions shall be calculated with this method [60]. According to (2.59) the
(+,+, —, —) helicity amplitude can be written in the following way:

, CsMs G CyMy
AOZ— 2( slts )
1= gt T

To obtain a simple result the numerators are expressed in spinor-helicity variables. A suitable
gauge choice for the four polarization vectors €;(p;) is given by r1 = ro = py and r3 =
r4 = p1 such that the four-point vertex gives no contribution, because at least two pairs of
polarization vectors are contracted. A straightforward calculation of this amplitude with the
Feynman rules (A.1) leads to

12)? [34]? 12)? [34]?
ng = 2<>T[], Ny = 2<>T[] and ny; =0, (2.61)
which shows that (2.60) is satisfied. However, this is only one particular gauge choice and

there is an entire family of CKD representations. For the numerators (2.61) CKD holds

21 This coincides with the conventions given in [64] which differ from the conventions in [63].
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for any reparametrization of the form ng — ng + S A(p;,€;) and n; — nj — j A(p;, €;) for
Jj € {,T,U}, because the colour factors c¢; obey the Jacobi relation ¢; = ¢; + ¢,. These
kind of transformations are called generalized gauge transformations and they correspond to
shifting the contribution of the quartic vertex into different channels.

A map of the form n; — n; + A;(ps, €;) is a generalized gauge transformation if it leaves
the integrand of (2.59) invariant. I.e. any choice of A; such that the constraint

1 AjCj

— = 2.62
STl Day (2.62)

jer
is satisfied is a valid generalized gauge transformation [154].

It is a striking feature of CKD that integrands for gravity amplitudes can be easily con-
structed from integrands of gauge theories if at least one set of the gauge theory numerators
n;j or N satisfies (2.60):

m—2+2n dn ~
no_ 1K d"L 1 njn;
MD =i (4) Zs Z/ S T b (2.63)

The reason that only one of the numerators has to satisfy the duality stems from the relation
(2.62). Assuming that the sets {n;} and {f;} satisfy CKD while the numerators n&*® =
n; + A; do not obey CKD the double copied amplitude (2.63) is still the same. This feature
is due to the generalized gauge transformations (2.62) because the part A; which does not
satisfy the duality is simply projected out:

1 n] ﬁ]nj
%Sm% an Zsmj

Z _ngng
D., o, Do, < 5; T, D’
since the numerators 7; inherit the same algebraic properties as the colour factors and
therefore satisfy (2.62) with ¢; replaced by 7;. Furthermore, gauge invariance of both gauge
theory amplitudes implies invariance of the corresponding double copied amplitude under
linearized diffeomorphisms, i.e. (2.63) is an amplitude of some gravity theory [64]. The
unitarity method motivates an extension of this feature to loop-level by reducing amplitudes
containing loops to tree-level amplitudes and demanding that CKD holds for all cuts. This
feature of obtaining gravity amplitude integrands has been proven at tree-level for pure
gravity using BCFW recursion relations [54] in four dimensions [154]. However, a general
proof is still missing. The double copy (DC) construction can be viewed as a generalization
of the Kawai-Lewellen-Tye relations [150] and a loop generalization thereof.

O‘j

If a gravity integrand of theory G is constructed according to (2.63) from the integrands
of the gauge theories Q; the notation G = Q1 ®pc Qo is used.

However, in general it might be quite challenging to find a CKD representation of a
certain gauge theory. Therefore a modified DC construction has been developed where the
numerators do not have to satisfy CKD. To compensate for the failure of the Jacobi identity
of the numerators, contact terms have to be added to the gravity integrand. This method
has been successfully used to obtain the five-loop N' = 8 supergravity integrand for four
external points [67, 68].

Since gauge theory integrands are much easier to calculate than gravity integrands, the
DC prescription gives a powerful tool to build gravity integrands. In particular, it is enough to
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construct a certain number of master integrands, because all other integrands are determined
by the relation (2.60). Diagrammatically this can be sketched for four points as

n j>l=< =n —-n . (2.64)
, ! g :

where n(...) represents the numerator of the corresponding graph in brackets.

Applying the same reasoning the bubble graphs may be re-expressed as the difference of
triangle graphs. Therefore the master numerators for four points at one-loop are given by
the numerators of the box diagrams since all other numerators can be obtained by applying
the kinematic Jacobi identity (2.60).

2.5 Computing Amplitudes in N = 0 Supergravity Coupled
to Yang-Mills

2.5.1 Equivalence of the Antisymmetric B, -Field and the Axion x

It has been shown that N' = 0 supergravity (SUGRA) can be obtained by double copying
YM: SUGRA = YM ®pc YM [154]. This theory contains the graviton, the Kalb-Ramond
field B and the dilaton . But classically B is dual to a scalar, called axion y, in four
dimension. This is explained in [160]. A short review about this relation between both
theories has been given in the appendix of [79].

However, this duality only proves classical but not quantum equivalence. On the one hand
in the literature there have been arguments that both theories are different at the quantum
level [161]. Tt is for example known that they differ by topological terms. On the other hand
it has been argued that this duality transformation even holds quantum mechanically, at least
for expectation values [162-165]. In addition, perturbative calculations at two loops have
shown that even though the ultraviolet behaviour of both theories differ their expectation
values of the observables are identical [166]. Although not conclusive there are many reasons
which support the claim that A/ = 0 supergravity is quantum equivalent to axion-dilaton
gravity. In this work one-loop amplitudes are calculated only. It has been shown that at one-
loop order the effective actions of both theories differ only by a topological term which does
not affect perturbation theory. This implies that both theories yield the same amplitudes at
one-loop [167].

An analysis of the spectrum of YM ®pc YM+¢3 shows that this theory equals AV = 0
supergravity coupled to YM, but in accordance with the evidence of the aforementioned
references this theory is equivalent to Einstein-Yang-Mills theory coupled to a dilaton and
axion in the regime of interest. Hence, in this thesis YM @pc YM+¢?3 shall be referred as
Einstein-Yang-Mills theory coupled to a dilaton and axion (EYM). For pure gravity coupled
to YM the name “pure EYM” is used. Therefore removing the dilaton and axion in EYM
leads to pure EYM.
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2.5.2 Double copy of YM and YM+4¢?

Four-point positive helicity amplitudes at one-loop in EYM are of relative simple form
because they are given by rational functions of the external data. This follows from the su-
persymmetric Ward-Takahashi identities (2.19) which imply that all positive and all-but-one
positive helicity amplitudes in EYM vanish at tree-level. Thus the one-loop amplitude has
vanishing unitarity cuts in four dimensions so that the amplitude cannot have any disconti-
nuities in the Mandelstam invariants. Thus it can be concluded that they have to be rational
functions of these.

In this section all relevant contributions at one-loop order of EYM for particles with
identical helicities are established in four dimensions. The theory is defined by the Lagrangian

Nawe .
(—2 R+ 0,00t + 62908“)(@“)() — 1 (e_@FﬁVF’“”a + ixFZVF“”’a)(2.65)

EEYM: \4 -G
2

K

where G'is the determinant of the metric G, the scalar curvature is encoded in the Ricci
scalar R and F ﬁy = %m €uvoo 197" Tepresents the dual field strength tensor. The scalars
¢ and x are the dilaton and axion, respectively. Comparing (2.65) with pure Einstein gravity
(2.57) and YM (2.58) reveals that EYM is basically given by gravity coupled to YM and
the two scalars, the axion and the dilaton.

Obviously the structure of the Lagrangian (2.65) reveals that it is rather tedious to
calculate amplitudes by the standard method of Feynman diagrams. However, an efficient
method to compute amplitudes in this theory is established by the following algorithm:

1. Construct the gravity integrand using the DC method.

2. Veltman-Passarino reduce the gravity integrand to a linear combination of scalar inte-
grands.

3. Evaluate the known scalar integrals.

The 2. and 3. step shall be automatized which makes the algorithm very efficient. The
Veltman-Passarino reduction is implemented by the Mathematica package FeynCalc [3, 4]
and re-expresses the amplitude in terms of scalar integrals of the form (2.45), which can
immediately be written as rational functions of Mandelstam invariants (2.49). Hence, the
only non-trivial step is to build the integrand of an amplitude. It shall be shown that this
can be easily done using the double copy method described in section 2.4.

The authors of ref. [63, 64, 66] confirmed at tree level that the DC procedure of YM
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defined in (2.58), and Yang-Mills coupled to a biadjoint scalar (YM-+¢3)?2

1 a a 2
EYM+¢3 _ £YM + 5 <D#¢A) (DM¢A) _ ngabefecd¢Aa¢Bb¢Ac¢Bd
1
3!

(2.66)
+ AgFABCfabC¢Aa¢Bb¢CC

with the definitions
FS, = 0,A5 — 0,45 + gf " AL AD,

(D#gbA)a _ u(z)Aa + gfabcAZd)Ac.

give the same amplitudes as the one derived from (2.65). Here FABC are the structure
constants of the global group and it is simply demanded that they shall obey the Jacobi
identity and that they are antisymmetric in all of their indices A, B,C,.... After double
copying the integrands the global group is promoted to the local gauge group SU(N) of
EYM. Dimensional analysis reveals that the coupling constant A is of mass dimensions one.

After discussing the relevant Lagrangians of the theories, the first step is to determine
both numerators nYM and nYM+¢* which can be extracted from the corresponding one-
loop integrands of pure YM and YM+¢?. It turns out that the four-point YM numerator
n¥%+3+ 4+ at one-loop for an identical helicity amplitude is very simple because it is exclu-

sively given by graphs with box topology.??

This is easy to verify using the trace-base representation of one-loop amplitudes (2.32).
The primitive amplitude Ail has been calculated in several papers to all orders in € [137,
141, 168, 169] and is given by

20 [12][34]
(47)27¢ (12)(34)

Al (1F,2+,3% 47) = I [ 8,7, (2.67)

where Iy [u4; S,T1] is the scalar box integral and f is the fictitious mass of the propagating
complex scalar field in the loop which needs to be integrated over in order to emulate 4 — 2¢
dimensions. This implies that the integrand of A}m reads

a}{.&\g+3+4+ = QZM4W (268)

The remaining partial amplitudes A}, with n > 1 can be obtained from the primitive
amplitude A}m. Note that the partial amplitude A411;2 cannot contribute because SU(N)
generators are traceless. So there is only the partial amplitude A}l;g left and this one can be
determined by the relation (2.33). This relation gives A} = 6A}1;1 by assuming that for all
orderings of the external momenta, the primitive amplitude (2.67) is the same. It is easy to

221n particular this has been worked out in [63, 64]. To show this they have studied the Abelian and non-
Abelian case. For example the Abelian Maxwell-Einstein theory is uniquely defined by its spectrum and its
cubic interaction if the theory has N'= 4 and N = 2 supersymmetry and can be lifted to five dimensions. A
consistent truncation of this theory to N' = 0 transfers this uniqueness property to it. Since N' = 4 super YM
(SYM) can be consistently truncated to YM it follows from the DC procedure that N' = 4 Maxwell-Einstein
(which is (M =4SYM) ®pc (YM—|—¢3) ) can be truncated to N' = 0 Maxwell-Einstein. Hence, the Abelian
theory is uniquely determined by its spectrum and interaction. By promoting the Abelian field strength to
the non-Abelian generalization this claim can be extended to EYM.

23This property follows from maximal cuts [53], because only box type diagrams of YM theory are consistent
with its analytic structure and all other diagrams shall cancel.
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show that all primitive amplitudes (2.67) for any particular ordering of the external particles
are the same. This follows from the fact that the integral gives a constant and that the
numerator factor a¥%+3+ 4+ 18 invariant under permutations, which shall be shown below.

The next step is to transform the integrand (2.68) into the structure constant basis. A
general box colour factor reads

01020300 . fa’alb’fb’agc’fc’agd’fd’a4a’

1
= S [N (T2 7T T) + N Te (T T T T?) (2.69)
+ ) 5a1a25a3a4 + 9 5a1a35a2a4 + 2 5a1a45a2a3],

where (2.30) and the normalization condition (2.29) as well as the completeness relation
(2.31) have been used. The basis elements of the box colour structure can be chosen as

ca1azasa47 001020403 g (01040203 (2.70)

Using (2.32) and the fact that all primitive amplitudes are the same the full amplitude
is given by

Ab= g [ Y0 N Te(T%00 - Tom) £ 6 Y2 oot gt A} (17, 2%, 3%, 4)
0€Ss3 0€84/84;3

— 494 [ca1a2a3a4 + 01020403 4 Ca1a4a2a3] Ai;1(1+7 2+, 3Jr7 4+)

In the second line the full amplitude has been rewritten in the basis (2.70) which can be done
using the decomposition (2.69). In the last line it is simply demanded that this amplitude can
be written in the form (2.59). It can be inferred from these arguments that the numerator
of the box colour structure basis is given by

n¥%+3+4+ = 4@}/_}_\/%4_34_44_. (271)
Furthermore the numerators obey the following symmetry properties

YM YM
Tt j g+ Nt 41t gts

YM YM

Nt it = Mgt i+ (2.72)
YM YM YM

Nt jrprir = Tttt = Mt jtg+-

which can be proven in the same lines as (2.27). These properties imply that for all 24
positions of the external legs the numerator reads as (2.71). Once the symmetries of the
numerator are known it is trivial to prove that they obey CKD. CKD demands the relation
(2.60) to hold which in this case translates into

H ! / / / ! !l !
Ca1a2a3a4 . Ca1a2a4a3 — Ctrlangle — fa a1 b fb asc fca d fd ajas

(2.73)
YM YM YM

= Nyto+3+at — Nito+4+3+ = Miriangle-
It has been discussed that n’M = 0. Besides, it has been shown that all numerators with

triangle
box topology are the same n?@ﬁ et = n¥+1\g+3+ 4+ These facts imply that (2.73) is trivially
obeyed.
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Thus, in restricting to the all-plus sector, only the colour structures (2.70) appear for
the YM amplitudes and their numerators satisfy CKD automatically. Therefore to obtain
integrands of amplitudes in EYM all numerators of YM+¢? theory have to be collected
which have the same colour structures as (2.70) and multiply the two numerators divided by
the stripped propagators.

A general one-loop amplitude of YM+¢?3 is of the form

3
dL 1 e P YM+o

_ 4\n
gan =9 ZZ/ (27)7 S; T, Day (2.74)

Aj

It follows from the Lagrangian (2.66) that the ¢? interaction in YM+¢? is proportional to
the coupling constants g\. Thus the exponent n < 4 indicates how often the ¢3-interaction
appears in the Feynman diagrammatic decomposition of the amplitude. n;M+¢3 shall be
computed by Feynman diagrams generated from the Feynman rules of the theory given in
appendix A.2.1.

Once both gauge theory numerators are calculated the gravity amplitude reads

K
KA 4
YM4¢3

according to (2.63). The set I'g only includes all the numerators n; which have a colour
structure of the form (2.70) and gy is the YM coupling constant in EYM. In [63, 64] it
has been deduced how the global colour structure constant FABC of YM+¢3 maps into the
local one f® of EYM. Furthermore, it follows from (2.74) and (2.75) that the mapping of
the coupling constants from the gauge theories to EYM is given by

FABC y pabe (g2 g)\) — (ZAQ?A) :

YM+¢

Z S M. Do,

M;

(2.75)

2.6 Amplitudes

In this section the missing step to obtain the amplitudes in EYM is accomplished: All the
integrands of YM+¢?3 are evaluated and in the end of this section the full result for the EYM
amplitudes is presented. New results are obtained for (17273747 %) and (172737147 F) at
order k3 and x*, respectively. Furthermore, the r-corrections at order x? and x* for the
four-gluon amplitude (1727374") are also shown. Note that a DC expression of these
integrands for arbitrary helicity configurations has been given in [63] by using the results of
[170], however, the integrated amplitude has not been published yet. In the last part of this
section the result for (17273741 F) is evaluated [2]. The relevant integrands of YM+¢3
which shall be used in the DC prescription are collected in appendix A.2.2. In the following
Feynman diagrams curly lines represent the gluon and the dashed lines sketch the real scalar.

2.6.1 Amplitudes: (17273747)

First the x? correction to (17273%4%)| , is computed with the DC method introduced in
the previous section. Therefore in YM+¢? all Feynman graphs which are proportional to A2
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have to be calculated according to equ. (2.75). It has also been pointed out that only the box
diagrams are non-vanishing for the all-plus YM amplitude. Hence, only the diagrams which
carry the same colour structure as the box diagrams have to be determined in YM+¢3. A
careful analysis shows that only the graph topologies shown in figure 2.1 contribute. The
integrands in figure 2.1 have a very simple form and can be obtained by the Feynman rules
given in appendix A.2.1. For example the integrand of the first graph in figure 2.1 reads:

_ g4)\2cabcd
LR L ~ DoD1D2Ds

FABE pECD {(p:a +a3+10) - (g +1—p2) — MQ} .

The factors in the denominator D; := Q7 + ie = (I + ¢;)*> — u? + ie are the denominators of
the Feynman propagators. The colour structure reads ¢®0cd = fa'ab’ gb'be’ g'cd’ pd'da’ o\ q the
global SU(N) group information is encoded in FABE' pE'CD , which shall be mapped into
the adjoint gauge group generators of EYM after double coping.

The amplitude representation (2.74) only contains cubic graphs, however, it can be seen
that in figure 2.1 Feynman graphs with quartic vertices also appear, e.g. the first graph in
the second line of figure 2.1 reads

i sl 4)\2 ’ / ’ ’ ’ ’
AP _ g [ abed (FACE FE'DB _ 5CD pA'AB' pB'BA )
LA N DoD1Dy

4 cabde ( FADE' pE'CB _ sCD pA’AB' FB’BA’) 4 friangle }

This expression can be simplified using the Jacobi identity c®d¢ = cobed 4 ctriangle of (2.73)
which implies that the first two terms add up. However, it has also been extensively discussed
that all numerators in YM theory associated to colour structures different from (2.70) vanish.
This implies that the parts of the integrand which effectively contribute to EYM are

R 442
T eff g°A abed [ WACE' -E'DB ADE' -E'CB
. = — F F + F F

L AN DOD1 Doy (

_25CDFA’AB’FB’BA’> .

The next step is to insert 2 3 which makes the graph trivalent formally such that the gravity
integrand can be obtalned by (2.75).

After collecting all the non-vanishing contributions and building up the complete inte-
grand, the amplitude is Veltman-Passarino-reduced with the Mathematica package FeynCalc
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Figure 2.1: Graphs of these topologies are the only ones that have to be considered in YM+¢3
at order A2g* . The other graphs do not contain the colour structures (2.70). Curly lines
represent propagating gluons and dashed lines represent scalar fields. The internal momenta
Q; are d-dimensional.

[3, 4].Thus the full amplitude at order x? reads

o (ngM)24 [12] [34]
k2921 (471-)2 4 3 <12> <34>

« (4fabe/fe’cd (U B T) + 4fzzde’fe'bc (S B U) + 4face'fe/db (T N S)

ML (1T273T4T)

+ NS §%5% 4 NT §995% 1 NU 5@05”‘1)

'KQQ%M [12] [34] abe’ re'cd ab scd
~" 19272 (12)(34) (4r £ (U = T) + NS 676° + perm)

where perm indicates the permutations of the legs two and three as well as two and four.
The kinematic dependence is encoded in the spinor brackets and the Mandelstam variables
S =(12) [21], T = (23) [32] and U = (13) [31].

The next correction term (17273%4%)| ; can be obtained by the same technique as for
<1+2+3+4+>|529§ " All the graphs which contribute are depicted in figure 2.2. The numer-
ators are fairly simple and are listed in the appendix A.2.2. A straight forward calculation
gives the following integrated amplitude

iKY 4 [12)[34]

ot (47r)2 44 15 (12)(34)
52esbd (40 ST — (2 + Ng) U2) + 3% (40 SU — (2+ N,) T?) )

~ (167)2 (?

My (15,257,358, 45)

b

(6°05° (40 TU = (24 Ny) 5?)

[5“%“1 (40 TU — (2+ N,) $?) + perm| .

where again perm indicates the permutations of legs two and three as well as two and four
and N, = 672" = N2 — 1 is the number of adjoint generators of the Lie algebra.

2.6.2 Amplitudes: (17273741H)

It has been explicitly shown that <1+2+3+4++)|593 vanishes in four dimensions [80] us-
YM

ing both generalized unitarity and the DC method. Therefore the DC calculation is not

reproduced in this thesis.
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Figure 2.2: At order g* these box, triangle and bubble topologies are non-vanishing after
double copying.

The next contribution is at order 3. The corresponding graphs are drawn in figure 2.3
and the first integrand is of the form

______ _ »
—i9°A  abed pABC (r4]qo + g3 + 21| 4]

= — J 2 abedp : _
E DoDyDyD3 " (b2 + Q) (Qo—p) =7 T

where four-dimensional spinor-helicity variables are used to represent the polarization vector,
which is defined in (2.26). Compared to the previous two amplitudes there is an additional
gauge freedom that is encoded in the reference vector r4 which can be chosen arbitrarily
but not such that it is proportional to ps. The full calculation has been done for the gauge
choices r4 € {p1,p2,p3}. Since the amplitude has to be invariant under different gauges, this
is a powerful crosscheck for the final result.

After all integrands of YM+¢? have been determined one can construct the gravity
integrand using (2.75). Evaluating and reducing this expression yields the simple result
_ Wgvar S [41) [42) [43) [12]
gymr? (8m)2 /2 (34)

Mi(1F,2),3%, 4**)] (2.76)

2.6.3 Amplitudes: (172737+4+T)

The leading order in x? for the amplitude (1% 2+3++4++>\H29% g has been determined in
[80] using the unitarity based two-cut method. Here it shall be shown that with the DC
prescription (2.75) this result is much easier obtained. Only the graph topologies drawn in
figure 2.4 have to be evaluated on the YM+¢? side. Besides, the calculation can even further
be simplified by choosing the reference momenta r; for the gluon polarization vectors at the
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Figure 2.3: To obtain (172F374%1)]
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Figure 2.4: This pair of graph topologies represent graphs which appear at leading order in
A2g% which contribute to (17273 T4++).

legs three and four to be the same such that the integrands containing the quartic vertex
give zero identically.?*

Thus only the first type of graph from figure 2.4 has to be determined. The resulting
amplitude is given by

. 2 2
L1+ o+ at++ 4++ _ ¢ k9gym aav v S [12] [34]
Myl 2,877, 4 )‘gian  (4m)2 ( 2 ) 7 6 (12)(34)2° (277)

This result agrees with the expression given in [80] if one inserts into their results the pair
of coupling constants (gynir/2)? and the colour structure N Tr (T aTb) — N §ab = fa’ab’ fb'ba’
following from the decomposition of a one-loop amplitude into partial amplitudes (2.32).
Since the result stated in [80] is the only partial amplitude which contributes, both expression
coincide.

The x* contribution can be determined by the graphs given in figure 2.5. Applying the
same steps as before the result reads

kY212 437 2 + N,

KA 7’(167r)2 (34) 90 " (2.78)

M(LF, 2, 37T, 47)

Here N, represents again the dimension of the adjoint representation of the gauge group. This
result has been calculated for the following choices of reference momenta r3 € {p1,p2,ps},
ra € {p1,p2, p3} yielding identical results.

24This follows from €] - €] ~ (rara).
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Figure 2.5: At g* these graph topologies shall contribute to the gravity amplitude
<1+2+3++4++>|H4.

2.6.4 Amplitude: (1TF27+3T4+F)

The remaining all-plus amplitude of EYM only contains gravitons as asymptotic states. In
principle all the diagrams given in figure 2.6 contribute to the integrand. It can be seen
that the graphs in the first row arise from pure YM theory. It has been discussed in section
2.5 that the calculation of these diagrams simplifies by choosing an appropriate gauge such
that the graphs with box topology are the only non-vanishing ones, i.e. the only integrand
which survives is exactly given by (2.71). For example this has been demonstrated in [169]
using unitarity cuts. To simplify their analysis, the propagating gluon has been replaced by
a complex scalar which is possible due to the supersymmetric Ward—Takahashi identities.
They relate the amplitudes which inherit a circulating gluon to amplitudes with a circulating
complex scalar in the following way

Mivgluon(1++, 2++’ 3-|-+7 4++) — M}lvscalar(lﬁ--ﬁ-’ 2++, 3-1--4-7 4++).
The superscripts “scalar” and “gluon” refer to the particle types which are circulating in the

loop. Since a complex scalar has two degrees of freedom this relation can be represented
diagrammatically by

This immediately shows that the graphs in the first and second row are intimately related.
Hence one can write the amplitude as the sum of three scalar boxes in 4 — 2¢ dimensions,
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Figure 2.6: These topologies in YM+¢? have to be evaluated to obtain (17+2F3+47+)|

K4

which are defined in equation (2.45):

. 4 2
ML+ 24+ 3+ 4++) = (47;2_6/1([12] [34]>

X<I4 [MS;S,T} + Iy {ps;T, U} + Iy LLLB;U, SD (1 + ]\2[g> .

In four dimensions the result simply reduces to

' 12][34] \* S? + T2 + U?
ML ot 3 gy — Z)2H4([ I ]) +1° +

(am)?" \(12)(34) 50 2N (279)

According to [65] the dilaton and axion can be removed by subtracting twice the contribution
generated by the adjoint scalar circulating in the loop. For the all-plus amplitude the scalar
part is given by

\ i [12] [34] \? S + T? 4 U?
MO = () e 29

This result implies that the pure EYM (i.e. without the axion and dilaton) amplitude reads

i 12][34] \? 82 + T2 + U?
M}l,pEYM(1++7 2++7 3++, 4++) - - (47_[_)2'%4 (<[12]> <[34}>> 1920 (1 + Ng) . (281)

The result for the pure gravity part of (2.81) agrees with [151, 171] which can be seen using
the identity

[12] [34] ST

(12)(34) — (12)(23)(34)(41)"

2.6.5 Final Results

In this chapter all four-point amplitudes with positive helicity configuration have been cal-
culated at one-loop order for EYM. As expected the amplitudes are rational functions and
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Moreover, this result can be extended to arbitrary helicity configurations at four points.
These amplitudes can be obtained by using the DC method in the same way as it has
been discussed in this thesis because the authors of [170] constructed a CKD satisfying
representation for four-point YM amplitudes at one-loop for arbitrary helicity configurations.
However, using their numerators the calculation is much more tedious since these are non-zero
for all possible graph topologies which increases the number of diagrams to be calculated
in YM+¢3 enormously. Hence, it might be more efficient to use a different technique to
compute these amplitudes.

2.6.6 Pure Einstein-Yang-Mills Amplitudes

Generally, it would be very interesting to be able to obtain the pure EYM results from the
amplitudes calculated in this paper. An analysis of possible interaction terms generated by
the Lagrangian (2.65) shows that the axion and dilaton cannot contribute at one loop for
a four-point amplitude if the number of asymptotic gluon states matches the power of the
coupling constant gyyi. The reason is that in this case only the gauge fields can propagate
in the loop, because all fields couple at least quadratically to it.

Further for the four-point graviton amplitude MJ}(17F, 27+ 3+ 4+%) it has been possi-
ble to separate the axion and dilaton contributions from the gluon and graviton contributions
to obtain the pure EYM result. This has been achieved by subtracting the unwanted particle
types circulating in the loop according to [65].

The authors of [65] have motivated and illustrated on several examples that pure gravity
theories can be directly obtained by considering a generalized double copy procedure in
which particles transforming in the (anti-)fundamental and adjoint representation of the
gauge group are studied. The reason is that the dilaton ¢ and the axion x on-shell states do
not only appear in the spectrum of the tensor product of two on-shell gluon states A, but
also in the tensor product of fundamental and anti-fundamental Weyl fermions ¢ and 9,
respectively. Thus subtracting the latter contribution from the former is supposed to yield a
pure gravity theory.2 Consider the following decomposition into irreducible representations

25This implies that the fundamental Weyl fermions have to have opposite statics. Otherwise both contri-
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of the Poincaré group
APQ A =W @ ¢t @9 T,

where the graviton on-shell state A*” has two degrees of freedom and the states Q+_ ~ p+ix
and Q7+ have one each. In comparison the on-shell Weyl fermions tensor product can be
written as
vreYT=¢" ad YTevt =g

Using the generalized DC method of two YM theories coupled to (opposite statistic)
fundamental Weyl fermions yields an amplitude in a pure gravity theory. The authors of [65]
could conclude that by studying the internal degrees of freedom of the loop amplitudes and
by applying generic unitarity cuts of the gravity amplitude in four dimensions. This analysis

has revealed that the only internal propagating states are gravitons. Hence the resulting
amplitude has to be a pure gravity amplitude.

However, the four-point graviton amplitude M(17, 27+ 37+ 47T) and the analysis
of [65] have in common that only one particle type is circulating in the loop. But all the
remaining amplitudes computed in this thesis contain a mixed type of particles circulating
in the loop, which makes a subtraction of the axion and dilaton rather difficult.

butions would add up.

In general the subtraction has to be performed by the fundamental Weyl fermions, however, in the case of
a four-point pure gravity amplitude at one-loop the authors of [65] have shown that this is equivalent to
subtracting twice the contribution (2.80).
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Chapter 3

Mellin Amplitudes

Comments about the Signature

It is common to study several properties of conformal field theories (CFTs) in Euclidean
spacetime. However, Euclidean and Lorentzian CFTs contain the same information, i.e. the
CFT data is identical. They are related by analytic continuation which is established by a
Wick rotation from Euclidean time 7; to Lorentzian time ¢;. The choice of contour of this
Wick rotation is important, because it dictates the time ordering of the correlator, e.g. if it
is time-ordered, anti-time-ordered or of mixed ordering. A neat way to implement this choice
of contour is by fixing the ‘e-prescription. This result is known as the Osterwalder-Schrader
reconstruction theorem which states that well-behaved Euclidean correlation functions can be
analytically continued to Wightman functions [172-174]. This is nicely reviewed in [175, 176]
and more mathematically in the standard textbook [177, Theorem 3-5].

To illustrate this take the simple example of an Euclidean two-point correlator

(6(r1, %1)dp(72, %2)) = 1)A (3.1)

2 2
(89 + X7y

This function is analytic for non-coincident points (71,x1) # (72,x%2). (3.1) can be analyti-
cally continued to a Wightman function by setting 7; = ¢; + it; with €; > €5. The inequality
€1 > €9 fixes the ordering of the operators. This leads to

1
. A
(—tiy +xiy + 2iezti2 + €fy)

(pE(e1 +it1,x1)pp(e2 + ita, x2)) =

Finally one sends €12 := € > 0 to zero which gives the Lorentzian correlator

1 1 1 A
(@r(t1,x1)PL(t2,%2)) = lim = lim — T (3.9)
0 (a3 + 2ietz) 0 (@l i) [ady
with 22, = —t2, + x2,. This is the result for a time-ordered correlator, e.g. (t; > t2).

For an anti-time-ordered correlator (ta > t;) the phase would have opposite sign. The
difference in both time orderings corresponds to crossing the branch cut along the real
negative axis. Hence the ie-prescription defines the choice of contour uniquely. This analysis
can be generalized to n-point correlators.

47
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In both correlators (3.1) and (3.2) the same conformal dimension is encoded which im-
plies they carry the same information. Therefore the signature can be chosen either way. In
this thesis the choice of signature is mostly the same as it is in the literature, e.g. parts of
the introduction to CFTs (section 3.1), the definition of the Mellin amplitude (section 3.3)
and the perturbative calculations (section 3.4) shall be presented with the metric signature
(+,...,4). To obtain the definition for the Mellin amplitude in Lorentzian spacetime the
correct ie-prescription is included. Since the final results in this thesis shall be presented
in Lorentzian spacetime all the three-dimensional tensor structures in section 3.2 are con-
structed for the metric signature (—,+,+). The conformal group/algebra in section 3.1 is
studied in Lorentzian spacetime, too.

3.1 Conformal Symmetry

Generally symmetries are generated by Killing vector fields, because these are the (infinites-
imal) generators of isometries

oxP 0x° isometr
(@) = G oo ()= @) (33)

of the metric g, i.e. they generate distance preserving transformations of the metric. The
indices can take the values 0 < pu,v,...,< d — 1. Since the metric is invariant under the
flow of Killing vector fields, the action posses a symmetry according to Noether’s theorem.
Mathematically, the flow of a Killing vector field X has to vanish along the metric g

Lxg=0, (3.4)

where the Lie derivative Lx evaluates the change of the metric g along the flow of the vector
field X. In local coordinates (3.4) translates into the Killing equations?

VX, +V, X, =0 with the covariant derivatives V. (3.5)

However, if one is interested in the class of phenomena invariant under conformal trans-
formations

(@) = (@) g (@), (3.6)

symmetries are given by conformal Killing vectors fields ¢ = €0, which change the
metric under the flow of € only by a local rescaling Q(z) and satisfy locally the conformal
Killing equations

2
Lcg=0%x)g orlocally Ve, + Ve, = gvpepgw.

Assuming that the metric is the constant Minkowskian metric g = 1 with the signature

(—=,+,...,+) and considering the subclass of transformations that rescale the Minkowskian
metric 7 only, the conformal Killing equations take the simple form
2
Oper + 0pe, = gapepmw. (3.7)

Locally an isometry (3.3) yields the Killing equation for the infinitesimal displacement z'* = 2* + X*
and X* has to obey the Killing vector equation (3.5) which can be checked by dgu.(z) = i (%) — guv(z) =

Guw (& = X) = g ().
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The most general vector in d > 2 dimensions which satisfies (3.7) is given by
€ = e'd, = ia"P, +i\D + %MWM,W + b K, (3.8)

where the corresponding generators are defined by

P, = —id, generates translations,
M,y =i(x,0, — x,0,) generates rotations,
D := —izt0, generates dilatations, (3.9)
K, :=—i (2@@”&, — :U28u) generates special conformal transformations.

These generators characterize the conformal algebra and obey the following (non-vanishing)
commutation relations

(M, Pyl = i (nupPu — mppP)
(M, Mpo| = i (nupMuo + Mo Myp — e Mpup — nupMye) ,

(3.10)

The conformal algebra includes the Poincaré algebra as a subalgebra, since the first two com-
mutation relations of (3.10) form a closed subalgebra. In fact the conformal algebra acting
on R~ is isomorphic to SO(2,d). The isomorphism is given by mapping the generators
(3.9) to the generators

1 1
S = My, Jpa = D) (P + Ku) S ISES 9 (K — Pu) s Jagra=D. (3.11)

It can be verified that in this representation the conformal algebra satisfies

[Jun, Jrs] =i(MnrIvms +nvusINg — nsImr — MvRINS) 5 (3.12)

where the diagonal metric ny;x has the signature (—, +,...,+, —). The coordinates can take
the following values 0 < M, N, R, S < d+ 1 [29, 98, 124].

In a quantum theory one is interested in calculating observables which, in a conformal
theory, can be obtained from local operators. Hence, it is important to analyze how the
conformal symmetry acts on operators. In CF'Ts it is useful to distinguish two types of local
operators: primaries and descendants. Primary operators Oa(x) are of special interest
because all descendant operators can be obtained from them, and they satisfy very simple
transformation rules at the origin x = 0, i.e. they are eigenvectors of the dilatation operator
and transform in irreducible representations of the Lorentz group?

(M, OA(0)] = S,OA(0), [D,0a(0)] = —iAOA(0), [K,,Oa(0)] =0. (3.13)

21f the set {Oa,(0)|i € I'} forms a basis of an invariant subspace of the representation space of the Lorentz
group (i.e. the representation of the Lorentz group is irreducible), then every generator that commutes with
generators of the Lorentz group have to be proportional to the identity by Schur’s lemma. This implies that
Oa(0) is an eigenvector of the (matrix-) representation of the dilatation operator D, since [D, M| = 0.
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A is called the scaling dimension of the operator and it gives information about physical data
like critical exponents. S, is a matrix-valued representation of (Lorentz-)rotations M, .
Further details can be found in the appendix B.1. The last commutator [K,,Oa(0)] = 0
follows from the fact that the matrix-representation of D is proportional to the unit matrix
combined with the commutation relations (3.10). In addition this commutation relation
suggest that there is a lowest weight state of D from which all other states of a conformal
multiplet can be constructed by applying conformal transformations, i.e. the irreducible
representation space can be constructed in similar way as the algebra of SU(2). Let Oa(0)
denote the primary operator which satisfies [D, Oa(0)] = —iAOA(0). Using [D, P,] = iP,
one can deduce

Oa(0) 5 o (0) T otz 0) L (3.14)

by applying the Jacobi identity. Thus the entire ladder of dilatation eigenvalues can be walked
up by applying the operator P,. Note that these operators Ozl i (0) do not commute with K,;
hence they are not primaries but descendants. In general a descendant can be constructed
from a primary by applying the operator P, as can be checked with the commutation relations
(3.10). It can be proven that all local operators in a CFT are a linear combination of primaries
and descendants [124].

3.1.1 Operator-State-Correspondence and Operator-Product-Expansion

In section 2.1 it has been pointed out that spacetime should be quantized along one of its
isometries. As shall be shown, for CFTs it is useful to choose the direction of quantization
along scale transformations. This implies that the d-dimensional spacetime is foliated into
spheres S 1 where each of these is equipped with its own Hilbert space V. To act on V,
operators have to be inserted on the spheres. To map an operator from one Hilbert space to
another the Euclidean evolution operator?

U(rg —r) = e~ Plnrz=lnra) .y, (3.15)

can be used. It follows from the comparison of (3.15) and (2.1) that the dilatation operator
D plays the role of the Hamiltonian in a radially quantized theory. The origin shall be placed
at x = 0, however, any other point is equally fine. This quantization scheme is sketched in
3.1.

Radial quantization is a very convenient quantization-scheme for CFTs. In particular,
this scheme is useful to prove the operator-state-correspondence which states that every
state in the CFT can be created by operators locally acting at a small neighbourhood close
to the origin. This means that the entire Hilbert space can be constructed from one, single
point. As usual in quantum mechanics, states are classified by its quantum numbers, i.e. in
CFTs they are given by its scaling dimension A and its SO(d) representation denoted by

3This and the next subsection are explained in Euclidean signature.

4Scale transformations become an isometry (i.e. they obey (3.3)) if a Weyl rescaling is performed which
maps RY — R x 971 On the cylinder R x S9! scale transformations are an isometry and the “time
evolution operator” is given as in (3.15). Both metrics are related by

2 2 2,2 2 2 2 27 .2
dsga = dr” +rdsga—1 = €7 (dT —l—dssd,_l) =e"dsg,ga—1 and r=¢€".

In particular, radial quantization on the plane is equivalent to usual quantization on the cylinder [124].
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Figure 3.1: On the Lh.s. spacetime is quantized along the time direction t. Each hypersurface
Effl is equipped with a Hilbert space. On the r.h.s. spacetime is quantized radially, each
sphere Sﬁfl is endowed with its own Hilbert space.

its spin [. Hence, a state is uniquely characterized by |A,[),, where the index i is given in
the appropriate SO(d) representation under which the state transforms, e.g. scalar, tensor,
spinor etc. representation. However, in the following discussion the SO(d) spin value [ and
index i shall not be written explicitly, i.e. the short-hand notation |A,l), := |A) is used.
This notional simplification is not relevant for the proof.

Each local operators constructs a state

It has been pointed out, in a CF'T the complete basis of operators is given by primaries and
descendants. Further, it has been shown that each descendant can be created from primaries
by acting with the momentum operator. Thus, to construct a state from an operator, it is
best to start to map primary operators inserted at the origin x = 0 to primary states. This
is established by

OA(0) — Oa(0)]0) := |A) (3.16)

with the conformal invariant vacuum state |0). This implies that the state |A) and the
operator Ox(0) obey the same commutation relations (3.13). A general primary operator
Oa(x) inserted at any point but the origin can be written as a linear combination of local
operators Op inserted at = 0 (or rather the identified state |A)). Hence,

Oa(e) 0) = P=050)e P 0) = P72y = 3 LD Ay (3.17)
n=0

n!

which is a linear combination of the basis vectors (3.16) [98, 124].

In comparison descendant operators can be generated by (3.14), but due to the identifi-
cation (3.16) their construction works the same way, e.g.

DPF|A) = [D, [Py, Oal]10) = ([[D, Pu]; Oa] = [Bu; [D, OAl]) 0)

= ([D, P"] — P"D)|A) ~ (A + 1)P" |A) (3.18)
— PE|A) ~]A+1).
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Therefore acting with all possible operators on the vacuum constructs a state in the
Hilbert space which is uniquely characterized by both of its quantum numbers A and I.

Each state constructs a local operator

The converse direction holds also in a CFT. L.e. to each state a local operator can be
constructed. E.g. to the primary state |A) the corresponding local primary operator Oa(0)
can be created by its action onto conformal correlation functions.

<OA1 (.Z'l) ce OAn (.TUn)OA(O» = <0‘ OA1 (1‘1) N OAn (.len) |A> (3.19)

Due to the identification (3.16) both sides of the equation obey the same transformation
properties under conformal transformations. Hence, (3.19) defines to each state an appro-
priate local operator such that both conformal correlation functions yield the same result.
Therefore the state and the so-defined operator can be identified [98]. This generalizes (3.16)

OA(0) «— |A)
to a one-to-one map.

This shows that in radially quantized CFT, the operator-state correspondence is easy to
prove since the vacuum is located at a single point. Due to this isomorphism between local
operators and states, an arbitrary state |¢) state can be decomposed into the basis |Ag). In
particular,

¥) = O1(21)O2(22) |0) = > MarChak (w12, 223, P) |Ay) (3.20)
k=0

where the sum runs over all primary states and the function Ciof (212,223, P) generates all
possible descendants by acting with the momentum operator P* on primaries. The OPE
coefficient Aoy is a simple constant.? It is an important fact that the form of the function
Cor is completely fixed by conformal symmetry. But implicitly C19; depends on the scaling
dimension A; of the involved operators. Using the operator-state-correspondence, equ. (3.20)
can be written as an operator equation

O1(21)O02(22) = Mi2kClak (w12, 723, 03) O, (73) (3.21)
k=0

which holds inside any correlation function. The operator-product-expansion (OPE)
(3.21) can be used to reduce the calculation of n-point functions to the computation of n-1-
point functions, because it fuses a pair of operators into a sum of local operators. The initial
value to solve this recurrence relation is fixed by dimensional analysis to be

1, if O is the unit operator 1
0, else.

Due to the operator-state-correspondence the set of operators which are included in a ball
create a state on its boundary. Hence, (3.21) does not just hold asymptotically, it has
a finite radius of convergence. It converges if it is possible to encircle the two operators
O1(x1), Oz(z2) without any other operator as it is shown in figure 3.2 [98, 124, 178, 179].

®For notational simplicity spin indices have been omitted.
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Figure 3.2: The operators O and Oy can be enclosed by a sphere separating it from other
operator insertions. Hence, they produce a state [1) on the dashed sphere. The state |¢) is
of the form (3.20).

3.1.2 Conformal Correlators

Conformal symmetry imposes very strong constraints on correlation functions. For example
the form of the two- and three-point functions cannot contain any dynamical information,
i.e. their form is completely fixed by its symmetry. For symmetric traceless tensor operators
with integer spin [ > 0 the two-point function is given by

JHL- VL (3312)

(OF1 1 (1) OV (19)) = dpor

‘$12‘2Ao
JH1V1 . L
with  JHEHVL-V () = Z (z) A (@) _ traces, (3.22)
Sym b, Vj ’x‘
xHxY

IM (z) =6 — 2

5 and x19 = x1 — T9.
x
The summation symmetrizes the expression in the indices p; and v;, respectively and the
subtraction of traces corresponds to removing terms of the form 6#i#s and §***3 such that the
two-point function is traceless in its u; and v; indices separately, however, it does not have
to be traceless in p;-vj-contractions. In (3.22) the operators have been normalized according
to dpor [180]

Equivalently, the form of the three-point function is fully dictated by conformal symmetry.
In case of three scalar operators ¢; the three-point function reads

A123

<¢1($1)¢2($2)¢3(x3)> = ‘$12‘A1+A2—A3 ’1‘23’A2+A3_A1 ’x31’A3+A1—A2’

(3.23)

where the constant Ajo3 is not determined by symmetry. Alternatively, the three-point
correlator can be reduced to a two-point correlator using the OPE (3.21):

(p1(z1)d2(z2)d3(23)) = D M2kCiok (T12, Oay) (O, (x2)P3(23)) -

k

~ 1
=A123C123 (212, Oz, ) m
23
Il A23 (3.24)
|x12|A1+A2*A3 ’x23’A2+A3*A1 |$31|A3+A1*A2
1 1

273

:)\123—_ (1 + .. )
2’A1+A2 Az ‘x23‘

|1
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Due to the diagonal nature of the two-point correlator (3.22) the sum in (3.24) has one
non-vanishing term only such that this expression reduces to the second line. In the second
line is the two-point function (3.22) of a pair of scalar primaries and all the descendants of
the conformal multiplet are generated by the function Ci23. In the third line the explicit
form (3.23) of the three-point correlator has been plugged in. And in the last line a Taylor
expansion around z12 = 0 has been performed. The derivation (3.24) is quite important.
Firstly, it determines the function Cjj; by Taylor expanding (3.23) around zi2 = 0 and
secondly, it shows that according to the normalization used in this thesis the relation A;j;, =
Aijx holds [98].

A simple analysis of the number of conformal invariant terms made of the arguments
x; with 1 < ¢ < 4 demonstrates that the four-point correlator has to be a function of two
independent variables, e.g. u and v. The scalar four-point correlator can be written as

A:[*AQ AS*A4
T4 X14 A(u, ’U)
(#1(71)P2(72)P3(73)Pa(m4)) = |—— —
214 13 |:E12|A1+A2 |3334|A3—~_A1l (3.25)
with the conformal cross ratios u = x12x34, v = x14a:23.
X13%24 L1324

The conformal invariant reduced correlator A is only a function of the two cross ratios v and
v. Applying the OPE (3.21) and using the diagonal nature of the two-point correlator, the
four-point correlator can be written as

(p1(z1) ... Pa(za)) =Y MokAsaw Cray (212, Ouy) Co, (234, Ony) <C9al (22) O™ (x4)>

kK
Ialbl T
b 24
= MorAsarCrhy, (212, 0ny) Cgly, (34, 00y) % (3.26)
F |34
— T4 A1—Ag T4 Az—Ay Zk )\12k/\34kgAk,lk(U7"U)
L14 13 \xlg\A1+A2 |34 Az+Ay

with the multi-indices a; = p1... and by = vy ... 1.8 9A,1,. is the conformal block. Its
definition shows that its form is completely fixed by the conformal symmetry, since Cj;;;, and
I are determined by it. Hence, the reduced correlator is given by

Alu,v) = MoeAsarga, . (u, v). (3.27)
k

In (3.26) the pairs of operators (12) and (34) have been fused together to build the
conformal block which can be diagrammatically depicted by

¢1 O, b4
(G1(21) - Pa(wa)) = > Mok Asan
k
b2 ?3

This fusion process is called the s-channel. But it is also possible to fuse the operators (13)
and (24), which is called the t-channel. However, independent of the fusing process the result
has to be the same. This requirement, called OPE associativity, is an non-trivial constraint

5Note that in the summation over all primary operators denoted by k, [ is the spin of the k" operator.
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o1 ¢4
o1 o N ®4
Zk )\12k>\34k = Zk; )\12k)\34k: O/Ak
P2 ®3
o2 ®3

Figure 3.3: OPE associativity requires that in either case the summation over all exchanged
operators represents the same four-point correlator. This condition imposes non-trivial con-
straints on the scaling dimensions and the OPE coeflicients of the CFT data.

on the CF'T which is actively used in the conformal bootstrap program to obtain information
about the operator content and the possible interactions of the CFT [181-190]. Even though
this line of research is quite modern, the main idea has already been stated in [95-97]. The
OPE associativity is sketched in figure 3.3. To impose the constraints derived from OPE
associativity, it is important to determine the exact form of the conformal block [191-202].

This example shows an interesting feature of CFTs. The four-point correlator is fixed by
the knowledge of its lower-point correlators. Whereas the conformal block is theory inde-
pendent and its form depends merely on the conformal symmetry, the OPE coefficients and
the scaling dimensions depend on the operators which are included in the theory. Therefore
it seems tempting to define CFTs by its CFT data and the requirement that its data is
consistent with OPE associativity [95-98]. The CFT data is the combined physical input of
all scaling dimension of the operators including their SO(d) representation and the knowl-
edge of all kinds of possible interactions which is encoded in the OPE coefficients of the
non-vanishing three-point functions.

3.1.3 Embedding Space Formalism

The local isomorphism (3.12) is quite intriguing because it linearizes the action of the confor-
mal algebra acting on an auxiliary space R%? which is called embedding space [203]. The
coordinates on the embedding space shall be written as X and the action of the conformal
algebra on it is given by

XM—)AJ‘]/\I/XN, UMNAA[{'A]X =NKL, detA=1

where A% is a finite Lorentz transformation generated by (3.11) given in the vector repre-
sentation. However, to connect the embedding space R%? to the physical space RM~1 one
has to choose a d-dimensional submanifold of R?? which respects the symmetry. Since the
action of SO(2,d) transformations leaves the lightcone

X2 = XMXNpyun =0

invariant one degree of freedom is removed by restricting to it. This can be seen by describing
the hypersurface in appropriate lightcone coordinates X°,..., X% 1 X+ X~ with XT =
X4+ X4 and X~ = X% — X9 | Thus on the lightcone one coordinate can be expressed
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Figure 3.4: The physical space is represented by the section (orange line). After an SO(2,d)
transformation X is mapped to X'M = AA]/{,X N which is generally not on the section.
However, a scale transformation X’™ — QX' moves the point again onto the section.

in terms of the others

—(XO)Z—I—(Xl)Q—I—...—i—(Xd*l)Q
X+ ’

The second coordinate X is removed by restricting to the section of the lightcone defined
by

X =

XH XH
= and X7 = const.

b= =
Xd4 X+l X+’

such that the d-dimensional section of R%? is parametrized by

XM = (X, X, XP) 5D X (1,22, 2. (3.28)

The action of (3.11) on RY¥~! can be analyzed in two steps:

1. The embedding coordinate is mapped from the lightcone onto the lightcone by a Lorentz
transformation XM — AM XN

2. If XM has been on the section (3.28), the point XM = AM XN is generally not on
the section, but just on the lightcone. However, the point X’™ can be rescaled to the
section by

XM — (c(z),d(a"),Z"(2")) — QXM = X*(1,2"2, 2™

where Q(z') = c(2/)71X T, d(2)Q(2') = X T2 and #/#Q(2') = X Ta'*. This corre-
sponds exactly to a Weyl transformation of the induced metric on RM~1 which is
drawn in figure 3.4.

To prove the second statement, it is best to analyze the infinitesimal line element

d—1
ds® = dXMdXy = —(dX%)? + ) (dX')* —dXtdX~

i=1

d-1

. , 2

section. _ (7 x0)2 S (dX)? = (X+> Nuvdat dz”
i=1
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since XT is constant. Plugging into ds? the rescaled variable Q(x)XM the line element
transforms as

ds® = dX"™MdX'; = nund(Qx) X)Md(Qx)X)N = Q2(x)nyydXMax N
2 (3.29)
= <X+> Q% (), datdz”

which is exactly a Weyl transformation. In the second step of the computation it has been
used that X2 = ny v XMdXY = 0 and in the last step the parametrization of the section
(3.28) has been applied.”

Thus one has traded the complicated action of the conformal generators (3.9) on the
simple manifold RY¥~1 with the linearized action of the generators of SO(2, d) on the manifold
parametrized by (3.28) which is the projective lightcone [33, 98, 204].

To describe conformal field theories in embedding space it is also necessary to define
operators in it. The easiest type of operators to analyze are scalar primary operators ¢(z).
Spinning operators shall be treated in a similar fashion afterwards. The corresponding
embedding space operator to ¢(x) is ®(X). ®(X) has to be homogeneous to be well-defined
on the lightcone, i.e. for XM ~ AXM it follows that ®(X) ~ ®(AX) = A\*®(X) for some
c € R\{0}.

This implies the operator in embedding space has to be related to the operator in physical
space by®

P(X) = O(XT(1,2% ) = (XT)7°®(1,2%,2) = (XF)~*¢(x)

section

Comparing the action of a conformal transformation on ¢(z), which is given in the appendix
B.1, and the corresponding rescaling on ®(X) leads to ¢ = A because

d(x) = ¢'(a)) = Q2 (2)p(z), B(X) = ¥ (X') = DAX) = A" D(X).
To scale the operator ® back to the section, A\ = Q(z) has to hold according to the previous

analyses (3.29). This implies the aforementioned made statement that ¢ = A. Thus scalar
operators in embedding space have to satisfy:

(X

1
= ————¢(x) is the section condition,
) section (X+>A Qﬁ( )

®(AX) = A"2D(X) is the homogeneity condition.

(3.30)

(Fermionic) Tensor operators contain tensor indices in addition. Thus to construct
fermionic operators in embedding space one has to project these spinor indices onto the
physical coordinates as well. An elegant way to deal with these spinor indices is to introduce

" Actually, this proves that the lightcone is a projective space. Two points on the lighcone X (z) and
Q(z) XM (x) with Q(x) € R\{0} which are related by a scale transformation differ in physical space by a
conformal transformation. Since points related by a conformal transformation are equivalent, points on the
lightcone related by a scale transformation are equivalent. Hence, the points X™ (z) and Q(x) X (z) belong
to the same equivalence class.

8This follows from (3.28) and ®(AX) = A\°®(x), because ®(1, 2, 2) depends neither on X nor on X~ it
is demanded that ®(1, 2%, ) = ¢(x).
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an auxiliary spinor s, which transforms in the anti-fundamental spinor representation and
is a primary of vanishing dimension. Thus one can write

U(x,s) = sup*(x) with ¢%(z) = 9

= 8saw(:v, s). (3.31)

Since 9 (z, s) and *(z) are in one-to-one correspondence (x, s) contains the entire infor-
mation of the spinor operator )*(x). Similarly an auxiliary spinor S; can be introduced for
the embedding spinor W/ (X) which shall be defined by

U(X,S)=Sv(X). (3.32)

In (3.31) and (3.32) all spinor indices are contracted; hence these objects transform like
scalar operators (3.30):

U(X,S) = ﬁw(x, 5) (3.33)
and obey the homogeneity property
_A-—1L
TOX, A8) = A" 20U(X, S), (3.34)

which follows from the transformation behaviour of fermions under conformal transforma-
tions and the fact that ¥(X,S) depends linearly on S;. This analysis can be generalized to
arbitrary fermionic tensors.

To be concrete, consider physical primary spinor operators ¢*(z) in three dimensions
with signature (—, 4, +) which transform in a representation of the double cover of SO(2,1),
ie. SP(2,R) = {M € GL(2,R)|MTwM = w}. This implies that ¢®(x) is a Majorana spinor
because the representation is real. The operator ¥/ (X, S) transforms in the fundamental
representation of SP(4,R) = {M € GL(4,R)|MTQM = Q} which is the double cover of

SO(3,2). The corresponding symplectic forms (to raise and lower indices) are defined by

0 1 0 1
_af _olJ _ 2
Wep = w? = (_1 0) , Q=" = (_]12 0) i (3.35)

However, the embedding spinor ¥ (X, .S) does still have the double amount of components
compared to the physical spinor 1 (z, s). The correct identification of ¥(X,S) and ¥ (z, s) is
obtained by the transversality condition

Sixh =0 with X% .= x4(Ta);. (3.36)

It can be checked that this requirement yields the correct conformal transformation for the
physical operators if and only if the embedding space operators transform covariantly under
Lorentz transformations. The transversality condition (3.36) identifies the auxiliary spinors
in the following way

Sr=vXt ( Sa ) with 2% = 2 (7,) (3.37)

_gjo&sﬁ

where the matrices {7#|0 < p < 2} satisfy the Clifford algebra.
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This analysis completes the study of fermionic operators in embedding space. More
information about the concrete algebra and the matrix-representation of the y-matrices can
be found in the appendix B.2.

The advantage of the embedding space formalism is that it is more suitable to construct
correlation functions in it than in physical space. For example the two point function is given
by

(V(X1,51)¥(Xg,52)) =i

which follows from the homogeneity property (3.34) and Lorentz invariance. To simplify
the notation <SlX2X3 ces Sn) = (Sl)[(XQ)IJ(Xg)IJ e QLM<SH)M and Xij = _2Xi . Xj =
(z; — x;)? is used at the Poincaré section X = 1.9 The correlation function in physical
space reads

(712)%,
(w%Q)AH

(W (21)Vay (22)) =0

with z19 = 21 — x2. This follows from (3.37) and (3.33).

Another advantage of the embedding space formalism is that constructing tensor struc-
tures is easier to handle in it than in physical space because one has to build Lorentz invariant
quantities only. This shall be important in section 3.2 [199, 204]. But before doing that it
is useful to study the appearance of tensor structure of correlation functions in embedding
space.

An operator O of spin [ has 2l auxiliary vectors S; [199, 205, 206] which leads to a
generalization of the homogeneity property (3.34) in a straightforward manner

O(aX,bS) =a 2! O(X, S). (3.38)

Therefore, an n-point conformal correlator of operators O; with dimension A; and spin [;
obeys the following homogeneity property,

(Ol (ale, blSl) s On (aan, bnSn)> = H CLZ- A ( lli <01 (Xl, Sl) e On (Xn, Sn)>(339)
i=1 a;

For example, an n-point correlator of 2K spin one-half fermionic and M scalar operators,
which shall be of interest in section 3.3.2, has to satisfy

(U1 (a1X1,0151) - - - VUag (a2 Xok, ba Sox ) Paxt1 (a2x+1Xok+1) - - P, (an X))
n 2K
AL b;
=[Tai ™[I —% (91 (X1,51) - Vax (Xok, S2x) Porci1 (Xoxs1) -+ P (X))

i=1 j=1 V%

with 2K + M = n.

Tensor structures T} for a generic spinning correlator shall be defined such that they
entirely account for the factor [[iL, bil; in the homogeneity relation (3.39). Concretely, the
a

i

9 Alternatively one can also rescale the factor X+ since the lightcone is a projective space, but in this thesis
the representative of the equivalence class shall be at X = 1 for all coordinates.
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tensor structures Ty are chosen such that they obey

n 2
(blsly" b Sna CLle, c an n :H Z Tk Sla"' aS’n; Xla"' 7Xn) (340)

Z

For illustration it is useful to give two examples. The three-point conformal correlator of
two spin one-half and one scalar operator is given, schematically, by

3
2
K X12 X13 X23

T A}
(U1 (X1, 51) U2 (Xo, S2) (X3,53)) = Z A tAg—A A1+A132§A2 AptAg—Ay ) (3.41)
2 2

where \Y,; are the OPE coefficients of the components of this three-point correlator. k labels
the independent tensor structures. In the same way, any four-point conformal correlator has
the generic form

Aq—Ay Ag—Ay
X24> 2 (X14) 2 >k TiAg (u, v)

B1+89 A3t+Ag
X1 X3 (X12)7 2 (X34)” 2
where Ay (u,v) are components of the reduced correlator which is a function of the cross-
ratios v and v.

(3.42)

(01 (X1,81) - Oy (X4, ) = (

The three-point (3.41) and the four-point correlator (3.42) do not seem to explicitly
depend on the spin of the operators. The reason is that in this thesis the tensor structures
are defined such that they include the entire spin dependence. Obviously, this follows from

the normalization of the tensor structures which is given in (3.39) and (3.40). The spin
2l

dependence [[;_; -~ of the conformal correlator is absorbed into T.

3.2 Tensor Structures

3.2.1 Constructing an Independent Basis of Tensor Structures

It has already been stressed in section 3.1.3 that the embedding space formalism is very handy
to construct tensor structures for correlation functions which contain fermionic operators.
In embedding space one has to build Lorentz invariant quantities only which also satisfy the
homogeneity property (3.34) and the transversality condition (3.36). However, the problem
is that not all of these tensor structures are linearly independent, because there are algebraic
relations between different tensor structures. Omne option to resolve this redundancy is to
make use of Fierz identities or v-matrix relation to relate the dependent tensor structures to
each other, but in general it is difficult to know which identities should be applied.

A different way to count independent tensor structures and construct the web of relations
among them is to gauge fix the conformal symmetry and to analyze the correlation function
in a conformal frame. A conformal frame for an n-point function is any fixed configuration
of points to which one can always map any n points using conformal transformations and
exhausting all the symmetry [207]. A common conformal frame for a four-point correlator is
drawn in 3.5. This removes all the ambiguity and a unique basis of tensor structures can be
built. The following analysis is independent of the particular choice of the conformal frame.
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Figure 3.5: A conformal frame for a four-point correlator can be chosen such that the first
three points are fixed by conformal symmetry and the remaining point x4 can be rotated
such that the plane spanned by x1, x2, x4 is at the appropriate position.

The authors of [207] prove that there is a relationship between singlets of the stabilizer
group and independent tensor structures. In particular they show that the singlets of the
stabilizer group (or little group) G, = {g € G|g.x = x} that leave the configuration of
points x; invariant are in one-to-one correspondence to the independent tensor structures of
an n-point function. x; are the positions of the operators of the conformal correlator for a
chosen conformal frame. Therefore, to construct the basis of tensor structures for a correlator
(01(X1,851) ... On(Xy, Sn)) explicitly, the singlets of a group G under the stabilizer subgroup
H C G can be studied. G is the rotation group under which the operators O; transform,
e.g. for integer-spin operators G is given by O(-) (if parity is conserved) or SO(-) and for
half-integer-spin operators the corresponding double cover has to be chosen, i.e. Pin(:) or
Spin(-). This shall be denoted by

n H
(Resg ® pl-) , (3.43)
i=1

where Resg denotes the restriction of a representation of G to H C G. The operator O;
transforms in the representation p; of the Lorentz group and p!’ denotes the H-singlets in p;.
In this thesis fermionic correlation functions of a parity symmetric theory in three dimensions
are studied which specifies the groups of (3.43) to be G = Pin(3) and H = Pin(5 — n).

Further, in the following analysis it is assumed that all operators have different scaling
dimensions such that there are no further reductions in the number of independent tensor
structures. Because, in general for identical operators the number of independent tensor
structures is further reduced due to permutation symmetry.

The authors of [207] calculated the number of independent tensor structures in three
dimensions for a theory of definite parity. For three-point functions it is given by

N3g (I1,19,13) £ i i
N:Sid _ 3q (I1,12,13) /-f7 with Kk — { 1, if all operators are bosonic,

2 0, otherwise. (3.44)
Nsa= (2L +1)Q2l+1) —p(p+1), p=max(li+1lx—130), h<l<ls

where [; is the spin of the operator ;. The superscript £+ denotes the parity of the corre-
sponding tensor structure. The number of independent n-point tensor structures for n > 4
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reads

n

N3q (ll, I, 13, l4) = H(2lz + 1).
=1

It can be seen from (3.44) that if there is at least one half-integer spin operator, one can
take an equal number of parity odd and parity even tensor structures.

The aforementioned method shall be illustrated by the example of a three-point function
(01(X1,51)02(X2,52)03(X3,S53)). This example is also chosen in [207].

1. The first step is to gauge fix the conformal correlation function. One possible choice is
given by

90(51, 52, 53) := lim L3 (01(X1, 51)O02(Xa, 52)O3(X3, S3)) (3.45)
at the positions

21 = (0,0,0), z2 = (0,0,1), 25 = (0,0, L). (3.46)

2. Clearly, the set of points (3.46) is invariant under the boost K;. The explicit represen-
tation of this boost is given in the appendix in equ. (B.12). This forms the stabilizer
subgroup of this configuration. Hence, the correlator (3.45) is invariant under

55 — 671')\15152- :[cosh <;\) 15 + sinh <;\> <(1) _01>] S;
{2l - o)
cosh (5 ) —sinh (5 ))& &i

It can be seen that & has charge 1/2 whereas & is negatively charged with —1 /2.

(3.47)

3. According to [207] the independent tensor structures are in one-to-one correspondence
to the singlets of the stabilizer, i.e. to functions which are invariant under (3.47). A
basis of such functions is given by the product of the monomials &; and &;:

3 3
litqi fli—qi :
[01,q2,q3) = [[ & T4& ™% with ) ¢ =0 (3.48)
i=1 i=1
and ¢; € {—l;,...,l;}. The last two constraints have to be imposed, because there

cannot be more than 2I; polarization vectors for each operator. It is easy to see that
(3.48) is invariant under (3.47). For brevity the abbreviation cosh(A/2) := ch and
sinh(\/2) = sh is used.

[Q17 0, Q3] N (Ch + Sh)ll+lz+ls+q1+Q2+q3 (Ch _ Sh)thHs*Ql*Qz*qg [q17 02, q:g]

l1+l2+13
= (ch2 - sh2) 91,92, 93] = [q1, 92, q3]

Thus in the conformal frame (3.46) the basis of tensor structures for three-point cor-
relation functions is given by (3.48).
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3.2.2 Basis of Tensor Structures

To analyze the factorization properties of the four-point conformal correlation functions
(U1 WyP3Py) and (U WoW3W,) in three dimensions it is necessary to construct a basis of
their tensor structures as well as the basis of the tensor structures of the three-point func-
tions (¥ Wa®3), (¥ 1P2Ws;) and (¥1V2O03;) with [ > 0 onto which they factorize. This is
established using the formalism described in section 3.2.1. The basis of tensor structures is of
definite parity which is indicated by the superscript +. In addition, all the tensor structures
shall be presented in embedding space and they are contracted with the polarization vectors;
hence they are conformally invariant. The expression in physical space can be determined
by the formulae presented in section 3.1.3. In particular, the following formulae are useful

(S1X2X3 -+ Xj—15%) ol Frotos  Fr—1p
(X XS (S X+ X5 — [ .

The spinor indices on the r.h.s. have been suppressed and a bracket is used if more than
one concatenation of spinor variables occurs such that it is evident how to interpret the
expression in physical space.

Tensor Structures for Three-Point Functions

The conformal correlator (¥;Wy®3) of two spin one-half fermions and one scalar has two
independent tensor structures which are chosen in the following way

+ <5152> _ <51X352>

rl= , r= 2
i X 4 /X13X32

According to (3.44) the conformal correlator (U1W,03;) with spin 0 < [ € N* has four
independent tensor structures.!” They can be defined to be

L (S5189) (S3X1 X2S3)! - (S1S3) (S293) (S3X1 X2S3)

dil = T 1 d ) di2 = I R )

X5 Xi3X55 X5 Xi3X55
~ S3X1X585) 1
Tai3 = < o 3>z+1 [X23 (5153) (S2.X193) + X13 (5253) (S1.X253)] , (3.49)

XpX3 Xog
_ (S5X1X255)

Tdia =" T @1 o1
2 2 2
X5X5 Xog

[X23 (5153) (S2X153) — X13 (S253) (S1X2S53)] -

For the three-point function (V1 ®2W¥3;) of a scalar ®o, a spin one-half ¥; and a higher
non-integer operator Wz; with 0 </ € N+ % the basis can be chosen such that

1 1
4+ (S153) (S3X1X,83) 2 _ (S1X2S3) (S3X1X253) "2
Ter = TS S B Ter = T,L 1.1 _T.1 . (3.50)
2 2 2 4

!
21 1y2 14 1y2 1
X12 X13 X23 X12 Xl X23

cr

Note that the basis which has been chosen in the associated publication [1] is the same
as in [198, 199] but with different normalization.

YFor I =0, rj{i 1 goes to 7",;‘ and r;; , goes to 7.
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Tensor Structures for Four-Point Functions

The conformal correlator (U Wo®3®,4) has four independent tensor structures. Asin [1, 198],

they are taken to be

- (S152) o (S1X3X4S57)

! VX2 2 VX 13 X34 X2
~ (51X3857) _ (51X4S2)
VX3 Xs VXX

(3.51)

For the conformal correlator (UqWoWsW,) of four spin one-half fermions the basis of
independent tensor structures consists of sixteen elements. According to [1] they are given

by eight parity even tensor structures

(5152) (S9354)
VX12X34

(S1X30485) (S3X1T a4
VX13X32X31 X 14
(S1X3S52) (S3X154)

\/ X33 X 14X 03

(S1X452) (S3X154)

V X13 X3 Xo4

and eight parity odd tensor structures

(S152) (S3X1854)

VX192 X13X14
(S1X3S52) (S354)

VX13X23 X34
(517485 ) (S5T4X154)
VX12X13X14
(S1T4 X355 ) (S5T4S4)
VXi13X03X34

+
1

p+

b 2

+
3

3

+
5

S
St

+
7

s

b

9

P11 =

=
w

=
33

3.3 Mellin Amplitudes

(S152) (S3X1X254)

\/ X5 X13X04
(SITATE Sy ) (SsT AT pS4)
X12X34
(S1X3852) (S3X254)

\/ X35 X13X04

(S1X452) (S3X254)

\/ X14X03 X3,

(S152) (S3X254)

VX12X03X04
(S1X4S52) (S354)

V' X14X24 X34
(S1T485 ) (S5T 4 X284)

[e=]

3
)

3
=1

VX12X23 X094

3
=)

VX714 X420 X34

i

(3.52)

(3.53)

(S1T4X4S5) (S5T4S4)

In the following Mellin amplitudes in Euclidean spacetime are discussed. The Lorentzian
expression can be obtained by adding the correct ie-prescription which is given by the map

Xij — (l‘l — l’j)Q + €.

3.3.1 Scalar Mellin Amplitudes

The study of Poincaré covariant correlation functions simplifies drastically in momentum
space. Further, to calculate relevant cross sections of scattering processes the amputated
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correlation function is used which can be obtained by the LSZ procedure (2.7). This proce-
dure is also naturally phrased in momentum space. Hence, for Poincaré covariant theories it
seems natural to formulate the mathematical objects in momentum space.

Conformally covariant correlation functions do not exhibit such a nice form in momentum
space. However, the Mellin-Barnes representation for scalar conformal correlators defined
by Mack [99, 100] seems to be the analogue of momentum representation for conformal
correlators. Consider scalar operators ®;(X;) with scaling dimension A;. Then the connected
part of a correlation function can be written as

(@1(X1) ... Pn(Xn)), = /;:O [dsi) Mc({si5)  TI Tlsip) Xy (3.54)

1<i<j<n

To represent the correlation function, embedding space coordinates (3.28) with the shorthand
notation X;; = —2X;-X; have been used. The integration measure [ds;;] is over the n(n—3)/2
independent symmetric Mellin variables s;; = s;; each weighted by (27i)~! for n < d. If
n > d there are nd — (d + 1)(d + 2)/2 independent variables. Indeed the configuration
space of n points in d dimensions is nd-dimensional and the conformal group SO(d + 1,1)
reduces the number of free parameters by (d + 1)(d + 2)/2. The correct integration contour
is parallel to the imaginary axis such that the semi-infinite sequences of poles generated by
the I'-functions are not split like it is shown in figure 3.6. The exact measure of the integral
is defined in the appendix B.3. M. ({si;}) is the Mellin amplitude which is a conformal
invariant function of the Mellin variables only. Implicitly it depends on the scaling dimensions
and the OPE coefficients of the operators included in the theory. Actually, it contains the
entire information about the scaling dimensions and the OPE coefficients of the operators.
To obtain simple growth conditions on the Mellin amplitude, the I'-functions in (3.54) have
been explicitly included. They fall of exponentially fast in the imaginary direction. The
I’-functions keep the integrand bounded as long as M, does not grow exponentially.

Homogeneity of each embedding field ®;(X;) in (3.54) yields n constraints and demands

Y osij =14y, sij=sji, si=0 (3.55)
G|

which shows that there are n(n — 1)/2 — n = n(n — 3)/2 independent Mellin variables.
However, (3.55) can be written in a more suggestive way which resembles the structure of
amplitudes as functions of Mandelstam variables. Defining s;; = p; - p; and —A; = p; - p;
the constraints (3.55) can be rewritten as momentum conservation

Zpi =0 because 0= Zpi pj = ZS’U =-Aj + Zsi]‘. (3.56)
i=1

i=1 i=1 i

Perturbatively a Mellin-Barnes representation always exists and can be evaluated in flat
space by Symanzik’s star formula [101] or by the generalization thereof in hyperbolic spaces
[106]. Two simple examples are calculated in the appendix B.3. In perturbation theory it
is also possible to derive some sort of “Feynman rules” in Mellin space for weakly coupled
theories [104] and strongly coupled theories [102, 103]. However, there are certain limitations,
since these Mellin space Feynman rules work at tree level only.'! These rules suggest that one

1 Progress on loops as been very limited [106, 208, 209].
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should think of the Mellin amplitude as an amputated correlation function in Mellin-Barnes
representation, because the external propagators do not contribute to it. Thus, extracting
the Mellin amplitude from (3.54) can be thought of as an LSZ like procedure in Mellin space
[33].

Physical sensible information of the CFT is encoded in the pole structure of the Mellin
amplitude:

1. The location of its poles yields the information of the scaling dimensions of the ex-
changed operators.

2. And the residues of these poles contain the information about the OPE coefficients.

Hence, in principle the entire spectrum of the CFT can be derived from the knowledge of
the Mellin amplitude. To prove this statement it is useful to study the Mellin amplitude of a
four-point correlator, which can be written in the following form after solving the constraints
(3.55).

A1—Ar A3—Ay

Xoy 2 X14 2 A(u,v
(®1(X1)P2(X2)P3(X3)Pu(Xy)), = (X) (X) A1+A(2 ) AaTAL
14 13 (X12) "2 (Xga) "2
" X12X34 v X14Xo3
)(13)(247 -)(13)(247
(3.57)

cs+ioco ] ct+i00 It s SHt—Aq—A
A(u,v):/ 5/ L M(s, ud o TR s (s, 8)
C C

. —i00 Ami i—ico AT
with s = —(p1 +p2)? = A1+ Ay — 2519, t=—(p1 +p3)* = A1+ Az — 2s13.

and

AL+ Ay —s A3+ Ay —s A+ Az —t Ao+ Ay—t
) =T r T
pafont) = (SRS (S (B r (B )

><F<S+t_2Al_A4>F<S+t_2A2_A3>.

with A; being the scaling dimensions of the external operators ®;. As expected the four-point
Mellin amplitude is only a function of @ = 2 Mellin variables.

In a theory that admits a large N-expansion, the poles of the I'-function from (3.57)
correspond to multi-trace operators that contribute to the conformal block expansion and
have the said values of twist in a regime where anomalous dimensions are suppressed. The
Mellin amplitude then accounts for the contributions from only single trace operators and is a
meromorphic function [33]. However, in a generic CET operators of dimension Aj + Ay +2m
do not appear. Thus the Mellin amplitude has to have zeros at the pole position of the
I'-functions to cancel these. This observation is useful and the program of Mellin-Polyakov
bootstrap obtains information about the spectrum of the CFT by using the cancellation of
these spurious poles as a consistency conditions [114-116].

In general, for every conformal primary with twist 7 contributing to the conformal block
expansion of A(u,v) in the s-channel, M(s,t) has poles at s = 7 4+ 2m, m € N where
m = 0 corresponds to the primary and the leading twist descendants (and similarly for the
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AL +Ay—t

.A2+.A3*t o . . .

Figure 3.6: In the complex s-plane the contour has to be chosen such that no series of poles
generated by the I'-function is separated. The poles of the I'-function are depicted by black
dots. Hence, the contour (orange line) is a valid choice.

other channels). To prove this, consider the conformal block expansion (3.27) of the reduced
correlator

Alu,v) =Y MakAsarga, i, (u, ).
k

The authors of [192] have shown that the conformal block ga, ;, (u,v) admits a small u
expansion in the limit (u,v) — (0,1).

[e.9]

a1 (u,v) = ur Z u"™gm(v)  where the first term reads
-1 A+l—Ap A+I+A
go(v)=<v2 >2F1< +2 2 +2+ 34,A+l,1—v>,

Here the abbreviation A;; = A; — A; has been used. Since both expression of the reduced
correlator (3.57) and (3.27) have to coincide, the Mellin amplitude has to have the following
pole structure

> A2k myl (L
Z Z 12k A34k Qi 1, (1) with m e N. (3.59)
- m:os_Ak+lk+2m

to reproduce the series expansion in u. Hence, the location of the poles encodes the twist
7, = Ap—I of the exchanged operator. The spin [; of the exchanged operator can be deduced
from the polynomial Q,,;, (t) which implies that the scaling dimension Ay can be obtained.
Further, if the polynomial is known, the OPE coefficients AjoxA34x can be determined from
the residue of the pole. Thus, the spectrum of the CFT is encoded in the Mellin amplitude
as claimed [105].

This also shows another property of Mellin amplitudes - they factorize onto lower-point
Mellin amplitudes. The Mellin amplitude of (3.57) factorizes onto two three-point Mellin
amplitudes which are proportional to the OPE coefficients. These are constants since the
conformality constraint fixes their form completely such that no integration parameter is
left. This statement is verified in equ. (3.59). Therefore the existence of an OPE expansion
implies that the Mellin amplitude factorizes [99, 105].
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Properties (scalar) Mellin Amplitudes Amplitudes
Mellin amplitudes factorize onto Tree-level amplitudes factorize onto
Factorization | lower-point Mellin amplitudes due to lower-point amplitudes due to
the existence of a convergent OPE. Feynman diagrammatic expansion.'?

Conformal invariance requires
2ixj sij = Aj and
bi - Dj = Sij and —p? = A; implies
2 5=1 Aj“_ 2 Z?:k Piy * Di J=1 8 = 22k Piy P
j= 1" Pig-

Momentum conservation implies
iz pi=0.
Hence —(pj, +...pi,)* =

Conservation
conditions

Table 3.1: Comparison of Mellin amplitudes to amplitudes.

After this analysis it is useful to compare the properties of Mellin amplitudes to (usual)
amplitudes which is done in table 3.1.

3.3.2 Spinning Mellin Amplitudes

Mellin amplitudes for operators which transform under a non-trivial representation of the
Lorentz group can be defined in a similar way. However, since the correlation functions trans-
form covariantly under Lorentz transformations they are given by a sum over the different
tensor structures like in (3.41) and (3.42).

Considering a correlation function of 2K fermions and M scalars (2K + M = n), the
Mellin amplitude can be defined with the following set of Mellin-Barnes integrals,

(U1 (X1,51) - Yar (Xok, Sor) Pax+1 (Xokt1) -+ P (X))
_ pico no 1 &
=> T / sy [T x0T <Sij + @ik + i 5 Y 5¢,2m_16j,2m>
k e 1<i<j 2 m=1 (3-60)
K 1

x My ({si}) nl;[l \/ﬁ

The set {T}} furnishes a basis of tensor structures. A basis for three- and four-point cor-
relators in three dimensions has been given in section 3.2. The component of the Mellin
amplitude M, is associated to the tensor component Tj.'® Hence, for spinning operators the
Mellin amplitude has several components. The definition of the fermionic Mellin amplitude
is chosen such that the tensor structures are still represented in position space. Therefore
(3.60) is a straightforward generalization of (3.54). The Mellin amplitude has been defined

12A Feynman diagrammatic analysis of tree-level amplitudes reveals that the only simple poles of the
amplitude appear at the position of the propagators. Setting a propagator on-shell separates the l.h.s. and
the r.h.s. of the diagram into two subdiagrams. Hence the tree-level amplitude factorizes onto lower-point
amplitudes.
But an even stronger statement holds for amplitudes. The pole structure of momentum space correlators,
called polology, is discussed in [8, 125]. There it is shown that momentum space correlators always have poles
when an intermediate (fundamental or composite) particle goes on-shell and that at this pole the correlator
factorizes onto lower-point matrix elements. This is a non-perturbative statement.

1311 the following the subscript ¢ for the connected part of the correlator is not written any more.
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such that

- Z Sl = 0 Vi with the twist T, — AZ - ll (361)
11

generalization the case of scalar operators for which the twist coincides with the scal-
ing dimension. This choice leads to a shift of the I'-function and the additional terms
]_[m(Xgm,Lgm)_%. The conformality constraints imposed by (3.61) in (3.60) can be inter-
preted in terms of fictitious Mellin momenta p; which satisfy p; - p; = s;; and an on-shell
condition p? = —7; as the overall conservation of Mellin momentum >, p; = 0. This ex-
tends the definitions of the corresponding scalar conformal correlator as discussed in 3.3.1
to spinning conformal correlators [1].

Further it is required that the tensor structures are normalized as described in (3.40).
This fixes the numbers a;;.1

n

1<i<j

by demanding
Tr (MS1, -+ s A Sak; o1 X, -+ o0 Xy) = T (S1,--+, Sars X, -+, X)) (3.62)

In fact, the coefficients a;j,;, are determined by setting \; = /o; which follows from the
comparison of (3.40) and (3.62).

The precise value of n;j,;, is given in the next paragraph. Their values are chosen such that
the Mellin amplitudes for the contact interactions are polynomials in the Mellin variable s;;
or constant in the perturbative regime. This ensures that the Mellin amplitudes in the large
N limit of the strongly coupled CFT describe only the bulk dynamics. Hence, in perturbation
theory the pole structure of the Mellin amplitudes does not include any information of the
trivial composite operators.

Furthermore, the Mellin amplitude has only been defined for the connected part of the
conformal correlator. Thus for simplicity, it is assumed that all operators of the same spin
have different scaling dimensions A which implies that there is no disconnected part of the
correlator.

With these remarks the Mellin amplitude of the correlator of two scalar and two spin
one-half operators can be defined by

(U102 P3Py) = /[dsij] IT (xi5)~

1<j

4
[Z tiM; ({sab}) ] (3.63)

=1

It can be checked that the Mellin variables s;; obey the conformality constraint stated in
(3.61). The basis of tensor structures ¢; is given in (3.51).} In addition, n;;; = 0 has been
set. For readability, (3.63) has been defined with the components of the reduced Mellin
amplitude M; which also include the I-functions. These components are defined by the

4The superscript has been neglected.
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relations:

Ml = Y [F (812 + 1) F 813) T (814) T (523) I (824) I (534)]71 y
My =DM, |T <812 + ;) (813 + > (514) T (523) T (524 +

oo )]

Mz = Ms |T (312 + ;) (813 + ) (514)T (823 + ;) [ (s24) T (834)] B ;

DO | =

(3.64)

My = My _F <812 + > I'(s13)T <514 + > I' (s23) T (524 + ;) r (834)] - .

In the same way, the Mellin amplitude of the four-point correlator of four spin one-half
fermions is defined

(U1 WU W3Wy) = /[dsij] H (X,5) % \/7 [ZP’ ({sab}) ] (3.65)

1<j

The basis of tensor structures for the parity even part is given in (3.52) and for the parity
odd part in (3.53). The parameters n;j,;, are zero with the exception

ni12;2 = N13;3 = N135 = N2gi6 = Ni4;7 = N2a4;g = —1. (3.66)

The precise relation between the reduced Mellin amplitude and the Mellin amplitude is given
in appendix B.4.1

3.3.3 Analyzing the Pole Structure of Spinning Mellin Amplitudes

In section 3.3.1 for scalar Mellin amplitudes the pole structure has been analyzed by com-
paring the Mellin-Barnes representation of the reduced correlator to its conformal block
expansion in the limit (u,v) — (0,1). Consistency requires that both expression have to
coincide and this dictates the position of the poles. To obtain the location of the poles for
fermionic Mellin amplitudes, the same method can be used [1].

Since the nature of the tensor structures depends on the dimension of spacetime, the
following analysis is restricted to three dimensions. However, the method can be applied to
any dimension.

Location of the Poles for the Fermion-Scalar Four-Point Correlator

There are two different channels to study: the direct channel (s-channel) and the crossed
channel (¢-channel). The u-channel is not independent and can be obtained by the other two
using the equation u+t+s =), 7;. This relation follows from Mellin momenta conservation
(3.56) for fermionic Mellin amplitudes (3.61).
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Poles in the Direct Channel

In the direct channel the reduced correlator A(u,v) for (U Wo®P3d,) is given by

X A—Dy X Ag—2y A, v)
2 2 U, v
(010 P3Dy) = <X24> <X14> ENESY A3ias
14 13 (X12) "2 (X)) 2
cs+ioo (g ct+ioo (It 4 _ s stt—T1—74 (3.67)
A(u,v :/ —/ — tiM;(s,t)| u2zv™ " 2
( ) cs—1i00 4mi ct—100 4mi |JZI ’ Z( )]

—(p1 —I—p2)2 =71 +7—2s12, t=—(p; +p3)2 =71+ 73 — 2513.

M; are the components of the reduced Mellin amplitude which is related to the Mellin
amplitude by (3.64). Each component of the Mellin amplitude is associated to a certain tensor
t;, which are given in (3.51). Now, for each component of the Mellin amplitude the same
analysis is done as in the scalar case; hence, it is instructive to write the reduced correlator
as the following linear combination: A(u,v) = Y, t;A;(u,v). Since all the components A4;
are linearly independent, they have their own OPE series and OPE coefficients, respectively.

The corresponding components of the conformal block for each component A; can be
determined from the conformal block of the scalar conformal correlator (®1PoP3®4) by
applying the differential operators
Dy = (5152>

11,
2

1
2
(A+A1+A— 1 —4)(A—A; — Ay —1+1)
P2i= <515 X, 0%, >H—1 -+ A(A 1) P

)
{ 5 s~ (Sa 5 )Ty
B 1 ) AVIEWAY
Dy = 2 {<Sl 53X, Sz> ~11 + <S2(%51> H;_ﬂ S

l
to the scalar conformal block (3.58). The operator II,; applies a shift to the scaling dimen-
sion: Il,p @ (A1,A2) = (A1 + a,Az + b) and the derivative is defined as 5% = FAa)‘?A
with the I'-matrices given in (B.15). The differential operators generate the tensor struc-
ture of the fermionic correlator (U1 W9Q;) from the scalar correlator (®;®20;). This works
since in either case the exchanged operator in the direct channel are the same (symmetric
traceless tensors) and the differential operators are constructed such that they produce the
correct tensor structures. This has been shown in [199] by studying the conformal partial
wave expansion of the fermionic correlation function. Explicitly, the relation between the
components of the fermionic conformal block giA"fl and the scalar conformal block ga ; reads'®

X24> A1;A2 X14> A3;A4 Z@ tigiA’?l(U, ’U)
<X14 (X13 (X1o L1482 Satls

N

D3Z

[V

D37

)T (Xse)™ 2
81-Ag A3—4y (3-68)
D <X24> 2 <X14> 2 ga,(u,v)
- a
X4 X13 (Xlz)AleQ (X34)7A3§A4

5Note that the tensor structures t; are differently normalized compared to the tensor structures in [199].
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Due to the parity symmetric basis of tensor structures, only the following components

of the fermionic blocks are non-zero: gkll, glAzl, gizl, g?’Agl, 93A41’ g Al and 924[‘ For the scalar

exchange (I = 0) the non-zero components are gA 0= gA 0 g3A30 = gA 0 and 9230 = gig.

For spin | > 0 and in the limit (u,v) — (0,1) the behaviour of ng,al is as follows

1 1,1 2 1,2
Al D A0, 2030095 A0 F Ny o0, MO 636495 A (3.69)

e

a v — 1\ -2k
U2 Z (Aw1¢201AOz¢3¢4’C1 +)\w1¢20l)\(91¢3¢4lc ) (2\/17) o

Q

|5 I—1-2k
2 22 12 EN p(v—1
Az D )‘wlwz(’)z)‘@l%mgs,A,l ~ )‘¢1sz1>‘01¢3¢4“ 2 Z K3 ( > 4 »(3'70)
= 2y/u

3 3,3 4 3,4
A3 D )‘¢1¢2Oz)‘01¢3¢4gs,A,l+)‘¢1¢201)‘Ol¢3¢4gs,A,l (3.71)
|5 1—2k
A v—1\"
u? Z X120\ 016304 s <2\/a>

=

= A\ A IC4k v—1\I"1-2k -
+u ];) Y1920, V019304 2/ + e

Q

3 4,3 4 44
Ay D )\1111111201/\01¢>3¢495’A7l + /\wlw2ol)\ol¢3¢4gs,A7l <3.72)
A Ll 1J v—1 12k
we Z )\wl%(’)z)‘oz%mlc <M>
LZ_JJ v—1 1—1-2k
+u 2 Z /\1/111/12(91)‘01453¢4IC <M) + -

%

Ao, are the structure constants of the fermionic three-point correlator (P1020;) asso-
ciated to the tensor structure 74 o as in (3.49) and Kg’k are constants. The value k = 0
corresponds to the exchange of a primary or leading twist descendant whereas the remaining
ones k > 0 account for the exchange of descendants with higher value of twist.

For a scalar exchange (I = 0) denoted by ¢, there are the two independent tensor
structures (3.50); hence there can only be two OPE coefficients, i.e. >‘11blw2(93o = )\z}ww,
3 - 2 — 4 _ e s .
)‘wlszs 0 = )\%wm, )‘wlwzos,o =0 and )\MWOS,O = 0. Thus the limiting behaviour reads

1,0 &
AL >\$lw2¢)\¢¢3¢4lcl uz A
- IN
A5 D Ay e hansonlCs Uz 4o (3.73)
- 30, &
A4S /\¢1¢2¢)‘¢¢3¢4K4 UZ 4 -
Comparing (3.69) - (3.72) and (3.73) with (3.67), the pole structure of the Mellin amplitude
can be obtained. The results are listed in table 3.2.

Therefore, each component of the Mellin amplitude needs to have the following pole
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Component of M.A.

Location of Poles

Residues ~

M,y T+ 2k N2 0 03015 Ay 0, A1
M 7142k N 20, A O

Ms T+ 2k A 020\ O13a 5 Ay 0, N0y
My T+ 2k Xop20 063015 iy 0, N1

Table 3.2: s-channel poles of the Mellin amplitude of the two scalar and two fermion con-
formal correlator for [ > 0. 7 = A — [ is the twist of the exchanged operator. For a scalar
exchange one should set )‘121111#200 =0 and )\;’Ll b0, = 0.

structure

m €N

T Z A 1420, A0k b364 an)zk (t)

.74
s— Mg+ I+ b(a) +2m (3.74)

k m=0

and the superscript s refers to the direct channel. Note that b(2) = 1 and for the other three
components b(a) = 0. The exchange of the primary and leading twist descendants in the
conformal multiplet corresponds to m = 0 and the exchange of the descendants corresponds
to m > 0. The polynomial QSL?W which is necessary to extract the OPE coefficients from
the residue of the pole, can be determined in a similar way as for the scalar case.

Poles in the Crossed Channel

In the crossed channel (t-channel) the OPE between a fermionic and a scalar operator is
taken (13)-(24); hence the exchanged operator has to be fermionic. The correlator can be
written in the following way.'6

Xag\ 2 X\ P 5 1
34 14 PO
(U1 UP3Dy) = (X14> <X12) A 1A; Ayt ZtiAi (a,7),
Xz 2 Xy 2 =l
X13X. X114 X
g = o3t §= 2122 A=A — A, (3.75)
X12X34 X12X34
i ds _ t+d stttl-ag-ay
- Pas Phaiis bt bt
(@) /47m 4mi M (s, t)

To obtain the pole structure of each component of the Mellin amplitude given in (3.75), the
expression shall be compared with the leading behaviour of the conformal block in the limit
@,0 — (0,1). The authors of [198, 202] have computed this conformal block in three dimen-
sions and given its leading behaviour in the variables r and n which were first introduced in
[210].
. 1612 (1 +r2+2r)?
u = vV = .
(1+47r2—2rn)?’ (1472 —2rn)?2
Note that (3.75) coincides with equation 2.12 of [198] with the following relabelling of the indices: (3.75)
— [198]: 1 = 1,2 — 3,3 — 4,4 — 2 and renaming g° — A;.
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Asymptotically for r — 0 these coordinates are given by @ ~ r? and 1 ~

constant.

;:/% with 7 held

i,5k

As for the direct channel, the components of the fermionic conformal block gx | are
labelled by the associated tensor structures of the four-point correlator ¢ as well as by 7, k=
which state into which three-pomt tensor structures these decompose in the OPE. Parity

conservation demands that only g

Lt Lo 2ot | 2o

+
N

34— 33—+ A+-— 4,
vONg 29Ny 9ay 9ny and gy, are

non-zero. According to [198] the leadlng behav1our of the components in the limit » — 0 is

i ) = =4 (PO + PP ) +0 (47,
Q(Al,’lii)(ra n) = — A (Pl(f)’;l)(n) Pl(_l?)( )) O( A+1)
g ) =2 <Pl(£)’£)(n) _ 1§ ) ) (TA+1>
gar (rm) =1 (Pl“)g) (m) + B (n ) +0 (r54),
g ) = A (Pfog”w P(lf) ) +0 (124,
gg’l ) = (JDZ(E?(”) Lp 1,%0 ) L0 (rAH)
QXL;F Yrym) =2 <Pl(i)’£)(n) + P 1%0 ) L0 (TA—H)
e = (PO~ P ) +0 (r)

with P,(La”g )(z) being the Jacobi polynomials. Note that they have the following symmetry
property

PT(La,,B)(_z) — (_1)np7({370f)' (3.76)

which implies that plr )(z) +p’ ’a)(z) has only even powers of z for even n and only odd

powers of z for odd n. On the other hand the difference P,ga’ﬂ)(z) — p{P) (z) has only odd
powers of z for even n and even powers of z for odd n. Using this insight the series expansion
of these polynomials leads to the following asymptotic behaviour (for I > %)

k=0
HE 1—2k—1
1L==) (s = =4 —(o,1) (10
g i, ) ~ —12 H ( > +oee
Al ( ) —~ L,k 2\/&

(3.77)




CHAPTER 3. MELLIN AMPLITUDES 75

Component of M.A. | Location of Poles Residues ~
+ +
t=1+2k )\wwﬁ:ﬂ/)z /\"/)l¢4¢’2
My ~ —
t=71+1+2k A1t M atsa
AT AT
t=7+1+2k 13 P parpe
Mo — —
t=1+2% Aprdsin M datsa
+ —
t=7+1+2k )\wwb:ﬂ/)z /\?/110541/12
M3 _ +
_ A A
t=71+2k 13 Prpatpe
+ —
t=1+2k )\¢1¢3¢z /\?/Jldwbz
M4 _ +
_ A A
t=7+1+2k 1¢3 " Prpatha

Table 3.3: t-channel poles of the Mellin amplitude from the two fermion and two scalar
correlator. 7 = A — [ is the twist of the exchanged operator.

HE ~\ —2k—1
Bt=) (7 =y o o ~(0,1) (1—”>
U, V) = U2 H + ,
IA (1, 0) kz:%] Lk NG
(3.—+) N +o (L=0\7%*
gay (W) = Y Hy (2 u> A
h=0 (3.78)
N
N, 0) 2 a2 H' (> ,
IA ( ) kz:% Lk Wi
[5]-1 <\ 1—2k—1
(A4=4) 2 =y o4 —~(0,1) (1—U>
U, V) = U2 H + e
N (4, 0) P Lk Wi

with Hj,ga’ﬁ) being the coeflicients of the series expansions of P,sa’ﬁ)(z) :l:Péﬁ’a)(z). Forl =3
the expansion reads

S -4 - _At1
g(AlEH_)(u’U) 202 +---, g(Al’l )(%U)N_Qu i ’
’2 72
. A1 oy A
Q(AQ{‘F)(U, V) ~20 2 4, 9(:’; )(u,v) ~202 -
y : (3.79)
), . A4l B s A
gfi_ )(U,U) ~20 2 -, gfvl+)(u’v)z2u2 +
’2 72
- 4 — A+1
@, 0) ~ 207 g @, 0) ~ 20 +
’2 72

Comparing (3.77), (3.78) and (3.79) with (3.75) gives rise to the poles listed in table 3.3.
The OPE coefficient associated to the tensor structure 7% from (3.50) for the three-point
correlator (W1 PoW3 ;) is written in the following way )\iwl.
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Actually, it is interesting that in this case each component of the Mellin amplitude has
two series of poles. This is significantly different from the scalar pole structure, where simply
one series of poles appears. However, in a theory of definite parity merely one series shall
appear, because the four-point correlator can only factorize onto one pair of OPE coefficients.
This is verified in the perturbative calculations in the next section. The Mellin amplitudes of
the u-channel are not independent and their pole structure is stated in the appendix B.4.2.

Pole Structure: Four Fermion Correlator

The fermionic conformal block for the four-point correlator (U WoWsW,) can be obtained
from the scalar conformal block by the method explained for the direct channel. The formula
(3.68) can be used again, however, for (U1 WUsW3W,) two differential operators have to be
applied, because both three-point functions onto which the four-point correlator factorizes,
include a pair of fermionic operators [199]. This method works for the s- and ¢-channel, since
only symmetric traceless operators are exchanged in both channels.

There is a further subtlety. A generic basis of tensor structures might lead to spurious
singularities in the conformal block; hence a basis of these is chosen such that each component
of the conformal block can be expanded in the limit (u,v) — (0,1) in the following way

I s X
Z uz Z uF i (v).
i=1 k=0

a; < 7 and I > 0 are integer valued and §; has a power series expansion in 1 — v. Such
a choice ensures that each component of the Mellin amplitude has finitely many series of
poles and the residue of them yields the OPE coefficients times a polynomial. Again, if the
polynomial is known the OPE coefficient can be determined from the Mellin amplitude. As
for the scalar case the degree of the polynomial is determined by the spin [ of the exchanged
operator. The basis given in (3.52), (3.53) is a good choice since it does not yield spurious
poles.

The result for the s-channel poles is given in table 3.4. For a scalar exchange [ = 0
the number of independent tensor structures is reduced. Therefore all OPE coefficients
apart from )\i,lw@l, )‘iﬂ#a@z’ /\}wm and )\g’gl%w should be set to zero. The t-channel and
u-channel poles are listed in the appendix B.4.3.
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Component of M.A.

Location of Poles

Residues ~

1 1 1 2
/\1111 Y20, )\Ozwsw ) )‘w1 P20y )\(91 Y34

smTh /\illb?,ol)\}%%w ’ )\12m¢2@z )‘%91%1/14
My L )\?bl P20 /\?91 Y3ths /\?111 P20 )‘?Dlwsw
IR )‘?/111#201 /\?91¢3¢4 ’ /\;lbllﬂzoz Aéw:;w
)‘11/)1 $20; /\?91 Y3ths /\12111 %20y )\%911031/14

My s=17+1+2k 22 22

Y1920 7 Op3ipy

Ms . Ms . Mg . s=71—1+2k )‘12b1¢201>\%91¢3¢4 ’ )@11#2(91)\?911#31#4
Mz, Mg " )‘?/111#201 /\?911#31114 ’ /\?ﬁlwzoz X(l’)zwsw
e )\317#201 /\?917/131#4 ’ /\311#2(91 )‘%’hwaw
s=T1+2k Nona0 P Obsta + Norp20 N O
My o Nbr20AOsts N0 Oyt
IR )\ileOl /\?911113w4 ’ A’ileOl )\Z(l')zwsw
)‘11#1 P20 ’\?ézwm ’ )\11/)1 P20 )‘?91 Y3thy
My, Mo ST /\imzoz’\%mm ’ ’\«Qmwzoz )‘?917#3@04
s=T1+1+2k )‘13211711201 )‘%lw?,w ’ )‘ilw@z)‘%’)nbsw
/\?111 P20 )\}911#31#4 ’ )\fbl P20, )\}91 Y3thy
M, Mag ST /\?1111#201)\?91%1[14 ) )\?/)11!12@1 )‘%91%1/14
s=7+1+2k )\%ﬁlwzol /\?911#31114 ’ /\12111111205 )\?911/131%
s=T1+1+42k /\?mwzoz/\??zwm ’ )‘il%@z )‘%’)z%w
Mg, M s=T+2+2k )\%bliﬁzoz /\?911/13w4 ’ /\ileOz )\Z(l')zwsw
s=7+ 142k )‘72/)11#201)\3011#31#4 ’ )\ilwzoz )‘?mwgw
Mis Mo s=T+2+2k A?blda@z )‘?9171131#4 ’ )‘ilﬂ&(%)\??zdiaw

Table 3.4: s-channel poles for the fermionic four-point correlator corresponding to an integer
spin [ exchanged primary O; of twist 7 = A —[.
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3.4 Perturbative Calculations

To illustrative the pole structure of the Mellin amplitudes described in section 3.3.3, per-
turbative tree-level calculations at strong and weak coupling are performed in this section.
Although the computations are done for arbitrary dimensions, to analyze the pole structure
of the Mellin amplitude the discussion is restricted to three dimensions because in subsection
3.3.3 the pole structure has been deduced in three dimensions only. However, a generalization
to arbitrary dimensions is straightforward. All tree-level calculations are done in Euclidean
signature and the final result is Wick rotated to Minkowskian signature. As usual the al-
gebraic term of the perturbative expression is also presented in forms of diagrams. In the
depicted diagrams solid lines with an arrow shall denote fermionic propagators whereas solid
lines without an arrow shall represent scalar propagators. In the following the scaling di-
mension of the i'" external operator is written as A; and A denotes the scaling dimension
of the exchanged operator.

At first the calculations at strong coupling are done using Witten diagrams. The
theoretical principle underlying these computations is the AdS/CFT correspondence
which states that there is a duality between string theories in d + 1 dimensions on anti
de Sitter space (AdS) and conformal field theories defined on its d-dimensional boundary
(0AdS). Therefore a short review about the correspondence shall be given in section 3.4.1
to outline how the calculations at strong coupling, done in section 3.4.2, can be performed.
Afterwards in section 3.4.3 Mellin amplitudes in the weak coupling regime are determined
starting from standard position space Feynman rules.

3.4.1 Basics of AdS/CFT

The paradigm of AdS/CFT [30-32] states there is a one-to-one correspondence between string
theory (quantum gravity) with asymptotically AdS boundary conditions and a CFT defined
on its boundary. To explain this correspondence it is useful to introduce d + 1-dimensional
Euclidean AdS spacetime first. It can be defined by an embedding into R*+2

—SL'(2)+ZE%+...+£L'(21+1:—L2

with the AdS radius L. Originally, it has been proposed [30] that A/ = 4 super Yang-Mills
(SYM) theory with gauge group SU(N) in four dimensions is dual, i.e. produces the same
observables, to string theory defined on the geometry AdSs x S°. However, in the pointlike
limit of the string the massive states decouple and string theory can be approximated by
(super)-gravity. If the gravity theory is weakly coupled, quantum corrections do not have
to be included; hence, it can be described by classical gravity. For the first approximation
to hold it is necessary to study a strongly coupled system on the boundary and the second
statement demands that the system has a large number of degrees of freedom which is equal
to the fact that the central charge of the CFT is large [211].17

"In the original proposal the coupling constants on A" = 4 SYM theory and string theory are related by

lz_i lg_W‘l

bs d £ —
2= M I8 T aNe

where [, is the Planck length, Is the string length and L the radius of AdS space. The ’t Hooft coupling
X = Ng%, is a product of the Yang-Mills coupling constant gy and the degree of the gauge group SU(N).
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For the purpose of this thesis a scalar and a fermionic field (which source the correspond-
ing operators in the CFT) in AdS shall be studied. Consider a scalar field ¢ in AdS which
obeys the AdS-Klein-Gordon equation. The duality states that an operator O of the CFT
is sourced by an appropriately defined boundary value ¢g of the dual field ¢ which lives in
AdS. In terms of the partition function [31, 32] the AdS/CFT correspondence reads

Zawr o) = (exp ( [ o000 >QFT = ity [0], (3.80)

where Zgravity [¢0] is the gravity path integral over all fields ¢ which allow ¢y as at the AdS
boundary value [32, 211]

Zgravity [Qbo] = D [¢] eeravity (4] .
$=do
The bulk field approaches the boundary field like

1_ d(bo(z) and 2z = (20, 2), (3.81)

. A—d _
B 4602) = 5

where the normalization zoAfd is necessary to obtain a convergent boundary field [33].'8
Hence, the CFT operator O is sourced by the boundary value of the bulk field. If the
operator O has scaling dimension A the source ¢y has to have scaling dimension d — A
such that the integral [ d%xz¢oQ is invariant under conformal transformations. In the regime
where the classical solution of gravity is appropriate one can replace the r.h.s. of (3.80) by
its on-shell action such that the correspondence simplifies to

Zawr 60) = exp (St ol | ) with Zuwy lo0) = exp (St ol | ).

Therefore, the connected n-point conformal correlation function can be computed by the
generating functional 1og Zgyavity [¢o] = Sokshell [¢] ‘(ﬁ . of the gravity theory

gravity
n) Qon-shell
5( ) gravity

<(’)1(x1) . (’)n(xn)> (382)

" Sdo(z1) ... 0d0(zn)

$0=0

The action Sgp;}}‘;“ should be understood as the renormalized action with counterterms
included. Naively, the on-shell action diverges because on the one hand the volume of AdS is
infinite and on the other hand the induced metric on the boundary 0AdS receives a double
pole (as can be seen in (3.83) for zp — 0). One way to regulate the gravity action is by
restricting the bulk integral to the domain 2y > € > 0 and evaluating the boundary integral

at zp = €. After adding the counterterms the limit ¢ — 0 can be taken safely [212, 213].

Further, the Ricci scalar R = —% (i.e. the curvature) is small if the radius L of AdS is large. To obtain
a reliable gravity description the regime

N> 1 (planar limit) and A>1 (at strong coupling)

has to be studied [211].
8Notice that the additional factor 2A — d is due to the normalization of the bulk-to-boundary propagator.
In this section, boundary coordinates shall be denoted by z whereas bulk coordinates are given by z = (20, z).
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For the following discussion the Poincaré patch for (Euclidean) AdS is used:

2
ds? = fg (428 +da?) = Zlgdz“dzu. (3.83)
In the following length scales are measured in terms of the AdS radius L which implies
L = 1. It can be seen that the metric diverges at zg — 0 and does not induce a metric at the
boundary. However, it induces a metric up to conformal transformations which enables one
to remove the double pole. (For instance the function f(z) = 22 removes the double pole.)
Since any conformal transformation which removes the pole is equally fine the metric can be

constructed up to conformal transformations only [213].

A solution for the bulk field ¢ in terms of the boundary field ¢y can be established
with a Green’s function Ka(z,x) such that Ka(z,x) solves the AdS Klein-Gordon equation
V2¢ = M?¢ and gives rise to the correct boundary value x. The solution reads

$z0,2) = [ d'yKa(3)00(y)
with the bulk-to-boundary propagator

A
20 with Ch = ra)

Ka(z,x) =Ca (22 + (x — 2)?) 2rhT(A — h+ 1)

(3.84)

and h = %. K is constructed such that its boundary value is a d-distribution with the

normalization

: d—A — 5% —
Zlolglozo Ka(z,x) = 6%z — x).

In embedding space coordinates the propagator is simply given by

C C o dt
Ka(Z,X) = A = A/O ?eAeM'X,

(—2x -2 T(4)

where Z € AdS441 is a point in the bulk and X € 0AdS, is a point at the boundary. The
propagation between two bulk points is established by the usual AdS propagator which reads,
in the harmonic space representation, as follows

00 dC QC(Zl,ZQ)
GA(Z17Z2) :\/—zoo %(A — h)2 2

(3.85)

(3.86)
Qe(Z1,Z. —M K Z1, P)K Za, P
(21, 22) =5 5 A h+e(Z1, P)Kp—c(Z2, P)
where (z), = % is the Pochhammer symbol [106]. Hence, the scalar bulk-to-bulk prop-

agator (3.86) can be expressed as a convolution of two scalar bulk-to-boundary propagators
(3.85) [32, 33, 211].

Similarly the propagators for a spinor field can be obtained [214-216]. For concreteness,
assume that the mass m > 0 of the fermionic bulk field ¢)(z) = ¥ (2)+1~ () is non-negative.
Y1 (2) and 1~ (z) are eigenfunctions of I'0: T+ (2) = +1p*(2). If the classical bulk field
1(z) approaches the boundary, the field scales as

Vv (z) = Zog_mz/Jo_(Z) +0 (zg_m+1> and ¢+(z) _ Z()g+m¢3_(z) L0 <z§+m+l> ’
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which is similar to the scalar field (3.81). Hence, for m > 0 and close to the boundary
1o dominates. Further, the objects 1, and war and ,(L(-)F and @Zo_ are related, this can be
proven by demanding regular solutions deep in the bulk zy — oco. This analysis shows that
the boundary data is encoded in v, and JJJ only. Hence, in even-dimensional spacetime
(odd-dimensional boundary) the boundary term of the bulk spinor is a Dirac spinor of the
boundary and in odd-dimensional spacetime the boundary term is a Weyl spinor of the
boundary.'?

In addition, it is necessary to demand that the action is stationary at the classical path to
obtain the correct classical theory from the quantum theory. This requires to add a boundary
term to the Dirac action [216]. For the Klein-Gordon action no boundary term is required
if Dirichlet boundary conditions d¢ = 0 are used, because the action does already vanish at
the classical path [217]. Hence, the AdS action with a Yukawa interaction can be written as

S[, v, ¢] = / "z /g v [ (D —m)y+ ((Vu¢)2+M2¢2)+A¢M
+ [ dte Vi,

heij is the induced metric on the surface OM.. dM, is the regularized boundary of the AdS
space M, which approaches the boundary for zyp = ¢ — 0 [214-216, 218].

(3.87)

In general it is hard to find an exact solution to (3.87), but a perturbative solution can
be constructed by the following recursion relations of the fields

6(2) = 40(2) A [ dunfg(w)Golz,w)ib(w)b(w),
¥(z) = ¢£°><z> -/ dd“w\/g(w)se(z,w)qﬁ(w)w(w» (3.58)
U(z) = )\/ddﬂw\/ w)(w (z,w).

Here qﬁgo), éo) and &ﬁo) denote the regularized solutions to the e.o.m. in free theory. Further,
Gc(z,w) and Se(z,w) are the regularized scalar and spinorial bulk-to-bulk propagators [215,
219]. Eventually one takes the limit ¢ — 0 such that the regularized free theory solutions

can be expressed in terms of the boundary values:2°
#0 = lim $0(=) = [ d' Ka(z%)60(2).
PO —lg%w = [ d%e s (200 v () (3.89)

PO =lim P2(z /dd:c Ud (%) Za (2, %)

where
Ly (2 —at)

NE

I, (zF—a*
DI (27 X) = ,PJFM(\/ZT))KA-‘:-é <Z7 X)

19This follows from the fact that in even dimensions the Dirac spinor transforms in a reducible representation
while the Weyl spinor transforms in an irreducible representation of the algebra of the spin group. However, in
odd dimensions the Dirac spinor transforms in an irreducible representation too. Further, in a d-dimensional
spacetime the spinor representation is realized in a 2.%/2l-dimensional vector space.

20The conformal dimension of the scalar field satisfies A (A —d) = M? [32] and for the spinor fields
A =m+ ¢ [214, 215].

Sa (2,%) = Kpps (%) P,
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are the fermionic bulk-to-boundary propagators, respectively [218]. I'* are the Dirac-matrices
of the bulk theory and P* = (1 +1'%)/2 are projection operators. It is easy to verify that
the spinor product of the two fermionic bulk-to-boundary propagators ¥ A, and ¥ A, can be
written as a product of two scalar bulk-to-boundary propagators K, , 1 and Kp, 1 with
an additional tensor structure:

YA, (2,%1) 80, (2,%x2) = (x50, P7) KA1+%(Z,XI)KA2+%(Z,XQ). (3.90)

If the tensor structure x/,I', P~ is contracted with polarization vectors of the boundary S;
it is equivalent to x{yv, = #,, where 7, are the Dirac-matrices of the boundary theory.

Plugging back the recursive definition of the fields (3.88) into the action (3.87), it can
be written as an expansion in the boundary fields ¢o, ¥, and 1;3 21 Taking the functional
derivative w.r.t. the boundary fields according to (3.82) shall give the correlator in the
planar limit in the boundary CFT. This method can be depicted diagrammatically by tree-
level Witten diagrams [32, 220].

3.4.2 Strong Coupling - Witten Diagrams

The position space representation of Witten diagrams is quite cumbersome, but in the Mellin-
Barnes representation, they are simplified greatly and the relevant (physical) data is concisely
encoded in the Mellin amplitude [103, 106, 221, 222]. In addition the so-obtained Mellin
amplitude can be used to compute scattering amplitudes in QFTs of one dimension higher
by the flat-space limit [106, 107, 113].

In this thesis tree-level Witten diagrams with external fermions and scalars are evaluated
to exemplify the properties of the Mellin amplitudes studied in section 3.3.3. The strategy
to evaluate these diagrams is the following:

1. The position space expression of the fermionic Witten diagram is reduced to a scalar
Witten diagram attached with the tensor structures defined in section 3.2.2 [218, 223].

2. For these scalar Witten diagrams the Mellin-Barnes representation is known [103, 106].
Hence, the Mellin amplitude for the fermionic Witten diagram can be constructed from
these results.

Contact Witten Diagram

The position space representation of a tree-level Witten diagram involving two fermions and
two scalars is merely given by the scalar Witten diagram

_ 2 4
B2 = (S185) /Ads az ] Kp 1 1(Z.X)) 1 &a,(2. X3), (3.91)
=1 =3

which can be checked using the spinor product relation (3.90). The result is written in
embedding space coordinates. The measure dZ integrates over AdS-space and X; are points

21Gince the bulk integrals might diverge, the limit ¢ — 0 has to be taken after integration. However, in
most cases a careful treatment of the cutoff € is needed for the two-point correlator only [220].
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Figure 3.7: Four point contact Witten diagram with two fermions and two scalars.

on the conformal boundary of AdS. In figure 3.7 the diagram is drawn. The integral in (3.91)
is a contact Witten diagram of four scalars expressed in terms of the scalar bulk-to-boundary
propagator (3.85). This can be expressed in Mellin space [106] to obtain

D11 it +ioo -8l &
B¢3¢74 - SISQ H / dsll i ZF SZl M2 H 11“‘51,2 Zslj

1<i<] VGl 100 =1 Jj#i

SS cirtioo 51 161:0 1
! 2 H / dsll Pt (zl+61152l M2 H ( ZS’LJ>7

1<z<l il —i00 i=1 i

where the normalization for the delta-distribution reads S(m) = 273 §(z) and the integration

measure is given by (ds;;) = ‘;f;zl . It is trivial to generalize this result to 2n boundary fermions
and m boundary scalars
2n+m 2n CA-—i-l 2n+m C
i=1 (A +3) i=2n+1 I'(Aq)

with h = % and Cp is given in (3.84). The only non-zero component of the Mellin amplitude
is M1 = My 2 which is a constant as a function of the Mellin variables.

Fermion-Scalar Four-point Witten Diagram: Scalar and Fermionic Exchange

The scalar exchange Witten diagram with two fermions and two scalars, sketched in figure
3.8, is in position space given by

4

/ dZ, dZy Sp, (21, X1)E 8, (Z1, X2)GA(Z1, Z2) [ [ K, (Z2. X5).
AdS AdS =3

GAa(z1, 22) is the scalar bulk-to-bulk propagator (3.86). Using the spinor product reduction
(3.90) the scalar exchange Witten diagram is

4

2
Ag;;;f’j = <5152>/ dz, dZs [[ Ka,41(Z1, X:)Ga(Z1, Z2) [| K, (22, X).
AdS AdS 2 i—3
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Figure 3.8: Fermionic-scalar exchange Witten diagrams with scalar and spinor exchange.

The above integral has been evaluated in [106].22 The final result reads

1 <S152> 4 ¢;1+1i00 611621 2 4
Apage = VX12 11 l/ - (dsa) X [ (s + 61i02) N¢ o1 (Sl H - sij )
1<i< =1

C;1—100 ‘]751

Thus, as a function of the Mandelstam variable s = 71 + 7 — 2512 the non-zero component
of the Mellin amplitude is given by

M 2
r (z:zQAZ + % _ h) T (A1+A22+1—8) T (A3+2A4—s)
o de  I(c)l(=c)
=T et (3.93)
T (h+§fs) T (A1+A22—h+c + %) T <A3+A24—h+c)
e = 2T (c) ’

My =N§82(si) =

where A is the conformal dimension of the exchanged operator.

The physical poles are located at s = A + 2m with m € N and they can only occur in
(3.93) if the contour is pinched between two colliding poles of the integrand as explained in
[99, 105]. On the other hand there are also several spurious poles which are generated by the
integrand, but these are cancelled by the zeroes of the I'-function in the prefactor. Hence,
the location of the poles of the component M are exactly given as predicted in section 3.3.3.
Further, the Mellin amplitude can be expressed as a series over these poles as has been shown
n [103, 106].

The calculation of the four-point spinor exchange diagram 3.8 is quite tedious.?? There-
fore it is presented in the appendix B.5. However, the idea how to compute it is simple. To
find the Mellin-Barnes representation for this diagram the same strategy is used as for the
previous computations. The first step is to write the position space expression of the spinor
exchange diagram as a scalar exchange diagram with some prefactor. This has been done in
[218]. The Mellin-Barnes representation is known [106] for this integral and the result can

22The notation in this thesis differs from [106]. In [106] Mellin variables are denoted by d;; and Mandelstam
variables as s, ..., .
28Note the non-standard labelling of the external legs.
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be written as

4 R
<5152> cir oo _Szl_751L52l

A¢1¢>3 _ (dszl)

0 VX 1<i<l /=10

4
X (A1 + A3+ A+1—d—2s13) N%ii (si H ( ZS”)
i=1 j#i

T (si; + 014091)

3.94
<S1X3X4SQ> 4 cirtioo Szl 2511521 P13 ( )
+ 2" ' (dszl) Nw2¢4 (Sil)
VX13X34 X2 1250, Jen—ioo

1 4.
x I’ <3il t3 (051012 + 61013 + 043014 + 5i25l4)> z:l_[l d (Ti — ;Z Sij) ,

The two parity even independent tensor structures ¢; and ¢5 given in (3.51) appear in (3.94),
which implies that the Mellin amplitudes has the two non-zero components M7 and M. In
terms of the Mandelstam variable t = 7 + 73 — 2s13, the first component M/ is given by

My =(t+74+2—4d) Nﬁ;ﬁj (sit)
(t+7+2—d)Mapo /ioo de l(e)l(—c)
o _ B2 _ 27
(Z Ai + 2 h) T (71+;'3—t) T (T2+;'4—t) —ico 21 (T +1 h) ¢ (3.95)

T (thc;tfl) T (7’1+7’3—2h+6+1) T (7’2+7’4—2h+6+1)
le) = 21 (c) :

The position of the poles is at t = 74 2m. 7 is the twist of the exchanged spinor. Considering
that the relevant three-point function is parity even, these poles match with the predictions
stated in section 3.3.3. The second component of the Mellin amplitude is of the form

Mo =2 NJLE: (sa)
B 2 Mgg /ZOO ﬁ l(C)l(—C)
F(ZéAi + % _ h) F(71+732—t+1) F(’7'2+’T4—t+1) —ic0 2T (T +1- h>2 —c?’ (3.96)

2

T (h+2cft> r (Tl+73—2h+c+l> T (7'2+T4—2h+6+1>
le) = 2T (c)

with poles located at ¢ = 7 + 1 + 2m. For a parity even three-point correlator, this is also
consistent with the analysis done in section 3.3.3.

Scalar Exchange Witten Diagram with Four External Fermions

The computation of the four-fermion Witten diagram with a scalar exchange, presented
in diagram 3.9, is very similar to the scalar exchange of the mixed scalar-fermion Witten
diagram. The position space expression reads

4
P2 _ . .
AT = (815) <8354>/Adgzl AngQEKA+ (21, Z)GA(Zl,Zg)gKAﬁ%(ZQ,Xz). (3.97)
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Figure 3.9: Fermionic four-point Witten diagram with scalar exchange.

It follows from the decomposition of the Mellin amplitude done in section 3.3.3 that the only
non-zero component is given by

My o

PIAY Ar+Ay—s Az+Dy—s
F(2+1—h D (Qstfams g 1)1 (Autpa=s 4 1)
x/m de _Ue)l(—c) (3.98)

,Z'OOQWZ.(A—h)2—C27

h+c—s A1+As—h+c As+Ay—h+c

l(c)_r(+2 )F( 1+22 + —1—%)1—‘( 5+24 + _‘_%)

B 2I'(c)

My = N2 () =

with the location of the poles at s = A + 2m. The other series of poles at s = A + 1 4 2m,
predicted in section 3.3.3, is absent because the three-point correlator is parity even.

3.4.3 Weak Coupling - Conformal Feynman Integrals

Like Witten diagrams, conformal Feynman integrals take a very simple form in Mellin-Barnes
representation [104, 224, 225]. In [104] Mellin space Feynman rules for tree-level interactions
in the weak coupling regime were derived for scalar operators. The diagrammatic rules for
the Mellin-Barnes representation showed that assuming an interaction without derivatives,
the Mellin amplitude associated with a tree-level diagram is given by a product of Euler-beta-
functions (B-functions), each of which is associated with an internal propagator. Each vertex
yields the trivial contribution 1. The B-function propagator is a function of the Mandelstam
variables composed of the fictitious Mellin momenta with the right kind of poles as expected
from the Mellin amplitude.

In this section these calculations are extended to Mellin amplitudes associated to tree-
level interactions with two or four external fermions. The interaction Lagrangian is of Yukawa
type without derivatives acting on the fields.

The conformal Feynman integrals are evaluated with four external legs. However, it is
straightforward to generalize these results by adding any number of external scalars. The
challenge is to add more pairs of fermionic legs. It turns out that a recursive method which
reduces all computations to contact diagram calculations effectively is quite useful in these
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calculations.??

Recursive Method

In [104] the authors derived the Mellin space Feynman rules in the weak coupling regime using
a method which included nested Schwinger parameter integrals. These integrals simplified
drastically because conformal covariance of the correlation function requires that a certain
conformality condition (see (3.100)) has to hold. However, if spinning particles are included
the conformality condition is not as useful as in the scalar case any more. Therefore, it is
easier to use a recursive method in which only contact diagrams have to be calculated in
Mellin space. These can be evaluated using Symanzik’s formula derived in [101]. Even though
this method introduces some nested Mellin-Barnes integrals, these are easier to handle than
the nested Schwinger parameter integrals in the present case.

1 4

ul A u2

Figure 3.10: Scalar four-point diagram with scalar exchange.

The recursive method shall be illustrated on an easy example. Consider the scalar four-
point diagram (3.10) with a scalar exchange. Using position space Feynman rules the con-
formal integral is given by

2 4 d
T'(A) T'(A) 1 | 1 ddu
19192 _ / Duy / Duy i) i) __ with Du = = % (3.99)
9a04 zzl_Il s — w2 i s — ua*™ Jug — ug*? 2 7d/2

Note that the external propagators have been normalized by additional Euler-gamma func-
tions to simplify the final result. Using conformal covariance of the integral, it can be deduced
that the conformality condition

Al +Ay=A3+Ay=d—- A (3100)

has to hold [104].2° The recursive method treats the internal line as an external leg, like it
would be independent of the interaction vertex wu;. This is sketched in the diagram 3.11.

Hence, Symanzik’s formula (B.19) can be applied to it, which leads to the partial Mellin-

24 Arnab Rudra developed this method while working on [104].
25This is easy to prove using the homogeneity property (3.30) if the integral is rewritten in embedding
space coordinates.
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1 4
S Ay

. AB

Figure 3.11: Recursive method: First step

Barnes representation

4 T Az 1 4 Ciutico 1 C34+i00 B
/'DUQH . ( )QAi _ 2A (H/C ) (dsm)> F(A)/Em_ioo (d$34)

) (3.101)
O (A — 534 — 5iu) (A — 834 — 54)

with the integration measure (ds;;) = 621‘;’; of the Mellin variables. The correct contours of

the Mellin-Barnes integrals are such that the series of poles generated by the I'-functions
are not separated. Plugging (3.101) back into (3.99) the integral over the measure Du; can
be performed using Symanzik’s formula (B.19). In this case the “external legs” are given
by the edges (x1,u1), (z2,u1), (z3,u1) and (x4,u;) with “scaling dimension” Ay, Asg, s3,
and sS4y, respectively. This is sketched in diagram 3.12. Using the §-distribution constraint
271 (A — S34 — Squ) = B (A — s34 — S44) in (3.101) the required conformality condition for
this integral Ay + Ag + s34 + S44 = d is also satisfied.

Figure 3.12: Recursive method: Second step
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The result reads

79192 _ C”ero ' (31) /CMHOO ds I" (534) 1
¢3<254 H /C - (d534) ]m34]2§34 I'(A)

1<ixt /oo | il Jaga—ioo

Ciny+100 ~ B 5 A B B 5
H/ (dsiu) | 0(s3u — 813 — 823 — $34) 0(S4u — 514 — 524 — 534)
Cj

i —100

X §(A1 — 519 — 813 — 514) 6 (Do — 812 — 93 — Fo4)
4
X H S(AZ — S34 — Siu) S(A — S3u — S4u) .
i=3

To distinguish the Mellin variables introduced in the last step from the previous one they
are decorated with a tilde. The d-distributions can be used to integrate out s;,. Renaming
Sij = Sij for (l,j) # (3,4) and taking s34 = s34 — §34 yields

4

c; +zoo 4 N
g I e PO (a3 )

1<i<i ’ Cit—100 k=1,k+#i

X

i=1
/034+zoo (d834) ( 1) (( 534)8(A — K234 — 2534) .

C34—100 )

To make the result more transparent the object K;jx = s;x + sy + sjr + sj has been
introduced. The last integral over (ds34) gives finally

T (A)

cirtioo (3'1) 1 8 4 1 A — K12 34 d—2A
I¢1¢2 / dsll K2 (5 Al _ Sik B ( s , >
¢34 11_[Z<l c;1—100 ’l’d| 1:1_[1 k:%;éz 2F(A) 2 2
I'(x)T
with  B(z,y) = m (3.102)

The second argument of the B-function has been rewritten using the constraints from the
conformality condition and the §-distributions:

d=A+Asz+ Ay and A, = Z Sik-

The same result (3.102) has been calculated in [104, 224] before.

Contact Diagrams

To apply the recursive method for diagrams with fermionic legs, the results for the Mellin
amplitude associated to the corresponding contact interaction diagrams have to be known.
In this section, the Mellin-Barnes representation of the contact interaction with two and four
fermions is presented. The corresponding diagrams are drawn in 3.13.

This calculation has been done by Symanzik [101]. The conformal integral for the contact
interaction of two fermions and two scalars is given by

1 ’Iﬂ — ¢' 1 (A3) I’ (A4)
P12 2
C¢3¢4 /Du B ZA +1 (Al - ) u — $2’2A2+1F (A2 T ) |1 — ‘2A3 |2q — u‘gm’
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4 4

Figure 3.13: Contact diagrams with two and four fermions.

where spinor indices on # = x#, have been suppressed. The conformality constraint requires
that the sum of all the scaling dimensions has to be equal to the spacetime dimension d. In
embedding space notation, and in accordance with the definition (3.63), the Mellin-Barnes
representation of this conformal integral reads

Z (S1X;S2) . car-tioo (dsq) X *Szl*ﬂs 1012
l
3V le 72 1<i<l Y Cit— 100 !
(3.103)
1 1 o
x I <5z'l + 5 (51'1 + (51'2) 5jl + 2511512) H5 (Ti — Z Sij) ,
i i
which implies that the Mellin amplitude is given by
Mz =My=1. (3.104)

The Mellin amplitude associated to the fermionic contact diagram with four legs

Z;ij /DuHF(A n ) F— 4 h— %y ]Lx ts — 4 h—y

’$1 N u’2A1+1 "U/ . x2’2A2+1 U’2A3+1 ”U, o $4’2A4+1
has been evaluated in [101] to be

(dsi) X, = ' (sit + di112 + 6i3014)

4 /cil—i-ioo si— 26216127—613&4 1 <SlFASQ> <S3FAS4>
cil—ioo 2 X12X34

1<i<l

SlX Sg SngS4>

Z::Z VX1 Xj2 X35 Xpa

(3.105)

1 1 1 1 A
X F(Sil +3 (041 + 0i2) 5 + 5 (031 + 0az) Oir, + 55@'1512 + 25¢3514)]| [6 (Ti - Sij)a

where the result has been given in embedding space.?6

26Ty relate this expression to the one stated in [101], note that <51FAS2> (S3TaSs) ————

physical space
[¢17“ + 'Y‘L¢2] [¢3'7u + 7u¢4] =2 [¢1¢2] (1] —2[1] [¢3¢4} holds.
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Expanding the tensor structures appearing in (3.105) into the basis (3.52) and (3.53)

SiTAS) (S3TaSs) 1 v 1
< > =-p1+ 2\/;173 + =pa — 2\/2175- (3.106)

X12X34 2 2

gives the following non-vanishing Mellin amplitudes

1
My = Ms=1,  Mi==  Ms=si3—1,
1= 3 4T 5= S13 (3.107)

M@‘ 5923, ./\/l7 = S14, Mg = S5924.

.Jk\i—‘

Further, the results (3.104) and (3.107) are consistent with the fact that in three di-
mensions the Yukawa interaction in Minkowski spacetime with signature (—, +, +) is parity
odd. Because the Mellin amplitudes given in (3.104) and (3.107) decompose in the OPE into

parity odd three-point functions as can be seen in the tables 3.2 and 3.4.27

Fermion-Scalar Four-Point Functions: Scalar and Fermionic Exchange.

The conformal Feynman integrals of the fermion-scalar four-point correlator are drawn in
figure 3.14. They are evaluated with the recursive method described at the beginning of this
section and the known result of the contact interaction (3.103).

1 4

Figure 3.14: Fermion scalar four point diagrams with scalar and fermionic exchange.

The conformal integral with a scalar exchange is given by
1 hy — & 1
192 /Du1 /DUQ —th (Al + ) — 172 T (AQ + )
P3P4 |$1 — |2A1+1 ‘ul . x2|2A2+1 2
' (Ai)

s s — w2 Jug — g

‘QA

2"To clarify contact diagrams are polynomials (or constants) in the Mellin variable, they do not factorize
onto corresponding three-point functions. (Their residue is zero.) However, it is obvious from the recursive
method that for the exchange diagrams the tensor structures from the contact diagrams can appear only;
hence, it can already been deduced that all exchange diagrams will factorize consistently with the fact that
the three-point correlator is parity odd. In particular, this implies that merely one series of poles from table
3.3 is relevant in the t-channel for the two-fermion four-point correlator. The same holds for the fermionic
four-point correlator as can be seen in the tables 3.4, B.2.
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Conformality of this integral demands Ay + As = Ag + Ay = d — A. The Mellin-Barnes
representation of this integral reads

\/le 72 1<i<l c;1—100
1 A—s d R
><21“(A)B< 2 vz—A)lzlé(n—st),

(dsi) X s” 252151211 ( si+ = (511 + 02;) 015 + 511512>

J#i
which yields the non-vanishing components of the Mellin amplitude
1 A—s d
= = B ——A). 1
Ms=Ma=5r04) ( 2 72 ) (3.108)

The poles are located at —(p1+p2)? = s = A+2m with m € N which matches the predictions
made in section 3.3.3.

The conformal Feynman integral with an internal spin one-half fermion is given by

1o LN gy — oy
Lyags = /Dul /Du? 2A1+1F (Al T 2) 2A+1
— U \Ul -

UQ‘
1 A T'(A
X o = fi +1F<A2+ ) L) ( 4)2A :
lug — mo|*? |25 — w1 [*2? oy — up|*

The corresponding Mellin-Barnes representation reads

i1+100 1§58 SlX3X4S2> 1
d . Si1— 50102 5 ;
H /c sit) H R ILE VX13X34 X9 2(7 + 1)

1<i<t V™ t0o j#i

1
% B ( ) H T (Szl + — Z1(521 + 0;1613 + 03014 + 5@'2514))
1<i<i

(5152> S13 <7’ +1—-t d > ]
_ B , = — T || T (s; + 610 .
VX1 20(r + 1) 2 2 s ( 1012)

Hence, the only non-vanishing components of the Mellin amplitude are
T+ 73—1 T+1—t d ) 1 (T—td )

Z = B - — . .
AD(r + 1) ( 2 27 7)) Mg p g 7)o (3109)

My has poles at — (p1 —|—p3) =t =17+ 1+ 2m while M5 has poles at t = 7 + 2m, where
T=A— 5 is the twist of the exchanged operator. This again is consistent with the general
structure stated in section 3.3.3.

My = —

Fermionic Four-Point Function: Scalar Exchange

The position space expression for the four-fermion Feynman diagram with a scalar exchange

(s-channel) is
¢1 — ?/‘1 %1 — ¢2 1
Dul/DUQ [
/ ’:Ul _ u1|2A1+1 |U — 7 |2A2+1 |'LL _ UQ‘ZA

X l Fa - gigﬂ Foo 2A4+1] HF( )

|xs — usg| |ug — 4]
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The Mellin-Barnes representation of this conformal integral reads

¢ +i00 s 5:16 530
I:fsllij _ H /c dszl il 2 1052~ 2 i3054 H5 (7'7, ZS”)

1<i<] / Ci—ioo i

1<51FA52> (S3T'aSs) 1 B A—s+1d
2T XaXa | 20(A) ( 2 '3

L3 (S1X;S2) (S3X1.S4) 1 A—s d
>N B = — A
\/leijngXk4 QF(A) 2 2

— A) H F 31,[ + 51152] + (531(54])

i<l

1 1
< [Ir <51l + 5 (01 + 020) 02 + S0ix (01 + dar) + 5 (91025 + 53i54j))] -
i<l

Rewriting the tensor structure which appears in Igg:ﬁj into the basis (3.52) and (3.53) us-

ing the decomposition (3.106) gives the following non-vanishing components for the Mellin
amplitude

1 A+1—sd 1 A—s d
Ml_M“_sr(A)B( 2 ’2_A>’ M3_2F(A)B< 2 ’2_A>’
s13 — 1 A—s d $93 A—s d
— S_A — B A .
Ms 2T (A) ( 2 2 > Mo 2T(A) ( 2 2 ) (3.110)
_ su A—s d Y A—s gi
M7_2F(A)B< 2 ’2A)’ MS_QF(A)B< 2 2 A)‘

The poles of all the non-zero M; are exactly as predicted in section 3.3.3, since the three-point
interaction is parity odd.

3.5 Conclusions

It has been shown that a generalization to Mellin amplitudes containing spin one-half
fermions is straight forward and it exhibits the expected pole structure, i.e. the location
of the pole is completely fixed by the twist 7 of the exchanged operator. This analysis has
also been confirmed by computing different four-point correlators at strong and weak cou-
pling using Witten diagrams and Feynman diagrams respectively. Especially it could be
shown that the positions of the poles predicted in section 3.3.3 agree with the perturbative
analysis performed in section 3.4.

However, spinning conformal correlation functions are always equipped with some ad-
ditional tensor structure. There is no canonical choice for a basis of tensor structures and
not every basis is suitable, because there can appear spurious poles in the corresponding
conformal block which is also reflected in the Mellin amplitude. In addition, contrary to
scalar Mellin amplitudes, fermionic Mellin amplitudes can exhibit more than one series of
poles in a particular channel like it appeared in the ¢-channel as it is shown in table 3.3. This
might be related to the chosen basis of tensor structures. It would be interesting to study
the exact relationship between the pole structure of the Mellin amplitude and the choice of
basis. In this thesis a basis of definite parity has been chosen which does not include any
spurious poles and makes the analytic properties of the Mellin amplitude manifest. Further,
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this basis is rather well suited to study theories of definite parity because only one series of
poles will appear in this case like the perturbative examples have shown.

The location of the pole contains only part of the CFT data. To compute the OPE
coefficients one has to determine the analogue of the continuous Hahn polynomial Q,, (%)
from equation (3.59). It is to be expected that these can be obtained in a similar way as
they have been obtained in the literature for scalar Mellin amplitudes:

1. In one approach it has been deduced from the Mack polynomial which is the Mellin am-
plitude of the conformal partial wave [99]. Hence, it depends on both Mellin variables
s, t. The residue of the Mack polynomial in one of the variables gives the continuous
Hahn polynomial Q,,;(t) in the other variable.

2. A second approach is to use the conformal Casimir equation which Q,, () has to obey.
The Casimir equation turns into difference equation in Mellin space and solving this
difference equation shall give Q,,(t), which is an orthogonal polynomial with respect
to the measure dictated by the Mellin-Barnes transformation [105].

This part is still work in progress and shall be presented in another publication.

If the polynomial residues of the Mellin amplitudes are known the complete CFT data
can be obtained from the Mellin amplitude in principle. To access this data one can apply
Polyakov-Mellin bootstrap techniques to fermionic CFTs. In three dimensions potential
candidates are the Gross-Neveu theory [226] or the Gross-Neveu-Yukawa theory [227].

Another way to pursue is the derivation of Feynman rules in Mellin space for fermionic
operators. Mellin amplitudes at strong coupling have a simple form even for theories includ-
ing fermions. It has been shown that diagrams which only contain fermions on their external
legs can be reduced to the calculation of scalar Mellin amplitudes. Therefore it might be
possible to derive certain Feynman rules in Mellin space for fermionic Witten diagrams too
using the results obtained for scalar Mellin amplitudes [102, 103]. It seems also possible to
generalize this technique to higher spin Mellin amplitudes. In contrast to the strong cou-
pling regime, at weak coupling it might be more difficult to derive general fermionic Feynman
rules, because the complexity of the tensor structures increases rapidly with the number of
external fermions [101]. So far it is not obvious how to generalize the computation of Feyn-
man diagrams in Mellin space with more than four external legs except by a straight forward
calculation.



Appendix A

Amplitudes

A.1 Spinor-Helicity Formalism

The spinor-helicity formalism maps Lorentz vectors to 2 x 2 Hermitian matrices. The basis
of this space is spanned by

10 0 1 0 —i 1 0
ﬂZ_(o 1)’ "“(1 0)’ U2_<z‘ 0)’ "3_<0 —1)’ (A1)

which is conveniently packaged into the four vectors (o#),. = (12,0)aq and (5#)** =
(L, —0)*. The SL(2,C) indices are o, & = 1,2. To raise and lower indices the invariant
antisymmetric tensors €12 = 12 = ¢y = —€j3 = 1 are used which read € = i09. Thus to
each object which carries SL(2, C) indices their duals can be defined by

)55 af

(0" aa = = (€6"€) 0 = €apess (077, X" = ()" = ¢xp,  Xa = (€X)4 = 45X

Note that for real momenta the fundamental y, and antifundamental ¥* Weyl spinors are
related by (xa)" = Xa-

It is instructive to show the relation between the Lorentz group SO, (1, 3) and its double
cover SL(2,C). A general Dirac spinor ¢ transforms under Lorentz transformations

A y(z) = (7)) = Sap(A™ '),
where
) 1 Lo e (%ww (oh5” — gv(}u)) 0
Sp = exp <8wW [Y*, ]) = ( 0 exp (%ww (GHo” — &Vg“))) )

In the last step the Weyl representation (A.2) of the v-matrices has been used. This shows
that the Dirac spinor is reducible. In fact, separating the totally antisymmetric constant
matrix w,,, into boosts 3; = wp; and rotations w;; = €10y, the transformation behaviour
of the Weyl spinors can be deduced:

(B+1O) - O'> ,

A pa(e) — MO O s(A e)  with M(B, ) = exp <—;

Aiof() - Y600 with N(5,0) = exp (5 (5+i0) o).
95
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Since the matrices M and M are generated by the six (anti-)Hermitian generators oj and i0;
which are traceless, it follows that M € SL(2,C). M % = (M %) is the complex conjugate

representation of M % = eao‘lMOgl €6,3, which can be proven using ecje = —o;. The natural
metric for the Weyl representation is given by €, because it obeys the same relation as 7 does
for the vector representation.

Nuy = (ATUA) , € = (MTGM)

pv a

The power of the spinor-helicity formalism is rooted in the universal usage of the Fourier
transformed Weyl spinors

uy(p) =v-(p) = (?)O‘) , and u_(p) =vi(p) = (5\%) :

here given in the helicity basis. They can represent the momenta p as well as the polarization

vectors €4: . -
paa — Aa)\a,
. NG . Qpt
ax i — _ 2 71 , gOé i — 2 71 ,
6+ (p ) f<)\ﬂ}> € (p) f[Azrz]
(Ar) = X%rq, [Ar] = Aa e

The spinors r* and 7% are auxiliary variables, which are associated to the reference momen-
tum ¢*% := r*r®. g # p can be chosen arbitrarily. This freedom is related to performing a
gauge transformation.

In the Weyl representation of the y-matrices the following relation holds

p=put = (pSa b g“) with # = (50“ %M> . (A.2)
This representation can be used to show several identities of the spinor products
@l =), el = Aah At =294, (L] ] Ll k) = 2[i] (1) (A.3)
and the Shouten identity

(i1i2) (igl) + (i2t3) (i1l) + (isi1)(ial) = 0. (A4)

For concrete calculations involving SO, (1,3) and SL(2,C) the following identities are
helpful:
N TG PR L S O G P

Tr (5’“0”) == 277MV, (U#)ad (5—M>66 = 26565
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A.2 Details to Einstein-Yang-Mills Amplitudes

A.2.1 Feynman Rules

_gfabc [(T‘“ — q“) 77119 + (pl/ - rl/) 77.9/»14 + (qg - pg) 77/"‘1/]

a o,d

_i92 [fabe fe ed (77u977ua - nuonug)
+ 1o fe db (nuangl/ - nuunga)
+fade fe be (nul/nag - nugnou)}

v,b o,¢

i i)\gfachABC

—i92 [fabe’fe’cd <5A053D _ 5AD5B’(J)

L7 +face/fe’db (5ADéBC _ 5AB50D)
B Cre +fade’fe’bc (5AB(50D _ 5A053D)]
1, b
é 9f*¢ 64 (py — qu)
--"7q PR
C,c A a

ig2 (fabe’fe’cd + fcbe’fe’ad) 5BD7];U/

— 77#1/ 5ab
ﬂ.,a’\/\/\/\/\;}\/\/\/\/\zy,b p2+Z6

i 5AB ('5ab
J R B,b p2 -+ ie

Table A.1: Feynman rules for YM+¢? derived from the Lagrangian (2.66). In this convention
all momenta are outgoing. For the gluon propagator the Feynman gauge £ = 1 is used.
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A.2.2 Integrands

All integrands are presented in 4 — 2¢ dimensions. For the colour factors, the notation
from (2.70) is used. The inverse of the stripped propagators is given by D; = Q? + ie =

(a5 + L) +ie = (Xf_y o + 1) — 12 + ic.
Integrands which are proportional to the colour ordering ¢*¥¢ shall be written with

permuted external momenta p;, i.e. Qo = L, Q1 = L + p2, Q2 = L + ps + p3, Q3 = Q3. The
corresponding stripped propagators are given by (D;)~1 = (Q? +ie)~ L

To present the results clearly only the parts of the integrand in YM+¢3 are written which
contribute to the gravity amplitude in EYM, hence all terms that are not proportional to
the colour structure (2.70) are not displayed. To simplify the expressions the explicit value
of the quadratic Casimir of the adjoint representation c4 is used, which for SU(N) is given
by fa’ab’fb’ba’ _ CA5ab — N§,

Integrands for (17 2P 3¢ 4D)

These are the two types of integrands that appear in the computation of (1428 3¢ 4D

A2 g4'
The remaining integrands can be obtained by permuting the external legs. In total, twelve
non-equal box integrands and six non-equal triangle integrands contribute.

2 o 3¢
T\AMA:/ 2 4 abed
oy ke _ AN pape peop N oy 2
,v:—-—b-—-lk\ DOD1D2D3 |:(p3 + 93 + ) (Q1 + p2) 1% :|
1;4 - Qo = 4'?
% 3¢

v \ - -
RN DyD1Ds

1 4P

0y O eff  gtAe e EBC ACE' +E'BD CD A'AB' 2B'BA’
B BT 7(1? FE'BC | pACE' pE'BD 4 o5CD pA'AB' )

For the computation of (1228 3¢ 42 >’ , the following diagrams have to be evaluated.
g

N, = N? — 1 is the number of adjoint generators of SU(N). By permuting the external legs
the remaining non-equal integrands can be obtained (six box graphs, twelve triangles and
six bubbles).

20 R O 3 3¢
TV\MAT/ 4 .abcd
WA = S B P Q=) (s Qa)l [+ @) (@ — )]
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2P 3¢
S~ 4 .abdc
Qlé Q2 "X ei:f gc
v AN -
2T N DoD1Ds
1 47
28 3¢
! // 4 abdc
oy e et 5 g
- : Qo \\\ D0D1D2
17 47
28 3¢
\\ 7 \\\ // 4
\,\’ \‘/ eﬁ‘ 2 g
// N \\ = —_—
// \\\ ,’/ \\ DO D2
1 47
28 3¢
\\\ /// ﬂ‘ 4
efl g abdc sAB sCD
; W = 16——c*"""")
/ \ DyDy
13 47

Integrand for (1727 3¢ 4%)

These four types of integrands can appear in general for the computation of <1&4 2{73 3CC 4j>

(5A053D + §AD §BC _ 25AB(;CD) (Qo —p1) - (Q2 + p2)

§AB5CD {(fh +l—p2)-(p1+aq+1)— ,uQ}

cabde {2 (N, - 2) §AB§CD | §ADgBC | sAC 531)}

g\

However, once the double copy is performed the second type of triangle graphs vanishes. For
the first type of box and triangle graphs there are five additional permutations whereas for

the other box graph there are three in total.

e_ﬁ .94)\ cabdc

apc (ralq + 1 — pa2|4]

"DoD1 Dy

V2 (rq4)
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2 @ 37
| 4y .abed
o boo _ _; 92 nabc Con o (rafgo + g3 +20]4]
E__’-__l ZDoDlDQDg (p2 +Q2) (QO pl) \/§<7"44>
TR T
12 47
w g ¥
- --
! 4 abed
QY @ _ ;9N Lape ooy (ralge +1—ps|4]
Nﬁ,j\ "DoD1 Dy Ds @ @ =) T
1 4

(ralp1 +qu +1]4]
V2 (r44)

(r4|go + g3 + 21| 4]
V2 (rsd)

+(Q2 — p3) - (pa + Qo) —(Q2—p3) - (p1 + Q1)

Integrands for (12253} 4%)

The gauge choice r3 = r4 reduces the amount of diagrams to compute. This gauge choice
implies that only the three box graphs contribute to (14 2P 3F 43}‘

g2A2’
27 3¢
\j__%__lﬂf
QY Ao, _ giAZ e [ABB pB AN (r4|Q2 + Q3] 3] {ra |Qo + Q3| 4]
RN DoD1D>Ds 2 (r43)(rad)
1: - Q(] 4:;

For (14 2B 3f 4;“‘94 this gauge choice sets all bubble graphs to zero. The remaining

graphs give a contribution to (1425 3+ 4;{)’ ,- To all graphs with box topology one other
g

distinguished integrand is obtained in addition. The next three triangles are the only dia-
grams which can be drawn with this topology. The last two graphs can be drawn in four
inequivalent ways.

2 37
%~
| 4 _abed SAB
] Lo, g o T4 |Q2 + Q3] 3] (ra [Qo + Q3] 4
QE boo = DD DD (P2+Q2)'(Q0—P1)< @2 23|?])< 40 314
L T o123 (ra3)(rad)
1: Q(] 4:;
3F 3, P 28
_ | ~ 4 adbc(sAB <7‘4 ‘QO +Q3’4] B ~ ~
o ho, — 9 € . _
oo DoDiDyDs 2 (ra3)(rad) {<?"4 ‘p1+Q3)3} (p3+Q2) (Qo pz)
11 - QO 44;

([0 ] (@ 15) - (@ -11) = ra [+ @3] (403 (@02
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N -
X
/

2p

I

QY

|

I
]A
2p
1A
27

Q, 5
0 _ _ gtetbedgAB {(7"4 |Q1 — p2| 3] (ra |Q2 — p3] 4] — (ra |Q3 + Q2| 3] (r4|Q1 — p2| 4]
5 o 2DyD1DsDg <T43> <T44>
0 4;
X (Q3 —p4) - (p1 + Q1) + W[(m Ipa + Qo 3] (Q1 — p2) - (@3 + p3)
+ (ra |Q1 — p2] 3] (Q2 — p3) - (Qo + pa) — (ra|Q2 + Q3] 3] (Q1 — p2) - (Qo + pa) ]
Qo E Qs o 3] (@0 - ps) - (@1 + p)
<r43><r44) T4 |1 — P2 2 —P3 1 TP
+ (ralpt + Q1] 3] (Q1 = p2) - (Qs +ps) — (r4]Q> + Q3] 3] (Q1 = p) - (Q1 +p1) ]|
35
@ .~
“ o eff gt 5AB {r4]Q2 + Q3] 3] (r4 |Qo + Q3] 4] (1-N,)
Q}J&K DoD>Ds (r43)(r4d) g
"
3F

\\\ QQ

. 4 _abed AB

: o off g¢ 0 P 3 4
% DD ety 11102+ Qul3 {r41Q0 + Gal]

1 i
+ (4 Qo + pal 3] (ra [ps + Qs 4] + (r4 |Qs — pa| 3] (4 Q2 — ps[ 4] |
2 3¢
T 4 abed
QY eff 9 c® g [(ra|Q1 — p2| 3] (4 |p1 + Q1] 4] n (ra|p1 + Q1] 3] (ra |Q1 — p2| 4]
.- : Qo D0D1D2 2 <T43> <T44> 2 <T43> <T44>
1 m
3¢ 2
G

\\;\ o g cadbe B <r4 ‘Ql + QQ‘ 3} <r4 ‘pl — QQ’ 4}

Qz‘ ~ = _< - 5
S N 2 (r43) (rad)

<7°4 ’Q?, +p1‘ 3} <7’4 ‘p3 + QQ‘ 4} <7’4 ‘Ql + QQ’ 3} <7’4 ‘m + Q3’ 4}
% [ 2(r43) (rad) B 2(r43)(rad) }
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Appendix B

Mellin Amplitudes

B.1 Conformal Algebra

In this appendix it is shown that conformal primary operators transform as
O%(x) = 0" (a') = Q2 (2)D (A} (), O"(), (B.1)

where Q(z) is the scale factor from (3.6) and D (A, (x))9, is the SO(1,d — 1) representation
of the operator O%. For example a scalar operator transforms in the trivial representation
D (A¥(x)) = 1, a vector operator transform in the vector representation D (AX (x))"
AH (x) etc. In the following the SO(1,d — 1) representation indices a,b,... are not written

out explicitly.

To derive (B.1) from the action of the conformal generators on the operators, the Haus-
dorft formula is useful
1

e~4BeA = B + B, A] + % 1B.A] Al + 5 [[[B, A) Al A + ... (B.2)

where A and B are two operators. The Hausdorff formula permits to calculate the action of
a generator on a operator at any position z if the action at x = 0 is known.

Action of translations
It follows from [P, O(0)] = —i0,O(0) that the translated generator P, is given by the same
formula, since

e p e~ = p,. (B.3)

Action of Lorentz transformations
The Lorentz generator acts as [M*%, O(0)] = S#,0O(0), where S*, is a matrix-valued represen-
tation of it. Translating this generator to any position z yields

e P My, e = M, —ia? (M, P)) = My, — (v,P, — 2, P,) . (B.4)

Action of dilatation

103
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In a scale invariant theory it is natural to chose the primary operator O(0) to be an eigen-
function of the dilatation operator, i.e. [D,O(0)] = —iAO(0)."! A is called the scaling
dimension of the operator.

eix-PDefim-P =D —izxP [D, Pp] =D+ xpPp. (B‘5)

Action of special conformal transformation

The matrix representation of the dilatation operator is proportional to the identity. Hence,
all other matrix representations of the generators of the conformal algebra have to commute
with it. In particular, this implies that [K,,, O(0)] = 0, since [D, K] = —iK,,.

) ) 1
ic-P —ix-P W% v
e K e =K, —iz"[K,,P) — 51; z? [[Ky, P, P, (B.6)

= K, +22,D — 22" M, + 22,3" P, — 2°P,.

This analysis yields the final transformation formulae for an operator under infinitesimal
conformal transformations

[Py, O(x)] = —i0,0(x),
My, O(x)] = (S + i (2,0, — 2,0,) 1) O(x), 5
[D,0(@)] = =i (A +a"9,1) O(x), (B
(K, O(x)] = (—i2$MA]l — 22" S — 1 (quxl’(?,, - 9323#) ]l) O(z).
The finite conformal transformations are related to the infinitesimal by the formulae
t =k 4 cag%, O =0(z) + cag—g: (B.8)

with ¢, = {iX, ia#, ib", Sw"”}. This transformation changes the coordinate from z to 2’ as
well as the operator from O(z) to O'(z') = F (O) (z). Using (B.7) and (B.8) the transfor-

mation for the operator reads explicitly
O'(z)) = <]1 + %w‘”’SW + AAL 4 b (22,A1 — z'2ac”SW)> O(x)
_ <11 + %8#6“]1 - ;a#e"sm,) O(x)
_ (1 + 35@) (11 _ ;auevsﬂy) O(z)
with  0,e" =d (A +22"b,), and 0,e,5" =i <;w“” — z'2b“a:”) Sy,

in leading order of the parameters c,. Here € = €0, is the conformal Killing vector (3.8).

On the other hand the metric transforms under a finite conformal transformation as

OxP 0x°

Dt o = )

! Alternatively, one can also demand that O(0) transforms in an irreducible representation of the Lorentz
group. Since the dilatation operator commutes with Lorentz operators it has to be proportional to the identity
matrix by Schur’s lemma.
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according to (3.3) and (3.6). This finite transformation is established by the coordinate
transformation

oxY

The infinitesimal version is obtained by considering the infinitesimal change z# — z/# =
axH + et (x) which yields

oxY g 18 " 5 1 O — o
i — On — Oue” = 1-— 70ue W5 (Ou€” — 0%€,) | - (B.10)
In the last step the conformal Killing equation (3.7) has been used. This implies

1 v v 1 v v
Q(:L’) =1- &a,ueua and Alt($) = 5# - 5 (apﬁ -0 EM) .

Hence, a conformal transformation is locally a combination of a scale transformation and a
rotation. Comparing (B.9) and (B.10) yields the desired expression (B.1) [29, 124].

B.2 Vector and Spinor Representation of the Lorentz Algebra
in Three Dimensions

The fundamental (vector) representation of the Lorentz generator reads
(M), = i (00" = 0""d%5) - (B.11)

It can be easily checked that this construction obeys the commutation relations of (3.10).
In three dimensions the generators are given by one generator M2 = J of rotation in the
r1-T9-plane and two boosts M% = MY = K;. Explicitly they read

0 0 0 0 —i 0 0 0 —i
J=l0 0 i|, Ki=|-i 0 0|, Ka=|0 0 0 (B.12)
0 —i 0 0 0 0 —i 0 0

~

The three-dimensional spinor representation of the Lorentz group is given by SL(2,R) =
SU(1,1) = Sp(2,R) which is the double cover of SO(1,2). The explicit mapping between
the spin group (which is labelled by the indices «, 3,...) and the Lorentz group (which is
labelled by the indices p,v,...) is given by the ~-matrices

=% 0) 0 =(00) (6 8) e
which obey the Clifford algebra

YAV 4+ AR =1y with nt = diag(—1,1,1).

The spin representation of the Lorentz algebra sp(2,R) = {M € GL(2,R)|MTw + wM = 0}
can be constructed from (B.13) and the generators are of the form

(557)% = (W)
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which obey the Lorentz algebra of (3.10). The indices of the generators are lowered and raised
by the symplectic form w given in (3.35), e.g. 'ygﬂ = Wao (V)% and (v1)2F = (v")% Wb,
Hence, the three generators j = M2, k; = MY are

=3 (0 9)e en=g(p %) wn-3(5Y) e

The anti-fundamental generators are obtamed from (B.14) by acting with the symplectic

form: j = wjw™! =j and k; = wkiw™' = —k;.

The algebra in five dimensions is constructed analogously. The double cover of SO(3,2) is
Sp(4,R) and the corresponding generators transform under sp(4,R) = {M € GL(4,R)|MTQ+
QM = 0} where the symplectic form €27 is given in (3.35). The spin representation is ex-

plicitly constructed by
(), = 3 (o)),

1

where the I'-matrices in five dimensions (FN , are realized by

0 1 0 O 0100 1 0 0 O
-1 0 0 0 1 000 0 -1 0 0

0 __ 1 _ 2 _

= 0 0 0 -1}’ = 000 1|’ = o 0 1 0’

01 0 0 010 0o 0 0 -1
(B.15)

0 0 0 1 0 0 0 1
0 0 -1 0 0 0 -1 0

3 _ 4

= 0 -1 0 0} = 0 1 0 0
1 0 0 O -1 0 0 O

They obey the algebra
rMPN L PNPM — pNMy, with V™ = diag(—1,1,1, —1).

For more information see [199].

B.3 Perturbative Calculation of Mellin Ampitudes

The existence of a Mellin represenation for perturbative calculations follows from Symanzik’s
star formula which shall be derived for the scalar case in this appendix [101]. The star formula
allows to calculate the contact terms of the Mellin space Feynman rules in the weak coupling
regime for scalar operators. These Feynman rules have been derived in [104].

Weak Coupling Regime

Consider the n-point correlator (¢(x1)...d(xy,)) := I. The Mellin amplitude can be deter-
mined by the following algorithm:

1. Represent the correlation function in position space. The integration variable is labelled
by wu.
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2. Perform a Schwinger parametrization for each propagator:

_ A / da A —a(-y)? (B.16)
0 «

3. Perform the integration over the vertex u with the Gaussian integral

/dazef‘”ﬂ%rbx“: 7TeEJrc (B.17)
R

a

4. Insert a partition of unity 1 = [;° dv d(v—>_; o;) and rescale your Schwinger parameters
o — ﬁai.

5. Use the inverse Mellin transform for each function of the type

c+i00
et — / 95 pg)as, (B.18)

—i00 21

For this calculation each external leg is normalized by I'(A;) and the vertex by %ﬂ'_h with
h= g to simplify the final result. Further, the vertex is proportional to the coupling constant

g. Hence,
1 dd
I = g/ DuH - with Du=-—

(x; — u)? 2 mh

Conformality of the integral demands > A; = d. Using the algorithm stated above the
Mellin representation can be obtained by the following steps

dOZZ A- —al(acz u)2

da; A =Y oz, .
:g” a;te 1<J U with x = xp — x4
o 7 J J
- 1

’ —si; (B.19)
=g H/ do A H/C]—I—ZOO dSZJF (sij) (O‘ioéjx?j) Sij
i< Y Cig o0
cij+100 dSij n
B omi o -3 sy
g};[j/cij—ioo 271 (S” ( ) 1;[ ( 7 por S”>

In the last step [° %22 = = §(a) has been used with §(a) = 27i&(a). This holds if the real
part of the exponent a along the contour vanishes [104]. Comparing this equation with (3.54)
shows that the Mellin amplitude is constant, i.e. M.({s;;}) = g.

However, Symanzik wrote the solution of (B.19) in the general form

n % ey B 9 1 100
2 / Labie i i0sT 7/ dsy dsn(n ) — (B.20
7:[[1 0 o 1 n(n—3) A 3 H ( ZM)S” ( )

(27Ti) 2 —teo 1<j

where the new integration variables s; are given by

n(n—3)
2

0
Sij = Sij + Z ka Sk.
k=1
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S?J is a particular solution with positive real parts which satisfies >

coefficients c;; 1 = cji 1 € R obey

itj S U = Aj; and the

n
cikr =0 and Zcij,k =0.
J#i
2
Not all ¢;; can be independent, but only (@) of these coeflicients are independent.
In [101] the independent coefficients ¢;;; range from 2 <i < j<nand 1 <k <n(n—3)/2
without ca3 . To obtain a unit Jacobian, it has to be demanded that |det ¢;; | = 1. Note

that (B.19) and (B.20) differ by an overall factor of 2. This factor arises from the Jacobian
of one of the J-distribution, the remaining /-distributions have unit Jacobian.

Strong Coupling Regime

A contact Witten diagram can be evaluated in a similar way. Let the bulk coordinate
(in lightcone coordinates) be parametrized in Poincaré coordinates Z = (Z1,Z~ Z“) =
1(1,2% 4+ y* y") and the boundary coordinate be given by X (X, X7, XH) = (1,22, 21).
The scalar product of these coordinates reads —2X - Z = (22 + (z — y)?). The bulk to
boundary propagator can be written as

C Odt A oz . I'(A d
KA(X’Z):F(ﬁ)/O 7tAe HZX ith CA:27th(A(—)h+1) and hzi.

Consider @ = Y"1 1 t;X; and —2Q-Z = 271 3" 1 t; (22 + (z; — y)?) and the following integral
in AdS evaluated in Poincaré coordinates

/ 207 _ /OO dzz_d/ ddyefzitizeféziti(xﬁy)z
AdS 0o Z R4

h —1
_ /Oo %6_ > tiz ( 7T > e—(zzi ti) Zi<]’ titjay; (B.21)
0o 2 23t
® dz _1 2 ® dz 12
- 7Th/ —zhe™ze 2 iy it = Wh/ ez @7,
0 z 0 z

where the variables have been rescaled by z Y, t; — 2. Using (B.21) the Mellin amplitude of
the contact Witten diagram A = (¢1(x1) ... dn(zy)) of n-scalar fields can be determined.

= dZ || Ka,(Z, X; : —t
g/Ad H ail i) = H L(A;) Jo ti ' Jads ‘

i=1 i=1
™ Ca. /OO dt; A [ dz 12
_ h A’L 1 Az 7h —Z 7*Q
=gm —t; / —z e “e =
g EF(AJ 0 ti v 0 z
" Ca. / dt; 2 [ dz 1
_ h A -Q / A2 _hp I3 A -2
= gm t ‘e z 24
g EP(AZ‘) o ti ' 0 Z

1 & o Ca [Odt; A — a2,
> Ai—h)n <§3/ o
Z L i 10 dg;i T(si5) 1o = Z
B 2gwhr< A ) i —100 27'('; )J 1;[ ’ (Al - SU) '

J#1
In the third line the rescaling ¢t; — t;1/z has been performed and afterwards the integral over
dz has been written as a I'-function. In the last line (B.19) has been used.

C;
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B.4 More Results on Mellin Amplitudes

B.4.1 Relation between the Reduced Mellin Amplitude and Mellin Am-
plitude of the Four-Fermion Correlator

The components of the Mellin amplitude for the four-fermion conformal correlator (3.65)
read explicitly as follows

My
Mo = M,
Ms = M;
My = M4
Ms = M;

Mg = Mg

= M [T (s12+1)

r (812 +

[ (s12+1

~—

r (812 +

F s12 +

L

H o~~~ H

_F <512 + 5

(513) T (s14) T (523) T (524) T (s34 + 1)] 71,

1 1
r (813 + 2) [ (s14) T (s23)T (824 + 2) r

1
T (813) I <Sl4 + 2) I <823 + ) 824 F S34

(s13) T (s14) T (s23) T (524) T (s34 + 1)) "

1
r (513)F <514 + 2) r <523 + ) 824 F

—

(813 + ;) [ (s14) T (s23) T (824 + )

534

534

534

+

+

+

_l’_

Mz = My r

Mg = Mg r

Mg = My {r

My = MlO
My = My |T
Mg = M12
Mz = M13
My = M14
My = M15

Mg = MlG

B.4.2

r

+
N = NI N = N

\_/\_/\_/\_/

+
N = NI~ N = N

534

r (813 + ;) I'(s14) T (823) " (524 + >

S12 +

(s 3)
(o 3)
(o)
" (r3)
(o (r03)
°( (s 3)

1
I'(s13)T (814 + 2) r <323 + ) (s24) T | s34 +

(s12 +1)T" (513 + ;) r (814 + ;) [ (s23) T (s24) T <334 + 1)}

).

[ (si2+ 1) (s13) T (s14) T (823 + ;) r <S24 + > <834 +

(312 + ;) (313 " ) (514)T (323 + ;) I (s00) T (531 + 1)_
(812 + ;) (s13) <314 + ;) I (s03)T <524 + ;) T (s34 + 1):
(124 1)T (313 + ;) r (314 + ;) T (525) T (524) T <334 4 ;)
T (512 + )T (s13) T (s12) T (523 + ;) r <524 + ;) r <534 + ;)

(812 +

s
o })r

Four-Point Correlator

The u-channel poles of (U Wo®P3P,) are summarized in table B.1.

(813 + ) (s14)T (823 + ;) I' (s24) ' (s34 + 1)

1 1 )
(s13) (814 + 2) I'(s23) T <824 + 2) I (s34 +1)

u-Channel Poles of the Mellin Amplitude of the Fermion-Scalar
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Component of M.A. Location of Poles Residues ~
)\—i- /\-l-
s+t=>,1—T17—2k Y14 P d392
M — —
stt=3.7—T+1—2k A1 darnn Mo sa
A P
s+t=>,1—T17—2k Y14 " Pr1P392
Mo - -
stt=S.7—T+1—2k Mgy gan Mo
_ A Av
s+t=>,1—T17—2k Y149 " Pr1P392
M3 _ +
_ A A
s+t=>,—17—1-2k Y1roat iz
_ A Av
s+t=>,n—17—1-2k Y149 P93z
M4 _ +
_ A A
s+t=>,;1—17—2k Y1dathy " Pipsipa

Table B.1: u-channel poles of fermion-scalar four-point correlator.

B.4.3 t- and u-Channel Poles of the Mellin Amplitude of the Fermionic
Four-Point Correlator

The t-channel poles of (U1 WoW3W,) are summarized in table B.2.

The u-channel poles of (U1 WoW3W,) are summarized in table B.3. In the case of a scalar
exchange [ = 0, all OPE coefficients apart from ', A3 should be taken to zero.
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Component of M.A.

Location of Poles

Residues ~

1 1
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1 2
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t=17—-14+2k 9 1 9 9

A5 O\ Opatbs + Minps O Oray
3 3 3 1

My, Mz, My, Ms A¢1¢3Oz/\@l¢2w4 ) Awlwsoz)‘ozwm
t=1+ 2k 4 3 4 4

)\%1113(91/\011!121/14 ) /\¢1w301)\01w2¢4
2 1 2 2

t=T1+2k A5 O Opatbs + Nnaps 01 Oy
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My, Mg, My . A0 N0+ Nas0 N O
t=7+1+2 4 3 4 4

>\¢1 P30, )\Oz Pathy )‘wl P30, >\Oz¢2¢4
2 1 2 2

t=717+14+2k )‘¢1w301/\01w2w4 /\w1w301)\01w2¢4
3 3 3 1

Ms . Ndips O NObops + N30, Oyt
t=7+2+2 4 3 4 4

A¢1¢3Oz/\@l¢2w4 ) Awlwsoz)‘ozwm
1 3 1 4

. Agrps OO+ MonhsO A Oras
t=7+2 9 3 9 4

Mg, M1, Miz, Mys Adrs OO+ MinpsO A Oras
3 2 4 2

t=7+1+2k Nprbs O Opatbs + Nnaps 0 O
3 1 4 1

/\1111 P30, )\Ozwzm ) )‘w1 P30, )\Ol Pathy
t=1+2k 3 9 4 9

Mio, Miz, Mis, Mg /\wlwsoz)‘ozwm ) >\1/)1¢3(91)‘Ozw21/)4
2 3 2 4

t=1+1+2k )\1/11¢3Oz /\01¢2¢4 ) /\1#11#3(91)\@11#21#4

Table B.2: t-channel poles of the four-fermion correlator.
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Component of M.A.

Location of Poles
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Table B.3: u-channel poles of the four-fermion correlator.
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B.5 Spinor Exchange in AdS

In this section the spinor exchange diagram is calculated. Note that in this calculation the
two scalars are switched, i.e. the quantity Ai;ii is computed.

Plugging the perturbative solution (3.88) into the action (3.87) one obtains the on-shell
action

4 e )
Spevs = _2)‘2GH/ dx; g (x1) o (x4) A (x1, %2, X3, %X4) 1y (X2) do (x3) -
i=177°

The diagram A (x1,X2,X3,X4) = Aiﬁi is given by

AD = / A2/ g(2)d  wy/ g(w) K a, (2, %4) B, (2,%1)S (2, w) S, (w, Xo) K A, (w, X3).

To find the Mellin-Barnes representation of this diagram, Aﬁ;i‘; is rewritten as a scalar
exchange Witten diagram [218]. The first step is to use the conformal symmetry on the
boundary to translate all coordinates by x5 such that the new coordinates on the boundary
are given by y; = x; — xg for i # 2. Afterwards these coordinates are inverted y, =y;/ |yi|2.
Since the bulk measure is invariant under inversion and due to the definite transformation
behaviour of the propagators, the amplitude can be rewritten as

Y1da _ YI roo 1 roor
Awéaﬁz - \Y1\2A1+1 I3 275 |y4’2A4 [_Y1434 + <A1 + 5 + AL+ Ay — d>]f (y1,¥3 y1)B.22)

with Ay = d/2 4+ m + 1/2 and m being the mass of the exchanged fermion. In [218] the
explicit expression for [ is given by

I(y1,y5.¥4) Z/dd“z\/g(Z) A hwy[g(w)Ka, (2, 1) K a1 (2,¥1)Ga, (2, 0)
X KA2+% (w',0) Kpy(w,y%).

Further, the AdS measure is invariant under inversion and the scalar bulk-to-boundary prop-

agator transforms covariantly under inversion: Ka (2, x') = |[x|** Ka (2,x). In addition, the

scalar bulk-to-bulk propagator only depends on the chordal distance u = ('2;;”2)2 and there-
00

fore is invariant under inversion G (2',w') = Ga(z,w). These properties allow to rewrite I
as a scalar exchange diagram with four external scalars:

I =y, P21 Jys*2s \}’4\2A4/ddHZ\/Q(Z)ddﬂwx/g(w)Km(Z,Y4)KA1+%(ZJ1)
X GA+ (Za w)KA2+% (w7 0) KA3 (w7 Y3)

:|y1|2A1+1 |y3’2A3 ‘}’4‘2A4/dd+12 /g(z)dd+1,w /g(w)KA4(Z,X4)KA1+%(Z,X1)

X GA+(z,w)KA2+% (w,x2) Ka,(w,x3).

In the last step the bulk coordinates z — z — xo and w — W — X9 have been translated.
The Mellin-Barnes representation of this expression is known [106]. Further, I depends
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on the unprimed coordinates only. Thus one can define a new quantity I (y1,y2,y4) :=
I (y1',y5,y}) such that

A1 12A3 1. 1244 cir+ioo 1
= Iya P2 fyaf2 [ s T (su) Msu)
1111 ci—ico i U y1a [P y1a] 2 |yaa) 2o
X 28192 12823 2594 r4[ 5 A +5 (6174 + 621) 24: Sik
ly1 3| |Y\ i=1 k=1,k=#i

is obtained. To evaluate (B.22) note that the tensor structure is generated by the derivative
and y, 4 After inverting these

Y14 4 - y42 and
y1l” |y4|
o yy 0 0 9 0
H A —9 L
@ Y4,u, 8yZ |y4| ay4 Y4y4 ay4 )

L=
0y ly4l® ayY
the following three types of terms are obtained:

Vi Ya 21 p) Yap . .
Yy <|y1|2 B ]y4‘2 (|Y4| v _2Y4y4)| | =Y with coefficient 2A4 — 2594,

—Yiu4 . .
Y, <|31’2 - |34|2> (IY4’2’Y” 2y,y 4) iy |“ =y, with coefficient  — 2s14,
1 4 Yi4

Y1< Y1 Y4 ) (\y4\ A Y@’Z) Y43p :YI4Y432Y4 with coefficient — 2s34.

yil*  lyal? lysal®  lysal
This gives

4

16 oo (i) vqeanTT 8
Awéqﬁi - H / dsll X |28 il Sll H 0 A +3 (511 + 527») Z Sik
c il i1

1<i<] V€t =100 k=1,ki

X14X43?¢42 )

1
X (Xu (Al ot Ag+ Ay — d) + 2%, (524 — Ayg) + 2% 514 + 252 x|
X43

Czl“l‘ZOO (Sil) 4 R 1 4
H / (dsi) e[ M(sit) H AV B (017 + 624) — Z Sik
¢ i=1

1<i<l /cit—100 k=1,ki
1
« <X12 (Al N A4 + A+ —d— 2814) X14X43X32 >
2 ’X43|
after using s14 + S94 + 831 = Ay. Rearranging the delta constraints in canonical form and
applying A1 + Ay — 2514+ Ay —d+ 2 =t4+717—d+2° A¢1¢4 finally yields

D 4 cii+ioco T (s:1 + 8:16
1+ 0i102]
v = T2 (t+7—d+2) ] / (dsi) (ZT—}-ZS-(S)M(SH'F(;H(SQI)
|X12‘ 1<i<l ci1—100 |le| il 31021

Kty T [ I
+ g 7147437732 H / (dsil) r <3il + < (51'152[ + 0;104, + 09;03; + 51'3(541))
%14 [xa3] [x32] | i) Jei—ioo 2

1 1 4 4
x WM <3il T3 (041021 + 6;1041 + G2i03; + @3540)11_[ ) (7-2- -y sik> ,
' k=1 ki

2In this calculation the ‘t-channel’ is given by (14)-(23).
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The actual definition of the Mellin amplitude M(s;;) is given in the main text in equations
(3.95) and (3.96).
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