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Abstract: It has been previously demonstrated that stochastic volatility emerges as the
gauge field necessary to restore local symmetry under changes in stock prices in the Black—
Scholes (BS) equation. When this occurs, a Merton—-Garman-like equation emerges. From
the perspective of manifolds, this means that the Black-Scholes and Merton-Garman (MG)
equations can be considered locally equivalent. In this scenario, the MG Hamiltonian is a
special case of a more general Hamiltonian, here referred to as the gauge Hamiltonian. We
then show that the gauge character of volatility implies a specific functional relationship
between stock prices and volatility. The connection between stock prices and volatility is
a powerful tool for improving volatility estimations in the stock market, which is a key
ingredient for investors to make good decisions. Finally, we define an extended version of
the martingale condition, defined for the gauge Hamiltonian.
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1. Introduction

The Black-Scholes (BS) equation emerged as the first equation capable of making
predictions for option prices in the stock market [1]. The authors of this equation brilliantly
generated a risk-free portfolio by combining the option prices with their derivatives. In the
BS equation, volatility is a free parameter, which has to be estimated by the investors [2].
Investors usually compare their estimations with the historical value of volatility (from the
charts) in order to decide whether or not to buy a specific option. After the BS equation,
the Merton—-Garman one was developed, this time considering volatility as a stochastic
variable in the same way as we deal with stock prices [3,4]. For a long time, there was
no fundamental connection between both equations. However, understanding that the
MG equation should be a natural extension of the BS case, it is normal to suspect that a
fundamental principle that is able to connect both equations must exist. In [5,6], it was
demonstrated—using the gauge principle—that a natural connection exists between the
MG and BS equations. If we impose invariance for local variations in stock prices on
the BS equation expressed in its Hamiltonian form, the only way to maintain symmetry
is by introducing a gauge field that transforms in a specific way to compensate for any
changes caused by local variations in stock prices. Interestingly, it was discovered that
this gauge field corresponds to stochastic volatility. In other words, we obtain the MG
equation by imposing local symmetry under changes in stock prices on the BS equation.
This amazing discovery means that the BS and MG equations are locally equivalent. This
also implies some potential applications of the gauge principle in the options market. In
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this way, we can perceive the BS equation as the one living over a manifold, where the
momentum associated with volatility does not exist (basically, volatility is a parameter
that is fixed arbitrarily), while, on the other hand, the MG equation lives over a manifold
deformed for the presence of the gradients associated with stochastic volatility. However,
the momentum (the gradient) associated with volatility vanishes locally, and then the MG
equations converge locally to the BS equation. The gauge principle used for analyzing
this scenario is general and has been used in several research areas beyond Quantum
Finance [7-14]. During the derivation of the MG equation from the BS Hamiltonian, strong
constraints were imposed on the free parameters of the gauge Hamiltonian in order to
align with the MG one. In this paper, we review the local equivalence of the BS and
MG equations. We then consider the general gauge Hamiltonian obtained in [5], without
imposing any restriction over the free parameters of the system or stochastic volatility.
Finally, we focus on the martingale state of the system in order to find relations between
the stock prices and stochastic volatility. These new relations can be used in the future
to conduct estimations about the potential values of volatility for a specific stock. Some
preliminary relations—considering some constraints—were considered in [5,6]. We argue
that the estimations of the possible values taken by stochastic volatility can be improved
by using the gauge principle proposed in [5]. This is possible because the gauge principle
suggests that variations in stock prices are not independent of changes in volatility; rather,
there is a well-established functional relationship between both variables. To the author’s
knowledge, a clear connection between stock prices and volatility—as suggested by the
gauge principle—has not been proposed until now. This is the main contribution of the
paper. This paper is organized as follows: In Section 2, we revise the standard formulation
of the BS equation, together with its Hamiltonian formulation. In Section 3, we revise
the standard formulation of the Merton-Garman equation, together with its Hamiltonian
formulation. In Section 4, we develop the gauge version of the BS equation, which is
equivalent to an MG-like equation by deriving the most general gauge Hamiltonian. We
then explain under which conditions the MG and BS equations can be locally equivalent.
We extend the analysis to include the gauge Hamiltonian. In Section 5, to improve volatility
estimates, we use the gauge relation between volatility and stock prices to analyze the
functional dependence between these variables. In Section 6, we compare the gauge
formulation in the BS scenario with some standard gauge theories. In Section 7, we explore
some alternative models that differ, in essence, from the BS and MG equations. Finally, in
Section 8, we conclude our findings.

2. The Black-Scholes Equation

If we define the stock price as S(t), which is normally taken as a random stochastic
variable, then its evolution is defined in agreement with Equation [15]:
dil—(tt) = ¢S(t) +oS(t)R(¢). (1)
In this equation, ¢ is the variable that defines the expected return of the security. In the
meantime, R(t) is the variable that defines the Gaussian white noise with zero mean, and
variable ¢ defines the volatility of the system. It is important to note that, here, volatility o
is just a free parameter of the system. In Equation (1), it appears as a factor multiplying
the Gaussian white noise. We cannot avoid random fluctuations in the stock market. The
remarkable contribution of Black and Scholes was the creation of a portfolio free from
these fluctuations. This is achieved by combining the price of an option with its derivative
within the portfolio, such that the random fluctuations in the prices of the options are offset
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by correlated random fluctuations coming from the derivative of the same option. The
portfolio is then defined as follows:
aC
II1=C—- —S. 2
55 2)
Since this portfolio is free from any random fluctuation, we can define its dynamics and
derivative. Its evolution can be predicted by using standard techniques. Equation (2) is a
portfolio where an investor holds the option and then short sells the amount, g—g, for the secu-
rity, S. From the It6 calculus (stochastic calculus) [2,16-18], we can calculate the following:
dil  aC 1 9°C
_ 02s2- =

dt ot 2 952’ ®)

For a risk-free portfolio, as is the case here, it is possible to connect the total time derivative,
with the interest rate, 7, as follows [19-21]:

dll
I rIT. 4)

The combination of results (2) and (3) brings out the following:

oC oC 1 ,, 9%C -
This is the BS equation [3,4,15], which is independent of the expectations of the investors, ¢.

Here, we repeat the basic assumptions of the Black-Scholes equation as follows:

(1) The spot interest rate, r, is constant.

(2) In order to create the hedged portfolio, 11, the stock is infinitely divisible, and it is
possible to short-sell the stock.

(38) The portfolio satisfies the no-arbitrage condition.

(4) The portfolio, I1, can be re-balanced continuously.

(5) There is no fee for the transaction.

(6) The stock price has a continuous evolution.

2.1. Black—Scholes Hamiltonian Formulation

We can convert Equation (5) by conducting a redefinition of the variables. The resulting
equation is equivalent to the Schrédinger equation, but this time with the Hamiltonian being
non-Hermitian [22]. The process for deriving the BS Hamiltonian starts by considering the
change of variable S = ¢*, where —c0 < x < 0. Then, the BS equation is as follows:

oC .
5 = HisC, ©)
where we define the operator as follows:
. o? 9? 1, 0
HBS__283C2+<20 —7’>ax+1’. (7)

This operator is just the BS Hamiltonian, which is not Hermitian. The non-Hermiticity of
the Hamiltonian can be seen from the fact that the derivative with respect to the time of the
option price in Equation (7) does not contain an imaginary component, as Hermiticity in
quantum mechanics demands [8]. Deeper proof of this statement was seen in [15]. Here,
we note that volatility is a free parameter, typically estimated by investors. Shortly, we will
explain how investors decide whether to buy an option based on comparisons between
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the estimated value of volatility and its historical values shown on charts. Understanding
this aspect will provide deeper insight into the importance of making accurate predictions
about the value of volatility.

2.2. Volatility as a Parameter in Deciding Whether to Buy an Option

The first option was traded in 1972. In the same year, the BS equation, capable of
predicting the dynamics of option prices, was formulated [2]. This was the first consistent
analytical approach portraying the dynamics of the options market. The brilliance of Black
and Scholes lay in their ability to generate a portfolio that is free from random fluctuations,
as we previously explained in Equation (2). It is interesting to note that the BS equation is
still widely used by individuals investing in the options market to decide whether or not to
invest in a specific option related to a stock. The biggest limitation of the BS equation, as
we have mentioned before, is the fact that volatility has to be estimated. In other words,
there is no way to make predictions about volatility values directly from the BS equation.
Volatility plays a fundamental role in determining the price of an option. Comprehending
this comes after analyzing how the options market works. The options market involves
the holder of the option and the writer of the same contract [2]. The options themselves
also come in the following two ways: (1) The call option: Here, the holder has the freedom
to choose whether or not to exercise the option in order to buy certain stocks at some
previously agreed upon price. (2) The put option: This is the opposite of the call option and
it gives the holder the possibility to sell assets at predetermined prices. In general terms,
the options are contracts between some parties. For the call options, the holder anticipates
an increase in stock prices (bullish behavior), while the writer expects the opposite (bearish
behavior). Each market participant’s desires come from the fact that the individual holding
a call option can decide whether to sell certain stocks at a predetermined price in the future.

We will develop an example as follows. Imagine that the holder of a call option bought
it at USD 5 per share. This operation allows him to decide whether to buy certain amounts
of stocks in the future. The price to pay is called the strike price; it is USD 42 per share in
this case. If the holder wants to obtain earnings, the stock price must reach a value of more
than USD 47 per share. This can be easily visualized because the holder buys the derivative
at USD 5. This means that the holder will lose this amount per share. At the same time,
the writer of the option earns this amount, making this negotiation a zero-sum game. The
profits of the holder of the option can be visualized in Figure 1. From the figure, it is clear
that profits begin to be positive when the stock price is larger than USD 47. If the option is
a European option, the holder has to wait for the expiration date in order to proceed, the
decision to buy will come if the stock price remains higher than the mentioned value. If
the option is an American option, it can be exercised at any time, but being rational, this
will occur only when the stock price is again larger than USD 47. If the holder finds out
that he/she will have negative profits, namely, when the stock price is inferior to USD 47,
he/she will not exercise it, and then he/she will lose USD 5 per share. Still, if the stock
price at maturity is between USD 42 and USD 47, the holder might decide to exercise the
option for reducing losses. In this scenario, whatever the holder earns, the writer loses,
and vice versa. This can be seen from Figure 2, which illustrates the possible earnings of
the writer of the option. From the present analysis, it is important to remark that in this
zero-sum game, there are no limits on the possible profits that the holder can make. On
the other hand, the writer’s earnings are limited, as suggested in Figure 2 . Another type
of option is the put option. This option is the opposite of the call option because it allows
the holder the right to sell a certain amount of stocks at a predetermined price. In these
situations, the holder is bearish, hoping for the stock prices to be sold to fall. This can be
seen from the profits appearing in Figure 3.
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Here, the option price is USD 3. Then, at the initial trading, the writer of the option
earns this amount of money per share, while the opposite applies to the holder. These
details can be seen in Figure 4.

Profit
UsDh

Stock price at maturity

0 40 50 UsD

42,-5)

47

Figure 1. Figure illustrating the pay-offs of the holder of a European call option. Here, the conditions
are (1) the option price: USD 5, and (2) the strike price: USD 42. The same example can be found in
Reference [2].

Profit
USD

(42,-5)

| Stock price at maturity

I
0 m USD

47

Figure 2. Figure illustrating the pay-offs of the writer of a European call option. Here, the conditions
are (1) option price = USD 5, and (2) strike price = USD 42. The same example is analyzed in
Reference [2].

If we analyze the details of Figures 3 and 4, they are the exact reflections of each other,
a typical behavior of a zero-sum game. For simplicity, here, we consider a European call
option, where the holder can only exercise at maturity. The positive pay-offs for the holder
exist when the price of the underlying asset is inferior to USD 47. For asset prices larger
than this value, the holder might decide to exercise the right to sell, mainly to minimize
losses when appropriate. In this example, the largest possible income for the holder is USD
47. At the same time, due to the zero-sum game nature of the negotiation, the writer will
lose anything the holder earns, and vice versa.
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Profit
USD
Tl} Stock price at maturity
0 USD
N (50, -3)
47

Figure 3. Figure illustrating the pay-offs of the holder of a European put option. The conditions are
(1) option price = USD 3 and (2) strike price = USD 50. The same example is analyzed in [2].

Profit
USD

(50, 3)
3] Stock price at maturity
USD

47

Figure 4. Figure illustrating the pay-offs of the writer of a European put option. The conditions are
(1) option price = USD 3 and (2) strike price = USD 50. The same example is analyzed in [2].

3. The Merton—-Garman Equation

In this section, we consider the MG financial equation, which is the extension of
the BS case, but this time, we consider volatility as a stochastic variable [3,4]. When the
option price and volatility are both stochastic variables, then the market is incomplete [15].
Modeling volatility is a big challenge and several approaches have been proposed [23].
However, here, we consider the approach considered in [15], which corresponds to the
generic situation. We consider the following set of equations:

‘fo = ¢Sdt + SV'VRy,

av
ar =~ ATV VIR, (8)
In these equations, volatility is denoted as V = ¢2. S is just the stock price, as usual.

Additionally, ¢, A, i, and { are constants or, more accurately, free parameters of the
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af _

dt

o

+¢>S

system [24]. The variables R and Rj, denoting Gaussian noises, correspond to each of the
variables under analysis. They are correlated in the following way:

< Ri()R1(t) >=< Ry(t')Ryp(t) >=6(t—t') = ; < Ri(H)Ry(t) > )

Here, —1 < p < 1, and the brackets < AB > correspond to the correlation between A
and B. The fact that the random noises between both variables are correlated, as seen in
Equation (9), suggests—in advance—an important connection between stock prices and the
values taken by volatility. This is an important aspect of the MG analysis, which is reflected
at the moment of using the gauge principle. Let us now consider a function, f, depending
on the stock price, time, and white noise. By using It6 calculus, it is possible to derive the
total time derivative of this function as follows:

f of | 0?S**f Vo, P | PVHPS o
FAHRIGy g TV T gy Ty avz TN
« f
+CV 8V (10)
We can now separate the stochastic terms from the non-stochastic ones. The result is as
follows:
df
=@+ ERy + ¢¥Ry. (11)
Here, we define the following:
=_ o9f « f
E = Sas Y= gV
JRrIm of ASPE o PP pve RS
O= S H955s + Aty + 5 ga +eV Gyt v (12

The notation used here is the same as what was proposed in [15].

3.1. Derivation of the Merton—Garman Equation

The derivation of the MG equation is a very important mathematical exercise. We start
by considering two different options, here defined as C; and Cy, on the same underlying
security, with strike prices and maturities given by Kj, K3, Ty, and T;, respectively. We can
then create a portfolio:

II=C +T1C +15S. (13)

By using the result (11), we can define the total derivative of the portfolio with respect to
time, as follows:

dll

I =0, +110; + F2¢S + (;_41 + I8 + FQO'S)Rl + (l/)l + r11’b2) (14)

This result is a consequence of identifying f(t) = C; or f(t) = C in Equation (11).
Although the market is incomplete in this case, we can create a hedged portfolio that is able
to satisfy the condition 2 dt = rIL. The white noise variables, Ry and R,, disappear after
imposing the following conditions:

1 +T19Pr =0,
H14+TE; +ThoS = 0. (15)

We can then solve these equations for I'1 and I';. We can now define the parameter,
as follows:
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B(S,V,t,r)=
1 oC; oC;  VS§%29%Cy V2a, 9°C1 | TPV C
8C1/8V<at+<A+ Vigs T2 a2 TPV T vt T TG
1 (3G 0C, VSPC, e, 8C  QVEPC
_ 9C ac, | vs? _ 1
acz/av< TGl T e A= (16)

The parameter B in the MG equation is defined as the market price volatility risk because
the higher its value is, the lower the intention of the investors to risk. Then, the risk of the
market is always included in the MG equation. Since volatility is not traded in the market,
it is not possible to make a direct hedging process over this quantity [15]. In Ref. [15], it
was verified that the value of g is different from zero. With all these arguments, the MG
equation is obtained by re-expressing Equation (16) in the following form:

aC aC aC 1 92C 02C 02C

1S F A+ uV) o + S VS o + VYA + 2V =rC. (17

ar T"Sas TN IVGy TRV ag TRV T gy TEV g =G (17)
Here, the effects of § appear contained inside the modified parameter, A, in this equation.
This can be seen from the shift, A = A — 8, in Equation (17).

3.2. Hamiltonian Form of the Merton—Garman Equation

It has previously been demonstrated that after conducting the corresponding change
of variable, the MG equation takes its Hamiltonian form. The change of variable applies to
both the price of the stock and the volatility as follows:

S=¢% —oo<x< oo,

c-=V=¢¥, —co<y<oo. (18)

By using these relations, Equation (17) becomes [15]:

oC eV aC _ 7% 5w\ 0C ¥ 9*C 19 0°C
= B y e )2 2T yla=1/2) Z =
8t+(r 2>8x+(/\e tHo e 8y+28x2+p€e dxay
0>C
2,2y(a—1 —
472 )aT/z = rC. (19)
The Schrodinger-like equation is as follows:
oC -
5 = AucC, (20)

with the MG Hamiltonian defined as follows:

i o P &\ 2 22 3 2
= _— 2 ()2 -y _ o yle=1) ) 2 rpy(a—1/2) _Y
Hue =~5 352 (7 2 ) ax (M THo e > 5y~ Pee axay

_paen @ 1)
ayz

Exact solutions for the MG equation have been found for the case « = 1 in [15] by using
path-integral techniques. The same equation has been solved for the case « = 1/2 by
using standard techniques of differential equations. The MG equation has two degrees
of freedom. Similarly to the BS Hamiltonian, the MG Hamiltonian is also non-Hermitian,
meaning it does not preserve information, a characteristic typical of stochastic processes.
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3.3. Limitations of the Merton-Garman Equation

The MG equation was derived in order to improve the limitations, related to volatility,
of the BS equation. Inside the BS scenario, volatility is a parameter that we have to estimate.
Instead, the MG equation introduces volatility as a stochastic variable [2—4]. Yet, the MG
equation has certain limitations. The most significant limitation of the MG equation is that
its solutions are difficult to derive, except for some specific combinations of parameters
or under some perturbative methods [3,4,25]. Since volatility is a stochastic variable in
this case, and it is not traded in the market, there are not enough instruments to perfectly
hedge against volatility. For this reason, the MG equation requires an additional parameter
B(S,V,t,r) introduced in Equation (16) and explained previously. The parameter § itself,
just mentioned, is difficult to estimate empirically [15] but it is clear that it must be non-zero.
The biggest difficulty in explicitly solving the MG equation comes from the dependence on
stock price volatility. However, in the case where p = 0, there is no correlation between the
stock price and stochastic volatility, as can be seen in Equation (9). Then, in this limit, the
stock price and stochastic volatility are independent, and then an explicit solution for the
MG equation can be found [15]. Merton demonstrated that such a solution is equivalent to
the result of the BS equation, but instead of using stochastic volatility as a variable, it is
taken by the average value [4]. Then, the solutions for the option price can be expressed

as follows: v
C= [ (SN(@(V) — Ke ™N((d- (V) Pu(V) - 22
0
with the average volatility expressed as follows:
1T
V= f/ AtV (t). (23)
T Jt

In Equation (22), Py is the probability distribution for the mean value volatility defined in
Equation (23). Additionally, the function d (V) is defined as follows:

Ln(S/K) +(r £1V)
VT '

with K representing the strike price. Certain examples applying these formulas were

dy = (24)

developed in [15]. For cases where p # 0, the situation becomes very complicated, limiting
the MG equation to a few approximations.

4. Symmetries of the Black-Scholes Hamiltonian

The symmetries of the Black-Scholes Hamiltonian were analyzed in [5,6]. The sym-
metries we care about are those related to changes in stock prices. We define the operator,
U = ¢“?(%), which defines the changes in the system with respect to stock prices. The
operator, U, in this case, is non-unitary because the processes in the stock market are
basically stochastic, and unitarity is not respected at all. We focus on local transformations,
where 6(x) is a parameter that depends on x, which is a function of the stock prices as
can be seen from Equation (18). With the BS Hamiltonian defined as Hgg, the operator, U,
would be a symmetry of the system if the relation [Fps, U] = 0 were satisfied. However, it
was demonstrated in [5] that U is not a local symmetry of the system represented by the BS
equation. This means that the commutator satisfies the following relation:

[Hps, U] # 0. (25)
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The transformation, represented by U, becomes a symmetry when we include a gauge field,
which turns out to be stochastic volatility [5]. Let us analyze this issue in more detail. If we
operate with U over the Hamiltonian, Hg s, we obtain the following:

HBS_)HBS+02w(1+w)(a()(x)>2+02w(39(x))a+w(102_r>39(x). (26)

2 ox ox ox 2 ox

Then, the local symmetry under changes in stock prices is not satisfied by the standard BS
equation. If we want to restore this symmetry, we need to introduce stochastic volatility
with its corresponding transformation under local price changes, compensating for any
variation in the Hamiltonian Hps under the same transformation. Since volatility acts
as a gauge field, the ordinary derivative is replaced by a covariant derivative, defined
as follows:

d 0

— = — +py. 27

ox  dx TPy @7)
While p, = % is the “momentum” associated with the stock prices, py, is the momentum

associated with stochastic volatility. Then the extended BS Hamiltonian is able to satisfy

6(

the local symmetry under the changes U = ¢“?(¥), defined as follows:

. . ar 1 L

f%s-+f%m@e=2(—Px—Pﬂ(Px+Pw-+(202—r>(nv+Pw-+ﬂ (28)
Here, we define the extended BS Hamiltonian as the gauge Hamiltonian, as indicated by
the subscript, gauge, appearing in Equation (28). It has been proven that this Hamiltonian is

a special case of the MG Hamiltonian, as defined in Equation (21) [5]. The Hamiltonian (28)
can be expressed as follows:

A 02 5 (1, 0%, 5. 1, R
nguge:_TPx'f' EU -7 Px—ipy—U Pxpy + EU —71|py+71, (29)

after conducting the corresponding expansion. Gauge invariance is guaranteed if the

#Y?_ w (o0

ox) 1+w\dy)’

Y, (),

ax )P = oy Py

a0 a0 026 2r (06 00
w*w‘%wrwxw+w> (30)

following conditions are satisfied:

Under these conditions, Equation (29) represents the MG Hamiltonian, when the following
relations between the parameters are satisfied:

€—2 _ e—2y(tx—%),
pg = efy(’xfg),
r=2Ae Y +u. (31)

These relations represent a family of Hamiltonians consistent with the MG one. Relation (31)
reduces volatility to one additional parameter, unless certain combinations of the free parameters
have stochastic nature. The conditions (31) are very restrictive, and in this paper, we omit them.
Our Hamiltonian, defined in Equation (29), together with condition (30), is not necessarily
the MG Hamiltonian but rather a different Hamiltonian, which is locally equivalent to the BS
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Hamiltonian. If we solve the second equation from the group of equations in (30), and we use
the first equation from the same group, we obtain the following;:

960
- Eggg - i,/HLw. (32)

For w >> 1, this means that p, &~ +p,. No matter the value taken by the parameter, w, the

TR

proportionality between the absolute value of the momentum associated with changes in
stock prices and the momentum related to changes in volatility means that if we consider
that the price of an option increases with volatility, namely, p, > 0, then the price of the
option can increase or decrease with the price of the related stock. We conclude that the
positive sign in Equation (32) is ideal for the holders of a call option, while the negative
sign is the ideal scenario for the holders of the put options. This is the case because call
options are always increasing in price with the stock price, while the opposite applies to the
put options. No matter what option we consider, an increase in volatility is equivalent to an
increase in the price of the option. This is consistent with stock market pattern observations.
Finally, the last relation appearing in the group in Equation (30) leads to the following:

. 20, .
145 f’ggy—2<1+€x>. (33)
Py o o Py

This result is trivial when 2r = ¢, which is precisely the case where the Hamiltonian (7)
becomes Hermitian, ensuring that the information in the options market is preserved. Then,

Equation (33) provides a way to determine the conditions under which information is not
preserved in the stock market. Equation (33) can be expressed as follows:

p o? %
1+ 88 =g~ 20 (34)
py (o2 —2r) %

As we can see, the condition ¢ = 2r requires aax% = 0 in order to keep the left-hand side
of Equation (34) finite.

Local Equivalence of the Merton—Garman and Black—Scholes Equations: The Gauge Principle

For the family of MG Hamiltonians that satisfy local symmetry under price changes,
namely, the Hamiltonian (29), the momentum associated with volatility—acting as a
gauge field—is responsible for restoring the system’s symmetry under local price changes.
The gauge principle suggests that the family of MG Hamiltonians, consistent with the
gauge principle, is locally equivalent to the BS Hamiltonian. In other words, the MG
equation—consistent with the gauge principle—is locally equivalent to the BS equation.
This means that if we switch off the momentum associated with volatility p,, we will
recover the BS equation. This is a trivial task that is easy to verify. The key point of this
section is the interpretation behind switching off the momentum associated with stochastic
volatility. The condition to analyze is as follows:

~ ~PyC—0 ~

Hgauge = H;ZZG — Hps. (35)
The condition p,C — 0 means that any variations in the prices of the options due to
changes in volatility are completely ignored when we consider the BS limit. The graphic
representation of this situation can be seen in Figure 5. We can perceive volatility as a field
generating some “weight” over the option prices. This weight causes the option prices to
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deviate from the usual path they would follow if the momentum associated with volatility
were suppressed. When the momentum associated with volatility vanishes, we can see
from the figure that the BS Hamiltonian (blue plot) intersects with the MG Hamiltonian
(yellow figure), because—in this limit—both Hamiltonians are the same.

=100

200
-10

Figure 5. The MG and BS Hamiltonians. The yellow plot corresponds to the MG case with non-trivial
volatility, while the blue curve is the BS equation, considering volatility as a parameter (constant for
the purpose of the figure).

From the same figure, it can be seen that, in general, the MG Hamiltonian does not
match the BS Hamiltonian. Equality occurs when p, = 0, as mentioned, but also for the
non-trivial case, where py, # 0, provided that the eigenvalues of p, satisfy the following:

ﬁx|C>—|—%ﬁy|C >= (%—012>|c>. (36)

Note that this relation becomes trivial on the right-hand side when ¢?> = 2r, which

is precisely the condition for the options market to preserve the information based on

the Hermiticity condition of the BS Hamiltonian. When this occurs, we then obtain the
following relation:

2px = —py, (37)

which is only valid when an increase in the price of an option is related to a decrease in
the price of the underlying stock (bearish behavior). The result (36) is surprising because
this means that even when there is a non-trivial value of stochastic volatility (taken as a
variable), the BS Hamiltonian can be recovered from the gauge Hamiltonian, provided
that the combination py + %ﬁy obeys the equality in (36). Note the behavior of the BS
Hamiltonian in the Figure 6.
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Figure 6. The BS Hamiltonian with volatility as a free parameter. The blue plot corresponds to the
case with %(72 < r, while the yellow plot corresponds to the case with %(72 > 7.

5. The Martingale Condition with Stochastic Volatility

In [5,6], it was proven that some relationships between the field associated with stock
prices and the field corresponding to stochastic volatility emerge when we consider the
vacuum or martingale condition in the MG scenario. The martingale is then defined
as follows:

Apyige™Y = HpeS(x,y,t) = 0. (38)

For the non-trivial behavior of stochastic volatility (p, # 0), this condition corresponds to a
martingale condition if the following result is satisfied:

2
A+eY (;4 + %ezy(“’l) + p@ey(“1/2)> =0, (39)

It was demonstrated in [5,6] that the combination of Equations (31) and (39) brings out the
following simple relation:
e 4+ ue¥ +A =0, (40)

which can be easily solved, finding some specific relation between the volatility prices
and some of the free parameters (4 and A) of the system. The relation (40) is valid at the
equilibrium (martingale) state of the system because its origin comes from Equation (38).
The same relation suggests that at the equilibrium condition, volatility depends on some free
parameters of the MG Hamiltonian. Outside the equilibrium, naturally, the condition (40) is
not necessarily satisfied. Now, we can analyze the martingale condition for the gauge
Hamiltonian defined in Equation (29), without the restrictions of the MG case. In other
words, we will now generalize the situation for cases where it is also possible to have
I:Igauge # Hyc. Here, we remark that H qauge COVers a more general case compared to the
restrictive MG Hamiltonian. From the Hamiltonian (29), we can define the martingale
condition as follows:

Hgauge|S >= 0. (41)

Let us take the martingale state as a series expansion [S >= Y, ¢" = Y, (¢xy)", as
suggested in [6]. In such a case, it is possible to demonstrate that the martingale condition
gives the following result:

(vaac = 47rvac . (42)
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This simply suggests that the martingale condition emerges when the variations in the
prices of the option, due to changes in stock prices, equal the variations in the prices of
the options due to changes in volatility. This means that the market equilibrium can be
achieved with non-trivial values of volatility, as long as the condition (42) is satisfied. This
surprising result is a natural consequence of the gauge principle. Note that this condition
was obtained before when w >> 1 in Equation (32). Then, the gauge principle suggests
important relational connections between stock prices and the values associated with
market volatility.

6. Interpretations from the Perspective of Physical Systems

In this paper, we demonstrated that the gauge principle is able to unify the Black—
Scholes and Merton—-Garman equations. Furthermore, a more general Hamiltonian, without
the constraints imposed by the MG equation, emerges. One interesting aspect of the gauge
formulation is that stochastic volatility is the gauge field that we have to introduce to
restore the local invariance over changes in stock prices. In this section, we make an
analogy between this case and the gauge symmetries observed in physics. We will explore
two analogies. The first one is where manifolds are considered. This part involves the
natural connection between special and general relativity. In fact, special and general
relativity are two theories locally equivalent [7]. The second analogy, which we will explore,
is the gauge formulation of electrodynamics [8,26]. In this case, we will observe how the
photon field emerges as the gauge field that restores local symmetry—a role played by
stochastic volatility in our formulation.

6.1. Analogy with Relativity

If we focus our attention on manifolds, this analogy can be understood by considering
both general relativity and special relativity. In this case, both theories are locally equivalent.
Then, when we gauge the coordinate system in special relativity, we obtain general relativity.
In other words, the source of gravity is the gauge field capable of restoring local symmetry
under the coordinate transformation. This is analogous to the appearance of volatility,
which emerges as the variable restoring the local symmetry under changes in prices for the
BS equation. To understand this analogy in deeper detail, we have to analyze and compare
the global and local structures of the flat spacetime (Minkowski) and the curved spacetime
(spacetime with gravity). For simplicity, we will take the Schwarzschild solution as the
solution representing the curved spacetime. The respective metrics are as follows:

ds3, = —dt* +dr* = r?dQ)?, (43)
for the Minkowskian metric, and
ds2 = —(1— ®)d2 + (1 — @) 'dr? = r2d(P, (44)

for the Schwarzschild metric [7]. Here, ® is just the deviation from the flatness condition for
this metric. As soon as gravity disappears, ® — 0, and the metric (44) becomes equivalent
to the Minkowski metric (43). Here, we use manifolds with a metric, but it is important to
note that the existence of a manifold is independent of the metric [27]. It is not necessary to
use the Einstein equations to understand this part; instead, we will focus on the geodesic
equations. The general form of the geodesic equations is as follows:

d2xk u dxP dx”

T (45)
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These equations mark the shortest trajectory of a test particle moving along a manifold. They
emerge from the Lagrangian density, g,y ‘%’4 ‘fii: Then, Fgg # 0 in Equation (45), and we
have a non-trivial manifold, here represented by simplicity as a sphere in Equation (45). 1"50
is a derivative function of the potential functions, ®, which appear in the metric (44). Still,
locally, the gravitational effects vanish, and then Fgg = 0. This is the famous equivalence
principle, which allows general relativity to recover special relativity locally [7]. If we
make an analogy, the BS equation is locally equivalent to the MG equation and, more
generally, to the system represented by the gauge Hamiltonian in Equation (28), because
stochastic volatility becomes a constant locally (this means that p, vanishes locally in
Equation (28)). In such a case, the effects of volatility are translated in such a case to a
parameter (¢ in Equation (7)), which has to be fixed. The Figure 7 shows a tangent plane
which would be analogue to the BS equation, while the MG equation would correspond to
the non-trivial case.

Figure 7. The sphere is globally inequivalent to a plane. Still, locally, in the neighborhood of a point
(the red point in the figure, for example), the sphere is locally equivalent to a plane.

6.2. Analogy with Quantum Electrodynamics

The photon field emerges as the gauge field capable of restoring local symmetry in
some very well-known cases [8,26]. As a basic example, we have a massive scalar field, ¢,
represented by the Klein-Gordon Lagrangian, defined as follows:

£= (Bu+ieA)g(@" +ieA")p" — mPgp" — [FuF". (46)

Here, A" is the photon field, represented by a vector. This photon field helps to restore the
local symmetry under the following changes:

¢ — Wy, (47)
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Note that if we introduce the scalar field transformed as proposed in Equation (47) into
Equation (46), then only the derivative terms are affected. The only way to restore invari-
ance under these transformations is by introducing the photon field, A#, which restores
local symmetry as far as the photon field transforms, in such a way as to cancel any possible
variations arising in the Lagrangian (46) after applying the local transformation (47) over
the field ¢. The transformation conducted over A* does not affect the term %F}WFVV. It
is standard practice to define a covariant derivative that includes the gauge field, such
as Dy, = 9, +ieAy, such that we can express the Lagrangian (46) in a compact form. The
covariant derivative by itself has a meaning; it shows the fact that the variations in the
field, ¢, require corrections due to the fact that a good definition of the derivative along
a non-trivial manifold requires a parallel transport of the initial field, ¢, toward the same
point where the variation of ¢ is evaluated. This is the case because the axis orientations
change point to point in these cases due to the presence of the photon field [26]. From
the Lagrangian (46), after including higher-order terms, certain interesting phenomena
involving spontaneous symmetry breaking [8-14], such as superconductivity [26]. From
the perspective of the Black-Scholes equation, stochastic volatility, or more specifically, the
momentum associated with it, p,;, plays the exact same role as the photon field in the gauge
theory related to the Lagrangian (46). Another example is quantum electrodynamics (QED),
where the photon field emerges as the gauge field, which restores the local symmetry of
the Lagrangian [26]. The QED Lagrangian is defined as follows [8]:

_ . 1
£0ep = P(ivF' Dy —m)¢p — ZFWFW- (48)

Here, again, F,,, F/"¥ is an invariant term, which contains the kinetic terms for the photon
field A¥ [8]. In this case, the covariant derivative is defined in the same way as the
Lagrangian (46). Here, again, the photon field plays the role of a gauge field, restoring the
local symmetry of the Lagrangian. For the BS and MG cases, the momentum associated
with volatility plays this role.

7. Alternative Models: The Origin of Stochastic Volatility

As we have analyzed in this paper, stochastic volatility emerges from imposing invari-
ance under local changes in the stock prices. This means that, evidently, stochastic volatility
has a close relationship with asset prices. However, this relation is not arbitrary since it
has to be constrained to respect the mentioned invariance. Still, several models have been
proposed to analyze the relationships between option prices, stock prices, and stochastic
volatility within the market. In what follows, we will mention a few models that address
local aspects of stochastic volatility.

7.1. The Bachelier Model

The stochastic volatility model started with Louis Bachelier in 1900 [28]. This work
allows the assets to take negative prices, which was long regarded as a limitation. How-
ever, during extreme crises, like COVID-19, oil prices fell catastrophically, and by April
2020, the price of oil futures contracts reached negative values—something without any
prior precedent [29]. Similar effects were seen during the 2008 crisis. This type of effect
resurrected the Bachelier model. This model assumes that the forward price, F, at maturity,
T, of an asset at time ¢, follows the condition:

dFt = atth. (49)
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Here, W; is the Brownian motion under the T-forward measure. Inside this model, the price
for the call option is defined as follows:

_ R-K
UN\/T'

Here, Cy denotes the undiscounted price of the option, K denotes the strike price, and

Cn(k) = (Fp — K)N(dy) + onVTn(dy), dy (50)

T denotes maturity. Additionally, n(dy) denotes the probability density function for the
standard normal distribution, while N (dy) denotes the cumulative distribution function
for the same distribution. At the money, the price of the option is simplified as follows:

T

Cn(FR) =on 7 (51)

Here, it is easy to solve for volatility.

7.2. The Displaced Black—Scholes Model

The displaced BS model enables the possibility of having negative asset prices and
negative volatility skew [29-31]. Inside this model, the call option price is as follows:

D(Fy)N(dip) — D(K)N(d2p)
5 .

Here, the function N(dip»p) is the cumulative normal distribution for the corresponding

Cp(K) = (52)

variable. dip »p is defined as follows:

. _D(R)/DK) , pooVT
1D,2D ‘B(TD\/T 2 :

This model could be represented by the same Hamiltonian of the form defined in

(53)

Equation (7), considering that the price of the option, C, is displaced in agreement with a
general expression, as follows:
D(C) = Cps + M. (54)

Here, M is a function of certain parameters inside the model. Then, in essence, the MG
equation can also be derived from the displaced BS model, but taking into account the
shifts on the prices of the options.

7.3. General Analysis of Alternative Models

In general, all the alternative models to the BS equation can be expressed with a
Hamiltonian of the following form:

2 32
~ 0% 0 1, 0 -
H=—— —0"—r)=— .
7 322 + (20 r) gy +r+V(x,o,r) (55)
These extensions can work very well for models in which the prices of the options are
shifted by parameters that are independent of the prices. On the other hand, the most
general modification of the Hamiltonian that describes the prices of options takes the form
of the following expression:

o2

. 1 "
= ?V)2(+ (202—r>vx+r+V(x,U,r), (56)
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where V is defined as a covariant derivative, which includes not only the ordinary
derivative term but also the gauge field, compensating for any possible shift in the model.
Then, in general, we have the following:
d

Vx = o + Ay, (57)
with Ay representing the gauge field. The Hamiltonian (56) is the most general Hamiltonian,
covering not only the BS and MG models, but also any other possible shift and/or extension
of these models.

8. Conclusions

In this paper, we demonstrate the power of the gauge principle when it is applied to
the options market through the BS Hamiltonian. First, the gauge principle shows that the
MG equation is locally equivalent to the BS equation. However, the Hamiltonian obtained
by imposing gauge symmetry (gauge Hamiltonian) under price changes is more general
than the MG Hamiltonian and it leads to remarkable results. It suggests, for example, that
there is a martingale condition when the variations in the prices of the options, with respect
to the stock price changes, are equal to the changes in the prices of the options with respect
to changes in volatility. The gauge principle suggests that the gauge Hamiltonian yields
the same results as the BS Hamiltonian when either of the following two conditions is
satisfied: (1) The momentum associated with volatility is zero; (2) a specific combination of
the momentum associated with stock prices and the momentum associated with volatility
is achieved, as Equation (36) suggests. Future analysis involving the importance of the
gauge principle on the options market is under analysis. This paper demonstrates that the
concepts of symmetry and gauge theory are not only important in physics, which bring
out several important results [9-14], but are also important for understanding the most
fundamental principles behind the options market [5,6]. In such a case, the momentum
associated with stochastic volatility py, plays the role of the gauge field restoring the local
symmetry under price changes. Drawing an analogy with some physical theories, it has
been found that the momentum associated with volatility is analogous to the photon field
in QED and the gravitational connections in general relativity [7,8,26]. Then, we conclude
that the BS equation is locally equivalent to the MG equation and the system represented
by the gauge Hamiltonian (28). In other words, locally, p, = 0 operates similarly to how
gravity can be shuttled down locally (& = 0 under the equivalence principle) and how
the photon field can be locally nullified in QED [8,26]. In future papers, we will verify
other derivative instruments by looking into the symmetries that they must satisfy globally
and locally. By imposing local symmetry, we can then find the corresponding gauge fields
restoring local invariance. The role of these gauge fields in different scenarios is extremely
important. Finally, it is important to note that possible defaults on the options normally
generate changes in the differential dynamics of the market [32-34]. Such changes are
reflected in the possible equilibrium conditions. In these scenarios, the local equivalence
between the BS and MG equations is valid but new symmetry conditions and/or new
gauge fields might emerge. These scenarios will be analyzed in future papers. Similar
situations that we find in other scenarios, involving generalizations of the BS scenario, as
well as infinite activity jumps [35-37], will also be a part of a future paper involving the
gauge principle. Finally, we must note that the gauge Hamiltonian proposed in this paper
has the same limitations as the MG Hamiltonian, given the fact that they are equivalent
to each other. The most general Hamiltonian, able to cover several models, is defined by
Equation (56). In fact, the introduction of the gauge field is always necessary when we
have to define systems where local transformations become symmetries. This method
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brings out several models inside. Further research will be necessary for analyzing the
Hamiltonian (56) in more general scenarios.
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