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Abstract: We compared two methods for determining the detector performance and the
cosmic ray small-surface array aperture. The comparison was performed using the GELAT-
ICA network station at Telavi Iakob Gogebashvili State University (hereafter TEL) as an
example. The first method is a standard analytical method. It is based on mean values of
variables and averaged distributions. This analytical approach to data analysis was the
focus of the research carried out within the GELATICA project. The project is a member of
the international CREDO (Cosmic-Ray Extremely Distributed Observatory) Collaboration,
whose main goal is the detection and global analysis of cosmic ray ensembles. In contrast to
the traditional approach, which focuses on the detection of individual cosmic ray extensive
air showers, CREDO aims to connect existing and yet-to-be built cosmic ray arrays into
a worldwide network, thus creating a scientific tool for the global analysis of ultra-high
energy cosmic rays. The present work was the first to compare the determination of the
parameters of the extensive air showers recorded by the TEL array with simulation results
using the CORSIKA code. The interpretation of the results of the analytical method for
the evaluation of detector registration thresholds is generally found to be inconclusive. In
order to obtain definitive results, we propose additional measurements and a new method
of array detector performance. We show that the energy spectrum obtained analytically is
nearly in agreement with that obtained from simulations. Differences are apparent for the
primary particle energy threshold. The difference in the overall counting rate for the TEL
array is of the order of 4%.

Keywords: cosmic rays; evtensive air showers

1. Introduction

The motivation for this study is to develop a robust method for analysing the per-
formance of our cosmic ray stations. In this work, we focus on the TEL station, one of
the surface arrays in our GELATICA network [1], which consists of four similar observa-
tories. By refining this method for TEL, we aim to create a standardised approach that
can later be applied to other GELATICA stations, each operating under slightly different
conditions. A comprehensive performance analysis of all our stations will enable us to
identify coincidence events across the network [2] and search for potential candidates for
cosmic ray ensembles within the CREDO (Cosmic-Ray Extremely Distributed Observatory)
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collaboration [3], which is our primary scientific objective. The quest for such phenomena
is a scientific terra incognita. They could be formed both within classical models (e.g.,
as products of ultra-high energy photons interacting with the solar magnetic field [4])
and exotic scenarios (e.g., resulting from the decay of super-heavy dark matter particles,
interactions of exotic particles which do not fit into the SM, WIMPs, cosmic strings, etc.).
The particles that constitute as cosmic ray ensembles might have energies that essentially
span the entire cosmic ray energy spectrum. Calculations presented in [4] show the energy
spectra of cascaded photons reaching the Earth’s atmosphere in the cosmic ray ensemble
from energies below GeV to EeV and even higher.

The small shower arrays that are being built in many countries for a variety of reasons
often require specific methods to estimate their measurement capabilities. The small size of
the detectors and the small surface they cover, with low registration thresholds, generally
make it unjustified to carry out an amplitude analysis of the recorded signals, since one
usually has to deal with registrations of at most a few particles simultaneously. On the
other hand, such a model of their operation is characterised by an unambiguous response
of the detectors, often simply a binary “Geiger” response (there is a particle)/(there is no
particle). In the case of such array, it is important to determine which particle energies of
the primary cosmic rays produce the trigger(s) and lead to the registration of events.

In order to estimate the size of the observed showers, and thus the energy of the primary
particles, there are essentially two methods that can be used. Historically, the first one,
analytical, is based on the calculation (estimation) of the expected frequency of registration
of the showers. This is performed by integrating over variable parameters describing the
extensive air showers and by assuming relationships, known from other studies, between
them and the densities of charged particles potentially observed by the array detectors.

The second method, developed with the improvement of numerical computing tech-
nology, is in fact also based on the integration over unknown internal parameters of the
evolution of the shower, and in particular, on the computer generation of air showers
and testing the possibility of their ‘theoretical” registration. Shower simulations require
a thorough knowledge of the physics of the high energy interactions (strong as well as
electromagnetic) and the use of complex algorithms that also reproduce the geometry
of the cascade evolution with some degree of accuracy. Simulation calculations are very
time-consuming compared to analytical methods, but this is becoming less important as
the technology develops.

2. Analytical Calculation of Properties of EAS Array Using TEL Station as
an Example

The main fundamental difficulty concerning the calculation of the counting rate and
the energy spectrum of registered showers of any array is that we do not know the actual
the sensitivity threshold of our detectors.

The determination of the efficiency of particle registration by the detectors of surface
array is in principle quite challenging. Among other issues, the solution is not obvious
because of the wide range of angles from which the relativistic charged shower particles we
want to register come, and due to the effects on the edges of the scintillators. All of these
factors increase the amplitude dispersion of the signals. A homogeneity and sensitivity
study using small telescopes of detectors, which are perfectly 100% effective, would make
it possible to determine the approximate efficiencies for given angles and positions of
the particle track and, by interpolation and extrapolation, to obtain total efficiencies of
the studied detector. This method is sufficiently accurate for large-area scintillators. The
smaller the surface area, the more important the edge effects are and the more difficult they
are to be determined experimentally.
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Another possibility is to simulate the detector system with all its geometry using
software packages such as GEANT. Due to this rather complex geometric structure of the
small detectors used in TEL, the predicted uncertainties associated with the results of this
method would be substantial.

We define this threshold as the minimum effective number 1, of charged particles,
whose passage is able to be registered by the detector. We leave aside the question of
detector homogeneity and the effects of the obvious dependence of the signal magnitude
on the angle of arrival of the particle, and thus, on the length of the ionisation path in the
detector, hence the term ‘effective’.

In the analytical calculations, we also assume that the detectors in the array are
identical, at least as far as the value of the “effective threshold’ is concerned. This is, of
course, an approximation, because even structurally identical detectors, even if we have
ensured that their sensitivity thresholds are the same in a separate experiment, will in fact
randomly change their effectiveness value independently of each other even if only because
they are shielded differently by surrounding objects, which also depends on the position of
the shower axis. We will return to this problem later.

Based on the expected shower registration rates calculated for some arbitrarily given
thresholds, we will estimate the ‘effective threshold” of all detectors using the inverse
interpolation method. The value corresponding to the measured average rate of showers
registered by the array will be an estimate of the desired actual effective sensitivity threshold
nj,; of each detector in the array

2.1. The Aperture of the Array

The aperture of the horizontal array is its main characteristic, with the help of which
all the main parameters of the array can be calculated. Suppose the array consists of N
detectors located at points {r;_1,_n}. In the case of the TEL array, we have four detectors
arranged as shown in Figure 1.

Figure 1. Layout of the TEL detectors in the attic of the building of Telavi University. Distances
shown are in metres.

The aperture A(E) of the array as a function of the shower energy E is determined
through the following integral:

A(E, X, {r;},n*) = /Ozﬂdtp /On/zsin(())d()/ozndzx/OR RAR x
xE(X, {ri}, {ni},E,R,a,0,1) (1)
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The characteristic function of the sensitivity region of the installation is
N
E(X, {ri},n*,E,R,a,0,p) = [ [O(n(E, X, dist(r;, R, &, 6,9)) — n}) 2)
i—1

where

1 — if the calculated number of particles n is above the threshold n*

O(n—n*) = { 3)

0 — if the calculated number of particles # is below the threshold »n*

X is the vertical air column above the array; {r;} are coordinates of all detectors of the array;
n* and n} are sensitivity thresholds of each detector; E is the energy of primary particle
that initiated the shower; R is the distance from the origin of coordinates to the shower
axis position (point of intersection of the shower axis with the horizontal plane of the array
coordinate system); « is the azimuth of this axis position point in the array plane; 6 is the
zenith angle of the direction of arrival of the shower; and ¥ is the azimuth of the direction
of arrival of the shower.

The expected number of shower particles at the position of the i-th detector is given
by n(E, X, dist(r;.R, «,0,¢)), and dist(r;.R, a, 0, ¢) is the distance from the i-th detector to
the EAS axis trajectory. Its calculation is obvious.

The calculated number (.. .) of particles in Equation (2) is determined, firstly, by the
Nishimura-Kamata—Greisen formula [5,6] in which the number of particles and the age
are determined from the mean cascade curve of a shower with a given energy, and the
characteristic transverse radius ry;(p) according to Moliére for a given air density p at the
array plane is fixed.

n(E, X, dist(r;.R,a,0,¢)) =

Projection of the detector
s-cos(f) x {
area onto the shower plane

Electron number density  pnkg(N(E, X - V(0)),rm(p), dist(r;.R, o, 6, 9)) x @)
absorption in the atmosphere ~ x exp (/\1 (s(E,X-V(O))) - Xsirrer (0, 9) /tXfi”e,> +
muons  +p,(N(E, X -V(0)),dist(r;.R,«,0,9)) }

These functions for each detector are included in the definition of the characteristic
function E(...) (Equation (3)). It is taken into account here that not all particles in the
shower front reach the detectors; some of them are absorbed in the substance surrounding
the setup—in the so-called “filter”. The quantity X (6, ) is the total thickness of the
absorber located above the setup. In the general case, it depends on the spherical angles
(0, 9) of the shower arrival direction. The value of tX filter 18 the thickness of a cascade
unit for the filtering substance, and the function V() represents the dependence of the
thickness of the atmosphere above the matrix on the zenith angle of the direction of arrival
of the shower.

The function exp(A1X) appears in the classical theory of electromagnetic cascades [7]
as a postulated stationary solution in the variable X. It is related to a parameter s, called the
age parameter of the cascade, which defines the postulated stationary solution in the energy
variable of the form (E/Egy,)~¢*1). The function A; takes into account the functional forms
of the cross sections for pair production and bremsstrahlung in a rather complex way, but
practically, it can be assumed that with a good approximation, itis A ~ 1/2(s —1 —3Ins),
while s = 3t/(t+2In(E/Egy))-
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The characteristic function (. ..) in Equation (3) actually limits the integration region
over R for each set of angles—that is, it sets the maximum allowable distance from the
origin to the shower axis.

Let Rym (X, {r;},n*, E, «,0,1) be the limiting distance to the point where the shower
axis hits the array plane, which is located in the direction of azimuth «. At this distance,
the function of the average number of particles (Equation (4)) in each sensor reaches
the corresponding limit of the threshold sensitivity n;. This distance should be found
numerically as the point of a jump in the value of the characteristic function in Equation (2)
from 1 to 0. In this process, the function Ry;;,, is uniquely defined. Using this function, we
obtain a simplified expression for aperture (Equation (1)):

27 /2 27T Rhm(X,{ri},n*,E,a,GrlP)
A(E, X, {1}, n*) :/ d¢/ sin(@)d@/ doc/ RAR =
0 0 0 0

1 p2e[ p2m /2 2
=2 /0 [ /O dy /0 RhmsinedQ] e (5)

Thus, integration over distances to the shower axis has already been carried out. Further
integration in the expression (Equation (5)) is complex and cumbersome, and essentially
uninteresting. Equation (5) is used for the numerical determination of the aperture of any
array for any given shower energy. Further, this function is considered known for a given
sensitivity threshold n*.

2.2. Shower Counting Rate

After the dependence of the aperture A(E, X, {r;},n*) on the shower energy, E is calcu-
lated with a known vertical atmospheric thickness X above it, a given detector arrangement
{r;}, and their sensitivity thresholds n*; the shower counting rate by this array can then
be determined.

Let J(E) be the known density of the flux of particles with energy E that initiate the
shower in the Earth’s atmosphere.

J(E) = Pgas - fras(E) (6)

Here, ®pag is the total flux of showers with energy above Ein, and the probability den-
sity function fgas(E) of shower energies in the total shower flux (normalised to unity
Je. feas(E)dE =1).

Then, the average frequency of shower registration (k) by an array with a known
aperture is determined (roughly and conditionally) by the integral of the product of the
shower flux by the aperture (the minimum energy E,;;, is a spectrum parameter that does
not depend on the properties of the setup; in fact, it is the aperture function that limits the
integration limit from below by the threshold energy of the setup):

R (Xam, {17}, 1) = /°° 3(E) x A(E, X, {r;}, n*)dE =

min

= Pgas /oo AU(E, X, {ri},n") x feas(E)dE. )

min

2.3. Determination of the Average Effective Threshold of Sensitivity of Detectors and the Energy
Threshold of the Installation

Let us calculate, in accordance with Equation (7), the possible average frequencies of
EAS registration by this array for an arbitrarily specified set n;‘, j=1,2,...mof possible
sensitivity thresholds of all detectors:
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tj:%(X,{ri},n}*); j=12...m (8)

We construct the interpolation polynomial P(1*) on the basis of m points (17, tj) and
obtain an estimate of the real average effective sensitivity of all detectors 1% as a value of
P, at the point texp, which is the experimentally measured counting rate of the array.

3. Luminosity of the TEL Array

The TEL array is shown in Figure 1. Four scintillation detectors with an area of 0.25 m?
were arranged in an almost square geometry at a distance of about 10 m from each other.
Vertical thickness of air above the device (X) was 936.35 g/cm? (820 m altitude) and air
density at the location p was 1.129 x 1073 g/cm?3. The width of the coincidence gate was
set to 1200 ns. The array trigger required all four detectors to be hit within this time. Each
individual detector counting rate was set at 100 Hz, which, given such a coincidence time
gate width, resulted in a virtually negligible number of unwanted quadruple coincidence
noise registrations.

The presence of a concrete ceiling was also roughly taken into account. It was rather
arbitrarily assumed that Xy;;;., =27.5 g cm~2. Since the TEL detectors were also surrounded
by the walls of the building, to simplify calculations, it was assumed that the “filter”
would surround the protractor uniformly—something like a dome over the installation:
it was assumed that absorption in the “filter” did not depend on the direction of the
shower’s arrival.

Using these data, the counting rates R(Xamm, {rr}, n*) of the TEL array were calculated
for some arbitrary (but reasonable) possible sensitivity thresholds n* of all detectors. The
energy spectrum of the cosmic ray particles that initiated the extensive air showers was
used as reviewed by [8].

Based on these values, an interpolation polynomial P(n*) was constructed, which is
shown in Figure 2, together with the base points.

tfi= (2449 £0.84)

1'5 [ L EI L L
20 25 30 35

T  EAS/h

Figure 2. Each detector threshold n* as a function of the counting rate of the TEL array.

The counting rate of the TEL array was measured:
tfr = (2449+0.84) EAS/h )

Numerically inverting the polynomial P,
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n:ff = P71 (teff) (10)
we found (see Figure 2) an estimate of the effective sensitivity threshold 7} £ of the TEL

array detectors: .

3.1. Ambiguity of the Solution Found

The effective registration threshold of the TEL array detectors has been determined
analytically, assuming that it is the same for all detectors. We cannot guarantee this, but the
value of more than 2 minimum ionising particle (m.i.p.) is itself questionable. A reasonable
discrimination level is 1 m.i.p., and any other setting should have some justification.

This problem is, however, only illusory. In the calculations, the trigger level appears
as one of three factors defining the (expected) threshold number of particles n; at which
the Heaviside function @(nl-(E, X, dist(r;, R, a,0,9)) — nf) changes from 0 to 1, and this,
of course, depends on the detector area s and its efficiency ¢, which is understood as the
probability of registering a particle crossing the detector surface:

n;(E, X, dist(r;, R, a,0,9)) =7; X s; X & , (12)

where 71; is the expected density of EAS particles at given point ;. This quantity is equal to
the previously determined 7 fr Thus,

Exs:n;‘f:z&% (13)

and therefore, the actual threshold for particle registration by TEL array detectors can be
set at 1 m.i.p., as long as the registration efficiency is correspondingly less than 100%.

3.2. Testing the Effectiveness of TEL Detectors

To address the question of the registration threshold, a method has been proposed to
quickly find the efficiency of detectors using real minimally ionising particles—incoherent
cosmic ray muons. These reach the Earth’s surface at frequencies of hundreds per m? per
second. At the same time, as the name suggests, they arrive independently, so that with the
coincidence gate open for a few hundred nanoseconds, there are virtually no cases of more
than one particle passing through the surface of a detector such as the TEL array while the
gate is open.

We placed the four TEL array detectors on top of each other in the geometry of the
telescope. If they all have 100% efficiency, an incoming incoherent muon would mostly
produce a signal in all the detectors (1234). In rare cases, if it is close to the edge, it could
hit the bottom three (-234) or the top three detectors (123-), and even more rarely, the top
two (12- -), the bottom two (- -34), and very exceptionally, if it is a practically horizontal
muon, it could hit the pair of detectors in the middle of the telescope (-23-).

If the efficiency of the detectors is not 100%, events will occur when, for example,
the top detector is hit, the second detector does not give a large enough signal, and the
two lower detectors register the passage of a particle (1-34), etc. The total number of
possible coincidences (double, triple, and quadruple) is 11. By measuring the frequency
of occurrence of each of these events, the efficiency of all four TEL array detectors can be
determined. The coincidence time gate width for the system of detectors aligned with the
telescope geometry was reduced to 250 ns to also eliminate unwanted random double and
triple coincidences.

If it is assumed that the detectors have efficiencies that are not 100%, then the simple
geometry of the tracks must be supplemented by the respective probability Bernoulli
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trials to determine whether the detector through which the particle will pass will give a
sufficiently strong signal. These quantities define the detector efficiencies e;.

The whole algorithm of searching for the most likely values of efficiency is, in fact, a
simple geometric puzzle. First, it counts the muons that passes through all the detectors
(top and bottom are enough). Of course, for each trajectory, the respective solid angle
is calculated, and the flux corrected by cos?(8) is multiplied by the respective efficiency
factors. For pattern “1234’, itis e - e, - €3 - eq; for *-234’, it is (1 —eq) - €3 - e3 - eq; for *-23-', it is
(1—e1)-ex-e3-(1—e4q); and so on. A similar procedure should be used for particles that
hit detectors 2, 3, and 4 and that do not hit detector 1. The corresponding e, - €3 - ¢4 is also
added to the variable -234’, etc. Such a similar procedure should be applied for muons
hitting 1, 2, and 3 (but not 4) and in cases of hitting detectors 2 and 3 but not detectors 1
nor 4. Finally, the contributions of the muons hitting detectors 3 and 4 (but not 1 nor 2)
are totalled.

After performing all the geometric integrations and normalising the sum of counts in
each configuration to the number of cases measured experimentally, we determine the value
of the x? statistic. Minimising this quantity in the four-dimensional cube of efficiencies
(e1 X e X e3 X e4) leads to finding the best matching efficiencies of all four detectors.

The results are shown in Figure 3. As can be even seen from the last bar of the
histogram, the efficiency of the TEL detectors is far from 100%. If we take for the fitting
procedure only the cases of 3-fold and 4-fold coincidence, which we are certain do not
contain any random registrations but only actual cases of the charged particle passing
through the telescope, then the best-fit detector efficiencies are 35%, 45%, 41%, and 40%
for detectors 1, 2, 3, and 4, respectively. When we performed the fitting including all 11
combinations shown in Figure 3, the best-fit values changed slightly to 35%, 45%, 43%,
and 42%, which is not a significant change, but shows the correctness of the telescope and
the fit method, while assuring us that the double coincidences also do not contain noise
registration, which we have ensured by reducing the width of the time gate as mentioned
above. We can therefore say that the efficiency of TEL detectors is in the order of 40%.

= hest fit + 2-coinc. 1 40% ] 80%
250 1 m— pest fit 3,4-coinc. [ 60% [ 100%
200
3
ik
Y 150
o
(=]
=
=
S 100
o
o
50 A
0
= hm T e T 0% 4 T T % =
S - - T

Figure 3. Fitting the TEL detector efficiencies to the measured recording rates of the different possible
coincidences. The measurements are shown as black circles and are normalised to 100 for “12- -/
coincidence. The coloured histograms show, for illustration, the predictions for a few different
efficiencies (the same for all detectors). The black broken line shows the fit considering only triple
and quadruple coincidence (last 5 points), while the red broken line is the fit for all 11 points (see text
for details).
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The analytically found value of n;‘ = 2.63, obtained by assuming ¢ = 100%, converts
t02.63 x 0.4 = 1.05 at e = 40%, practically 1 m.i.p. This result proves, firstly, the correctness
of the analytical estimates and the correctness of the operation of the TEL array, and,
secondly, the validity of the proposed method for determining the detector efficiency.

4. Distribution of Cosmic Ray Particle Energies Available for
Observations by the TEL Array

The actual role of the luminosity function A(E) of a particular array is reduced
to an energy-dependent reduction of the flux in the energy spectrum of all showers
(J(E) = Pgas - feas(E)) to the flux of only those showers that the given array is capable of
recording. Consequently, the observed energy distribution is proportional to the product:

feas; TEL(E) = J(E) x A(E) = DPgas - fpas(E)) x A(E) (14)

Figure 4 shows the distribution fgas. g1 (E) of shower energies accessible for observa-
tions by the TEL array obtained with Equation (14) as a dashed line. The spectrum drops
very quickly for energies below 200 TeV.

2 (F)

108

109

I
I
I
I
I
I

I
I
N B |
1

10" 10" 10"

E o (eV)

Figure 4. Spectrum of primary particle energy for showers observed by the TEL array calculated by
the analytical method (dashed line) and simulation calculations (black dots and solid line). The inset
figure shows the spectrum on a log-log scale, rescaled so that the area under the curve corresponds to
the particle flux in the given energy interval. The shaded area indicates the difference between the
spectrum obtained from the simulation and the analytical solution.

As shown above, analytical considerations make several assumptions that are un-
doubtedly approximations of physical reality. One of the most important is the lack of
consideration of fluctuations in the development of showers. These are essentially of
three types. The first and most important are fluctuations in the size of the shower, here
still understood as the number of charged particles (mainly electrons and positrons) at
the observation level, which must naturally occur even for a fixed energy and type of
primary particle. Figure 5 [9] shows how the number of particles varies for proton showers
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with fixed energies from 1 TeV to 1 PeV. It is worth noting that the higher the energy, the
relatively narrower the distributions are, and therefore, the fluctuations in the size of the
shower are relatively less significant. The second type of fluctuation is also associated with
the variability in the evolution of the shower. Even with the same fixed primary energy
and the same size of the shower, the transverse distributions of the particles in the shower
can be different. Finally, the third type are fluctuations in the density of particles in a
shower, or more precisely, fluctuations in the number of particles that fall into a detector of
a given size at a given location. In a first approximation, they are Poissonian, although a
closer examination of the subject shows [9] that we can expect deviations from the simple
assumption of independence of the particles in the shower.

All these effects can be seen in the results of programmes that simulate the evolution
of the shower.

f(N,)

0.04

0.03

0.02

0.01

Figure 5. Particle number fluctuations in showers initiated by primary vertical protons of different
energies. The curves showing the shapes of the distributions for the three highest energies are fits of
the LogNormal distributions.

5. Simulation Results

The simulated extensive air showers used here were obtained with the CORSIKA
programme [10] developed over 30 years ago in Karlsruhe for the KASCADE experi-
ment [11,12]. CORSIKA has been significantly extended and developed since then. Over
time, new functions have been added and computational capabilities have been increased to
meet the simulation needs of new cosmic ray experiments, and it is still used for simulations
even at the highest observed energies (even up to 10%! eV).

The already linked programme requires the current simulation parameters to be set.
For typical shower simulations, the default set of simulation parameters already built into
the programme is selected. However, if the CORSIKA is being used for a more unusual
purpose, such as, for example, detailed simulations of a small shower array, then the values
of some parameters need to be set particularly carefully. For the purposes of this work, we
used CORSIKA to simulate the TEL array trigger. We had to count detector hits by single
particles, so we could not use any thinning options. We set the minimum energy of the
tracked particles to 3 MeV.
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Regarding the high-energy interaction model, in this work, we analysed the simulation
results of the CORSIKA programme (version 7.7401) with the setup of the EPOS LHC
strong interaction model [13] (v3400). Our interest is focused on particle energies of
the ‘knee’, around 10°-10!° eV, which are available to a large extent for some time in
accelerator experiments. All high-energy interaction models implemented in CORSIKA
were initially fitted to the accelerator results and all gave very similar results in this energy
region. Discrepancies could only appear when these models were extrapolated to the
highest energies.

The low-energy interaction model CORSIKA is equipped with three options:
GHEISHA [14], FLUKA (FLUktuierende KAskade) [15], and UrQMD (Ultrarelativistic
Quantum Molecular Dynamics) model [16]. For the purposes of this work, we can ex-
pect that the interaction model chosen below /s ~ 100 GeV is not critical. We used
GHEISHA here.

The well-known electromagnetic processes are responsible for the general properties
in the relatively small showers. These are described in CORSIKA by the EGS4 (Electron
Gamma Shower) package [17].

For the present work, we performed simulations for primary protons with energies
from 103 to 10'7 eV.

Charged particles reaching observation levels in the simulated shower were randomly
sampled by an array of TEL detectors located up to 100 m from the axis of the shower, and
it was checked in each case whether all four of them would be hit by the shower particles,
assuming a detector efficiency of 40%.

The resulting ratio is proportional to the probability that the shower was recorded
by a TEL array, and then it is convolved with the primary particle spectrum J(E). The
resulting energy spectrum of the showers recorded by the TEL array is shown in Figure 4
as a smooth black solid curve moving through them.

As can be seen, starting from energies of 101% eV, the simulation results are in good
agreement with the results of the analytical calculations. The small systematic discrepancy
is due to the fact that the mean transverse distributions and the dependence of the mean
shower size on the energy (and on the angles of incidence) assumed in the calculations
are not in absolute agreement with the results of the simulations (with the assumed inter-
action models). The search for absolute agreement is already not justified because of the
discrepancies in the modelling of showers in CORSIKA.

On the other hand, below 10!° eV, the truncation occurs much faster in the analytical
method than in the simulations. This is an obvious effect of not taking fluctuations into
account, as mentioned above. In Figure 4, this effect is clearly visible, especially in the inset
figure with a smaller line-logarithmic scale, where the area under the curve corresponds
to the flux of primary cosmic rays in a given range of particle energies. This effect is
clearly important for the estimate of the rate with which the station detects showers, but
the significance is not large. The dashed area in Figure 4 represents about 4% of the total
area under the energy spectrum curve. A more important finding seems to be the fact that
the lower energy threshold recorded by the small array is shifted. The actual truncation
in the simulation calculations is about an order of magnitude lower than that would be
obtained from analytical calculations averaging everything. Estimating and attempting
to determine the number of times that small instruments register cosmic ray showers
initiated by particles around (and below) 100 TeV is not in itself a task of fundamental or
even great cognitive importance. Nevertheless, the mere awareness, not to mention the
quantitative knowledge, that one can register the remains of showers initiated by particles
with energies below 100 TeV, can be of importance in fields far from the mainstream
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of cosmic ray research, where cosmic rays are an unwanted and undesirable side effect.
Examples include biological studies in low-background laboratories.

6. Summary

We have shown that the energy spectrum of primary cosmic ray particles recorded by
a small shower array, such as the GELATICA network station at Telavi lakob Gogebashvili
State University (TEL), obtained by an analytical approach is consistent with accurate
simulation calculations based on sophisticated programmes like CORSIKA.

The analytical approach assumes that for a given primary particle energy, its mass and
angle of arrival, the size of the shower recorded at a given depth, and the lateral distribution
of the charged particles in the shower are always identical to the theoretically justified
expected values and distributions. It is also assumed that the detectors sense the average
density at a given point and generate a trigger signal when a certain value, considered as
the registration threshold, is exceeded.

At first sight, these assumptions seem rather crude, but the shown agreement with the
CORSIKA simulation results proves that they are sufficiently accurate (with a systematic
bias of about a few per cent).

The detector registration threshold in the analytical method is determined from the
measured EAS registration rate, but the value obtained this way is not completely unique.
It does not necessarily correspond to the detector amplitude signal level. The threshold
needs to be combined with the detector efficiency. We have proposed a method to measure
the absolute efficiency of the detectors.

By applying this method to the TEL array detectors, their efficiency was determined
to be of about 40%, which, combined with the analytically determined recording rate, gave
an actual threshold detector amplitude of 1 m.i.p.

The analytically determined aperture of the TEL array unambiguously gives the energy
distribution of the primary cosmic ray particles that trigger the large atmospheric showers
recorded by the instrument. The spectrum obtained in this way has a very abrupt cut-off
at low energies (estimated at ~200 TeV). Such an abrupt cut-off is caused by the fact that
the assumptions of the analytical method do not take into account any fluctuations. Any
fuzziness in the parameters of the actual shower leads to a smearing and smoothing of any
sudden changes in the spectrum.

Simulation methods inherently account for most of the random deviations from
the various mean parameters of extensive air showers. A much smoother truncation
and a lower threshold for EAS registration up to 20 TeV are clearly evident from the
CORSIKA results shown. However, it is worth noting that the EAS registration rate of
the TEL apparatus is hardly affected by the differences in the determination of the lower
energy threshold.

In the context of the search for cosmic ray ensembles, it must be stated that the reliable
identification of such events requires knowledge of the detection capabilities of the (global)
network of detection stations, and in particular, the minimum energy at which showers
can be effectively recorded. The accurate modelling of the TEL station response and the
comparison of analytical estimates with CORSIKA simulations provided a quantitative
basis for defining the energy range available to a GELATICA station network. This is
particularly important for the distinction between random background recordings and real,
physically correlated registrations of extensive air showers in a cosmic ray ensemble. By
correctly defining the lower energy threshold, it will be possible to filter out background
events and improve the selection criterion for potential cosmic ray ensembles. This will
increase the importance of their potential detection and the astrophysical significance of
such detections. Furthermore, a thorough understanding of the shower registration limit of
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the analysed TEL-type station allows us to optimise the search for distant coincidences in
the whole network of all GELATICA stations. By setting a common threshold for the energy
of the recorded showers for all stations, we improve the reliability of potential observations
of long-range correlations between stations. This is crucial for the search for large-scale
structures in the highest-energy-particle flux in cosmic rays or rare ensemble events.

Finally, it should be noted that there are many publications that obviously used
simulation methods to determine the parameters of the cosmic ray surface array. With
the increase in computing power in recent years, this has become a common tool and has
been used so often that other methods have almost been forgotten. Practically all current
publications on these topics operate on the results of CORSIKA-type programmes, without
delving into the physics and treating the simulation results as a matter that is obvious
and undeniably true. The discrepancies in interpretation resulting from the different
interaction models and the simplifications used are not surprising. They do not cause
physical confusion. In the 20th century, analytical and semi-analytical solutions performed
similar tasks. However, as a result of the above exchange of analysis methods, there has
been little recent work comparing the two. A significant comparative publication, if one
has been produced lately, is not widely known. Thus, this work provides some additional,
perhaps not entirely physical, value.
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