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Z. Djurcic,1 M. Dolce,42 D. Doyle,8 D. Dueñas Tonguino,6 E. C. Dukes,44 A. Dye,31 R. Ehrlich,44 M. Elkins,239

E. Ewart,19 G. J. Feldman,48 P. Filip,22 J. Franc,9 M. J. Frank,36 H. R. Gallagher,42 R. Gandrajula,28, 44 F. Gao,3410

A. Giri,17 R. A. Gomes,13 M. C. Goodman,1 V. Grichine,26 M. Groh,8, 19 R. Group,44 B. Guo,37 A. Habig,2911

F. Hakl,20 A. Hall,44 J. Hartnell,39 R. Hatcher,12 H. Hausner,47 M. He,15 K. Heller,30 V Hewes,6 A. Himmel,1212

B. Jargowsky,24 J. Jarosz,8 F. Jediny,9 C. Johnson,8 M. Judah,8, 34 I. Kakorin,25 D. M. Kaplan,18 A. Kalitkina,2513

J. Kleykamp,31 O. Klimov,25 L. W. Koerner,15 L. Kolupaeva,25 S. Kotelnikov,26 R. Kralik,39 Ch. Kullenberg,2514

M. Kubu,9 A. Kumar,33 C. D. Kuruppu,37 V. Kus,9 T. Lackey,12, 19 K. Lang,41 P. Lasorak,39 J. Lesmeister,1515

S. Lin,8 A. Lister,47 J. Liu,24 M. Lokajicek,22 J. M. C. Lopez,43 R. Mahji,16 S. Magill,1 M. Manrique Plata,1916

W. A. Mann,42 M. T. Manoharan,7 M. L. Marshak,30 M. Martinez-Casales,23 V. Matveev,21 B. Mayes,3917

B. Mehta,33 M. D. Messier,19 H. Meyer,45 T. Miao,12 V. Mikola,43 W. H. Miller,30 S. Mishra,3 S. R. Mishra,3718

A. Mislivec,30 R. Mohanta,16 A. Moren,29 A. Morozova,25 W. Mu,12 L. Mualem,4 M. Muether,45 K. Mulder,4319

D. Naples,34 A. Nath,14 N. Nayak,24 S. Nelleri,7 J. K. Nelson,46 R. Nichol,43 E. Niner,12 A. Norman,12 A. Norrick,1220

T. Nosek,5 H. Oh,6 A. Olshevskiy,25 T. Olson,42 J. Ott,24 A. Pal,32 J. Paley,12 L. Panda,32 R. B. Patterson,421

G. Pawloski,30 D. Pershey,4 O. Petrova,25 R. Petti,37 D. D. Phan,41, 43 R. K. Plunkett,12 A. Pobedimov,2522

J. C. C. Porter,39 A. Rafique,1 L. R. Prais,31 V. Raj,4 M. Rajaoalisoa,6 B. Ramson,12 B. Rebel,12, 47 P. Rojas,823

P. Roy,45 V. Ryabov,26 O. Samoylov,25 M. C. Sanchez,23 S. Sánchez Falero,23 P. Shanahan,12 P. Sharma,3324

S. Shukla,3 A. Sheshukov,25 I. Singh,10 P. Singh,35, 10 V. Singh,3 E. Smith,19 J. Smolik,9 P. Snopok,18 N. Solomey,4525

A. Sousa,6 K. Soustruznik,5 M. Strait,30 L. Suter,12 A. Sutton,44 S. Swain,32 C. Sweeney,43 A. Sztuc,4326

B. Tapia Oregui,41 P. Tas,5 B. N. Temizel,18 T. Thakore,6 R. B. Thayyullathil,7 J. Thomas,43, 47 E. Tiras,11, 2327

J. Tripathi,33 J. Trokan-Tenorio,46 Y. Torun,18 J. Urheim,19 P. Vahle,46 Z. Vallari,4 J. Vasel,19 T. Vrba,928

M. Wallbank,6 T. K. Warburton,23 M. Wetstein,23 D. Whittington,40, 19 D. A. Wickremasinghe,1229

T. Wieber,30 J. Wolcott,42 M. Wrobel,8 W. Wu,24 Y. Xiao,24 B. Yaeggy,6 A. Yallappa Dombara,4030

A. Yankelevich,24 K. Yonehara,12 S. Yu,1, 18 Y. Yu,18 S. Zadorozhnyy,21 J. Zalesak,22 Y. Zhang,39 and R. Zwaska1231

(The NOvA Collaboration)32

1Argonne National Laboratory, Argonne, Illinois 60439, USA33

2Universidad del Atlantico, Carrera 30 No. 8-49, Puerto Colombia, Atlantico, Colombia34

3Department of Physics, Institute of Science, Banaras Hindu University, Varanasi, 221 005, India35

4California Institute of Technology, Pasadena, California 91125, USA36

5Charles University, Faculty of Mathematics and Physics, Institute of Particle and Nuclear Physics, Prague, Czech Republic37

6Department of Physics, University of Cincinnati, Cincinnati, Ohio 45221, USA38

7Department of Physics, Cochin University of Science and Technology, Kochi 682 022, India39

8Department of Physics, Colorado State University, Fort Collins, CO 80523-1875, USA40

9Czech Technical University in Prague, Brehova 7, 115 19 Prague 1, Czech Republic41

10Department of Physics and Astrophysics, University of Delhi, Delhi 110007, India42

11Department of Physics, Erciyes University, Kayseri 38030, Turkey43

12Fermi National Accelerator Laboratory, Batavia, Illinois 60510, USA44

13Instituto de F́ısica, Universidade Federal de Goiás, Goiânia, Goiás, 74690-900, Brazil45
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Measuring observables to constrain models using maximum-likelihood estimation is fundamental83

to many physics experiments. The Profiled Feldman–Cousins method described here is a potential84

solution to common challenges faced in constructing accurate confidence intervals: small datasets,85

bounded parameters, and the need to properly handle nuisance parameters. This method achieves86

more accurate frequentist coverage than other methods in use, and is generally applicable to the87

problem of parameter estimation in neutrino oscillations and similar measurements. We describe an88

implementation of this method in the context of the NOvA experiment.89

I. INTRODUCTION90

The main goal of many physics experiments is to make measurements of the properties of Nature in the form of91

parameters of a model. Often, those parameters cannot be observed directly, and must instead be inferred from92

a likelihood function, L(x|θ), which describes the probability of the observed data, x, for a given set of parameter93

values, θ. In frequentist analyses, the best estimate for the model parameters is determined using maximum likelihood94

estimation. Results are usually [1] presented as one- or two-dimensional Neyman–constructed confidence intervals [2],95

and Wilks’ theorem [3] is used to determine the confidence level which corresponds to a given likelihood value.96

However, Wilks’ theorem is only valid if certain conditions are met, so some experimental measurements that depend97

on Wilks’ theorem may fail to produce confidence intervals with proper frequentist ‘coverage,’ meaning that confidence98

intervals determined in the same way in many repeated experiments would not contain the true value with the99

reported frequency. In other words, the confidence intervals would have an actual significance different from what100

is reported. The Unified Approach, or more commonly in particle physics the ‘Feldman–Cousins’ (FC) method1,101

defines a nonparametric ordering procedure for determining the critical values that define the extent of the confidence102

intervals. It is especially useful in situations where Wilks’ theorem does not apply [4]. However, it does not give103

guidance on how to handle additional nuisance parameters beyond those being measured. Ensuring proper coverage104

in the presence of nuisance parameters is a challenge. No method can guarantee correct coverage for all possible values105

of the nuisance parameters, but various approaches can give more or less accurate coverage. This paper presents a106

technique, based on [10], that extends the Feldman–Cousins method to produce confidence intervals with accurate107

coverage in the presence of nuisance parameters, hereinafter referred to as ‘Profiled Feldman–Cousins’ or ‘Profiled108

FC.’ While deployed in the context of particular measurements made by the NOvA experiment [5–8], this method109

1 The method is named after the authors who introduced it to high energy physics, though it was previously described in [10].
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is sufficiently general to apply to a range of measurements that fail to satisfy the assumptions of Wilks’ theorem in110

similar ways.111

This paper is divided into two main sections. Section II briefly introduces the Feldman–Cousins method and112

describes the challenge posed by nuisance parameters, defines the Profiled FC method, and compares its performance113

to alternative methods in a toy model inspired by neutrino oscillations. Section III takes the NOvA neutrino oscillation114

measurement as an example to demonstrate the implementation of this method in practice, including some methods115

used to validate coverage, and important features of the confidence intervals produced in this way.116

II. THE PROFILED FELDMAN–COUSINS METHOD117

A. The Original Feldman–Cousins Method118

The most commonly used method for drawing frequentist confidence intervals is the Neyman construction [2].119

Likelihood–ratio tests are performed between each point in parameter space and the best fit point, with test statistic120

λ defined as:121

λi = −2 ln
L(x|θi)
L(x|θ̂)

= `(x|θi)− `(x|θ̂), (1)

where L(x|θ) is the likelihood function of data x given parameter values θ, ` is −2 lnL, θi is the ith set of fixed122

values of the parameters being tested for potential inclusion in the confidence interval, and θ̂ is the overall maximum123

likelihood estimate, hereinafter referred to as ‘best fit,’ of all parameters to the data. Point i is included in the α-level124

confidence interval if the p-value from the likelihood ratio test is less than 1 − α, or equivalently, if λi is less than a125

‘critical value,’ cα, given by:126 ∫ cα

0

P (λi)dλi = α, (2)

where P is the expected distribution of the λi statistic assuming the true θ = θi. As can be seen from Equation 2,127

calculating the critical value requires knowledge of the distribution of the likelihood–ratio test statistic.128

If the conditions of Wilks’ theorem [3] are met, then the distribution P (λ) asymptotically approaches a χ2 distri-129

bution with a number of degrees of freedom equal to the number of parameters of interest2 with deviations expected130

at the O(1/
√
N) level, where N refers to the size of the data sample, x. This asymptotic behavior means P (λ) is the131

same for any point, i. Since the χ2 distributions are well known, fixed critical values for drawing confidence intervals132

at common significance levels are tabulated and readily available.133

The conditions required for Wilks’ theorem to apply are: (1) the maximum likelihood estimators of the parameters134

have ellipsoidal distributions, and (2) the null hypothesis is ‘nested’ within the range of alternative hypotheses. The135

most common way to violate assumption (1) is a physical boundary on the allowed values of a parameter applied136

externally (e.g., probabilities must be between 0 and 1), but it can also be violated by an effective boundary introduced137

by a function with a limited range such as sin(), or degeneracies that add additional allowed regions to the estimator3.138

For the theorem to be useful in practice we also require (3) the size of the data sample, x, is sufficiently large139

that neglecting O(1/
√
N) deviations from the χ2 distribution is an acceptable approximation. Many experiments140

of interest, including the NOvA oscillation measurement, as explained in more detail in Section III A, violate these141

assumptions in several ways. In such cases, another method must be used to determine suitable critical values.142

When the assumptions of Wilks’ theorem are not satisfied, the significance of the hypothesis tests cannot be reliably143

determined using the χ2 distribution, meaning the associated confidence intervals will not have the correct coverage for144

their reported significance. However, the likelihood-ratio test itself remains valid and optimal per the Neyman–Pearson145

lemma [9].146

The Feldman–Cousins (FC) method [4] provides a nonparametric approach to defining confidence intervals with147

correct coverage and is commonly used in particle physics. A large number, N , of FC pseudoexperiments are simulated148

at points sampling the range of parameter values where confidence intervals will be reported. A ‘Feldman–Cousins149

pseudoexperiment’ represents a possible experimental observation at a given set of parameters, θ. Each pseudoex-150

periment is constructed by drawing a Poisson-distributed random number for each bin of our analysis samples, with151

2 The number of parameters of interest is equivalent to the difference in number of degrees-of-freedom between the two likelihoods in the
likelihood ratio.

3 Degeneracies act like ‘inverse’ boundaries since they add freedom to the estimator rather than constraining it.
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the mean of those Poisson distributions being the predicted number of events in that bin given θ. For each FC152

pseudoexperiment, xj , the best fit of the parameter(s), θ̂j , is also found through Maximum Likelihood Estimation.153

The FC pseudoexperiments are then ordered by the difference in ` between the ‘true’ value used to generate the FC154

pseudoexperiments and the best fit,155

λij = `(xj |θi)− `(xj |θ̂j), (3)

to form a distribution P (λi) that differs for every θi. This procedure is called ‘nonparametric’ since the ordering of156

the pseudoexperiments creates a distribution for the test statistic, λi, without knowing in advance how it should be157

distributed. Then, the α-significance-level critical value for this set of true parameters, cα(θi) as defined in Equation 2,158

is the value which is larger than the first αN of the λij values. This procedure is then repeated for each point being159

tested, and the confidence interval at level α is made up of the points where λi < cα(θi). If the FC pseudoexperiments160

are a fair representation of the data, it is straightforward to see that this procedure will give correct coverage, α, since161

we have empirically determined for each point in parameter space the critical value cα(θi) which will cover α fraction162

of the pseudoexperiments generated with values θi.163

B. The Challenge of Nuisance Parameters164

While the above procedure is straightforward, it does not provide guidance on a key question when applying it165

in practice: how to handle nuisance parameters. We use the term ‘nuisance parameters’ (hereinafter referred to by166

φ to distinguish them from the parameters of interest, θ) to refer to any model parameter that we do not wish to167

include in the specification of our final confidence intervals. These can be parameters the experiment is measuring,168

but whose constraints are not reported, other parameters of the model which are constrained by external experiments,169

or parameters representing systematic uncertainties, whose exact values are uninteresting.170

The usual frequentist prescription for handling nuisance parameters is to ‘profile’ over them [10]. That is, at each171

point in the parameter space, θi, at which the likelihood is to be evaluated, a search is performed over all values of172

the nuisance parameters, and the combination of nuisance parameters that yield the maximum likelihood (minimum173

`),174

ˆ̂φi = argmin
φ

`(θi,φ), (4)

is adopted. ˆ̂φi, which corresponds to point θi, is marked with two hats to distinguish it from the globally optimal175

nuisance parameters, φ̂, which correspond to the best estimate of the parameters of interest, θ̂. With these parameters176

defined, the likelihood ratio from Equation 1 becomes:177

λi = `(x|θi, ˆ̂φi)− `(x|θ̂, φ̂). (5)

In the frequentist statistical philosophy each nuisance parameter possesses an (unknown) true value. The intuition is178

that, absent any further information, we adopt the nuisance parameter values most compatible with the data. This179

procedure contrasts with the Bayesian ‘marginalization’ procedure, where the likelihood is taken to be the likelihood180

integrated over all values of the nuisance parameters, weighted by a prior probability distribution.181

The coverage guarantees of the Feldman–Cousins procedure rely on our access to a collection of FC pseudoexperi-182

ments to inspect, which have been generated at the precise points we wish to include/exclude at a certain significance.183

In the presence of nuisance parameters, however, we no longer have access to such an ensemble since the values of184

the nuisance parameters are not defined a priori by the point in parameter space being tested. Nevertheless, some185

values must be chosen in order to generate FC pseudoexperiments. We could ensure correct coverage by defining186

our allowed regions in a high-dimensional space containing all the nuisance parameters, but this is impractical, both187

computationally and because it cannot be easily visualized. When defining a lower-dimensional allowed region, the188

values we choose for the nuisance parameters may differ from the true values, potentially yielding incorrect coverage.189

C. Existing Methods190

Several plausible approaches exist for generating the FC pseudoexperiments for point θi in the presence of nuisance191

parameters; the methods differ both in how practical they are to use and in the accuracy of the coverage they achieve.192

We discuss the methods below, and point out those which are impractical to apply to real-world problems. The193

coverage properties of the methods that are practical to implement will be explored in Section II E.194



5

A priori estimate: Hold the nuisance parameters fixed at their a priori assumed values in the generation of all FC195

pseudoexperiments, φi = φ0. While straightforward, in the plausible case that the true values of the nuisance196

parameters differ from their a priori values, the a priori estimate solution ignores the information available from197

the data about their values and thus can easily under- or over-cover. While not expected to perform well, this198

method is straightforward to implement so we will examine its coverage properties in Section II E.199

Conservative: At each point in the parameter space, θi, select the values of the nuisance parameters that yield200

the most conservative (largest) critical value based on FC pseudoexperiments, and thus the largest confidence201

interval, φi = argmaxφ cα,i(φ). By taking the most conservative critical values, this method is guaranteed not202

to under-cover. However, because even nuisance parameters highly inconsistent with the data are considered, it203

is likely to substantially over-cover. Additionally, unless a closed-form estimate of the cα,i(φ) is available, this204

can be computationally infeasible for unbounded parameters or a large number of parameters.205

Berger–Boos: This method is philosophically similar to the conservative method, but introduces a limiting principle206

for which values of nuisance parameter to consider. At each point in parameter space, θi, determine the range207

of nuisance parameters consistent with the data at significance level β, and then calculate p-values empirically208

(i.e. using pseudoexperiments) for all values of the nuisance parameters within that range.209

The overall p-value for point θi is based on the largest p-value within that set, p = maxφ p(θi,φ)+β. This method210

is named after its proposers [11]. Since the nuisance parameters in the likelihood and the pseudoexperiments are211

moved together, this method does not have the same problem of over-coverage as the Conservative method, but212

it is still computationally infeasible for making confidence intervals or for a large number of nuisance parameters.213

Appendix B shows the use of this method to cross-check the significance in a single hypothesis test, which is214

the context in which it was originally proposed.215

Highland–Cousins: When generating FC pseudoexperiments, generate the nuisance parameters from their a priori216

probability distributions, φi ∼ Pr(φ0). This method is commonly called the Highland–Cousins method after217

its proposers [12]. The Highland–Cousins approach guarantees coverage in the sense that an ensemble of exper-218

iments in which the true values of the nuisance parameters are distributed according to the assumed a priori219

will have correct coverage overall, analogous to the usual frequentist requirement to have correct coverage when220

aggregated over repeated statistical samples. However, in a frequentist analysis, nuisance parameters do in fact221

have true values, and the goal is to ensure correct coverage for those true values. In the same fashion as with222

the a priori estimate approach, information about the nuisance parameters garnered from the experiment is here223

discarded. The Highland–Cousins method has also been shown to over-cover in circumstances where the nui-224

sance parameter has a true fixed value but an estimated value that can vary experiment-to-experiment [13, 14].225

Since this method requires the generation of a single set of FC pseudoexperiments, it is practical to use and its226

coverage properties will be investigated in Section II E.227

A posteriori Highland–Cousins: At each point in parameter space, generate the FC pseudoexperiments with228

parameters drawn from the post-fit, or a posteriori, likelihood distribution derived from the observed data,229

φi ∼ P (φ̂|θi). This variant has the same issue as the regular Highland–Cousins method, where the coverage is230

ensured for an ensemble of experiments with nuisance parameter values drawn from the a posteriori distribution231

rather than considering their true values. This procedure can also be impractical to apply in frequentist analyses,232

which do not naturally produce these a posteriori distributions. Nonetheless, by constraining the nuisance233

parameter values to those most consistent with the data, the coverage for the unknown true values is likely to234

be more accurate. This method will be investigated in Section II E.235

D. The Profiled Feldman–Cousins Method236

We propose an alternative procedure addressing some of the shortcomings of the existing methods:237

Profiled Feldman–Cousins: At each point in parameter space, θi, generate the FC pseudoexperiments assuming238

the best-fit values of the nuisance parameters, given these parameters and the observed data, φi = ˆ̂φi, as defined239

in Equation 4.240

This follows the same intuition that motivates the frequentist profiling procedure. While the best-fit nuisance241

parameters are certainly not exactly the true values, they are the best estimate available to us, and we expect FC242

pseudoexperiments generated from our best estimate of the true parameters to yield better coverage than experi-243

ments not so informed. The Profiled FC method takes the definition of the critical value from Equation 2 literally,244
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meaning that the distribution, P (λi), should be calculated for λi with nuisance parameters fixed at ˆ̂φi as defined in245

Equation 5. We note that this method is a generalization of the procedure in Chapter 22 of [10] for likelihood–ratio246

tests, and is consistent with the best-practices recommendations from the PhyStat-DM workshop [15]. The examples247

in [10] focus on simple cases where P (λi) does not depend on the value of the nuisance parameters4, or where the248

distribution can be derived or approximated analytically. Since we cannot rely on these assumptions, we instead249

use FC pseudoexperiments to determine P (λi) empirically for each point being tested, θi, along with its associated250

nuisance parameters, ˆ̂φi
5.251

Note that in this procedure, the critical values depend on the observed data, which has an important practical252

consequence: unlike with the standard Feldman–Cousins method, it is no longer possible to generate the FC pseu-253

doexperiments before having determined the best fit nuisance parameters profiled from the data. Some additional254

features and limitations are described later in Section III F.255

E. Toy Model256

We can gain intuition and illustrate many of the key features of the aforementioned methods using a toy model257

to evaluate their coverage properties for a wide range of scenarios. This model is chosen to resemble a situation258

that occurs in practice in the analysis of neutrino oscillation experiments, while remaining as simple and generic as259

possible.260

The toy consists of the measurement of a single number – the number of events observed. We take the expected261

number to be given by262

Nexp = A−B sin δ ± C, (6)

where A, B, and C are fixed constants and the expectation, Nexp depends on a 2 unknown parameters: a continuous,263

cyclic parameter, δ, and a binary parameter corresponding to a positive or negative sign for the C term. We choose264

values for the constants:265

A = 80,266

B = 15,267

C = 10,268

δ
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FIG. 1. The number of events expected in the toy model as a function of the continuous δ parameter (x-axis) and sign of C
term (positive sign blue, negative sign red). A hypothetical observation of a particular number of events is shown in black.

4 The prescription P (λi) = χ2
k from Wilks’ theorem is an example of such a case where P depends only on the number of degrees-of-freedom

in the likelihood, k, not which point i is being tested.
5 Determining the distribution empirically is not suggested as a solution in [10]. We speculate that this possibility is omitted because it is

only practical to do with access to a detailed simulation of the likelihood and extensive computing resources not available at the time.
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so that the toy model has event counts similar to current rates from the NOvA experiment [8]. Figure 1 illustrates269

this function, along with a hypothetical measurement that we would want to interpret. The experiment consists of270

making a single measurement of the number of events observed, Nobs, comparing to the expected number of events271

Nexp, and using that to generate confidence regions in δ or determine the sign of the C term.272273

Constraining ourselves for the moment to the case where the sign of C is already known (we have external infor-274

mation telling us for certain which sign to pick) one derives a confidence interval by first finding the value δ̂ that275

provides the best match to the observed data (the best fit given Nobs), and then computing:276

λ(δ) = `(δ)− `(δ̂) (7)

for each value of δ under consideration.277

For the purposes of keeping this toy minimal, and to avoid discontinuities arising from discrete event counts6, we278

will assume Nobs is normally distributed with mean Nexp and standard deviation
√
Nexp, and thus:279

`(δ) =

(
Nexp(δ)−Nobs

)2
Nexp(δ)

. (8)

To determine confidence intervals, one then compares λ(δ) to cα and accepts all values of δ having a lower λ. According280

to Wilks’ theorem, λ ∼ χ2
k=1, and one should therefore use cα = 1 to achieve 68.27% coverage.281

This procedure over-covers significantly, even when the sign of C is known in advance. First, most observed event282

counts are compatible with two values of δ, due to the periodic nature of the Nexp function. Second, in cases where a283

statistical fluctuation in the data leads to observations outside the expected range (A−B +C < Nexp < A+B +C,284

if C is known to be positive), no good ‘fit’ to the data will be available. The best available fit will be at the extreme285

of the function range, making `(δ̂) larger than it would be without constraints, and causing a larger region of the δ286

space to have a value of λ below 1. This ‘physical boundary’ effect is expected to be largest when the true value of δ287

is near π/2 or 3π/2, where such a fluctuation is expected to occur 50% of the time. Figure 2 shows this over-coverage288

vs. the true value of δ. We evaluate coverage by generating a series of statistically fluctuated toy experiments at each289

true value of δ, determining the best fit and confidence interval that would be obtained for each, using c68% = 1, and290

counting the fraction of these toy experiments in which the true δ value is included in the confidence interval.291

In this circumstance where the sign of C is known, the Feldman–Cousins procedure can be followed to produce292

perfect coverage for any value of δ. Figure 3 shows how the critical value, c68%, varies as a function of δ, with293

substantially lower critical values in the regions nearest the physical boundary to account for the effect described294

above. Using these critical values to evaluate the coverage of an independent set of mock experiments yields ideal295

coverage, as would be expected in this case since the FC pseudoexperiments were generated in exactly the same way.296

297298

In the full experiment, we do not know the true sign of C. The standard frequentist procedure in this case is to299

profile over the sign parameter,300

`(δ) = min
(
`+(δ), `−(δ)

)
, (9)

where `+ is evaluated using the values of Nexp based on the positive sign for C, and similarly for `−. We can301

replicate this procedure in the fits performed on the FC pseudoexperiments, but we are still left with the question302

of how to generate the FC pseudoexperiments. We will obtain different critical values if we generate all the FC303

pseudoexperiments with positive vs. negative sign, as shown by the solid and dashed lines in Figure 4, because the304

boundaries on allowed values of Nexp are now wider (A− B − C < Nexp < A+ B + C), and FC pseudoexperiments305

generated assuming a particular sign will only run up against one boundary. The previous example where the sign306

was known (Figure 3) showed large downward deviations in the critical value at both π/2 and 3π/2 since both were307

boundaries on Nexp, but now there is only a large deviation at 3π/2 for the positive sign, where it runs into the high-308

side boundary on Nexp, and at π/2 for the negative sign where it runs into the low-side boundary. In the intermediate309

regions around 0, π, and 2π, where the event counts in the pseudoexperiments will typically be far from the overall310

upper and lower limits no matter which sign we assume when generating them, the critical values closely follow each311

other.312

6 Typical physics analyses have many bins and continuous parameters. But the first NOvA electron neutrino appearance data, with only
a handful of events in each bin, caused discontinuities to appear. An example of this type of discontinuity caused by integer event counts
can be seen in Fig. 4 of [16].
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FIG. 4. Critical values for the 68% C.L. from Wilks’ theorem (the horizontal black line at 1), the Feldman–Cousins procedure
(red) and Highland–Cousins (light blue), where the true sign of C is positive. The Feldman–Cousins critical values are shown
for two cases – generating the FC pseudoexperiments assuming positive C (solid) and assuming negative C (dashed). In our
toy model, the Highland–Cousins procedure consists of generating the FC pseudoexperiments with an equal mixture of the
two signs, and the blue curve splits the difference between the red curves as expected. The profiled FC procedure cannot be
displayed on this plot; it amounts to choosing one or other of the Feldman–Cousins curves at each value of δ depending on the
observed data.

The consequences of this behavior for the coverage of confidence intervals are shown in Figure 5, which compares313

the coverage vs. true values of δ and sign of C (solid/dashed for positive/negative) from Wilks’ theorem (black) and314

from the Feldman–Cousins procedure where we arbitrarily choose to generate FC pseudoexperiments assuming the315

positive sign. As in Figure 2, Wilks’ theorem shows over-coverage everywhere, but it is substantially worse when the316

true values lie near the boundaries on Nexp (+C, δ = 3π/2 or −C, δ = π/2). The Feldman–Cousins method yields317

ideal coverage in the +C case, but large deviations in the case of true −C, where the FC pseudoexperiments have318

incorrectly encountered a physical boundary (at 3π/2) or missed one (at π/2). The results for experiments generated319

assuming negative sign show the same qualitative behaviour, but with the roles of δ = π
2 and δ = 3π

2 reversed.320

For the present toy experiment, the Highland–Cousins procedure consists of splitting the difference by generating321

the FC pseudoexperiments equally from each sign (assuming a 50:50 prior expectation). This has the predictable effect322
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of yielding critical values intermediate between the FC expectations from the two signs (light blue line in Figure 4)323

and coverage (light blue lines in Figure 6) intermediate between the ‘right’ and ‘wrong’ FC coverage (red lines, solid324

and dashed respectively, in Figure 5). This is certainly an improvement from the FC+ (or FC−) case – the ‘average’325

coverage is correct, and there is no longer a large difference in behaviour depending on the true sign.326

The procedure we propose in the present work achieves better results than any of these methods by using information327

from the observed data itself. If we observe a large number of events, say >∼ 85, we know it is more likely that the328

critical value evaluated under the +C hypothesis will provide the right coverage, and similarly a small number of329

observed events, <∼ 70, suggests the −C hypothesis is more likely to provide correct coverage. If we observe an330

intermediate number of events (values close to 80), then we have gained no information about the true sign of C, but331

in that case the critical values are very similar either way.332

In this case, for each toy experiment contributing to the coverage evaluation, for each value of δ whose membership333

in the confidence interval we need to determine, we evaluate which sign gives the best match (lowest `) to the data,334

and generate the FC pseudoexperiments from which the critical value will be derived assuming that sign. For a335

continuous nuisance parameter, we would generate experiments assuming the best-fit value.336

The blue lines in Figure 6 show the coverage obtained by this procedure. Deviations still occur in the regions337

where the two critical values differ, but the magnitude is substantially reduced compared to Highland–Cousins.338

The remaining mis-coverage is due to those cases where a statistical fluctuation produces a number of events more339

compatible with positive sign, despite the true sign being negative, or vice versa.340

The Posterior Highland–Cousins approach – generating the FC pseudoexperiments distributed between the two341

signs based on the posterior distribution – represents an intermediate point between Highland–Cousins (generating342

pseudoexperiments equally from the two signs) and our profiling method (generating pseudoexperiments from the343

best-fit sign). Unsurprisingly, for these toy experiments it yields intermediate coverage properties – better than344

Highland–Cousins but not as good as our proposed method.345

Source code reproducing the analysis of this toy model is publicly available [17].346
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III. IMPLEMENTATION IN THE NOVA ANALYSIS347

The primary goal of a neutrino oscillation experiment like NOvA is to measure the parameters which govern neutrino348

oscillations, namely the mixing angles and phase from the PMNS mixing matrix as well as the differences between349

the neutrino masses [8]. Additionally, certain ‘binary’ questions can be addressed, for example whether the ordering350

of the neutrino masses is ‘normal’ or ‘inverted,’ i.e., whether m3 is larger or smaller than m1. These parameters, as351

described above, cannot be observed directly. Instead, the experiment uses a beam of muon (anti)neutrinos [18] and352

measures the rate of disappearance of muon (anti)neutrinos and the rate of appearance of electron (anti)neutrinos as a353

function of their estimated energy. Since the parameters of interest govern these disappearance and appearance rates,354

they can be estimated from the observed energy spectra via Maximum Likelihood Estimation [1]. The confidence355

intervals describing the uncertainty on these parameters are then determined using the methods described here.356

After some concrete illustrations of how Wilks’ conditions are not satisfied, this section describes some key technical357

details in the implementation of the Profiled FC method in the NOvA oscillation analysis. Substantially more details358

on the optimization of this method to run on High Performance Computing platforms will be available in an upcoming359

paper.360

A. Violations of Wilks’ theorem assumptions in NOvA’s neutrino oscillation analysis361

Feldman and Cousins first introduced the FC method in the context of a neutrino experiment [19] where the362

conditions for Wilks’ theorem, described in Section II A were not met. The NOvA 3-flavor oscillation analysis violates363

these three conditions as follows:364

(1) Effective boundaries: Many of the parameters of the oscillation model have effective boundaries of some kind.365

One example can be seen with the 2-flavor approximation of the survival probability for neutrino flavor να:366

P (να → να) = 1− sin2(2θ) sin2

(
∆m2L

4E

)
, (10)

where L is the constant distance, E is the neutrino energy, and ∆m2 and θ are the independent parameters being367

measured. While the angle θ is unconstrained, the impact it has on the observable (the survival probability) is368

constrained by unitarity: if θ = π/4, either increasing or decreasing θ will lead to a reduction in the oscillation369

probability. Similarly, the CP-violating phase δCP is cyclic and not well constrained, so it also easily runs up against370

effective ‘boundaries’ in its possible impact.371

(2) Nested hypotheses: The nested hypothesis assumption is not violated for all measurements, but it is clearly372

violated for binary questions. When there are only 2 possible disjoint outcomes (e.g., mass ordering is normal or373

inverted), whichever is chosen as the null cannot be a special case of the alternate.374

(3) Sample size: Long-baseline neutrino experiments generally have small sample sizes because of the small neutrino375

interaction cross-section and large physical distances required for oscillations to occur. The most recent measurement376

had 82 electron neutrino candidates and 33 electron antineutrino candidates, in neutrino and antineutrino beam modes377

respectively [8].378

The procedure followed by NOvA is presented next.379

B. Fitting the data380

NOvA measures the energy spectra of disappearing muon (anti)neutrinos and appearing electron (anti)neutrinos381

in order to constrain parameters of the neutrino oscillation model: the mixing angle θ23, the mass splitting ∆m2
32,382

in particular its sign, equivalent to determining the neutrino mass ordering, and the CP–violating phase δCP. The383

candidate neutrino interactions are divided into different categories (based on energy resolution and particle identifi-384

cation criteria) to optimize the measurement’s sensitivity. The compatibility between a model prediction given a set385

of parameter values and some data is quantified with a likelihood function L. The best fit is found by maximizing386

L, or minimizing ` = −2 lnL. Since the data is structured as a histogram (meaning a set of counts of independent387

events), the likelihood function for Poisson–distributed data [1] is used7:388

`stat = 2
∑
i

(
ei(θ)− oi + oi ln

oi
ei(θ)

)
, (11)

7 Or more accurately ` = −2 lnL/L0, where L0 is the likelihood when oi = ei
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where ei(θ) is the expected number of events in bin i given parameter values θ, and oi is the observed number of events389

in that same bin. The ei(θ)’s are calculated by extrapolating the muon (anti)neutrino energy spectrum measured390

in NOvA’s near detector to its far detector assuming a set of neutrino oscillation parameters, taking into account391

known differences in flux and acceptance between the detectors. In addition to the oscillation parameters, around 50392

systematic uncertainties are included in the fit as nuisance parameters, with penalty terms added to the likelihood in393

Equation 11:394

` = `stat +
∑
k

φ2k
σ2
k

, (12)

where σk is the prior uncertainty on the kth nuisance parameter φk. The sources of uncertainty vary from parameter395

to parameter. For example, some uncertainties are based on the uncertainties quoted by external measurements,396

some are based on the level of agreement between data and simulation within the experiment, and some are based397

on comparisons between alternative theoretical models. The values of sin2 θ23, ∆m2
32, and δCP which minimize ` (i.e.,398

the Maximum Likelihood Estimate or best fit point) are found using the Minuit2 minimizer [20]. This best fit point399

is the basis from which the confidence intervals and significances, the main topic of this paper and main results of the400

oscillation analysis, are constructed.401

C. Building 1-dimensional and 2-dimensional confidence intervals402

To build 1-dimensional or 2-dimensional maps of the significance, we need to sample the oscillation parameter space403

finely enough to catch possible local features, while also being limited by the computational costs the Profiled Feldman–404

Cousins approach entails. In practice, this means that the significance is evaluated at 60 points evenly distributed405

across the range of parameter values when building 1-dimensional significance maps. These one-dimensional plots can406

be constructed with the parameters constrained in one mass ordering, one θ23 octant8, or a combination of both. In407

two dimensions, we report confidence intervals (i.e., contours) for sin2 θ23 vs. δCP (estimated in a 30×30 grid) and408

∆m2
32 vs. sin2 θ23 (in a 20×20 grid), for both orderings.409

As explained earlier, we chose to profile the nuisance parameters. The first step is therefore to fit the data with410

the parameters of interest fixed at each grid point, θi, and find ˆ̂φi, the set of nuisance parameters minimizing ` per411

Equation 4. This process can be conveniently run on standard distributed computing resources and serves as an input412

to the more computationally intensive generation and fitting of millions of Feldman–Cousins pseudoexperiments in413

a High Performance Computing environment. From that first step, we can already obtain a good approximation414

of the significance maps. The Feldman–Cousins procedure then modifies those maps, increasing or decreasing the415

significance depending on the distribution of the underlying test statistic, which is why this procedure is often perceived416

as a correction. We can also take advantage of those approximated significances to estimate the number of FC417

pseudoexperiments that need to be generated at each point of the parameter space, θi, to reach a desired statistical418

accuracy when measuring the p-values from the empirical λ distributions. For each θi, the FC pseudoexperiments are419

constructed by generating Poisson–fluctuated neutrino energy spectra from the predictions made at (θi,
ˆ̂φi) determined420

above. For each FC pseudoexperiment, j, generated at point i, a likelihood ratio is estimated:421

λij = `constrained − `unconstrained

= `(xj |θi, ˆ̂φij)− `(xj |θ̂j , φ̂j).
(13)

Both likelihoods are evaluated on the FC pseudoexperiment spectrum, xj , at parameter values which minimize422

the likelihood function, `, but they differ in which parameters are allowed to vary in the minimization. The first423

likelihood is evaluated after a constrained fit where the parameters of interest are fixed to the values used to generate424

the pseudoexperiment, θ = θi, and only the nuisance parameters are varied, denoted by φ = ˆ̂φij , analogous to how425

ˆ̂φi is determined in the fit to the real data. The second likelihood is evaluated after an unconstrained fit in which426

both θ and φ are varied in order to find the global minimum of `(xj), denoted, (θ̂j , φ̂j).427

The neutrino oscillation parameter space can be degenerate, in particular for δCP and nuisance parameters like428

θ13, or for values of θ23 mirrored around the value which produces maximal νµ disappearance. In order to avoid429

biases towards a particular region of parameter space, we run multiple fits with different seed values for each FC430

pseudoexperiment and then take the result with the lowest `.431

8 θ23 < 45◦ is commonly referred to as the lower octant, while θ23 > 45◦ is the upper octant.
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Between 1000 and 5000 FC pseudoexperiments are generated at each θi, where more FC pseudoexperiments are432

required for the most extreme p-values. Furthermore, given the very large number of FC pseudoexperiments that433

are required in the 3-sigma (and above) regions in order to accurately measure the corresponding small p-values, we434

choose to only perform the profiled FC procedure in regions where
√
λWilks < 20 for 1-dimensional constraints and435 √

λWilks < 12 for 2-dimensional constraints.436

The λij distributions are then used to build empirical test statistic distributions for each θi. For 1-dimensional437

significance plots, a p-value is first determined at each grid point by counting the fraction of FC pseudoexperiments438

with a λij larger than that of the data at that same θi. The p-value is then converted to a significance via σ =439 √
2 erfc−1(p). The resulting collection of significances is then interpolated and smoothed taking care to preserve real440

discontinuous features (discussed more in Section III F). Figure 7 illustrates how significances for one or two parameters441

of interest can be represented. For most regions of the parameter space, we expect the underlying likelihood surface442

to be well–behaved but the existence of boundaries and local, nearly degenerate minima can skew the test statistic443

distributions, resulting in jump of significances between neighboring grid points, as illustrated in Section III F.444

The procedure to establish 2-dimensional contours of isosignificance is slightly different. We first start by evaluating445

the standard likelihood of the data at each point θi of the grid used to sample the parameter space. We then evaluate446

the critical likelihood corresponding to each of the significance levels of interest, namely 1σ, 2σ, and 3σ, from the set447

of Feldman–Cousins pseudoexperiments, again, at each grid point. Each map of critical profiled FC values is then448

subtracted from the map of standard likelihood obtained from the data. The intersection of the resulting surfaces449

with the plane 0 (or, for the inverted ordering, with the plane λIH , which is the difference between the likelihoods of450

the best fit point in the Inverted Ordering and the overall best fit point) represents the contours of isosignificance.451

A kernel smoothing procedure is finally applied to the 2-dimensional contours, taking care to consider points near452

δCP = 0 and δCP = 2π as neighbors (due to its cyclical nature) in the sin2 θ23 vs. δCP contours.453

D. Hypothesis tests454

In addition to 1-dimensional and 2-dimensional constraints on oscillation parameters, we can perform hypothesis455

tests for the mass ordering, the θ23 octant, or a combination of both. A key benefit of the Profiled FC Method is that456

the procedure can naturally address these binary tests (or discrete choices in general): the FC pseudoexperiments are457

generated with the parameter being tested held fixed and all other parameters set to their profiled values given that458

constraint. For example, if the overall best fit is in the normal ordering, the test would be for rejecting the inverted459

ordering, so the FC pseudoexperiments would be generated in the inverted ordering with all other parameters set to460

the best fit to the data in that ordering. Since this procedure is only done at one point of the parameter space for each461

hypothesis test, we can afford to generate more FC pseudoexperiments (tens of thousands) and reach more accurate462

measurements of the p-values and significances than for 1D and 2D confidence intervals. The result of the procedure463

is, again, an empirical collection of λ = `constrained-`unconstrained which can be used to determine the fraction of FC464

pseudoexperiments that yield a λ less compatible with the null hypothesis than the data, equating to a p-value. This465

likelihood–ratio test statistic slightly differs from the one defined in Equation 5: all parameters are still free to vary466

in the unconstrained fit, but in the constrained fit, the parameters of interest are allowed to take values within the467
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FIG. 8. The left figure shows the coverages obtained with Wilks’ theorem (blue) and the Profiled Feldman–Cousins approach
(red) at our overall best fit point, while the right figure shows those coverages at our best fit if δCP = 0. On the left, Wilks’
theorem shows a good approximate coverage, while on the right, it produces a significant under-coverage, which would have
the effect to artificially disfavor δCP = 0. The coverage obtained with the Profiled Feldman–Cousins approach is consistently
more accurate. The error bars represent the statistical uncertainty on the binomial confidence interval obtained from 1000 fake
experiments.

limits defined by the hypothesis being tested. This procedure is the only correct one for the estimation of our level468

of preference (or rejection) for a given hypothesis; it cannot be done by reading the minima of the 1-dimensional or469

2-dimensional confidence intervals, as explained in more detail in Section III F. The profiled FC procedure can also470

be extended in a straightforward way to also calculate a CLs significance, see Appendix A for details.471

E. Validation472

When considering any frequentist statistical procedure, a key step is to evaluate the coverage properties of that473

procedure for the problem at hand. The goal of the profiled FC procedure is to produce confidence intervals with474

coverage as close as possible to the stated level α. The examples in Section II E show that none of the procedures475

considered produce perfect coverage when certain truth quantities are unknown, but in those examples, the procedure476

we use comes the closest.477

Here we give an in-situ demonstration of achieving these coverage properties with NOvA simulation. We have chosen478

two points of interest: our overall best fit point from [8], which is far from boundaries, leading to little impact from479

the Profiled FC procedure on the significance, and our preferred point if the CP–violating phase was δCP = 09. This480

parameter region is degenerate which can cause the underlying test statistic distribution to deviate from a standard481

χ2-distribution. For those two points, we want to estimate how the effective coverage varies for different levels of482

intended coverage. To do so, we repeated the Profiled FC procedure for 1000 validation pseudoexperiments generated483

at each of those two points, and measured how frequently the true point was actually contained in a given confidence484

interval. For instance, in the ideal case, we would expect the 50% confidence interval to cover the true point in 50%485

of the validation pseudoexperiments.486

In practice, we first fit each validation pseudoexperiment, i, to determine its best fit point, (θ̂i, φ̂i), as well as487

the preferred set of nuisance parameters when θ is constrained to the value the validation pseudoexperiments were488

generated at, (θ0,
ˆ̂φ0i)

10. We then generate 1000 regular FC pseudoexperiments for each validation pseudoexperiment489

(1,000,000 in total) based on each one’s best fit nuisance parameters at the value being tested, (θ0,
ˆ̂φ0i). These FC490

pseudoexperiments are then used to determine critical values, cα,i, for each validation pseudoexperiment, i, at a range491

of significances, α. The Wilks’ theorem critical values are derived analytically and are, of course, the same for every492

validation pseudoexperiment. The effective coverage with both methods can then be measured by counting how often493

θ0 falls inside the confidence intervals, or494

`(θ0,
ˆ̂φ0i)− `(θ̂i, φ̂i) < cα,i. (14)

9 While this test could be done at any points, these points from the fit to NOvA data were chosen to give concrete, relevant examples.
10 In this study the nuisance parameters just include other oscillation parameters; we did not include systematic uncertainties.
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10

. This is due to the discontinuity in the profiled

value of sin2 θ23 as a function of δCP. (b) sin2 θ23 transitions from maximal mixing to upper octant at this point. The FC
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The above calculation is done per validation pseudoexperiment, and the FC pseudoexperiments are just used to495

determine the critical values, cα,i.496

Note that without nuisance parameters, this test would be tautological: the validation pseudoexperiments and the497

FC pseudoexperiments being used to determine if the test point would be inside the profiled FC confidence interval498

would all be drawn based solely on θ0, and so the coverage must be correct. In the presence of nuisance parameters,499

however, the validation pseudoexperiments are drawn based on (θ0,φ0) while the FC pseudoexperiments are drawn500

from (θ0,
ˆ̂φ0i). Figure 8 shows how the coverages obtained under Wilks’ theorem and the Profiled Feldman–Cousins501

approach vary for different intended coverages at the two points of parameter space considered above. Wilks’ theorem502

generates widely different results depending on the region of the parameter space and can significantly deviate from503

the ideal coverage. The Profiled Feldman–Cousins method provides us with a more consistently accurate estimation504

of the desired coverage. Figure 8 hints that the magnitude of the corrections might decrease in the most extreme505

significance levels. This is not a general property and is further investigated in Section III F. We also performed506

a cross-check of the significance of our mass ordering determination using an alternative (and more conservative)507

method of handling nuisance parameters developed by Berger and Boos [11]. That procedure did not uncover a larger508

p-value than the one reported from the Profiled FC method, and so is consistent with that result. The details of this509

cross-check can be found in Appendix B.510

F. Limitations and Features511

The nominal output of the Feldman–Cousins method is a single confidence interval or region with proper cov-512

erage. However, it is straightforward and convenient to apply a Feldman–Cousins correction to a whole likelihood513

surface: each point has a likelihood, from that likelihood a p-value can be determined based on the distribution of FC514

pseudoexperiments at that point, and then from that p-value work backwards to an equivalent likelihood. This pseudo-515

likelihood surface is quite practical to work with since contours at any significance can be drawn using the Wilks’516

critical values. However, while the pseudo-likelihood superficially resembles an actual likelihood, it does not have the517

properties of a likelihood. Notably, it cannot be ‘profiled’ to reduce its dimensionality: a two-dimensional likelihood518

surface and its associated FC pseudoexperiments cannot be used to find one-dimensional confidence intervals.519

The determination of the mass ordering in the most recent NOvA results provides a clear demonstration of this520

phenomenon [8]. The lowest significance for the Inverted Ordering has several different values in different projections521

of the significance: 0.6σ vs. sin2 θ23 and 0.5σ vs. ∆m2
32 or δCP. Mechanically, these differ since each projection is522

determined with different sets of experiments generated at different assumed true values. They are not expected to523

correspond in principle because assigning the likelihood of the Inverted Ordering as a whole to the lowest value of524

the likelihood when projected against another variable is an example of profiling, which is not a valid operation on525

these pseudo-likelihoods. The correct procedure is to generate FC pseudoexperiments specific to each question being526

asked, in this case a hypothesis test to determine the ordering. A benefit of the FC approach is that it can naturally527

accommodate binary questions like the neutrino mass ordering where the number of degrees of freedom for the Wilks’528

theorem approach is not well-defined, typically producing stronger constraints than applying Wilks’ theorem with 1529

degree of freedom. In this case, the significance calculated for this question directly is 1.0σ.530

With this method, it is also possible for discontinuities in the corrected significance plot to emerge even if the531
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FIG. 10. The change in significance vs. the significance level at which the correction occurs for different values of, from left to
right, δCP, sin2 θ23, and ∆m2

32. The colors represent different true values of the parameter in question being tested.

underlying likelihood surface is smooth. An example of one of such a discontinuity can be found in Figure 9a around532

0.1π in the plot of significance vs. δCP in the normal ordering, upper octant. This occurs because of a discontinuity533

in the profiled FC corrections, caused by a discontinuous change in the value of the nuisance parameters11. In this534

particular case, the global minimum moves from maximal mixing to the upper octant at this particular value of δCP,535

as shown in Figure 9b, leading to a change in the underlying λ distributions on either side of the discontinuity which536

then translates to different p-values for a given critical value, shown in Figure 9c.537

A drawback of this method is its computation cost. We explored how the size of profiled FC corrections depends538

on the significance for which the correction is being computed. It would be convenient if the size of corrections539

became smaller as significance increases since corrections require more FC pseudoexperiments and get progressively540

more expensive to calculate at higher significance. We explored this question using the three plots which tested541

significance for different true values of δCP, sin2 θ23, and ∆m2
32, and the results are shown in Figure 10. While the542

sizes of corrections clearly change as a function of significance, and for some true values the corrections converge543

towards zero, this is not true in general: the sizes of corrections at 4σ can be as large as the corrections at 2σ. In544

these examples, the relative size of the correction does decrease as the absolute significance gets larger, but we leave545

it to the reader to decide if the difference between 3.5σ and 4σ is more or less important than the difference between546

1.5σ and 2σ.547

Another limitation is that it is not possible to combine the corrected likelihoods from two separate experiments to548

produce a combined likelihood surface from a joint analysis. While it is possible to combine experiments using FC549

corrections, doing so requires more detailed information than is captured in just the likelihood and corrections [21].550

IV. CONCLUSIONS551

Statistical analysis is the window through which the results of experiments are viewed. Nowhere is this more true552

than when the parameters of interest cannot be observed directly but must be inferred using a model to interpret553

the observed data. The properties of that model, as well as the setup of the experiment itself, can distort the554

apparent power of the experiment, causing results to look more significant, or less significant, than they actually are,555

sometimes substantially. The Feldman–Cousins method serves a crucial role, providing a robust method for handling556

the common challenges that experiments encounter when Wilks’ theorem cannot be relied upon, but the lack of a557

prescription for handling nuisance parameters complicates its adoption in practice. The Profiled FC method presented558

in this paper offers a straightforward prescription for handling nuisance parameters. Toy studies show the method559

achieves more accurate coverage when the true parameters of the underlying model are unknown compared to other560

plausible methods. In-situ tests in the NOvA analysis further validate the accuracy of the reported confidence intervals561

and significances. The Profiled FC method has been used in several NOvA oscillation analyses, including the most562

recent [5–8]. Given the strong basis in the literature, it is likely optimal in a wide variety of experimental contexts facing563

11 Discontinuous changes in the nuisance parameters when testing a continuous set of values of a parameter of interest are not a particular
problem, and are quite common. Without FC corrections, these changes can cause a discontinuous change in the derivative of the
likelihood, but do not make the value of the likelihood discontinuous
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similar challenges with bounded parameters and small numbers of events. The most significant challenge to making564

use of Profiled FC (and Feldman–Cousins in general) is the large computational cost associated with generating and565

fitting the required FC pseudoexperiments. Our approach takes advantage of available High Performance Computing566

resources, but other approaches to improve the efficiency of this method are also being explored [22].567
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Appendix A: CLs Mass Ordering Significance578

The CLS method [23–25] was introduced as an alternative to traditional p-value calculations to address situations579

where an experiment might potentially make a claim of ‘discovery’ well beyond its sensitivity. In a nutshell, the580

method takes a ratio between the p-value for the null hypothesis, H0, and the potential discovery hypothesis, H1. In581

a true discovery, p(H0)� p(H1), and the CLS value will be small, while in a spurious claim, the data will be a poor582

fit to both hypotheses, so even though p(H0) might be small, CLS will be of order 1.583

In the particular case of binary questions, the Profiled FC procedure can be naturally extended so the same FC584

pseudoexperiments can be re-used for the CLS method . A mass ordering test is presented here, but the method is585

generic. Two modifications are needed. First, rather than evaluating `constrained and `unconstrained, `NO and `IO are586

evaluated, but they can be readily re-interpreted: `constrained corresponds to the ` for the hypothesis being tested and587

`unconstrained corresponds to whichever ` is lower12. Second, FC pseudoexperiments need to be generated for both588

possible hypotheses, but given the relatively low computational cost of this test, this is a minor overall additional589

cost. Where the Profiled FC only reports the fraction of FC pseudoexperiments in the hypothesis being tested with590

λ larger than that observed in data, CLS also requires the ‘inverse’: the fraction of FC pseudoexperiments generated591

under the hypothesis favored by the data with λ lower than that observed in the data, as shown in Figure 11. A592

small overlap of the two distributions would signify a strong discrimination power towards the mass ordering. Our593

data suggests a slight preference for the Normal Ordering.594595

Appendix B: Validation of Significance in Mass Ordering Determination596

In the case of binary questions, like the choice of ordering, the situation is better thought of as a hypothesis test597

than a confidence interval, though they are closely related as described in Section II. For these cases, there is an598

alternative approach to handling nuisance parameters developed by Berger and Boos [11]. In this procedure, the599

p-value of a set of parameter values being tested, θ, is redefined as:600

pBB(θ) = max
φ

p(θ,φ) + β, (B1)

where the max represents the largest p-value over all values of the nuisance parameters, φ, allowed at the β confidence601

level based on a fit to the data. By contrast, the Profiled Feldman–Cousins approach simply uses the p-value at ˆ̂φ,602

the maximum likelihood estimate of the nuisance parameters given θ:603

pFC(θ) = p(θ, ˆ̂φ), (B2)

12 Since FC pseudoexperiments generated in the Normal Ordering may have a better fit in the Inverted Ordering, and vice versa, these
two `’s may be the same or not.
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effectively assuming that the nuisance parameters which give the largest likelihood value (and thus the largest p-604

value under Wilks’ theorem) will also have the largest p-value with the pseudoexperiment–calculated critical values.605

The Berger–Boos method is more conservative since it allows for the possibility that a seemingly non-optimal set of606

nuisance parameters will produce a ‘favorable’ change in the critical value and thus produce a larger effective p-value,607

but it is commensurately more costly to calculate since pseudoexperiments must be produced for a range of nuisance608

parameters.609610

In practice, it is not possible to test ‘all’ values in a multi-dimensional parameter space without an analytic form,611

so the possible choices of nuisance parameters must be sampled in a fashion which covers the possible space, and for612

each sampled set of nuisance parameters, a set of FC pseudoexperiments must be generated and used to calculate613

a new p-value. In this case, we are testing the p-value for rejecting the IO from the fit to data, p = 0.30 [8], so614



18

are taking a β of 0.005 which would not qualitatively alter the interpretation of the original p-value. This value of615

β then defines the ranges over which values of the nuisance parameters need to be sampled: a range in ∆m2
32 of616

[−2.623,−2.241]× 10−3eV2, a range in sin2 θ23 of [0.397, 0.633] and all values of δCP. Then, 1331 choices of nuisance617

parameters were tested (11 values in each dimension), sampled uniformly from the allowed space, and p-values were618

calculated for those choices. In order to save computational costs, pseudoexperiments were only generated for points619

where Feldman–Cousins corrections could plausibly raise it above the original p-value. The threshold chosen was620

λ < 2.8, which corresponds to pWilks > 0.094 assuming one degree-of-freedom. A total of 54 points fell below that621

threshold.622

The largest p-value found was p = 0.151 at ∆m2
32 = −2.43× 10−3eV2, sin2 θ23 = 0.562, and δCP = 1.64π, which is623

below the p = 0.30 at the best fit point, so the original p-value is still the largest. This point had a λ = 1.10, which624

would give pWilks = 0.295 assuming one degree-of-freedom. This behavior was typical of most points for which FC625

pseudoexperiments were generated: p-values decreased (i.e., significances increased) since a binary question effectively626

has fewer degrees of freedom than one continuous parameter. Only 2 of the 54 points tested had p > pWilks, namely627

p = 0.150 and p = 0.134. The plots in Figure 12 show the largest p-values for rejecting the inverted ordering for628

different choices of the nuisance parameters.629
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