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Abstract. In this paper we derive the type-II integrable defect for the N' = 2 supersymmetric
sinh-Gordon (sshG) model by using the fusing procedure. In particular, we show explicitly the
conservation of the modified energy, momentum and supercharges.

1. Introduction
An interesting topic in the study of integrable systems is the analysis of their integrability
properties in the presence of impurities or defects. Accordingly, defects are introduced in two-
dimensional integrable field theories as internal boundary conditions located at a fixed point in
the z-axis, which connect two different field theories of both sides of it. In particular, after the
introduction of the defect, the spatial translation invariance is broken since some constraints are
imposed to be satisfied at a particular space point, and hence it would be expected a violation
of momentum conservation. However, it was verified in [1]-[4], that in order to preserve the
integrability, the fields of the theory must satisfy a kind of Bécklund transformation frozen at
the defect point.

This kind of integrable defects can be classified into two classes: type-I, if the fields on
both sides only interact with each other at the defect point, and type-II if they interact through
additional degrees of freedom present only at the defect point [5]. The type-II formulation proved

to be suitable not only for describing defects within the Tzitzéica-Bullough-Dodd (a(22)—Toda)
model, which had been excluded from the type-I setting, but it also provided additional types of
defects for the sine-Gordon (sG) and others affine Toda field theories (ATFT) [6]. Interestingly,

for the sG model [5, 7], and in general for aV-ATFT [8] and the N = 1 sshG models [9], the
type-1I defects can be regarded as fused pairs of type-1 defects previously placed at different
points in space. However, the type-II defects can be allowed in models that cannot support
type-1 defects, as it was shown for the ag)—Toda model [5].

On the other hand, the presence of integrable defects in the A/ = 1 sshG model has been
already discussed in [10, 11]. However, the kind of defect introduced in those papers can be
regarded as a partial type-II defect since only auxiliary fermionic fields appear in the defect
Lagrangian, and consequently it reduces to type-I defect for sinh-Gordon model in the bosonic
limit. The proper supersymmetric extension of the type-II defect for the A = 1 sshG model
was recently proposed in [9], by using two methods: the generalization of the super-Béacklund
transformations, and the fusing procedure.

The purpose of this paper is to derive type-II defects for the N/ = 2 sshG equation by
fusing defects of the kind already known in literature [12]. The explicit form of the type-II
Bécklund transformations for the AN/ = 2 sshG model will be presented. We will also compute its

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1



XXIII International Conference on Integrable Systems and Quantum Symmetries (ISQS-23) IOP Publishing
Journal of Physics: Conference Series 670 (2016) 012049 doi:10.1088/1742-6596/670/1/012049

modified conserved energy, momentum and supercharges. Finally, by introducing appropriate
field transformations, the PT symmetry of the bulk and the defect theories will be discussed.

2. N = 2 super sinh-Gordon model
The action for the bulk /' = 2 sshG model is given by,

[o¢] o0
Sbuik :/ dt/ dx Lk, (1)

with the bulk Lagrangian density,

Lok = 5(0a0) = 3006 — 5(0u0)* + 3(O00)? — (0 — D) + 90, + D)0

+ix(0z — O)x — iX(0 4 0¢)X + m? [ cosh(2¢) — cosh(2¢)]
+4im(¢nh + xx) cosh ¢ cosh o — 4im(x + X2) sinh ¢ sinh ¢, (2)
where ¢, ¢ are bosonic fields, 1, v, x, X are fermionic fields. Then, the bulk field equations are,
(02 —0%)¢ = 2m?sinh(2¢) + 4im(y + xx) sinh ¢ cosh ¢
—4im(1x + X1) cosh ¢ sinh ¢,
(02 =0} = 2m?%sinh(2p) — 4im(1p 4+ Yx) cosh ¢ sinh ¢
+4im(x + x1) sinh ¢ cosh ¢,

(0x — O = —2m [t cosh ¢ coshp — ysinh¢sinh ], (3)
(Op + 0¢) = —2m[2p cosh ¢ cosh p — y sinh ¢sinh ],
(0: —O)x = 2m[ycosh¢coshy — ¢sinh¢sinhy],

(0z +0)x = 2m[xcosh¢coshy —1sinh ¢sinh ],

The bulk action and the equation of motion have on-shell N’ = 2 supersymmetry (susy). The
susy transformation is given by,

op = i(ery +erp) —ileax + €2),
do = (e + &Y) —i(erx +ax)
0 = (e104¢ + €ymsinh ¢ cosh ) — (€204 + €am sinh ¢ cosh ¢),
o0x = (e204+¢ — éamsinh ¢ cosh ) — (€104 — égmsinh ¢ cosh ¢),
0 = (E20_¢+ egmsinh g cosh @) — (€,0—¢ + eym sinh ¢ cosh ),
o0x = (610—p —eymsinhycosh @) — (€20_¢ — eamsinh ¢ cosh ),

where €, and €, with k = 1, 2, are fermionic parameters, and the light-cone notation x4+ = x +¢,
and 04 = %(83; + 0;) has been used. It can be easily verified that the equations of motions are
invariant under these transformations. For simplicity, we will focus on the €;-projection of the
susy transformation (4), which will be denoted d;, and then we will compute the associated
supercharge Q., = Q.

Under a not-rigid susy transformation, i.e with parameters e(x,t) and €(z,t), Lyux changes
by a total derivative

01 Loy = Oq {iel (@ZJ (0_¢ +204¢) + x (0_p + 204 ) + mp sinh ¢ cosh ¢ — my sinh ¢ cosh gi))]
+0; [iel (1/1 (0_¢ — 204 ¢) + x (0_p + 204 ) + map sinh ¢ cosh ¢ — my sinh ¢ cosh qﬁ)]

+€1 [(% (2i1/}8+¢ + 2ix04 ¢ — 2imap sinh ¢ cosh ¢ 4 2imy sinh ¢ cosh gb)

)

(4)

—0y <2i¢8+¢ + 2ix04 ¢ + 2imap sinh ¢ cosh ¢ — 2imy sinh ¢ cosh <Z>)} , (5)
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if the conservation law inside the last square-bracket in (5) is hold. Then, the associated bulk
supercharges (1 is given by an integral of the fermionic density, namely

O = / da [m(ax + 06+ ix(9y + 8y) — 2imap sinh ¢ cosh  + 2im sinh @ cosh ¢] . (6)

— 00

The derivation of the remaining supercharges follows the same line of reasoning. Their explicit
form is given by the following expressions,

Q, = / dx mﬁ(@x — )¢ + ix(0y — Or)p — 2ima) sinh ¢ cosh ¢ + 2imx sinh ¢ cosh gb- , (7)

Qy = / dz _ix(ax + 0¢) ¢ + i1p (0 + O¢)p + 2imy sinh ¢ cosh ¢ — 2ima) sinh ¢ cosh gzb_ , (8)

Qy, = / dx uﬁ(@m — O)p + ix(0y — Or) @ + 2imx sinh ¢ cosh ¢ — 2ima) sinh ¢ cosh gb— . (9)
oo L J
In next section we introduce the Lagrangian description of type-I defects in N’ = 2 sshG model.
3. Type-I defect for N' = 2 sshG model

We consider a defect placed in x = 0 connecting two field theories ®1 in the region z < 0 and
®, in the region x > 0, First of all, let us consider a Lagrangian density for the region x < 0

—x @y (x,t) =0 Oy (x, t) +00

Figure 1. Defect Representation.

describing the set of fields ®1(¢1, 1,91, @1, X1, X1) and correspondingly ®2 (o, V2, 92, @2, X2, X2)
in the region > 0, and a defect located at z = 0, in the following way

L=0(-x)Li+0(x)Ls+ ()LD, (10)

where £1 and Lo are the bulk Lagrangian densities corresponding to x < 0 and z > 0 regions,
respectively, and the defect Lagrangian density Lp is given by

- %(802@@1 — 0101p2) + Bo(P1, P2, @1, ¢2)
—i(P1ehe 4+ P1tbe) +i(X1X2 + X1x2) + %(fatg +90:f)

+Bl(¢1a ¢27 ©1, @27w17 ¢27'&17 J}QaXla X27>_Cl7>_<27 fv g) (11)

Lp = %(¢28t¢1_¢18t¢2)

where f, g are fermionic auxiliary fields. For x = 0, we obtain the following defect conditions,

O0zp1 — O1p2 = —04,(Bo + B1), Ozp1 — Orpa = 0yp, (Bo + B1),

Opp2 — Osp1 = 0Oy, (Bo + B1), Opp2 — Opp1 = —0p,(Bo + B1),
i(1 —p2) = =0y, B1 = =0y, B, i(x1—x2) = 0Ox,B1=0y,B, (12)
i(1 +12) = 0y B1=—0y,DB, i(X1+X2) = —0gB1=0gB,

i0f = —04B1, i0yg = —0;bBi,
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where the defect potentials By and Bj are given given by [12],

By = mo[cosh¢y —coshpy]+ o [cosh¢p_ — coshp_], (13)
o

By = iﬁ [COSh <¢+—5¢+> (¥4 — x4) + cosh <¢+_280+> g+ + X+)]
iy feosh (25555) 10 0 ot (5 Y g - 0] a9

where we have denoted ¢+ = ¢1 + @2, Y+ = Y1 £ 19, X+ = Xx1 £ x2 for the others fields the
notation is similar, and o is a free parameter associated with the defect.

In next section, we will perform the fusing of two type-I defects placed at different points in
order to construct a type-II defect for the A/ = 2 sshG model.

4. Fusing Defects
Let us introduce two type-I defects in the N' = 2 sshG model, one located at z = 0, and a
second one located at © = xg where ®1(¢1, 11,91, 91, X1, X1) is a set of fields in the region

- Oy (. 1) z=0 Po(z,t) z=zy5 Dy(z,1) +oo

Figure 2. Fusing defects.

x < 0, ®o(¢o, 1o, Y0, 0, X0, Xo) is the correspondingly set of fields for the region 0 < x < g and

Do (P2, 12,12, 02, X2, X2) in the z > 0.
Then, the Lagrangian density describing this system can be written as,

L = 0(—x)L1+6(x)Lp, +0(x)0(xo —x)Lo — 6(x — x0)Lp, + O(x — 20) L2, (15)

where the two type-I defect Lagrangian densities Lp, at z =0 (k = 1), and = = 2o (k = 2), are
given by

Lp, = %[éboaﬂﬁk — k0o — %[Sooat@k — @rOrpo] + i(XkXo + XkX0)
—i(thrtho + Yrto) — (—1)F (;fkatgk + %gkatfk + B + Bék)> : (16)
with the defect potentials
By = mo[cosh(6n + o) — cosh(io + pr)] + .~ [cosh(6n — 9x) — cosh(io — pr)],  (17)
B = % cosh <¢k + ¢ ;L 20t s%) Ji(tho + i — X0 — Xk)

. [mo + ¢ — —
+Z\/2k€08h<¢k ¢02¢k s00)gk(iﬂkJr1/10+><0+><1c)

—i(—l)k\/ZCOSh <¢O — O ; LA %) fr(tho = 1 + Xo — Xa)
—i(—l)k\/gCOSh <¢O — O er 20 ¢k> (1o — Yk — Xo + Xk), (18)
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where o, with k = 1, 2 are two free parameters associated two each defect. Thus for each defect
we can write the following equations of motion

forx =0:
Byt — Ordho — 8y, (BSY + BY), Opp1 — Orpp = 0, (BSY + BW),
oo — Ot = go(BSY + BUY), Datpo — o1 =~y (B + BY),
2(1/_}1 N TX_JO) = _871113;1) = —8¢OB§1), i(x1 — Xo) = 8X1B§1) = 8XOB§1)7
i +40) = 0y B = -0, B i +X0) = —0y Bl =08,
0 fi = _891B§1)7 i0g1 = _af1B£1)7
(19)
and for x = x¢ :
aa:¢0 - 8t¢2 _8¢>0 (382) + BF))? 833800 - 875902 6990 (B(()2) + B§2)>7
Outhy — Orpo = 04y (BY + B, Qopr — Orpo = —0,y(BS + BY),
. 2 . 2 2
Z(%0 - ?2) = 81/103;1 = a@gg )7 Z(XO —X2) = ax0B§ )2: 8X2B§ )72
i(s+ o) = 05, BY =—-0;,B7, i(Xe+%0) = —Ox By =0yB",
ioifs = —0,BY, igy = —0;,BY,
(20)

Now taking the limit 9y — 0 in the Lagrangian density (15), the bulk Langrangian term L
vanishes, and then the resulting Lagrangian density for fused defect becomes of the form of eq.
(10) with Lp = Lp1 — Lpo, namely,

Lp

500010 — 6-Dudo) — i(D-To + b-10) + 5(f10ugn + f2dug2 + 10uf1 + a0 f2)

(0odp— — -Bipo) +i(X—Xo + X—x0) + B!

5 +B% +BY 4+ BY.

(21)

We note that the fields of the bulk Langrangian term Ly only contribute to the total defect
Lagrangian at « = 0, and become auxiliary fields.

The fused bosonic potential for N' = 2 sshG model By = B(()l)—FB(()Q) = BO+ +B, , is a combination
of two N = 1 potentials previously obtained in [9], and it can be written explicitly as follows,

¢+ b o _(*+ b b
Bar = % [e( 2 +¢°) <0162 —1—026_2) +e ( 2 +¢0> <01€_2 +0’2€2>
_ (5 +e0) (U1e¢7— + aze_%_) — (5 +w0) <U1€_¢7— + 0’26%)} ; (22)
¢ _ B o _ _
B, = m |:e<2+_¢0> (16(252 + 16_¢2> +6_(T+_¢0> (16_¢2 + 1€¢2>
2 ol 092 o1 02
_ (G —w0) <1€WQ + 1(3%2) — e (5 ¢0) <1e(p2 + 1(;@2)} . (23)
o1 g9 01 02
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For the fermionic part we need to use the equations of motion (12) for each region, in order to
eliminate the auxiliary fields g, Yo, X0, X0, We get

mo mo .
Yo = % - \/7 [0p,u 1+ 0, ug 1] + \/? (96215 fo + Dzuz 92] (24)
mo _ mo -
Xo = X% B F [a¢>1u1 f1— 8¢>1u1 gl] + \/? [a¢’2u;—f2 - 8¢>2u2 92] <25)
B 1/}+ m -~ m —
o = =5+ o et i+ 0nvfar] + 4[5 - (0003 fo + 0405 ) (26)

_ X m - n y
Yo = —7+ - \/; [0p,v1 f1 = D 0] 1] — \/; (96,03 f2 = Dpov3 9] (27)

where we define the functions

uE = sinh <(¢k + o) 325 (¢r + 900)) . v = sinh <(¢k — ¢o) j2: (er — @0)) (28)
Then noting that
i(x—x0 —¥-v0) = %(X—X-‘r — Y_thy) — imy/o103 [Op, uf Dpyuy f192 + Og,uy Ogyuz g1 f2]
i(X—Xo — —1) = —£(>_<7>_<+ —P_ty) — i [%1”1 D03 f192 + Opy v Ogy05 91f2]

V102
(29)

we find that the fermionic part of the fused defect Lagrangian is given by,

Lp = (P12 — Y1he) —i(XaX2 — xax2) + %(flatgl + f20:92 + 910¢ f1 + g20: f2)

+B + By, (30)

fermion

e i) (Ve vare (50 p)

(bt | goteo) (

wy]

=4

Il
RO | .
S

e

\/Ee_(m#)fz + \/aewfl)} (Vs = x+)

BT e

P4 —o4

o _ _
+el™5 +O%)( re T 91+\/>26 T )} Ut +x4)

—1—%\/@(00% (qﬁ —|—¢2++902> + cosh (cpo—i- +>
hi
2

+Z‘7m\/E(cosh <¢0 + ¢2+ > + cosh < + 5 - > )g1f2, (L)

f192
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and

i\/ﬁ[_(¢++w+_¢o+¢o) 1 _(cb_ﬂo_) 1 o +e_
—_— 5 e 4 2 (76 4 gl_ie 4 g2

2 NG Vo2 )
peltm ) (s, - L (50 @ -
_;\/f {e(“;”%‘m) <\/%e(¢zp)f1 _ \/%JZ“’ f2)
pelamom) (L ey 7@ )+ )
+2j%(cosh <¢0 - %* n <,02_> + cosh <¢0 P ) ) 192
+2j%(cosh< —qb;—g>+cosh<¢ ——) )or s (32)

Finally the type-II defect Lagrangian density can be expressed as follows,

1 1 T o
Lp = 5(Pdp- = ¢-0bo) = 5(podip— — p-ipo) + (Y12 — Y1tp2) — i(XaXe — x1x2)
1
+§(f13t91 + f20i92 + 910:f1 + 9201 f2) + By + By + Bf + By (33)
Then, the corresponding type-II defects conditions for the N' = 2 sshG model at = 0 are,
Opd1 — O —0g, (Bo + By), Dp2 — O Dy, (Bo + Bi),
Opp1 — Opo = 8901 (BO + B1)7 Opp2 — Orpo _8902 (BO + Bl)a
(o1 — d2) = —04(Bo+ Bi), de(p1 — p2) 90 (Bo + B1),
i(P1 —2) = =0y, B1 = —0y,B, i(11 —1b2) 0p, B1 = 0y, B, (34)
/L(Xl - XZ) = 8)(1-8]. = 8XQB].7 Z()Zl - 22) _3)2131 = _8)22317
i0ig1 = —0p By, 10 f1 —0y, B1,
10192 —05, B, 0t fo —0y, B1.

The explicit form
appendix A.

the Backlund transformation for NV =

5. Conservation of the momentum and energy
In this section, we will discuss the modified conserved momentum and energy. Let us consider
first the total canonical momentum, which is given by the following contributions

2 sshG model is presented in

0 “+o00o
P = / drP1 + / dx Pa, (35)
—00 0
with
Pp = at(z)paar(z)p - 8t§0paar90p - Z(%@:% + szpaxr‘;p) + 7:(Xpaa[:Xp + Xpaa:Xp)a p= 17 2. (36)
Using the bulk equations (3), we can write the time derivative of momentum as
dP 1 1 1 1 ] -
pr 5(3x¢1)2 + 5(6t¢1)2 - 5(333901)2 - 5(61#?1)2 — i(Y10s)1 + Y10pn)
. oA 1 1 1 1
+i(x10:x1 + X10¢X1) — 5(3x¢2)2 - 5(5154252)2 + =(0pp2)* + 5(@502)2
+i(1201b2 + 20the) — i(x20ix2 + X20¢X2) — Vi + Vo — Wi + Wa (37)

=0
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Now, from the explicit form of the defect potentials By = Bar + By, By = Bfr + B given in
egs. (31)—(23), and the defect conditions (34), we find the following set of relations,

0y B1 = 9; Bi = & B = d_By = 0,

8¢+Bl_ = (91;+Bf_ = 8X+Bl_ = 8X+Bf =0, (38)
and
8(1)038_ = 28¢+BJ’ a¢oBf_ = 23¢+Bf_,
8¢0B(; = _28¢+Bav a¢oB; = —23¢+Bf, (39)
a‘POBS_ = 26@+B8_7 8¢’OB?_ = 28#431’—7
OpeBy = —20,, By, Opo By = —20,,By .

Then, by using the above relations and the defect conditions (34), the equation (37) takes the
following form,

dP

E = 28¢+Boa¢_ Bo — 28@+B08¢7BO + 28¢+Bla¢_ Bl — 28¢+B18¢7Bl + 28¢_B08¢+B1

+28¢+306¢_B1 — 28@7 308¢+Bl — 28@+B(]6@7B1 — 28t¢06¢+ (Bo + B1)
1 1
—20:p00,, (Bo + B1) — §8t¢+6¢0(30 + By) — 56t<)0+84po (Bo + B1)
—0yp 4Oy, B1 + 3t1/71+315+31 — Oix+0x,  B1 + 0ix4+0x,. B1 — Vi + Vo — W1 + Wy
+i0 (V12 4+ Y1ba — X1X2 — X1X2) o (40)

xr=

where the right-hand-side of the above equation becomes a total time derivative since the defect
potentials BOi and Bli satisfy the following Poisson-bracket-like relations,

i-Va = 2(8450338(1)7 By — 04,8y 9 BJ - 8@0338% By + 0y By 9, B(J)r)a (41)

Wi—Wa = 2(04Bf 9y By — 04y By 0y_By + 9y By 0By — 9o By 0y_BY")
—2(3¢OB1+3¢LBO_ - 34;,031_890738' + a/%Bg—aséLBl_ - apoBO_anfBr)
+22’(8leliag1Bl+ - alefrang; + af2B;8£JQBl+ - 3f2Bl+8923;)7 (42)

together with the constraint,
3¢031+3¢_Bf - 8¢OBl_8¢_Bf“ - %OBWWBI + &FOB;Q‘LB?’ =0. (43)
Then, we get that the modified conserved momentum can be written in a simple form,

P = P+ [Bfr + By — By — By +i(—¢12 — P12 + xax2 + X1X2)| - (44)
x

Now, let us consider the total energy

0 +00
FE = / dx & +/ dx 52; <45)
—00 0
where
1 o 1 2 1 2 1 2 _; 5Oy th
E = 5(890@3) + 5(8t¢p) - 5(855901)) - 5(6159019) — 10ty — YpOrthyp)

+i(XpOuXp — XpOzXp) + Vp + Wp. (46)
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We can find its time-derivative in the same way as before by using the bulk equations (3). The
result reads

drE . T A TNy oo
= = 0910001 — 1001 — (101 — 1) + (a0 — D)

— 0120, P2 + Oppaduipa + i (V20ha — P20iba) — i(x20kx2 — Xzatiz)]x_o- (47)
Then using the defect conditions (34) and the defect potentials (31)—(23), we find that the
modified conserved energy is given by

E=FE+ [Bo + By + (Y192 — Y1d2 + x1x2 — Xliz)L:O- (48)

6. Modified conserved supercharges

We have seen that the bulk theory action is invariant under susy transformation (4), and it was
explicitly shown for d; projection. However, this is not necessarily true for the defect theory, and
therefore we should show that the presence of the defect will not destroy the supersymmetry of
the bulk theory. Let us compute the defect contribution for ();. By introducing the defect at
x = 0, we have

0
Q1 = / dx [2i1/113+¢1 + 2ix1041 — 2ima)y sinh ¢ cosh 1 + 2im Y sinh (1 cosh qﬂ

—00

+ / dx [Qiqj)g@JrqbQ + ix204p2 — 2imaby sinh ¢ cosh g + 2im s sinh 9 cosh (bg} (49)
0

Now, by taking the time-derivative respectively, we get

el

T [2iw18+¢>1 + 201041 + 2imapy sinh ¢ cosh oy — 2imy; sinh (; cosh (;51}

— [2i¢28+¢2 + 202049 + 2imaby sinh ¢ cosh g — 2im s sinh o cosh ¢2} . (50)

Using the defect conditions (34), we get

o)
dt

i) 0 <¢)2+ + ¢0) —itp_ Dy_(Bo + B1) — ithy 8, (By + BY)
) + ix-0s(Bo + B1) + ixs 0,y (By + BY)

Viy_ 8, (%* + 00
—im(th4 + 1_) sinh

+im (P — -

cosh

o4 + P )
)

sinh cosh

P+ — P )
2 2

o
P + P )COSh(¢++¢ )
(%=

sinh

( <<P+‘|‘SD )
) (¢+—
im(¥s + X-) sinh (FF= y

—im(X+ — X—) sinh (%L — ) cosh Or — )] . (51)

Now, by making use of the defect conditions intensively, we find after some algebra that the
right-hand-side of the equation becomes a total time-derivative, and then the modified conserved
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supercharge can be written in Q1 = Q1+ p,, with the defect contribution given by the following
expression,

2

Qp, = Z —iv/2moy, (u,jfk + u,;gk>x:0. (52)

k=1

where we have introduced the function,

+
u;ct = sinh <(¢k + %) 5 (pr + 900)) . (53)
Analogously, we can find the remaining modified conserved supercharges,
Q2 = Q2+ Qp,, Q1 =Q1+Qp,, Q2 =Q2+ Qp,, (54)
with the corresponding defect contributions given by,
2
Qp, = Z —iv2moy, (u?fk — u,;gk> , (55)
=0
k=1
2

: ok
Qp, = 1 Z\/%\/(%l) (Uk_fk + U;jgk) . (56)

Qp, = 2 \/ﬂ) (Ulsz - U;jgk)z 7 (57)

where the functions v,:f are defined to be,

o = sinh ((¢k; — ¢o) 325 (or — @0)) ‘ (58)

The derivation of the exact form of the all modified conserved, together with the modified
conserved energy and momentum, provides a strong evidence indicating the classical integrability
of the fused defect for the N = 2 sshG model. A more rigorous analysis should require the
derivation of the generating function of an infinite set of modified conserved quantities. That
can be done following the on-shell Lax approach to derive the corresponding type-II defect K-
matrix for the model. From its explicit form is possible to derive an infinite set of modified
conserved quantities. Alternative approaches can also be used in order to prove the involutivity
of the charges, for instance the off-shell r-matrix and the multisymplectic approach as well. Some
of these issues will be considered in future investigations.

7. PT symmetry

First of all, it can be shown that the bulk Lagrangian density and fields equations are invariant
under the simultaneous transformations of parity transformation (P), and time reversal (T),
namely (z,t) — (—x, —t), if the fields transform as follows,

¢($,t) — ¢(—$, _t)v ?(mvt) —>90(_x7 —t),
Q;Z)(‘Tvt) — —X(—l‘,—t), ¢($,t><—)—)€(—$,—t>,

In addition, we notice that applying this PT transformation, the e;-projection of the susy
transformation maps to the es-projection. Then, as it can be verified, by applying the PT
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transformation over )1 we get the second supercharge, namely Q2 = PT@Q1. Analogously, it
happens with Q2 = PTQ;.

Now, in the presence of a type-I defect the PT transformation relates the fields on the left-
hand side to the ones on the right-hand side, and conversely. Then, to preserve the invariance
under PT symmetry the fields in the respective bulk Lagrangian densities £,, should transform
in the following way,

¢1($7t) — ¢2(_‘T7_t>7 <p1(x,t)<—><p2(—x,—t),
¢1($7t) — _XZ(_x>_t)a @Z_Jl(l‘,t)<—>—)_<2(—l',—t).

Consequently, the auxiliary fermionic fields f, g in the defect Lagrangian should transform as,

f@) — f(=1),  g(t) — —g(=1).

Under these field transformations it can be shown that the type-I defect equations are invariant.
On the other hand, the type-II defect Lagrangian density for the N’ = 2 sshG model is invariant
under PT transformation, if the corresponding auxiliary fields transform in the following way,

Po(t) <— ¢o(-1), ©o(t) < @o(—1),
fit) = fa(=1), 91(t) = —g2(=1). (59)

In this case, we can verified that if this PT transformation is applied over ()p, we obtain the
defect contribution to the second supercharge, namely ()p, = PTQp,. The same is valid for
Qp, = PTQp,.

The invariance of the N/ = 2 sshG model under PT symmetry is strongly related with the
description of the equation of motion in the superspace formalism. In such language, the fields
appear as components of two N = 2 superfields, one of them being a chiral superfield, while
the other one is anti-chiral (For more details see [12]). The fact that the PT symmetry is
preserved in the presence of the type-II defect, somehow suggests the possibility of describing
the defect conditions in terms of superfields. In other words, there should exists a type-II
Béacklund transformation for the N' = 2 sshG equation consistent with the defect conditions of
the fused defect. As it was shown for the N'= 1 sshG equations, the type-II defect conditions
are equivalent to “frozen” type-II Bécklund transformation of the model (see appendix A).

8. Final Remarks

In this paper, we have derived a type-II integrable defect for the A/ = 2 sshG model by using
the fusing procedure. At the Lagrangian level, we have shown that the type-II defect for this
supersymmetric model can be also obtained by fusing two type-I defects located initially at
different points in the z-axis. We have shown the conservation of the modified quantities of
the energy, momentum and supercharges. Moreover, the invariance under PT symmetry was
verified.

From the results obtained in this paper and those previously found in [9], it would be
interesting to explore the possibility of finding new integrable boundary conditions for the
N =1 and N = 2 sshG models, by performing a consistent half-line limit, specially following
the reasoning of [13]-[15].

There are many others algebraic aspects related to type-II defects that have not been
addressed in this work, like the Lax representation, the involutivity of the charges via the
r-matrix approach, and the construction of the soliton solutions. These issues are expected to
be addressed in future investigations.
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Appendix A. Type-II Backlund transformations for N' = 2 sshG model

9191

d-f

O+ f1

0_go

0+92

0_fo

1 f2

V2m [\/o1(Dpoui f1 + Opyur g1) + /02(0pyud f2 + stz g2)]

1 1 o
—V2m _\/a(c‘)%vl g1 + 8¢,0v1 f1) — \/672(8%”;92 + a¢01)2 fg)_
V2m [\/o1(0gyui f1 — Doty 1) + v/2(0guF f2 — Dtz g2)]
[ 1 _ 1 N
—V2m _\/70_—1(8%”?_91 — Ogovy f1) — \/70»2(%0’0;92 — Oy Vs fg)_
m _ﬁ P e, O
2m<cosh<¢ + 2>+cosh<g0 5 + 2))92

[2m - _
8¢OUI (1/1+ + X+)
g1

m
-3 alag(cosh <¢>0 + ¢—+ + @2) + cosh <<p0 + % + <]§2> )gg

V2mao10gyui (V4 — x4)
(cosh <¢0 _ O+ cp_> + cosh ((pg _Pr (ﬁ_) >f2

m
2./0102 2 2

2m -
\/ =040 (V4 — X+4)
01

—% 0'10'2(COSh <¢)0 + = s S0) + cosh <g00 + Pt _ ¢> )f2

V2mo10g,uy (V4 + X+)
m Or _ o= _ o9
-3 0102<C08h< 0= 5 )—I—cosh(goo 5 5 >)g1

2m _, - _
\/ —0gVy (V1 + X+)
op!

m Ot _ ¥ P+ _ 9=
5 0'10'2(00811 <¢0 + 5 5 > + cosh <900 + ) )91

V2me20s,uy (P4 — Xx+)

(cosh (qbo— m—kg) + cosh <gpo—¢2++¢2> )fl

m
21/0'10'2

2m - B
NEENET T
p)
m b+, p- ot O-
5 0102<cosh<<bo+ + 5 + cosh | ¢ + + 5 >f1
VEmasdguz (s + X1)

2
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O

O__

0_(p+ + 2¢0)

04 (P4 — 2¢0)

8+Q0_

O—_p—

O— (¢4 + 2¢0)

S+ é_ b_ (%t é_ é_
_m [e< 2 +¢O> <0162 —1—026_2) —e < 2 +¢0) (Ule 2 4 o0g9e 2 >]

2

1

2\/? [(Voruy fi + Voous f2) (4 = x+) + (Voruy g1 + Voaug g2) (¥4 + x+)]

i%n 0109 [Sinh ((]50 + % + ) f1g2 + sinh <(Z>0 + % — @2> g1f2] (A.13)
_ﬂ |:€<¢2+¢0> <1e¢2 + 16_¢2> _ €7<Ti¢0> <1€_¢2 + 1e¢g>:|
2 o1 092 o1 02
] 1 1 - 1 1 _
% % Kmvfrgl - \/5’0392> (Vs —X4) + <\/Ev1_fl - \/EUEJ%) (Y + >_<+)}
2VZZUQ[ﬂnh<¢0——¢;_+—ﬁ;)‘ﬁ92+shﬂ1<¢o—-ﬁ;-—g;:)gLﬁ] (A.14)
(e (L L) () (Lo Ly
‘2[6 ( S )“f < Tt >]
ZW <1v+91 + 1’U+92> (Y4 = X4) + <1v_f1 + 1U_f2> (¥4 + >_<+)}
2\ 2 or L NCoR N Neoas
5 Z%ZUQ [Sinh (@0 - %L + <z52> f1g2 — sinh (SOO - % - ¢2> glfQ] (A.15)
G_

—% |:€<¢2++¢0> <01€¢2 — o9e 2 ) —€7<¢T++¢0> <(71€ ¢27 —026¢2 )]

2\@ (ot fi — Vo ) (s — x4) + (VoTur g1 — v/oauz g2) (s + x4)]

% 0102 [sinh < ©®o + % + ¢> f192 — sinh < ©®o + % — (Z;) 91f2:| (A.16)
—% [e(%”r“oo) (016% + 0'267%> — e_(%Jr‘pO) (0'16 5 +02€¢2 ﬂ

s\ 3 (ot i+ Vil 1)y~ x) — (VT 01+ vz o)+ )

% 0102 [sinh <<,00 + % + ¢> f192 + sinh (goo + % — ¢2) glfg] (A.17)
_m [ec";—m) (162 N 16*‘;) (5= (16*’2 N 162)}

2 o1 09 o1 02
) 1 1 - 1 1 _
% % K\/avfgl - \/@1592) (V4 — X+) — (\/avffl - \/Fg%_f2> (V4 + X+)}
2\/2::72 [Sinh <<P0 — %L + ¢2> f192 + sinh (900 - %r — d;) 91f2] (A.18)

w\ﬁ

;ﬁ Ktl”fgl + \/%Ug 92> (Y4 = X4) — (\/%Uffl + \/Z—ZUQ_J%) (Y4 + >_<+)}
[Sinh <¢0 _ 9 + SO_) f1g2 — sinh <¢0 _ 0 > 91f2] (A.19)
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m » [ w_ 4 p_ P
O+(pr —2pg) = 5 {e(%"""o) (JleT — 0'2677> _ = (FrHw) (J;[(fT — UgeTﬂ

v \/f [(Varui fi — Vazus f2)(r — X4) — (Varur g1 — v/aauy g2) (s + x+)]

s
2

+ m 0109 [sinh <¢0 +

2

+ 902_> f192 — sinh <¢0 + % — <p2_> 91f2] (A.20)

It was verified that these Bécklund transformations correspond to the equations (3) for each
fields.

References

[1] P. Bowcock, E. Corrigan and C. Zambon, Classically integrable field theories with defects, Int. J. Mod. Phys.
A19 (2004) 82 [hep-th/0305022].

[2] P. Bowcock, E. Corrigan and C. Zambon, Affine Toda field theories with defects, JHEP 01 (2004) 056
[hep-th/0401020].

[3] E. Corrigan and C. Zambon, Jump-defects in the nonlinear Schrédinger model and other non-relativistic field
theories, Nonlinearity 19 (2006) 1447 [nlin/0512038].

[4] P. Bowcock and J. M. Umpleby, Quantum complez sine-Gordon dressed boundaries, JHEP 38 (2008) 0811
[hep-th/0809.0661]

[5] E. Corrigan and C. Zambon, A new class of integrable defects, J. Phys. A42 (2009) 475203
[hep-th/0908 . 3126].

[6] E. Corrigan and C. Zambon, Integrable defects in affine Toda field theory and infinite dimensional
representations of quantum groups, Nucl. Phys B 848 (2011) 545 [arXiv:1012.4186].

[7] E. Corrigan and C. Zambon, A transmission matriz for a fused pair of integrable defects in the sine-Gordon
model, J. Phys. A 43 (2010) 345201 [arXiv:1006.0939].

[8] C. Robertson, Folding defect affine Toda field theories, J. Phys. A 47 (2014) 185201 [arXiv:1304.3129].

[9] A.R Aguirre, J.F Gomes, N.I. Spano and A.H. Zimerman, Type-II super Badcklund transformation and
integrable defects for the N =1 super sinh-Gordon model, JHEP 06 (2015) 125 [arXiv:1504.07978].

[10] J.F. Gomes, L.H. Ymai, and A.H. Zimerman, Classical integrable super sinh-Gordon equation with defects,
J. Phys. A 39 (2006) 7471 [hep-th/0601014].

[11] A.R. Aguirre, J.F. Gomes, N.I. Spano and A.H. Zimerman, N=1 super sinh-Gordon model with defects
revisited, JHEP 02 (2015) 175 [arXiv:1412.2579].

[12] J.F. Gomes, L.H. Ymai and A.H. Zimerman, Integrability of a classical N = 2 super sinh-Gordon model with
jump defects, JHEP 03 (2008) 001 [hep-th/0710.1391].

[13] E. Corrigan and C. Zambon, Infinite dimension reflection matrices in the sine-Gordon model with a boundary,
JHEP 06 (2012) 050 [arXiv:1202.6016].

[14] A.R. Aguirre, J.F. Gomes, L.H. Ymai and A.H. Zimerman, N=1 super sinh-Gordon model in the half line:
Breather solutions, JHEP 04 (2013) 136 [arXiv:1304.4582].

[15] C. Zambon, The classical nonlinear Schriodinger model with a new integrable boundary, JHEP 08 (2014) 036
[arXiv:1405.0967)].





