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Abstract. We study the phase-space properties of the 3-level Lipkin-Meshkov-Glick as
paradigmatic case of critical, parity symmetric, N -quDit systems undergoing a quantum phase
transition in the thermodynamic limitN →∞. We generalize U(2) spin coherent states to U(D)
(quDits), and de�ne the coherent state representation Qψ (Husimi function) of a symmetric N -
quDit state |ψ〉 in the phase space CPD−1 = U(D)/[U(1) × U(D − 1)]. This allows us to
de�ne parity adapted U(D) coherent states (c-DCATs), which reproduce accurately the lowest
energy Hamiltonian eigenstates obtained by numerical diagonalization. We visualize precursors
of the QPTs by plotting localization measures (Husimi function and its moments) of the parity
adapted U(D) coherent states and the numerical Hamiltonian eigenstates for a �nite number of
particles.

1. Introduction
Phase space and information statistical methods are useful to describe quantum phase transitions
(QPTs), as in the Anderson metal-insulator transition [1]. They are also an important method
in quantum optics, connecting quantum and statistical mechanics through coherent states (CSs)
[2, 3]. In this article, we study the generalization from Heisenberg-Weyl CSs to U(D)-spin
CSs (DSCSs for short), in order to deal with D-level quantum systems or quDits [4]. DSCSs
provide complex analytical representations of quantum states and operators, where the Husimi
function plays the role of phase-space quasi-probability distribution function [5]. In our case,
the quDits phase space will be associated to the coset space U(D)/[U(1)×U(D− 1)] = CPD−1,
a complex projective space that generalizes the Bloch sphere and that is linked to the totally
symmetric representation of U(D) [6]. At the same time, we rede�ne the concept of moments
of the Husimi function in the phase-space CPD−1 to measure the localization of the quantum
states [7]. The moments are good indicators of QPTs in critical quantum systems, such as Bose-
Einstein condensates [8], the Dicke model [9], and the LMG model [10]. The generalization of
this methods to multi-quDits systems give us a more complex and richer structure than using the
traditional Heisenberg -Weyl group or U(2). Indeed, the parity symmetry group Z2 appearing
in the spontaneous symmetry breaking of 2-level QPTs, now turn into ZD−1

2 for D-level systems
[11].
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2. D-level LMG model
The 3-level LMG model is a particular case of a second quantized Hamiltonian describing pairing
correlations

HD =

D−1∑
i=0

N∑
µ=1

εic
†
iµciµ −

D−1∑
i,j,k,l=0

N∑
µ,ν=1

λklij c
†
iµcjµc

†
kνclν (1)

where µ denotes N identical particles distributes among D energy levels labeled by i. The two-
body residual interactions (with strength λ) scatter pairs of particles between the D levels (total
number of particles=const.). If we consider the following list of assumptions,

• De�ne U(D) �quasispin� collective operators Sij =
∑N

µ=1 c
†
iµcjµ.

• Vanishing interactions in the same level and equal interactions in di�erent levels.

• Dividing two-body interactions by the number of particle pairs N(N − 1) to make the
Hamiltonian an intensive quantity (energy density).

• Same energy spacing between levels εi = ε.

We arrive to the simpli�ed version of the previous Hamiltonian,

HD =
ε

N
(SD−1,D−1 − S00)− λ

N(N − 1)

D−1∑
i 6=j=0

S2
ij . (2)

which is called the D-level LMG Hamiltonian. We shall also restrict to indistinguishable atoms,
so that we use the fully symmetric irreducible representations of U(D). Hence, the Hilbert space

is spanned by the Bose-Einstein-Fock states |~n〉 =
(a†0)n0 ...(a†D−1)nD−1

√
n0!...nD−1!

|~0〉.
The interaction codi�ed in the Hamiltonian (2) only scatters pairs of particles, thus there

is a conserved quantity, the parity Πi = exp(iπSii) of the population Sii in each level
i = 0, . . . , D−1. The energy eigenstates have discrete parity symmetry ZD−1

2 = Z2× D−1. . . ×Z2, as
Π0 = (−1)NΠ1 . . .ΠD−1. This parity will be spontaneously broken in the thermodynamic limit
N →∞, leading to a highly degenerated ground state. The elements of ZD−1

2 are labeled by the

strings b = [b1, . . . , bD−1] ∈ {0, 1}D−1, and the elements of the Pontryagin dual ẐD−1
2 ∼ ZD−1

2
by c = [c1, . . . , cD−1] ∈ {0, 1}D−1. Therefore, c label the 2D−1 parity invariant subspaces, whose
projectors are

Πc = 21−D
∑

b∈{0,1}D−1

(−1)c·bΠb , (3)

where c · b = c1b1 + · · ·+ cD−1bD−1 and Πb ≡ Πb1
1 . . .Π

bD−1

D−1 .

3. U(D)-spin coherent states and adaptation to parity
In order to study the LMG model spectrum, we shall study the U(D)-spin coherent states (DSCS
for short), which are good variational states reproducing the ground state of the LMG model in
the thermodynamic limit N →∞. We de�ne DSCS à la Perelomov [4],

|z〉(N) =
1√
N !

(
a†0 + z1a

†
1 + · · ·+ zD−1a

†
D−1√

1 + |z1|2 + · · ·+ |zD−1|2

)N
|~0〉, (4)

where z = (z1, . . . , zD−1) are coordinates in a patch of the projective manifold CPD−1 =
U(D)/[U(1)×U(D − 1)], where i = 0 is the reference level. The coe�cients of the DSCS in the

Fock basis are c~n(z) =
√

N !∏D−1
i=0 ni!

∏D−1
i=1 z

ni
i

(1+z†z)N/2
, with the scalar product z†z = |z1|2 + · · ·+ |zD−1|2.
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They are not orthogonal 〈z|z′〉 = (1+z†z′)N

(1+z†z)N/2(1+z′†z′)N/2
and de�ne an overcomplete set of states

1 =
∫
CD−1 |z〉〈z|dµ(z) with the Haar measure dµ(z) = (D−1)!

πD−1

(
N+D−1

N

)d2z1...d2zD−1

(1+z†z)D
.

As DSCS do not display the parity symmetry ZD−1
2 , we have to create a parity adaptation

of them on invariant subspaces Πc for �nite N , called c-DCAT states, so as to have variational
states apart from in the thermodynamic limit. c-DCAT states are de�ned as

|z〉c ≡
Πc|z〉
N (z)c

=
21−D

N (z)c

∑
b∈{0,1}D−1

(−1)c·b|z〉b (5)

where |z〉b = Πb|z〉 = |((−1)b1z1, . . . , (−1)bD−1zD−1) and the normalization constant is

N (z)2
c = 21−D

∑
b

(−1)c·b(1+z†zb)N

(1+z†z)N
. For instance, for D = 2 levels c = [c1] ∈

{
[0], [1]

}
, we

obtain the well known Schrödinger cat as superposition of two states

|z〉± = |z〉±|−z〉√
2±2

(
1−|z|2
1+|z|2

)N , (6)

where |z〉[0] = |z〉+, |z〉[1] = |z〉−. In the case of D = 3 levels, the parity label is

c = [c1, c2] ∈
{

[0, 0], [0, 1], [1, 0], [1, 1]
}
, and the c-3CAT is

|z〉c = 1
4N (z)c

[
|(z1, z2)〉+ (−1)c1 |(−z1, z2)〉+ (−1)c2 |(z1,−z2)〉+ (−1)c1+c2 |(−z1,−z2)〉

]
. (7)

The c-DCAT de�nition is problematic as it leads to Πc|z〉 = 0 and N (z)c = 0 when ci = 1 and
zi = 0. Therefore, the expression (5) contains an indeterminate form of type �0/0�, which can be
avoided using limits. For example, in the case D = 2 in equation, in the odd parity case there is
an indetermination (6),

lim
z→0
|z〉[1] = lim

z→0

|z〉−|−z〉√
2−2

(
1−|z|2
1+|z|2

)N = lim
z→0

(
2
√
N√

(N−1)!
z(a†0)N−1a†1+O(z2)

)
|~0〉

2
√
Nz+O(z2)

= |n0=N−1, n1=1〉 . (8)

For D = 3 level in equation (7), we have

lim
z1→0

|z〉(N)
c = (a†1)c1 |(0, z2)〉(N−c1)

[c2] , |(0,z2)〉[c2]∝Π[c2]
|(0,z2)〉 reduced [c2]-3CAT,

lim
z2→0

|z〉(N)
c = (a†2)c2 |(z1, 0)〉(N−c2)

[c1] , |(z1,0)〉[c1]∝Π[c1]
|(z1,0)〉 reduced [c1]-3CAT,

lim
z1,z2→0

|z〉(N)
c = |n0=N−c1−c2, n1=c1, n2=c2〉 Fock basis state.

(9)

(10)

(11)

In the general D case, it is convenient to de�ne a set of null coordinates zL = {zi1 , . . . , zil}, l
non-repeated indexes L = {i1, . . . , il}, which will tend to 0, and a set of non-zero coordinates
zK = {zj1 , . . . , zjk}, k non-repeated indexes K = {j1, . . . , jk}. With this notation, the vector
z = (zK , zL) = (z1, . . . , zD−1) contains all the k + l = D − 1 projective coordinates, and the
limit of the c-DCAT is

lim
zL→0L

|z〉(N)
c = (a†i1)ci1. . .(a†il)

cil︸ ︷︷ ︸
levels ni1=ci1 ,...,nil=cil

‖cL‖0 particles

cL=[ci1 ,...,cil ]∈Z
l
2 parity

|(zK , zL = 0L)〉(N−‖cL‖0)
cK︸ ︷︷ ︸

reduced cK -DCAT

N−‖cL‖0 particles

cK=[cj1 ,...,cjk ]∈Zk2 parity

, (12)

where ‖cL‖0 is the 0-norm. In general, when we have more than one projective coordinates in
z, if we take the limit to 0 of some of them, we will obtain a reduced parity DCAT, and if we
take the limit of all the coordinates, we will arrive to a Fock basis state. All these limits will be
useful when di�erentiating the di�erent phases of the LMG model.
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4. 3-level LMG model and its quantum phase transitions at N →∞
The 3-level LMG Hamiltonian density is a particular case of the equation (2),

H =
ε

N
(S22 − S00)− λ

N(N − 1)

2∑
i 6=j=0

S2
ij , (13)

where λ is the control parameter which measures the interaction strength. We shall follow the
standard procedure to study quantum phase transitions (QPT) in the thermodynamic limit
N →∞ given by [12]. Firstly, we calculate the energy surface of the Hamiltonian (13), which is
the coherent state expectation value of the Hamiltonian density in the thermodynamic limit,

E|z〉(ε, λ) = lim
N→∞

〈z|H|z〉 = ε
|z2|2 − 1

|z1|+ |z2|2 + 1
− λ

z2
1

(
z̄2

2 + 1
)

+ z2
2 + c.c.

(|z1|+ |z2|2 + 1)2 . (14)

The calculation above relies in the fact that DSCS are good variational states which faithfully
reproduce the ground state energy of Hamiltonian models in the limit N → ∞. According to
the equation (14), we will handle a four dimensional phase space (z1, z2) ∈ C2. Secondly, we
calculate the variational minimum energy in the phase space parameters,

E(0)(ε, λ) = minz1,z2∈CE|(z1,z2)〉(ε, λ) =


−ε, 0 ≤ λ ≤ ε

2 , (I)

− (2λ+ε)2

8λ , ε
2 ≤ λ ≤

3ε
2 , (II)

−4λ2+3ε2

6λ , λ ≥ 3ε
2 . (III)

(15)

This is the variational ground state energy, which denote three di�erent phases in the model
depending on the values of the control parameter λ. In fact, there are two 2nd-order QPTs at

λ
(0)
I↔II = ε/2 and λ

(0)
II↔III = 3ε/2. The critical values of z1 and z2 which make the energy minimum

are real numbers,

z
(0)
1±(ε, λ) = ±


0, 0 ≤ λ ≤ ε

2 ,√
2λ−ε
2λ+ε ,

ε
2 ≤ λ ≤

3ε
2 ,√

2λ
2λ+3ε , λ ≥ 3ε

2 ,

z
(0)
2±(ε, λ) = ±

{
0, 0 ≤ λ ≤ 3ε

2 ,√
2λ−3ε
2λ+3ε , λ ≥ 3ε

2 .
(16)

The variational ground state (GS) is degenerated due to the four possible combinations of critical

values |z(0)
1± , z

(0)
2±〉, which implies that the Z2

2 parity symmetry of the Hamiltonian is broken. In

general, the ground state degeneracy would go as 2k, with k the number of nonzero components of

z(0) = (z
(0)
1 , z

(0)
2 ). To restore GS parity, we project the GS with Π[0,0] (see (3)) and renormalize,

so that the GS will acquire the form of a even parity 3CAT.

5. Numerical low-lying Hamiltonian eigenstates and �delity with variational cats
The spectrum of the 3-level LMG Hamiltonian calculated numerically is a good starting point to
check the accuracy of the variational calculations of the previous section. Therefore, in Figure
1 we present the numerical/exact energy densities of the Hamiltonian (13) as a function of the
control parameter λ and for N = 20 particles. The solid colored lines represent the lowest energy
eigenstates which have a de�nite c-parity for all λ ∈ (0, 3), 〈ψ0|Π[0,0]|ψ0〉 = 1, 〈ψ1|Π[1,0]|ψ1〉 = 1,
〈ψ3|Π[0,1]|ψ3〉 = 1, 〈ψ5|Π[1,1]|ψ5〉 = 1. In vertical grid lines, we have plot the values of λ where
the QPTs occur in (15), which are also present in the numerical calculations as the colored lines
degenerate close to λ = 1/2 and λ = 3/2. We take ε = 1 from now on for the sake of simplicity.
The degeneracy in the ground state for �nite N can be seen as a precursor of the QPT for
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Figure 1. In solid colored lines, the numerical energy densities of the �rst eigenstates of the
Hamiltonian (13) as a function of the control parameter λ and for N = 20 particles. In solid
black lines, the rest of the eigenenergies, and in dashed purple, the variational GS (15). The
vertical grid lines represent the quantum phase transitions (15).

N →∞. The variational GS, plotted in a dashed purple line, has an energy density close to the
numerical one and will improve when increasing N in the numerical calculations.

The natural extension of the variational approach of Section 4 for the excited states and a �nite
number of particles N is as follows. Firstly, we create a parity adapted U(3) CSs (or c-3CATs),

|z〉c ≡ Πc|z〉
N (z)c

. Then, we substitute one of the four critical coherent state parameters combinations

z(0) = (z
(0)
1+ , z

(0)
2+) (obtained for N → ∞ in eq.(16)) into |z〉c, that is |z(0)〉c = limz→z(0) |z〉c.

We compare via �delity how good is this new variational approximation, that is we calculate the
overlap of the variational excited states |z(0)〉c with the numerical ones |ψi(λ)〉. The �delity∣∣
c〈z(0)|ψi(λ)〉

∣∣ is in general close to one for all the values of λ which are not close to the

critical ones, that is, the variational states |z(0)〉c fail to reproduce the numerical eigenstates
near the QPTs. This variational procedure for �nite N can be improved maximizing the overlap
|c〈z|ψi(λ)〉|2 = N (z)2

cQψi(λ)(z) in phase space z = (z1, z2), and de�ning new variational states as
c-3CATs |z〉c evaluated in the z of the minimization (see reference [13] for a complete discussion).

6. Husimi function and localization measures in phase space CPD−1

The DSCS studied in Section 3 provide a phase space representations of wave functions in
quantum physics. In particular, we are going to focus in the Husimi function, its moments, and
inverse participation ratio (IPR). The Husimi function in the phase space CPD−1 of a quantum
states |ψ〉 is de�ned as its overlap with a DSCS, Qψ(z) = |〈z|ψ〉|2, with the normalization∫
CD−1 Qψ(z)dµ(z) = 1. The Husimi function of a DSCS is the overlap Q|z〉(z

′) = |〈z′|z〉|2, and

the Husimi function of a c-DCAT is Q|z〉c(z′) = |〈z′|z〉c|2 =
21−D|∑b

(−1)c·b(1+z†z′b)N |2
(1+z′†z′)N

∑
b

(−1)c·b(1+z†zb)N
. We

also de�ne the ν-th moments of the Husimi function as

Mν(ψ) =

∫
CD−1

[Qψ(z)]νdµ(z), ν > 1. (17)

The 2nd moment M2(ψ) is called IPR, which is directly proportional to the localization of a
state in the phase space. Note that the Lieb conjecture a�rms that the states that maximize
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the ν-th moments are the DSCSs [14],

max
ψ∈H

Mν(ψ) = Mν(|z〉) =
(N+D−1)D−1

(Nν+D−1)D−1

N→∞−−−−→ 1/νD−1 . (18)

The ν-th moments of the c-DCAT do not have a trivial expression and are calculated in [15]. In
the case of the c-3CAT, we present the thermodynamic limit of their ν-th moments,

lim
N→∞

lim
z1,z2→0

Mν(|z〉c) =
(2c1+c2)1−ν

νD−1
, lim

N→∞
lim
z2→0

Mν(|z〉c) =
(21+c2)1−ν

νD−1
∀z1 6= 0,

lim
N→∞

Mν(|z〉c) =
(22)1−ν

νD−1
∀z1, z2 6= 0, (19)

where the numbers between parenthesis in the numerators are related with the number of humps
of the Husimi function in phase space as we will see in the next section �gures. The calculation of
the thermodynamic limit of the ν-th moments of the c-DCAT, together with the Lieb conjecture
proof for U(D) and discussion of the Wehrl entropy, can be found in the reference [13].

7. Localization measures of the ground and �rst excited states
In this section, we gather all the necessary ingredients to achieve our main goal, to use localization
measures in phase space (Husimi function and IPR) to analyze the QPT of the 3-level LMG
model. In our variational model (14), the phase space is four dimensional, so we separate
�position� x1,2 = Re(z′1,2) and �momentum� p1,2 = Im(z′1,2) coordinates to be able to plot the
Husimi function Q|ψ〉(z

′). In the left row of Figure 2, the Husimi function Q|z(0)〉[0,0](z
′) of the

variational GS is plotted for N = 20 particles. We can see how the number of humps of the
Husimi function increases with the control parameter λ (going down in the same column), what
is a sign of less localization in phase space due to the interaction. Indeed, we take values of
λ inside the three di�erent phases to display how the number of hump and the delocalization
increases from top to the bottom row. The number of humps 2k of the GS Husimi function is
related to the parity Zk2 of the variational GS in each di�erent phase.

We can extend the LMG phase space analysis to the excited states, in particular, the three
rows at right in Figure 2 shows the Husimi function of the variational excited states Q|z(0)〉c(z′)
for N = 20 in "position" coordinates. Now we obtain a contour plot di�erent to the variational
GS one, due to the excited states Husimi function presents a number of humps

#humps

(
Q|z(0)〉c(z′)

)
= 2‖z

(0)‖0+‖cL‖0 ∀N >> 1, (20)

depending on the number of non-zero c-3CAT coordinates ‖z(0)‖0 (which is a function of λ,
see eq.(16)), and on the number of non-zero components ‖cL‖0 of the parity string cL, which
contains the elements of c whose indexes match with ones of the null components of z(0) (see
reference [13] for more details).In phase III (bottom row in Figure 2), all the variational excited
states has a similar structure to the GS, as it degenerates when increasing λ according to the
energy spectrum in Figure 1.

The delocalization phenomena when increasing λ can be quanti�ed using the IPR as in Figure
3. We plot the IPR of the, variational and numerical, GS and �rst excited states as a function
of the control parameter. The variational results are more accurate than the numerical ones
when comparing with the horizontal grid lines, which are the values of the variational states IPR

in the thermodynamic limit (see eq.(19)), that is lim
N→∞

M2(|z(0)〉c) = (2c1+c2 )−1

4 , (21+c2 )−1

4 , (22)−1

4 .

This plot also agrees with Figure 2, as more IPR implies more localization, which happens when
increasing λ. In addition, in phase III (λ > 1.5) all the states achieve the same value of the IPR
as a sign of the GS degeneration.
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Figure 2. Contour plot of the Husimi function of the variational GS and �rst excited states
in �position� phase space coordinates x1,2 = Re(z′1,2), for N = 20 particles and three di�erent
values of the control parameter λ in the three phases (15).

8. Conclusions
We have seen how the ZD−1

2 parity of the c-DCATs is reduced to Zk2 when there are l = D−1−k
null projective coordinates. This fact allow us to extend previous studies of LMG U(3)
ground states to excited states, which turn out to be modeled by c-3CATs of di�erent parities
(comparison via �delity). We have proposed a de�nition of the Husimi function and its moments
in the projective space CPD−1 using U(D) coherent states. These de�nitions ful�ll the Lieb
conjecture, as c-DCATs are less localized than DSCS in phase space (see eq.(18)). In particular,
we have restricted the calculations to the three level case D = 3, where the QPTs of the LMG
U(3) model are visualized in the phase space CP 2 with the Husimi function, IPR, and Wehrl
entropy of the GS. The control parameter λ have delimited the di�erent phase, so an increment
of λ is traduced in more humps in the GS Husimi function and less localization in phase space,
together with an decrement of its IPR. The excited states also su�er delocalization in the QPT
but depending on their c-parity. We propose for future work to extend the numerical calculations
to D > 3 levels and check if the numerical eigenstates can be modeled by c-DCATs in general.

aa
aa
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Figure 3. Inverse Participation Ratio of the numerical (bottom panel) and variational (top
panel) excited states for N = 50 particles. The horizontal grid lines denote the thermodynamic
limit of the IPR according to the eq.(19), and the vertical grid lines separate the di�erent phases
(15).
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