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Abstract. Coherent states are constructed for systems generated by supersymmetry from an
initial Hamiltonian with a purely discrete spectrum such that the levels depend analytically
on their subindex. The technique is illustrated by means of the trigonometric Poschl-Teller
potentials.

1. Introduction

The beautiful attributes of the standard coherent states (CS) stems from the Heisenberg-Weyl
algebra, characteristic of the harmonic oscillator. It is well known that some of these properties
play the role of definitions, which can be used to built up CS for systems different from the
oscillator [1-8]. In particular, if the CS are to be constructed through algebraic techniques, e.g.
as eigenstates of the annihilation operator, it is fundamental to identify the algebra characterizing
the system under study. Surprisingly, for Hamiltonians whose spectra consist of an infinite set
of discrete energy levels E,, = E(n), where F(n) is a function specifying the analyzed system,
the appropriate algebraic structure was just recently identified, and this allowed at the same
time to perform the CS construction [9].

On the other hand, supersymmetric quantum mechanics (SUSY QM) has proved successful
to generate exactly solvable potentials from an initial solvable one [10-22]. If the Hamiltonian of
departure is ruled by a given algebra, it is natural to ask how much of this algebraic structure will
be inherited by its SUSY partner potentials and what will be the similarities and/or differences
of the corresponding CS.

Some partial answers to these question were found for the first time in 1994 [23] (see however
the seminal work of Mielnik [24]). There, third order differential annihilation and creation
operators were identified as the generators of the natural algebra (which turned out to be of
polynomial type) for the simplest family of first-order SUSY partners of the oscillator (the so
called Abraham-Moses-Mielnik potentials [24,25]). The CS were also built as eigenstates of the
natural annihilation operator, and its decomposition in terms of energy eigenstates turned out
to be more involved than the standard one. In further works it was shown that simpler CS
exist for the same family of potentials (working with deformations of the natural annihilation
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and creation operators), and it was shown that their expansion in terms of eigenstates of the
Hamiltonian was essentially the same as the standard one [26,27]. In 1999 it was identified
the natural algebra characterizing a quite general family of SUSY partner potentials of the
oscillator. The order k£ € N of the intertwining operator was finite, and the positions of the new
levels created by the transformation were arbitrary, although all of them below the ground state
energy of the oscillator [28]. Once again, it was found that the natural CS were more involved
than the standard ones. In the same paper it was shown that the standard expression for the
CS can be as well recovered working with a deformation of the natural algebra, which mimics
the Heisenberg-Weyl algebra in the subspace associated to the isospectral part of the spectrum.

In this paper we are going to perform a similar study for the SUSY partners of potentials
different from the oscillator, which are not longer described by the Heisenberg-Weyl algebra. The
main results to be presented here involve an initial Hamiltonians whose spectrum is composed
of an infinite set of energy levels such that E, = E(n), n=0,1,... For a detailed discussion of
these and some other results we recommend [29].

The organization of the paper is as follows. In the next section the algebraic structures
of the initial Hamiltonian Hy will be explored, while in section 3 we are going to derive the
corresponding coherent states. The SUSY partner Hamiltonians of Hg will be discussed in
section 4, while in section 5 the corresponding algebraic structures will be analyzed. In section 6
the coherent states of Hj shall be constructed. The complete procedure is going to be applied to
the trigonometric Poschl-Teller potential in section 7 while in section 8 we will finish the paper
with our conclusions.

2. Algebraic structures of H

Let us start with an initial Schrodinger Hamiltonian

= s 4 Vofa), )
whose eigenfunctions and eigenvalues satisfy
Holtn) = En|thy), Eoy<Ei<EBEy<... (2)
where
E, = E(n), (3)

i.e., we are assuming that there is an analytical dependence, characterized by the function E(x),
of the energy eigenvalues with the subindex labeling them. Let us introduce now the number
operator Ny in the way:

Nolton) = nl¢n). (4)

The intrinsic nonlinear algebra of Hy is defined through the following expressions:

a5|¢n> =rz(n)|[tn-1), a8_|¢n> =7z(n+ 1)[Yny1), (5)
rr(n) = e En—En1) /JE"FE; acR. (6)

At the operator level the previous relationships lead to:

agag = E(No) — Eo, agag = E(No + 1) — E. (7)
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Thus, we arrive at the following set of non-null commutation relationships characteristic of the
intrinsic algebra of Hy:

[No, a3] = £ag, lag ,ag] = E(No + 1) — E(No) = f(No), (8)
[Ho,a(ﬂ:iagtf(]vo—%i% :if<No—%:F%>a3:. )

The Hubbard representation of aa—L is given by:

ag =rz(No+1) i:éo |tom) (Ym1l, ag = 7z(No) Z [Ym 1) {Yml. (10)

m=0

On the other hand, the linear algebra of Hy is obtained from the following deformation of the
intrinsic annihilation and creation operators a(jf:

ag, = b(No) ay aarc = ag b(Np), (11)
with

b(n) — :’;EZES -\ 5 7:)1— () = el (12)

It turns out that:
ag, [Yn) = re(n)|n-1), ag,|¢n) = Fe(n + 1)[tnt), (13)
which is equivalent to the following commutation relationships:
[No,ag,] = *ag,,  lag,.ag,] =1, (14)

i.e., the linear annihilation-creation operators aatﬁ (together with Nj) satisfy the standard
Heisenberg-Weyl algebra.

3. Coherent states of Hy

Along this paper we will derive the coherent states as eigenstates of an involved annihilation
operator. As regards to the intrinsic CS of Hy, they obey:

ag |z, )0 = 2|z, )0, z € C. (15)

An standard procedure leads to the following expression:

22\ P A ia(E,—Ey) =
12, a)p = (Z _) Z e—za( m— O)WWJm)’ (16)
m=0 Pm m=0

_{1 if m=0, (17)
P =\ (B — Eo) ... (By — By)  if m>0.

=

The completeness relationship of the intrinsic CS

[ 1200 otzvalautz) =1, (18)
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with a measure given by
2m
ne) = 2 (£ ) o) (19)

is valid provided that p,, and p(z) satisfy the following moment problem:

/0 y"p(y)dy = pm, m=0,1,... (20)

The reproducing kernel is given by

oferal i = (£ ) %<Z = (f: G, (21)

m=0

which in particular means that two intrinsic CS associated to different complex eigenvalues
2 # 2’ are non-orthogonal. It is worth to notice that a CS evolves always as a CS since

Uo(t)|z, a)o = exp(—itHy)|z, a)g = e 0|z, a + t)o. (22)

This property is a consequence of the phase choice of (5-6). That is why these CS sometimes
are called adapted. Note that the eigenvalue z = 0 is non-degenerated:

|2 =0,a)0 = [tho). (23)
Concerning the linear CS of Ho, which are eigenstates of ag,, they turn out to be:

‘ 2
7.0)0 =% 3 e

2 ), (24)

which, up to the phase factors, have the form of the standard CS. This implies that the
completeness relationship is automatically satisfied:

%/Lz,oz)oﬁ oz, 0l d*z = 1. (25)
The reproducing kernel is the standard one:
0s(z, |z, a)o, = exp ( l2” ‘ 1 2 ‘2) , (26)
and, since the phase choice for the linear is the same as for the intrinsic annihilation and creation
operators, it turns out that once again a CS evolves in time into a CS.

It is worth to notice that for the linear CS it is valid

|2, a)0, = Dr(2)[tho) = exp(zag, — Zag, )[¢), (27)

meaning that the linear CS can be obtained through the action of the displacement operator
Dy (z) onto the ground state of the system, as for the harmonic oscillator.
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4. SUSY partner Hamiltonians Hj
The SUSY partner Hamiltonians of Hy, denoted by Hj, are linked to each other through the
following intertwining relationships involving two k-th order differential operators B, B™:

HyBif = BfHy,  HoBj = BiH;, (28)

where

1 d2

Hy = —=2
k 2 dz?

+ Vie(w). (29)

The potential Vi (x), in terms of the initial one and the solutions «;(x, €;) of a sequence of Riccati
equations, is given by:

k
Vie(z) = Vp(z) — :Zla;-(a:,e,-). (30)

In case that all the €;,7 = 1,...,k are different, it turns out that the ¢-th Riccati solution at ¢;
can be expressed algebraically in terms of two previous ones at ¢;, €1 through the following
finite-difference (Béacklund) formula:

2(€i — 62'_1)
a;—1(z,€) — a1 (, 62‘-1)’

Oéi(:E, 62') = —042'_1(1‘, 5@'—1) — 1= 2, .. k. (31)

By iterating down this formula, it is straightforward to realize that all the «; can be expressed
in terms of the k solutions oy (x,€;) of the first Riccati equation:

Ay (z,6) + 2 (z,6) =2Vo(x) —¢], i=1,...,k. (32)

The above formulae can be expressed in terms of k solutions u;(x) o exp[ [y a1(y,€)dy] of the
associated Schrodinger equation, in particular the potential Vi (z):

Vi(z) = Vo(z) — {In[W (..., u)]}". (33)
Two relevant equations resulting from this procedure are:

k k
BBy, = [[(Hy — ), BiB;" = [ (Ho — ). (34)
i=1 1=1

They show the connection between the k-th order SUSY QM and the factorization method [18].

Let us denote by |6,), i = 1,...,s, the s physical states belonging to the kernel of By, which
are at the same time eigenstates of Hy, namely, Bg|fe,) = 0, Hy|0,) = €i|0c,), s < k. Suppose
that Sp(H) = {e1,...,€q, Fo, B1,...}, ¢ <s,ie,eqj=FEnp;, j=1,...,p=s—q, mj <mji1.
We thus have B,j|1/1mj> =0.

5. Algebraic structures of Hy

Let us define in the first place the number operator Ny by its action onto the eigenstates of Hy:

Npl0n) = nl6n), Nul6) =0, n=01,..., i=1,...,q. (35)
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Following [23, 24, 26-28], let us introduce now a natural algebra for the SUSY partner
Hamiltonians Hj, whose generators are constructed from the intertwining and intrinsic
annihilation and creation operators of Hy:

a . = By ag By. (36)
It turns out that the action of the mnatural annihilation and creation operators af - onto the
eigenstates of Hy, is given by:
+ _ L
g, 0e;) =0, 1=1,...,q, (37)
a];N|9n> = TN(?’L) |9n—1>’ a]i_N|9n> = F/\/(n + 1) |9n+1>’ (38)

where
k 2
ra(n) = {H[E(n) —gl[E(n—1)— e,]} rz(n). (39)
i=1
An alternative expression for af " is provided by the corresponding Hubbard representation:
Uy = ra (N +1) Z 101) (Ot a;N = T (Ng) Z |011) (O] - (40)
m=0 m=0

On the subspace associated to the levels {E,,,n =0,1,...} it is valid:

() = (N + e (Vi 1) = i (N (V)] 32 16 Bl (41)

Let us analyze now the intrinsic algebra of Hy, which is generated by the following annihilation
and creation operators:

a, = rz(Nk+1) 22 |0m) (Oma1l, a;: =T7(Ng) 22 10mr1)(Oml. (42)
m=0 m=0

Their action onto the energy eigenstates of Hjy becomes:

at|f,) =0, i=1,...,q, (43)
ay |0n) = rz(n)|0n-1), a;0n) = 7z(n 4 1)[0n11)- (44)

On the subspace associated to the levels {E,, n = 0,1,...}, this algebra is equal to the
corresponding one for Hy:

o] = F(N) 32 [0, 0 (45)

Note that the natural and intrinsic algebras of Hy can be seen as deformations from each other,
since:

' (Nk)
TI(Nk)

— _TN(Nk+1) - + A (Ng) + +
Uy = rr(Ni +1) Y r7(N) %o Ohy

ay, = [E(Ni) — Eo] [ ]2. (46)
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Finally, let us analyze the linear algebra of Hj, which is generated by:
o o
a, = re(Ng +1) Z 1012) (Omt1], a}i_ﬁ =72 (Nk) Z |Omt1) (O] (47)
m=0 m=0
The corresponding action on the eigenstates of Hy reads:
ay, 16;) =0, i=1,...,q, (48)
g |0n) = r£(n)|0n-1), aj,|0n) = Tz(n +1)0p41). (49)

At the operator level, this algebra is described by the following commutation relationships:
+ + - <
M) =%k, Lo af) = X (00l (50)
m=

Once again, the intrinsic and linear algebra are deformations from each other due to:

_ T’E(Nk + 1) _ + T’E(Nk) + + -
e = r7(Ny +1) % e = r7(Ng) % Tk e = N (51)

The previous results lead us to conclude that the algebraic structures associated to Hy,
intrinsic and linear, characterize as well its SUSY partner Hamiltonians Hj on the subspace
associated to the initial levels {E,, n = 0,1,...}. It will be interesting to see what happens
with the corresponding coherent states.

6. Coherent states of Hj,

The natural nonlinear coherent states of Hj,, which are eigenstates of a, o are given by:

N

m

o)
S et En ) Sy ), (52)
Pm

_{se P
|2, )y = Z —

m=0 Pm m=0

where pg = 1 and, for m > 0,
p 1 i
pm = = [ [ Bttt =€) B, = 6)* - (B2 = 60 (Bt = ) (53)
mptl oy

Since the CS decomposition (52) does not involve the eigenstates {|0c,), |0n), i=1,...,q, n =
0,...,my} of Hy, the completeness relationship has to be modified, namely,

q

D10 Oesl + D 10} (Ol + / 12, @k iy (2l dpi(2) = 1, (54)
m=0

1=1

where the measure reads:

~ e iR WP
dp(z) = — (Z ) p(|z]7) d”. (55)

Prm,
The associated moment problem becomes now:

/O B y) dy = By m > 0. (56)
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Note that here the degeneracy of the eigenvalue z = 0 can be any of the integers {s+1,...,s+
p+ 1}. The time evolution of the natural CS become:

Uk(t)|2,a) g, = exp(—itHy)|z, ), = e Empti|z a + 1)y .. (57)

As regards the intrinsic nonlinear coherent states of Hy, it turns out that:

1

Z2m 2 » a »m
2.0k = (Z‘ | ) > et g, (59)

m=0

Note that, if equation (18) is satisfied, then the completeness relationship,

S 106 (6] + / (2, )i (2 0 dpa(2) = 1, (59)
=1

is also valid. Let us remark that the eigenvalue z = 0 is now (q+1)th degenerated.
For the linear coherent states of Hj we get:

|z, )k, =
Now the completeness relationship is simply:
I 1
516 6e + / 12 iy e (20 P2 = 1. (61)
i=1

Once again, the eigenvalue z = 0 is (¢ + 1)-th degenerated. Notice finally that:
|z,0)k, = Dy, |60) = exp(zak — zay,)|6o)- (62)

It is worth to point out that the decompositions for the intrinsic and linear CS of Hj,
which involve just energy eigenstates belonging to the subspace associated to the initial levels
{En, n=0,1,...}, are the same as the corresponding ones for Hy. This is due to the fact that
the linear and intrinsic algebras of Hy characterize as well the Hy on the subspace associated to
the initial levels. Let us illustrate next our treatment by one simple non-trivial example.

7. Example

Let us apply the previous techniques to the trigonometric Péschl-Teller potentials:

(v—1)v

Vo() = 2cos?(x)’

v>1, (63)
which are illustrated in gray in Figure 1. The eigenfunctions of the corresponding Hamiltonian,
satisfying the boundary conditions ¢, (—m/2) = ¥,(7/2) = 0, as well as the eigenvalues are
given by:

1/2
SUEDNONED o
En:E(n)zM n=0,1,2,... (65)

2 )
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where C¥(y) are the Gegenbauer polynomials.
The intrinsic algebra of Hy is characterized by:

E(No) = M (66)
which leads to:
f(No) = E(No +1) — E(Ng) = No+ v + . (67)
Thus, the commutation relationships for the intrinsic algebra of Hy become:
[No, af] = +aF, lag,al] = No+v+3, [Ho,ay) = £(No+vF )as.  (68)

Notice that the first two relations essentially correspond to the su(1,1) algebra.
On the other hand, the linear annihilation and creation operators of Hy, which generate the
Heisenberg-Weyl algebra, are given by:

2 2
o= ————aj Fo=aly——— 69
Oc No+t2wv41 0 Y =Y\ Ny F o+ 1 (69)

aarﬁagﬁ = No, lag,.» aarﬁ] =1. (70)

such that

Concerning the coherent states of Hy, it turns out that the intrinsic and linear ones become
respectively:

|2,a)0 = [oF1(2v + 1;2|2)] E mfoe—i%m(mw s 2" Ym), (71)
2, a)o, = e~ 3 3 emimonta Sy, . (72)
m=0
The moment problem for the intrinsic CS involves:
= m! (2;:— 1)m7 (73)
leading to
2I/+2
W) = 5 Ko (21/2y). (74)
The invariant measure is thus:
QU+ (2 ) ,
du(z) = moﬂ@’/ +152[2*) K2, (2V2|2]) dz, (75)
while the reproducing kernel is:
o{z, alz’,a)o=[oF1(2v + 1;2|2|?) o F1 (2v + 1;2|2/|?)] 3 oF1(2v + 1;2z2"). (76)

For analyzing the SUSY partner Hamiltonians Hy, let us suppose that we use just seed
solutions associated to non-physical eigenvalues of Hy, ¢ of them becoming at the end physical
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Figure 1. Tllustration of the first-order SUSY partner potential V;(x) (black curve) of the Péschl-Teller
potential with v = 3 (gray curve). The potential V;(x) has an additional level, compared with V;(z), at
e=44< Ey=9/2.

levels of Hy. An illustration of the corresponding potentials is plotted in black in Figure 1. The
several algebraic structures of Hy are characterized by the following functions:

, 2
rr(n) = eelrivp)  [2OLE2), (77)
rvin) _ 1ﬁ¢ [(n+v—1)2—2¢][(n+v)— 2], (78)
rr(n) 2k ‘ ‘
re(n) 2
. 79
rr(n)  Vn+2v (79)
The natural CS of Hy can now be straightforwardly evaluated:
|z’a>kl\f - \/ F ; .1 . ; .92k+1],[2
0F a1 (v, . v—/26;,v—/2€;+1,0+/2€6;,0+/2€;+1,...;22k+1 | 2|2)
o0 7iam (m+2v) m m
« e~ 3 +20) \/omk+1) ;m|g,,) (80)

m=0 \/ml(2v+1)m H V—v2E), (v—vEa+1), (vhvEe), (vev2att)
The corresponding moment problem involves:

m!(2v + 1)

P = i Jm H (V= V26)m(v — V26 + D)V + V26)m (v + V26 + ). (81)

The intrinsic and linear CS of Hj can be obtained from the expressions (71-72) by the
substitution [¢,,) — [0m).

8. Conclusions

In this paper we have shown that the intrinsic and linear algebras of Hy are inherited by Hy
on the subspace associated to the initial levels {FE,, n = 0,1,...}. It turns out that the linear

10
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algebra for both SUSY partner Hamiltonians Hy and Hj simplifies at maximum the intrinsic
algebraic structure of our systems. We have also generalized successfully the natural algebra for
Hj,, introduced previously for the SUSY partners of the harmonic oscillator. Once determined
the algebra characterizing our systems, it is straightforward to perform the CS analysis.
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