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ABSTRACT

We present new free-form and hybrid mass reconstructions of the galaxy cluster lens MACS J0416.1—2403 at z = 0.396 using
the lens inversion method GRALE. The reconstructions use 237 spectroscopically confirmed multiple images from Bergamini
et al. (2023) as the main input. Our primary model reconstructs images to a positional accuracy of 0.191 arcsec, thus representing
one of the most precise reconstructions of this lens to date. Our models find broad agreement with previous reconstructions, and
identify two ~ 10'> M, light-unaffiliated substructures. We focus on two highly magnified arcs: Spock and Mothra. Our model
features a unique critical curve structure around the Spock arc with 2 crossings. This structure enables sufficient magnification
across this arc to potentially explain the large number of transients as microlensing events of supergiant stars. Additionally, we
develop a model of the millilens substructure expected to be magnifying Mothra, which may be a binary pair of supergiants
with ¢ ~ 6000. This model accounts for flexibility in the millilens position while preserving the observed flux and minimizing
image position displacements along the Mothra arc. We constrain the millilens mass and core radius to < 10°Mg, and < 17 pc,
respectively, which would render it one of the smallest and most compact substructures constrained by lensing. If the millilens
is dominated by wave dark matter, the axion mass is constrained to be < 3.0 x 102! eV. Further monitoring of this lens with
JWST will uncover more transients, permitting tighter constraints on the structure surrounding these two arcs.

Key words: gravitational lensing: strong — galaxies: clusters: individual: MACS J0416.1—2403 —dark matter.

Strong gravitational lensing of background source galaxies by the

1 INTRODUCTION .
cluster offers a powerful technique to accurately reconstruct such

The mass distributions of galaxy clusters are dominated almost
completely by dark matter, with dark matter contributing ~ 100x
more to the total mass than baryons (Kravtsov & Borgani 2012).
Observations of individual cluster members and the hot intracluster
plasma are therefore often insufficient to reconstruct the mass
distributions of galaxy clusters. Additional assumptions about the
fidelity with which they trace the gravitational potential are required.

* E-mail: perer030 @umn.edu

mass distributions, and consequently allow for constraints on the
nature of dark matter (Natarajan et al. 2024). This is a direct result
of the fact that source galaxies’ position in the lens plane and
magnification can be solved for with the total mass distribution. Thus,
the modelling procedure involves a lens ‘inversion’ for this problem,
where a suitable mass distribution that can adequately reconstruct
multiple image positions is generated to probe the galaxy cluster.

A famous example of a galaxy cluster lens is MACS
J0416.1-2403 (often shortened to MACSJ0416) detected at z =
0.396. MACSJ0416 was discovered in the Massive Cluster Survey

© 2024 The Author(s).
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Table 1. Past Lens Reconstructions of MACS J0416.1—2403.

MACSJ0416 2691

Lens model Method Nim (Nim,z)  Degrees of freedom ARMS Spock arc CC crossings Possible substructures
Johnson et al. (2014) LensTool (Par) 50 (26) 21 0.51 arcsec N/A N/A
Jauzac et al. (2014) LensTool (Par) 149 (26) N/A 0.68 arcsec N/A 2
Sebesta et al. (2016) GRALE (FF) 149 (26) N/A N/A N/A N/A
Bergamini et al. (2019) LensTool (Par) 102 (102) 110 0.61 arcsec N/A 0
Gonzalez et al. (2020) LensTool (Par) ~171 (N/A) N/A N/A N/A 5
Raney et al. (2020) Keeton (Par) 95 (95) N/A 0.52 arcsec 2 N/A
Bergamini et al. (2021) LensTool (Par) 182 (182) 202 0.40 arcsec 1 0
Richard et al. (2021) LensTool (Par) 198 (198) N/A 0.58 arcsec N/A N/A
Limousin, Beauchesne & LensTool (Par) 182 (182) N/A 0.62 arcsec N/A 0
Jullo (2022)

Bergamini et al. (2023) LensTool (Par) 237 (237) 268 0.43 arcsec 1 0
Cha & Jee (2023) MARS (FF) 236 (236) N/A 0.0836 arcsec N/A 0
Diego et al. (2024b) WSLAP + (H) 343 (237) N/A N/A 1 0
Diego et al. (2024a) WSLAP + (H) 214 (214) N/A N/A 1 0
Rihtarsic et al. (2024) LensTool (Par) 303 (303) 354 0.53 arcsec N/A N/A
This work GRALE (FF) 237 (237) N/A 0.191 arcsec 2 2

Note.A summary table of recent lens models for MACS J0416.1-2403. Remolina Gonzdlez, Sharon & Mahler (2018) provide a review of lens models
prior to ~2018. The columns list the following: lens model reference, the reconstruction method and type (‘Par’ for parametric, ‘H’ for hybrid, and ‘FF’
for free-form), the number of images Niy, used (number of images with spectroscopic redshifts Nin, ,), model degrees of freedom (where reported), the
lens plane RMS Agrwvs, the number of critical curve crossings present in the Spock arc, and the number of identified substructures. Anywhere listed ‘N/A’

indicates that the study did not report the information.

(Ebeling, Edge & Henry 2001) and has been extensively studied
with numerous Hubble Space Telescope (HST) programs including,
the Cluster Lensing And Supernova survey with Hubble (CLASH;
Postman et al. 2012); the Hubble Frontier Fields (HFF; Lotz
et al. 2017); the Beyond Ultra-deep Frontier Fields And Legacy
Observations (BUFFALO; Steinhardt et al. 2020); and Flashlights
(Kelly et al. 2022). Most recently, the JWST began observations of
MACSJ0416 with the Prime Extragalactic Areas for Reionization and
Lensing Science (PEARLS; Windhorst et al. 2023) program, with 4
epochs spanning 126 d completed in Cycle 1 (Yan et al. 2023). These
extensive observations have made it the cluster lens with the largest
number of multiple images ever discovered to date, with 343 multiple
images (237 with spectroscopically confirmed redshifts), permitting
unprecedentedly accurate lens modelling and reconstruction of its
mass distribution (see Table 1 for a list of past mass reconstructions
of the lens MACSJ0416).

In addition to its many image constraints, MACSJ0416 is of
considerable interest due to its elongated bimodal mass structure
that is a prototypical feature of actively merging clusters (Zitrin
et al. 2013; Jauzac et al. 2014, 2015; Balestra et al. 2016). The
merging state of MACSJ0416 implies that it is likely dynamically
complex with abundant substructures on varying length scales
(Jauzac et al. 2018; Cerini, Cappelluti & Natarajan 2023). Therefore,
these properties allow for the results of precise lens models of galaxy
clusters informed by large number of images to place constraints
on the nature of dark matter, through its potential interaction cross-
section (Kneib & Natarajan 2011; Peter et al. 2013) or substruc-
ture mass fraction (Natarajan et al. 2017; Lagattuta et al. 2023;
O’Riordan et al. 2023). Past lens models of MACSJ0416 have
constrained the dark matter halo contribution to the total mass to ~
90 per cent (Bonamigo et al. 2017; Caminha et al. 2017; Bonamigo
et al. 2018).

Meanwhile, the recent discovery of several highly magnified
transient stars in the arcs of MACSJ0416 (Rodney et al. 2018; Chen
et al. 2019; Kaurov et al. 2019; Kelly et al. 2022; Diego et al. 2023;
Yan et al. 2023) has opened up a new astrophysics research frontier
of studying lensed stars at z 2> 1. To permit adequate study of such

stars, advances in gravitational lensing theory to help model these
high magnification (u 2 1000) events are currently being developed
(Venumadhav, Dai & Miralda-Escudé 2017; Dai & Pascale 2021;
Meena, Arad & Zitrin 2022). Probing the mass structures near
the critical curves of clusters can increase the resolution of the
recovered cluster mass distribution, potentially uncovering individual
intracluster stars (Kelly et al. 2018), and dark matter subhaloes that
do not appear to be associated with visible structures (Williams et al.
2024). The time domain nature of these lensed transients has been
used to constrain the probability of microlensing (Dai 2021; Li et al.
2024); stellar abundance at high redshifts (Diego et al. 2024a); and
the properties of dark matter (Diego et al. 2018; Oguri et al. 2018;
Dai & Miralda-Escudé 2020). Similarly, accurate modelling of the
regions near critical curves are crucial to help elucidate properties of
high redshift stellar systems (Claeyssens et al. 2023; Pascale et al.
2023; Klein et al. 2024).

Table 1 summarizes many of the recent lens mass reconstructions
for MACSJ0416 and their results. The identification of increasing
numbers of multiple images has contributed to increased precision in
the models regardless of adopted methodology. In general, parametric
lens models account for cluster member galaxies and the cluster dark
matter halo with analytic density profiles such as Navarro—Frenk—
White (NFW; Navarro, Frenk & White 1997); pseudo-isothermal
(Natarajan & Kneib 1997) or pseudo-Jaffe (Keeton 2001). Parametric
models have the advantage of being physically motivated by proper-
ties of the cluster and being directly comparable to cosmological
simulations, although this can lead to bias and the inability to
identify smaller scale features of the mass distribution and to
recover small-scale substructures that may not be associated with
light. An alternative approach is provided by free-form models,
which do not include cluster light information as a prior. These
are advantageous in their flexibility, offering an unbiased view
of the lens, but may predict properties of the mass distribution
that are physically disfavoured. Hybrid models offer a middle
ground approach, incorporating physically motivated parametric
priors on top of a free-form lens framework. In this work, we
model MACSJ0416 using the free-form and hybrid methods with
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GRALE, a lens inversion technique making use of a genetic algorithm
(Liesenborgs, De Rijcke & Dejonghe 2006). This is the second
model of MACSJ0416 using GRALE, after the work by Sebesta
et al. (2016). Our model presented here is the most precise to date
for MACSJ0416, offering new constraints on substructure and dark
matter.

With our new model, we also study the structure surrounding two
highly magnified arcs': Spock (z = 1.005) and Mothra (z = 2.091).
The Spock arc has been of recent interest due to its complex local
mass structure and the discovery of numerous transients across the
arc (Rodney et al. 2018; Kelly et al. 2022; Yan et al. 2023). Various
interpretations ranging from recurrent novae (Rodney et al. 2018)
to microlensing by intracluster stars (Diego et al. 2024a) have been
suggested to explain the transients, with more preference for the latter
explanation with the increased observational cadence. An accurate
model of this region will provide tight constraints on the abundance
of lensed supergiants in the source (Diego et al. 2024a) and the
frequency of microlensing. At this point, no lens models in the
literature have been able to successfully replicate all the observations
of the Spock arc. Observations of the Mothra transient in the Mothra
arc (Diego et al. 2023; Yan et al. 2023) have found that it has
been visible for longer than 8 yr without a confident counterimage.
This suggests that Mothra is not a microlensing event, but rather
a millilensing event by a > 10* M mass substructure. The exact
size of this millilens, however, is unconstrained at present and could
range from ~ 10° M, (Diego etal. 2023) to ~ 10°M, (Abe, Kawai &
Oguri 2024). Therefore, sophisticated lens models of this millilens
have the potential to constrain it to be the smallest substructure found
with lensing, and can place tight constraints on dark matter (Diego
et al. 2023).

In this work, we study a variety of free-form and hybrid lens
models of MACSJ0416. Overall, all of our models reconstruct the
observed positions of the multiple images to high precision, and
predicts the existence of two dark substructures that appear to be
unassociated with light, with their reality needing more scrutiny.
Our main free-form lens model reconstructs a multiple critical curve
crossing structure for the Spock arc that can adequately explain
its observed high magnification and the transient detection rate,
and is one of the few lens models capable of doing so. Because
of this, we intensively scrutinize this result to ensure that it is
robust. We also test the interpretations of the Spock transients as
stellar variability or microlensing by including them as explicit
sources in separate lens models. The second half of this work
presents a millilens modelling method that we use to constrain
the mass and core radius of the millilens magnifying the Mothra
transient. We use these constraints alongside the mass substructures
identified in the model to place constraints on different dark matter
models.

In Section 2, we present the image and cluster galaxy data sets that
we use in our modelling. Section 3 describes our lens reconstruction
method with GRALE and a discussion of all the free-form and hybrid
models we generate. Section 4 presents our results, including those
for the Spock and Mothra arcs. Section 5 discusses the implications
of our results and avenues for future study of MACSJ0416. For
this work, we assume a flat lambda cold dark matter (ACDM)
cosmology with Qy =0.27, Q4 =0.73, and Hy =70 km s~!
Mpc~!. At the lens redshift z; = 0.396, 1arcsec corresponds to
5.386 kpc.

!These two arcs are the origin of the titular ‘wings’, as they look like wings
straddling the body of the cluster.
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2 DATA

Fig. 1 shows a colour composite HST image of MACSJ0416.1—2403.
We make use of the catalog of 237 spectroscopically identified
multiple images from 88 distinct background sources as compiled by
Bergamini et al. (2023)2. Their image catalogue builds off the prior
analysis in Bergamini et al. (2021) using Hubble multicolour imaging
and VLT Multi-Unit Spectroscopic Explorer (MUSE) spectroscopy
(Richard et al. 2021). Bergamini et al. (2021) identified 182 multiple
images which increased to the current 237 (Bergamini et al. 2023)
with the inclusion of primarily bright knots in extended sources.

For this catalogue, Hubble imaging was performed in 7 filters
with the HFF program (Lotz et al. 2017) and in 16 filters with the
CLASH survey (Postman et al. 2012; Balestra et al. 2016). Deep
VLT MUSE spectroscopy was obtained with a total integration time
of 17.1h (Vanzella et al. 2021). We refer to Bergamini et al. (2021)
for a complete discussion of the observations. The resulting image
catalogue represents the largest data set of secure multiple image po-
sitions with spectroscopic redshifts for any lens system. This makes
it an ideal image data set for use with GRALE. We note that, recently,
the PEARLS project (Windhorst et al. 2023) observed MACSJ0416,
thereby increasing the total number of identified multiple images
to 343 (Diego et al. 2024b). However, since many of these new
images have yet to be spectroscopically confirmed, we do not include
them in this work. We restrict our analysis to multiple images with
spectroscopic redshifts because GRALE has previously been shown
to have reduced scatter between observed and reconstructed images,
when using spectroscopically confirmed images only (Johnson et al.
2014; Grillo et al. 2015; Remolina Gonzalez et al. 2018).

As we discuss further in Section 3.2, not included in the catalogue
of 237 images are the numerous transients that have been discovered
recently with the Flashlights and PEARLS programmes. In total,
19 transients (thought to be a result of microlensing near the
cluster critical curve) have been discovered in MACSJ0416, with
the vast majority in the Spock (zs = 1.005) and Warhol (z; = 0.94)
arcs (Rodney et al. 2018; Chen et al. 2019; Kaurov et al. 2019;
Kelly et al. 2022; Yan et al. 2023). In general, these transients are
discovered due to temporary increase in brightness, aided most likely
by microlensing, and captured by time domain observations of ~2-6
epochs (on the order of 100s of days) at a depth of m 45 ~ 29. One
persistent high magnification event, Mothra, has been visible for
longer than 8 yr, suggesting a more permanent substructure causing
its high magnification (Diego et al. 2023) rather than a transient event.

In this work, we study Mothra and various transients in the Spock
arc. Observations of Mothra are presented in Yan et al. (2023) with
8 JWST filters across 4 epochs spanning 126.1d. SED fitting of
Mothra identify the source as a system of 2 binary supergiant stars as
discussed in Diego et al. (2023). Observations of Spock are plentiful,
but we make use of the observed transients S1/S2 (Rodney et al.
2018), F1/F2 (Kelly et al. 2022), and D21-S1/S2 (Yan et al. 2023). We
discuss respective interpretations of these transients in Section 3.2.
We include separate lens models making use of these transients as
specific constraints, those results are shown in Table 4.

Finally, cluster member galaxies are identified in the catalogue
from Tortorelli et al. (2023).3 Properties of cluster member galaxies
are measured from the HFF data in 3 Advanced Camera for Surveys
(ACS) optical filters and 4 Wide Field Camera 3 (WFC3) NIR filters.

2The data set is available in the article as well as at the following page:
https://cdsarc.cds.unistra.fr/viz-bin/cat/J/A + A/674/A79

3The data set is available at the following page: https:/cdsarc.cds.unistra.fr/
viz-bin/cat/J/A + A/671/L9
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Figure 1. Panchromatic image of MACSJ0416 (credits to NASA, ESA, CSA, and STScl). Green dots refer to observed multiple images and red dots refer to
cluster member galaxies. The northern and southern BCGs (BCG-N and BCG-S) are explicitly highlighted with red stars, while the Spock North and South
galaxies (Spock-N and Spock-S) are highlighted with red triangles. The blue, white, and orange squares enclose the Spock, Warhol, and Mothra arcs, respectively,
which we study in detail in this work. These arcs form the titular ‘wings’ of the cluster with their location on either side of central BCG.

The structural parameters of these galaxies are utilized as priors in
our hybrid lens models. We note that in the Southern region of the
cluster there exists a bright foreground galaxy at z = 0.112. We do
not include this in any of our models as its mass contribution is
relatively small and it is established as not being a cluster member.

3 LENS RECONSTRUCTIONS

3.1 Lens reconstruction with GRALE

For this paper, we use the free-form lens reconstruction code GRALE*
to perform lens inversions. GRALE utilizes a flexible inversion
method based on a genetic algorithm that optimizes a mass basis

4GRALE is publicly available, and the software and tutorials can be found at
the following page: https://research.edm.uhasselt.be/~jori/grale2/index.html

on an adaptive grid (Liesenborgs et al. 2006, 2007, 2020). For
our reconstructions, we utilize a mass basis of projected Plummer
spheres, which have projected surface mass densities of:

M 62
20) = 2D a2 a2’ (1)
7D (6 + 67)
and lens potentials of:
2G M Dy ) )
)= ——— In (6° +65), 2
Vo) =" n (07 +67) @)

where 60p is the characteristic angular width of the Plummer sphere,
M is its total mass, and D’s are angular diameter distances between
the observer, source and deflector. GRALE uses a genetic algorithm
to optimize the respective weights of each Plummer in the grid based
primarily on how well images backprojected into the source plane

MNRAS 536, 2690-2713 (2025)
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overlap with one another. These weights can be determined by several
fitness measures, of which we use two (in order of priority):

(i) ‘pointimagenull’: Regions in the lens plane where no images
form are subdivided independently into a grid of triangles. This
grid of triangles is backprojected into the source plane where
triangles overlapping with estimated sources are penalized. This
amounts to disfavouring maps that produce extraneous images at
each generation. For a full description of this criterion, see Zitrin
et al. (2010).

(ii) ‘pointimageoverlap’: Images of the same source are backpro-
jected into the source plane. If the images overlap more, then the map
has a better fitness. For point images, this amounts to the source plane
distance between backprojected images. Importantly, the scale of this
overlap is determined by the region defined by all the backprojected
images. This is designed to defend against overfocusing. For more
information, see Zitrin et al. (2010).

Once optimized, the grid for the basis functions is subdivided
further, with regions of greater density refined more significantly.
This process continues for many iterations. The best lens model is
the subdivision grid with the best overall fitness values. The number
of subdivisions, and therefore the number of Plummers, can vary for
different lens models (typically ~1000-5000 Plummers per model).
The resulting grid of diversely sized Plummers can then be used to
calculate X(0) (equation 1) and ¥ () (equation 2) at any position in
the lens plane to arbitrary precision given their analytic functions.
In the end, a single GRALE run consists of a subdivision grid of
thousands of Plummers with unique sizes and weights as determined
by the optimized fitness criteria.

The default mass grid for GRALE is a grid of Plummers, which
we adopt as the baseline grid for all lens models we generate. It
is possible to add parametric lens models® on top of the grid of
Plummers. Instead of a free-form lens model, this would instead
be a hybrid lens model since parametric lens components would
be added to a free-form skeleton model. In this case, the same
reconstruction procedure as described here would follow, with the
basis grid consisting of the Plummers and chosen parametric models
being optimized with the same fitness criteria (Liesenborgs et al.
2020). Itis important to note that only the weights of these parametric
components is optimized in this hybrid approach.

Since each GRALE run will produce a slightly different lens
reconstruction, we take our lens models to be the average of 40
GRALE runs. The decision to average over 40 runs is motivated by
limitations of computational resources and is consistent with previ-
ous reconstructions using GRALE (Sebesta et al. 2019; Williams &
Liesenborgs 2019; Ghosh, Williams & Liesenborgs 2020; Ghosh
et al. 2021, 2023; Perera et al. 2024). Furthermore, averaging over
many runs defends against degenerate mass features and allows for
quantification of uncertainties in the lens model.

Lastly, it is important to consider the fact that this mean lens
reconstruction need not be the best lens reconstruction. Back-
projected images for the mean lens model may not converge to
a well-defined source position. To account for this, we use the
source position optimization method from Perera et al. (2024). This
optimization does not alter the mass distributions produced by the
genetic algorithm, as it is done after all GRALE runs are completed.
For a full discussion of this procedure, we direct the reader to section
3.2 of Perera et al. (2024). As a brief summary of the method, we

SLens models built into GRALE can be found at the following page: https:
/lresearch.edm.uhasselt.be/~jori/grale2/grale_lenses.html
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use a Metropolis—Hastings algorithm to optimize the source position
to better fit the observed images. This amounts to minimizing the
following likelihood:

1 F )\ 2 2
1n(P(ﬂ))=_ZZKx.Ux> +(y,gy> } 3)
. X y

1

where (x;, y;) are the observed image positions, (x;, y/) are the
reconstructed image positions at the sampled source position B, and
(o, 0y) are the image position uncertainties defined to be 0.04 arcsec,
corresponding to the astrometric precision of HST. We note that 14 of
the 88 sources do not have detected HST counterparts (Caminha et al.
2017). These sources are detected primarily with Lyman-« emission
using MUSE Wide Field Mode, which would imply a positional
uncertainty of 0.2 arcsec for these images, larger than our assumed
ox and o,. However, recent JWST observations of MACSJ0416 have
confirmed the image positions that we use here (Diego et al. 2024b),
justifying our use of smaller uncertainties. Extended morphology of
the sources is also not applicable to our procedure since these sources
are included as multiply imaged point sources of knots within the
extended arcs, which has been shown to be adequate in constraining
critical curve locations (Bergamini et al. 2021).

We impose the same flat prior as Perera et al. (2024) on each
sampled B such that it is uniformly sampled in the region defined by
minimum and maximum source positions of the 40 original runs. The
result of this procedure is what we use as the complete lens model,
equivalent to the averaged lens model of 40 runs with optimized
source positions.

3.2 Model inputs

Since the default settings of GRALE only require observed multiple
image data and redshifts as input, it is important that the data be
of the highest possible quality. MACSJ0416 is therefore an ideal
candidate for a lens reconstruction at the present time since it has 237
spectroscopically confirmed images, making this the largest sample
of gravitationally lensed sources. Our main lens model, generated
with the process described in Section 3.1, uses all 237 of these
images as input. We refer to this lens model FF0O0.

Not included in the aforementioned 237 images as noted previ-
ously are the plethora of transient events that have been discovered
in MACSJ0416. The primary reason for this is that these objects
typically lack counterimages, and therefore it is difficult to ascertain
their source positions. In fact, many of these transients are thought
to be influenced primarily by microlensing or millilensing. However,
some notable exceptions are the transients discovered in the Spock
arc region, where it has been hypothesized that some transients are
in fact counterimages of one another, implying that they originate
from the same source. Specifically, in Rodney et al. (2018), two
fast transients (S1 and S2) were discovered in the Spock arc and
postulated to be from the same region of the source galaxy but distinct
events in time. Based on the lens model used, the transients can be
explained by various phenomena ranging from independent eruptions
from the surface of a luminous blue variable (LBV) star to separate
stellar microlensing events (Rodney et al. 2018). Recent observations
from HST’s Flashlights and JWST’s PEARLS programmes have
discovered many more transient events in the Spock arc. Kelly
et al. (2022) find two distinct transients (F1 and F2) near the lens
plane positions of S1 and S2 and hypothesize that these could be
counterimages of S1 and S2. It is also entirely possible that F1 and
F2 are instead counterimages of one another. Yan et al. (2023) report
the discovery of 4 more transients, of which 3 (D21-S1, D21-S2,
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and D31-S4) have secure photometry, consistent with expectations
of ~ 1-5 transients per pointing in the Spock arc (Diego et al.
2024a). Of the 3 transients, D21-S1 and D21-S2 are discovered in
the same epoch, indicating that they may be counterimages. All these
mentioned transients are shown in Fig. 6.

With all these transients in the Spock arc, studying the density
profile and critical curve structure of the local region becomes
extremely complicated. Since some of the transients are potentially
counterimages of one another, we create 4 additional free-form
models to test these hypotheses (we adopt the notation where ‘A/B’
indicates that transients A and B are counterimages):

(i) FF11: Input main 237 images along with S1/F1 and S2/F2 as
explicit counterimages of the same source. This tests the scenario
postulated by Kelly et al. (2022).

(i) FF12: Input main 237 images along with S1/S2 and F1/F2 as
explicit counterimages of the same source. This tests an alternative
scenario to FF11.

(iii) FF11 4 D: Same as FF11 but also including D21-S1 and
D21-S2 as explicit counterimages of the same source.

(iv) FF12 + D: Same as FF12 but also including D21-S1 and
D21-S2 as explicit counterimages of the same source.

Comparing each of these free-form models with FFOO will help
determine if any of the transients could in fact be counterimages of
one another.

In addition to free-form models, GRALE has the capability to
do hybrid lens inversions as briefly described in Section 3.1. For
these, we include parametric models for the brightest cluster galaxies
(BCGs) and the northern and southern cluster member galaxies
surrounding the Spock arc, Spock-N and Spock-S, respectively (see
Fig. 6 for the identification of these 2 galaxies). To compare with
FF00, we further present two hybrid lens models using all 237 images
as input:

(i) H-Ser: includes BCG-N, BCG-S, Spock-N, and Spock-S as
circular Sersic models. Equation (A1) gives the density profile for a
Sersic model.

(i) H-NFW: includes BCG-N, BCG-S, Spock-N, and Spock-S as
NFW models. Equation (A6) gives the density profile for an NFW
model.

In both cases, the inclusion of explicit parametric models for
Spock-N and Spock-S is motivated by the interest in understanding
the critical curve structure in the Spock Arc region.

Since GRALE optimizes the weights of all components in the com-
plete mass basis (which will include the aforementioned parametric
components), some of the input parameters for the NFW and Sersic
components only need to be approximately representative of each
galaxy. Therefore, to initialize the parametric components of both
models, we use the observed measurements of the structure and
brightness of each respective galaxy as presented in Tortorelli et al.
(2023). These yield the input parameters for both models as presented
in Tables 2 and 3 for H-Ser and H-NFW, respectively. See Sections A1
and A2 for a full derivation and discussion of how we attained
the input parameters for H-Ser and H-NFW, respectively. H-Ser
and H-NFW only include the aforementioned cluster galaxies, with
the remaining cluster member galaxies excluded for this analysis.
This choice potentially biases the resultant model, as excluded mass
contributions from these cluster member galaxies may contribute to
different predictions of magnification and shear. However, since we
are primarily interested in the reconstruction of the Spock arc, only
Spock-N and Spock-S are critical to the model, and the remaining
cluster member galaxies will have negligible effect. Furthermore,

MACSJO0416 2695
Table 2. Hybrid lens model parameters — Sersic (H-Ser).
Galaxy Teen Mo kpe™] 65 [pc] M, [Mo] R. [kpc]
BCG-N 2.46 x 10'° 2.55 2.03 x 1010 8.81
BCG-S 1.50 x 10! 3.13 1.86 x 10! 10.83
Spock-N 3.82 x 10! 0.54 1.43 x 1010 1.88
Spock-S 3.25 x 1010 0.31 4.08 x 108 1.08

Note.Input parameters used in H-Ser and all hybrid models using Sersic
models for each galaxy. Xce, and s are the central surface mass density and
angular scale, respectively, directly used to parametrize each Sersic. M, is
the stellar mass of the galaxy estimated using the observed correlation with
effective radius R (Ulgen et al. 2022). R, is measured in HST F160W and
presented in Tortorelli et al. (2023). See Appendix A1 for a full discussion of
these model parameters.

Table 3. Hybrid lens model parameters —- NFW (H-NFW).

Galaxy ps (Mg kpcij‘] rs [kpc] Myir [Mp] Ryir [kpc]
BCG-N 1.92 x 107 47.88 3.47 x 1013 383.04
BCG-S 9.59 x 10° 58.86 3.21 x 1013 470.87
Spock-N 2.60 x 108 8.17 2.66 x 1012 81.74
Spock-S 2.97 x 108 470 5.75 x 10" 46.96

Note.Input parameters used in H-NFW and all hybrid models using NFW
models for each galaxy. ps and rg are the scale density and scale radius for
the NFW profile, respectively. My, is the virial mass estimated with the virial
radius Ryir and velocity dispersion. Ry is estimated using its relation with
the observed R. (Huang et al. 2017). See Appendix A2 for a full discussion
of these model parameters.

since the cluster member mass contribution is suppressed 2 10 arcsec
away from BCG-N (Bonamigo et al. 2018), we do not expect this
bias to be significant for our purposes. We note that the best way
to examine this bias is to build a full hybird model using GRALE
including all known cluster member galaxies, which is the subject of
a future work.

4 RESULTS

4.1 Projected surface mass density distribution

Here we describe specific results of our lens models. Table 4
summarizes these main results. Unless otherwise noted, quoted
uncertainties are standard deviations of the measured quantities from
the sample of 40 GRALE runs.

4.1.1 Free-form model: FF00

The top panel of Fig. 2 shows the projected surface mass density
distribution for our main lens model FFOO. Morphologically, it is
similar to previous recent reconstructions of MACSJ0416 (Jauzac
et al. 2014, 2015; Caminha et al. 2017; Bergamini et al. 2021,
2023; Cha & Jee 2023; Diego et al. 2024b). The two main mass
peaks in the vicinity of BCG-N and BCG-S are displaced by ~1.5
and ~1.7 arcsec, respectively. These minor offsets are within the
uncertainty for the cluster due to the lack of observational constraints
near the centres of the BCGs. The bottom panel of Fig. 2 presents the
circularly averaged density profiles about BCG-N and BCG-S. Both
profiles are broadly similar out to ~200 kpc, which is consistent with
recent lens models (Bergamini et al. 2023; Diego et al. 2024a, b).
One subtle but interesting feature of our model is that BCG-S is more
massive than BCG-N within ~30 kpc, which differs from the models
from Diego et al. (2024a, b) but is consistent with Bergamini et al.
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Table 4. Lens reconstructions of MACS J0416.1-2403 in this work.

Lens model ARMS Transient counterimages Spock arc (A@) Substructure mass [10!! Mol M (< 200kpc) [1013M@J
M1,M2) (BCG-N,BCG-S)

FFOO0 0.191 arcsec None 0.111 arcsec (9.5+0.5,57+0.2) (14.34 +£0.02, 14.87 +0.02)
FF11 0.204 arcsec S1/F1,S2/F2 0.145 arcsec (10£0.4,5.6£0.2) (14.40 £ 0.02, 14.92 £ 0.02)
FF12 0.213 arcsec S1/S2,F1/F2 0.160 arcsec (9.7+0.4,6.0+0.3) (14.39 £ 0.02, 14.91 £ 0.02)
FF11+D 0.209 arcsec S1/F1,S2/F2,D21-S1/S2 0.413 arcsec (11+0.5,7.4+0.3) (14.41 £0.02, 14.95 + 0.02)
FF12 +D 0.201 arcsec S1/S2,F1/F2,D21-S1/S2 0.251 arcsec (9.7+04,52+0.2) (14.40 £ 0.02, 14.92 £ 0.02)
H-NFW 0.206 arcsec None 0.163 arcsec (11£0.5,5.0£0.2) (14.51 £0.02, 15.08 £ 0.02)
H-Ser 0.207 arcsec None 0.236 arcsec (11£0.5,7.3+0.2) (14.31 £0.02, 14.86 +0.02)

Note. A summary table of the lens models generated in this work. FFOO is our main lens model, and all lens models and names are defined in Section 3.2. Agpys
is the lens plane RMS (see equation 4). If the model included any transients as explicit counterimages, these are stated (e.g. S1/F1 in FF11 corresponds to
transients S1 and F1 included as explicit counterimages of the same source star). The mean image plane separation (A#) for the Spock arc images in the model
is also given to compare the precision of the model at the Spock arc. We also give the mass of the two substructures M1 and M2, and the mass within 200 kpc
of BCG-N and BCG-S (M (< 200kpc)). M (< 200kpc) is not background subtracted.

(2023). The mass within 200 kpc is 1.434 4 0.002 x 10'* M, and
1.487 £ 0.002 x 10"*M, for BCG-N and BCG-S, respectively. This
is in reasonable agreement with Diego et al. (2024b), who finds 1.72
x10"Mg and 1.77 x10'*M, for BCG-N and BCG-S, respectively.

A common way to quantify the quality of fit of a lens model is with
the lens plane root-mean-square (RMS) separation between observed
and reconstructed image positions:

Nim | 2
Z' Fi,obs — ri,rec|
Arms = \/ - , 4

where r; ons and rj rec are the observed and reconstructed ith image
positions, respectively, and Ny, is the total number of images. Fig. 3
shows the image displacement distribution along each axis and total
histogram of all image separations. For FF00, Agps = 0.191 arcsec,
making FFOO more accurate than all parametric models for this
cluster and one of the most accurate lens models of MACSJ0416. We
note that the RMS separation prior to source position optimization
was 0.478 arcsec, highlighting the effectiveness of this method for
reducing image scatter. Additionally, ~86 per cent of reconstructed
images have an image separation lower than our A g5 value. In Fig.
3, a weak correlation can be seen for the image displacements. This
seems to be a systematic effect that has also been observed in both
parametric (Bergamini et al. 2023) and free-form (Cha & Jee 2023)
reconstructions, and more careful study is needed to determine the
exact cause.

Visible in the top panel of Fig. 2 are the predicted images that
are unaffiliated with any observed images. These unaffiliated images
are common features of free-form lens reconstructions despite being
frequently ignored. In our model, we have a total of 58 of these,
all of which can be reasonably explained. We report that 30 are
distant 3rd images from sources with only 2 observed images. These
images are predicted by gravitational lensing (since the number
of multiple images formed for a source must always be odd) and
likely unobserved in MACSJ0416 due to their weak magnification.
For example, the Mothra arc only has 2 counterimages observed
at the location of the arc. Our model predicts the 3rd image to
form ~44 arcsec away on the opposite side of the cluster with a
magnification of ~2 (compared to magnification at the arc location
to be 220). This corresponds to an apparent magnitude of ~31,
which is dimmer than the recent JWST observational depths of ~29
(Diego et al. 2023). Therefore, we predict the existence of this third
image that could be potentially probed with deeper JWST exposures
in future observations.

MNRAS 536, 2690-2713 (2025)

In a similar vein, 4 unaffiliated images are unobserved central
images. For this case, these are likely unobserved due to the images
forming too close to the cluster centre, where they are superimposed
by the BCGs and other nearby galaxies, making them hard to
isolate. These images are also maxima in the time delay surface, and
thus are also demagnified rendering them unlikely to be observed.
Observations in UV filters have been suggested as a way to discover
central images in lens systems (Perera, Williams & Scarlata 2023),
and if successful, would provide tighter constraints on inner structure
of density profiles of mass structure. There are 22 unaffiliated images
that are the result of critical curves ‘folding’ reconstructed images
into multiple copies, similar to the extraneous images found in
models of SDSS J1004+4112 (Forés-Toribio et al. 2022; Perera
et al. 2024). The cause of these critical curves are model-predicted
isolated substructures at the location of the images. Since these
unaffiliated images typically form very close (within ~ 1 arcsec)
to the actual observed image (and thus have very similar time delays
and magnifications), they can be reasonably ignored. The remaining
2 unaffiliated images in our model form along the Spock arc, and we
discuss these further in Section 4.2.

We note that our model fails to correctly reconstruct 3 sources,
instead reconstructing too few images. Two of these, Sysl4 and
Sys16 as labelled in Bergamini et al. (2023), are galaxy—galaxy strong
lens systems (angular separation ~1 arcsec for these images) about
the cluster member galaxies Gal-8971 and Gal-8785, respectively
(Vanzella et al. 2017; Bergamini et al. 2021). Since our model is
a cluster scale reconstruction, it is not of concern that FFOO did
not reconstruct these 2 sources. In order to correctly model them,
we suggest a future hybrid lens model with GRALE that explicitly
includes parametric forms for the two galaxies. The other incorrect
reconstruction is source 12.4 in the Warhol arc, which we discuss
further in Section 4.1.3.

Fig. 4 shows a zoomed in view of the mass features in the
vicinity of BCG-S. We identify two mass substructures (M1 and
M2) that are unaffiliated with any cluster galaxy and thus any light.
Furthermore, no excess X-ray emission is detected with Chandra
at their locations (Bonamigo et al. 2017, 2018), with the X-ray
profiles remaining smooth. Because of this, it is possible that these
are dark matter substructures. We note that it remains to be explored if
these substructures could also arise from some extremely low surface
brightness cluster galaxy population. Additional deep observations
would be needed to confirm the existence of such a population.

M1 is located in between the two BCGs roughly in the centre
of the cluster. The nearest cluster galaxy to the peak of M1 is
~23 kpc away in the northeast direction. The nearest observed image
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Figure 2. Top: Projected surface mass density distribution for our main lens
model FFO0. Axes are presented in arcseconds with respect to the zero point
defined to be the mean position of all 237 observed images (blue dots).
Reconstructed images from the model are shown with red triangles. The two
main mass peaks correspond to the BCGs and are labelled accordingly. Two
light unaccompanied mass peaks, M1 and M2, are labelled in green. Here,
1 arcsec is equivalent to 5.386kpc and e = 8.3985 x 10'0 M, arcsec™>
for the nearest source (z = 0.94). The separation between BCG-N and BCG-
S is ~ 250 kpc. The contour lines are separated by Ak,—p.94 = 0.1 in surface
mass density. Bottom: Circularly averaged surface mass density profiles from
the BCG-N (blue) and BCG-S (red) for FF00. The shaded regions list the 68
per cent confidence level for each profile. Vertical dashes indicate the image
positions relative to their respectively coloured BCG. For comparison, the
circularly averaged surface mass density profiles for Bergamini et al. (2023)
(dashed) and Diego et al. (2024b) (dotted) are shown with respect to each
BCG.

is ~37kpc away. M1 contains 9.5 £ 0.5 x 10" Mg within a core
radius of ~ 16 kpc. The core radius here is defined as the radius at
which the density profile becomes isothermal (dIn X/dInr = —1).
It can be argued that M1 is caused by a relatively unconstrained
region in the lens plane. Substructures with these characteristics
can be subject to the monopole degeneracy, where mass can be
redistributed within the local region bounded by observed images
without changing image positions and time delays. This degeneracy
can be difficult to break without a high density of images near
the substructure (Liesenborgs et al. 2008; Liesenborgs, Perera &
Williams 2024). Despite this, the mass substructure persists across all
the free-form models generated in this study. Likewise, the location
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Figure 3. Image separations r; ohs — Fi,rec along the x-and y-axes. The
histograms show the distributions of these separations on both axes. The red
dashed lines indicate a separation of 0 arcsec. The cyan diamond indicates
the mean image separation at (—0.011 arcsec, 0.004 arcsec).
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Figure 4. Zoomed in view of the projected surface mass density distribution
in the region surrounding BCG-S. Observed and reconstructed images are
shown as blue dots and red triangles, respectively. Cluster member galaxies
are identified as light green diamonds. We label two mass peaks that are not
associated with a cluster galaxy as M1 and M2 in bright green. These features
are potentially dark matter substructure.

of the nearby observed image constrains the scale to which the
monopole degeneracy can redistribute M1’s mass. These reasons
both support the existence of M1 as a dark matter substructure, but
its shape and extent are less certain.

In comparison, M2 seems to be a stronger candidate for dark
matter substructure. It is smaller than M1, with 5.7 0.2 x 10'' Mg
within a radius of ~8 kpc (roughly corresponding to the point at
which ¥ returns to the background density). The most significant
difference with M1 is its position. Despite being closer to BCG-S, the
nearest cluster member galaxy (not BCG-S) is ~26 kpc away while
the nearest observed image lies ~7.9 kpc from the mass peak. This
image is a maximum in the time delay surface belonging to Sys205
(zy = 3.715). Since maxima generally form close to mass peaks, this
offers evidence in favour of the existence of M2. In fact, M2 mirrors
a similar substructure found in Abell 1689 by Ghosh et al. (2023).
In both cases, the substructure forms a local peak near the BCG with
observed central maxima near the vicinity of the substructure mass
peak. Ghosh et al. (2023) argue that their substructure needs to be
present in order to reconstruct the observed images near it, which
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we accordingly adopt for M2 due to the similarities. Furthermore,
the presence of the central image so near to the peak of M2 acts
as a very strong constraint on the mass distribution in that region,
restricting the scale on which one can redistribute the mass of M2
with the monopole degeneracy. As with M1, M2 also persists in
all the free-form models we generate. For all these reasons, M2
is a strong candidate for dark matter substructure in the lens. We
caution, however, that more data and study of the lens models in
MACSJ0416 is required in order to confirm with certainty that M1
and M2 are indeed real substructures. However, in what follows, we
discuss implications on models of dark matter assuming that M1 and
M2 are real, in Section 4.4. Additionally, as we describe below, M1
and M2 persist in both hybrid models, with slightly more mass than
in FF0O0.

4.1.2 Hybrid Models: H-Ser and H-NFW

As described in Section 3.2, we generate two hybrid models, H-Ser
and H-NFW, using Sersic and NFW lens models, respectively, for
the BCGs and Spock galaxies. In this section, we briefly examine the
results of the two hybrid models generated for MACSJ0416, shown
in the two rows of Fig. C2. In both cases, the surface mass density
profile is morphologically similar to that of FFOO on large scales. The
main differences are near the BCGs and Spock galaxies, as these are
where the additional parametric constraints were applied.

For H-Ser, the mass within 200kpc of BCG-N and BCG-S
is 1.431 4 0.002 x 10" Mg, and 1.486 £ 0.002 x 10'* M, respec-
tively. The mass profile around the BCGs is much more peaked
in comparison with FF0O, which is a result of explicitly including
mass in the region with Sersic profiles. M1 has a core radius of
~18 kpc with a mass of 11 & 0.5 x 10'' Mg, while M2 has a mass
of 7.3 £ 0.2 x 10" Mg, within ~8 kpc. In this case, both M1 and M2
are more massive than their counterparts in FF0O0. It should be noted
that M2 features more as a mass extension from the BCG-S region
rather than as a distinct substructure. This could be a side effect of the
greater mass concentration at the location of BCG-S in H-Ser muting
mass features in its vicinity. H-Ser finds Agrys = 0.207 arcsec; still
a good fit to the data, but marginally not as accurate as FF0O0.

For H-NFW, the total mass within 200kpc is 1.451 £ 0.002 x
10" Mg and 1.508 & 0.002 x 10" Mg for BCG-N and BCG-S,
respectively. As expected with NFW profiles, all the modelled
galaxies have more spread out mass profiles than in H-Ser (see
Fig. C2). The substructures are similar to those recovered in H-
Ser, with M1 having a core radius of ~17kpc and a mass of
11 £0.5 x 10" Mg and M2 having a radius of ~8 kpc and a mass of
5.0+ 0.2 x 10" M. The Agys = 0.206 arcsec. Despite both hybrid
models having low Agys, they are not as accurate as FF0O.

4.1.3 Reconstruction of the warhol arc

An interesting arc to briefly discuss is the Warhol arc, shown in Fig.
5. It is the lowest redshift lensed source (z; = 0.94) and has been
host to numerous recently discovered transient events (Chen et al.
2019; Kaurov et al. 2019; Kelly et al. 2022; Yan et al. 2023). Even
though the density profile in the region is not particularly interesting,
the addition of 5 new multiple image sets to the data set (Bergamini
et al. 2023) makes this system worthy of closer inspection.

We use 6 multiply imaged sources (for a total of 12 images in the
arc) to represent the Warhol arc (Sys12 in Bergamini et al. 2023).
To quantify the accuracy of the reconstruction of individual sources,
we use the mean image separation (A#), defined to be the average
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Observed A Kelly+22

Reconstructed Yan+23

A Warhol (Chen+19)

Figure 5. Stacked image of the Warhol Arc combining HST F435W, F606W,
and F814W, with North up and East left. The FF0O critical curve is shown
as the dashed light red line. Observed and Reconstructed images for all 6
sources in the arc (Bergamini et al. 2023) are shown bright green and gold,
respectively. Sys12.4 is the pair of observed images on the western most
side of the arc (furthest right on the arc near the critical curve). The Warhol
transient (Chen et al. 2019; Kaurov et al. 2019) is shown in dark purple, while
additional transients are shown in pink (Kelly et al. 2022) and cyan (Yan et al.
2023).

separation in the lens plane between observed and reconstructed
images. In the Warhol arc, the images are reconstructed quite well to
a (A@) of 0.08 arcsec, not including Sys12.4 as this was incorrectly
reconstructed as mentioned previously. By eye, it appears that our
model’s critical curve finds roughly the correct midpoint (to within
~ 0.1 arcsec) of the arc that symmetrically splits most of the observed
images. Its placement is also corroborated by the discoveries of
numerous transients that lie along the predicted critical curve. The
predominance of transients on the negative parity side of the cluster,
as implied by our model, may argue in favour of wave dark matter
(Broadhurst et al. 2024) with de Broglie scale density perturbations
arising from dark matter as an ultra-light boson. In addition, we
calculate the magnification at the position of the Warhol transient
(Chen et al. 2019; Kaurov et al. 2019) to be 83 &£ 105, which is
consistent with previous models (Chen et al. 2019).

Of note is the failure to adequately reconstruct Sys12.4, the
western most multiple image sources in the arc. The two observed
images form very close to one another, separated by 0.1 arcsec. Our
predicted critical curve misses their respective midpoint (where one
would expect it) by ~0.1 arcsec to the South. This causes our model
to only predict one image for the two observed, which forms in
between them. We note that cases very similar to ours (where the
predicted critical curve fails to pass through an expected symmetry
point) are not uncommon (e.g. Keeton 2010; Diego et al. 2024a),
and our critical curve result lies within the image RMS for the
cluster.

Whatever the reason may be for our model’s inability to appropri-
ately reconstruct Sys12.4, our model is successful at reconstructing
all the other main features of the Warhol arc to excellent precision
and is consistent with transient discoveries. We suggest a more
detailed extended source analysis for future study to improve our
model.

4.2 Spock arc critical curves

One of the most interesting features of MACSJ0416 is the Spock arc
at z, = 1.005. Fig. 6 shows the Spock arc along with two nearby
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Figure 6. The Spock arc. Top: Stacked image of the arc combining HST
F435W, F606W, and F814W. The FF0O critical curve is presented as the
dashed light red line. Observed and Reconstructed images for the Spock
arc are shown in bright green and gold, respectively. Transients are also
overplotted, with S1/S2 (Rodney et al. 2018) in orange, F1/F2 (Kelly et al.
2022) in pink, and D21-S1/S2 and D31-S4 (Yan et al. 2023) in cyan. The
two nearby cluster member galaxies, Spock-N and Spock-S, are shown in
red. The dashed light brown line is the critical curve from a recent parametric
model (Bergamini et al. 2023) shown for comparison. In the figure, North is
up and East is left. Bottom: Surface mass density profile (with respect to X,
at z; = 1.005 for the Spock galaxy) in the region of the Spock arc. The x and
y coordinates are with respect to the zero point of FF00. The critical curve is
the same as the top panel. The field of view of this panel is the same as that
of the top panel image, allowing ease of comparison of our mass distribution
with the observed light.

cluster member galaxies (Spock-N to the North and Spock-S to
the South) and the numerous transient events recently discovered
(Rodney et al. 2018; Kelly et al. 2022; Yan et al. 2023). These
transient events are hypothesized to be bright supergiant stars that
form very close to the cluster caustic, allowing them to briefly
become visible during a microlensing event. This interpretation
is supported by observations of the original Spock transients, S1
and S2 (Rodney et al. 2018), where it was concluded that the two
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transients likely originate from the same position in the source plane
but are not ‘temporally coincident’, meaning they likely did not
occur at the same time. This result implies two possible explanations
for S1 and S2 strictly dependent on the critical curve structure. If
there is one critical curve splitting through the arc, the preferred
explanation of Rodney et al. (2018) is a single massive luminous
blue variable (LBV) star undergoing two distinct surface eruptions.
If there are multiple critical curve crossings (or simply a critical
curve structure producing high magnification along the arc), the
preferred explanation is that S1 and S2 are distinct microlensing
events of two different bright stars. This latter explanation seems
to be corroborated by the discovery of many more transients in
the Spock Arc and simulations of the transient detection rate (Li
et. al., in preparation). Despite this, most recent lens models have
been unable to reconstruct a critical curve structure with sufficiently
high magnification across the arc (Bergamini et al. 2023; Diego
et al. 2024a, b), with one of the few exceptions being Raney
et al. (2020).

Our FFOO model is the second lens model (after Raney et al. 2020)
to reconstruct a Spock arc critical curve with multiple crossings (and
thus have high magnification), as shown in Fig. 6. Specifically, our
model finds 2 main crossing points on the inner part of the arc. On
the western side of the arc, the critical curve passes very close to the
edge of the arc, nearly forming a third crossing. The ‘U’ shape of the
critical curve in this region traces a mass valley west of Spock-N,
which has the effect of magnifying the west side more. This result, if
representative of the true nature of the critical curve of the cluster, has
significant implications for the interpretation of the Spock arc. One
implication is that the critical curve structure is primarily shaped by
Spock-N, since no clear mass peak corresponds to Spock-S. It is also
worth mentioning that these galaxies have slightly different redshifts
than the BCGs, which can result in small changes to the critical curve
structure (Rodney et al. 2018; Diego et al. 2024a). Most importantly,
this result implies that the transient events discovered in the arc are
most likely microlensing events, which can place tight constraints
on the abundance of supergiant stars in the Spock galaxy (Diego
et al. 2024a). Therefore, we proceed to rigorously test this result to
ensure that it is robust. Appendix B discusses the uncertainty in our
result.

4.2.1 Multiple critical curve crossings as a probable explanation
for observations in the Spock arc

First, as a simple comparison, the predicted magnifications at the
locations of transients are consistent with previous models. Notably,
Bergamini et al. (2023) find a u of 612.6, 87.7, and 139 for the 3
observed transients in Yan et al. (2023): D21-S1, D21-S2, and D31-
S4, respectively. We find a p of 647 475, 58 £ 44, and 134 + 39
for the same three with FF0O, which is in excellent agreement. The
similarity between the two models is due to their single critical curve
and one of our critical curve crossings passing close to D21-S1 and
equidistant from D31-S4 (see top panel of Fig. 6) coupled with a
close grazing of the arc on the Eastern side near D21-S2 by the
critical curve from Bergamini et al. (2023). This has the effect of
producing high magnification along the arc similar to our model’s
two crossings.

Due to the aforementioned magnifications, we find that a critical
curve crossing likely occurs near the location of D21-S1. This is
further supported by the predicted large magnification of S2 (u =
167 £ 65) which is located near D21-S1. Our model finds the western
Spock image to have u = 233 4 37 which is consistent with previous
models (Zitrin et al. 2013; Jauzac et al. 2014; Caminha et al. 2017;
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Bergamini et al. 2023) that also find a larger p for the western Spock
image. If this is true, then a single critical curve model would cross
the Spock arc ~0.7 arcsec from the west Spock image. There are
slight issues with this (i) that the critical curve does not cross at
a natural symmetry point in the arc, and (ii) that the transients on
the opposite end of the arc (namely S1, F1, and D21-S2) would
have lower predicted magnifications. The lower magnifications are
of particular significance, as a macromodel © < 40 implies that the
source star must be very bright with My ~ —7, and thus very rare,
in order to be visible from a microlensing event (Diego et al. 2024a).
This can be alleviated by a special microlensing scenario whereby at
least 2 lens stars contribute to the added microlensing magnification,
although this is unlikely for greater distances from the critical curve
(Palencia et al. 2023; Diego et al. 2024a), as would be the case for
only a single critical curve crossing.

The much simpler and more likely scenario is therefore that the
macromodel magnification at the locations of all transients remain
240, implying that the lensed stars are supergiants with My < —5,
consistent with a more common blue supergiant population. This
implies that the distance of the transients to the critical curve should
also be smaller as this would increase the microlensing probability.
Our FFOO model finds that all mentioned transients in the Spock
arc have p > 50 and are within 0.7 arcsec from a critical curve
crossing, which is possible due to the 2 critical curve crossings
providing high magnification along the arc. To our knowledge, this
is one of the only models that accounts for the high number of
transients in the Spock arc. This effect is shown in Fig. 7. Models
with a single critical curve crossing through the centre of the arc
are more likely to place some transients >1 arcsec from a critical
curve (low probability of microlensing) and have low magnification
along the entire arc, which is unlikely to explain the frequency and
locations of the observed transients in the arc. We note that this is
not universally true for models with single critical curve crossings,
as these models can have close critical curve approaches of the
arc contributing to high magnification (Bergamini et al. 2023). We
conclude that our FFOO model with two critical curve crossings is
an adequate representation of the Spock arc and is most consistent
with observations of transients within the arc. We refer the reader
to Appendix B for a brief discussion on the uncertainty in this
result.

As shown in the bottom panel of Fig. 6, our reconstruction of the
Spock arc produces two extraneous images: represented by two green
circles, in addition to the two green circles that coincide well with
two yellow circles of observed images. The most interesting aspect of
these extraneous images is that both form on the negative parity side
of the cluster, meaning the observed images have positive parity (see
top panel of Fig. 7 where both observed images lie in the red region).
Since gravitational lensing requires counterimages to have opposite
parity, these extraneous images are instead not treated as byproducts
of the lens model, but rather as predicted locations of images. If we
compare these locations with the Frontier Fields image of the Spock
arc (see top panel of Fig. 6), we see that the western edge of the arc
does appear to have an extended light feature, which could hint that
the predicted counterimage resides there. Likewise, the predicted
image near the centre of the arc has a small associated light feature.’
It should be noted that additional counterimages within the Spock
arc have yet to be reported. We suggest future reexamination of the
Spock arc to see if any counterimages exist at the predicted locations

These two bright light features of the Spock arc are most easily seen in the
bottom right panel of fig. 10 in Bergamini et al. (2023).
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Figure 7. Top: Spock arc magnification map. The critical curve is shown as a
dashed light red line, and transients (triangles) are shown in pink (F1 and F2),
cyan (D21-S1 and D21-S2), and orange (S1 and S2). The colourbar indicates
the inverse of the magnification, where darker brown colours correspond to
less magnified negative parity regions and darker green colours correspond to
less magnified positive parity regions. Whiter regions indicate areas of high
magnification. Bottom: The magnification along the Spock arc as a function
of the distance r from the eastern image of the Spock arc (i.e. from left to
right when viewing the top panel). The model FF0O is shown in blue while
H-NFW is shown in red. The spikes correspond to critical curve crossings.
The vertical dashed lines represent the locations of the transients along the
arc. Noteworthy is the fact that the FFO0 model contains 2 critical curve
crossings in the vicinity of all the transients, along with a high magnification
along the whole arc. The H-NFW model, shown for comparison, features only
one critical curve crossing (roughly at the symmetry point of the arc) and is
roughly at least 1 order of magnitude lower in magnification along the arc.
This latter scenario is unlikely to explain the high number of transients in the
arc as it has a lower probability of microlensing (Palencia et al. 2023; Diego
et al. 2024a) and low magnification implying very rare high mass lensed stars
as sources.

as predicted by FF0O. If these are found, they would provide strong
support for FFO0.

4.2.2 Comparison with hybrid models

With our result established as a favourable model to explain the Spock
arc, we now seek to test this critical curve structure by including local
cluster member galaxies as explicit parametric mass components. As
described in Section 3.2, we generate 2 hybrid models: H-NFW and
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H-Ser using NFW and Sersic profiles, respectively, to represent the
BCGs and, relevant here, the Spock galaxies, Spock-N and Spock-
S. These galaxies are visible in Fig. 6, with Spock-N larger than
Spock-S (Tortorelli et al. 2023). The Spock galaxies are the only
non-BCG cluster member galaxies that we include in these models.
As mentioned in Section 3.2, this choice is not expected to have
significant bias since the cluster member galaxies do not contribute
much mass to the cluster far from BCG-N (Bonamigo et al. 2018).

The mass density distribution and magnification map around the
Spock arc for H-NFW and H-Ser are shown in Fig. C2, respectively.
In both cases, clear mass peaks are visible representing Spock-N and
Spock-S. Likewise, the total mass within 10 kpc of both galaxies in
both models is consistent with what is expected from the virial mass
(see Table 3).

Despite this, only one critical curve crossing is found for the Spock
arc in both models, passing roughly through the midpoint of the arc.
(A@) is 0.16 and 0.24 arcsec for the observed Spock images in H-
NFW and H-Ser, respectively. Both models do not reconstruct the
observed images as well as FF0O, which has (A#) = 0.11 arcsec.
Both models also find that the critical curve passes just beyond outer
edges of the arc in addition to the main crossing at the centre. This
has the effect of producing predicted counterimages beyond the main
observed images. While this was also seen with one of the images
in FFO0O, in this case the images form ~1.6 arcsec from the observed
Spock images. This is not along the arc unlike the similar case in
FF00. Most importantly, the magnification along the arc is much
lower than in the case of FF00, as shown in the bottom panel of Fig.
7. In fact, nearly all the Spock transients in both hybrid models have
magnifications < 40, which, as described above, is not conducive
to the likely explanation of normal supergiant stars microlensed to
visibility. The only exception is F2 in H-Ser due to forming close to
the single critical curve crossing.

For the main reasons of higher image RMS and low probability
of microlensing, we suspect that H-NFW and H-Ser are insufficient
explanations for the observations within the Spock arc. We note that
the issue of low magnification can also be compensated for by a
larger number density of source stars. In such a scenario, H-NFW
and H-Ser could potentially better match the observations in the
Spock arc, since high-magnification models such as FFOO would
overpredict the transient detection rate. Further monitoring of the
Spock arc is therefore needed in order to more tightly constrain
the transient detection rate and the Spock galaxy’s initial mass
function. At the current constraints from transients, however, H-
NFW and H-Ser do not seem to adequately explain the observed
transients as well as FF00. The reconstructions from Bergamini
et al. (2023) and Diego et al. (2024b), which both recover a
single critical curve crossing, exhibit (A@#) of 0.49 and 0.62 arcsec
for the Spock arc, respectively, compared to our FFOO model’s
(A@) = 0.11 arcsec. This further strengthens our conclusion that
a multiple critical curve crossing structure is needed to explain the
Spock arc.

4.2.3 M /L ratios of the Spock Galaxies

Since GRALE does not include any cluster galaxy information as
input, it presents a light-agnostic view of the mass distribution in
the cluster. Therefore, unlike in parametric or hybrid models, it is
necessary to check if enough mass is produced in the model to
account for the stellar contribution in cluster member galaxies. This
is a strong requirement. In the case of Spock-S, this is of particular
interest since our model does not find an obvious mass concentration
there. If there is insufficient mass to account for the light of Spock-S,
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then this can indicate that the 2 critical curve crossings of the Spock
arc are influenced strongly by the model’s failure to reconstruct
Spock-S.

To check this, we calculate the mass-to-light (M /L) ratios for
Spock-N and Spock-S. Luminosities are calculated in HST F160W
since the elliptical Spock galaxies are brighter in infrared (IR) filters.
Tortorelli et al. (2023) measures the total F1I60W AB magnitude
misow, allowing us to easily measure the luminosity:

L
logy, <f®> =0.4 (Mg — migow — 5+51og,o (Da(l +z4)%))

(%)

where M,,, is the absolute magnitude of the Sun, corresponding to
4.60 in F160W (Willmer 2018). The background subtracted mass
can be easily calculated from our mass model, which we find to be
6.54+1.9 x 10°and 6.0 + 0.4 x 10'! Mg, within 10 R, for Spock-S
and Spock-N, respectively. This corresponds to M /L of 3.59 & 1.06
and 6.48 =+ 0.43 in solar units for Spock-S and Spock-N, respectively.
This is consistent with results from Humphrey et al. (2006), who
find a M /L range of ~3-8 for a sample of 7 elliptical galaxies at
this radius. It is also in agreement with M /L relation with mass
measured from the SAURON project (Cappellari et al. 2006). This
result shows our model is successfully able to reconstruct sufficient
mass at the locations of the Spock galaxies, even though they are
not included as prior constraints in the model. Since Spock-S has
sufficient mass and does not significantly contribute to the critical
curve crossings, we conclude that the 2 critical curve crossings can be
explained primarily by the structure around Spock-N, and are likely
not a result of the model failing to reconstruct the mass around

Spock-S.

4.2.4 Possible transient counterimages in the Spock arc

The last consideration is the controversy surrounding whether or not
any of the transients are counterimages of one another, as detailed
in Section 3.2. The 3 transient counterimage hypotheses we test are
S1/F1 and S2/F2 (FF11, shown in the top row of Fig. C1), S1/S2
and F1/F2 (FF12, shown in the second row of Fig. C1), and D21-
S1/D21-S2 which are included in addition to the scenarios of FF11
(FF11 + D, shown in the third row of Fig. C1) and FF12 (FF12 + D,
shown in the bottom row of Fig. C1). All 4 models have slightly
larger Agys and mean image separations (A@) in the Spock arc than
FF00.

In the cases where S1/F1 and S2/F2 are tested as counterimages
(FF11 and FF11 + D), we find that both cases find only a single
critical curve crossing at roughly the midpoint of the arc (see
Fig. C1). If S1/F1 and S2/F2 were counterimages, then both pairs
require a critical curve to pass between them, since counterimages
in gravitational lensing must be split by a critical curve. Thus,
the reconstructed single critical curve does not properly reproduce
a lensing structure that would imply that SI1/F1 and S2/F2 are
counterimages. This is somewhat surprising due to FFOO (which
did not include transient counterimages) producing two critical curve
crossings near these transients. We therefore conclude that the Spock
S transients (Rodney et al. 2018) are most likely not counterimages
of the Spock F transients (Kelly et al. 2022).

The cases with S1/S2 and F1/F2 as counterimages (FF12 and
FF12 + D) are more interesting as their counterimage requirement
is a single critical curve passing through the arc midpoint, which
is what we find in both models. (A@) is ~0.28 and ~0.12 arcsec
for F1/F2 and S1/S2, respectively. In FF12 + D, (A@) for D21-
S1/D21-S2 is ~0.5 arcsec. This is very similar to what was found
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in FF11 + D. While the reconstructions in this case are acceptable,
they significantly fail at reconstructing appropriate magnification for
these sources. From the argument in Section 4.2.1, the macromodel
magnification at the location of all the transients needs to be =40
to be consistent with a common blue supergiant. However, in FF12
and FF12 4+ D u <20 at the location of each transient. This is
categorically lower than those recovered in the hybrid models. For
the same reasons then, we also conclude that these models provide
insufficient explanations for the transients in the arc.

The most likely model that we generate in this work is FFOO with
2 critical curve crossings allowing for a high probability that all the
observed transients are affected by microlensing.

4.2.5 Upper limits on the luminosity of lensed stars

With FFOO established as a strong candidate to effectively describe
the Spock arc, we now seek to derive constraints on the nature of
the transients in the arc. As mentioned in previous works (Rodney
et al. 2018; Kelly et al. 2022; Yan et al. 2023; Diego et al. 2024a),
the transients in the Spock arc are most likely highly magnified
supergiant stars. To estimate the luminosity, all we must do is correct
for magnification at the position of each transient to derive the
intrinsic magnitude of the transient without the lens. We apply this to
the recently discovered transients D21-S1, D21-S2, and D31-S4 (Yan
et al. 2023) since they have photometric measurements from JWST
F200W, which we assume to be at their peak magnitude. We note that
while a more robust calculation of the luminosity of lensed stars can
be done with SED fitting (e.g. Chen et al. 2019; Diego et al. 2023),
our results serve as a good first order check that the lens model
does not suggest unusual results. The macromodel magnifications
for D21-S1, D21-S2, and D31-S4 are previously mentioned in
Section 4.2.1.

With photometry of the 3 transients from Yan et al. (2023), we are
able to calculate the observed flux f, o»s. We can then calculate the
intrinsic magnitude m.y, (in AB) of each transient by correcting for
the predicted magnification u by FF0O at each one’s location

fv,obs
nm

We can then use the distance modulus to estimate the luminosity of
the transient, similar to what we did in Section 4.2.3. This calculation
yields a strict upper limit of the luminosity since we do not include
any likely microlensing effect and we assume f, ops 1S at peak bright-
ness. We find upper limits in JWST F200W of 2.1 0.3 x 10° Lo,
1.74£0.3 x 10°Lg, and 9.0 & 1.4 x 10° L for D21-S1, D21-S2,
and D31-S4, respectively. These are broadly consistent with B8V or
O3V stars (Meena et al. 2022). In reality, due to the high probability
of microlensing, these transients likely have a much lower luminosity.
For these observations, a depth of ~29 was achieved (Yan et al. 2023),
corresponding to a required magnification of ~ 10 for this type of
star to be visible (Meena et al. 2022). This is roughly an increase
of 100 times on top of the macrolens magnification, which is easily
achievable with microlensing. Repeating the calculation with this
magnification to roughly account for microlensing gives luminosities
consistent with O and B type stars. From this quick calculation, we
find that FFOO suggests that the transient stars in the Spock arc are
most likely massive blue main-sequence stars or blue supergiants,
which is in agreement with previous analyses of transients in the
Spock arc (Rodney et al. 2018; Diego et al. 2024a). Since these
transients are only observed in one epoch, we are unable to constrain
their variability. Future studies of the numerous transients in this arc

Mexp = —2.5l0g,, ( ) — 438.60. (0)
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Figure 8. Stacked image of the Mothra arc combining HST F435W, F606W,
and F814W. Observed and reconstructed images are shown in bright green
and gold, respectively. The FFOO critical curve is shown as a light red dashed
line. The Mothra transient (Diego et al. 2023) is shown as a magenta triangle.

will be able to use our model to more tightly constrain properties of
the lensed stars, source galaxy, and the microlens density.

4.3 Millilensing of mothra

Here, we focus on the Mothra arc at z;, = 2.091 (see Fig. 8), whose
name comes from the specific transient ‘Mothra’ (Diego et al. 2023).
Mothra is well studied, with SED fitting finding that it likely consists
of a binary pair of two supergiants (Diego et al. 2023). Interestingly,
Mothra has been visible in HST since 2014, with no confident
counterimage discovered as of this work. These have led to different
interpretations of the nature of Mothra, with the most likely explana-
tion being a case of millilensing by a > 10* M, substructure near the
position of Mothra (Diego et al. 2023). Microlensing is disfavoured
because of the > 8 yr flux anomaly with no counterimage (Diego et al.
2023). Millilensing by substructures close to the macrolens critical
curve is an emerging frontier (Venumadhav et al. 2017; Dai et al.
2018, 2020; Williams et al. 2024), with the case of Mothra offering a
unique opportunity to test cosmological models. Currently, the nature
of Mothra’s millilens remains relatively unconstrained, with upper
limits on millilens mass ranging from ~ 10° (Diego et al. 2023) to
~ 10° Mg, (Abe et al. 2024). The relative position and size of the
millilens are also unknown. To study this case of millilensing, we
develop a statistical framework to place upper limits on the mass,
size, and location of the millilens.

4.3.1 Statistical inference of millilens parameters

We adopt a Metropolis—Hastings algorithm to optimize the parame-
ters of the millilens. This first requires several considerations in order
to build a realistic posterior to sample in the algorithm. In general, we
build the likelihood using the assumptions that the millilens provides
sufficient magnification at Mothra and that it does not significantly
perturb the Mothra arc.

First, since Diego et al. (2023) uses SED fitting to identify Mothra
as a binary pair of supergiants, we estimate the required magnification
at the position of Mothra. This magnification needs to be achieved
by the millilens perturbation to the macrolens. The best-fitting SED

G20 U2JBIN 80 U0 1saNB Aq GESGEZ6./0692/€/9€G/2I0HE/SEIUW/WO0d"dNO"01WapED.//:Sd)Y WOy PAPEojuMoq



from Diego et al. (2023) consists of a hot (T &~ 14 000 K) and cool
(T = 5000 K) star. In V band, the observed apparent magnitude
of Mothra is ~28.85, which we can convert in AB magnitudes to a
corresponding f, obs. In this filter, the hotter star dominates the SED.
This hotter star is consistent with a blue supergiant. Because of this,
we adopt a prototypical absolute magnitude for Mothra equivalent to
that of fiducial blue supergiant Rigel: My = —7.84 (Przybilla et al.
2006). This corresponds to an intrinsic magnitude .y, of ~38.29,
which is the magnitude of Mothra if there were no lensing. With
these two measurements, we can rearrange equation (6) to solve for
the required magnification for Mothra p,, which we find to be 5995.
This is broadly consistent with expectations described by Diego et al.
(2023).

The FFOO absolute magnification at the location of Mothra is
238745 (uncertainties are the 68 per cent confidence intervals), which
is on the same order as the magnification of 885 found by (Diego et al.
2023), and larger than the magnification of 32.5 found by (Bergamini
et al. 2023). These are roughly an order of magnitude below what
is required assuming a blue supergiant source, meaning a millilens
is needed in order to increase the magnification to p, ~ 6000. The
millilens is treated as a perturbation on top of the macrolens model,
meaning that it should not change the overall shape or magnification
of the Mothra arc. To minimize the change in the shape of the
arc, we include two terms in the likelihood function. The first
simply requires that the positions of the reconstructed Mothra images
Fm.rec are minimally displaced from the observed Mothra images
Fm.obs- This is the same requirement as used in the source position
optimization (see equation 3). We note that we only consider the
two inner Mothra images (source 202.2 in Bergamini et al. 2023)
since the outer Mothra images are far enough away that they are
largely unaffected by the presence of the millilens. The second term
minimizes the millilens distortion of the cluster critical curve. We
quantify this as & = max(r,,.cc — "mac.cc), Where r,, cc and 7 pac cc
refer to the millilens and macrolens cluster critical curve positions,
respectively. The presence of the millilens distorts the cluster critical
curve, causing the parity and the magnification of the arc to lose
its symmetry. Preservation of this is motivated by the fact that the
Mothra arc is roughly the same brightness on either side of the cluster
critical curve.

Finally, we minimize the millilens effect on the magnification
of the Mothra images for the same reasons as for the critical
curve. We apply this for both the inner Mothra images which have
macrolens magnifications of ftmac + and fimac,— for the positive and
negative parity images, respectively. Accordingly, the inclusion of
the millilens has magnifications of pp, + and ftpy, —.

Combining these, and assuming each millilens model property
has a roughly Gaussian distribution, we use the following likelihood
function in our Metropolis—Hastings optimization of the millilens:

1 - m 2 rec — S :
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Here, 1y is the model magnification including the millilens and its
respective parameters . We use o, = 600 for the model uncertainty
on (g, assuming the identification of Mothra as a blue supergiant

binary is robust. This corresponds to an uncertainty on the absolute
magnitude of ~ 0.1, which is reasonable for a prototypical blue
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supergiant. We set o, = 0.04 arcsec to be equivalent to the astrometric
precision of HST, and o = 1 for the magnification uncertainty at
the Mothra images’ location. This is purposefully smaller than o,
since by construction these should be minimally distorted by the
millilens. The uncertainty of the cluster critical curve distortion is
oz = 0.1 arcsec, conservatively chosen as twice the image RMS for
the Mothra images. For this analysis, we adopt an uninformed prior.

With the likelihood function established, we seek to minimize
equation (7) by sampling @ for various millilens models. Since each
@ is distinct for different millilens models, we measure the mass and
core size for each best-fitting millilens model from the optimization
in order to compare across different models.

4.3.2 Millilens models

For this work, we only consider two models for the millilens. In
general, the dense cluster environment in which the Mothra arc
resides implies that millilens subhaloes will be tidally truncated with
steep outer density profiles (Williams et al. 2024). Therefore, we
restrict chosen models to those allowing for such behaviour. To save
computational resources, we only use lens models with an analytical
form. Furthermore, the usage of two millilens models offers a view
of the systematic uncertainty from the millilens.

The firstis a circular power-law potential derived from alphapot
(Keeton 2011):

Y y) =N (s2+x2+y2)? ®)

where N is the normalization, « is the power-law exponent’, and s
is the core radius. The advantage of this model is that the core radius
(one of the properties of the millilens we wish to constrain) is built
into the model. Similarly, the presence of « allows for flexibility in
the millilens density slope.

The second model we consider is the tidally stripped lens potential
used by Williams et al. (2024), dubbed ‘T-strip’:

v(r)=N

abb(aln(a+r)—bln(b+r)), )
where N is again the normalization, and a and b are dimensionless
constants. The surface mass density profile k = %Vzlll falls steeply
as 3 for the outer profile, thus mimicking a tidally stripped subhalo.
Since this model is designed to explicitly represent a tidally stripped
subhalo, we define T-strip to be our fiducial model.

In general, we define the core radius of these two models to be
the radius at which dIn ¥ /dInr = —1, as this is where the density
profile is approximately isothermal. The total mass of each millilens
is calculated within this core radius. We note that our definition of
core radius is different than the core radius s used in alphapot.

One minor complication with this analysis is the presence of
lensing degeneracies. In general, any lens model suffers from
degenerate lens solutions that can equally fit the observational data.
For this specific case of millilensing in Mothra, lensing degeneracies
primarily appear in the determination of the best-fitting model
parameters @ as there is no unique set of parameters which minimizes
In £(#). While this ideally can be alleviated by an increase in
observational constraints, for the purposes of our analysis, we choose
to break the lens degeneracy by fixing specific parameters of our lens
models. For alphapot, we fix N = 107! and s = 0.004 arcsec,
leaving « as the sole free parameter for this model. For T-strip, we
fix N =3.5x 107"% and a = 0.005 (smaller than Williams et al.

"Not to be confused with the deflection angle.
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Figure 9. Summary plots for the best fitting T-strip millilens model in the Mothra arc 0.05 arcsec from the position of Mothra. Top Left: Projected surface mass
density distribution in the Mothra arc relative to X at zg = 2.091. Yellow triangles and black stars refer to the observed and reconstructed inner Mothra arc
images, respectively. The green triangle indicates Mothra. The critical curve for is shown as a dashed green line, with the millilens critical curve clearly visible
in the vicinity of Mothra. Top Right: Same as the top left plot, but with the magnification plotted instead of surface mass density. Additionally, the yellow dotted
line indicates the macrolens cluster critical curve without the inclusion of the millilens. We note the small distortion of the millilens model cluster critical curve
with the macrolens caused by the addition of the millilens model. Bottom Left: The posterior distribution for the T-strip parameter b. The green dashed line
indicates the mode of the posterior. The red dashed lines indicate the 95 per cent credible interval. This model finds b = 59.25f8:3‘f x 1074, Bottom Right: The
magnification p along the Mothra arc as a function of the distance r from the easternmost inner Mothra arc image (leftmost observed image in Top plots). The
green and black dashed lines indicate the position of the millilens and Mothra. The magnification spikes indicate crossings of the critical curve, with the cluster
critical curve represented by the spike at r ~ 0.6 arcsec. The millilens magnification contribution is clearly seen at » ~ 0.4 arcsec.

(2024) to represent a very compact subhalo), leaving b as the sole
free parameter for this model. In both cases, the chosen value for
N is rather arbitrarily chosen to ensure that the millilens density
profile converges to the local macrolens density profile far away
from the millilens. Fixing the core radius s in alphapot no longer
allows us to constrain the core size with this model, but instead
allows us to constrain the density slope. The chosen core radius of
0.004 arcsec is equivalent to ~22 pc®, which is on the smaller end
of expected sizes of subhaloes (Faisst et al. 2022; Williams et al.
2024). Fixing a in T-strip does not come with this restriction, so
we are able to derive constraints on mass and core radius with this
model. Furthermore, since this model is more representative of tidally
stripped subhaloes, we quote the constraints from this model as the
main results of this analysis, relegating alphapot as a comparison
model for consistency.

8Using our definition of core radius at the isothermal radius, this corresponds
to ~12 pc. This remains constant for different values of «.
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The choice to fix parameters has two primary motivations. The first
is that it saves significant computation time. Since the millilens is
quite small (on the order of milliarcseconds), the required resolution
of the lens model needs to be increased to 0.0014 arcsec per
pixel (from 0.282arcsec per pixel). This consequently increases
the computation time per sample in the MCMC. With only one
parameter of interest, the computation time decreases. The second is
to manually break the lens degeneracy. While at first glance it may
seem that we are sacrificing complexity, this is not the case. Since the
parameters for the lens models are degenerate, they yield similar mass
models. This means that for a different set of parameters, roughly
the same mass and core size millilens is produced. Because of this,
fixing a parameter is preferable to ensure that the MCMC is able to
converge the likelihood to a minimum. We also note that fixing
parameters significantly reduces the statistical uncertainty, hence
rendering systematic effects as the best proxy for the uncertainty.

In summary, we have two millilens models: T-strip and al-
phapot. We use a Metropolis—Hastings algorithm to sample the
posteriors for b and « for T-strip and alphapot, respectively, using
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the likelihood function in equation (7). Lastly, since in principle the
millilens can be located anywhere in the lens plane, we repeat the
analysis at varying positions from Mothra along the arc. We only
consider positions at increasing distances from the cluster critical
curve, as approaching the cluster critical curve will significantly
distort the parity of the arc. Based on the rough size of each
millilens, we adopt an uncertainty on each chosen millilens position
of ~0.01 arcsec. At each position, we measure the best fitting mass
for both models (and core size for T-strip) for 6000 samples in the
MCMC. As an example, the best-fitting lens model for T-strip at a
position of 0.05 arcsec from Mothra is shown in Fig. 9.

4.3.3 Millilens results

Fig.10 shows main results of the analysis presented in Sec-
tion 4.3.2 for T-strip and alphapot at positions along the arc
ranging from 0.01 to 0.08 arcsec. Comparison of the two models
in the middle panel of Fig. 10 shows the rough uncertainty on
the best-fitting millilens mass. To evaluate the strength of each
model at different positions, we utilize the Akaike Information
Criterion (AIC)

AIC =2K —2In £(9), (10)

where K is the number of model parameters and £@) is the
maximized likelihood function of equation (7). While not the most
robust statistical metric, the AIC allows us to find constraints roughly
to the order of magnitude. This is motivated by the fact that for
both T-strip and alphapot, the best fitting millilens mass and
AIC are roughly similar to one another (see Fig. 10). To compare
each model at different distances, we compare each model AIC
(AIC;) to the minimum from the millilens models (A7 Cp;,) with
8; = AIC; — Al Cyn. We employ the standard evaluation metric of
8; > 4, corresponding to substantially less support for the ith model
since the relative likelihood between models drops to 0.14. With this,
we can set upper limits in two stages: (1) defining the upper limit
on millilens position where §; > 4 (orange line in top panel of Fig.
10), (2) finding the upper limit on mass and core radius at the upper
limit on millilens position (orange line in middle and bottom panels
of Fig. 10). We emphasize that we assume AIC values between each
sampled millilens position are roughly interpolated, which appears
to be a realistic assumption due to the stable correlations of mass and
core radius with millilens position.

Following this statistical analysis, we find the upper limit on
millilens position to be 0.055 and 0.052arcsec for T-strip and
alphapot, respectively, with positional uncertainty of 0.010 arcsec
as described in Section 4.3.2. Beyond this distance along the arc,
the best-fitting millilens mass to contribute magnification at Mothra
distorts the cluster critical curve significantly, causing §; to blow up.
In general, §; increases similarly for both models up to the upper
limit, indicating that both models are consistent in explaining the
millilens structure at different positions. Since T-strip is our defined
fiducial model, we adopt 0.055 arcsec as the upper limit on millilens
position.

At this position, we calculate the upper limit on the millilens mass
to be 2.297091 x 10° Mg and 2.5070% x 10°M,, for T-strip and
alphapot, respectively. Given the uncertainty in millilens position,
these upper limits are quite consistent with one another. In fact, as
shown in Fig. 10, the mass for both T-strip and alphapot follow
closely with r. With T-strip, we adopt the upper limit on mass to
be 2.29%07] x 10° M. This is consistent with the upper limit of
2.5 x 10° M, found by Diego et al. (2023), and in tension with the
upper limit of 1.4 x 10° Mg, from Abe et al. (2024).
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Figure 10. Value of §; (AAIC) for T-strip and alphapot for models at
different distances r from Mothra (Top). §; is calculated relative to the best
model for each millilens. We expect §; to significantly increase for r <
0.01 arcsec, however, we do not examine this regime due to computational
expense. The dashed orange line denotes §; = 4, which we adopt as the upper
limit condition on r. We assume that these plots depict rough interpolations of
§; with r. We also show the mass (Middle) and core radius (Bottom) of the best
fitting millilens as a function of r. The dashed orange line corresponds to the
upper limit on r and the intersection with both curves gives the upper limit on
mass and core radius. The orange shaded region indicates the uncertainty on
the upper limit on r of 0.01 arcsec, defined by the rough size of the millilens.
We do not include alphapot in the bottom plot since its core radius was
fixed.
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Correspondingly, the upper limit on core radius from T-strip
is 17.1f§j§ pc. As mentioned previously, we fixed the core radius
parameter in alphapot as s ~ 22 pc, and therefore do not derive
constraints with it. With our definition of core radius at the isothermal
density slope, the alphapot core radius is ~12 pc, in agreement
with the upper limit from T-strip. For alphapot, we constrain
o ~ 0.0778 at the upper limit, consistent with a steep outer density
profile. A core radius upper limit has yet to be established for the
Mothra millilens, and we study its implications in Section 4.4.

As can be seen in Fig. 10, §; converges for our two models
at 0.01 arcsec from Mothra. We expect §; to increase substan-
tially at even closer distance to Mothra r < 0.01 arcsec. This is
because for masses smaller than ~ 10*My (the rough millilens
mass in this regime), millilens critical curves may not form, so
the magnification at Mothra would be insufficient. Furthermore,
the millilens needs to be > 10* Mg in order to have sustained
magnification over 7 yr (as observed) with reasonable velocities and
orientations of its trajectory relative to the caustic (Diego et al.
2023). This means that the lower limit on the millilens position
exists somewhere within 0.01 arcsec from Mothra. We are unable
to probe this regime due to computational expense as we would
need to drastically increase the resolution. Nevertheless, if we
assume that our best-fitting millilens position (0.01 arcsec) is close
to the global minimum for this exercise, we estimate the best-fitting
mass and core radius to be 1.89759% x 10° Mg and 8.087)01 pe,
respectively.

For this analysis, we find that for both millilens models the results
are consistent with our initial assumption that the millilens subhalo
be tidally truncated. As a quick test of this, we repeat the analysis for
an NFW profile (equation A6) placed at r = 0.03 arcsec’ The mass
of the NFW profile does not converge at far distances, and so is a
good representation of a millilens model that is not tidally truncated.
We find for this model that the AIC increases significantly to 121
(8; ~ 113), roughly an order of magnitude increase from T-strip and
alphapot. The culprit for this is the fact that the excess mass at
further distances from the millilens contributes to increased distortion
of the cluster critical curve and greater change in magnification at
the positions of the Mothra images. Because of this, we conclude
that the millilens is most likely tidally truncated.

Based on the constraints of mass and core radius, the identity of
the millilens appears to be consistent with a small globular cluster. At
this size, a globular cluster is potentially bright enough to be visible
with JWST, but remains undetected with JWST. This interpretation is
consistent with the one reached by Diego et al. (2024b), who estimate
a ~ 20per cent probability that a globular cluster aligns properly to
provide the necessary magnification for Mothra.

It is also possible that the millilens could be a point mass, such
as a black hole. A population of wandering black holes in cluster
environments is predicted by simulations (Ricarte et al. 2021a,
b) and is capable of producing asymmetries in magnification and
missing counterimages of sources (Mahler et al. 2023), akin to those
seen in the case of Mothra. However, the precise abundance and
mass function of the wandering population are poorly constrained
currently. Recent limits at z ~ 2 from the ASTRID simulation find
that ~10-100 black holes with masses ranging from 10*—~10°Mg
are expected near the centers of massive galaxies (Di Matteo

9Here, the choice of position of the NFW is arbitrary. Since this is a test of the
tidal truncation assumption, it can be repeated at any position and compared
with T-strip and alphapot.
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et al. 2023), making them a plausible candidate for the Mothra
millilens.

Alternatively, the millilens may be a dark matter subhalo source,
which is consistent with expectations from ACDM cosmology
(Diego et al. 2023; Williams et al. 2024), which predicts numerous
dark matter subhaloes at pc scale. Therefore, our upper limit con-
straints on the millilens offer a good test for dark matter constraints,
which we elaborate on in Section 4.4. Regardless of the identity of
the millilens, our results seem to be in good agreement with past
results and the standard cosmological paradigm.

4.4 Implications for dark matter

The consistent presence of the light unaffiliated substructures M1 and
M2 in all our models make them intriguing candidates for potential
dark matter substructures. Likewise the millilens structure in Mothra,
if assumed to be dominated by dark matter, can offer a unique probe
of the low-mass end of the mass function of dark matter haloes.
We emphasize that a more detailed analysis than the one presented
here would be necessary to establish the reality of these features and
to formalize these constraints. Here, we perform a simple analysis
under the assumption that our findings hold.

Wave dark matter (also known as fuzzy dark matter) has recently
had success in reconstructing anomalous flux ratios in galaxy-
scale strong lenses (Amruth et al. 2023), and therefore offers an
interesting candidate for dark matter. In the wave dark matter
formulation (hereafter v DM), dark matter is described by a scalar
field with the Schrodinger—Poisson equation (Hui et al. 2017). The
associated particles in this model are ultra-light bosons with mass
my ~ 1072 ¢V, corresponding to astrophysical scale de Broglie
wavelengths & ~ 0.1-1 kpc. At this scale, fluctuations of the density
distribution can form mass substructures, referred to as granules,
which oscillate on very long time-scales. These granules contain
soliton cores arising from the balance of quantum pressure and
gravity. In general, these soliton cores have a mass M and a length
scale A, which scale as (Schive et al. 2014; Burkert 2020; Amruth
et al. 2023):

Ao (l+29) " Pmy' M, (11)

As an order of magnitude calculation, if we assume M1 and M2
are single solitons with core radii equivalent to A, we estimate
my = 8.61 £0.15 x 1073 eV and 2.04 £ 0.02 x 107> eV for M1
and M2, respectively. These are lower limits on m, because it is
alternatively possible to assume that M1 and M2 are instead a
clustering of many solitons. In that case, the DM substructure mass
would decrease, implying a larger m,,. More sophisticated analysis
would be required to better constrain A with M1 and M2.

It is worth mentioning the recent tension in my, constraints from
astrophysical observations, with some results favouring m,, ~ 1072
eV (Schive et al. 2014, 2016; Amruth et al. 2023; Diego et al. 2023)
while others favour my > 107215 eV (Ir§i¢ et al. 2017; Davies &
Mocz 2020; Laroche et al. 2022; Powell et al. 2023). Therefore,
a more useful constraint is an upper limit on m,. We can extend
our previous calculation to an upper limit on m,, using results from
our Mothra millilens. The subhalo mass function for DM becomes
increasingly suppressed at lower halo masses until it reaches a lower
mass limit M;, due to quantum pressure (Hui et al. 2017). At this
limit, a corresponding upper limit on m, can be solved for (Schive
et al. 2014; Laroche et al. 2022):

—22 Mmin -3 1/2
my <1072 () (g, (12)
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where m, has units of eV and M, is expressed in Mg. In
Section 4.3.2, we model the Mothra millilens as a perturbation on
the local density profile. As we discuss, there is expected to be a
lower mass limit on the millilens at the point where the perturbation
fails to produce critical curves. As our results show in Section 4.3.3,
8; appears to converge at 0.01 arcsec from Mothra, for which we
found the millilens to have a mass of 1.89700F x 10° M. Since we
expect this mass to lie near the lower limit of the millilens mass,
we treat it as the rough millilens lower limit, M,,, for just this
calculation. This is a fair assumption because if we treat the millilens
as a density fluctuation, then its amplitude is approximately equal
to the mean local density (i.e. fractional overdensity dp/p ~ 1),
as expected from DM (Dalal et al. 2021). From this, we find
thatm, < 8.7470:03 x 102! eV. Going one step further, simulations
show that ~80 per cent (possibly even higher since Mothra is close to
the cluster centre) of the mass of dark matter haloes can get stripped
during their infall (Niemiec et al. 2019), something expected to occur
in the case of the Mothra millilens substructure. Accounting for this,
the original mass of the millilens increases to 9.43)42 x 10° Mg,
thus constraining n, < 2.99%00) x 1072 eV.

We caution that this conclusion relies on many assumptions,
mainly that our analysis adequately estimates M ,, that T-strip is
a good representation of the millilens, and that Mothra is indeed a
binary pair of supergiants (thus requiring p,, ~ 6000). The first two
of these were justified previously, while the last is our most sensitive
assumption. Degeneracies present in the SED fitting of Mothra’s
photometry potentially cause Ti¢ to be underestimated (Diego et al.
2023). Since our constraints of the millilens properties heavily
rely on the intrinsic properties of Mothra, we would ideally prefer
spectroscopic observations to characterize Mothra more accurately.
However, acquisition of a spectra of Mothra is likely to pose a
challenge, due to an expected long exposure time of over 50 h per
grating with JWST and lack of identifiable spectral lines at its redshift
(Lundgqvist et al. 2024). Therefore, our constraints presented here are
based on the best available data, and may drastically change upon
future observations. None the less, the upper limit is consistent with
both Lyman-o measurements (Irsi¢ et al. 2017) and lensing flux ratios
(Amruth et al. 2023), thus unable to break the tension. Since this only
makes use of a single low-mass millilens substructure, the discovery
of more Mothra-like millilenses (e.g. Godzilla, in the Sunburst arc
Diego et al. 2022) may help elucidate the m, upper limit to higher
precision.

Another dark matter candidate worth investigating is self-
interacting dark matter (SIDM). This model assumes the dark matter
particles have a non-zero interaction cross-section per unit mass
o/m, which has been constrained using dark matter substructures
with cosmological N-body simulations (Peter et al. 2013; Harvey
et al. 2019; Xu 2023; Sabarish et al. 2024) and lensing obser-
vations (Miralda-Escudé 2002; Markevitch et al. 2004; Bradac
et al. 2008; Jauzac et al. 2016, 2018; Andrade et al. 2022; Kong,
Yang & Yu 2024). Once again, a more proper analysis of SIDM
constraints derived from our lens model is beyond the scope of
this paper. Here, we present a brief back-of-envelope calculation to
constrain o /m.

The characteristic radius of the SIDM density profile is defined as
the point where dark matter self-scattering happens once during the
age of the halo (,e) (Kaplinghat, Tulin & Yu 2016). If we assume
that the SIDM halo is virialized at this characteristic radius and that
the characteristic radius is roughly equivalent to the core radius R,,
then we obtain the following relation (Miralda-Escudé 2002; Peter

MACSJ0416 2707

et al. 2013; Kaplinghat et al. 2016):

o 4x | R] (13)
m Bty V GM3’

where M is the mass of the SIDM halo. This relation also assumes
that the density of the SIDM halo at R, is equivalent to its mean
density, something which is approximately true for our purposes.
For this calculation we set e & 1.5 x 10° yr which corresponds to
the formation of the halo at z ~ 0.6. This choice of redshift is rather
arbitrarily chosen such that the halo is relatively long lived, and
therefore gravitationally bound, by the time of observation at z =
0.396. With this, we find o/m to be 0.070 4 0.005cm? g1, 0.013 +
0.001 cm? g~!, and 2.301 & 0.027 x 103 cm? g~! for M1, M2, and
the Mothra millilens, respectively. We note that for this calculation
we use the best-fitting mass and core radius for the millilens. Since
these are tidally stripped substructures with original masses that
are approximately estimated to be much higher, these constraints
are rough upper limits. These results are stricter but nonetheless
consistent with previous constraints (Peter et al. 2013; Kaplinghat
et al. 2016; Andrade et al. 2022). It is also in agreement with recent
results finding best fitting o/m <« 1cm?g~!' (Harvey et al. 2019;
Andrade et al. 2022), suggesting that dark matter in clusters does
not self-interact. Similar to ¥y DM, a more rigorous and sophisticated
analysis is necessary to further constrain the interaction cross-section.

5 CONCLUSIONS

We present an updated lens reconstruction (dubbed FFO00) of
MACSJ0416 using GRALE, a free-form genetic algorithm based lens
inversion method. FFOO includes all 237 spectroscopically confirmed
images, making this the free-form lens model with the most multiple
image constraints in the Frontier Fields. Our main results are as
follows:

(i) Our main lens model, FF00, has Agys = 0.191”, indicating
high accuracy in the reconstruction. We also find M (< 200 kpc)
to be 1.434 £0.002 x 10" Mg and 1.487 & 0.002 x 10"*M,, for
BCG-N and BCG-S, respectively, which is consistent with previous
models (Diego et al. 2024b). Table 4 presents the main results of the
additional models we generate. All the models are broadly consistent
with one another. In addition, all the models exhibit the same large
scale density structure.

(i) We identify two main dark substructures that appear to be
unassociated with light (M1 and M2) that are present in all the models
we generate. M1 is located roughly in the center of the lens with
9.5+ 0.5 x 10' My, within a core radius of ~16 kpc. M2 is located
much closer to BCG-S with a size of ~8 kpc and mass of 5.7 + 0.2 x
10! M. While it is possible that the mass of both substructures
can be redistributed using lensing degeneracies (thereby reducing
or eliminating them), we argue that this is unlikely (especially for
M?2) due to the presence in both cases of nearby central maxima
images. If the two substructures are real, the axion mass lower limit
of wave dark matter for M1 and M2 is ~ 10~2* eV. Likewise, dark
matter self-interacting cross-sections above 0.070 & 0.005 cm? g~!
and 0.013 £ 0.001 cm? g~!, are disfavoured. In the future, we suggest
more sophisticated analysis to formalize these constraints.

(iii) For the well-studied Spock arc, we find FFOO exhibits two
crossings of the arc, one of the only models with this behaviour.
The mean image plane separation (A@) for this arc is 0.111 arcsec.
There is strong support for this being an accurate reconstruction of
the critical curve structure near the Spock arc due to the calculated
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high magnification (« > 40) across the arc. This allows for a high
probability of microlensing to explain the numerous transients (Yan
et al. 2023) discovered in the arc. The multiple crossings are able
to provide sufficient mass to account for the M /L ratios of Spock-
N and Spock-S, which imply that the wide density profile around
Spock-N is responsible for the 2 critical curve crossings. Our hybrid
(H-prefixed models) and transient counterimage (FF-prefixed except
for FFO0) models are unable to reproduce as accurate a model nor the
necessary high magnification across the arc to explain the number
of transients. Predicted luminosities of transients with this model are
consistent with blue supergiants at the upper limit, consistent with
observations (Rodney et al. 2018; Diego et al. 2024a).

(iv) In the Mothra arc, the presence of Mothra for > 8 yr without a
counterimage suggests a unique case of millilensing at that position.
Using Bayesian optimization to model this millilens, we constrain the
mass and core radius of the millilens to be 2.29709} x 10° Mg, and
17‘13:2 pc at the upper limit, respectively. This result is consistent
with the model from Diego et al. (2023), and inconsistent with the
model from Abe et al. (2024). Our result provides the first explicit
constraint on the core radius of the millilens. The upper limits on mass
and core radius are consistent with the millilens source being a small
globular cluster too dim to be seen with JWST, or an intermediate
mass black hole. Alternatively, if the millilens is dominated by wave
dark matter, we constrain the axion mass m, < 2.9970%) x 102!
eV, consistent with past results (IrSi¢ et al. 2017; Amruth et al.
2023). Similarly an upper limit of 2.301 & 0.027 x 1073 cm? g~
can be placed on the dark matter self-interacting cross section. Like
M1 and M2, more rigorous analysis is required to formalize these
constraints.

The natural next step for this work would be to do another
GRALE lens reconstruction of MACSJ0416 including the full JIWST
image catalogue of 343 multiple images (Diego et al. 2024b). As
mentioned in Section 2, we did not include this larger image data
set because it lacks spectroscopic redshifts for many sources, which
can reduce Agys in GRALE (Remolina Gonzalez et al. 2018). It
is likely, however, that spectroscopic redshifts will be available for
the larger image set in the future. Furthermore, since MACSJ0416
has the largest number of multiple images of any known cluster
lens, it can serve as an excellent test on whether or not lens models
in the literature are converging to a similar solution. We propose
a comparison of reconstructed density profiles for this lens for
various lens inversion methods and image constraints. Presumably,
the increase in number of image constraints (especially in the central
regions of the cluster) and precision of M /L measurements for
cluster member galaxies has caused mass reconstructions to converge
for a variety of parametric and non-parametric lens inversions. If this
is true, this can allow us to establish the likelihood of certain mass
features in the lens (such as M1 or M2) being real structures if they
are consistently reproduced with increasing data constraints. In turn
this can help place stronger constraints on dark matter models.

In addition, the inclusion of highly magnified transients (such as
with Mothra in this work) as explicit constraints on substructure in the
lens is a new and exciting frontier for future research (Venumadhav
etal. 2017; Dai & Pascale 2021; Griffiths et al. 2021; Diego 2022; Lin,
Wagner & Griffiths 2022; Meena et al. 2022; Williams et al. 2024).
The technique can be used to place constraints on microlensing
probability and density (Diego et al. 2024a) and consequently on
different models of dark matter (Dai & Miralda-Escudé 2020).
The multiple critical curve crossings of the Spock arc we find in
FF0O offers a unique case deserving of future study. Since our
model predicts a high magnification along the arc, the probability
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of microlensing increases. We suggest future work using our model
to therefore formalize the constraint on microlensing probability and
density in the arc. Likewise, the increasing number of transients
discovered in the Spock arc with HST's Flashlights and JWST’s
PEARLS will elucidate the exact position of the critical curve, thus
offering a test of the reality of our model.

Our development of hybrid lens models using GRALE offers a
unique way to perform a lens reconstruction with a parametric basis
set constraint included on top of a free-form inversion method, which
uses thousands of free parameters and generates an ensemble of
solutions, instead of just one.'” In our work, these models were
broadly consistent with the free-form ones. In SDSS J1004+4112,
Perera et al. (2024) found, using hybrid GRALE models, that a denser
central mass distribution offered a competing degenerate model with
similar fitness, showing how hybrid models can uniquely examine
the parameter space. However, the performance of the hybrid GRALE
method (and if it contains any systematic effects) has not yet been
studied in detail. We therefore suggest rigorous scrutiny of the
performance of hybrid GRALE models and how they compare with
the default free-form GRALE models in a manner similar to Ghosh
et al. (2020). Such an analysis will allow clearer interpretations of
future GRALE models which will be crucial with the discovery of
greater numbers of multiple images per cluster.

In general, our lens reconstructions achieve one of the highest
precision models of MACSJ0416 to date. The reconstruction of
multiple critical curve crossings in the Spock arc will, if true, place
strong constraints on the local density of microlenses and dark matter.
Our constraints on the mass and size of the Mothra millilens likewise
place constraints on models of dark matter.
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APPENDIX A: HYBRID MODELS

Hybrid lens models using GRALE amount to including additional
basis functions on top of the currently existing grid of Plummers. All
these functions are optimized in the genetic algorithm. The benefit
of these models is the mandatory inclusion of mass at the scale
of individual cluster member galaxies, which can have influence
on image positions and magnifications that may not be completely
reconstructed by a free-form cluster scale model. Below we describe
the input parameters and their physical justifications for the Sersic
and NFW hybrid models.

A1 Sersic model

For a circular Sersic profile, the projected surface mass density
(Keeton 2001) is

Zs(0) = Xcen eXp [— (%) } ; (AD)

where X, is the central surface mass density, n is the Sersic index,
0 is the angular position, and 6s is the angular scale, defined by the
effective radius R, as 05 = (b™"R.)/Dq, where b = 2n — (1/3). To
model cluster member galaxies with a Sersic profile, we define for
each modelled galaxy X, R., and n based on observed physical
characteristics from each galaxy. We note that the parameter X,
need only be an estimate since the genetic algorithm will optimize
its weight.

For all modelled galaxies, we assume n = 4 for a de Vaucouleurs
model since the cluster member galaxies are most likely elliptical. For
MACSJ0416, Tortorelli et al. (2023) measure structural parameters
for the cluster member galaxies. We adopt their measurements of
R. in HST F160W, since elliptical galaxies’ flux is brighter in
redder wavelengths, so R. measurements in this band most likely
correspond to stellar mass. Estimating the central density is slightly
more involved as mass measurements of the cluster member galaxies
are unavailable. We start by solving for X, in terms of the total
stellar mass M, (with n = 4):

i
M, = 2n2mD§/0exp {— (;) ] de. (A2)
S
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Since we have assumed a circular Sersic profile, we can rewrite the
equation:

~ o\
M, =2m Ecen/ rexp |—| — dr, (A3)
0 Rs

where r is the radial distance with respect to the centre of the galaxy
(r = D4f) and Ry is the physical scale, defined as Rs = Dy6s =
b~*R.. The solution for this is exact if one substitutes x = (r/Rs)"/*:

o0
M, = 27 Zeen / x*Rge™ (4x°Rs) dx
0

oo
= 8n2cenR§/ xTe ¥dx
0
— Q! 2
= 8!m Eeen Rs.
So to estimate X..,, we need to estimate the stellar mass:

p— M*
"~ 8IwRE

cen (A4)
Observations from the Canada—France-Hawaii Telescope Legacy
Survey (CFHTLS) of cluster member galaxies at 0.1 < z < 0.9 find
a tight correlation between R. and M, (Ulgen et al. 2022). Using
our adopted estimates for R., we can therefore use this relation (see
equation 9 in Ulgen et al. 2022) to estimate M, and therefore ¥,.
Table 2 gives the estimated Sersic parameters used as input for our
hybrid models.

A2 NFW model
The Navarro-Frenk—White (NFW) profile describes the dark matter
density profile for a dark matter halo (Navarro et al. 1997):
Ps

r r 2’
s

where r; is the scale radius and p; is the scale density. The projected
surface density for an NFW profile is (Bartelmann 1996; Navarro
et al. 1997; Wright & Brainerd 2000):

oNEw (1) = (AS)

0
2nrw(0) = 210G (5) , (A6)
where 6; = ry/ Dy and G(x) is defined as:
1—F(x)
GC)=—F—-— (A7)
x2—1
with

L tanh™' /1 — x2 for x < 1

1—x2
Fx)y=<1 for x =1 (AB)
\/)itan*l V/x2—1 forx > 1.

From this, we need to estimate r; and p, in order to model the cluster
member galaxies as NFW profiles.

For a physically realistic model, we choose to define the scale
radius as the virial radius. From this assumption, we can solve for
the virial mass of the NFW profile:

Ryir
My = / 472 papw (r)dr
0

1
= 47'[,0er3 (1n(1+c)— m) )

where c is the concentration parameter defined as ¢ = R,;;/r;. To get
the virial radius, we estimate it using the effective radius and virial
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radius relation from Huang et al. (2017) where effective radius R, ~
0.023R,;;. Using the measured R, of the cluster member galaxies
from Tortorelli et al. (2023), and this relation, we can estimate the
scale radii for the cluster member galaxies:

~ K A9
" 0023 (A9
From this, the scale radius for a given galaxy depends on its respective
concentration parameter, which we estimate using the concentration—
mass relation as measured in Correa et al. (2015). This requires an
estimate of the virial mass independent of that of the NFW profile
such that ¢ is physically justified rather than an assumption. Since,
from the virial theorem, the virial mass can be estimated as
5Rviro—2

G
an estimate of the velocity dispersion o will give us ¢. We note
that equation (A10) is a good approximation for elliptical galaxies
(Cappellari et al. 2006; Bezanson, Franx & van Dokkum 2015).
Velocity dispersion is not directly measured for some of the galaxies
in MACSJ0416, so we estimate it by scaling these with the measured
velocity dispersion of BCG-N oy = 279 km s~! (Bergamini et al.
2021) and the best fit Faber-Jackson relation for MACSJ0416
(Bergamini et al. 2021). Thus, for a given galaxy, we have the
following relation (from Faber—Jackson):

1
Ly — 10~04(Mga—Mo) _ (g> ‘
Ly 90

where Mg, and M, are the absolute magnitudes for a chosen galaxy
and BCG-N, respectively, Ly and Lo are the luminosities for a
chosen galaxy and BCG-N, respectively, and « = 0.3 (Bergamini
et al. 2021) for the best-fitting Faber—Jackson relation for the cluster.
My can be solved for with the distance modulus using the HST
F160W photometric measurement of the apparent magnitude of
BCG-N m( = 17.02. Similarly, photometric apparent magnitudes
in the F160W band for each cluster member galaxy are presented in
Tortorelli et al. (2023), allowing for measurements of Mg,;. From this,
we can get the velocity dispersion for a given cluster member galaxy:

]O—OAQ(Mga]*Mo)) ) (A12)

M, =

(A10)

(A11)

O'=O'()(

To summarize, using photometric measurements in HS7 F160W,
we are able to obtain estimates of each cluster member galaxy’s
velocity dispersion with equation (A12). From this, we can estimate
the virial mass using equation (A10). Lastly, we can use this estimate
in the concentration-mass relation from Correa et al. (2015) to
estimate c. At this point, we are able to then obtain the scale radius
rs. The final step to model the NFW is to solve for py, which is done
simply by equating the virial mass from the integrated NFW profile
with our estimate from virial theorem (equation (A10)):

SRvirU2
G
Thus, we obtain:

5Ri0? (40 1\
s = n - .
= 4nriG A

Table 3 gives the estimated NFW parameters used as input for our
hybrid models.

= 47'[,0er3 (ln(l +c)— 11?) .

(A13)

APPENDIX B: UNCERTAINTY IN THE SPOCK
ARC CRITICAL CURVE

Since the critical curve structure around the Spock arc is of particular
interest, it is important to analyse the uncertainty in our recov-

MACSJO416 2711
Q‘\“'-i) Reconstructed “Yan+23
8 N .. O Observed Rodney+18
"A Kelly+22 X Cluster Members

CC Density

10

Figure B1. The same field of view of the Spock arc as Fig. 6, with the FFOO
critical curve (CC) shown as a red dashed line. The labelled points are the
same as in Fig. 6. The green background (and corresponding dark purple
contour lines) shows the bootstrapped density of CCs from the ensemble of
40 GRALE runs, with darker green regions corresponding to regions where
individual CCs from a GRALE run are more likely to pass through. The blue
dashed lines show the resampled CCs. From this, we can see that the FF00
CC falls along a probable path around the Spock arc. The CC density also
favours multiple crossings of the arc as shown by the CC density forming a
‘U’ shaped structure as it passes the arc.

ered model. Our FFOO reconstruction finds multiple critical curve
crossings of the Spock arc. We bootstrap by randomly sampling
the ensemble of 40 GRALE runs with replacement, to obtain the
frequency at which multiple crossings are recovered by GRALE.
From this resampled data, we calculate the density of critical curves
around the Spock arc, as shown in Fig. B1. The critical curve density
is thus a measure of the uncertainty.

The critical curve density follows our FFOO result, and does
seem to favour multiple crossings of the Spock arc. This can be
seen with the valley-like features of the critical curve density.
Unlike the single critical curve crossing case of Bergamini et al.
(2023) (see top panel of Fig. 6) and several other models, whose
critical curve closely encircles the Spock-N galaxy, our critical
curve density is very low around Spock-N. Our critical curve
density instead increases significantly around the valley surrounding
Spock-N. We can see this forms two distinct crossing points on
either side of the Spock arc. We note that this does not rule
out a single crossing model, as a little under half of the models
in the ensemble of 40 GRALE runs reconstructed one crossing.
Augmenting the ensemble of models from which we construct
FFOO0 will further elucidate the critical curve structure around the
Spock arc.

APPENDIX C: HYBRID AND FREE-FORM LENS
MODEL RESULTS

Here, we present summary plots for the transient counterimage and
hybrid models we generated to compare with FF00. The transient
counterimage models are defined in Section 3.2. The hybrid models
are likewise described in Section 3.2, with input parameters listed in
Tables 2 and 3 and derived in Section A.
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Figure C1. Summary plots for the transient counterimage free-form models FF11, FF12, FF11 + D, and FF12 + D, from top to bottom row. (Left Column.)
Projected surface mass density distribution for the respective model. Both BCGs, M1, and M2 are all labelled. Reconstructed images are shown as red triangles
while observed images are shown as blue dots. (Middle Column:) Zoomed in view of the density profile in the region around BCG-S. Cluster member galaxies
are shown as light green diamonds. The potential dark matter substructures M1 and M2 are labelled, and can be easily seen as light unaffiliated in this view. (Right
Column:) Spock arc reconstruction for the respective model. The critical curve is shown as a dashed light red line. Observed (yellow circles) and reconstructed
(green circles) images are shown alongside S1/S2 (orange triangles), F1/F2 (pink triangles), and the transients from Yan et al. (2023) (cyan triangles). Notable
is the lack of multiple critical curve crossings of the arc contributing to low magnification along the Spock arc.
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Figure C2. Summary plots for the Hybrid models H-NFW (Zop Row) and H-Ser (Bottom Row). Columns are the same as Fig. C1. Note that the grey scale
range representing projected density is different compared to the previous figure.
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