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Abstract: An exact non-perturbative model of a gravitational wave with pure radiation is constructed.
It is shown that the presence of dust matter in this model contradicts Einstein’s field equations. The
exact solution to Einstein’s equations for gravitational wave and pure radiation is obtained. The
trajectories of propagation and the characteristics of radiation are found. For the considered exact
model of a gravitational wave, a retarded time equation for radiation is obtained. The obtained
results are used to construct an exact model of gravitational wave and pure radiation for the Bianchi
type IV universe.

Keywords: gravitational wave; pure radiation; light cone; retarded time of radiation; dust matter;
Hamilton-Jacobi equation; Shapovalov spacetimes; Bianchi type IV universe

1. Introduction

The opening of the era of gravitational wave astronomy (Nobel Prize in Physics,
2017) provided new tools for obtaining information about astrophysical objects and the
universe as a whole [1-3]. Studying the propagation of radiation and the motion of
particles in a gravitational wave is an important task for gravitational wave astronomy
since it can provide additional approaches and methods for recording and determining
the characteristics of the gravitational wave background [4]. Recently, this direction has
received an additional experimental base in connection with the release of a number of
publications on observational data on time delays of signals from pulsars when their
radiation passes through the stochastic gravitational wave cosmic background [5-7].

Usually, such models are considered in perturbative approximations for weak gravita-
tional perturbations against the background of basic gravitational fields and are studied
by numerical methods [8-12]. When constructing numerical models taking into account
complex gravitational wave signals, the availability of exact models of gravitational waves
is of great importance, providing an exact mathematical basis and a transparent physical
interpretation and allowing one to exactly calculate the influence of a gravitational wave
on the propagation of radiation. Such exact models allow us to clarify the behavioral
features of solutions and serve as a basis for debugging more complex numerical models of
gravitational waves.

In this paper, we will consider the most general exact model of a gravitational wave,
whose metric in a privileged coordinate system depends only on one wave variable, along
which the spacetime interval vanishes [13]. Along with the cosmological constant in
Einstein’s field equations, we will consider such sources as pure radiation and dust matter.
In this case, the pure radiation model can have a physical interpretation as both high-
frequency electromagnetic radiation and high-frequency gravitational radiation, as well as
any other massless radiation against the background of a basic gravitational wave.
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Exact models of gravitational waves are also of interest in the study of gravitational
waves at the early stages of the universe’s development since observational data on the mi-
crowave cosmological background indicate its anisotropy [14], and the generally accepted
interpretation of this fact as a consequence of the kinematic effect during the motion of our
galaxy also causes critical assessments [15-17]. If the universe had anisotropy at the early
stages of its development, then gravitational wave models based on Bianchi’s anisotropic
universe models and their influence on the formation of the microwave electromagnetic
background of the universe may be of interest for research. The model of gravitational
waves considered by us allows for the existence of symmetries of Bianchi spaces [18], can
have joint exact solutions with the electromagnetic field [19-26], and, thus, can also model
gravitational and electromagnetic waves in the early anisotropic universe. We have also
previously constructed a number of exact models of similar gravitational waves [27-29]
for both Einstein’s theory of gravity and modified theories of gravity [30-38], including by
taking into account nonlinear terms in curvature in the field equations [39,40].

When studying the motion of test particles and the propagation of radiation in such
exact models of gravitational waves, the Hamilton—Jacobi formalism is often used, which
allows exactly integrating the equations of motion and obtaining the trajectories of particles
and the trajectories of light propagation in a gravitational wave. The study of trajectories
allows, among other things, for obtaining the ratios of the delay of light signals during their
propagation in gravitational waves [41], which provides opportunities for experimental
assessments of the characteristics of background gravitational waves.

From a general theoretical point of view, exact models of gravitational waves pro-
vide a general basis for deriving physical laws based on them, for example, for deriving
Coulomb’s law for the electric charge in a gravitational wave. From a technical point of
view, non-perturbative exact models of gravitational waves are necessary to describe strong
gravitational wave disturbances when perturbative methods do not work, for example,
to describe gravitational waves at the early stages of the universe’s development or near
sources of strong gravitational wave disturbances. The delay of light signals in the stochas-
tic gravitational wave background is currently being directly analyzed in the works of
radio astronomers on long-term observations of pulsar signal delays.

2. The Gravitational Wave Exact Model

Let us consider the most general model of a gravitational wave, the metric of which in
a privileged coordinate system depends on only one wave variable. The spacetime interval
of the gravitational wave under consideration can be represented in the following general
form [13]:

ds? = 2dx%dx" + gpg(x°) (de + fp(xo)dxl) (dx” + f"(xo)dx1>. (1)

Here, s is the spacetime interval and the indices p, g, = 2,3. To write the metric (1), a
“privileged” coordinate system with the wave variable x is used (along the wave variable,
the spacetime interval vanishes). The metric (1) in the privileged coordinate system allows
for obtaining a complete integral for the Hamilton—Jacobi equation of test particles and for
the eikonal equation [42-44].

The equation for test particles in a gravitational field has the following form in the
Hamilton-Jacobi formalism [13]:

w05 05 oo

axaﬁ:””’ «,$=0,1,23, (2)

where m is the mass, S is the action function of the test particle (unlike the interval, the
action is denoted by a capital letter S), and c is the speed of light, which we will set equal to
unity in what follows.

As is known, the metric (1) belongs to the class of Shapovalov wave metrics [45] and
allows for the existence of the so-called complete set of spacetime symmetries (a complete
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set of Killing vector and tensor fields) that form a complete set of integrals of motion of the
Hamilton—Jacobi equation for geodesics (2), allowing one to obtain a complete integral of
this equation in a privileged coordinate system.

In a privileged coordinate system, the action function of a test particle can be repre-
sented in a separated form:

S(x%) = ¢o(X0) + Aexk,  ijk=1,23. 3)

where Ay are constants (integrals of motion specified by initial or boundary conditions).

From the Hamilton—Jacobi Equation (2) for the metric (1), we can note the consequences
that arise according to the method of the separation of variables when the action function
of a test particle in the considered privileged coordinate system has the form:

S = ¢o(x") + ZAkx 4)
The Hamilton—Jacobi Equation (2) then gives the relation:
d
0 (m ~Lf 1 %)) =m? =Y ApAg (%), (5)
p4q

where Ay are independent constants of motion of the test particle.
The action function of the test particle S in the gravitational wave under consideration
takes the following form:

_ — Lpq AprggP1(x0)
S— EAkx 2/ W dx0. ©6)

The equations of the trajectory of the test particle in the Hamilton-Jacobi gravitational
field formalism are written in the following form:

S

87)\;( = Ok, (7)

where 0} are additional independent constant parameters of the particle trajectory, deter-
mined by the initial or boundary conditions of the test particle motion.

Substituting the obtained form of the function S from (6) into relations (7), we ob-
tain the following general form of the equations of the trajectory of test particles (i.e.,
the geodesic lines of spacetime) in the considered gravitational wave in the privileged
coordinate system:

L L= At () g

x'=0+ 5 (- )quq(xo))z X (8)
fP(x m _/\/\qgm( 0)) 0 Aquq(xo) 0

Rl AW Bre v e L

Here the wave variable x plays the role of the parameter along the particle trajectories,
determining the relationship between the variables x!, x2, and x> on the particle trajectories.

The proper time of a test particle T can be defined via the particle action function by
the relation (see [13]):

1—ApA, P (x0 -
! pPhag05) 0 R Zam. (10)
2) X=X, f1(x0)

T—S/m—Z)\kx + =
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Then, we obtain, from (10), via the relations for x!, x2, and x? from trajectory Equations (8)
and (9), the connection of the wave variable x on the particle trajectory with the particle’s
proper time T.

Thus, via Equations (8)-(10), we obtain the trajectories of test particles in the usual
notation x* = x*(7), although the functions x*(7) are generally specified not explicitly but
in parametric form.

The refinement of the form of the functions g (x%) and f7(x?), included in the metric
of the wave model of spacetime, arises from the field equations of the physical model and
the theory of gravity under consideration.

Note here that substituting the gravitational wave metric (1) into Einstein’s vacuum
equations

Rup =0, (11)

where R, is the Ricci tensor, leads to the following necessary conditions for the gravita-
tional wave model under consideration (see [13]):

fP(x%) =o0. (12)

3. Pure Radiation and Dust Matter in Gravitational Waves

Let us consider the gravitational wave model for the case of Einstein’s theory of gravity
with field equations of the following form:

1
Rup — ERg,,él; = Agup +€lalpg +puqug, (13)

where g,4 is the spacetime metric for a gravitational wave of signature (4, —, —, —), Rqp is
the Ricci tensor, R is the scalar curvature, A is the cosmological constant, € is the radiation
energy density function (null dust), p is the dust matter mass density function, /, is the
wave vector of pure radiation, and u, is the four-velocity vector field of dust matter.

In this case, it is assumed that the following normalization conditions are satisfied:

g“ﬁlalﬁ =0, g"‘ﬁu,xuﬁ =1. (14)

The convolution of the field Equation (13) then yields the following relation for the
mass density of dust matter:
p =R —4A. (15)

Thus, if, for the model under consideration and Einstein’s field equations, the scalar
curvature R becomes constant, then the mass density of dust matter p will also be constant.
Calculating the scalar curvature R for the gravitational wave metric (1) yields:

R=-5 (g% (1) + (%) (g2 (0%) —28% (87)')). (16)

The components of the Ricci tensor R,p for the gravitational wave metric (1) are
obtained in the following form:

Roo = 41g2 (&7 +28° ()" - () (8®)) —288"), (17)
Ro; = % [—2g(g33(b2)’2 +b3/<—2g23(b2)’ +g22(b3)’>)
+ 13 <2g (bz)/(g23)/ _ (bg)/(gzz)/) +g23 (38/(172)/ —I—Zg(bz)”)

_ gzz (3g’(b3)’ +2g(b3)//)> + 12 <2g<(b3)'(g23)’ _ (bz)/(g33)/>
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,g33(3g/(b2)/+2g(b2)//) +g23(3g/(173)/+2g(173)”)>], (18)
R02 _ %((bZ)/(ng)/ _ (bB)/(gZB)/ +g33(b2)// _g23(b3)//)

3 ! / !/
+T2(g33(b2) —g23(b3) ) (19)
Ros = §<(b3)/(g22)/ _ (bz)’(g23)’ —g23(b2)” +g22(b3)”)
+ 3%’<g22(b3)/ —g23g’(b2)’), (20)
—g? (b3 (g23(b2)’ _gzz(ba)/) + 2 (g23(b3)’ —g33(b2)’)>2
Ry = > , (21)
2

Rlzf%(g (1) — g (b >)

% <b3 <g22(b3)’ ) L2 (gsa b3) )) (22)
2

R13*%(2 (1) — g2(b >)

% <b3<g23(b2)’ ) B2 gza bz) )) (23)
_o2(e3B(p2Y — 23b3/2
Ry — g<g<>2g<>), o
B gZ (gZS(bZ)/ _g22(b3)/> (g33(b2)/ _g23(b3)/)
Roz = > , (25)
_o2(eB(p2Y — 22b3/2
Ry = EE ) 26
Here, g is the determinant of the gravitational wave metric:

g =detgu = e 27)

g2¢3 — ( g23)2

We choose a test particle as the base one, setting its mass m equal to unity and choosing
its proper time T as a parameter along the trajectory. Then, the components of the four-
velocity of the particles in the used privileged coordinate system, according to the equations
of trajectories (8)—(10), can be written as follows:

dxP
Uy = Zup ub = 8uap ar = {uo(xo)l/\l/ Aa, )\3}~ (28)
1= Y0 ApAg gP7(x°)
2()\1 Y Aqfq(xo))

Using relation (15) from the field equations with the components of the Ricci tensors
R, Rp3, and Rs33, we obtain the following form of these equations:

uy = p.q,r=23. (29)

, —2(eb?+p22?)

3\/
(%) 2

—(10A+3p) g™, (30)
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2 (el A A
02 ) = 2B R0 10n+3p) 6%, 61
—2 (e l32 +p /\32

(0?)* = ( . ) —(10A+3p) g%, (32)

We obtain the compatibility condition for Equations (30)—(32) in the following form:
(2A+p) (10A+3p) g +4ep (l3As — lhA3)* = 0. (33)
From the field equations with components Ry1, Ry, and Rj3, we obtain the following

relations:

el (ll+lpbp)+p/\1 (/\1 —|—)\pbp) =0, (34)
812(11+lpbp)+p/\2(/\1+)\pbp)IO, (35)
el (ll-i-lpbp)-‘rp)\g, (/\1 -|—)\pbp):0. (36)

Assuming that p # 0, from Equations (34)-(36), we obtain corollaries of the form:
liA]-—l]-)»l-:O, (2A+P)(10A+3p):0. (37)

Equations (34)—(36), taking into account the relation I, = xAj following from (37) (here,
« is an arbitrary constant), lead to the following condition:

Ak (A1 + Ap bP) (ex® + p) = 0. (38)
Since all Ay cannot vanish simultaneously, we obtain a corollary of the form:
ek’ +p = 0. (39)

Substituting condition (39) into Equations (30)—(32), we obtain:

(%) = —(10A +3p) ¢, (40)
(6%) (1)’ = —(10A +3p) g*, (41)
(1?)* = —(10A +3p) g2, (42)

22,33 _

Then, as a result of g~ g g232 = detg" # 0, we obtain equations of the form:

10A+3p=0 — (V') =0. (43)

The obtained conditions of compatibility of the field equations lead to a contradiction
with Equation (15). Thus, we have arrived at a contradiction, from which it follows that in
the gravitational wave model under consideration, dust matter in the given form cannot
existand p = 0.

4. Exact Solution to Einstein’s Equations with Pure Radiation

Let us now consider the case when, in the considered model of gravitational wave,
dust matter is absent and p = 0, but pure radiation with the wave vector [* and energy
density ¢ is preserved. Then, the reduction of the field equations, taking into account the
presence of pure radiation, yields:

p=A=0b"=0, (44)

ds? = 2dx%x" + g, (x°) dxPdxt, g =detg,p = —detgp;, p,q=23, (45
Iy = (Ip,0,0,0),  1*=(0,Iy,0,0), (46)
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8102 =

g% — 288" +28°((82)" — (82)'(8®))
i . (47)

In this case, the scalar curvature of the spacetime of the gravitational wave R and the
cosmological constant A vanish.

This exact solution for the gravitational wave and pure radiation (44)—(47) can have
several variants of physical interpretation depending on the formulation of the problem.

First, pure radiation can be considered an external source of energy (for example,
external electromagnetic radiation or a flow of other massless particles). In this case, the
external pure radiation is assumed to be specified through the wave vector I, and the
radiation energy density e. Then, its presence gives an additional constraint on the three
functions g2, ¢*, and g?*—the remaining components of the gravitational wave metric
in the form of Equation (47). In this case, the obtained solution exists under the condition
that the external radiation has a wave vector of the form (46). Thus, the characteristics
of the external pure radiation (/, and €) determine both the choice of the used privileged
coordinate system and the gravitational wave itself.

Secondly, pure radiation can be considered high-frequency gravitational radiation
against the background of a slowly changing basic metric of the gravitational wave, deter-
mined by the components of the metric remaining after reducing g??, g3, and ¢%3, which,
in this formulation of the problem, are considered arbitrary functions. Equation (47) then
determines the intensity of the high-frequency part of the gravitational wave, and the wave
vector (46) determines the direction of this high-frequency gravitational radiation against
the background of the slowly changing part of the gravitational wave with the metric
functions ¢P7(x).

Thirdly, pure radiation can be considered a flow of massless particles generated
by a gravitational wave due to the energy of the wave (for example, the generation of
an electromagnetic wave), i.e., the gravitational wave, in this case, will “glow”. The
direction of the radiation generated by the gravitational wave will be determined by the
wave vector (46), and the intensity of this radiation will be determined by Equation (47),
according to the metric of the gravitational wave.

5. Light Cone and Radiation Delay in Gravitational Waves

The propagation of light signals in a gravitational wave is determined by the eikonal

equation
ap OF 0¥ =0,
ox« 9xB

where Y is the eikonal function that determines the propagation front of the light signal.

By analogy with the previous calculations for the trajectories of test particles, the
solution to the eikonal Equation (48), by the method of the separation of variables, leads
to the following form of equations for the trajectories of light rays in a gravitational wave
with metric (1):

(48)

A=yt g kpkq 879(x°)
(kl -y kqfq(xo))

> 5 dx®, p,q,1,5s =23 (49)

P(x0 kykg g7 (x0 kg, gP7(x0
xp:’Yp—F;/f ( )Zr,q kg & ( )dx0+/k2q 78 ( ) dxo, (50)
1 —

(k1 - 1 kqfli(xo))z L ke f1(x0)

where the independent parameters k; and 7; are determined by the initial or boundary
conditions of radiation propagation in a gravitational wave and the wave variable x° plays
the role of a parameter along the trajectory of light ray propagation.

By selecting and fixing one of the world points x‘E‘D), through which all possible

trajectories of light rays (49) and (50) pass, we obtain the equation of the light “cone” for
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this world point, along which light signals in a gravitational wave propagate, which can be
detected by an observer at this point.

If we now additionally fix another world point x‘é‘s), in which the radiation source
is located, the light signal of which is detected by an observer at the point x‘("D), then we
obtain light trajectories that connect the world points of the source and the signal detector.
These relations define boundary conditions that allow us to express the parameters of the
light trajectory 7 and k; /k; through the coordinates of the world points of the source and
detector of the signal x‘z‘s) and x‘é‘D), and also to find the equation of the delay of the light
signal, which relates the coordinates of the world points of the source and detector. For
calculation details, see Appendix A. Such a “delay” relation in reference systems with an
explicitly distinguished time variable gives the connection between the moment of emission
and the moment of detection of the light signal during its propagation in a gravitational
wave (see [41]).

Solving the boundary condition equations for the parameters of the light signal trajec-
tory in the exact gravitational wave model with metric (45) and conditions (44)—(47), we obtain
expressions for the parameters 7, of the form:

w=Y[(1-cec:") ] <x‘é - Z[GDGsl}qrx:z), G

r

q
M) = [0, Go=GM(xf),  Gs=GM(xD). (52)

where G(x?) is the matrix from relations (52) and I is the identity matrix (inverse matrices
and matrix products are used in expressions). The subscript D means that the quantity
refers to the detector, and the subscript S means that the quantity refers to the signal source.
The parameters of the radiation trajectory k;, /k1 we obtain from the boundary conditions
can be expressed in the following form:

kp

£ -Xl(e-a) ]

<x([6], - [(ee-ase) ], )

For the light ray trajectory parameter 1, we obtain the following expression:

1
_ 1 - p -1 q
71—x5—0—2§ xS[GS qus

/N
mR_“
+
=[]

GoG: | ,,rx?> [(1-Goes) ] . (Z[(Gs ~Go) Y] X

r pr

- Z[(Gs - GD)‘l} [Gchl] xg>. (54)
s,r ps sr

Note that the expressions obtained above for the parameters of the trajectory of a light
signal propagating in a gravitational wave (51)-(54) can be formally redefined using the
further obtained delay relation for a light beam. In this case, the numerical values of the
parameters will of course not change.



Symmetry 2024, 16, 1456

9 of 21

For the exact model of the gravitational wave and pure radiation (44)-(47), we present,
omitting for brevity the calculations described above, the form of the resulting equation of
the delay of the light signal, connecting the coordinates of the world points of the source
x‘e‘s> and the detector of the light signal x‘é‘D) in the gravitational wave in the privileged

wave coordinate system:

0=2(xh =) + 3 (46 -) [(Go- G ] (). 5

In square brackets is the inverse matrix of the difference between the matrices Gp =
GP1(x9) and Gs = GP1(x?) at the world points of the detector and the source (see (52)).
We obtained the equation in “finite differences”; in fact, it is not “local” but integral. The
obtained relation (55) for the gravitational wave under consideration is a certain analog of
the interval along the trajectory of light propagation in flat Minkowski spacetime.

The equation of the delay of radiation propagating in a gravitational wave in a simple
exact analytical form (55) has been obtained for the first time for a non-perturbative exact
model of a gravitational wave of arbitrary intensity and can be the basis for calculating
various physical phenomena occurring with the participation of gravitational waves, in-
cluding the calculation of the delay time of electromagnetic signals from pulsars during the
passage of gravitational waves between pulsars and observers [5-7].

6. Synchronous Frame of Reference

The advantage of the approach considered in the paper using the Hamilton—Jacobi
formalism also includes the possibility of analytically constructing a synchronous frame of
reference, which is associated with an observer freely falling in a gravitational field, with an
explicitly distinguished time variable (the observer’s proper time). Such a construction is
based on the fact that we can analytically construct a complete integral for the action func-
tion of test particles in a privileged wave coordinate system and construct the trajectories
of particle motion. By choosing a complete set of integrals of motion and the proper time
of a particle for new independent variables, we obtain a transformation from a privileged
wave coordinate system to a synchronous frame of reference (see [13]).

Such a synchronous frame of reference is a significant advantage for astronomical
observations and allows one to analytically represent the equation for the time delay of
radiation in a gravitational field, calculate the time delay of radiation in a gravitational
wave, and reconstruct the characteristics of a gravitational wave from the time delay of
radiation propagating against the background of a gravitational wave.

By choosing the constants Ay, Ay, and A3 in the equations of the trajectory of the
test particles (8) and (9) as new spatial variables, and the proper time of the particle T
in (10) as the time variable of the new reference frame, we will construct a synchronous
reference frame.

For the gravitational wave metric (45), the transformation from the privileged wave
coordinate system {x} to the synchronous reference frame {y*} = {t,y!,3%,y°} can be
written from (8)—(10) in the following form:

X0 — tyl, (56)
1 t yPy1 1
dos = Y gra gy, (57)
TSI
q
xP — Zy—l qu(tyl), p.q9=2,3, (58)

(59)
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The gravitational wave metric ¢, in the synchronous reference frame y* takes the
following form:

ds? = dt* —di* = df* + gu (v, 5 %) dy'dys, i jk=1,2,3, (60)

where t is the time variable and y* are the spatial variables of the synchronous reference frame.

For the equation of radiation delay in a gravitational wave (55), we can obtain, in
a synchronous reference system, an analytical relationship between the time of signal
emission at the point of the source and its detection at the point of the observer during the
propagation of the signal in a gravitational wave (see, e.g., [41]).

7. Exact Model of Gravitational Waves and Pure Radiation for Bianchi Type IV Universe

As an example of using the approach proposed in this paper, we will consider the
application of the results obtained above to a specific model of a gravitational wave with
pure radiation in a cosmological problem.

The metric for a gravitational wave (45) with symmetries of the Bianchi type IV space
can be represented as follows

2 2
ds* = 2dx%dxt + (xo)(l_v) {f(sin ¢)? (dxz) + ((log X0 — vy cos p) dx* + dx3) ], (61)

g =detg,g = —7”sin’(¢p) (xo)z(lfv), v #0, 0<¢p<m, (62)
where x¥ is the wave variable along which the spacetime interval vanishes and v, y, and ¢
are constant parameters of the gravitational wave model for the Bianchi type IV universe.

This model was obtained [18,27] by imposing symmetries of Bianchi type IV space
on the general gravitational wave model (45). Depending on the value of the parameter
v, we obtain an expanding or collapsing model of the Bianchi type IV universe with a
gravitational wave.

This gravitational wave model of spacetime (61) admits a three-parameter subgroup
of motions, forming a homogeneity group with Killing vectors X(y), X(,), and X(3) with a
positive-definite metric on the orbits of the group:

Xfy=(00,1,0), X5 =(0001), Xf = (-2"x" w0t wx’ -2, (63)

where the following notation is used w = (1 —v)/2.
The commutation relations for the homogeneity group Killing vectors X(q), X(5), and
X(3) correspond to type IV according to the Bianchi classification:

[X<1>/X<2>} =0, [Xu)rX(s)} = wXa) — X(2), [x(z),x@} =wXp). (64)

Solutions (46) and (47) to Einstein’s equations for pure radiation, with the energy
density e and wave vector [* for the metric (61), have the form:

ly = {lo,o,o,o}, ® = {0, lo,0,0}, (65)
-~ L 2VA2 i
ely? = E 5/ E= 1+ U )27 SIn¢ = const. (66)
(x0) 292 sin”¢p

For cases of positive energy density of pure radiation ¢ > 0, it is convenient to
introduce the angular parameter ¢ instead of the parameter v:

vV =cosy, O<y<m, -1l<v<l (67)
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Then, we obtain

. . 2
E:(fysm(psmlp) —1, v #£0, 0<¢<m, O<y <. (68)

2(y sing)?

The maximum value of the constant E is achieved at values of angular parameters
¢ =19 =rm/2 (atv =0) and equal

2
-1 1 1 1
Epax = W = 2<1_’)’2)’ Emax < 5 (69)

From Einstein’s equations with pure radiation and the sign of the radiation energy
density €, we obtain restrictions on the gravitational wave parameters v and .

1. The energy density of pure radiation & becomes zero at the following values of the
gravitational wave parameters:

1
sin (¢) sin ()’
This is the case of an expanding Bianchi IV universe.

2. The energy density of pure radiation ¢ is greater than zero and is given by rela-
tions (68) for the following values of the gravitational wave parameters:

7| = v=cosy, O0<¢p<mn, O<yp<m. (70)

o
sin (¢) sin ()’

This is the case of an expanding Bianchi IV universe.

3. The energy density of pure radiation ¢ is negative (interpreted as radiation genera-
tion due to gravitational wave energy) for the following two ranges of parameter values:

3.A. The value of the constant E is negative and is given by relations (68) and

|y | > v=cosy, O0<¢p<m O0<y<m (71)

I S
sin (¢) sin ()’

This is the case of an expanding Bianchi IV universe.
3.B. The value of the constant E is negative and is given by the following relations

0< |yl < v=cosyp, O0<p<m 0<yp<m (72)

15:11—#—#2 <0, |v|>1, 9#0, O0<¢<m (73)
7(sin¢)

For v > 1, this is the case of a collapsing Bianchi type IV universe, and for v < 1, this
is the case of an expanding universe.

The integration of the Hamilton-Jacobi Equation (2) for the gravitational wave met-
ric (61) has a special case for the parameter value v = 0, so we will consider two separate
cases: when v # 0 and when v = 0.

7.1. Exact Solution for Gravitational Waves and Radiation in Bianchi Type IV Universe (v # 0)

In this subsection, we will use auxiliary notations:
A=1+9"cos’p>1, L) =1+ v('y cos ¢ — log(yoyl)). (74)

In a privileged wave coordinate system, the equation of radiation signal delay for a
gravitational wave with metric (61) takes the following form
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b= TP () (") 2 lopted) o)) ()" ()" ) x
X {—2 [log(x%) (29)" —log(x?) (x9)" + (% + 7 cos qb) ((xg)v - (x%)v)] Ay A3

_ [<log(x%) - 2(% + 7 cos 47)) (x9)" log(xp) — (log(xg) - 2(% + 'ycosgb>) (x2)" log(x?)

2  29cos

(5 22 ) ()" - ()] o2+ ()" - (1)) A} 75)
where A, denotes the difference between the coordinates of the detector and the source

Ap = xK — 1k, (76)

The law for the transformation of variables from a privileged wave coordinate system
{x*} to a synchronous reference system {y*} takes the form:

X0 %yoyl, (77)
0 0,1V 2
SIUAN U <v2+L3 +A 32), (78)
2yt 2q2y8 (y1)2c0524> ( Y 4 ) ()

X2 (l/oyl)v

2 3
Y J 7 7!
AT e (v + 1), (79)

0,1\v
¥ 'yzlgjylycz)sz(p@ (vy2 + Ly3) + Ays). (80)

The metric of the gravitational wave (61) in the synchronous reference system
{y*} = {t, yl, yz, y3} takes the following form:

Soo=1, So1=8n =8 =0, (81)

1\V
£ A i ((Vy2+ (1+L)y3)2+72v2(y3)2C052¢>/ (82)

811 = — (y1)2 (72 COSZ(P)Zi/é (yl)

- A t(tyl)v 2 3
= +(1+L)y’), 83
B 2 cosp) 5 (1) s+ e y) ()
g1 = At(tyl)V i ((1 n L) 1/]/2 4 ((1 + L)Z + ’)/21/2 COSZ(P)]/3>, (84)

(72 cosp)*v6 (1)
) At(ty)’
- _ ) 85
T g vty >
) A(L+L)t(ty)"
- ) 86
B T (2 eostg) Sy i
l v

S At (tyh) ((1+L)2+,sz2cosz¢>, 87)

(72 cos2¢)? v6 1
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where the constants 7, v, ¢, and A are parameters of the gravitational wave, variables y*
are spatial coordinates of the synchronous reference system, t is a time variable, and the
function L is defined by the relation

Lty =1 +1/<'ycos4> —log(y') - logt>. (88)

The determinant of the metric in a synchronous reference system § takes the follow-
ing form:
A2 ()
(12 cos?g)™ % (y1) "
The equation of radiation delay in a gravitational wave (55), which relates the coor-
dinates of the world points of the source and the detector of the signal, in a synchronous
frame of reference, acquires a direct physical representation of the connection by separating

a single time variable . For a gravitational wave (61), the equation of radiation delay in a
synchronous frame of reference can be reduced to the following form:

§=detg,s = — (89)

{(VAlz + LoAs)* + AAISZ} (f/yg)v - {(VAlz + LA13)* + AA132} (t}/}))v

2.3 2 tl*l/_ tllfvz_ﬁl tl—l t/l 2 11A =0 90
+77vicos’g | ((typ)  — (Fys) — (o (tyn) —log(t'ys) | |ypysbor =0, (90)

where
A =ypys —ypys, Dz =vyoys —ypys, Ao =yt —yit, (91)

Lp=1 +v(7cos¢—log(y})) —logt), Ls = 1+v('ycos¢—log(y§) —logt’). (92)

Here, t' is the time of signal emission by the source and ¢ is the time of signal detection
by the observer. The constants 7, v, ¢, and A are the parameters of the gravitational wave.
The spatial coordinates v’ specify the position of the radiation source at the moment of
emission ', and the coordinates v, specify the position of the observer detecting the signal
coming from the source.

The resulting Equation (90) determines the relationship between the time of radiation
emission t’ and the time of signal detection by the observer f; it gives the retarded time of
the signal as it passes in a gravitational wave (61).

The equations that determine the trajectory of a test particle in a gravitational wave (61)
in a synchronous frame of reference make it possible to express the spatial coordinates of
the trajectory y!, 42, and y° as functions of time t.

The equation that determines the dependence of the spatial coordinate y' of a test
particle on the time variable ¢ can be written in the following form:

A (tg) (2t (1) 4220 (M o1 + A oo + A5 03) g — M2t +

2
+yly? cos’pv Ay (A o + {(fz — V034V (’y cos ¢ — logy!' —log t)} ) =0. (93)

Equation (93) defines, albeit implicitly, the spatial coordinate of the trajectory of a test
particle y! as a function of time ¢. Then, the remaining spatial coordinates of the particle
trajectory y and y® are determined through y(t) by the following trajectory equations:

2 1 A2 v*v cos?p ((A+L?) op — Lvos)

3 1 As PvEicos’¢ (Loy —vos)
y(t)=y (M Alty) : (95)
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where A; and o; are constant parameters of the trajectory of test particle, 7, v, ¢, A are constant
parameters of the gravitational wave, and the function L is determined by relation (88).

The trajectories of a light beam in a gravitational wave in a synchronous frame of
reference can be written in such a way as to single out the equation that relates the spatial
coordinate of the trajectory y! to the time variable t. Then, the spatial coordinates of the
light trajectory y? and y® will be determined through y (#):

A () (at =2y +0m+67)y)

—? vy cos’p (A 72* 4 (Ly2 — vvs)z) y' =0, (96)
2 2 A+L2)72—L1/’y3)
2y (2 Y2 cos?pv (( / 97
2 cos2p 12 (Lyz — v 3)
3t_1<1<3_7cos¢>V('rz 73), 98

where k; and 7; are constant parameters of the trajectory of the light beam; v, v, ¢, and A
are constant parameters of the gravitational wave; and the function L is determined by
relation (88).

7.2. Exact Solution for Gravitational Waves and Radiation in Bianchi Type IV Universe (v = 0)

The peculiarity that arises when integrating the Hamilton—Jacobi equation of test par-
ticles for the gravitational wave metric in a Bianchi type IV universe when the parameter v
becomes zero requires that this case be considered separately.

The metric of a gravitational wave in a privileged wave coordinate system in this case
takes on the following special form:

2 2
ds* = 2dx% dxt 4 x° {’yz(sin ) (dxz) + ((log X" — 7y cos p) dx® + dx3) ], (99)

where x? is the wave variable and the constants y and ¢ (0 < ¢ < 7) are the parameters of
the gravitational wave.

Solutions (46) and (47) to Einstein’s equations for pure radiation, with the energy
density € and wave vector [* for the metric (99), have the form:

Iy = {10,0,0,0}, " = {0, lo,o,o}, (100)
E 7 —esc?()
elg? = , E=-———-—"> = const. (101)

The energy density of pure radiation ¢ has a positive value for the following range of
parameter values:

|y > 0<¢p < (102)

1
sin(¢)’
The result of integrating the Hamilton—Jacobi equation for test particles in the privi-
leged wave coordinate system (8)—(10) for the considered case of the gravitational wave
will take the following form:
(1) = M (T — ), (103)
1

1y — g 24.2 2
X (1) =0y 2 (g) |:210g(/\1T) ('y A3” 4+ 27AA3 cos(¢) + A )

— 292 A1 Tsin?(¢) — 2A31og?(A17) (A3 cos(P) + Ap) + %/\32 log?’(/\lf)} , (104)
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20\ _ log (A7) _
x°(T) =03 2720y S () (2)\2 +2yAzcos(P) — Az log()&ﬂ)), (105)
log(AT)
(1) = o3+ m (672/\3 + 67 cos(¢) (A2 — A3log (A1 7))
—3A510g(A17) + 243 log? (A r)), (106)

where 7 is the proper time of the particle and the constants A, 0k, and 1 are parameters
determined by the initial or boundary conditions of the particle motion.

The delay time equation for the propagation of radiation in a gravitational wave (55),
for the case under consideration in the privileged wave coordinate system, will take the
following form:

612 sin?(¢) (log(x)x9) — 27 cos(¢) ) Axtrs

0=A1+ 5
log(x9/20) (62 — 672 cos(2¢) + log* (x9/20))

292 sin?(9) (317 — 37 cos(9) log (x9x2) + log(x9) log(x2) + log? (x9) + log?(x) ) A2

+
log(x/20) (672 — 672 cos(2¢) + log*(x§/20))
262 2
. 677 sin’(9) A , 107
log(x/20) (672 — 672 cos(2¢) + log* (x5 /7))
where xf, are the coordinates of the world point of the detector of signal, x¢ are the coordi-
nates of the world point of the signal source, 10 is the wave variable, the constants v and ¢
(0 < ¢ < ) are the parameters of the gravitational wave, and
Ae=xk -k, ij,k=1,23.

In accordance with the solutions to the equations of test particle motion in the
Hamilton-Jacobi formalism for this case (103)—(106), we obtain the following formulas
for the transition from the privileged wave coordinate system {x*} to the synchronous
reference system {y*} = (7,y,y% v°):

X =yl
oy (2 log(y'7) (72> + 2727 cos(@) + ¥ ) — 207y Tsin’ (¢)
4yPy'sin? (¢)
2
-2 log2 () (1 cos() + 1) + 57 g4 ), (108
2, log(y'T) (27 cos(¢) .—2y3 log(y') +2¢%) 109)
292! sin®(¢)
log(y'T) (
3 g\ 2.3 2.3 1
x| 6 + 67y cos —y’log(y't
672yl sin?(g) \ VY T O (@) (y v~ log(y ))

—3y%log(y't) +2° logz(yl'r)> . (110)

Here, T is a time variable and the variables y* are spatial coordinates.
The components of the metric of the gravitational wave (99) in the synchronous
reference system will take the following form:

0=1 =0 g2=0 gB=0,
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12 1,2 1,3
s11 _ Y s12 _ Y'Y s13_ Y'Y
§ =7 @ & Tz 8 TT g
22 2,102
- 4 sin
= 7y72 n 1Y (¢) _ (372 log?(y' )

Tlogz(ylr) (672(1 —cos(2¢)) + logz(ylr))
+187* — 617 cos(2¢) (377 — log2(y'7) ) — 67 cos(¢) log’ (y'7) + log (y'7)),
s 2 129%y'sin?(¢) (373cos(34>) — 3y cos(¢) (7% +log?(y'T)) + logg(le)>
P=-Lry

N tlog?(y'7) (672 (1—cos(2¢)) + log? (ylr)) ?

7

2

2 y32 362y! sin?(¢) (log2 (y'7) — 292 cos(2¢) + 272>
g~ ="t ’
T tlog(y'n) (672(1 - cos(29)) + log2(y'7))

where 7 is the time variable, the variables y* are spatial coordinates, and the constants -y
and ¢ (0 < ¢ < 1) are the parameters of the gravitational wave.

The retarded time equation for the propagation of radiation (55) in a gravitational
wave (99) can be written in a synchronous frame of reference with a time variable 7 in the
following form:

0 = cse(¢) log*('ys) {67%% sin(9) (tys — T'yp)
—6log(tyh) (VP (i} —vbyd)? + ) ()2 — 2ybwdudvE + (32 (h)?)
+21og(Typ) (Voys — Yoy3) (37 cos(@) (log(yh) (viy! —vhyd) +2vby? — 24wt )
+log(ryh) (log(xyh) (vhy2 — vdyl) — 3yhy? + 3y} )}
+3ese(¢) log(typ) log? (T'ys ) {sz})yi sin’(9)(t'yp — Tvs)
+210g?(tyh) (vhyt — yby2) (v cos(9) (it — vhd) — vbv? +viwt)
+2log(Typ) (—ZV(y%yi — yby?) (7 cos(29) (w3t — yby?) + cos() (vt — vh?))
+ (VY2 — TYoyE +Yoys — Yoys) (YYLYE — TYoYE — Vs + y%yi)ﬂ
+672yhy! log(ty}) (T'yh — 7y) (sin(g) (972 + log?(1yh) ) —31*sin(3¢))
- esclg) log(ryh) 2472kt sind () (7~ )
672 sin(p) log ey by Tog v (' — )
+4 (vt - vvd)? + )22 — 2ubidyiv? + (y%)2(y§)2))
+ 4y cos(9) log (yh) (vEy! — yby?) vyt — yby?) (120 sin® (¢) + log? () )
+210g(tyh) (12 (vt — vy + b2 — 2vbydylvd + <y%>2<y3>2)] (111)
The retarded time equation for the propagation of radiation (111) gives us the relation-
ship between the signal detection time T and the emission time of this signal " when the

signal passes in a gravitational wave. The resulting equation contains the spatial coordi-
nates of the source yX and the spatial coordinates of the radiation detector y% (observer).
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8. Conclusions

This paper considers a general, exact model of a gravitational wave, with a spacetime
metric depending, in a privileged coordinate system, on one wave variable and with
sources in the form of pure radiation, dust matter, and a cosmological constant. It is shown
that the compatibility conditions of Einstein’s field equations for this model lead to a
contradiction with the presence of dust matter in the model. An exact solution to the field
equations for a gravitational wave with pure radiation is obtained. Light trajectories and
radiation propagation characteristics are found. A retarded time equation of light signals
in a gravitational wave is obtained. Based on the obtained general results, an exact model
of a gravitational wave and pure radiation for the Bianchi type IV universe is constructed.
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Appendix A. Parameters of Light Ray Trajectories in Exact Model of Gravitational Waves

This appendix presents a variant of calculating the parameters for the trajectory of
radiation propagation (49) and (50) against the background of a gravitational wave (45)
between the world point of the radiation source and the world point of signal detection by
the observer.

Let us denote the variables of the radiation source (light signal) as x§ and the variables
of the observer (detector) as x%; then, we obtain a system of equations for the trajectory of
the light beam connecting these points (points x§ and x%):

kpk
1 p™q 0
Xz = — qu X)), Al
S T 2(k1)2 ( S) ( )
p k‘l pq (0
xs g ")/p + kl G (xs), (AZ)
kyk
1 phq 0
Xp =Y — GPi(x3), A3
p— T 2(k1>2 ( D) (A3)
p kq pq (0
Xp = Yp+ b G (xp), (A4)

where
G”q(xo) = /gpq(xo) dxY, Gp = G’”’(x%), Gg = G”q(xg).

To shorten the text, we will use the notation Gg for the matrix GP7 (xg) and the notation
Gp for the matrix GP1(x}):

GM(x) =[G, GM(xh) = [Gol"", (A9)

where G(x?) is a matrix constructed from the integrals of the metric components.

To obtain the “signal delay” relation, i.e., the relation linking the variables x¥ and
x§, it is necessary to exclude the light signal parameters 71, 72, v3, k2/k1, and k3 /k; from
Equations (A1)—-(A4). As a result, there remains one relation linking the coordinates of the
world points of the source and detector x§ and x5.
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Thus, from Equation (A2), we obtain an expression for kj/k; through the parame-

ters yp:
’Z = ;[Gs—l] . (x1 =) (A6)

Then, from Equation (A1), taking into account (A6), we obtain the relation for y;
through the parameters y:

y=xi+ 2@’;’1{;2 GP(x9) = xl+ i%[csl] S em) () @

Equation (A4), taking into account (A6), can be written as follows:

k
th =+ G (xh) =7+ LGH[Ge (x =) =
rq

_ _ pq -1 14 -1
_;% (5;, ;GD [GS L) +;GD [GS erg. (A8)

The obtained relation (A8) allows us to determine the parameters -, for the light
signal through the coordinates of the source and the detector, using matrix notations to
shorten the notation

T = ;Kl ~ 66" ] . (x% - L|GoGs qﬁ)' &)

r

where G(x?) is the matrix of integrals of the metric components in relations (52), I is the
identity matrix, for the designation of whose components the Kronecker symbols (5Z are

also used.

Using the obtained relation (A9) for y,, we can find, from relation (A7), the required
form of the parameter < for the light signal from the world point x{ of the source to the
world point x% of the detector. For 71, we have:

m=d+3 (6] «-[6] )

=%+ pqxé’ 6] - ;g(:&? - ;{GDG; ] xs> [(Gs=Go) ]
- ;%xﬁ 67 2—3 (xf + ;[GDGgl] qu) Zr;[(cs ~Go) | v (A10)

Next, we will need to use the relations:

LG =[G -6 <x% - L[6o6: ] x§>, (A11)

q q

Z{(Gs - GD)fl} Yq

7 pq

—y[(1-e") ] i (Z[(Gs ~Go)'| A Y [(Gs—Go) ] Z[GDGJ}W%)- (A12)

q q Pq q pq -y

As a result, we obtain the following expression for the parameter of the light beam 7:
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n=v+, yal ] - ;Z(xf S ajehen] prx§> L[(Gs=6o) ] x

pA r

T qr

- ;%x;’ [(Gs - GD)”} i (xg - Z[GDGgl} xg>

) RN
— ;[(Gs - GD),l} N [GDGs—l} er;), (A13)
Similarly, from relations (A6), taking into account relations (A9) for ,, we can find

the required form of parameters kp /kq:
v ople], gl ] [(-ee) ] (- Ko ] x)
e (e o) Y (- Slens] ¢)
(6o (] - (o) e )

_ ;[(GD - G;l)_l} pqxg + ;( [G;l} - [(GS - Gscglcgl) _1] pq)xg. (A14)

Note that the expressions obtained above for the parameters of the light signal can
be formally redefined using the obtained retarded time equation for the light beam (55),
which gives an additional equation linking the coordinates of the source and the detector.
In this case, the numerical values of the parameters will not change.

References

1. Abbott, B.P; Abbott, R.; Abbott, T.D.; Abernathy, M.R.; Acernese, E; Ackley, K.; Adams, C.; Adams, T.; Addesso, P.; Adhikari, R.X.
et al. Observation of Gravitational Waves from a Binary Black Hole Merger. Phys. Rev. Lett. 2016, 116, 061102. [CrossRef]
[PubMed]

2. Abbott, B.P; Abbott, R.; Abbott, T.D.; Abraham, S.; Acernese, F.; Ackley, K.; Adams, C.; Adams, T.; Addesso, P.; Adhikari, R.X.;
etal. GWTC-1: A Gravitational-Wave Transient Catalog of Compact Binary Mergers Observed by LIGO and Virgo during the
First and Second Observing Runs. Phys. Rev. X 2019, 9, 031040. [CrossRef]

3. Abbott, R.; Abbott, T.D.; Abraham, S.; Acernese, F.; Ackley, K.; Adams, C.; Adhikari, R.X.; Adya, V.B.; Affeldt, C.; Agathos, M.;
et al. GWTC-2: Compact Binary Coalescences Observed by LIGO and Virgo during the First Half of the Third Observing Run.
Phys. Rev. X 2021, 11, 021053. [CrossRef]

4. Odintsov, S.; Oikonomou, V. The necessity of multi-band observations of the stochastic gravitational wave background. Phys.
Dark Universe 2024, 46, 101562. [CrossRef]

5. EPTA Collaboration and InPTA Collaboration; Antoniadis, J.; Arumugam, P.; Arumugam, S.; Babak, S.; Bagchi, M.; Nielsen,
A.S.B.; Bassa, C.G.; Bathula, A.; Berthereau, A.; et al. The second data release from the European Pulsar Timing Array-III. Search
for gravitational wave signals. Astron. Astrophys. 2023, 678, A50. [CrossRef]

6. Reardon, D.J.; Zic, A.; Shannon, R.M.; Hobbs, G.B.; Bailes, M.; Di Marco, V.; Kapur, A.; Rogers, A.F,; Thrane, E.; Askew, J.; et al.
Search for an Isotropic Gravitational-wave Background with the Parkes Pulsar Timing Array. Astrophys. J. Lett. 2023, 951, L6.
[CrossRef]

7. Xu, H; Chen, S.; Guo, Y,; Jiang, J.; Wang, B.; Xu, J.; Xue, Z.; Caballero, R.N.; Yuan, J.; Xu, Y.; et al. Searching for the Nano-Hertz
Stochastic Gravitational Wave Background with the Chinese Pulsar Timing Array Data Release I. Res. Astron. Astrophys. 2023,
23,075024. [CrossRef]

8. Thorne, K.S. Multipole Expansions of Gravitational Radiation. Rev. Mod. Phys. 1980, 52, 299-339. [CrossRef]

9.  Baumgarte, T.W.; Shapiro, S.L. On the numerical integration of Einstein’s field equations. Phys. Rev. D 1998, 59, 024007. [CrossRef]

10. Blanchet, L. Gravitational Radiation from Post-Newtonian Sources and Inspiralling Compact Binaries. Living Rev. Rel. 2014, 17, 2.
[CrossRef]


http://doi.org/10.1103/PhysRevLett.116.061102
http://www.ncbi.nlm.nih.gov/pubmed/26918975
http://dx.doi.org/10.1103/PhysRevX.9.031040
http://dx.doi.org/10.1103/PhysRevX.11.021053
http://dx.doi.org/10.1016/j.dark.2024.101562
http://dx.doi.org/10.1051/0004-6361/202346844
http://dx.doi.org/10.3847/2041-8213/acdd02
http://dx.doi.org/10.1088/1674-4527/acdfa5
http://dx.doi.org/10.1103/RevModPhys.52.299
http://dx.doi.org/10.1103/PhysRevD.59.024007
http://dx.doi.org/10.12942/lrr-2014-2

Symmetry 2024, 16, 1456 20 of 21

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.
23.

24.

25.
26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

Mukhanov, V.; Feldman, H.; Brandenberger, R. Theory of cosmological perturbations. Phys. Rep. 1992, 215, 203-333. [CrossRef]
Ma, C.P; Bertschinger, E. Cosmological perturbation theory in the synchronous and conformal Newtonian gauges. Astrophys. J.
1995, 455, 7-25. [CrossRef]

Landau, L.D.; Lifshitz, EM. The Classical Theory of Fields, 4th ed.; Course of Theoretical Physics Series; Butterworth-Heinemann:
Oxford, UK, 1975; Volume 2, p. 402.

Bennett, C.; Larson, D.; Weiland, J.; Jarosik, N.; Hinshaw, G.; Odegard, N.; Smith, KM.; Hill, R.S.; Gold, B.; Halpern, M.; et al.
Nine-year Wilkinson Microwave Anisotropy Probe (WMAP) observations: Final maps and results. Astrophys. J. Suppl. Ser. 2013,
208, 20. [CrossRef]

Secrest, N.J.; von Hausegger, S.; Rameez, M.; Mohayaee, R.; Sarkar, S.; Colin, J. A Test of the Cosmological Principle with Quasars.
Astrophys. J. Lett. 2021, 908, L51. [CrossRef]

Siewert, T.M..; Schmidt-Rubart, M.; Schwarz, D.J. Cosmic radio dipole: Estimators and frequency dependence. Astron. Astrophys.
2021, 653, A9. [CrossRef]

Mittal, V.; Oayda, O.T.; Lewis, G.F. The cosmic dipole in the Quaia sample of quasars: A Bayesian analysis. Mon. Not. R. Astron.
Soc. 2023, 527, 8497-8510. [CrossRef]

Osetrin, K.E.; Obukhov, V.V,; Filippov, A.E. Homogeneous spacetimes and separation of variables in the Hamilton—Jacobi
equation. J. Phys. A Math. Gen. 2006, 39, 6641-6647. [CrossRef]

Bagrov, V.G.; Obukhov, V.V. Classes of Exact Solutions of the Einstein-Maxwell Equations. Ann. Der Phys. 1983, 495, 181-188.
[CrossRef]

Bagrov, V.G.; Obukhov, V.V,; Shapovalov, A.V. Special Stickel electrovac spacetimes. Pramana 1986, 26, 93-108. [CrossRef]
Obukhov, V. Solutions of Maxwell’s Equations in Vacuum for Stickel Spaces of Type (1.1). Russ. Phys. . 2021, 64, 695-703.
[CrossRef]

Obukhov, V.V. Maxwell Equations in Homogeneous Spaces with Solvable Groups of Motions. Symmetry 2022, 14, 2595. [CrossRef]
Obukhov, V.V. Separation of variables in Hamilton-Jacobi equation for a charged test particle in the Stdckel spaces of type (2.1).
Int. ]. Geom. Methods Mod. Phys. 2020, 17, 2050186. [CrossRef]

Obukhov, V.V. Maxwell’s Equations in Homogeneous Spaces for Admissible Electromagnetic Fields. Universe 2022, 8, 245.
[CrossRef]

Obukhov, V.; Kartashov, D. Einstein-Maxwell Equations for Homogeneous Spaces. Russ. Phys. | 2024, 67, 193-197. [CrossRef]
Obukhov, V.V. Exact Solutions of Maxwell Equations in Homogeneous Spaces with the Group of Motions G3(VIII). Symmetry
2023, 15, 648. [CrossRef]

Osetrin, K.; Osetrin, E.; Osetrina, E. Geodesic deviation and tidal acceleration in the gravitational wave of the Bianchi type IV
universe. Eur. Phys. . Plus 2022, 137, 856. [CrossRef]

Osetrin, K.; Osetrin, E.; Osetrina, E. Gravitational wave of the Bianchi VII universe: Particle trajectories, geodesic deviation and
tidal accelerations. Eur. Phys. J. C 2022, 82, 894. [CrossRef]

Osetrin, K.E.; Osetrin, E.K.; Osetrina, E.I. Deviation of geodesics and particle trajectories in a gravitational wave of the Bianchi
type VI universe. J. Phys. A Math. Theor. 2023, 56, 325205. [CrossRef]

Nojiri, S.; Odintsov, S.D. Introduction to modified Gravity and gravitational alternative for dark energy. Int. J. Geom. Methods
Mod. Phys. 2007, 4, 115-145. [CrossRef]

Nojiri, S.; Odintsov, S.D. Unified cosmic history in modified gravity: From F(R) theory to Lorentz non-invariant models. Phys.
Rep. 2011, 505, 59-144. [CrossRef]

Capozziello, S.; De Laurentis, M. Extended Theories of Gravity. Phys. Rep. 2011, 509, 167-321. [CrossRef]

Nojiri, S.; Odintsov, 5.D.; Oikonomou, V.K. Modified gravity theories on a nutshell: Inflation, bounce and late-time evolution.
Phys. Rep. 2017, 692, 1-104. [CrossRef]

Odintsov, S.D.; Oikonomou, V.K. Chirality of gravitational waves in Chern-Simons f(R) gravity cosmology. Phys. Rev. D 2022,
105, 104054. [CrossRef]

Elizalde, E.; Nojiri, S.; Odintsov, S.D.; Oikonomou, V.K. Propagation of gravitational waves in a dynamical wormhole background
for two-scalar Einstein-Gauss-Bonnet theory. Phys. Dark Univ. 2024, 45, 101536. [CrossRef]

Nojiri, S.; Odintsov, S.D.; Oikonomou, V.K. Propagation of gravitational waves in Einstein-Gauss-Bonnet gravity for cosmological
and spherically symmetric spacetimes. Phys. Rev. D 2024, 109, 044046. [CrossRef]

Odintsov, S.D.; Oikonomou, V.K.; Giannakoudi, I.; Fronimos, F.P.; Lymperiadou, E.C. Recent Advances in Inflation. Symmetry
2023, 15, 1701. [CrossRef]

Odintsov, S.D.; D’Onofrio, S.; Paul, T. Primordial gravitational waves in horizon cosmology and constraints on entropic
parameters. Phys. Rev. D 2024, 110, 043539. [CrossRef]

Osetrin, K.; Kirnos, I; Osetrin, E.; Filippov, A. Wave-Like Exact Models with Symmetry of Spatial Homogeneity in the Quadratic
Theory of Gravity with a Scalar Field. Symmetry 2021, 13, 1173. [CrossRef]

Osetrin, K.; Kirnos, I; Osetrin, E. An Exact Model of a Gravitational Wave in the Bianchi III Universe Based on Shapovalov II
Wave Spacetime and the Quadratic Theory of Gravity. Universe 2023, 9, 356. [CrossRef]

Osetrin, K.E.; Epp, V.Y.; Chervon, S.V. Propagation of light and retarded time of radiation in a strong gravitational wave. Ann.
Phys. 2024, 462, 169619. [CrossRef]


http://dx.doi.org/10.1016/0370-1573(92)90044-Z
http://dx.doi.org/10.1086/176550
http://dx.doi.org/10.1088/0067-0049/208/2/20
http://dx.doi.org/10.3847/2041-8213/abdd40
http://dx.doi.org/10.1051/0004-6361/202039840
http://dx.doi.org/10.1093/mnras/stad3706
http://dx.doi.org/10.1088/0305-4470/39/21/S64
http://dx.doi.org/10.1002/andp.19834950402
http://dx.doi.org/10.1007/BF02847629
http://dx.doi.org/10.1007/s11182-021-02372-9
http://dx.doi.org/10.3390/sym14122595
http://dx.doi.org/10.1142/S0219887820501868
http://dx.doi.org/10.3390/universe8040245
http://dx.doi.org/10.1007/s11182-024-03108-1
http://dx.doi.org/10.3390/sym15030648
http://dx.doi.org/10.1140/epjp/s13360-022-03061-3
http://dx.doi.org/10.1140/epjc/s10052-022-10852-6
http://dx.doi.org/10.1088/1751-8121/ace6e3
http://dx.doi.org/10.1142/S0219887807001928
http://dx.doi.org/10.1016/j.physrep.2011.04.001
http://dx.doi.org/10.1016/j.physrep.2011.09.003
http://dx.doi.org/10.1016/j.physrep.2017.06.001
http://dx.doi.org/10.1103/PhysRevD.105.104054
http://dx.doi.org/10.1016/j.dark.2024.101536
http://dx.doi.org/10.1103/PhysRevD.109.044046
http://dx.doi.org/10.3390/sym15091701
http://dx.doi.org/10.1103/PhysRevD.110.043539
http://dx.doi.org/10.3390/sym13071173
http://dx.doi.org/10.3390/universe9080356
http://dx.doi.org/10.1016/j.aop.2024.169619

Symmetry 2024, 16, 1456 21 of 21

42.

43.

44.
45.

Shapovalov, VN. Symmetry and separation of variables in Hamilton-Jacobi equation. 1. Sov. Phys. J. 1978, 21, 1124-1129.
[CrossRef]

Shapovalov, V.N. Symmetry and separation of variables in Hamilton-Jacobi equation. II. Sov. Phys. ]. 1978, 21, 1130-1132.
[CrossRef]

Shapovalov, V.N. The Stéckel spaces. Sib. Math. ]. 1979, 20, 790-800. [CrossRef]

Osetrin, K.; Osetrin, E. Shapovalov wave-like spacetimes. Symmetry 2020, 12, 1372. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1007/BF00894559
http://dx.doi.org/10.1007/BF00894560
http://dx.doi.org/10.1007/BF00971844
http://dx.doi.org/10.3390/sym12081372

	Introduction 
	The Gravitational Wave Exact Model
	Pure Radiation and Dust Matter in Gravitational Waves
	Exact Solution to Einstein's Equations with Pure Radiation
	Light Cone and Radiation Delay in Gravitational Waves
	Synchronous Frame of Reference
	Exact Model of Gravitational Waves and Pure Radiation for Bianchi Type IV Universe
	Exact Solution for Gravitational Waves and Radiation in Bianchi Type IV Universe (=0)
	Exact Solution for Gravitational Waves and Radiation in Bianchi Type IV Universe (= 0)

	Conclusions
	Appendix A
	References

