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Abstract: We extend the Sim(2) invariant infrared regularization of Very Special Relativity models,
that we have proposed recently, to include γ5 Dirac matrix. Then, we solve the Very Special Relativity
Schwinger model, find the chiral anomaly, and clarify its meaning in the new context. In addition,
we show that the triangle anomaly in four space-time dimensions agrees with the same object in
standard quantum electrodynamics. Finally, we apply the infrared regularization to compute the
large N limit of the Very Special Relativity Gross–Neveu model.
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1. Introduction

One of the most puzzling problems of high energy physics is the origin of neutrino
masses. In the Standard Model (SM) of weak and electromagnetic interactions, neutrinos
are massless and have left-handed chirality. However, we know that some of the three
species of neutrinos must have a mass, in order to explain the phenomenon of neutrino
oscillations [1]. In a Lorentz invariant theory, SM neutrinos acquire a mass, assuming the
existence of heavy right-handed neutrinos, as in the seesaw mechanism [2]. To obtain
neutrino masses, an alternative is to break Lorentz symmetry.

Special Relativity has been tested and remains valid at very high energy [3]. However,
its violation has been proposed as a possible road to new physics. Lorentz invariance can
be violated in models of quantum gravity [4,5], in constant background fields derived from
the spontaneous symmetry breaking of the Lorentz symmetry of a still unknown, more
basic theory [6–8], and in Very Special Relativity (VSR) [9].

VSR proposes that the fundamental symmetry of nature is not Lorentz’s six parameters
group, but a subgroup of it, such as T(2), E(2), HOM(2) or Sim(2). The most interesting
of these turns out to be the four parameters Sim(2) group. In Sim(2), there are no more
invariant tensors besides the ones that are invariant under the whole Lorentz group, so
all the classical effects of Special Relativity also hold true in VSR with Sim(2) symmetry.
Sim(2) is characterized by leaving a null vector nµ invariant, except by a multiplicative
factor, nµ → eϕnµ, so ratios of scalars such as n.p1

n.p2
are Sim(2) invariants but violate Lorentz.

Here, piµ are vectors in space–time. Sim(2) allows for an additional term in the Dirac
equation so that chiral particles acquire a mass [10]. VSR has been generalized to consider
supersymmetry [11,12], curved spaces [13,14], noncommutativity [15,16], cosmological
constant [17], dark matter [18], cosmology [19], Abelian gauge fields [20] and non-Abelian
gauge fields [21].

Using this idea, we built the VSR SM [22]. It has the same symmetry and particles as
the SM, SU(2)L × U(1)R, but neutrinos obtain a VSR mass. Neutrino oscillations appear
naturally and new processes beyond the SM are predicted, such as µ → e + γ.

Loop corrections were difficult to compute due to the absence of a Sim(2) invari-
ant regularization that preserves gauge invariance. Recently [23], we have introduced a
Sim(2) infrared regularization inspired by physical considerations when we study the non-
relativistic potential in VSR models with VSR massive gauge particles. Without this specific
regularization, the non-relativistic potential (Coulomb potential) exhibits singularities at
certain angles for all radial distances, creating infinite electric forces there, which are ruled
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out by experiments. We have tested the new infrared regularization, calculating the one
loop renormalization of VSR quantum electrodynamics with a gauge invariant photon
mass mγ. A remarkable contribution to the anomalous magnetic moment of the electron
appears, depending on the electron neutrino and photon mass. It fits very well between
the bounds of the most recent measurements.

The infrared regularization of [23] has been applied to compute the scattering of
light by light in VSR QED with a VSR photon mass [24]. Gauge invariance and Sim(2)
symmetry are preserved. We obtain an analytic result for the total cross-section. Tiny new
contributions show up due to the photon mass. They are anisotropic and can be tested at
cosmological scales.

In this paper, we extend the infrared regulator to include γ5 Dirac matrix. We use it to
compute the axial anomaly in two and four dimensions. We compare these calculations
with the results obtained in [25,26]. By computing the fermion mass contribution to the
divergence of the chiral current, we are able to clarify the meaning of both previous
calculations of the chiral anomaly. Finally, we apply the infrared regulator to solve the
Gross–Neveu (GN) model with a VSR fermion mass in the large N limit. Now two phases
appear: in one of them, the chiral symmetry is broken, as usual; in the other phase, the
chiral symmetry is unbroken.

The paper is written as follows: Section 2 reviews the infrared regularization of [23].
Section 3 defines the Lagrangian of quantum electrodynamics with VSR masses for the
electron and photon. Section 4 discusses the VSR Schwinger model. It contains the
computation of the self energy of the photon, the two dimensional axial anomaly, and the
fermion mass contribution to the divergence of the axial current. In Section 5, we use the
infrared regulator to compute the axial anomaly in four dimensions. In Section 6, we solve
the GN model with a VSR mass in the large N limit. Section 7 is devoted to the conclusions
and discussions.

2. Sim(2) Invariant Regularization

Here we review the regularization procedure introduced in [23]. Consider an arbitrary
function g and compute

∫

ddq

(2π)d
g(q2, q.x)

1
(n.q)a

.

The Mandelstam–Leibbrandt (M-L) prescription [27,28] using the method of [29],
which implies

∫

ddq

(2π)d
g(q2, q.x)

1
(n.q)a

= (n̄.x)a f (x.x, n.xn̄.x)

for a unique f (x.x, n.xn̄.x), under the conditions:

1. n.n = 0 = n̄.n̄, n.n̄ = 1
2. Scale invariance under nµ → λnµ, n̄µ → λ−1n̄µ.
3. f (x.x, n.xn̄.x) must be regular at n.xn̄.x = 0.

xµ is an arbitrary vector.

To calculate the limit n̄µ → 0, write n̄µ = ρn̄
(0)
µ , nµ = ρ−1n

(0)
µ , with

n̄
(0)
µ , n

(0)
µ satisfying condition 1. Then, premise 1 is valid for all ρ.

We define n̄µ → 0 by the limit ρ → 0.
We obtain: limρ→0 ρa(n̄(0).x)a f (x.x, n(0).xn̄(0).x) = 0.
Thus:

∫

ddq

(2π)d
g(q2, q.x)

1
(n.q)a

= 0, a > 0.
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Clearly, this result applies to loop integrals of the kind [29],
∫

dp
1

[p2 + 2p.q − m2 + iε]a
1

(n · p)b
= (−1)a+bi(π)ω(−2)b Γ(a + b − ω)

Γ(a)Γ(b)
(n̄ · q)b

∫ 1

0
dttb−1 1

(m2 + q2 − 2n · qn̄ · qt − iε)a+b−ω
, ω = d/2 (1)

That is, the Sim(2) limit is:
∫

dp
1

[p2 + 2p.q − m2 + iε]a
1

(n · p)b
= 0, b > 0, qµarbitrary.

Computing derivatives in qµ, we obtain:

∫

dp
1

[p2 + 2p.q − m2 + iε]a
pα1 . . . .pαn

(n · p)b
= 0, b > 0, qµarbitrary.

Summarizing, the Sim(2) invariant regularization of any integral over pµ, containing 1
n.p to any

positive power must be put to zero. Clearly, this operation respects gauge invariance and Sim(2)
invariance. But how should we continue if γ matrices are present?

Let us consider an example:

∫

dp

p2 − m2
̸ n ̸ p ̸ n

n.p
=

∫

dp

p2 − m2
(2n.p− ̸ p ̸ n) ̸ n

n.p
= 2

∫

dp

p2 − m2

We can compute p integral first, using M-L:

∫

dp

p2 − m2
̸ n ̸ p ̸ n

n.p
= ̸ nγµ ̸ n

∫

dp

p2 − m2

pµ

n.p
= ̸ nγµ ̸ n

∫

dp

p2 − m2 n̄µ

The naive limit will give zero, but if we displace ̸ n to the right (or left) ̸ n ̸ n̄ ̸ n = 2, we obtain
the same result as before.

However, assume that ̸ n was previously on the right. Consider:

∫

dp

p2 − m2
̸ p ̸ n
n.p

=
∫

dp

p2 − m2 ̸ n̄ ̸ n →?

Prescription: We displace all ̸ n to the right, collect all n.(p + Q) produced by this motion and
use them to cancel as many n.(p + Q) in the denominator as possible. At the end, all remaining
(n.(p + Q))−a, a > 0 are substituted by zero. Here, Qµ means any vector different from pµ (the
integration variable), the zero vector included. Observe that n.p

n.(p+q)
= 1 because n.p

n.(p+q)
= 1− n.q

n.(p+q)

and the second term vanishes in the last step of the process.
That is:

∫

dp

p2 − m2
̸ p ̸ n
n.p

= 0

and
∫

dp

p2 − m2
̸ n ̸ p ̸ n

n.p
= 2

∫

dp

p2 − m2

This method works for the following reasons. We want to put n̄µ = 0 to recover Sim(2)
invariance. But we do not want to lose gauge invariance. Gauge invariance is reflected in Ward
identities that the Feynman graphs must fulfil. If we order all graphs in a “canonical form”, such
as ensuring all ̸ n are to the right in all monomials (only one ̸ n remains, since ̸ n. ̸ n = 0), the Ward
identities that generally involve products with external momenta will be fulfilled for arbitrary values
of nµ and n̄µ. (To prove the Ward identity we do not use the restrictions n.n = n̄.n̄ = 0, n.n̄ = 1
anymore when all ̸ n are to the right of all ̸ n̄). Then, after evaluating n̄µ = 0, the Ward identity will
still be valid in the surviving set of integrals defining the graphs. This surviving ensemble determines
the Sim(2) invariant gauge theory.

This method has some looseness. Equally, we could use the criterion of ordering all ̸ n to the
left.
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In the calculations in VSR QED, we have verified whether this looseness in the method produces
ambiguities or not. We did not find any.

In Appendix B, we introduce the method of traces to obtain the n̄µ = 0 limit. Using the trace
method, it is apparent that the Ward identities are fulfilled for the n̄µ = 0 ensemble. In VSR QED, the
trace method produces the same outcome as the one presented in this chapter.

In the following chapters, we will see how to implement the n̄µ → 0 limit when γ5 is present.

3. The Model

The leptonic sector of VSRSM consists of three SU(2) doublets La =

(

ν0
aL

e0
aL

)

, where

ν0
aL = 1

2 (1 − γ5)ν
0
a and e0

aL = 1
2 (1 − γ5)e

0
a , and three SU(2) singlet Ra = e0

aR = 1
2 (1 + γ5)e

0
n. We

accept that there is no right-handed neutrino. The index a classifies the different families and the
index 0 means that the fermionic fields are the physical fields before spontaneous symmetry breaking.

In this work, we restrict ourselves to the electron family. It consists of the eL (the left-handed
electron) and νe (the electron’s neutrino), forming a doublet of SU(2)L, and eR (the right-handed
electron), which is a SU(2)L singlet. In order to respect the SU(2)L symmetry, we introduce a VSR
mass m for the doublet. Then, m is the VSR mass of both electron and neutrino. After spontaneous
symmetry breaking (SSB), the electron acquires a mass term M = Gev√

2
, where Ge is the electron

Yukawa coupling and v is the VEV of the Higgs. Please see Equation (52) of [22]. The electron mass
is Me =

√
M2 + m2. The neutrino mass is not affected by SSB:Mνe = m.

Restricting the VSRSM after SSB to photon(Aµ) and electron(ψ) alone, neglecting the terms in
the VSRSM that contain the neutrino and the gauge bosons Z0, W±, we obtain the VSR QED action.
Furthermore, we add a VSR mass mγ for the photon. We use the Feynman gauge.

L = ψ̄

(

i

(

̸ D +
1
2
̸ nm2(n · D)−1

)

− M

)

ψ − 1
4

FµνFµν

−1
2

m2
γ(n

αFµα)
1

(n · ∂)2 (nβFµβ)− (∂µ Aµ)2

4
(2)

where Dµ = ∂µ − ieAµ, Fµν = ∂µ Aν − ∂ν Aµ and n.n = 0.
This Lagrangian (without the gauge-fixing term) is gauge invariant under the usual gauge

transformations: δAµ(x) = ∂µΛ(x). This is a crucial property of a VSR mass for the photon. It
conserves gauge invariance, as opposed to a Lorentz invariant mass for the photon, which destroys
gauge invariance.

The Feynman rules are written in Appendix A.
The vector current (electric charge conservation) is:

jµ = ψ̄γµψ +
1
2

m2
(

1
n · D† ψ̄

)

/nnµ

(

1
n · D

ψ

)

(3)

The axial vector current is:

jµ5 = ψ̄γµγ5ψ +
1
2

m2
(

1
n · D† ψ̄

)

/nnµγ5
(

1
n · D

ψ

)

(4)

At the classical level, (3) is conserved for any M, m. (4) is conserved if M = 0 [25].
We are interested in computing expectation values of these currents.

4. VSR Schwinger Model

A word of caution: In this section, we work in a 1 + 1 space–time, so the Lorentz group is a
one parameter group. As we discussed in [25], the two dimensional Lorentz group acts as a scale
transformation on the null vector nµ = (1, 1). So, we can introduce VSR-like mass terms for the
fermions. When we refer to Sim(2) symmetry or regulator in two dimensions, we mean the scale
transformation mentioned above.

For a previous discussion of this model, please see [25].

4.1. Photon Self Energy

Let us compute the photon self-energy. It is given by two graphs:
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iΠ1µν = −e2
∫

dpTr[(γµ +
nµ ̸ nm2

2n.(p + q)n.p
)

(

̸ p + M − m2 ̸n
2n·p

)

p2 − M2
e + iε

(γν +
nν ̸ nm2

2n.(p + q)n.p
)

(

̸ p+ ̸ q + M − m2 ̸n
2n·(p+q)

)

(p + q)2 − M2
e + iε

] (5)

iΠ2µν = −e2nµnν

∫

dp
1

n.pn.(p + q)n.(p − q)
Tr( ̸ nm2

(

̸ p + M − m2 ̸n
2n·p

)

p2 − M2
e + iε

) (6)

We use the n̄µ → 0 limit to evaluate the diagrams.
The second graph of Figure 1 vanishes because there are 3 n.p in the denominator and at most

1 n.p in the numerator of the integrand. So, the n̄µ → 0 limit is zero. The count of n.p is determined
by Sim(2) symmetry. The second graph has 2 nµ outside the integral, so there must be 2 n.p in the
denominator (n.q is not factored out the integral). The first graph of Figure 1 gives:

iΠ1µν = 4e2
∫

dd p

(2π)d

−2pµ pν − pµqν − pνqµ − ηµν(M2
e − p2 − p.q)

(p2 − M2
e + iε)((p + q)2 − M2

e + iε)
(7)

Figure 1. Vacuum polarization one loop graphs in two dimensional VSR QED.

Observe that some terms proportional to m2 remain. They are produced by terms created by the
trace of the form: m2n.p, m2n.(p + q). These terms balance the 1

n.p , 1
n.(p+q)

, so that after computing

the Sim(2) limit, they remain. These are precisely the factors we need to put the final result entirely
in terms of the physical electron mass, M2

e = M2 + m2, which is expected from unitarity. This is the
QED result, with the electron mass Me =

√
M2 + m2.

Using dimensional regularization, we obtain:

iΠ1µν = −2e2i
tr(1)

(4π)d/2 Γ

(

2 − d

2

)

∫ 1

0

dx

(−q2x(1 − x) + M2
e )

2− d
2

x(1 − x)(q2ηµν − qµqν) (8)

Put:
tr(1) = 2, d = 2

iΠµν = − e2

π
i(q2ηµν − qµqν)

∫ 1

0

dx

(−q2x(1 − x) + M2
e )

x(1 − x)

Notice that if the fermion has a VSR mass m ̸= 0,M = 0, the photon remains massless. Only
when m = M = 0, the photon obtains a mass m2

γ = e2

π .
Using Equation (19.15) of [30], we obtain the vector current in the presence of an external

electromagnetic field Aµ:

< jµ(q) >=
∫

d2x < jµ(x) > eiq.x =
i

e
(iΠµν(q)Aν(q))

That is:

< jµ(q) >=
e

π
(q2ηµν − qµqν)Aν(q)

∫ 1

0

dx

(−q2x(1 − x) + M2
e )

x(1 − x) (9)
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It satisfies the conservation law: qµ < jµ(q) >= 0.

4.2. Two-Dimensional Axial Anomaly

In this case, we have to compute the expectation value of the axial vector current in a background
field Aν. We use the convention of [30], ϵ01 = +1.

< j5ν(q) >=
∫

d2x < j5ν(x) > eiqx = (−ie)−1iΠ5µν(q)Aµ (10)

The contribution to the two-dimensional axial vector current in VSR electrodynamics is given
by the two graphs (Figures 2 and 3):

Figure 2. iΠ15µν contribution to the two-dimensional axial vector current in VSR QED.

Figure 3. iΠ25µν contribution to the two-dimensional axial vector current in VSR QED.

iΠ15µν = −(−ie)2
∫

dp Tr{
[

γµ +
1
2

nµ(/n)m2(n.(p + q))−1(n.p)−1
]

i
(

/p + M − m2

2
/n

n·p
)

p2 − M2 − m2 + iε

[

γν +
1
2

nν(/n)m2(n.(p + q))−1(n.p)−1
]

γ5
i
(

(/p + /q) + M − m2

2
/n

n·(p+q)

)

(p + q)2 − M2
e + iε

} (11)

iΠ25µν = (−1)(ie)2nµnνi
∫

dp(n.p)−1(n.p)−1[(n.(q + p))−1 + (n.(−q + p))−1]

Tr{1
2

/nm2
i
(

/p + M − m2

2
/n

n·p
)

p2 − M2
e + iε

γ5} (12)

Notice that this is a new vertex, one photon line, and one axial vector line (current insertion).
Please see Figure A2.

Π25µν is zero in the Sim(2) limit. In fact, there are 3 n.p in the denominator and at most 1 n.p
in the numerator of the integrand, where pµ is the integration variable. According to the rules of
Section 2, the integral vanishes when n̄µ → 0. Now, we compute the Sim(2) limit of Π15µν.

We have to study the behavior of the n̄µ → 0 limit in the presence of γ5. It is straightforward to
do so. We must use the standard definition of γ5 in the corresponding dimension from the beginning,
γ5 = iγ0γ1, in two dimensions; γ5 = iγ0γ1γ2γ3, in four dimensions. Then, we displace all ̸ n to the
right, collect all n.(p + Q) produced by this motion and use them to cancel as many n.(p + Q) in
the denominator as possible. At the end, all remaining (n.(p + Q))−a, a > 0 are substituted by zero.
Here, Qµ means any vector different from pµ (the integration variable), the zero vector included.

Applying this method, we obtain the standard QED answer with the physical fermion mass:
M2

e = M2 + m2.

iΠ5
1µν = −e2

∫

dp
Tr
{

γµ ̸ pγνγ5 ̸ p + γµ ̸ pγνγ5 ̸ q + M2
e γµγνγ5

}

(p2 − M2
e + iε)((p + q)2 − M2

e + iε)
(13)
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Using the two dimensional identity:

γµγ5 = −εµαγα

we obtain iΠ5
1µν = −ϵναiΠα

µ, which implies

< jµ5(q) >= −εµν
< jν(q) > (14)

From the previous subsection, the divergence of the axial current is:

< jµ5(q) > qµ = − e

π
q2εµνqµ Aν(q)

∫ 1

0

dx

(−q2x(1 − x) + M2
e )

x(1 − x) (15)

Equation (15) agrees with the calculation of the divergence of the axial current obtained in [25]
with M = 0. In [26], we computed the same quantity and obtained the standard anomaly, i.e.,
Equation (15) with m = 0, M = 0. We will see below that the different results are a matter of
interpretation. In fact, we can see that a Sim(2) regulator will break the chiral symmetry by generating
a standard fermion mass. So we obtain:

∂µ jµ5(x) =
e

2π
εµνFµν + 2Meψ̄γ5ψ (16)

In fact, define Kµ by:
∫

d2x < ψ̄(x)γ5ψ(x) > eiqx = Kµ(q)Aµ(q) (17)

We obtain:

Kµ = −(−ie)
∫

dp
Tr
{

γµi( ̸ p + Me)γ5i( ̸ p+ ̸ q + Me)
}

(p2 − M2
e + iε)((p + q)2 − M2

e + iε)
=

Me

2π
eεµαqα

∫

dx
1

M2
e − q2x(1 − x)− iε

(18)

Notice that Kµqµ = 0, as implied by gauge invariance.
Then:

< jµ5(q) > qµ − 2MeKµ Aµ =
e

π
εµνqµ Aν(q) (19)

The divergence of the chiral current receives two contributions; one is due to a non-zero mass:
2Meψ̄γ5ψ. The other is the anomaly, which is present even for a massless fermion model with
M = m = 0. The main difference is that the contribution of the mass is finite and unambiguous.
The anomaly term requires an ultraviolet (UV) regulator, which breaks the chiral symmetry. In a
model with a VSR mass, the infrared regularization introduces a mass-like term that contributes to
the divergence of the chiral current as well as the standard anomaly.

This observation permits us to understand the results for the anomaly obtained in [25,26].
The result of [25] corresponds to considering the non-zero divergence of the chiral current as

the anomaly. Instead, in [26], we computed the standard anomaly, which is present even for zero
fermion mass, as a result of the UV regulator.

4.3. Anomaly Calculation in Dimensional Regularization

In this subsection, we will directly compute the expectation value of the chiral current using
dimensional regularization, instead of using Equation (14). To treat γ5, we follow the method of [31].
That is, in any number of dimensions

γ5 = iγ0γ1, (20)

{γ5, γµ} = 0.µ = 0, 1; [γ5, γµ] = 0, µ = 2, 3 . . . ., d (21)

qµ, nµ are two dimensional vectors. pµ is d-dimensional.
After applying the infrared regulator we found in the previous subsection, Equation (13)

iΠ5
1µν = −e2

∫

dp
Tr
{

γµ ̸ pγνγ5 ̸ p + γµ ̸ pγνγ5 ̸ q + M2
e γµγνγ5

}

(p2 − M2
e + iε)((p + q)2 − M2

e + iε)



Universe 2024, 10, 348 8 of 14

Write ̸ p = ̸ p1+ ̸ p2, with p1µ, µ = 0, 1; p2µ, µ = 2, . . . , d. Then:

iΠ5
1µν = −e2

∫ 1

0
dx

∫

dp
Tr
{

γµ ̸ p1γνγ5 ̸ p1 + γµ ̸ p2γνγ5 ̸ p2 + (x2 − x)γµ ̸ qγνγ5 ̸ q + M2
e γµγνγ5

}

(p2 − M2
e + iε + q2x(1 − x))2

(22)

Using dimensional regularization, the numerator can be replaced by:

Tr
(

γµ ̸ p1γνγ5 ̸ p1
)

= −ενα Tr
(

γµ ̸ p1γα ̸ p1
)

→ −ενα

(

4
1
2

p2
1ηµα − 2p2

1ηµα

)

= 0 (23)

Tr
(

γµ ̸ p2γνγ5 ̸ p2
)

= −p2
2 Tr(γµγνγ5) → −p2 d − 2

d
Tr(γµγνγ5) (24)

However,
d − 2

d

∫

dp
p2

(p2 − M2
e + iε + q2x(1 − x))2

=
i

4π

Therefore:

iΠ5
1µν = −e2 i

π
(q2εµν + qµεναqα)

∫

dx
x(1 − x)

M2
e − q2x(1 − x)

(25)

So, the divergence of the axial current is

qµ < jµ5
>=

i

e
iΠ

µν5
1 qν Aµ = − e

2π
q2εµνFµν

∫

dx
x(1 − x)

M2
e − q2x(1 − x)

which coincides with Equation (15).
In the massless case we recover Equation (19.18) of [30]. If M = 0, we have conservation of

chiral symmetry at the classical level in VSR QED, but this symmetry is broken at the quantum level.
We can consider the above expression as the anomaly, as in [25], or interpret the anomaly as the one
corresponding to the massless case [26] and the remaining, being finite and unambiguous, as the
mass contribution to the divergence of the chiral current.

5. Four-Dimensional Axial Anomaly

We compute:
∫

d4xe−irx
< p, q|jµ5(x)|0 >= (2π)4δ(−r + p + q)ε∗ν(q)ε

∗
δ(p)iΠµνδ

There are four topologically distinct graphs, plus permutations of the external legs, that con-
tribute to the axial anomaly in four dimensions (Figures 3–6). The Feynman rules are written in
Figure A2. They are fundamental to satisfying the formal Ward identity for the vector current (charge
conservation) as well as the right computation of the axial anomaly [26].

Figure 4. iΠ15µνδ contribution to the four-dimensional axial current in VSR QED.
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iΠ15µνδ = −(−ie)2
∫

dk Tr{
[

γµ +
1
2

nµ(/n)m2(n.(k + q))−1(n.(k − p))−1
]

γ5
i
(

(/k + /q) + M − m2

2
/n

n·(k+q)

)

(k + q)2 − M2 − m2 + iε

[

γν +
1
2

nν(/n)m2(n.(k + q))−1(n.k)−1
] i
(

/k + M − m2

2
/n

n·k
)

k2 − M2 − m2 + iε

[

γδ +
1
2

nδ(/n)m2(n.(k − p))−1(n.k)−1
] i
(

/k − /p + M − m2

2
/n

n·(k−p)

)

(k − p)2 − M2 − m2 + iε
}+ (p, δ) → (q, ν) (26)

Figure 5. iΠ25µνδ contribution to the four-dimensional axial current in VSR QED.

iΠ25µνδ = (−1)(ie)2nδnνi
∫

dk(n.k)−1(n.(k − p − q))−1[(n.(k − q))−1 + (n.(k − p))−1]

Tr{1
2

/nm2
i
(

/k − /p − /q + M − m2

2
/n

n·(k−p−q)

)

(k − p − q)2 − M2
e + iε

[

γµ +
1
2

nµ(/n)m2(n.k)−1(n.(k − p − q))−1
]

γ5

i
(

/k + M − m2

2
/n

n·k
)

k2 − M2
e + iε

} (27)

Figure 6. iΠ35µνδ contribution to the four-dimensional axial current in VSR QED.

iΠ35µνδ = (−1)(ie)2nδnµi
∫

dk(n.k)−1(n.(k − q))−1[(n.(k−q−p))−1 + (n.(k + p))−1]

Tr







1
2

/nm2γ5
i
(

/k + M − m2

2
/n

n·k
)

k2 − M2 − m2 + iε

[

γν +
1
2

nν(/n)m2(n.k)−1(n.(k − q))−1
] i
(

/k − /q + M − m2

2
/n

n·(k−q)

)

(k − q)2 − M2 − m2 + iε







+(p, δ) → (q, ν) (28)

iΠ45µνδ = (−1)(ie)2nνnµnδi
∫

dk{ 1
n.k

1
n.k

[
1

n.(k + p + q)

1
n.(k + p)

+
1

n.(k + p + q)

1
n.(k + q)

+

1
n.(k − p)

1
n.(k − p − q)

+
1

n.(k − q)

1
n.(k + p)

+
1

n.(k − p)

1
n.(k + q)

+
1

n.(k − q)

1
n.(k − p − q)

]}

Tr







1
2

/nm2γ5[i]
i
(

/k + M − m2

2
/n

n·(k)

)

(k)2 − M2 − m2 + iε







(29)

However, using the n̄µ → 0 limit, we easily see that the graphs with insertions of non-standard
QED vertices, shown in Figures 5–7, vanish. In fact, Figure 5 contains two nµ outside the integral.
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Sim(2) symmetry means that there are two 1
n.(k+P)

inside the integral. That is, the integral is
proportional to n̄αn̄β → 0. The same argument shows that Figures 6 and 7 vanish.

Figure 7. iΠ45µνδ contribution to the four-dimensional axial current in VSR QED.

The standard graphs, shown in Figure 4, remain.
We have to study the behavior of the n̄µ → 0 limit in the presence of γ5. As with the method

for the two dimensions, we must use the standard definition of γ5 in the corresponding dimension
from the beginning, γ5 = iγ0γ1γ2γ3, in four dimensions. We displace all ̸ n to the right, collect all
n.(p + Q) produced by this motion and use them to cancel as many n.(p + Q) in the denominator as
possible. At the end, all remaining (n.(p + Q))−a, a > 0 are substituted by zero. Here, Qµ means any
vector different from pµ (the integration variable), the zero vector included.

The result agrees with standard QED, with a mass Me:

iΠ15µνδ = e2
∫

dk Tr
{

γµγ5i
̸ k+ ̸ q + Me

(k + q)2 − M2
e + iε

γνi
̸ k + Me

k2 − M2
e + iε

γδi
̸ k− ̸ p + Me

(k − p)2 − M2
e + iε

}

(30)

This is a great simplification.
Therefore, the divergence of the axial vector current has two terms: the same anomaly as in

standard QED when M = m = 0, plus a mass term if either M ̸= 0 or m ̸= 0. If M = 0 and m ̸= 0,
the axial vector current is conserved classically but is broken at the quantum level by a mass term.

6. Gross–Neveu Model in VSR

Please see the word of caution at the beginning of Section 4. We follow [32]. We add a VSR mass
m to the fermion.

L = ψ̄a

(

i

(

̸ ∂ ++
1
2
̸ nm2(n.∂)−1

))

ψa +
g0

2N
(ψ̄aψa)2 (31)

The Lagrangian is invariant under the discrete chiral symmetry:

ψa → γ5ψa, ψ̄a → −ψ̄aγ5

The large N limit can be simplified by the introduction of a bosonic field σ.

L = ψ̄a

(

i

(

̸ ∂ ++
1
2
̸ nm2(n.∂)−1

))

ψa +
g0

2N
(ψ̄aψa)2 − N

2g0

(

σ − g0

N
ψ̄aψa

)2
→

ψ̄a

(

i

(

̸ ∂ ++
1
2
̸ nm2(n.∂)−1

))

ψa − N

2g0
σ2 + σψ̄aψa (32)

The generating functional is obtained by integrating over the fermion fields to obtain:

Z =
∫

dσe
i
∫

dx
(

− N
2g0

σ2
)

+tr(log(i( ̸∂++ 1
2 ̸nm2(n.∂)−1+σ(x)))) (33)

To find the vacuum, we just need the effective potential Ve f f . σ is independent of xµ.
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−iVeff(σ) = −i
N

2g0
σ2 + tr

(

log
(

i

(

̸ ∂ ++
1
2
̸ nm2(n.∂)−1 + σ

)))

(34)

Thus:

−iVeff(σ) = −i
N

2g0
σ2 − ∑

n=1

N

2n
Tr

∫

dp
(p2 − m2)n

(p2 − m2 + iε)2n
σ2n (35)

We can see that we do not have infrared divergences in the effective potential. We do need the
infrared regulator of Section 2 if we want to compute the effective action. For instance, Figure 8 needs
the infrared regulator for arbitrary external momentum.

Figure 8. Self energy of the σ field at one loop order.

We compute the effective potential using dimensional regularization in the minimal subtraction
scheme (MS). µ is the arbitrary scale introduced in dimensional regularization.

The model is renormalizable. The renormalized coupling g in MS is: 1
g = 1

g0
− 1

πε , ε = 2 − d

We get:

1
N

Veff = σ2
(

1
2g

− Γ′(1)
4π

− 1
4π

)

+
1

4π
m2 log

(

σ2

m2 + 1
)

+
σ2

4π
log

(

σ2 + m2

4πµ2

)

(36)

To make contact with reference [32] Equation (2.26), choose

log(4πµ2) = log(M2) + 2 − Γ′(1)

We obtain:

1
N

Veff =
σ2

2g
+

1
4π

m2 log
(

σ2

m2 + 1
)

+
σ2

4π

(

log
(

σ2 + m2

M2

)

− 3
)

(37)

It goes to Coleman’s Equation (2.26) when m → 0
The ground state σ0 is the absolute minimum of Ve f f . It satisfies:

σ0

(

log
(

σ0
2+m2

M2

)

− 3
)

2π
+

σ0

2π
(

σ2
0

m2 + 1
) +

σ3
0

2π(σ2
0 + m2)

+
σ0

g
= 0 (38)

i.e., σ0 = 0 or

σ2
0 = M2e

2− 2π
g − m2 (39)

Notice that now we have the additional condition that M2e
2− 2π

g − m2 ≥ 0. σ2
0 + m2 is a physical

quantity. Thus, it satisfies the homogeneous renormalization group equation:
(

M
∂

∂M
+ β(g)

∂

∂g

)

(σ2
0 + m2) = 0 (40)

β(g) = − g2

π
(41)

So, in the phase where M2e
2− 2π

g − m2 ≥ 0, the model is asymptotically free. It is easy to verify

that if M2e
2− 2π

g − m2 ≥ 0, then σ0 is a global minimum of Ve f f .
The running coupling is:

g =
g0

1 + g0
π log

(

M
M0

) (42)

The model has two phases:

1. M2e
2− 2π

g − m2 ≥ 0, σ0 ̸= 0. The discrete chiral symmetry is spontaneously broken.
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2. M2e
2− 2π

g − m2
< 0, σ0 = 0. The discrete chiral symmetry is preserved.

7. Conclusions

We have extended the infrared regularization of [23] to include terms with γ5. We have checked
that the extension preserves Sim(2) and gauge symmetries.

As an application of the infrared regulator, we first consider the two-dimensional anomaly in
the Schwinger model. We have explicitly checked that the result is gauge invariant and produces
the standard anomaly. Moreover, by computing the mass contribution to the divergence of the axial
current, we were able to clarify the different results obtained in previous works [25,26]. In [25], we
computed the divergence of the axial current in the presence of a VSR fermion mass. We find the same
answer in the present paper for M = 0. In [26], we computed the standard anomaly produced by the
ultraviolet divergences. According to the analysis we have carried out now, the divergence of the
axial current receives two contributions: the anomaly, which is present even for massless fermions;
and the mass term. If we introduce a VSR fermion mass, the axial vector current is conserved at the
classical level, but is violated at the quantum level by the anomaly due to a ultraviolet divergences;
and by a mass term. The mass term seems to be unavoidable if we want to preserve Sim(2) symmetry
at the quantum level.

As a second application of the infrared regulator, we computed the triangle anomaly in four-
dimensional QED with a VSR fermion mass. Again, the regulator combines the VSR terms in such
a way that the final answer is the same as the standard QED one with the physical mass for the
fermion Me =

√
M2 + m2. It follows that we obtain the standard anomaly, as in [26] plus a VSR mass

contribution to the divergence of the axial current.
Finally, we solved the Gross–Neveu(GN) model with a VSR fermion mass. We found that the

VSR mass m allows for the existence of two phases. In one of them, the chiral symmetry is broken, as
in the standard GN model; in the new phase, the chiral symmetry is unbroken.

These calculations show the ability of the infrared regulator to preserve Sim(2) and gauge
symmetries, as well as to considerably simplify the calculations.

Several possible applications are feasible: the VSR extension of the Nambu–Jona-Lasinio model,
considering the implications of VSR masses for fermions in supersymmetric and super string models,
and loop computations in the VSRSM, including the three families of quarks and leptons, among
others.
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not applicable to this article.

Acknowledgments: J.A. acknowledges the partial support of the Institute of Physics PUC.
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Appendix A. Feynman Rules

To draw the Feynman graphs, we used [33]

Figure A1. Feynman rules for one loop computations: electron propagator, photon propagator, Aµee

and Aµ Aνee vertex.
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Figure A2. Feynman rules for one loop computations: axial-e-e vertex, axial-Aν-e-e vertex and
axial-Aα2 − Aα3 -e-e vertex.

V(p1, p2, p3, q) = i(ie)3 m2

2
/nnα1 nα2 nα3

1
n.(q + p1 + p2 + p3)

(
1

n.(q + p1 + p2)

1
n.(q + p1)

+
1

n.(q + p1 + p2)

1
n.(q + p2)

+

1
n.(q + p3 + p2)

1
n.(q + p3)

+
1

n.(q + p1 + p3)

1
n.(q + p1)

+

1
n.(q + p2 + p3)

1
n.(q + p2)

+
1

n.(q + p3 + p1)

1
n.(q + p3)

)γ5

Appendix B. Method of Traces

To obviate the looseness in the method, we define a basis of gamma functions and develop any
matrix function A in this basis:

1, γµ, σµν, . . . .

A = trace(A)1 + trace(Aγα)γα + . . . .

All traces are functions of nµ, n̄µ and external momenta. To obtain the limit n̄µ → 0, we follow
the ensuing steps. First, in all monomials, use the identities n.n = ̸ n. ̸ n = 0, n. ̸ n = 1. Afterwards,
put n̄µ = 0 everywhere.

In addition, the identity used in Equation (7.65) of [30] will be enforced in each trace. Due to the
linear and cyclic properties of the trace, the demonstration of the Ward–Takahashi identity will go
through. Then, the trace method always lead to a gauge invariant, Sim(2) invariant result.

We have checked that in VSR QED, the trace method gives the same results as the method
explained in Section 2.
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