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Abstract: Recently, a concept known as yTRISTAN, which involves the acceleration of u, has been
proposed. This initiative has led to considerations of a new design for a neutrino factory. Additionally,
leveraging the polarization of u+, measurements of T violation in neutrino oscillations are also being
explored. In this paper, we present analytical expressions for T violation in neutrino oscillations
within the framework of standard three-flavor neutrino oscillations, a scenario involving nonstandard
interactions, and a case of unitarity violation. We point out that examining the energy spectrum of T
violation may be useful for probing new physics effects.

Keywords: neutrino oscillation; T violation; yTRISTAN

1. Introduction

Results from various neutrino oscillation experiments have nearly determined the
three mixing angles and the absolute values of the mass squared differences in the standard
three-flavor mixing scenario within the lepton sector [1]. The remaining undetermined
parameters, such as the mass ordering, the octant of the atmospheric neutrino oscillation
mixing angle, and the CP phase, are expected to be resolved by the high-intensity neutrino
long-baseline experiments currently under construction, such as T2HK and DUNE. Once
the CP phase is established, the standard three-flavor lepton mixing scheme will be so-
lidified, achieving the final goal of studies on standard three-flavor neutrino oscillations.
To explore physics beyond this framework using neutrino oscillations, experiments in
previously unexplored channels will be necessary.

Recently, a concept known as yTRISTAN [2] has been proposed, which involves
creating a low-emittance ™ beam using ultra-cold muon technology and accelerating it
to energies suitable for a ™ collider. The expected number of muons at yTRISTAN is on
the order of 10'3 to 10'* muons per second. This proposal has reignited interest [3] in the
neutrino factory concept[4,5], which could be developed en route to achieving a muon
collider. At such a neutrino factory, the decay of ™ in the storage ring would produce 7,
and v,. Ref.[6] explored the potential to polarize the u beam to reduce the flux of v, or
Uy, thereby enabling the measurement of v, — v, transitions. If this can be achieved, it
would allow for the measurement of T violation in neutrino oscillations, i.e., the difference
between the oscillation probabilities P(v,, — v.) and P (v, — vy).

T violation in neutrino oscillations has been discussed by many researchers in the
past [6-28]. T violation has attracted significant attention primarily because its structure
is simpler than that of CP violation, which compares P(v, — v,) with P(v, — 7.) and
involves complications due to the presence of the matter effect. (To justify discussions of T
violation on an equal footing with CP violation, CPT symmetry is necessary in the neutrino
sector. Refs. [29-33] studied CPT symmetry in the neutrino sector and concluded that there
are strong constraints on CPT violation.) In this paper, we derive the analytical forms of T
violation in three scenarios: the standard three-flavor scheme, a scenario with nonstandard
interactions, and a case of unitarity violation. We also briefly comment on the feasibility of
probing new physics effects by examining the energy dependence of T violation.

In Section 2, we review the formalism by Kimura, Takamura, and Yokomakura [34,35]
to derive analytical formulas for the oscillation probabilities. In Section 3, we derive
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the analytic forms for T violation in the three cases: the standard three-flavor mixing
framework, a scenario involving flavor-dependent nonstandard interactions, and a case
with unitarity violation. In Section 4, we summarize our conclusions.

2. Analytical Formula for Oscillation Probabilities

It is known [36] (see also earlier works [37-39]) that after eliminating the negative
energy states by a Tani-Foldy—Wouthusen-type transformation, the Dirac equation for
neutrinos propagating in matter is reduced to the familiar form:

i% - (uswl + A)‘I’, (1)

where U is the PMNS matrix,
Ve
Vi
Vr

5 = diag(El, Ez, E3> (2)

Y

is the flavor eigenstate,

is the diagonal matrix of the energy eigenvalue E; = m]2 + P2 (j = 1,2,3) of each mass

eigenstate with momentum p, and the matrix
: N, N, N
A=V2Gp {dmg(Ne — 7” —7”, —2"> } :

stands for the matter effect, which is characterized by the Fermi coupling constant Gr,
the electron density N,, and the neutron density N;. Throughout this paper we assume for
simplicity that the density of matter is constant. The 3 x 3 matrix on the right-hand side of
Equation (1) is Hermitian and can be formally diagonalized by a unitary matrix U as

Usu'+A=uéu, (3)
where
g = diag(fl, Ez, E3)

is a diagonal matrix with the energy eigenvalue Ej in the presence of the matter effect.
Equation (1) can be easily solved, resulting in the flavor eigenstate at the distance L:

¥(L) = ljlexp(—ig’L)ljl’l‘F(O). (4)
Thus, we have the probability amplitude A(vg — vy ) of the flavor transition vg — vy:

07 Fr )71
Avg — vy) = {Uexp(—zSL)U Lﬁ’ (5)
From Equation (5) we observe that the shift £ — £ — 1E;, where 1 stands for the 3 x 3
identity matrix, changes only the overall phase of the probability amplitude A(vg — vy ),
and this phase does not affect the value of the probability P(vg — vx) = |A(vg — va)|?
of the flavor transition vg — v,. In the following discussions, therefore, for simplicity, we
define the diagonal energy matrix £ and the potential one A as follows:
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&= diag(E1,E2, Eg) - E1 1
= dlag(or AEZ]/ AE31) (6)
— : N}'l Nn Nn Nn
A_\/EGF{dlag<Ng R 2)—1—(2)1}
= diag(A,0,0) (7)
with
m2—m%  Am%:  Am?
AEjkEE]‘—EkE ] p—y kE _,]kE Ik
2|l 2[p| — 2E
A=V2GEN,. (8)
Thus, the appearance of the oscillation probability P(vg — vy) (a # B) is given by
P(vg — va)
2
_ [ AL
= [Uexp( zSL)U Lﬁ
2
=
3 2
_ | ,—iE L 5B ,—iAE; L
= le7'M ZXj e oL
j=1
3 - 2
= | L X (el 1) ©)
j=1
3 INANE
_ . —iNE L/2550B i
= |(—2i) Ze o5 X sm(z)
j=2
~ ~ 2
4 efiAEML/Z)?gﬁ Sin<AE231L> " efiAEmL/Zngﬁ S-m<AE221L> |
- ~ 2
~ AE3 L AT =~ AEy L
— 4(X3P sin<231 ) + eiAEnL/2 0P sin< o ) ‘ (10)
where
""ﬂ(‘B o~ lN*
XiP = 0,y
AE]k = E] — Ek
have been defined,
i X =5,5=0
;U =0up =0 fora#p (11)
=1

was subtracted in Equation (9) and throughout this paper the indices &, § = (e, y, T) and
j.k = (1,2,3) stand for those of the flavor and mass eigenstates, respectively. Once we

know the eigenvalues E j and the quantity 5(;"8 , the oscillation probability can be expressed
analytically. ( In the case of three neutrino flavors in matter, the energy eigenvalues, E j, can

in principle be analytically determined using the cubic equation root formula [40]. However,
the analytic expression for E; involving the inverse cosine function is not practically useful.

Therefore, below we will calculate E j using perturbation theory with small parameters,
such as AEy 1 /AE3; = Am%l / Am%1 =~ 1/30 and those relevant to nonstandard scenarios).
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So the only non-trivial problem in the standard case is to obtain the expression for }N(;.Xﬁ ,
and this was achieved by Kimura, Takamura and Yokomakura [34,35]. Their arguments are
based on the trivial identities. From the unitarity condition of the matrix U, we have

_ (-1 N7 7 = S
Sup = [uu Lﬁ - ;u,x]uﬁj - ;Xj : (12)
Next, we take the (&, ) component of both sides in Equation (3):

-1 _ l13877—-1 _ (7. .F.17% — E.X%P
[ueu+ 4] - jaga ]“ﬁ = ;ua,E,uﬁj = ]E.E’Xf (13)

Furthermore, we take the («, §) component of the square of Equation (3):

2 102717 1T 2717 2 X
{(usul +A) } = [ugZLrlLﬁ = Y U, = Y ERXF (14)
J J

ap

Putting Equations (12)—(14) together, we have

11 1 xiP yiP
E, E E Pl =1 vP (15)
E? E} E} X2 YiP

with

i—1
Y = {(u5u1+A)] } for j=1,2,3,
) p

which can be easily solved by inverting the Vandermonde matrix:

. 1 S of
X*P —— (EBE, —(E,+E), 1 Y
1 AEZl%E?)l( 2E3 (E2+Ez), 1) 1
% | = | ————(E3E;, —(E3+E;), 1 “p | 16
X, AEzlAEg,z( 3Eq (Es+E1), 1) Y, (16)
K ﬁgg, —E+E ’ 1 DCIB
o AE31AE32( 1E2, —(E1+E), 1) Y)

3. Analytic Form of T Violation

In this section, we derive the analytic form of T violation in the cases with and without
unitarity, using the formalism described in Section 2.

3.1. The Three-Flavor Case with Unitarity

First, let us discuss the case where time evolution is unitary. From Equation (10),
we have

P(vy — ve) — P(ve — vy)

= 4sin AE31L sin AEZlL
N 2 2

% [eiAE32L/2§Z§H*§Z§V + e*iAEyL/ZjZSHXSF*

BBl /2R Zo _ o—ibEL/2ZEN g;u}

e AE3L AE3 L AEy L
=16Im [Xgﬂxgﬂ*} sin<232> sin( > >sin<221>, (17)
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Furthermore, from Equation (16), the factor Im {X;ﬂ )N(gﬂ 1 in Equation (17) can be rewrit-
ten as

-1 1
AEy AEsy AE3 AEs
< Im [{Y§M — (B3 + By )Y H{Y&" — (B + Ez)yz%}}
1
" AEnAEyAEn

e eux|
Im [ X5 X5"] =

Im [ ;"3 (18)
Equations (17) and (18) are applicable for a generic case, as long as the unitarity relation

(11) holds.

3.1.1. The Standard Three-Flavor Case

In the standard three-flavor case, Y;fl = [(UEU + A)], g (j = 1,2) can be expressed
as follows:

YiP = [usu +A} y

= 2 AEj; X}"ﬁ + A S, (19)
j=2

Y = [(usul + A)z} .

3
Z (AE)2XSP + A Z AEj (0 XS + 0. X0 ) + A% Guedpe, (20)
j=2 =

where we have also defined the quantity in vacuum:
xp
From Equations (19) and (20), the factor Im [Yg” Yg” *} in Equation (18) can be rewritten as
Im ;"3
— ep ep
—Im [(AElez + AEg XS )
x{ Bt (AEa1 + A)XS" + AEsi (AEs + A)X5" } ]

—Im [X?’ X?‘*] AEy AE3;AEs) (22)

Im {X;V X;” *} in Equation (22) is the Jarlskog factor [41] for the lepton sector, and is given
in the standard parametrization [1] with the three mixing angles 6 (j, k = 1,2,3) and the

Dirac CP phase 6 by
J = Im x5 XS"]
1
=-3 sin J cos 013 sin 261, sin 2613 sin 2653 .

Hence, we obtain

P(vy — ve) = P(ve — vy)

AE> AE3 AE AE3L AEs L AEx L
=16] 2230732 gin [ 22327 ) sin| =31 | sin [ =22 (23)
AEy AE51 AE5) 2 2 2
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Equation (23) is a well-known formula [10] for the standard three-flavor case. It is remark-
able that in the standard three-flavor case, T violation in matter, when divided by the
d-independent factor 16 IT;-x [sin(AE jkL/2)AEj/ AE jkl, coincides with the Jarlskog factor
in vacuum. This implies that the only source of T violation is the CP phase ¢ in the stan-
dard three-flavor case, and it is the reason why T violation is simpler than CP violation in
neutrino oscillations.

3.1.2. The Case with Nonstandard Interactions

As long as unitarity in the three-flavor framework is maintained, Equation (18) holds.
In this subsection, let us consider the scenario with flavor-dependent nonstandard interac-
tions [42,43] during neutrino propagation. This scenario has garnered significant attention
due to its potential implications for phenomenology. In this case, the mass matrix is
given by

UEU '+ A+ Anp (24)
with
€ee €ey  €er
ANP =A E:V €yy eVT ,

* *
€or €ur Err

where A and A are given by Equations (7) and (8), respectively. The dimensionless quanti-
ties €, stand for the ratio of the nonstandard Fermi coupling constant interaction to the
standard one. Since the matrix (24) is Hermitian, time evolution is unitary and all the
arguments up to Equation (18) hold also in this case. The oscillation probability is given
by Equations (10) and (16), where the standard potential matrix .4 must be replaced by
A+ Anp.

The extra complication compared to the standard case is calculations of the eigenvalues
Ej and the elements [(UEU ! 4+ A+ Anp)™]4p (m = 1,2). Here, we work with perturbation
theory with respect to the small parameters AEy; /AE3; = Am3;/Am3, ~ 1/30 and €xps
which we assume to be as small as AE;; / AE3;. Namely, throughout this paper we assume

|AEz1| ~ A > [AEn| 2 Alegp] -

and take into consideration to first order in these small parameters. Then, to first order in
them, we obtain

YZEH = [Ugllfl + A+ ANP}
ep
= AE3 X3 + AEn Xy + Aeey (25)

2
Y;y = [(ugul + A+ ANP) }
e
~ {(AE3)? + AAE3 } X3 + AAEy X!

+A% €eu + DE31{ X3, Anp )y,
= (MEs1 + A)Y," — AE3 1 AEn Xy — A MEs) €ey + AE31{ X3, Anp},, s (26)
where the curly bracket stands for an anticommutator of matrices P and Q: {P, Q} =
PQ + QP, and X3 is a3 x 3 matrix defined by
X3 = Udiag(0,0,1)U? (27)
(X3)yp = Unalljs = X537
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From this, the first term on the right-hand side of Equation (26) drops in the factor
Im {YZEV Y;V *} , and we obtain
Im [V;"3"] = —mm [ Y57
~ AEst Tm | V5" (MEx X5 + Ay — {Xa, Anpl ) |
~ (AE3;)2Im [X?‘* (AEZlX;” + A€y — {Xs, ANP}euﬂ

= (AE31)2 Im {X?‘*{AEzlxgy +A (X§T€e;4 - X§T€T;4 - XgryeeT) }} ’

where we have ignored terms of order O((AEp;)?), O(A?(e45)?), and O(AAEji€4p). Thus,
we finally obtain the form for T violation:

P(vy — ve) — P(ve — vy)

16 (AE3;)?2 . (AEpL)\ . [ AEsLY . [ AExL
~ ~ — —— SIn sin sin
AEy AEs1 AE3) 2 2 2

x Im [Xgﬂ*{AEﬂX;” +A (ngeey ) G Xa”‘ea) H (28)

Note that the form of the standard contribution (AE3; )?>AE,;, Im {X;” X;V *} in Equation (28)

differs slightly from that in Equation (22) because we are neglecting terms of order
O((AE21)?). The terms proportional to A in the parenthesis in Equation (28) represent the
additional contributions to T violation due to nonstandard interactions. These additional
contributions are constant with respect to the neutrino energy E, and they exhibit a dif-
ferent energy dependence from that of the standard one, AEy X" = (Am3,/2E)U,, Uy
Therefore, if the magnitude of the additional contributions from nonstandard interactions is
significant enough, then their effects are expected to be observable in the energy spectrum
of T violation. Constraints on the parameters €,5 have been provided in Refs. [44-46].
Depending on the sensitivity of each experiment, it may or may not be possible to detect
the signal or to improve the existing bounds on €,4. The aim of this paper is to derive the
analytic form of T violation; estimating experimental sensitivity is beyond its scope.

3.2. The Three-Flavor Case with Unitarity Violation

The discussions in Section 3.1 are based on the assumption that time evolution is
unitary. In Ref. [47], the possibility to have a nonunitary leptonic mixing matrix was pointed
out. In that case, the relation between the mass eigenstate v; and the flavor eigenstate v, is
given by a nonunitary matrix N:

Vg = Nyjvj
N=@1+nUu
with
nt=1. (29)

In the so-called minimal unitarity violation, which was discussed in Ref. [47], the constraint
on the deviation matrix 7 turned out to be strong. Here, we take phenomenologically the
form of the nonunitary matrix N and assume that the elements of the deviation matrix 7
are of order AEy; /AE3; or smaller, as in Section 3.1.2, namely,

|AE31| ~ A > |AEx| 2 Aliagpl -
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It was argued in Ref. [48] that time evolution in the case of a nonunitary mixing matrix can
be discussed in terms of the mass eigenstate

and its time evolution is described by
Z,d‘I’m

dt
where £ and A are defined by Equations (6) and (7),

- {5 + NTAN* — A, (NTN* - 1) }‘i’m (30)

1
An= —=Ge Ny

stands for the absolute value of the contribution to the matter effect from the neutral current
interaction, and the term A, 1 was added to simplify the calculations without changing
the absolute value of the probability amplitude. The 3 x 3 matrix on the right-hand side of
Equation (30) can be diagonalized with a unitary matrix W:

£+ NTAN* — A, (NTN* _ 1) — WEWL, 31)
where
g = diag (El, Ez, Eg)

is the energy eigenvalue matrix in matter with unitarity violation. The mass eigenstate at
distance L can be solved as

Yu(L) = Wexp(—iEL)YW1¥,,(0). (32)

In cases involving unitarity violation, due to the modified form of the charged current
interaction [47], after computing the probability amplitude from Equation (32) we must
multiply the probability amplitude by an additional factor of (NN ‘L)lgﬁl/ 2 for the production

1/2

process and (NN').,/# for detection. Defining the modified amplitude

A(vg = va) = Avp — va) (NNF) 2 (NN 2

= [N*Wexp(—iEL)W 'NT],
the modified probability
P(vy — vg) = |A(vy — 1//3)|2,
and the quantity

2P = (NW)(NW)g;,
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we have the following expression for the appearance oscillation probability:
P(vg — va)

Wexp<fi€~L> W‘lNT]

ap
2

3 ~
= Z )(].a/ge_lEfL
j=1

2
_ —JElL Eszﬁ ﬂAEﬂL
j=1

I Bl (1 —inE
)

~ 2
& iAEL/2 wap . DEAL
= [N*NT]al;—le_Eze ZAEﬂL/Zé\,’;‘ﬁsm<2] )

2

. S AE; L
— {1+ U)Z}T}ocﬁ + 26—1Al€3,1L/27z7r/2X30¢/3 sin<231>
_ 2
+2e—iAI:~'21L/2—in/2/—?2%5 sin <A}5221L> ‘
~ 45, + e—iAEﬁL/Z—ir(/ZX;ﬂ sm(AEZML>
- AEnL\ [
e ibEnL/2-im/2 P sin<221> ) (33)

T violation P(v, — v.) — P(ve — vy) is a small quantity, and the difference between
the probability P(v, — v.) and the modified one P(v, — v.) comes from the factor
(NN")aa (NN)gg = [(1+7)?]aal(1 4 17)*]pp = 1+ 21aa + 215p, which has a small devi-
ation from 1. Therefore, T violation of the probability P(v, — ve) — P(ve — vy) can be
approximated by that of the modified probability P (v — ve) — P(ve — vy). Hence, T
violation is given by
P(vy — ve) — P(ve — vy)
~ P(VH — ) — P(v, — Vy)

AE /2 S AE3 L AE e/ AEy L
=4 Hue + E_IAE31L/2—17T/2X3€V sin( 231 ) + e—zAEz1L/2—m/2X2€F‘ Sil’l( 221 )
~ ~ 2
. . ~ AE31L AF : ~ AEy L
_4 7]6“14 + e*lAE:;lL/zflT[/ZX?Z/‘e Sm< 231 ) + €71AE21L/2717T/2X2}16 Sln( 221 ) ‘

AE5 L - N , o ‘
= 4sin< 231 ) (We’X;H* _ '7W V) (EZAE31L/2+m/2 _ e*lAE31L/2fz7r/2)

2

44 Sin(AE221L> (We%g B 77;2: ey) (eiAleL/ZJrin/Z . efiAE21L/27ir(/2)

. AE31L . AEzlL YEU ep* PeUx el
—4sm< > >s1n<2 (X3 2 —X3 b )

% (eiAE31L/2+i7r/27iAEmL/27i7r/2 . efiAE31L/27i7t/2+iA1§21L/2+i7'f/2)

e AEs L AEy L AEsL
= —16Im[X;HX§”*} sin( 231 )sin( 221 )sin( 232 )

+8Im [17”62?36”*} sin(AE31L) + 8Im {17#9/\?28”*} sin(AE21L) (34)
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We observe that the energy dependence of T violation in this case is different from that

with unitarity, since we have extra contributions which are proportional to sin (AEgl L) or
sin (AEZl L) . As in the case with unitarity, 2?;"5 can be expressed in terms of the quantity

X}X’g = Uy ll;g J in vacuum, E j, and 77,p. First of all, we note the following relations:
) (E)" j

j
= L (N W) (Ej)" (NW*)
]

[N {&e+NTAN" - 4, (NTN* - 1) }mNT} y

= [N{e+NtaN - 4, (NN -1) )N .
o
=, form =0,1,2. (35)
Then, we rewrite Equations (35) as

3 ~
Y Vi &l =V forj=1,23, (36)

m=1

where Vj,, = (En) 1 is the element of the Vandermonde matrix V, as in the case with
unitarity (see Equation (15)). The simultaneous Equation (36) can be solved by inverting V,
and we obtain

2P =y (vl (37)

The factor Im [AN,’ZEV A?;” *] can be expressed in terms of Ej and y]?“ :

tm [ 225

1 1
 AEy AEs AEsAEs
xTm {5 = (B3 + E0)IS" + BBy HOS™ — (B + B) 5 + ErEa
1 =2 TN TES =~ (TN TES el ~ yep*
— = (B2 | Yy — B Im | VY| & Im | Yy . 38
AE21AE31AE32( 1 [1 2 } 1 [1 3 ] [2 3 D (38)

The quantities y]f"F ! (j = 1,2,3) are calculated as follows:

yfy = [NNWW =[(1 +77)2]ue ~ 2 fye,

V' = [N{€+ NTAN - A, (N'N - 1) IN'] B

- [(1 + n){ugu*l +(1+7)AQ+7y) — An((l )2 — 1) }(1 + ;7)}

[usu*l + A+ (g, UEU"Y +2{y, A} — 2A,,;7]

ue

12

ue

~ AE31X§M + AElegg + AE31{17, X3}ye + 2<A — An)rlye ,
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e = {N{é’ +NFAN - 4, (NN - 1) }zNﬂ
ue
— [(1 +p{ueu + 1+ Aa+y) - A +n)?-1) }2(1 - ;7)]
pe
~ [Ugut + A2+ {ueu, A} ot [{ueu, {, A}y + {A, {1, A}}] .

— [2An{u5u—1,;7} + 2An{A,17}} N

+[{nuguTy + {n, A% + {n, (UEUT, A}

~ AE3 (AEz + A) X} + AAEy X5°
+AE31{X5,{n, A} ye + {A {1, A} }pe
—2AnNEs1{X3, 11} ye — 2An{ A, 11} e
+AE3 {1, X3 tpe + 111, Az}ye + AE31{n,{X3, A} } e
= (AE3; + A) Y, — AE31AEy Xb°
—2(A — An)AEziue — (A +2A4)AE31{X3, 1} e
+AE51{X3, {1, A} }pe + AEsi{n, {X3, A} e -

pe

In the current scenario involving unitarity violation, we observe a nonvanishing contri-
bution from y{“ , necessitating knowledge of the explicit form of the energy eigenvalue
E;. Given that yf” is of order O(1,4), to evaluate Equation (38) accurately to first order in

both AE;;/AE3; and 77,5, we must calculate E; solely to zeroth order in these parameters,
i.e, assuming AEy; — 0 and 77,5 — 0. Under these conditions, the characteristic equation
of the 3 x 3 matrix (31) is defined by

0=det|1t—{&+NTAN" - A, (N'N" —1) }]
~ det [1 t — diag(0,0, AEs;) — U~ ! diag(A4,0,0) u}
—¢ {t2 — (AE3; + A) t + AAEs cos? 913}
=t(t—Ap)(t—A_),
where A are the roots of the quadratic equation and are given by

_ AE3 + A+ AEj
p— .

AEgl = \/(AE31 COos 2913 - A)2 + (AEgl sin2913)2 .

From this, we obtain the energy eigenvalues Ej (j = 1,2,3) to the leading order in
AE21 /AE31 and 17“/3:

(2)-(*)

The roots A = E; and A = Ej satisfy the quadratic equation

A% — (AE31 + A))&i + AAE3; cos’ 013 =0.
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Hence, the first two terms on the right-hand side of Equation (38) can be rewritten as
B3 m [ 04705 | = By tm [ 047057
— [y By - By Y]
~ Im {yf” {AEg,lxg‘e*E% — AE3 (AEs + A) XEE, H
— Im [yf”A(AE31)2X§‘“* cos? 913}
=2 A (AEz;)? cos? 613 Im {WEX;)”*} ,
whereas the third term on the right-hand side of Equation (38) can be written as
Im [ygu ygﬂ*]
—Im [y;’** { (AEs; + A) Y2 — AE3 AEy XL°
—2(A — An)AEz11pe — (A +2A5)AE31{ X5, 1 }pie
+AE3{ X3, {1, A} }ye + AEzi {1, {X3, A} } e }]
— AEz Im [Xge* {AEg,lAEﬂX;‘e

+2(A — An)AEsitue + (A +2A0) AE31{X3, 17} e
—AEgl{X3, {1’], A}}ye - AE3]{77, {X3/ A}}Wf}] :

Thus, we obtain the expression for the factor Im [2?26 ! )?38 " *} :
i [ 5"
B 1
AEy AE3AEs)
N AE3
~ AEnAE3AEs

(E% Im [yf”y;”*} —EIm [yf"y;”*} + Im [y;’*y;”*] )
Ion [ X4 { AE1 X5 + 4 A + 240 ({1, X3 bye = 1e) } (39)

To complete the calculation of Equation (34), we need to estimate the two quantities:

I [0 X5 |
_ A’E;AE& tm e { BB — (B + B4 + 95 )]
AE311 o (e (- AEi X5 + AL (A3 + A)X4)]
- AE; N Ay AEz Im [We Xge*}
= X5 (40)
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om0 5
R
" AEynAEs
o
"~ AEyAEx
o
"~ AE,AEx,
~0, (41)

Im [ﬂye{ge.glylew — (E3+ El)y?‘* + yg}l*}}
tm [~ (B + E1) 5" + 23]

Im [—(E_o, + E1)AE3 XE* + AEs (AEs; + A)ng*}

where terms of order O((AEy /AE31)?), O((eaﬁ)z), and O(e,pAE;1/AE3;) have been ne-
glected in Equations (39)—(41). Putting Equations (39)-(41) together, the final expression for
T violation is given by

P(vy — ve) — P(ve — vy)

AEs . [AEy L\ . (AEnLY\ . (AEsL
~ 16 = sin sin sin
A AE31 cos? 913 2 2 2

x Im [Xg‘e* {AEHX;‘E + 4 A e +2A0 ({7, X3 e — e }]
+8 i gz sin (AE31L) Im [Wng*} (42)

Due to the additional contribution proportional to sin(AEz; L), the energy dependence of
Equation (42) in the scenario with unitarity violation differs from that in the scenarios with
unitarity, such as the standard case (23) and the nonstandard interaction case (42). Therefore,
if the contribution from unitarity violation is significant enough and the experimental
sensitivity is sufficiently high, it may be possible to distinguish the unitarity violation
scenario from both the standard and nonstandard interaction scenarios by examining the
energy spectrum in T violation.

4. Conclusions

In this paper, we have derived the analytical expression for T violation in neutrino
oscillations under three different scenarios: the standard three-flavor mixing framework,
a scenario involving flavor-dependent nonstandard interactions, and a case with unitarity

violation. In scenarios preserving unitarity, the T-violating component of the oscillation
AEy L AEy L AEpL
2 2 2

probability is proportional to sin( ) sin( ) sin(
unitarity violation, there is an additional contribution proportional to sin(AEz L). Should
future long-baseline experiments, such as yTRISTAN or other types of neutrino factories,
achieve high sensitivity to T violation across a broad energy spectrum, it may become
feasible to specifically probe unitarity in the v, <+ v, channel.

). However, in the case with

Moreover, we demonstrated that the coefficient of the term sin(%) sin(%)

sin(%) (AEs;)?(AE31 AE3pAE,;) ! varies depending on whether neutrino propagation

follows the standard scheme or involves nonstandard interactions. In the standard scenario,
this coefficient is proportional to AEy; = Am3, /2E. However, in the case with nonstandard
interactions, there is an additional contribution that is energy-independent. Thus, it may
be possible to observe the effects of nonstandard interactions by examining the energy
dependence of T violation.

The purpose of this paper is to derive the analytical expression of T violation, and we
did not quantitatively discuss the sensitivity of future experiments. The potential for T
violation in neutrino oscillations deserves further study.
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