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Quantume-Inspired Fourier Transforms Based on Circuits

Hanxu Zhang, Yifan Sun,* and Xiangdong Zhang*

Fourier transform (FT) is ubiquitous in modern society due to their broad
applications in many branches of science and engineering. Improving the
speed of FT is a common interest in the fields of signal processing. The
quantum FT is generally believed to be superior to classical algorithms, but it
requires a special quantum environment to perform, which has not yet been
widely used. Inspired by quantum FT, here a new FT scheme is demonstrated
based on circuits. In the circuit scheme, a new type of classical correlation,
which its mathematical form corresponds to those of quantum entanglement,
has been constructed. The calculation speed using the designed circuit
scheme is equivalent to those based on the quantum FT algorithms, which is
faster than those based on the classical fast FT algorithms. Furthermore,
some basic gates have been designed and experimentally fabricated using
classical circuit networks, which can emulate the functions of quantum gates.
Fast calculation efficiencies for the FT based on the designed classical circuit
networks have been demonstrated. Extensive applications of the FT scheme

environment, where information is en-
coded using quantum states. Because quan-
tum states are quite fragile and eas-
ily affected by external disturbance, the
bottleneck issues such as decoherence
and scalability are particularly difficult to
address.>?° Although there have been
significant progresses in the research of
quantum information process in recent
years, 21231 applying QFT to solve practical
problems still keeps great challenges.
Recent investigations have shown that
a formal analogy between classical and
quantum information processes can be
constructed.??3] Based on such a corre-
spondence, the QFT has been emulated
in some classical systems.**°l For ex-
ample, an electric circuit scheme for per-

in the signal processing are anticipated.

1. Introduction

Fourier transform (FT) becomes a standard tool in contempo-
rary sciences since the ‘fast Fourier transform (FFT)’ algorithm
was developed in 1965.1 It has been used in many fields such as
physics, number calculation, signal processing, probability statis-
tics, cryptography, acoustics, and optics.[*?] The FFT plays an im-
portant role in these fields. On the other hand, with the progress
of research in quantum information, the quantum FT algorithm
has been proposed.*°! The quantum FT (QFT) is believed to
outperform the classical FFT in signal processing, which has at-
tracted much attention in recent decades.l'l However, the QFT
is typically believed to be performed in a quantum computing
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forming the QFT has been discussed in

a recent work, by using the simulation

of quantum walks.’®! However, the pro-

posed scheme is not scalable. Namely, it

needs 2" number of circuit components to
realize n qubits. This means that the scheme failed to provide
a classical analogy of QFT circuit in sources. The question is
whether it is possible to design classical circuits to implement
better analogy of QFT circuit.

Inspired by the QFT circuit scheme, in this work we propose
an analog scheme of classical circuit for the QFT. In our scheme,
the classical circuit network, which includes the information pro-
cessing elements that corresponds to the quantum gate sets, is
designed. The information is encoded using correlated electri-
cal signals, which establishes a mathematical correspondence be-
tween the novel classical correlation and quantum entanglement.
This makes the classical circuit network have processing func-
tions similar to that of quantum computation. As a results, the
number of the basic computing components employed in our cir-
cuit, including only the copy, addition, subtraction and multipli-
cation operations, is consistent with the number of the quantum
gate in quantum circuit. Based on our theoretical consideration,
we present an experimental verification on the analogy of the two,
three and five qubit processors.

2. Theoretical Scheme of Quantum-Inspired Fast
Fourier Transforms Based on Circuits

The n-qubit QFT is a basis transformation in an N = 2"-state
space that transforms the state |K) to |J) (K and | are integers
ranging from 0 to N — 1) according to

N-1
QFT 1 .
|Ky—> _\/N 2 elZnKj/N|]>’ (1)
J=0
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Figure 1. a) The diagram of the 1-cebit gate U,. In 1-cebit system, the amplitude ¢, depends on voltage signals V; g g, and V4 g |, while the amplitude @,
depends on voltage signals V; 1 g, and V4 5 },,,. b) The circuit design of the 1-cebit gate Uy,. It consists of 4 adder modules. These modules share a similar
design, but their specific configurations differ. One typical module includes 1 operational amplifier (represented by triangle) and 4 resistors (represented

by a rectangle). c) The diagram of the 2-cebit gate Ucg .

In 2-cebit system, the amplitude o, depends on the voltage signals V1 o e, V101ms Va0,re

and V5 4, and so do the other amplitudes. d) The circuit design of the CR module. It consists of 4 multiplier modules (marked by “x ) and 2 adder
modules (marked by “+”). Different multiplier modules share identical designs, containing 1 analog multiplier (represented by pentagon) and 2 resistor
(represented by a rectangle), while adder modules differ in their circuit designs, containing 1analog adder (represented by triangle) and varying numbers

resistor (represented by a rectangle).

ZxK K~ ZX |]>
v 2)

Z \/L_ xkeiZ;zK]/N |K),

J=1

where the N data points x;,x,,-+, xyy_; and x, are encoded into
the Namplitudes of the N basis states, and the output amplitudes
X,X,, -+, Xy _ 1 and Xy, are the results of the discrete FT of the N
input amplitudes.

The quantum circuit model of the QFT utilizes the 1-qubit
Hadamard gate

A 11 1

-] ) .
\/E 1 -1

and the 2-qubit controlled phase gates

1

UCRm = 1 ’ “4)
g2mi/2"
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where m is a variable parameter. To simulate the QFT using an
electric circuit, two essential actions must be performed. One is
defining the analog of a qubit with the state of the electric cir-
cuits, and the other is certifying the electric operations on those
states that can realize the function of the above quantum gates. To
simulate the qubit, we define “cebit” in our circuit design. Each
cebit contains 4 voltage signals, and we can get 2" classical states
to correspond to quantum states using the 4nvoltage signals of
the n cebits. To simulate the quantum gates, we realize the corre-
sponding circuit gates.

We first take the correspondence to the 1-qubit gate Uy, as an

example. The U, gate acts on the quantum state |¢p) = ¢,|0) +
bo
1 —
¢:11) [¢1] as
ol _ g [‘l’o]:i by + by 5
¢/1] H ¢l \/5 ¢0_¢1 ( )

where ¢, and ¢, represent the amplitude of the quantum state
|d), and they are transformed into ¢’ and ¢’;. To implement the
corresponding 1-qubit operation in the classical circuit, we con-
struct the circuit network Uy, as shown in Figure 1a. The 4 in-
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put voltage signals denoted by V,= (Viore Vioum Vitre Vi) s
where “T” represents the matrix transpose, are used as the analog
of a qubit as a whole and known as a cebit. Each component of V;
is a time-dependent voltage function. To implement the function
of the Hadamard gate correspondingly, the circuit network U,,is
required to transform the input voltage signals into the output
voltage signals (V' = (V1 gz Viommr V1i1rer V101m) » a8 shown

by
V1o Viore T Viire
V,l,O,Im — L Vl,O,Im + Vl,l,Im . (6)
VIl,l,Re \/E Vl 0,Re Vl 1,Re
Vi 1im Viowm = Vitim

Subsequently we demonstrate that the transformation of
the voltage signals can be described by the classical state |¢)
corresponding to the quantum state |¢). To illustrate the relation
between the classical states and the quantum states clearer, we
employ the notation “|)” to denote the classical states given by
cebit. In particular, the classical state of the voltage signals is
expressed by

10) = ¢, 10) + o, 11) = [Z?] “)
where
T w
1 — Wi {
Po =T / dt Z e (Viore +iVi0mm)> (®)
0 w=1
T w
1 — W {
= T / dt Z € * (Vl,l,Re + lvl,l,lm)' (9)
0 w=1

@, and ¢, represents the complex amplitudes of the classical state
|@) corresponding to the complex amplitudes of the quantum
state |$p). As complex values, they are obtained from the com-
plex voltage signal function V, jg, + iV, and Vi g, +1iVi;
respectively. T= 27 /w is the period of the voltage signals, where
the frequency w depends on the experimental setting. And the
summation upper limit W for the index w is determined by the
input voltage Vg, Vi g1m» Vi1gre and Vy; 1,,. We denote the high-
est frequency component in the spectrum of V as Ww. Since o
is known, W can be derived accordingly. Under the definition
above, the gate Uy, transforms the input classical state |¢) into
the output state |@’) = ¢’(|0) + ¢’,|1), where

T w
(Plo = % / dt Z et (V’Lo,Re + iV,l,O,Im)
0 =1

_ UmtvloRe-l-VllRe+lV101m+lVlllm
dt

J=1 \/E

giior 10Re T PV 101m Viore + Viomm

= /dt \/E
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A (10)
and
v - % (1)
So we have
") =) 10)+ ¢, Il)—[(pl]=% zZJ_rZi (12)

which corresponds to the result shown in Equation (5).

Next, we briefly describe the design of the circuit network Uy,
used to implement the transformation shown in Equation (6). As
is shown in Figure 1b, Uy, consists of 4 analog adder/subtractor
modules, which are referred to as “adder/subtractor circuit”.
Since subtraction is mathematically equivalent to adding a neg-
ative value, we simply call it “adder module”, and mark the
module by the black boxes with plus sign “+ ”. Each module
has 2 input and 1 output, performing weighted addition op-
erations on the input voltage signals and outputs the result.
These adder modules share a similar design, but their specific
configurations are different. Here, we illustrate the structure of
one certain modules. This depicted module contains 1 opera-
tional amplifier (represented by triangle) and 4 resistors (repre-
sented by rectangle). The design details of the module and its
calculation results are provided in the subhead “The detailed
circuit design of 1-cebit gate (adder module)” of Experimental
Section.

Now we consider the correspondence 2-qubit gate UCRM. The

UCRm acts on the quantum state |$) = ¢y |00) + by, [01) + d1,|10)
+ ¢pq|11) as

@ 00 oo 200
¢,o1 i o1 01

=U, = , 13
4’,10 CRm ®10 b1 (13)
&1 (9 e ¢

where ¢, do;,$10 and ¢y, represent the amplitude of the quan-
tum state. To implement the corresponding 2-qubit operation us-
ing the classical circuit, we construct the circuit network Ucy
as shown in Figure 1c. The 8 voltage signals for two cebits are
denoted as v): = (Viore Vioum Veire Verim) (K = 1, 2). In ad-
dition, this classical gate contains 2 fixed inputs Vi, and Vi,
which multiply with these component voltage signals. The cir-
cuit network Uy ~transforms these voltage signals into Vi, =

! ! ! !
(VkORe VkOlm Vkl Re’ Vkllm) ,andwe have
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V' oRe Viore
Viomm| Viom
Vire | | VieeViire = Vi Vit |
) Vi | [ VireVidim + Vi Vi
[Voor| [ Vaore ¥ VireVoore = Viim V201m (14)
V20im _ Voo + VireVaoim + Vitn Vaore
V) 1Re Vy1re €08 (27 /2™) Fy, —sin 2z /2™) Fy,,
Vyiim V11 + 8in (27 /2™) Fy, + cos (22 /2™) F

(FRe = Vl,Re V2,1,Re - Vl,ImVZ,l,Im’ Fi, = Vl,ReVZ,l,Im + Vl,ImVZ,l,Re)

The classical state |p) can be expressed by the voltage signals
using the above definitions

19) = @40 100) + @4, 101) + @10 110) + @y, [11) = | P01 [, (15)

where

T w

1 _

@ 5, = T_/dtZe
0 =1

Here @, , represents the amplitude of the classical state, and
the subscript s; and s, take the value 0 or 1, the functions repre-
sent

if’”‘Fl'S1 % F (16)

25"

Fl,s = Vl,s,Re + iVl,s,Im’ FZ,S = VZ,S,Re + iVZ,s,Im' (17)
and the symbol “*” is the convolution operation, for the periodic
functions f; and f, with period T, we have

T
I A (18)
0

In general convolution operations, the integration limits range
from — oo to + o0, however, for periodic sine and cosine func-
tion, the integration limits are confined to the interval [0, T]. Both
Equations (16) and (18) have T as the upper integration limits,
which is the period of the voltage signals.

As an example, if we take s; =5, = 0, then

T

/dT [(Vl,o,Re (1) +iVi g1 (7))

0

Fio*x Fo=

=l

X (VZ,O,Re (t—7)+iV, g, (= T))] (19)
So the amplitude ¢, depends on the complex voltage signals

Viore T V101, and V, g, + iV, 41, as the other amplitudes do.
Under the representation scheme in the above, the gate Uy

transforms the input classical state |@) into the output state

Adv. Sci. 2025, 12, €10261 e10261 (4 of 17)

www.advancedscience.com

@ 0 Poo
!
A K Po1 20
lo") o P10 (20)
(P/n g2mi/2" ®1,

It corresponds to the result in Equation (13), which describes
the action of the 2-qubit quantum gate UCR on the quantum
state. The proof details are provided in the subhead “The detailed
circuit design and the output calculation of CR module” of Exper-
imental Section.

Next, we describe the design of the circuit network Uc, used
to implement the transformation in Equation (14). As shown in
Figure 1c, Uy it consists of 3 modules (red boxes), which we re-
fer to as “CR modules”. The first CR module receives input volt-
age signals V., and V,,,,, the second incorporates V, , , and
V;.01m among its inputs, while the third operates with V, ; p, and
V) 1.1m-The remaining 2 input signals V, p, and V,,,, remain
fixed. In addition, V;3, and V|, are externally applied single-
frequency cosine and sine signals, respectively. Their frequency
is set to match the highest spectral component within the com-
bined spectra of all the voltage signals.

Figure 1d illustrates a certain CR module whose outputs V] | ..
and Vi, ~are defined by Equation (14). To achieve V|, ., we
multiply Vire and Vi, through the multiplier module (marked
by “x ”) to obtain V|,V ; ., and multiply V;,, and V,, |, to ob-
tain V; 1, V; 11, These two resultant signals are then subtracted
through the adder module (marked by “+ ”), producing the final
output Vip, Vi1 re = Viim Vi1 The left component voltage sig-
nals follow the analogous procedure, but the adder modules in
these cases incorporate additional input signals.

One CR module consists of 4 multiplier modules and 2 adder
modules, and we illustrate one certain multiplier module and one
certain adder module. Generally, each multiplier module con-
tains 1 analog multiplier (represented by pentagon) and 2 resistor
(represented by rectangle), while each adder modules contains 1
analog adder (represented by triangle) and varying numbers re-
sistor (represented by rectangle), with the resistor count depen-
dent on the number of input signals to the analog adder. The
design details of the module and its calculation results are pro-
vided in the subhead “The detailed circuit design and the output
calculation of CR module” of Experimental Section.

Itis well known that generating quantum entanglements is the
key function of the 2-qubit quantum gate, therefore our 2-cebit
circuit gate needs to have analogous effects. Now we analyze the
classical correlation in our circuit design from two aspects. Math-
ematically, it manifests in the operational equivalence between
the classical gates described in Equation (20) and the quantum
gates in Equation (13). Physically, since entanglement typically
originates from interactions that can be mathematically charac-
terized through multiplication operation, the multiplication in-
troduced in our circuit generates similar interaction-like effects.
In the following section, we will provide experimental evidence.

After the discussion of the circuit correspondence of the quan-
tum gates in low-qubit systems, we now consider scaling the sys-
tem up to n cebit, which can be thought of as an analog of an
n-qubit system. When the number of cebit increases to n, the im-
plementation of the two types of circuit gates is required to be
generalized properly based on the above designs. Since the gates

© 2025 The Author(s). Advanced Science published by Wiley-VCH GmbH
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depend on the definition of the classical states obtained by the
voltage signals, we first address how the definition evolves when
scaling from a 2-cebit to an n-cebit system.

In the n-cebit circuit, the input voltage signals for each cebit
are denoted as ka = (Viore Vioim: ViLres Vk,l,lm)T(k =12, n).
The classical state is obtained from the complex voltage signals
as

z / (pslsz.usn

5155050018y

Sy .5, ), (21)

n

w
dt Z e_ijmt H * (Vk,sk,Re + in,sk,lm)’ (22)

(pslsz,..s,, -

~l-
(=]
~—

.

i

N

-

i

A

where the subscripts s, take the value 0 or 1, so ¢ has 2" sub-
scripts. We denote the successive convolution operation by the
symbol “[T*”, which is defined as

[T+ () =fsfo s f (23)

k=1

Following the discussion on the evolution of the definition of
the classical states, we now address the modifications to the Uy,
gate and the U, gate when scaling to the n-cebit system. The
design of U, gate remains consistent in the n-cebit system. To
implement U,; gate on the ky-th cebit, we feed the input voltage
signals of the k,-th cebit into the U, gate, while we keep the volt-
age signals of all other cebits unchanged. The U}, gate transforms
the classical state into

|:<0:sk0=0:| — L |:¢5k0=0 + gosk():l :| ) (24)
@ Sty =1 \/E (psko=0 - (psk():l

This expression corresponds to the result of extending Equa-
tion (12) to the n-cebit system. Detailed calculations are provided
in the subhead “The Detailed Circuit Design of 1-Cebit Gate
(Adder Module)” of Experimental Section This expression also

corresponds to the action result of the 1-qubit Hadamard gate
Uy in the n-qubit system

¢,s =0 A, ¢s =0 1 ¢s, =0 + ¢s =1
ko =U ko - ko ko i 25
¢,sk0=1:| " |:¢sk0=1:| \/E |:¢sko=0 - ¢sko=1:| ( )

where @, _, should be understood as selecting the components
0

when the subscript 5, = 0 from the entire set of ¢, ., and
then forming a column vector composed of these selected com-
ponents. And so are @ =10 Py =0 and by, —1-
During the extension of the U, gate to the n-cebit system,
we uncover an intriguing property, that the circuit system can
efficiently implement the classical correlations among multiple
cebits. We first talk about the multi-qubit entanglement in quan-
tum system. As is shown in Figure 2a, the multi-qubit entangled
operation U, in QFT is constructed by cascading multiple U R,
gate
(26)

U = Uk]—>k]+l Uk1 —k+2 0t Uk1—>n
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Here U,_,,(=1,2, — k) represents a controlled-phase
U ®,, gate with the k-th qublt being the control qubit and the (k +
l)-th ‘qubit being the target qubit, and the parameter m equals to
+ 1. The qubits in UCR gate are divided into three part ky,k, and
k, as followed. In this ‘multi- qubit entanglement scheme, these
UCRm gates share the same control qubit called k,. And the (k, +
1)-thto the n-th qubit are collectively denoted as k,, since these
qubit are the target qubit for one controlled-phase gate in Ugg.
The remain qubits are labeled as k,, spanning from 1 to k; — 1.
In quantum system, these gates rely on distinct entanglement
correlations between different qubits, and is hard to be imple-
mented with a single quantum operation. However, in classical
circuit, such classical correlations among multi-cebit can be real-
ized straightforwardly. This is achieved using a single U, gate
as is shown in Figure 2b, and it transforms these voltage signals
into

[ Vi, 0re [ Vigore T Vire Vigore = Vitm Vi, 0,0m
V,kﬂ,O,Im _ an,O,Im + \/l,RerO,O,Im + \/I,IkaO,O,Re
V,ko 1,Re Vko,l,Re + ‘/l,Re Vko,l,Re - Vl,Ikao,l,Im '
V ko1, Im _Vko,l,lm + \/l,Rero,l,Im + Vl,IkaU,l,Re
[ Viore | [ Vivore
J V ky,0,Im — Vk],O,Im
V,kl 1,Re \/l,RE Vkl,l,Re - ‘/l,Im Vkl,l,lm ’
V k.1, Im _‘/l,Re Vkl,l,lm + Vl,Ikal,l,Rz
[ V' oe [ Viore T VireViore = Viim Viyoim
V k,,0,Im _ VkZ,O,Im + Vl,Rﬁ VkZ,O,Im + Vl,lm sz,O,Re
Viire| | Vigwre +cos(2z/2") Fy, — sin(2z/2")F,,, |
_V’kzy”m_ _sz,l,Im + Sin(Zﬂ/Zm)FRe + COS(Zﬂ/Zm)Flm

(FRe = Vl,Rerz,l,Re - Vt,lmvkz,l,lmr Fi = Vl,Rerz,l,Im + Vl,Ikaz,l,Re)

(27)

Similar to the qubits in Equation (26), the cebits are also di-
vided into three parts labeled as k,,k, and k,, where k, spans from
1to k; — 1 and k, ranges from k; + 1 to n. Here V|, and V,,,
are externally applied single-frequency cosine and sine signals,
respectively. Their frequency is set to match the highest spectral
component within the combined spectra of all the voltage sig-
nals. By comparing Equation (27) with Equation (14), it can be
observed that the fundamental construction schemes of the U,
gate and the U, gate are similar, and both are composed of CR
modules. In the UCR gate, each k,-th cebit contains 2 CR modules,
each k,-th contains 1 CR module, and each k,-th cebit contains 2
CR modules. Using the definition of the classical states in Equa-
tion (22), the result of the U, gate corresponds to the U, gate.
The detailed computing process is provided in Method (B).

Using the circuit gates mentioned above, the circuit simula-
tion of the QFT can be realized. As is shown in Figure 2a, the
n-qubit QFT can be implemented using the quantum U/, and
UCRm gates, and the omitted quantum swap gate. By replacing
the quantum gates in the quantum circuit with our correspond-
ing circuit designs, the classical circuit simulation is achieved, as
is shown in Figure 2b. For visual simplicity, the 4 input signals
for each cebit are merged into a single line. In circuit simulation,
we omit the swap gates too.

© 2025 The Author(s). Advanced Science published by Wiley-VCH GmbH
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Figure 2. a) Quantum circuit for the n-qubit QFT. b) Classical circuit simulating the n-qubit QFT.

Now, we briefly describe the QFT simulation in the classical
circuit using the classical basic state as an example. Since the
definition of the classical states obtained by the voltage signals
has been established, we no longer describe the voltage signals,
but instead focus solely on the evolution of the classical state. The
input classical basic state is expressed as

|K)

RR-K)

(28)
= [K)®[K)® . 8 |K,),

where the decimal representation Kis rewritten as the binary rep-
resentation K K, ... K

ne

At first, the Uy, gate acts on the input state as

0)+ |1

L\/_”®|K2 K) K =0,

o) 29)
——8 K Kn>, K =1

V2

We rewrite it as

iZItR

M@(&...Kn). (30)

V2
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Here we employ the binary fractional notation

0.0,0,...a,= Y 27a;. (31)
j=1

For example, 0.K; = K, /2.
Next, the U, gate acts on the classical state as

0) + 270K K,

V2

The component |1) of the classical state | K;) has a 2z /2% phase
shift controlled by the k-th cebit, transforming |K;) into |K",). Sub-
sequent gates similarly transform |K,) into |K’,), transform |K;)
into |K’;), and so on, but these gates no longer change the state
|K';). And we have

HelGK) =K e[k k) 6

|0)+ei2;ro,KkKk+1,..Kn Il)

K,) = (33)
|K':) 7
After the SWAP gate, the final circuit output is
SWAP ( KK, X, )) = [ KK ) . (34)
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Now we consider the amplitude of one basic state |J,], ... J,)-

Each J; term induces a phase shift A0, = J;270.K,_;.; ... K,, so the
phase shift of |],], ... J,) is
D A0 =27 Y JOK, i .. K,
= =
_znZL i1 - K, +2A7
=2r Z]}K K n Kn —j+1 - Kn (35)
= 272" Z J2? Z 2927k,
=1 k=1
=272"0], ... ],0.K, ... K,
= 2zKJ/N.
Here
A=) KK . K, (36)
j=1
is an integer. The symbol “ = ” in Equation (35) means that the

two sides of the symbol differ by an integer multiple of 2, thus
they induce identical phase shifts. Also the phase shift in Equa-
tion (35) is equivalent to the phase shift in Equation (1). Based on
the linear properties of the circuit system, the correspondence to
Equation (2) arises naturally, and we successfully realize the QFT
simulation in the classical circuit.

We emphasize that the speed-up in QFT arises from quantum
entanglement, which enables a single quantum gate to process
all information contained in a quantum state in parallel, thereby
drastically reducing computing resource demands. Analogously,
our circuit design achieves a similar parallel speed-up by intro-
ducing a novel definition of the classical states based on corre-
lated voltage signals, emulating classical correlations. This allows
a single analog circuit component to efficiently process all infor-
mation in parallel. For example, in the 2-cebit circuit simulation
of QFT, the input classical state

0) @ 101 (37)

V2

is transformed into the output state

2100) + (1—1i)|01) +

212
100)+11)

which can be further rotated into a classical state 7 corre-

(1+14)]11)

(38)

100)+|11)

sponding to a quantum Bell state via two 1-cebit gates

acts on the 1-st and the 2-nd cebit respectively
1 [1 —1] oL [l—i —1+i
\/E 1 1 \/E 1+i 1-4
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Therefore, it is able to exhibit similar properties analogous to
the quantum Bell state. The experimental demonstrations are
given in the following section. This result shows the presence
of the entanglement-like correlation in the circuit system, and
reveals the intrinsic source of the speed-up effect in our circuit
simulation scheme.

At the end of this section, we discuss the computational com-
plexity of our circuit design. In quantum system, computational
complexity is considered proportional to the number of quan-
tum gates. Similarly in classical system, computational complex-
ity should depend on the number of basic computing compo-
nents in the circuit. However, we emphasize that multiple circuit
components can be integrated into a single component, and such
an integrated component clearly cannot be regarded as a basic
computing component. Therefore, to start it, we need to define
the basic computing component in our circuit design.

The definition of the basic computing component is based on
the mathematical operations it performs. In our circuit design,
we only use 3 kinds of basic computing components. The first
is the wire, performing copy operation that maps one function
finto two identical functions f. The second is the analog adder,
performing addition (subtraction) operation that maps two func-
tions f; and f, into one function f; + f,. The last is the analog
multiplier, performing a multiplication operation that maps two
functions f; and f, into one function f; X f,. Thus, the computa-
tional complexity in our circuit design is determined by the num-
ber of the basic computing components employed.

Our n-cebit circuit design consists of n Uy, gateand n — 1 U,
gate. Each U}, gate contains 4 analog adders, while each U, gate
contains O(n) analog multipliers and O(n) analog adders. Con-
sequently, an n-cebit simulation circuit requires a total of O(n?)
fundamental analog circuit components. This matches the O(n?)
quantum gates needed for the n-qubit QFT quantum circuit, and
outperforms the O(n2") = O(Nlog N) elementary operations of
FFT.

After comparing the algorithm complexity among the circuit
scheme, QFT and FFT, we additionally consider the processing
time required per individual circuit component to compare these
FT scheme in terms of process time. In our design, a circuit com-
ponent operates on the voltage signals composed of sine and co-
sine voltage signals of different frequencies. The period of the
voltage signals is denoted as T = 2z /w as is in the above text,
where the frequency w is a fixed parameter set before the circuit
is built. Although the output signal of the circuit component con-
tains more frequency signals, its period remains T. According to
Equation (22), we only need to extract a signal segment of dura-
tion T from each voltage signal to perform computation. The volt-
age signal outside the interval from time 0 to time T'is redundant
and should not be counted in the processing time. Consequently,
the total complexity of this circuit design can be calculated as the
processing time T required by the circuit components multiplied
by the algorithm complexity O(n?), and its order remains at the
order of O(n?). Thatis, the computation time of this circuit design
scales proportionally with the hardware complexity of the circuit.

In next section, we present several circuit simulation experi-
ments of simulating QFT to validate the correctness of our circuit
design. We also experimentally verify the existence of the corre-
spondence between the classical correlation within the designed
circuit and the quantum entanglement in the quantum system.

© 2025 The Author(s). Advanced Science published by Wiley-VCH GmbH
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Figure 3. a) The schematic diagram of the 2-cebit simulation circuit. b) The PCB layouts for the U} gate. c,d) The PCB layouts for the Ucg, gate.

3. Experimental Demonstration of the Circuit
Simulation for QFT

We begin with the circuit simulation of the 2-qubit QFT. The
schematic diagram of the 2-cebit simulation circuit is shown in
Figure 3a, consisting of 2 Uy, gatesand 1 U, gate. The U, gate
includes 2 submodules u, and u, (marked by the red boxes). The
u,submodule acts on the control cebit and contains 1 CR mod-
ule, while the u,submodule acts on the target cebit and contains
2 CR modules. The corresponding PCB layouts for these circuit
gates are provided in Figure 3b—d. On the PCB boards, we mark
the adder modules by “+ ” and the multiplier modules by “ x ”,
consistent with the designs in Figure 1b,d. In these modules, the
operational amplifiers used are model LM358, with each LM358
chip integrating 2 operational amplifiers. The analog multipliers
employed are model AD633. The initial voltage signals in the ex-
periment are generated using an FY2300 signal generator.

We validate our circuit design using the following 5 input
states in the 2-cebit system. These input states correspond to the
initial voltage signal configurations listed below (voltage unit is
V, and w is set to 1kHz).

Adv. Sci. 2025, 12, €10261 e10261 (8 of 17)

Viore = Vaore = €08 (@t),
[00) : 4 Vigim = Vooum = sin (wt), (40)

Vl,l,Re = Vl,l,lm = VZ,],Re = Vz,l,lm =0,

Viore = Vaire = €08 (@1)
[01) :{ Vigim = Vaiim = sin (o), (41)
Vl,l,Re =V

Am = V2,0,Re = VZ,O,Im =0,

Vl,O,Re = Vl,o,lm = VZ,],Re = Vz,l,lm =0,
[10) : 4 Viire = Voore = COS (@), (42)

Vitim = Vao1m = sin (o1),

Vl,O,Re = Viom = VZ,O,Re = VZ,O,Im =0,
[11) : 9 Viire = Vyppe = cOs (01), (43)
Vitim = Vo11m = sin (1),
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Figure 4. The theoretical and experimental results of the circuit simulation of the 2-qubit QFT.

Viore = Cos (wt),

Viom = sin (wt),

104+) : 4 Vige = Vigim =0, (44)
Vaore = Vaire = Cos (wi) /\/z;

Vaoim = Vai1m = sin (ot) /\/E,

where we define

10) + 1) 10) - 1) 10) +i 1)
)= o) = L) = IR)
V2 V2 V2
_10)-i)

. (45)

V2

The theoretical and experimental results are provided in
Figure 4. From top to bottom, the panels correspond to the in-
put states |00), |10), |01), |11) and |0 +). The left column displays
the real parts of the results, while the right column displays the
imaginary parts. The horizontal axis represents the states, while
the vertical axis represents the amplitudes. The blue bar plots rep-
resent the theoretical results of QFT

QFT  |00) + |01) + |10) + |11)

100) —— . (46)
01)-25 |00)—i|01); 110) +i 111). )
11025, 100) - |01)J2r 110) - 111). )
1) |00)+i|01); 110) - 1) )
(04 2T, 2100+ (1= ]01) + (1+7)111) 50)

2V2
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while the orange bar plots represent the experimental results,
consistent with the theoretical results. Among these classical
states, the mathematical form of Equation (50) corresponds to

the quantum entangled state W. That is, our con-

structed classical correlation in circuits is a concept different
from the quantum correlations that are generally believed to ex-
ist only in quantum systems, but their mathematical forms are
the same. In fact, not only do they have the same mathematical
form, but they can also exhibit similar physical properties.

It is well known that there are typically two approaches to char-
acterize the quantum correlations of entangled states, one using
violation of the Bell inequality and the other using entanglement
entropy. Similarly, the correlation properties of our constructed
classical correlated states in circuits can also be tested by two cor-
responding ways. We first discuss the circuit version of the viola-
tion of the Bell inequality. Its adaptation requires projective mea-
surements on the state corresponding to the Bell-like state along
three directions 6,,6,, and 6, and substitute the measurements
into the classical version of the Bell-like inequality

|P(91,92)—P(61,93)‘ sl—P(92,03) (51)

where P(6,,0,) represents the correlated measurement outcome
when the first cebit is measured along 6, and the second qubit
along 6,. In traditional classical systems, this inequality cannot
be violated.

In our circuit experiment, we first rotate the output state of
the input state |0 +) into a classical state corresponding to the
quantum Bell-like state via two 1-cebit gate described in Equa-
tion (39), and subsequently perform Bell-like inequality measure-
ments on the classical state corresponding to the quantum Bell
state. Figure 5a,b show the variation of P(0’, 6) with 6 under dif-
ferent parameter 6’. For parameters 6, =0, 0, = z/3 and 0, =
273, we obtain P(6,,0,) = 0.51, P(6,,6) = —0.39 and P(6,,6)
= 0.51. Consequently, the inequality in Equation (51) is violated.
This means that although our constructed classical correlation in
circuits is the concept different from the quantum correlations,
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Figure 5. a,b) The variation of the correlated measurement outcomes P(6’, 6) with 6 under different parameter 6'. The blue line represents the theoretical
results, while the red error bars represent the experimental results. c) The classical density matrix of the output classical state when the input classical
state is |0 +) and the corresponding quantum density matrix. From left to right, the subfigures represent the real part of the classical density matrix of
the experimental results, the real part of the quantum density matrix of the theoretical results, the imaginary part of the classical density matrix of the

experimental results and the imaginary part of the quantum density matrix of the theoretical results.

it has a correlation relationship corresponding to the quantum
correlations.

Now, we analyze the circuit version of the entanglement en-
tropy. Its classical version requires the density matrix, which can
be obtained through state tomography. The mathematical frame-
work of state tomography remains unchanged, where projective
measurements on the output state are performed on 4 states |0),
[1), | +) and |L) for each cebit and the density matrix of the out-
put state can then be resconstructed from these projective mea-
surements results. However, these projective measurement op-
erations require adaptation for classical implementation. In our
circuit design, the correspondence to projective measurements
can be divided into two step, the correspondence to projection
and to the measurement. The 1-cebit gate rotations implement
the projection step, for example, the U, gate projects |0) to |
+) and |1) to | —). And the operation that define the classical
states by the voltage signals corresponds to the measurement
step, for example, the amplitude ¢’,, = 1/2 in Equation (46) in-
dicates that the measured amplitude of the output voltage sig-
nal projected to |00) state is 1/2. Figure 5c presents the exper-
imentally reconstructed classical density matrix p, and the cor-
responding theoretical quantum density matrix g,. From left to
right, the subfigures represent the real part of the classical den-
sity matrix of the experimental results, the real part of the quan-
tum density matrix of the theoretical results, the imaginary part
of the classical density matrix of the experimental results and the
imaginary part of the quantum density matrix of the theoretical
results.

Adv. Sci. 2025, 12, €10261 e10261 (10 of 17)

Using the classical density matrix p, of the output state, we
compute the reduced classical density matrix p,; and calculate
the classical correlation corresponding to the quantum entangle-
ment entropy

S(p.) =-Tr(p, Inp,;) =0.75=S(p,) => 0. (52)

These results also support the correspondence between the
classical correlation among classical states of the electric circuits
and the quantum entanglement in the quantum system.

Based on the correspondence between classical correlation and
quantum entanglement, our circuit design can be extended to
scenarios with more cebits. We demonstrate the scalability of our
circuit design through the two examples, the circuit simulation
of 3-qubit QFT and the theoretical simulation of 5-qubit QFT.
Figure 6 shows the schematic diagram of the 3-cebit simulation
circuit, which consists of 3 U, gates and 2U, gate. The first
Uy gate consists of 3 submodule called u,,u, and u,, the second
Uy gate consists of u,,us and u,. The submodules u, and us act
on the control cebit, containing 1 CR module. The submodules
u,,u; and ug act on the target cebit, containing 2 CR modules.
And the submodule u, acts on the other cebit, containing 2 CR
modules. The PCB layouts for these CR modules share a simi-
lar design with the PCB layouts shown in Figure 3c,d, but their
specific configurations differ, as is shown in Method (B).

Theoretically, our 3-cebit circuit is able to simulate the 3-qubit
QFT for arbitrary input states. For testing purposes, we arbitrarily
selected a 3-cebit state
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Figure 6. The schematic diagram of the 3-cebit simulation circuit.
o) = 038 +0.381]  [0.53+0.31i]  0.24 +0.65 [Vyore ] [0.53 cos (F) — 0.31sin (wh)]
?7= 10.61+0.59i] © [0.66 +0.43i] © 0.61 +0.38i Vyoum | |0.31 cos (@) + 0.53 sin () 5
- A Viire 0.66 cos (wt) — 0.43 sin (wt) |’ (3)
—0.19+0.13i Voiim 0.43 cos (wt) + 0.66 sin (wt) |
—0.01 +0.23; ST
—0.25+0.16i (53)  [Vior] [0.24cos (wf) — 0.65 sin ()]
_|~0-10+0.29 Vs oim 0.65 cos (wt) + 0.24 sin (wt)
-0.29 +0.21i |’ v.. =106l : (56)
' 31Re .61 cos (wt) — 0.38 sin (wt)
—0.11+0.36i Viiiml |0.38cos (of) + 0.61 sin (wt)
—0.39 + 0.251 ST
| —0.16 + 0451 The theoretical and experimental results are provided in

It corresponds to following initial voltage configuration (volt-

age unit is V, and w is set to 1kHz)

Viore 0.38 cos (wt

0.38 sin (wt)

) -

Viomm | _|0-38 cos (wt) + 0.38 sin (wt)
) -
)

Figure 7. The top subfigure displays the real parts of the results,
while the bottom subfigure displays the imaginary parts of the
results. The horizontal axis represents the states, with the verti-
cal axis representing the amplitudes. The blue bar plots represent
the theoretical results of QFT, and the orange bar plots represent

- ) (54) the experimental results, consistent with the theoretical results.
Viire 0.61 cos (wt) — 0.59 sin (wt) Similarly, Figure 8 displays the schematic diagram of the 5-
Vitim 0.59 cos (t) + 0.61 sin (wt) cebit simulation circuit. As discussed above, each circuit gate
0.2 [ T T T T |
0 S ll mm BEm 0B
0.2 mtheory |
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Figure 7. The theoretical and experimental results of the circuit simulation of the 3-qubit QFT.
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Figure 8. The schematic diagram of the 5-cebit simulation circuit.

(blue and orange boxes) contains polynomial number of basic
computing components. In this theoretical simulation, we arbi-
trarily select a 5-cebit state

) = 0.37 4+ 0.20i 0.21 4+ 0.58i 0.56 + 0.60i
~ [0.63 + 0.65i 0.65 + 0.44i 0.35 + 0.46i

0.59 +0.03: 0.37 +0.26i
[0.46 + 0.66i] [0.67 + 0.59i] '

The theoretical results and the simulation results are provided
in Figure 9, with the accuracy of the circuit components config-
ured to 1%. The top subfigure displays the real parts of the re-
sults, while the bottom subfigure displays the imaginary parts of
the results. The horizontal axis represents the index of the states,
with the vertical axis representing the amplitudes. The blue bar
plots represent the theoretical results of QFT, and the orange bar
plots represent the simulation results, consistent with the theo-
retical results.

?Q ?? ?9Q ??
St e
— J. Unl <
e &
?3) 0 0 _l U, —@
> & & & v, <&

4, Discussion and Conclusion

We have realized the circuit simulation of QFT, where the num-
ber of the basic computing components required in out circuit
design matches that of quantum gates in the quantum circuit.
The correctness of the 2-cebit, 3-cebit and 5-cebit circuit simula-
tion schemes has been validated. We summarize the principles
underlying the speedup achieved by our simulation scheme as
follows.

First, based on previous researches on classical correlation, we
employ the correlated circuit wave systems as the experimen-
tal platform, which provides the foundation for demonstrating
classical correlation in the systems. Second, we have success-
fully developed a novel definition of the classical states by the
voltage signals, which mathematically corresponds to quantum
entanglement, establishing the theoretical basis for our experi-
ments. Within this scheme, a single computing component, pro-
cesses all information in the waveform across one circuit chan-
nels, as one operation, enabling parallel computation over the

0.4

1

mtheory
mexperiment

S 10 15

20 25 30

Figure 9. The theoretical results and the simulation results of the circuit simulation of the 5-qubit QFT.

Adv. Sci. 2025, 12, €10261 e10261 (12 of 17)

© 2025 The Author(s). Advanced Science published by Wiley-VCH GmbH

85US017 SUOLIWIOD BAERID) e |dde 8yy Aq pausenob a1e opIe YO ‘88 Jo S3InJ Joj ArIq1T UIIUO AB]IM UO (SUORIPUO-PUR-SWIRI0Y"AB] 1M AReIq 1 fBU1IUO//SANY) SUORIPUOD PUe SWS L 8U3 885 *[G202/2T /2] uo Arigiauliuo ABIIM ‘ AS3Q UOLOIUAS-UBUOIDR E SUIsINea Ad T9Z0TSZOZ SAPR/Z00T OT/I0p/0d" AB] 1M AseIq1[BuIIUO PSOURADE//SURY WO} POPeOjuMOQ ‘ZY ‘SEOZ ‘YYBESBTE


http://www.advancedsciencenews.com
http://www.advancedscience.com

ADVANCED
SCIENCE NEWS

ADVANCED
SCIENCE

Open Access,

www.advancedsciencenews.com

Figure 10. The circuit design of the arbitrarily 1-cebit gate.

entire dataset and thereby generating speedup. Notably, this par-
allel speedup relies on the existence of the novel classical correla-
tions, thus traditional classical computing systems lacking such
correlations cannot achieve this speedup. In traditional classical
algorithms, significant time is consumed by operations such as
permutation and selection within the input data itself. In con-
trast, the scheme presented in this work eliminates the need for
any internal manipulation of the input data, requiring only global
operations in the entire dataset.

Leveraging the mature, stable, and scalable nature of circuit
platforms, our quantum-inspired computing scheme based on
circuit holds the potential to circumvent the challenges faced by
quantum platforms and open a new way toward advanced infor-
mation processing with high quality and efficiency. Furthermore,
our work highlights the significant potential of analog comput-
ing in parallel speedup, which can be further optimized to realize
practical speedup effects.

5. Experimental Section

The Detailed Circuit Design of 1-Cebit Gate (Adder Module):  The 1-cebit
gate is an important basic gate in circuit design, and here the detailed
design of the arbitrarily 1-cebit gate is illustrated. It consists of 4 adder
modules shown in Figure 10. Each adder module contains 4 inputs, 1 op-
erational amplifier, at most 11 resistors, and 1 output. The add module is
referred to as “add circuit”, performing weighted addition (and subtrac-
tion) operations on the input voltage signals.

According to Kirchhoff's law,

Vo =Viore N V_ = Vioim N V_ = ViiRe
Ry R, Rs
(58)
V_ - Vk,],lm V_ V_ - Vout
b =+ 4,
Ry Rg Ro
V+ - vk,O,Re V+ - Vk,O,Im v+ - vk,'I,Re
0= + +
Rs Re Ry
(39)
cemVeum Ve
R8 R'I] +,in
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is observed. Subsequently, by combining the properties of operational am-
plifier that

Vo= V+, ’—,in = ’+,in = O' (60)
is obtained
k 1 k 1
Vo= =——-—=—1V +|=—-=V
out <R5 R'I > k,0,Re <R6 R2> k,0,Im (61)
kK_1\y o L(k_1
R7 R k 1,Re Rg R k1,1m»
where
L I L NI B
k= Ry 1 2 : R3 1 4 9 Rio (62)
Lo —

By adjusting the resistance values, V,; can be configured as an arbitrary
linear superposition of the inputs, thereby realizing any 1-cebit gate. For
example, in a 4-input 4-output circuit, the resistance values are adjusted

, : L
for output Vioge tO (the resistance unit is kQ)

Rs = R, = 5V/2, Ry = ,Ryp = 10. (63)

10
2¢/2 -1
Resistors not explicitly mentioned are disconnected from the circuit,

and

v Viore T Vi1Rre

1,0Re — \/E

is observed. Similar configurations are applied to the remaining 3 outputs

(64)

10

V! oim © Rs = Rg = 5V/2, Ry = ——— Ryg = 10, (65)
2¢/2 -1

Vi 1ge i Rs=Rs =5V2 Rig=Ryy =10, (66)

Vit Re = Rg = 5V2,Rig = Ryy = 10. (67)

Resistors not explicitly mentioned are disconnected from the circuit,
and the U, gate is obtained

V;],O,Re Viore T V11Re

Vioim|_ 1 [Vioim+Viim 68

Vl - V — V ( )
VRe V2| V1iore = ViaRe

Viiim Vioim = Vi1im

In the experiment circuit, specific resistance values can be achieved
through rounding and series-parallel combinations of resistors.

Furthermore, this adder module can be extended to contain any number
of input signals, with the output equaling the weighted sum of all inputs.
Since the underlying principle remains consistent, further elaboration is
omitted here.

In the last, the detailed calculation for the 1-cebit gate Uy, and the arbi-
trary 1-cebit gate Uy, in n-cebit system are discussed. The U, gate on the
ko-thcebit transforms the voltage signals into
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-

Figure 11. The circuit design of one certain CR module. It consists of analog multipliers (red box) and adder modules (green box).

V’k,O,Re a1Vico.re = b1Vio,im + 2Vic1,Re = b2 Vi 1,im
V,k,O,Im _ [ P1Vkore + a1 Vioim + b2 Virre + 02 Virim K=k
V'i1Re a3Viore = b3Vioim +94Vi1re = baVirim | o
) LV i1 im] 1b3VioRre +93Vioim + baVigre + 94 Vi1, im (69)

[V'kore | [Viore
V kO, Im | _ Vk,O,Im
Vlk,],Re - Vk,1,Re ’ k ;é ko-

_V,k,1,lm_ _Vk,'l,lm

where a, to a, and b, to b, are adjustable circuit parameter. This expres-
sion is the result of extending Equation (6) to the n-cebit system. Using
the n-cebit definition of the classical states in Equation (22), is observe

n

T
w
1 .
(ﬂ Sky=0 = = 7— / dt Z —lot ( (vlk,sk,Re + ’V,k,sk,lm))
A= Ik

(V,kOORe +iV k00lm>

1 T w n
:?/dtz’e Jwt(
0 1 I

*

<Vk,sk,Re + ivk,sk,lm )>

J= #k

(70)

* ((01 +iby) Vi 0,re i (a7 +iby) Vko,O,Im>

/dt € ~jjot ( <Vk,sk,Re + ivk,sk,lm))
I#k
* ((az +ib3) Vi 1,re 1 (a2 + iby) Vko,'l,lm)
= (ay +iby) Psp=0F (a; + iby) Psp=1

(P;k _1 = (a3 +ibs) Psp=0 T (a4 + iby) Psiy=1 7
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is observed, namely

[(p,%:o] _ [(01 +iby) @5 =0 + (ay + iby) P =1 )

¢’5k0=1 (a3 + ib3) Psp=0 T (a4 + iby) Psiy=1

where @, _, should be understood as selecting the components where
0

the subscripts, = 0fromtheentiresetof g ;, ; ,andthen forminga col-
umn vector composed of these selected components. And so are ¢, _;.
0

The computing details of the 4-input 1-input adder module are dis-
cussed. It can be simply extended to scenarios with additional inputs and
outputs.

The Detailed Circuit Design and the Output Calculation of CR Module:
The controlled phase gate Ucg ~(and Ucg) are another kind of important
basic gate in the design of circuit. This kind of gate consists of CR modules,
and here the detailed design of the CR modules is illustrated. Figure 11
shows one simple CR module, that contains 4 inputs, 4 analog multiplier,
2 operational amplifier, 24 resistors (8 in red box and 16 in green box) and
2 output.

Here s =0 or 1, and the red box marks the fixed structure of the analog
multiplier, with the output

Vw, 1 vl, Re Vk,s, Re

Vw 2 V/ Im Vk s,Im

2| = | Shim Vs | 73
Vw,3 VI, Re Vk,s,lm ( )
Vw,4 V/,Imvk,s, Re

The red box marks the adder modules, with the output
Visre = Viksre T C1Vi1 + GV (74)
where C; and C, depend on the resistance values. If the resistance values

are adjusted to
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Ry =Ry =Ry =R;=Ryy =Ry =Ry;3 =Ry5=10,Ryy =5, (75)

and resistors not explicitly mentioned are disconnected from the circuit,
then

[Vl,k,s,Re:| — [Vk,s,Re + vw,] - VW,Z
Vk,s,Re + Vw,3 + Vw,4

— [Vk,s,Re + VI,Revk,s,Re - VI,Im Vk,s,lm] .
vk,s,Re + VI,Rer,s,Im + V/,Imvk,s,Re

k,s,Im

is observed. Take k = 1 and s = 1, and V; 1 Re
tion (14) is achieved. By adjusting the resistance values and the circuit
connection, the voltage signals transformation in Equations (14) and (27)

can be achieved. More generally, it can achieved

in the main text in Equa-

V,k,s, Re = C'I vk,s,Re + CZ V/,Re vk,s, Re T C3 V/,Re Vk,s,lm

+C4ViimVigsre + CsViim Vicsim 77
v,k,s,lm = CGVk,s,Im + C7VI,Rer,s,Re + CSVl,Revk,s,Im

+C9VI,Ika,s,Re + C'IOVI,IVHVk,s,lrw

where the coefficients C depend on the resistance values in the adder mod-
ule.

In the last, it is demonstrated that the output classical states of the
Ucg gate correspond to the results of quantum U, gate. In the k-th cebit,
suppose that Vj ;. and Vj |, consists of sine waves and cosine waves
with W different frequencies

w .
[Vk,s,Re] — Z [Ak,S,Re,w cos (W(A)t) - Bk,s,lm,w sin (wa)t) (78)

Vk,s,lm =1 Ak,s,Re,w sin (Wa)t) + Bk,s,lm,w cos (Wa)t) ’

or equivalently expressed as

w
Vk,s, Re + ivk,s,lm = Z (Ak,s,Re,w + in,s,Im,w) elwwt. (79)

w=1
And the fixed inputs in the multiplier module are set as
Vige = cos (Wwt), V|, = sin (Wawt) . (80)

The output voltage signals of the k;-th cebit are

V,k1,0,Re vk1,0, Re
v,k1,0,lm — Vk1,0,|m
ViR VireViy, 1Re = Viim Vi, 11m
Vioim VireViy, 1im + Viim Vi, 1,re
w Ak;,0,Re,w €OS (wot) — By,,0,1m,w Sin (wawt)
— Z Ak1,0,Re,w sin (wat) + BIq,O,Im,w cos (wwt)
L | Ak 1 rew €08 (Wt W) @) = By, g1, 5N (W + ) o0t)
Ak, 1,Rew SIN (W + w) ot) + By, 1,1m,w €OS (W + w) wt)
(&1
or equivalently expressed as
2w
! V4 _ ! ! iwwt
vk1,s,Re + Ivk1,s,lm - 2 (A ky,s,Re,w +iB I<1,s,lm,w> v, (82)
w=1
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where
A/k1,0,Re,w = A/q,O,Re,w' B,k1,0,lm,w = Bk1,0,lm,wr (O <w< W)
Allq,O,Re,w =0, B,k1,0,lm,w =0, (W <w< ZW)
Allq,'l,Re,w =0, B,lq,],lm,w =0, (0 <w< W)
Al rew = Al Rew—wr Bl 1 imw = Big Limw-w- (W <w <2W)
(83)

Since the output signals share the same mathematical structure as the
input signals, it can be directly utilized as the input signals for the subse-
quent circuit gate.

The output voltage signals of the ky-th cebit and the k,-thcebit are

_V,ko,O,Re _vko,O,Re + VireVig,0.Re ~ Viim Vio,0,im

V' ko,0,1m _ Vio.0im + VireVig,01m + Viim Vi 0Re (34)
Vo1 Re ViohRe T Vire ko, 1.Re = Viim Vi, 1,1m '

| Vi im | | Viotim + VireVig, 1im + Viim Vig,1Re

-V,kZ,O,Re_ [ Vig.ore T VireVig,0Re = Viim Vi, 0,im

V' iy,01m _ Vig.00m + VireVig,01m + Viim Vi, 0Re

Vigire | | Vi 1re + €O (220/2) Fgp = sin (22/27) Fyyy | (85)
V'k2'1'|m sz.le +sin (2z/2™) Fg, + cos (27 /2"™) F,,

(FRe = VI,Revkz,l,Re - V/,Imvk2,1,lmv Fim = VI,Revkz,LIm + vl,lmvkz,LRe)

or equivalently expressed as

A o0 Rew = Aig,0Rew B’ ,0.1mw = Big,0,imu» O<w=W)
A o0 Rew = Aig,0Rew B’ 4o,0.1mw = Big,0,imu» (W <w<2W)
Ao Rew = Aig 1 Rew—wr B kg 1 imw = Big Limuw—wy (0 <w < W)
Ao Rew = A 1 Rew—wr B kg 1imw = Big L imw—wr (W <w <2W)
(86)
where
A o0 Rew = Aig,0Rem B o.0.1mw = Big,0,imu» O<w=W)
A o0 Rew = Aig,0Rew B’ .0.1mw = Big,0,imu» (W <w<2W)
Aorew = Aig 1 Rew—wr B kg 1 imw = Big Limw—wy (0 <w < W)
Ao Rew = Ao 1 Rew—wr B kg 1 imw = Big imw—wr (W <w <2W)
(87)
and
’ —_ / —
A k,0,Re,w — AkZ,O,Re,w' B ky,0,lm,w = Bkz,O,Im,wr (0 <w< W)
’ —_ / —
A ky,0,Re,w = AkZ,O,Re,w' B ky,0,lm,w = Bkz,O,Im,wr (W <w< ZW)

’ —_ / —
Al 1Rew = Al L rew—wr B 1imw = Big, Limw-ws (0 <w < W)
! /
A ky, B ko, 1,1m,w
2z /2™

1,Re,w
(W <w <2W)

— L2 /2M _
=2/ Ak, 1 Rew—W» =ée Biy, 1 1m,w—w

(88)

Since the output signals share the same mathematical structure as the
input signals, it can be directly utilized as the input signals for the sub-
sequent circuit gate. Using the n-cebit definition of the classical states in
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Equation (22),

’
P 51555,

t '
/dt e~ *(VkSkRe+le5k|m>

2

%

n

'Il' / dtz e_U“)t * (
o = =1
T aw n
_Il_/dtz e‘U“" * <
j=1 =1 W

n
/dt Z ot " < Z (A,k,sk,Re,w 4 iB,k,sk,Im,w) eiwwt)_
=1

w=W+1

L%

A k,sy,Re,w +iB' k,sg, 1m, w) dww) (89)
A

Ms

iwwt
k,sk,Re,w +iB' k,sk, Imw)e’ww>

is observed. Note that the convolution operation has the following prop-
erty

T
C eiw1wt % C e(wzwt =C. C l dTeiw1wre/'w2w(t—f)
w1 w2 w1 w2 T

= 84y, C, G, €M1 (90)

w1,wy

When Sk, = 0,
A/k1,O,Re,w + iB,k1,0,Im,w = 07 (W <w< ZW)
A’ko,sko,Re,w + iB/ko,sko,Im,w = Ako,sko,Re,w + ino,skO,Im,wr (O <w< W)
(
(

’ -1 — H
A kq,0,Re,w +iB ky,0,lmw = Ak],O,Re,w + 'Bk],O,Im,wr O<w< W)

A/kz,skz,Re,w + iBlkz,skz,Im,w = Akz,skZ,Re,w + inZvSkaI””rW' O<w< W)
e
is observed, such that for any values of s, and s,
: T aw n
/ — L —ijot
Popsa=0s, T /dt Z ¢ H
0 j=1 k=
W
’ ! iwet
* (Z (A k,sg,Re,w +iB k,sk,lm,w> e >
w=1
= (pskl =O,skZ (92)

is observed. When Sk, = 1,

A,k1,O,Re,w + iB,k1,0,Im,w =0, (O <w< W)
A o0rew + 1B ko 0imw = A 0.Rew-w + iBig o imw—wr (W <w <2W)
A orew + 1Bk 0imw = Ak oRew-w T+ 1Big o imuw—wr (W <w <2W)
.  eyam
A orew + 1B k0 1mw = €27/

Akz,O,Re,w—W + inZ,O,Im,w—W> , (W <w< ZW)

(93)
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is observed, where m =k, — k; + 1, and

’
P sy =15k 415k 420 5n

2w

T
1 2M n
—ijwt ’ . iweot
? / dt 2 e H * < Z (A k,sy, Re,w +iB k,sk,lm,w) e >
0 = k=1 w=W+1

_ i27 /2™
- H € q’.‘.sh=1,sk]+1,sk]+2,..5,, (94)

sk2='l

is observed. In other words, under the condition Sk, =1, each term of
sy, = 1inthe subscript of the classical state function ¢ introduces a phase
shift of 22/2" (m = k, — ky + 1) in @’. While in the U gate, each term of
s, = 1in the subscript of the quantum state ¢ corresponds to an UCRM
gate, which also introduces a 2z/2™ phase shift in ¢’. Therefore, both the
classical Uqy, gate and the quantum UCRm gate introduce identical phase
shifts by the same subscript terms in their respective state functions, re-
sulting in equivalent operational outcomes. This confirms that the circuit
Ucg gate corresponds to the quantum UCRm gate.
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