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Abstract While the robustness of Hawking radiation in the
presence of UV Lorentz breaking is well-established, the
Unruh effect has posed a challenge, with a large literature
concluding that even the low-energy restoration of Lorentz
invariance may not be sufficient to sustain this phenomenon.
Notably, these previous studies have primarily focused on
Lorentz-breaking matter on a conventional Rindler wedge.
In this work, we demonstrate that considering the complete
structure of Lorentz-breaking gravity, specifically the pres-
ence of a hypersurface orthogonal @ther field, leads to the
selection of a new Rindler wedge configuration characterized
by a uniformly accelerated @ther flow. This uniform accel-
eration provides a reference scale for comparison with the
Lorentz-breaking one, thus ensuring the persistence of the
Unruh effect in this context. We establish this by calculat-
ing the expected temperature using a Bogolubov approach,
and by analyzing the response of a uniformly accelerated
detector. We suggest that this resilience of the Unruh effect
opens interesting possibilities towards future developments
for using it as a tool to constrain Lorentz breaking theories
of gravity.

1 Introduction

Thermodynamical aspects of gravity have become a corner-
stone in our understanding of the most intimate nature of the
fabric of space-time [1]. The idea that these are ingrained
in the fine features of gravitation is by now so rooted that
the possible loss of these features within alternative theories
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of gravity is sometimes used as a selection requirement for
disfavouring them, if not ruling them out completely.

In this sense, in the past years there has been an intense
debate on the possibility that the Unruh effect might be lost in
the context of Lorentz breaking theories [2—4], in open con-
trast with the by now acquired common wisdom of the robust-
ness of Hawking radiation within the same framework [5-8].
Of course, such distinctly different behavior can appear sus-
picious at first sight, given the deep link between these two
effects. All in all, a Schwarzschild static observer hovering
above a very large black hole would perceive nothing else
than a Rindler wedge, and experience a thermal bath at a
temperature that is in agreement with the Unruh one.

However, the different fate of the two phenomena when
dealing just with ultra-violet (UV) Lorentz breaking matter
can be readily understood in terms of separation of scales:
while the Hawking effect is characterized by an objective
scale provided by the surface gravity of the black hole, which
in turns is determined by the conserved charges of the black
hole solution (e.g. mass and angular momentum for a Kerr
black hole), no such scale is present in the Unruh effect,
as the Rindler wedge temperature can always be rescaled
to be 1/27 [9]. The proper acceleration of a given Rindler
hyperbola marks instead the equivalent of a Tolman factor for
the Hawking temperature. The absence of an intrinsic scale
(akin to the black hole surface gravity «) to be contrasted
to the UV Lorentz breaking scale, say A, is what prevents
the scale separation (k¢ < A) so crucial in preserving the
Hawking effect for example in analog models of gravity [10,
11].

So it was no surprise that a stream of papers on the sub-
ject concluded that the question concerning the robustness
of Unruh radiation in the presence of UV Lorentz breaking
matter had to be answered in the negative [2—4]. Note that
technically, the main culprit of such an apparent wipe out of
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the effect can be traced down to the breakdown of the KMS
condition of the Wightman function [3, 12]. However, it was
recently proved [13] that the KMS condition is just a suffi-
cient, not necessary, one for thermality. As such, the possible
recovery of the latter has to be checked carefully especially
if a separation scale, can emerge, as we shall see in what
follows, once the full gravitational background is taken into
account.

Indeed, one can argue that the previous framework, widely
adopted in the relevant literature, was somewhat inconsis-
tent. In Riemannian geometry, describing a modified dis-
persion relation inherently requires an @ther — i.e., a vector
field that breaks local Lorentz invariance (LLI) — to which
matter fields can couple, ensuring their description through
fully covariant equations of motion. In other words, a mecha-
nism for Lorentz-breaking interactions must be introduced by
incorporating an additional field (w.r.t. the metric) into the
background over which matter propagates. Moreover, this
@ther must be dynamical to preserve background indepen-
dence fully.

However, the dynamics of the @ther was never taken into
account in previous investigations, an approach that is not
consistent with the assumption of background independence,
which requires a dynamical framework for the metric and the
@ther, and could have an important effect when discussing
the dynamics of matter within these settings.

In the present work we shall advocate this alternative point
of view, i.e. that a full discussion of the Unruh effect within a
quantum gravitational framework, possibly entailing the UV
breakdown of local space-time symmetries, has necessarily
to include a full understanding of the gravitational sector
as well.! In particular, we shall consider the Unruh effect
while taking into account the dynamics of the @ther within a
well defined model of quantum gravity based on UV Lorentz
breaking, i.e. Hofava gravity.

Hotava-Lifshitz gravity [15] is constructed by append-
ing the space-time manifold with a preferred foliation in
spatial hypersurfaces. A preferred foliation a priori breaks
LLI and diffeomorphism invariance, but in turn allows for
operators in the action containing higher orders in spa-
tial derivatives, which modify the graviton propagator and
lead to power-counting renormalizability, while keeping only
two time derivatives, avoiding the presence of Ostrogradsky
ghosts. Furthermore, the theory can be still described via a
diffeomorphism invariant action by introducing a hypersur-
face orthogonal, unit-normalized, timelike vector field U:
the aforementioned @ther [16,17]. For a recent review of the
many successes and challenges of the theory see [18].

The most general power counting renormalizable
Lagrangian compatible with Horava’s proposal contains up

! Seee.g. [14] for a similar point of view albeit in a different framework
from the one discussed here.
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to six derivatives and can be ordered by their number:
L = Ly 4+ L4 + Lg. The higher derivative terms L4 and
Le are weighted by a UV scale Ayy < Mp, where Mp
is the Planck mass. Hence, at low energies E < Ayy, one
can truncate the theory by retaining only L. Noticeably, such
low-energy limit of Horava gravity — known as khronometric
gravity [17] — coincides with a particular case of Einstein-
@ther (EA) gravity [19-21] (where the @ther is restricted to
be hypersurface orthogonal) whose Lagrangian is the most
general one for a metric and a unit timelike vector field, con-
taining only up to two derivatives.

Matter coupled to Hofava gravity is endowed with the
same derivative structure in the UV, as a consequence of
the presence of the preferred foliation. Assuming only CPT
invariant terms [22], this leads to superluminal dispersion
relations at high energies, above a scale A, which is nei-
ther necessarily related to Ayy nor to Mp. This justifies
truncating the gravitational action while retaining all terms
in the matter action coupled to it. The presence of superlu-
minal propagation immediately highlights how different the
notion of causality may be in such a framework. Killing Hori-
zons (KH) lose their meaning as causal boundaries, so one
can expect, for instance, that black hole phenomenology will
change significantly.

However, since all physical trajectories must respect the
causal structure set by the foliation, it is possible to introduce
a new notion of causal boundary. This is realized in particu-
lar for static black holes, where it was found that there exists
a particular slice of constant preferred time which is also a
constant-radius leaf. In this case, escaping the interior of the
sphere defined by such a leaf becomes impossible for signals
with any speed, as this would require to propagate backwards
in preferred time. Such a causal boundary is called a Univer-
sal Horizon (UH) [23]. Recently, it has been proven that UHs
admit thermodynamical properties, leading to Hawking radi-
ation in a similar — but nonetheless different — fashion as in
the standard general relativistic case [5,7,8,24]. In particu-
lar, we will see how the UH serves as an anchor for the KMS
state by providing a conical singularity. In this sense, the
UH plays a similar role to the Killing horizon in relativistic
setups, i.e. it acts as a universal causal barrier. Furthermore,
it was also noted that low energy modes leaving the UH are
always reprocessed in such a way that, for large black holes,
the observed radiation at infinity will closely mimic — modulo
sub-leading corrections — the standard Hawking effect [6].

Given these recent insights about how and why Hawking
radiation survives in Hofava—Lifshitz gravity, leads naturally
to the question of the fate of the Unruh effect. In what follows,
we consider a uniformly accelerated observer in flat space-
time, accompanied by the corresponding @ther obtained as a
solution of the low energy action of Hotava—Lifshitz gravity.
We shall see that the dynamics of the @ther implies dramatic
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consequences for the Unruh effect, and foremost its survival
—in close analogy with the Hawking effect.

Indeed, we will see that, contrary to naive expectations,
the metric-ather solution consistent with the presence of
an accelerated detector coupled to the field leads to a non-
trivial space-time, endowed with a UH. This imitates the near
Killing horizon limit of a black hole geometry in Horava
gravity — as the Rindler wedge does for the Schwarzschild
black hole in general relativity. We shall see then that the
@ther does carry an intrinsic scale — the UH surface grav-
ity — which makes the Unruh effect robust against Lorentz
breaking effects, again in close analogy with the Hawking
effect.

To connect our results to the Unruh effect in relativis-
tic scenarios, we will also study the response of an Unruh—
DeWitt detector in two different limits: the decoupling limit
for the ®ther, when diffeomorphism invariance is recovered;
and the case when the field itself becomes relativistic, and
its evolution is determined by the standard Klein—Gordon
equation.

The paper is organized as follows. In Sect. 2, we dis-
cuss the causal structure implied by Hotfava—Lifshitz grav-
ity, review the relativistic Rindler wedge, and derive a non-
relativistic analog of the latter, by solving the equation of
motion of the khronon clock, and later checking the satis-
faction of the full set of equations. The main result of this
section is that the analog of a Rindler wedge — character-
ized by a boost invariant preferred foliation — can be built
also in Hotava—Lifshitz gravity, at the cost of introducing
an @ther flow which explicitly breaks translation invariance.
Section 3, constitutes the main body of our work, where
we shortly review the standard Unruh effect and derive its
Lorentz-breaking version via Bogolubov coefficients relat-
ing the Minkowski vacuum with the one measured by an
accelerated observer. The main result in this case is that the
Unruh temperature can be recovered, coinciding with the
standard expression characterized by the observer’s proper
acceleration. To gain deeper insight into this result, the next
section explores the response of an Unruh—-DeWitt detector
in the same setting, followed by an analysis of its relativistic
limit. This investigation confirms the retrieval of the standard
Unruh temperature while revealing a distinct signature in the
detector’s response function due to the breakdown of trans-
lation invariance induced by the @ther. This finding opens
intriguing possibilities for phenomenological tests. Finally,
we draw our conclusion in Sect. 6. Throughout the analysis,
we use natural units, mostly plus metric signature, and the
tensor (index-free) notation, such that g(X, Y) = g., X*Y?
denotes the scalar product between two vectors X and Y —
but divert from this whenever it seems instructive.

2 Geometrical setup

General relativity introduces the mathematical model of
space-time as a collection of events described by the pair
(M, g) where M is a connected, para-compact, smooth
Hausdorff manifold, and g a Lorentz metric on M. Albeit
being a very basic and generic construction, this might be
challenged in some approaches to quantum gravity, where
various cherished properties of general relativity are deemed
emergent beyond the Planck scale. This emergence opens
up an immense playground to study the numerous proposals
for a quantum theory of gravity by their phenomenological
implications; the Unruh effect represents one of them.

2.1 Causal structure

In this article, we abandon the notion of Lorentz symmetry,
which results as a prediction of several quantum gravity pro-
posals [25], and study the existence of an effect analogous
to the Unruh effect. Amongst all possibilities to break local
Lorentz symmetry [26], we choose the introduction of a pre-
ferred frame. Canonical quantum gravity features a vast vari-
ety of proposals with preferred frames; one promising exam-
ple is e.g. Horava-Lifshitz gravity [15], being unitary and
power-counting renormalizable. For low energies, Hofava—
Lifshitz gravity is described by khronometric gravity [17],
which is a subclass of Einstein-Zther gravity [19]. The latter
introduces a preferred time direction that can be utilized to
define a physical foliation of a manifold into spatial leafs 3.
However, a more accurate point of view is the converse. That
is, the manifold is assembled from spacelike submanifolds
that are ordered along a preferred time direction. Effectively
this amounts to the introduction of an hypersurface orthogo-
nal eether unit one-form U that defines the foliation such that
we can vicariously work with Einstein-Z&ther gravity [27].
Being hypersurface orthogonal, the &ther can be described
in terms of a universal clock ®, dubbed khronon, such that

de
U=—,
O]

where ||d®| = /g~ !(d®, d®). From a geometrical point
of view, U defines a global time-orientation and fulfills a

well defined equation of motion. Hence, we shall refine our
definition of space-time as being the triplet (M, g, U) with
M =R x X an oriented foliated manifold, and ¥ > X the
spatial submanifold with induced metric y = g+ U ® U.
Although Einstein-Zther gravity admits a fully covariant for-
mulation, solutions will preserve this property, due to the foli-
ation itself being a physical object. Indeed, this fact restricts
the allowed transformations Diff — FDiff, the so called
foliation preserving diffeomorphisms

ey

(©,%) = (0'(©),%(8,1)). @)
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Requiring ®’(®) to be monotonous preserves the orientation
of the time direction, while x'(®, X) acts as a full, time-
dependent diffeomorphism on the spatial submanifold.

Note that losing the merits of Diff, we are facing a mod-
ified causal structure due to the possibility of superlumi-
nal propagation, i.e. physically allowed causal curves which
would be considered to be space-like in terms of general rel-
ativity. Lorentz-violating theories feature causal cones that
are widened up to the extent that they become a subset of X.
In this extreme case, the causal structure simplifies brutally
in the sense that the qualification “timelike” describes any
future directed curves from one hypersurface to the next,
disregarding the inclination of their tangent vector. Only
motions with tangent vector confined on 7, ¥ will be called
“spacelike”, while “not causal” captures any past directed
motion [28]. In short, the opening of the lightcone leads to a
Newtonian causal structure.

This fundamentally challenges the status of Killing hori-
zons that are defined through || x|| = 0, with x a timelike
Killing vector. In the specific case of the Unruh effect, Killing
horizons mark the closures of the relativistic Rindler wedge,
and hence a proper understanding of the effect in the presence
of Lorentz violations necessarily passes by the understanding
of the underlying causal structure. In the case under study, and
despite the possibility of superluminal propagation speed,
there exist additionally universal horizons, defined through
gWU, x)=0, aswellas g(A, x) #0, 3)
acting as a universal, outermost trapping surface [28,29].
Note that the acceleration of the @ther is given by A = Ly U
with Ly being the Lie derivative with respect to the aether.
The first condition defines a surface of simultaneity which
will not be attached to i°. As such, classical signals traveling
with infinite speed will be able to straddle but never escape
from this surface, beyond which lurks a different folium of
space-time. The second condition ensures that the surface
gravity k = —g(A, x)/2 of the horizon is non-zero, i.e. the
horizon remains non-degenerate, which guarantees that the
@ther can be integrated through this surface.

This is all realized in a simple but crucial way in
Minkowski space-time, where the metric reads

gv = —df ® df + dx ® dx + dE, 4)

and the uniform @ther Upy = dt. Here, we have chosen a
single spatial direction x and denoted the remaining line ele-
ment of the two-dimensional flat Euclidean plane by dIE, for
later convenience. This constitutes the foliated Minkowski
space-time (M, g, Unp)-

In the (¢, x) plane, stacking the leafs along U motivates
also the introductions of a spatial vector S that spans the x-
direction on X and fulfills g(U, §) = 0 and g(S, S) = 1,
thus § € T, Z. Together with U, the spatial vector S defines

@ Springer

a preferred frame accustomed to the physical foliation. Note,
the spatial vector admits an ambiguity since its orientation
can be chosen to point either left or right, with respect to
spatial infinity i°; we fix the orientation to outwards pointing
at spatial infinity.

2.2 The Rindler patch in Lorentz breaking gravity

After the above brief summary of the causal structure induced
by the metric and the @ther, we focus now on constructing
the geometrical arena of the Unruh effect, i.e. the Rindler
wedge. It will be evident to the careful reader that such a
concept is far from obvious, given the dramatic modifica-
tions of the space-time’s causal structure we just discussed.
First of all, one is forced to refute the idea of a wedge lim-
ited by the Killing horizons, due to the occurrence of infinite
speed signals. Nevertheless, we still want to deal with a set
up which is as close as possible to the standard Unruh effect,
and which can be smoothly reduced to it in some suitable
relativistic limit, where the @ther is decoupled from the uni-
formly accelerated detector and the test field. In order to do
s0, we wish the space-time and its foliation to admit a boost
Killing vector, or in other words, they need to be invariant
under application of the boost vector. That is, we shall ask
the metric to be the Minkowski metric with a boost invari-
ant @ther. Then, we shall also place our ideal detector on
the usual orbit of the boost Killing vector and investigate the
vacuum it experiences.

2.2.1 Rindler wedge: recap of the relativistic construction

Let us start by briefly reviewing the relativistic Rindler
wedge to extract its internal geometrical logic which can then
be utilized to identify an according patch of space-time in
Lorentz-violating gravity. The relativistic Rindler space-time
(Z, g) is a subset of Minkowski space-time, the intersec-
tion of the future and the past of the worldline of a uniformly
accelerated observer. In Rindler coordinates, its metric takes
the form

gz = ¥ (—dn ® dn + d& ® d¢) + dE, Q)

where lines of constant & correspond to an accelerated
observer’s worldline, and a is a bookkeeping parameter with
the dimension of an acceleration. For all our purposes, the
problem at hand effectively reduces to a two-dimensional
problem, and therefore we can relinquish the Euclidean plane
E, in our subsequent analysis.

The metric ggp is static and admits a globally timelike
Killing vector x = 9, which in Minkowski space-time
can be easily recognized to be the boost Killing vector
X = a(x0; + td,). Because of the relativistic causal struc-
ture, an accelerated observer is in this case in causal contact
only with a limited region, i.e. g4 where |f| < x, of the full
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Fig. 1 Penrose diagram for the right Rindler wedge # (colored area
in the Penrose diagram of the full Minkowski manifold .#) with the
hyperbolic trajectory of the relativistic accelerated observer ranging
from i~ to i and rapidity an. The future and past horizons . and
2~ determine the closures of the part of the manifold that borders to
# and &. Each point in this figure represents a Euclidean flat plane

Minkowski space-time g_, . The two metrics are related by
the coordinate transformation (where [E, transforms via the
identity map)

1 t
n(t, x) = —artanh (—) ,
a X
£t x) = %ln (@62 =?) y=y z=2z ©6)

The coordinates (n, &) are adapted to an observer on an orbit
of the boost Killing vector in flat space-time, and they are only
defined on a restricted region due to their logarithmic nature.
Indeed, it is easy to see that in Minkowski coordinates, the

trajectory of an observer at & = constis x> — > = ap’2, ie.a

hyperbolic trajectory with proper acceleration a, = a e,

Since the Rindler space-time is just a section of Minkowski,
itis Riemann-flat and its asymptotic regions correspond to the
future null infinity .# ™, and past null infinity .# ~, because
the space-time is asymptotically simple and empty. Hence,
the Penrose diagram for the Rindler dissection of Minkowski
space-time — cf. Fig. 1 — comprises of four regions, the left
and right wedges, Z and .7, and a future and past wedge, .#
and &. Those regions are separated by a Killing horizon, that
is, a bifurcating, non-degenerate, null 3-surface defined by
the Killing vector y becoming null. In the coordinate patch
(5), this condition holds at

28 506 &> —00,

(N

g2 x) =04 goox’x° = —e

such that the horizon creates an asymptotic boundary and,
therefore, determines the closure of the Rindler wedge. The
feature that a coordinate patch asymptotes to the Killing hori-

zon is familiar from Schwarzschild space-time in tortoise
coordinates.

After analyzing the construction of the relativistic Rindler
patch, we extract the following properties: the Rindler patch
is a globally hyperbolic Riemann-flat space-time that admits
a boost Killing vector. These conditions will serve as a
blueprint to construct the Rindler patch in a Lorentz breaking
setting.

2.2.2 The non-relativistic Rindler patch

In contrast to the general relativistic case, in Lorentz-
breaking theories we face a Newtonian causal structure, in
which the Killing horizon, as a null surface, becomes per-
meable in both ways for signals that travel with propaga-
tion speed ¢; > 1. Hence, the non-relativistic version of
the Rindler wedge should be larger than the corresponding
relativistic one, and include the latter. However, the foliated
Rindler patch R will be a subset of the foliated Minkowski
manifold M and will fail to cover it completely, as we will
see.

Let us start by recalling the space-time triplet (R, gr, Ur)
in Einstein-&ther theory from Sect. 2.1, and demanding the
following properties to be satisfied by a non-relativistic ver-
sion of the Rindler wedge

e Boost invariance: £,gr =0, and L, Ur = L, Sg =0
e Riemann flatness: Riem = 0.

It is important to highlight the relevance of the first condi-
tion, as it ensures the existence of stationary orbits, in the non-
relativistic Rindler patch, consistent with standard Rindler
orbits. This condition is crucial because, without it, no equi-
librium state could be associated with these orbits. Conse-
quently, it would be unclear how our investigation would
relate to the standard Unruh effect.

Moreover, we demand the pair (gr, Ur) to solve the equa-
tions of motion of Einstein-ZAther gravity [19]. To derive
the ingredients of our space-time, we use the formulation
of Einstein-ather theory in terms of irreducible representa-
tions of the SO (3) Lorentz subgroup that leaves the @ther
invariant [21]

SeE =—

/ d*xy/—det(g)
167G, J

X (R + 0% + co0’ + CAA2) ) @

where R denotes the Ricci scalar curvature, ¢; are dimen-
sionless couplings, and we introduced the expansion of the
aether @ = VU, its shear 0 = V ® U — 0y, and its acceler-
ation A = VyU. Note that the “bare” gravitational constant
G, here is not a priori equal to the observed Newton con-

@ Springer
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stant Gy, since the two are related via a combination of the
couplings (see e.g. [21]). In principle, this action would also
admit a vorticity term cwwz, with w = V x U. However, we
choose to work within the Horava gravity framework, that is
taking the limit ¢,, — 00, which implies a vanishing twist
and a coincidence of the Einstein-ather action with L, [21].
This action defines the so called khronometric gravity theory.

We can now deduce the equations of motion via coupling
the action (8) to matter in a minimal way, hence [30,31]

Gap = 87 G (T" ap + Tp), ©)

where G, denotes the Einstein tensor, 7", is the stress
energy tensor of the matter fields, and 7'®;, is the Khronon’s
stress—energy tensor

T = V(g U Faya — 8 FaUp) — FlanyU°)
teahaAp + (UgVeF — cx A A ULU,,

1
+§gab.$y5 +2E, Uy, (10)

where we have defined %z to be the Lagrange density of
(8) and

Fup = c008ap + ¢ VoUq + caApUy,
Eq = Yap(Ve FP — cx A VPU). (11)

The variation of the action (8) with respect to ® leads to the
scalar field equation®

v <_E )—0 (12)
“\laoy )

Now, we can use the properties attributed to the rela-
tivistic Rindler space-time (%, g¢) in order to construct
the Lorentz-violating space-time (R, gr, Ur). Our strategy
focusses on solving (12), which is a simple scalar equation,
and later we study whether the resulting space-time satisfies
the full set of equations of motion (9) via evaluation of the
stress—energy tensor of the @ther. Here, we only sketch the
results and refer to Appendix A for explicit calculations.

Since all relevant physics takes place in a (I + 1)-
dimensional submanifold, we adopt the following ansatz to
determine our space-time’s building blocks

gw = W(t, p)(—dt @ dr +dp ®dp) +dEz, Uy = W(r, p)dr,

(13)

with W(z, p) a conformal factor. This ansatz reflects the
dimensionality of the physical setup: since the observer’s
trajectory is embedded in a (1 + 1)-dimensional subman-
ifold spanned by U and S, we use an adapted coordinate
system {7, p} such that U assumes the form in (13) and
S = W(z, p)dp. This is complemented with the statement

2 Note that due to Bianchi identities, (9) and (12) are not independent,
see e.g. [31].
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that all two-dimensional metrics are conformally flat. Hence,
the (1 + 1)-dimensional submanifold containing the trajec-
tory of the observer can be decomposed into the {U, S}
orthonormal basis as

g=-UQU+S®S+dE,;. (14)

Imposing boost invariance and Riemann flatness, the khronon
equation of motion (12) leads to the solution (and its time
correspondent reversal used later on)

1

Wi(z,p) = ——, 15
+(7, p) i L0 (15)
which we can insert into (13) to arrive at
—dr ®@dr +dp®dp dr
8w = = 7 +dE;, Uy = ——.
a(p+1) a(p 1)
(16)

Note, we display here both solutions for the sake of com-
pleteness but specify in the following analysis to the ‘4-
branch’ while we refer to the lower sign later in the article.
As required, this solution is Lie dragged with respect to the
Killing vector x = td; + pd,, that is, the boost Killing vec-
tor,> see below. In (15), a arises as an integration constant,
but it is straightforward to see that it encodes a geometrical
meaning, corresponding to the norm of the @ther acceleration
|A]l = a, as well as to its expansion § = VU = a.

The metric (16) is Riemann flat, and therefore it is always
possible to introduce a coordinate change (z, p) — (¢, x) to
the Minkowski metric (4) taking the form

T(t,x) = ! + _r and p(t,x) = e, 1
A Ty P P = ey T 2 u+x)
(17

In the chart parametrized by (¢, x), the Killing vector y =
70; + pd, becomes, as anticipated, the usual boost generator
X = a(xd; +109,). From that, the @ther can be easily deduced
given the shape of W(z (¢, x), p(¢, x)).

To draw a closer comparison between this non-relativistic
Rindler manifold R and the relativistic Z, it is convenient to
perform the coordinate transformation (6) to the chart (1, £),
in which the metric is given by (5). The resulting geometry
is

gr = X (—dn ® dn + dé ® d&) + dE,,
e2as +1 e2E _

Up = — d
R > n+ )

Note that for the left Rindler patch LL the metric tensor gr, as
well as the aether Ur, assume the exact same form as their
siblings in R while the boost generator becomes x = d, in R

dé. (18)

3 Note that such solution admits an additional pair of Killing vectors
where KP = 9; 4+ 0, generates the past and K f =9, — 0, the future
Killing horizons.
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and y = —0, in L; the corresponding Killing horizons are,
therefore, located at £ — Fo0o. As we shall see, this space-
time incorporates the usual Rindler wedge fully. However,
its different causal structure allows for trajectories crossing
the Killing horizon in both ways and, as such, the foliation
extends into the neighboring regions of %Z. Here, we stress
again the role of the parameter a. While it is usually just
a bookkeeping parameter, in this case, it represents a phys-
ical scale which arises from the gravitational background,
associated with the expansion and acceleration of the aether.

Finally, let us point to an alternative derivation of this
geometry, by focusing on the near-horizon limit of an
Einstein-Ather-Schwarzschild black-hole [23] with metric
and ®ther

2M dr®dr
gS:—<1—T>dt®dl+l_w+r ds,,
Us=|(1 dr + d (19)
57 r r—aM

where dS; is the line-element of the two sphere. Retaining
the leading order in an (r — 2M)-expansion, and relabelling
afterwards r —2M = 2Me%% andt = n, then (19) becomes

gs = ¥ (—dn ® dn + d& ® d&) + 4M>dS,,
€25 41 248 _
Us = ——5—dn+ —5—

5 dé (20)

which reduces to (18) in the large mass limit, that implies
S, — [Es.

2.2.3 The Rindler patch

Coming back to (18), we introduce at this point a change of
variables through 2ae (£) = €2, in order to cover the region
beyond the Killing horizon .# as well, finding

gr = 2ae(—dn ® dn + d¢ ® d&) + dE;,,
2ae + 1 2ae — 1
-=5 de. 1)

Ur = dn +
The extension from % into .% thus requires a sign change in
€

_ +e% in R,
2ae(€) = _ 22
aet) —e24 in 7. 2)

To determine the extent of this manifold into the region .%,
it is convenient to regard € as a spatial coordinate.

We can now verify the existence of a universal horizon at
&, for the accelerated @ther solution with respect to €(§)

1+ 2ae(&,)

5 -0, (23)

gr(x. U) =

which admits the solution €(&,) = —1/(2a). Associated to
the universal horizon, we also compute its surface gravity

; (24)

N | Q1

Kun = _%gR(A, X)
UH
which is again characterized by the @ther’s acceleration a,
being the only scale in the problem.

Since € < 0 at &,, the universal horizon lies in .%, which
means in turn that the foliation of % extends into the rela-
tivistic wedge .# — since the previous condition can never
be met in Z%. To substantiate this result, we solve (1) for
the khronon fields coordinating the foliation in both patches,
R and L, in Minkowski coordinates — foliation leafs corre-
sponding to constant khronon surfaces. We find*

A -H+1
a(x +1) ’
A -H+ 1)

1
Or(t, x) = —z In (

(25)

1
OL(t.x) = —=In <— e

The khronon leafs accumulate exactly at the hyperbola
t?>—x? = 1/a?, which corresponds to the location of the uni-
versal horizon. The first observation to emphasize here is the
existence of two solutions that constitute the foliation of the
right and the left Rindler patches (R and L, respectively) until
the universal horizon, as well as the future and past patches
(F and P). Second, due to the sign difference in the argu-
ment of the logarithm, both foliations are oriented in opposite
directions. If, for instance, ®p is future oriented, then Or, is
past oriented, and vice versa. More colloquially speaking,
the clock ®p ticks in opposite direction with respect to ®r..
Since the lapse of the foliation Ng = —gr(x, U) flips sign
across the universal horizon, F is foliated according to ®r,
and P with respect to ©®r. As can be seen in Fig. 2, foliation
leafs accumulate from both sides at the universal horizon,
describing a natural closure that limits the Rindler patches.
Additionally, from (25) it is straightforward to show that
the lapse function N assumes an opposite sign between the
two regions R and L. Indeed, since d®r =d®, we have
Ur = UL,. However the boost Killing vector x = xd; + 10y
flips sign between the two regions that gives us Ng = —NL..
Figure 2 also shows that the accelerated @ther cuts the
space-time into four pieces. We observe that the foliation
of R extents into the region .%, yielding a very particular
form of the right patch that resembles the shape of the exte-
rior foliation of an Einstein-Zther-Schwarzschild black-hole
[6]. Similar to the black hole interior, the change of sign in
gr(x, U) ensures that the manifold is C%(R) across the hori-
zon. Noticeably, this property is necessary if one wants to

4 Of course, any monotonously increasing function could be used to
describe the khronon, according to the time-reparametrization invari-
ance of the theory. We choose here to align the khronon with the time
of an observer static in the foliation.

@ Springer
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-5 0 5

Fig. 2 Foliated area of Minkowski space-time through an accelerated
@ther. The right, green panel shows the lines of constant ®r, which
generate a future directed @ther Uy and charts R and P. The left, red

define a consistent quantum field theory on this space-time
[24].

It should be emphasized that the space-time, and thus the
foliation, are invariant under the action of the boost vector
x . For foliated manifolds, this implies that the @ther itself is
invariant. As a consequence, gr(x, U) is independent of the
time coordinate 7 and the @ther is Lie dragged with respect
to 9y . This determines our foliation uniquely and constitutes
the Rindler patch.

An analog patch L can be found by considering the out-
side red part in Fig. 2 with adjacent region P given by the
lower green part. Altogether, these four parts cover all of
Minkowski space-time like in the relativistic scenario. The
corresponding Penrose diagram for R can be seen in Fig. 3.

Note that altogether this unveils a quotient structure of
the space-time, which can be divided in two halves. The first
comprises R U F, and it is described by a foliated mani-
fold with spatial metric and orthonormal vector yr and Ug,
which can be analytically continued towards [F, as we have
discussed. The orientation of the foliation is given by the
lapse Ng = —gr(x, U), which flips sign in the boundary
between the two regions. Analogously, the left part of the
space-time consist on I, U P, which is described by the same
spatial metric and aether, y;, = yr and Ur, = UR, but dis-
plays an opposite orientation due to the condition N, = —Ng
inherited from the reversal of the Killing vector x. As a con-
sequence, our space-time has a quotient structure where both
halves are described by the same local geometry, but differ
from each other by a flip of the orientation. Remarkably,

@ Springer
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panel depicts the folium generated by constant ®p, lines, and covers
the regions L and IF. The corresponding ®ther Uf, is past-directed with
respect to Ur

i

Fig. 3 Penrose diagram for the right Rindler patch R (colored area in
M) with hyperbolic trajectory of the relativistic accelerated observer
ranging from i~ to i* with rapidity an. The future universal horizon
2 determines the closures of the part of the manifold that borders
to F. The Killing horizon is displayed by the dotted null line while
the constant khronon leafs are the dashed purple lines. It is visible
that # C R for identical hyperbolae. The left Rindler patch L can
be obtained by reflecting R at the point where .# ™ meets the Killing
horizon

there is no well-defined global concept of orientation in this
space-time. This is also reflected in the stress—energy ten-
sor which, similar to the relativistic case develops oppositely
valued components that cancel each other [32]. In this sense,
there is no tension with the foliated Minkowski space-time.
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3 The Unruh effect

After having constructed the Rindler patch R, we are ready
to investigate the Unruh effect. The relativistic calculation
involves a Bogolubov transformation that compares the vac-
uum state defined by an inertial observer with the one defined
by an accelerated observer. In other words, the vacuum state
on the full Minkowski manifold M is contrasted with the vac-
uum restricted to R. For the sake of clarity, we will briefly
review the relativistic calculation, following mainly [33],
before we analyze the non-relativistic Unruh effect along
similar lines.

3.1 The Unruh effect in general relativity

The Unruh effect consists in the detection of a thermal bath
by a uniformly accelerated (Rindler) observer in Minkowski
vacuum. Its derivation usually follows from the confrontation
of the vacuum associated to an inertial observer in Minkowski
with that associated to the second quantization of the field
in a basis of modes appropriated for the Rindler observer.
More specifically, the vacuum |0)_, is defined by the iner-
tial observer that lives in Minkowski space-time (%, g_z)
through ax|0)_, = 0, with d; being the annihilation opera-
tor for a mode with momentum k. Together with the creation
operator &Z, this defines the number operator N ,'(/// = &zfzk
that can be used to define the Fock space for the modes u ()
solution of the field equation L¢ (¢, x) =0

dk lkx
b1, x) = /}R a0, 26)

where afuk(z) + K2up(t) = 0. Of course, in Minkowski
space-time the mode functions are just given by plane waves
up (1) = e~ %1t/ /27|, where the normalization is performed
via the Wronskian.

In the same manner, we can quantize the system in the
accelerated observer frame. To quantize ¢ in the Rindler
wedge, we take advantage of the fact that the relevant physics
takes place in a (1 + 1)-dimensional submanifold and restrict
our treatment correspondingly. It has been shown that includ-
ing £, will not spoil this analysis [34].

Working in a (1 4 1)-dimensional submanifold offers var-
ious advantages, such as the conformal flatness of the metric,
as well as the conformal covariance of the minimally cou-
pled massless scalar field. Altogether, this implies that the
spectrum of the scalar field will also satisfy a Klein—-Gordon
equation in the Rindler wedge, albeit in a different coordinate
system. The latter, starting from the Klein—Gordon equation
in Minkowski coordinates, is defined by nothing else than
the inverse of the coordinate transformation we introduced

via Eq. (6)

a& aé

t(n,§) = e—Slnh(an) x(n,§) = —Cosh(an) 27)

Note that this change of coordinates is well defined for
real values of 1 and & in the portion x > |¢|, thatis, in Z. We
thus define the vacuum state |0g) through the ann1h11at1on
operator bg « With conjugate creation operator b Bk Using
the mode solutions of the Klein—-Gordon equations in the
Rindler wedge, vy ; (1, £) = e HKITHkE ) /31E] the field
can be decomposed in this case as

S )z =Y by vai(n. &) + bl v (0. 6).  (28)
k

However, this right wedge basis is incomplete, as it cannot
cover the whole Minkowski space-time, due to the support of
the coordinates (1, £). As such, it requires to be completed
by a similar set of modes on the complementary left Rindler
wedge .Z in order to be compared with the Minkowski modes
via Bogolubov transformations. To achieve this, one can
employ that boost Killing vector x defines an additional time-
like symmetry in the left Rindler wedge, where x < —|¢|.
Indeed, in ., we can quantize the field analogously, but
now using modes vy (7, £) that live exclusively in the left
wedge

.6y =Y byivyi ) +bly v (.6). (29)

k

Now, a crucial point in the standard derivation of the Unruh
effect lies in recognizing that the above modes are not ana-
lytical on the two Killing horizons [35]. Following Unruh’s
original article [36] one can nonetheless use a specific com-
plex combination of left and right modes which then becomes
analytical across the Killing horizon. Those modes define
positive and negative frequency modes with supportin ZU.%
(an analog combination holds for . U &2)

Y. 6) = W vg (0. ) + e WYy (n.),
Y &) =e Tl (&) +elvg (£, (30)

where we have used the relativistic dispersion relation v =
|k|. Moreover, it can be shown that 1/f,:r (n, &) is a super-
position of only positive frequency Minkowski modes (see
e.g. [37,38]). In analogy, ¥, (1, &) is shown to be a super-
position of negative frequency Minkowski modes.

One can then express the creation and annihilation oper-
ators within the basis 1//,:_ (n, &) through a Bogolubov trans-
formation and act on |0)_, . To this alm we first invert (30)
by writing by 2.k in terms of dx and a ak, before we compute
the occupation number measured by the Rindler observer to
be

U 1
= (0155 4 b5 410).r o JET— @D
e a —

(OINZ10) .
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which results in a Bose—Einstein distribution. Note, the right
hand side of (31) contains a §; which is formally infinite but
can be regulated by volume regularization or using a mathe-
matically proper treatment from algebraic quantum field the-
ory [1,38]. From (31), we can read off the temperature of the
right Rindler wedge, T = a/2x.

As a final remark, let us notice that 7 is exclusively gov-
erned by the horizon #*, but not by the particular observer.
In fact, the bookkeeping parameter a can always be set to
one in (27) without loss of generality. However, the proper
temperature measured by an accelerated observer, travelling
along a specific hyperbola of constant £, can be derived from
the wedge temperature by the appropriate Tolman factor

Ty ae®  ap
A —800 B 2 - 2 ’
We hence see that the observed temperature of a given Rindler

observer depends on its proper acceleration a;,, and coincides
with T on the special hyperbola & = 0.

T, = (32)

3.2 The Unruh effect in Lorentz-violating gravity

In this subsection we aim to elicit a comparable mode struc-
ture within the previously designed Rindler patch defined by
(18) and (19). We do this by coupling Einstein-Aether gravity
to a scalar field enjoying the same UV scaling, the Lifshitz
scalar field

Sp = —% /M d*x/—det(g)

n
az;j ;
< |sVo. Vo) + ) Fhe-aVe ). (33)
j=2
where A = y(V, V) is the Laplace—Beltrami operator on

the spatial submanifold X. The Lorentz-breaking scale is
denoted by A, and ay; € IR are dimensionless coupling con-
stants with a,, = 1. Variation with respect to the scalar field
yields the Lifshitz-Klein—Gordon equation

O¢ — ZACZJZ( A =0. (34)

The critical exponent n is typically chosen to match that of
the gravitational ultraviolet action of Horava gravity (n = 3
in four space-time dimensions). In this way, the full action
combining gravity and matter will be invariant under an
anisotropic scaling in the ultraviolet, which ensures power-
counting renormalizability. Although we have ignored higher
derivative terms in the gravitational action, we include them
in the action for the scalar field, which is justified as long as
A < Mp. We will also keep n arbitrary in what follows.

@ Springer

3.2.1 Mode solutions

The equation of motion (34), unlike the Klein—Gordon equa-
tion, cannot be decoupled along the natural time and space
directions U and §, since none of them are Killing vectors.
In order to proceed further we thus adopt a WKB ansatz for
the field

$(x) = po(x)ehS (35)

where ¢, (x) is a real, slowly varying function (with respect
to the phase) that for convenience has been chosen to be
constant ¢,(x) = ¢,. The principal function S is expanded
in orders of the smallness parameter /. To leading order, we
have Sp which describes a point particle action

S():/ dS():/ (—oU +£kS) (36)
M M

where we have projected the one-form dS onto the preferred
frame, and defined the preferred frequency w and wavenum-
ber k through [6]

Lup = —iwp, Lsp=ikd. (37)

Plugging this ansatz in the equation of motion (34) and
using the eikonal approximation, yields the dispersion rela-
tion

2o, N w2k
o = k> + 2; 572 (38)
j:

where we extracted the A-independent term that constitutes
the relativistic limit k& < A. Note that due to the eikonal
approximation, derivatives of the wavenumber are neglected.

Even though our definition of preferred frequency and
wavenumber seems coherent with the notion of the tempo-
ral and spatial integral lines, both quantities fail to be con-
stants of motion. Nevertheless, one can extract the space-time
dependence of w and k from (38) using the conserved energy
Q2 given by the Killing field x (remember that both, the metric
and the @®ther, are Lie dragged by x) [39]:

Q=wgU,x)—kg(S, x). (39)

A full solution requires to find the roots of a polynomial of
degree 2n, which is a challenging task. However, we can
infer two main limits in the solution space by performing an
asymptotic expansion of the dispersion relation, correspond-
ingtow >~ Q and w >~ A, which we call soft modes and hard
modes respectively. While the first describe fluctuations of
low energy 2 < A that behave close to arelativistic field, the
latter captures those which are dominated by the higher order
terms in the dispersion relation. An accelerated observer per-
ceives consequently an admixture of high-energetic Lorentz-
violating fluctuations to the usual Rindler bath of relativistic
fluctuations. For the ease of notation, we again introduce the
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lapse N = —g(x, U), and a similar quantity related to the
spatial vector V = g(x, S) in the following.

Let us briefly elaborate on the soft modes by solving the
dispersion relation near the universal horizon in this regime
using (39), that is

Q2 V2 2VEkQ k

= l1-= )+ +0(= , 40
° ( N2) T ( A) (40)
which leads to

kN:I:Q 41)
T

at leading order in the limit N — 0, representing the univer-
sal horizon. Note that V assumes a finite value at the position
of the universal horizon, i.e. V — —1, such that the momen-
tum as well as the energy stay finite.

From (39) we infer that the wavenumber behaves simi-
larly to the preferred energy. If for instance w — oo, which
happens for the hard modes at the universal horizon, k — oo
by the same degree of divergence, such that €2 remains finite
and conserved [5,39]. Thus, we find for the hard modes

Q> VI, 2VkQ (Vi)
Mt T N T
where we kept the k-dependent terms that involve N in order
to perform a consistent limit towards the universal horizon,
since those carry a meaningful contribution. Under consid-
eration of (39), we can find the solution for the preferred
energy as well as the wavenumber to be

O (kz"*z) (42)

av2: Q AV A Ve
w>~ =+ — + —, kx~=+ + .
n—VzN N,,_l] n_V2
(43)

(V Ny

In the limit N — 0, both the wavenumber and the preferred
energy diverge which suggest that the modes get clenched at
the universal horizon, being unable to cross it in a classical
sense.

For what regards the behavior of the modes near the sur-
face {x 4+t = 0} the situation can be analyzed in a similar
fashion. Let us introduce a set of null coordinate to describe
the {U, S} plane:

V=t+x, U=t—ux, (44)

in which we have

1/dv  __ 1/dv  __
U:—— _—_+anU s S:— _—_—anU .
2\aVv 2\a

(45)

Closeby the surface V = 07 the conservation of  (39) can
be easily evaluated as

k
Q= % (46)

that, together with (38) will allow us to determine the shape
of the WKB mode ¢.

3.2.2 Bogolubov coefficients

In order to calculate the temperature of the Rindler patch,
we shall follow a procedure similar to the relativistic case
previously reviewed. I.e. we shall relate the modes in the
Minkowski space-time (M, gnr, Unp) with those that only
have support in an analytical extension of the right Rindler
patch modes in (R, gr, Ur), via a Bogolubov transforma-
tion. In this sense, we shall investigate if there is a thermal
effect induced by the space-time closure, i.e. the universal
horizon J#°°, from the perspective of a Rindler observer.

Our starting point requires to define the symplectic prod-
uct on the classical phase space. The presence of a physical
foliation suggests to work in the canonical phase space I'can
with elements (¢, ) where the variable conjugated to the
field ¢ is m = /—det(g)Ly¢. The symplectic product is
then the closed form ¢ [40]

o1, o) =i /2(615]“712 — $o7y) (47)

where we defined the current J(¢1,¢2) = i(¢p]Ve —
$V7) on the phase space, and the integration runs over
a surface ¥ orthogonal to U. Note that orthogonality in
the previous expression eliminates all terms from higher
spatial derivatives. As such, the inner product coincides
with the Klein—Gordon inner product in relativistic theories,
which simplifies the derivation of the Bogolubov coefficients
tremendously (cf. Appendix B for details). However, for any
time-orientation other than along U, the higher-derivative
terms may reappear.

Recall that vg are the modes defined by the Rindler
observer, while ug describe the Minkowski modes. As such,
we define the Bogolubov coefficients for vg associated to the
Rindler vacuum in terms of ug. The Bogolubov transforma-
tion is the bounded linear transformation (b7, b) — (4%, 4)
that is given through the coefficients

aos =g, ve) and Bog = —t(ug, ve)”, (43)

which fulfill the relations [ dQ'(lagq|>—|Bag1?) = 8(2—
Q) and fdQ/((XQQ/ﬁQQ/ — Bagagg) =0.

It is worth stressing that there appears to be here an ambi-
guity in the question of which inner product should be used.
Usually, one uses the inner product associated to the space-
time perceived by the observer that performs the final mea-
surement. In other words, the inner product shall correspond
to the Hilbert space we map into. However, since the inner
product is invariant under conformal transformations, we are
able to chose here the Minkowski inner product also for the
Rindler observer in the (14 1)-dimensional case without loss
of generality.
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As emphasized, soft modes are analytical when approach-
ing the universal horizon, while hard modes asymptote; geo-
metrically the khronon leafs accumulate at the universal hori-
zon. We can see that this setup is similar to the relativistic
case: the support of the modes is divided into two comple-
mentary regions — left and right patches, both featuring a
universal horizon. The only missing step that extracts the
thermal properties of the horizon is to perform an analytic
continuation of the hard modes across the universal horizon.
For this, it is sufficient to perform our analysis within its
neighborhood.

To understand the non-analytic behavior at the horizon,
we once again draw some intuition from the Schwarzschild
space-time. Let us then consider (19), treating the function €
as a coordinate we find

dn 2

= — 49
de 1+ 2ae “49)

at leading order around the horizon. Integrating this relation,
we get

de 1
=2 = —1In(1 + 2a . 50
n /1+2&e an(+ae)+770 (50)

Due to this behavior, on the submanifold .77 (and its
adjacent leafs), the WKB modes in the Rindler patch R (the
same holds for L) acquire the form

Q
vR,Q (1, €) = vp exp (—iQn +i —In(l + 2&6)) , (51)
a

where v]‘é is constant. From here, it becomes obvious that
(50) is the equation for the constant-phase contours of the
mode. Note that for the horizon .7~ in L, the argument
of the exponential picks up an additional minus sign.
Because of the logarithmic exponent, it is understood that
the modes (51) are only defined within R. Nevertheless they
can be extended into F by analytically continuing the loga-
rithmic term [37] along the lines of [35,36] yielding

+ —Q *
D5, €) =vL ., €) +e” @ (vr oy, €))",
491
Do (n,€) =vr o, €) +ea (vpan, €)* (52)

where @5(77, €) and ®,(n,€) contain only the modes
€% and e~% respectively, which are defined on the full
Minkowski space-time.

Surprisingly, the combinations d% serve also as the ana-
lytical continuation of the monochromatic vy, o and vgr
when (x +¢) — 0. This can be easily extrapolated by imple-

menting (46) and (45) into (36):
dv Q _

So = —Q/ _—‘_/ +00)=——=1log(V)+ O(1) (53)
aV a

for which the analytical continuation of log(V) is exactly
given by the same combination @g described in (52). Hence

@ Springer

the set {@g} describes modes at fixed 2 which are well
defined in the whole Minkowski space-time.

The analogy with (30) is so striking that after changing
basis from vg/L (7, €) to <I>$(n, €) with a proper normal-
ization, we obtain the Bogolubov coefficient’s squared norm
1Bag | by performing the inner product between the analyt-
ically continued basis @g(n, €) and vr (1, €). Through an
energy integration, we find the following number of created
particles [6]

.\ = R 0 1
(Noym = | dQ|Bgol" = g (54
ea —1
where we have defined the particle number operator Ng =
bgzbg, and the expectation value has been evaluated within
the Minkowski vacuum state. We find that the number of
measured particles follows a Bose-Einstein distribution from
which we can read off the associated patch-temperature

Tp = — = “un (55)
2 b4

Note, we identified a = 2« where kyy is the surface gravity

calculated from the expansion, which is related to the peeling

surface gravity [33] at the universal horizon.

Again, the above temperature is purely set on the basis of
geometrical considerations related to the universal horizon
induced by the ®ther flow of the Rindler patch. In this sense,
we derived the equivalent of the Rindler wedge temperature
Ty = a/2n. However, this is not the temperature that an
observer will detect while moving on a specific orbit of the
boost Killing vector, the equivalent of (32) for our case.

One might contemplate applying the usual Tolman factor
to get the proper acceleration, but this would not do: indeed
the Tolman factor is purely metric dependent and would not
capture the relevance of the observer motion with respect to
the preferred frame set by the @ther. The important ques-
tion, we need to address here, is, what would an observer
on a Rindler trajectory (along & = const.) actually detect in
a realistic, thus simplified, measurement process.Therefore,
let us now push further our investigation (and double check
the above results) by considering the response of a uniformly
accelerated Unruh—DeWitt detector. We shall see in what fol-
lows that this will not only corroborate our previous analysis
but will also enlighten where the imprints of the Lorentz-
breaking physics can be found in spite of the insensitivity
of the found temperature (55) on the details of the modified
dispersion relation.

4 Unruh-DeWitt detector
To understand what an actual Rindler observer would mea-

sure, we consider a simple model describing a point-like
Unruh-DeWitt detector [41]. We will again work within the
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(1 4+ 1)-dimensional submanifold that contains the world-
line of the detector. This treatment is in line with [35], which
also shows the generalization to the full (1 4 3)-dimensional
setup.

The detector is composed out of a Hermitian operator [t
which acts on a two-dimensional Hilbert space H, = C?
spanned by the orthonormal basis {|Eo), |E1)} where |Eg)
denotes the ground-state and |E1) the excited state. These
states are des1gned to be the ei genstates of the free Hamilton
operator H , that s, they fulfill )il wlEo/1) = Eoj11Eo/1) with
Ey < Ej. To detect field excitations, we couple the detector
to a scalar field qAﬁ via the interaction term [35,41,42]

W=b / dr X (D) (D)LY (T)] (56)

—00

with coupling strength b € R, and switching function x (7),
that has support only on the time interval of the measure-
ment [4]. The evolution parameter t is always adapted to the
Cauchy problem; and it is typically chosen to be the proper
time of the detector on its world-line. Here, we choose t to
be the preferred time of the foliation, dictated by the khronon
©®. This aligns the Hamiltonian flow with the direction of the
preferred clock and yields a consistent Schrodinger evolu-
tion.

Since our detector is constantly accelerated, its domain of
dependence will only cover the right Rindler patch R, as pre-
viously argued, whose khronon is given by (25). The Hamil-
tonian flow must then be tangent to U and the Schrodinger
operator i Ly — I-AIM acquires an additional dependence on
the lapse. Colloquially speaking, the detector evolution is
determined by the preferred time rescaled by the lapse as

/@(S) — e—iNHM‘E(S)l’lO eiNHMT(S)_ (57)

Note that we have introduced the proper time of the detector
s via 7(s) = se% so that we can relate our result to the
relativistic Unruh setup that is naturally parametrized by s,
the detector clock.

The Hamilton operator [41] that acts on states in the
Hilbert space Hy is given by

ﬁ¢(r)=/2 d?yy/—det(y)

<@ HLude. 5) - 218, Vol 1}, 58)

where the Lagrange density f[qs, V(]AS](‘L', y)is given by (33).
As usual, f[(r, y) denotes the canonical momentum con-
jugated to the field #(t, y). Then the total Hilbert space
is H = M, ® Hy and the total Hamilton operator H =
I:IM ® ia¢ + iau ® ﬁ¢ + W. To avoid infrared divergences
[35], we introduce a regularization scale m that can be inter-
preted as a ﬁducial mass for the field, which then obeys
(WIS S Az} (=AY — m?*¢ = 0. Also, by doing
this the comparison with the relativistic case as discussed

in [35] becomes immediate. Note that the quantum field 43
must be evaluated on the detector’s tra]ectory y(s) such that
¢(r y) — d)[y(v)] As an operator, d) is represented through
a positive frequency basis, such that

. dk (. L
600 = [ 5 fawn) + alii ) (59)

where uy(y) is a solution to the equations of motion and
ax|0) = 0 the destruction operator annihilating the vacuum
state of the quantum field |0).

In general, the outcome of a measurement is given by
acting with W ontoa given state. This can either be the ground
state |[0) = |0) ® |Ep), or the corresponding excited state
|1) = |k) ® | E1) which describes a particle with momentum
k that has excited the detector — a clicking event. With this,
W = [ ds {id ® f(s) + ¢[y(s)] ® id}, since the total
Hilbert space is given by a tensor product, and we can define
the excitation rate over a probing-time interval As as

1
R= —f ak 1A 2, (60)
AS R

where A; = i(1|W|o) and As = S5 x(s)ds. Note that
we tacitly assumed k to be conserved. This is not true in the
Lorentz violating case, but let us assume it so for the moment.
We will come back to this point later when we particularize
the setup to our Gedankenexperiment (for a general discus-
sion, cf. [35]).

Here, we are interested in the question of what a detector
in Minkowski vacuum measures on a uniformly accelerated
trajectory. Let us start with the solution space to (34) in a
foliated Minkowski vacuum — hence with a homogeneous
@ther. We find for the mode

o—ikly(s)]
urly(s)] = \/T(k)’ (61)
where k[y(s)] = wa(k)t(s) — kx(s) and wp(k) =
m? 4+ k2 + 1% denotes the dispersion relation in Minkowski
space-time.

In the (foliated) Minkowski space-time, the hyperbola
described by the accelerated detector can be parametrized
as usual

t(s) = —s1nh(aps) x(s) = —cosh(aps) (62)
ap ap

where a;, is the proper acceleration. Using the mode (61), we
find that the amplitude in (60) factorizes as follows

(1|W]o) = fIds (E1] ® (k| fi(s)pLy()1|0) ® |Ep)

dk
= ds (Eq|i E —_—
/I s (EVAG)] 0>/]R e

ei(k cosh(aps)—wp (k) sinh(aps))’ (63)

@ Springer



386 Page 14 of 22 Eur. Phys. J. C (2025) 85:386
where 7 = [—s9, 5o] is the time-interval of the measurement *° dx x"1 exp ﬂ v ,3_2 _y ﬁ‘)ng” Ko (B1a)
determined by the indicator function x (s), here taken sym- 0 2 X Y '

metric for simplicity. The first of these factors depends on
the specifics of the detector, while the second, usually called
the response function, describes how the field is perceived
on the hyperbola.

The evaluation of /i(s) requires to consider the Hamilto-
nian flow. From the coordinate transformations (6), we derive
the function t(s) on a fixed & trajectory from (25) to be
T(s) = e~ % . Note how, via this relation, the @ther acceler-
ation just came into play. The consequences for the rate are
immediate. Considering (57) and the fact that | Ey/) form a
basis of H,,, we find that

(E\|(s)|Eg) = q e NAETE) (64)

where we defined g = (E|fto| Ep), and AE = E| — Ej.
After squaring the amplitude, we are thus facing the fol-
lowing integral for the rate

2 00
Ry = 4] / /ds/ds
dmapAs wp (k)

y {e iNe—% AE(s— g i A( )[Qil’ll’l (aps)—sinh (aps/)]

eiakTQ[COSh (aps") —cosh ("PS)]} ) (65)

In the following, we will choose the detector to be mea-
suring over the whole time span. Therefore, at the end we
will send so — o0, such that 7 = (—o00, 00). However, it is
convenient to perform some manipulation before taking the
limit. Let us define 0 = s — 5" and 2¢ = s + s'. Using the
properties of hyperbolic functions we can rewrite (65) as

lq|? /°° / /d;
Amaysy J_oo wa (k) I

{eiNe’aE AEo ez g smh(%)[w,\ (k) cosh(ap¢)—k sinh(ap¢)]

Rey =

X

(66)
where 7, = [—2s0, 250] and Z; = [—s0, so]. The o-integral

can be transformed into a soluble form after another change
of variables A = exp(apo/2) so that we find

R g /°° / /dx
Y dmapso ) oo 0a (k) J1, )z,

5 {AWAEe% (A—X)[wA(k) cosh(apt)—k sinh(ap¢)] }

(67)
where 7, = [e™%0%, 0], To solve this integral in the limit

so — o0 (Z, = [0, +00)) explicitly, we consider the follow-
ing identity [43]
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(68)

when compared to (67), one can recognize that in our case
L ONe—dE .

V= zzN;—pAE, W= %[wA(k) cosh(ap¢) — ksinh(apg)],

B =1, and x = A. So that

00 i2Ne—a§ Ay 1 L
/‘ da {X%AEeap (A A)[w,\(k)cosh(ap;) ksmh(ap;)]}
0o A
e—nN“LI;”EAEK
= . Ne—at
(50

(2 [wa (k) cosh(apt) — k sinh(ap;)])
X .

(69)

ap

Let us now note that the ¢-integral is given by

. L[
lim —
50—00 250

d¢ K. (Ne ag AE)

—k 51nh(ap§)]>

—50

(2 [wa (k) cosh(ap?)
X

; (70)
dp
which is finite, since the Bessel function of the second kind
K, (x) is a bounded function, for v € R and x € R [44]. So
we can safely define the rate in the whole hyperbola as
R = lim Ry,. (71)
50— 00
The fineness of the above rate was also checked via numerical
integration with Mathematica.

Since it is not possible to give a close analytical expression
for the ¢-integral (70), we will leave it in the integral form.
However it is important to recognize that the rate R takes the
useful form:

TNe— 9 E

R=e @ x R, (72)

where the shape of R encodes the integration (70) and will
be studied below, in Eq. (79).

To extract the temperature from this calculation, we need
to compute also the de-excitation rate. While (67) is given
by the k-integral of |A|?, where Ay is the matrix element
A = i (1|W|o) given in (60), the de-excitation rate R is
given by the probability of the inverse process to occur

_ 1 -
R = —f dk | A%, (73)
AS R

where A = i (o|W/|1).
In practical terms, this requires to compute the de-
excitation probability of the detector

(Eol(s)|Er) = g* e NAET®), (74)

where g* = (Eo|/to| E1) is the complex conjugate of ¢. Addi-
tionally we need to compute the |k) — |0) matrix element
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of ¢[y(s)] which is given by

A dk
0 k)= | ————
R T

e_ # (k cosh(aps)—wn (k) sinh(aps))

= <(k|¢3[y(S)]|0)> . (75)

The computation now goes along the same lines as that
previously shown for R. We arrive to

nNe 45 ag
- —/ dk AP =e » “Fxm, (76)

where R is the same response function, containing the
remaining ¢-integral, appearing in (67).
Using (67) and (76) we can see that the ratio

R  yaNe 98
T ot e A 77)

is a Boltzmann factor which then allows us to read off the
temperature that is measured by the detector

apeé‘E a
2rN 27N’
This turns out to have the same value as in the relativistic
version of the Unruh effect, albeit being rescaled by the factor
Ne %,

Alternatively, one can interpret (78) as the wedge temper-
ature rescaled by N instead of \/—goo. With hindsight this is
not a surprising result. Indeed, the conversion factor linking
the Rindler patch temperature to the observed one on a given
hyperbola is nothing else that the rescaling factor between
the preferred and the Killing time. In the relativistic case,
one can get (32) from the wedge temperature just by look-
ing at the proportionality factor between the proper time s of
the observer and the Killing time 7: on a § = const. hyper-
bola we have ds = /—goo dn, telling us the different rates
at which the two times pass. Similarly, if one computes the
same quantity for the preferred time t on the same hyperbola,
one gets U = dt = N dn. From that, we can directly read
the new proportionality factor — corresponding to the lapse
N — which we have found in (78).

Beyond computing the temperature, let us also focus on
the shape of the response function R in (67). The A-integral
can be performed analytically, yielding the modified Bessel
function of the second kind K, (x) (or Macdonald function)

gl /°° /z
_2napAs 0o wp (k)

Kiv (az {wa (k) cosh(aps) — k sinh(ap{)}> (79)
p

Tger = (78)

where we defined v := 2Y“° A E. Note that this does not
exhibit any thermal behav10r and therefore contributes only

to gray-body modifications to the rate, as argued in [35]
for the relativistic response function. Note, although the ¢-
integral is formally infinite when integrated over the field of
R, the divergence however is cancelled exactly by the one in
As.

As a final remark, it is perhaps worth discussing a possible
concern related to the fact that the we used in our calculation
integrals extending in the far UV the quantum field theory.
This is normally not an issue in relativist settings as long
has the Wightman function presents a Hadamard structure
in the same limit. The issue has been extensively discussed
also in the case of Lorentz breaking QFT for which such
Hadamard structure is only partially preserved. Overall, it
was shown that an extension of the renormalization proce-
dure, e.g. for the stress energy tensor, can be found also in
these settings [42,45,46]. As such the similarity of our result
with the relativistic ones should come to no surprise.

4.1 Relativistic limit

What is left to discuss is whether the relativistic result of
the detection process is in any form recovered when the
Lorentz violating dynamics are lifted. In practice, this can
be achieved by suppressing the momentum of the excitations
of the field with respect to the Lorentz-violating scale of the
matter sector k < A. This can be argued perturbatively. Due
to the exponential in (61), we can easily expand wp (k) for
k <« A and find non-relativistic corrections to (60). In the
limit A — oo, the dispersion relation becomes relativistic
wp (k) — ~k? 4+ m?, and we expect to recover the usual
form of the relativistic response function as derived in [35].

To substantiate this picture, we examine the argument of
the integral 'R = fR A dk. Here 2l describes the momentum
distribution that determines the rate when integrated over the
full k-space. We plotted this quantity evaluated on the central
hyperbola for several values of the Lorentz-violating scale A
in Fig. 4. As it can be seen, the maximum coincides for all
distributions, and in particular with that of the relativistic
limit A — oo (in blue). However, while the latter decays
monotonically towards larger values of k, the rest of the dis-
tributions show an oscillatory tail, connected to the zeros of
the Bessel function, that starts earlier for lower values of A.
This behavior seems to point to the emergence of Lorentz
symmetry at low energies. As long as the condition k < A
can be trusted, the effect of the Lorentz-violating operators,
and thus the oscillatory behavior, can be safely neglected.
Once the approximation breaks down, we start observing
modifications in %A that differ from the relativistic case.

To develop a deeper understanding of what happens when
Lorentz-symmetry is reinstated, let us discuss the behavior
of 2 in the non-relativistic case further. First of all, we place
the observer onto the hyperbola where a, = 1 for simplicity
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k

— 0 0 [e]

Fig. 4 The distribution 2l in the response function integral R for dif-
ferent values of A: the Lorentz breaking amplitudes are shown for dif-
ferent values of A € {10, 102,103, 104} (in units of @) in orange, green,
red, and purple, while the relativistic result obtained from the integral
in [35] is indistinguishable from the purple curve (but shows no oscil-
lations whatsoever). We have set the particular hyperbola for which
a, = a for this plot, and identified the mass in the result of [35] to
equal m. We have furthermore chosen m = a

and rewrite

Ay o /°° dc Kiv(2{wa (k) cosh(¢) — ksinh(£)})

—00 wA(k)
B foo 1o Kinlloa®) = e+ [oa ) + K1e™)
=“ on () '

(80)

Now, with a change of variable { — ¢ + In(wp (k) — k),
which is valid for any k € R, we get

© Kiu ¢ z .
mkcx/ d¢ (¢ HZiEg K1)

1)

Equation (81) is illuminating in several aspects. First of all,
it is clear that a relativistic dispersion relation will decou-
ple the ¢-integration and the k-integration in (67) as already
observed in [35]. Since in the relativistic case we have

Ky (e§ + mze%)

o
A O(f d
k . ¢ e

where m is the mass of the field, it becomes obvious that
the two integrals factorize. Then, the shape of 2, will be
controlled by the +/k% + m? in the denominator. Let us point
out that this fact is intimately linked with the boost invariance
of the dispersion relation. This can be deduced by noticing
that the argument of the Bessel function in (80) is just the
result of a boost of (wy (k), k) with rapidity ¢. In [35] it
has been shown that a change of variable k — k’(k, ¢) in
the k-integration of (79) while applying the inverse boost,
leaves the measure unchanged (so dk’'/o’ = dk/w for the
relativistic case), thus factorizing the ¢- and k-integrals.

(82)
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|

Fig. 5 Shape of K;,,(e* + @ (k)e %) for (k) =2 and v = 47 as a
function of ¢

Without this symmetry, however, we cannot disentangle
the two integrals, since the coefficient (wf\ (k) — k%) remains
k-dependent. This explains why, for k = 0, the relativistic
and non relativistic values of 2(; both give

00 K ¢y 2,-¢
Qlooc/ de (¢ A mie) (83)
m

—00

while they depart for other values of k. In other words, in
the infrared region, our detector enjoys the same response
function regardless of Lorentz-symmetry while high energy
measurements differ significantly. In fact, in the deep ultravi-
oletregion, where k — 0o, we notice that the non-relativistic
2. is strongly suppressed with respect to the relativistic one.
This is a consequence of the ultraviolet behavior of wy (k).
While in the latter case w o |k| at large k, the former case
leads to @ o< |k|" /A", so that 2y is suppressed by a power
law.

Let us define for convenience the quantity w (k) =
a)i (k) — k2. In the intermediate region, we notice the pres-
ence of a finite number of oscillations in the non-relativistic
2. Mathematically this can be explained by looking at
the shape of K;,(e¢ + @ (k)e %) before the ¢-integration,
at fixed k, as shown in Fig. 5. There, we observe a finite
number of oscillations, while the tails decay very rapidly".
Note that for large values of @ (k), the Bessel function
stops oscillating [47]. The same happens for the value of
the mass, which acts here as an IR regulator effectively
cutting-off the distribution at low energies. In particular, since
w (k) = w% (k) — k* > m?, we can show, by computing its
minimum, that €6 + @ (k)e™% > 2/ (k) > 2m, and the
number of zeros of K, is governed by m and AE. For large
values of the mass m, no oscillation is present, and no bumps
appear in 2.

3 For large values of the argument, we have K, (x) ~ e™* /\/x.
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It should be mentioned that the detector still couples to the
@ther even in the decoupling limit of the field A — o0. Due
to this, the previous limit will not impact the value of the tem-
perature in (78). Reinstalling Lorentz symmetry in the gravi-
tational sector is much less trivial, since the actual mechanism
for it is unknown. However, in the low energy limit, the influ-
ence of quantum gravity modifications should cease, such
that our detector must somehow decouple from the @ther,
and the relativistic causal structure reappears. Although we
have not explored a smooth way to implement this, we can
argue that, in this limit, the trajectory of the detector must
be measured with its proper time 7(s) = s, instead of the
khronon-clock.® This automatically fixes N = /—goo in
(78), and the correct relativistic result is recovered.

This resultis dichotomous: we observe actually a real ther-
mal spectrum without modifications in the perceived temper-
ature, the only modifications appear in the response function,
and additionally the temperature is dictated by the universal
horizon’s surface gravity. Altogether, these properties could
be evidence for an existing KMS state within this setup. Let
us follow this trail in the subsequent section.

5 KMS condition

The results from the two analyses performed by the Bogol-
ubov coefficients and the detector respectively hints towards
the fact that the UH fixes a thermal state with KMS properties.
To investigate this, we recall the KMS condition using the
propagator in the Heisenberg picture. Consider two observ-
ables O A andA@ B anq &, a time-evolution operator such that
8:(0) = eH'Oe~H! Here, the time-evolution is gener-
ated by the Hamilton operator H. The KMS condition with
respect to a KMS state controlled by the parameter 8 reads

5(0a6:(Op))g = plGu+ip(Op)O4) . (84)

In terms of the advanced and retarded propagators,

p{@ (0, )P(t, x))p and g(p (1, x)P (0, y)) g respectively, the
KMS condition amounts to

p(@0, ), x))p = p{p(t +iB, x)(0, y))p. (85)

Essentially, we have to prove the periodicity of time to deter-
mine the Euclidean time 8 which we will perform through
regularizing the conical singularity that occurs at the UH. In
our case, the first step is to identify the relevant time to be
used. Given that we are considering the response of detectors

© This is because within these settings, the construction of Cauchy data
is intimately tied to the foliation. Whenever we use the preferred time
direction to constitute the Hamiltonian flow in non-relativistic setups,
we collect a lapse function from the @ther. However, when we restore
Lorentz symmetry, the phase space becomes relativistic, and we find
(32), where the factor \/—goo originates from normalizing the tangent
vector to the Hamiltonian flow.

on orbits of the boost Killing vector x = 9, and given that
both the metric and the @ther field are, by construction, Lie
dragged along such vector, it is obvious that it will be 1, as
in the standard Unruh effect, the relevant time to work with.

Next, let us choose the frame spanned by {U, S} and con-
sider therein a generalized null-ray (ds = 0) with propaga-
tion speed ¢ such that U = £S/c. This ray can be interpreted
as moving on the causal cone of the effective metric

1 1
g=— (U,f - 6—255) dn® dn+<U§ -~ C—zS§> de ® de.
(86)

5.1 Relativistic case

To build some intuition, let us briefly reinstate the relativistic
limitc = 11in (86). Recalling that x is a Killing vector for this
metric, we can identify the corresponding Killing horizon by
the condition g,,; = 0 which translates to U,% - S% = 0.
Assuming a static metric of the form

dé ® d§
(&)

which as a four-dimensional metric would describe a static
patch where the additional two-dimensional submanifold
describes either a spherically symmetric, planar, or hyper-
bolic space. From (87) follows then

i =—rEdnedn + (87)

Uy =87 =f(&). aswellas U — ¢ = (88)

f&’
Since we are interested in the properties that occur near the
horizon, we Taylor expand f(£) around its zero, such that
the metric transforms into the near-horizon metric

dé ® d§
(1)
~ 2k (E — E)dn®@dny + ———
8eff §—§&)dn®dn W —£)
= —«?0*dn ® dn + do ® do (89)

where we substituted k20? = 2« (§ — &,). After performing
a rotation into Euclidean time n — it, the metric becomes
gl(al) = (k0)*dt® dt + do ® do which is a metric on a circle
if t admits the period 8 = 2m/k and therefore T = 1/8 =
K/2m.

5.2 Non-relativistic case
Since the non-relativistic situation features a propagation
speed other than unity we will recover the limit of New-

tonian causal structure by taking the limit ¢ — 00.” Then,
(86) simplifies to

gl = —U2dn ® dn + U2ds ® dé. (90)

7 See also [48] for a similar derivation.
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The corresponding horizon, now the universal horizon,
occurs then at U;) = 0. Transforming to a near-horizon met-
ric by expanding U,? = (0¢ U,]|§0)2(§ — £,)?, we are able to
determine the Euclidean form after Wick rotation n — it

e = (9:Uyle,)’ (6 — £)?dt @ dt+ (Uels,)’ dé @ dé

_ BEUW
U

where we defined ¢ = Ug|g, (§ —&,). Similar to the relativis-
tic case above, we can read off the periodicity given by

2
) 0*dt ® dt + do ® do 1)

&0

A

21 Us e Uy K

= , suchthat T = = = —

Uy & 27 Us £ 2 s T
92)

where we identified the acceleration A as before that leads
to the surface gravity « experienced at the UH. This analysis
works for each effective horizon — depending on the value of
c. As such, we find that the Euclidean time indeed admits a
periodicity g that fulfills the requirement of the KMS condi-
tion. To guarantee a thermal equilibrium, the KMS conditions
assumes a certain staticity to mimic a Gibbs state in statisti-
cal mechanics. Since we work in a static patch, the Hamilton
operator generating time-evolution is time-independent and
thus commutes with the Hamilton operator itself.

6 Discussion and conclusions

The thermodynamical aspects of space-time in the frame-
work of Lorentz breaking gravity are a fascinating subject,
not only as a challenge to our intuition, but also because
they let us explore the real foundations of these tantalizing
features of gravitation. In this work, we have dealt with the
Unruh effect, a phenomenon that, in the past literature, has
been often deemed non-robust against a UV breakdown of
special relativity.

We have seen here that this is not the case as long as the
preferred frame set by the @ther dynamics is suitably taken
into account. This leads us to identify what is the correct
Rindler patch (metric and @ther flow) to be considered in the
context of Einstein-e@ther gravity. Such patch is unique and
enforces the ather to have a constant acceleration, that then
provides a physical scale allowing for the robustness of the
Unruh effect. Moreover, this patch coincides with the near
Killing horizon limit of a large Schwarzschild black hole in
Einstein-@ther gravity, nicely preserving the link between
the two geometries (Rindler and Schwarzschild) present in
the relativistic case.

Indeed, we saw that the so found Rindler patch is endowed
with a temperature Tp = % = Knﬂ set by the causal struc-
ture of the solution (metric and &ther flow). We can see here
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that this is basically the usual formula for the Rindler wedge
temperature with the crucial difference that the usual book-
keeping parameter a is replaced by the physical, constant
acceleration (and expansion) of the ®ther, a.

Furthermore, we have also computed the response of an
Unruh—DeWitt detector carried on along an orbit of the boost
Killing vector (the trajectory of the usual constantly acceler-
ated observers in the Unruh effect) and coupled both to the
@ther and to the same non-relativistic field that we had con-
sidered in the computation of the Rindler patch temperature
via Bogolubov coefficients. We found that the temperature
perceived by the detector is related to the wedge temperature
by a factor keeping into account the relative acceleration with
respect to the preferred frame such that Tgetect = %

Noticeably, this result shows that the temperature is insen-
sitive to the dispersive properties of the non-relativistic field
(namely to the Lorentz violating scale A). The reason became
clear when studying the KMS condition of this system, the
universal horizon displays the analytic properties that are
usually attributed to Killing horizons in relativistic setups.
As such, the KMS state can be anchored to the UH in the
same way and fixes the state for the whole space-time. This
explains the constant (¢ independent) temperature found
via the Bogolubov coefficients method in (55) as well as
by studying an accelerated Unruh—DeWitt detector, cf. (78).
This does not imply that no deviation from relativistic physics
can be detected, given that not only the Unruh temperature is
now fixed by a physical scale set by the @ther acceleration,
but also because the response function of the detector shows
a distinctive pattern in momentum space which exposes the
o dependence of the physical setup.

Such features probably deserve further investigations as
they might appear also in experimental contexts, such as ana-
log gravity experiments where modified dispersion relations
are unavoidable and would lead to some corrections to the
expected low frequency, relativistic, behavior of the Unruh
effectd (see e.g. [49], or [50] for the Hawking effect).

So in conclusion, the outcome of our investigations can
be summarized in a few lessons:

e The Unruh effect does survive within the Lorentz break-
ing gravity context. This lends further support to the evi-
dence that Hotfava—Lifshitz gravity is characterized by
thermodynamical properties associated to different types
of horizon in spite of having a reduced group of local
spacetime symmetries. This seems to us evidence that

8 The careful reader might wonder how the Unruh effect might be robust
in analog gravity given that no dynamical @ther is present in that context
for providing the invariant scale a. The answer resides in the lacking of
diffeomorphism invariance of that setting that does not allow to rescale
at will the proper acceleration of a Rindler observers given that this will
be the actual acceleration of the latter in the laboratory, fundamental,
frame.
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such thermodynamical aspects of gravitational phenom-
ena go well beyond General Relativity and should con-
sider a fundamental property of any well posed gravita-
tional theory.

e This, together with the recently found results concerning
the Hawking effect [6], supports the growing evidence
that the whole horizon thermodynamics setting should
be exportable to the above theoretical framework.’

e The Unruh effect is closely similar to the relativistic one,
and reduces to it in the appropriate limit, nonetheless
present, especially in the response function, a series of
signatures that should be possible to seek for in future
experiments.

Finally, let stress that we have considered here an eternal con-
figuration of the geometry. However, in a realistic setting one
would like to describe how our background solution can be
attained from a Minkowski space-time with a uniform &ther.
This might be related to the backreaction of the detector on
the @ther. We hope that these issues will be further explored
in next coming works.
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Appendix A: Conformal factor

Here we give a detailed derivation of the solution (15) to the
equation of motion (12). We will assume invariance under
boosts and local flatness — i.e. Riem = 0. For the ease of
notation, we work with the (1 + 1)-dimensional submanifold
of the metric in (13), thus neglecting the sub-manifold E,,
which will not contribute in any case.

Let us start with the first condition, that is that the &ther as
well as the metric are Lie dragged with respect to the boost
vector. To this aim we have to find out the explicit form of the
Killing vector which obeys £, g = 0. Using the conformal
metric, we find the following set of equations

0 Xz — Xz 0 In(W(z, p)) — Xxp 0, In(W(z, p)) =0, (Al)
9pXp — X0z In(W(T, p)) — xp0p In(W(z, p)) =0, (A2)
Xp0p In(W(z, p)) + W(z, p)d: In(x: W(z, p)) =0  (A3)

which leads immediately to the relation d; x; = 9, x,. For-
mally, the khronon equation (12) is not independent of (9),
since it can be obtained from the latter by using the Bianchi
identities implied by §®iff invariance (cf. [31] for details).
However, for our purposes we use (12) as a consistency check
for our solution. Moreover, the space-time should not depend
on the time associated to the timelike Killing vector field,
such that £, g(U, x) = 0and £, g(S, x) = 0 respectively.
Together with the Killing equation we find that the compo-
nents of the Killing vector read

X = fil®W(z, p) and x, = H(p)W(z, p)

with until now, arbitrary functions fj(z) and f>(p). Using
again the space-time independence of the Killing time, and
plugging in the above components, we find that d; f1(r) =
d, f2(p) Y7, p which implies that the derivatives must equal
to a constant cq so that the arbitrary functions f and f; take
the form

(A4)

J1(®) =cot +c1, and  fa(p) = cop + ca. (AS5)

Now, using the equations above, we can find a functional
relation between W (z, p) and f1(t) and f>(p)

fi(®)
h (fz(p))

Wz, p) = (A6)
fi()

where /1 is a function to determine. We do this by impos-

ing local flatness through Riem = 0. We cast the two-

dimensional Ricci scalar curvature in the (t, p) coordinate
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system and find
R = =2(=0; +3))W(z, p)
@pW(x. p)* = @ W(r. p)* _

+2 0, (A7)
W(z, p)
which leads to the following solution
Wz, p) = Fi(t + p)Fa(t — p), (A8)

with, again, arbitrary functions F] and F.

To simplify fi(r) and f>(p), we impose the coordinate
shiftt — r—g—(‘) aswellas p — p—g—g suchthat f1(1) = cot
and f>(p) = copp. Relating the two forms (A6) and (A7) for
the conformal factor and their - and p-derivatives we arrive
at

1+ 70; In(Fi(t + p)) — 19: In(F2 (7 — p))

+p0, In(Fi(z + p)) + pd, In(F2(t — p)) =0. (A9

Since we find a differential equation for the functions
Fi1(t+p) and F» (T — p), we find a unique family of solutions
for both that lead to the following conformal factor

o+1\* C
o — f) p+T
with the integration constants C, @ € R.

To determine « we need to fulfill the equation (12). How-
ever, since our solution is hypersurface orthogonal, the equa-
tions of motion of khronometric gravity coincide with those
of in Einstein-Zther gravity. This implies that we can pro-
ceed to solve the simpler equation E = 0 with E given
in (11) instead of (12), and hypersurface orthogonality will
ensure the equivalence of solutions. Inserting our ansatz for
gw, we find that for E to vanish, every individual terms
in E has to be zero independently, since the couplings are
arbitrary. From this, it follows that Ls6 = 0, which simpli-
fies to 0,0 = 0. Since § = VU = 0, W~1(z, p) we have
3:9,W~(z, p) = 0, which is solved by

1
A(t) + B(p)’

for two generic functions A(t) and B(p). This restricts the
coefficient ¢ € {0, 1}, and after setting C = % for conve-
nience, we find the two solutions
1

a(p+1v)’

as given in (15). Let us notice that the conformal patch we
used here is only the easiest way for deriving the solution.
However, it is easy to see that the two-dimensional problem
of finding a flat boost-invariant solution of (12) is anyway
overdetermined. One could have proceeded in the follow-
ing way: the flatness of the solution ensures that the metric
can be written as the Minkowski metric, in the right system

Wt p) = ( (A10)

W(z, p) = (ALD)

Wi(z, p) = (A12)

@ Springer

of coordinates. Then, the normalization condition for a two
dimensional vector U links the two components through the
relation g(U, U) = —1. Finally, boost-invariance makes the
problem one-dimensional, transforming (12) into an ODE
for one of the two components of the aether vector, which
leads to the same the solution found through the conformal
method.

Appendix B: Inner product

In (47) we have defined the symplectic product on the space
of solutions. This inner product is the same that follows from
the relativistic Klein—Gordon equation (see e.g. [35,52]).
Hence, we find accordingly the conserved current

JkG($2, $1) = —i($1VP; — p>5V 1)

for solutions ¢;. The standard symplectic product is defined
with the symmetries of general relativity, i.e. it remains
invariant under choosing a time. In theories with physical,
preferred foliations, the hypersurfaces are determined and so
is the orthogonal derivative which in our case is along U. The
associated conserved current reads then

n
. . Qpj i—
8 = =i on(Va ¥ Y2100 o
j=2

(BI)

A2]2Aj_1)¢1] (B2)

n
. agj
—¢3 (Va —YabV' Y 27
j=2
Hence, the symplectic product for the Lifshitz field can be
constructed using the preferred frame

te(@1, d2) = /E(U(JLV)) =—i /;: (U(91Ve; —p3V1)),
T T (B3)

where we have taken into account that U L S. The integra-
tion is performed on a spatial submanifold ¥; on which 7 is
constant.

What is left to show is that the flux of Jpy is zero in a
volume that is enclosed by two surfaces, one at t = t; and
the other at 7 = t,,. Using Gaul}’s theorem we get:

te, (D1, 2) — Ly (1, $2) = / d’x (V—gdJy). (B4

vol;,

Furthermore, the equation of motion for ¢; and ¢, implies
some internal cancellations between individual term such that
we remain with

tz, (@1, $2) — 14 (P1, ¢2)

= </E —[E ) [y(u, V)1 szA‘ﬁ?_g Algs
i o j:2
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Olzj
A2j-2

—y (U, V)3 Y 2j Aj_l¢l:| =0. (BS)
j=2

Hence, we conclude that iy (¢1, ¢2) = i, (d1, ¢2), or in
other words, the inner product is still independent from the
particular choice of the leaf X. For any other timelike vector
t # xU, the last line of Eq. (BS) yields a nonzero result
because any timelike vector which is not tangent to U fails
to be orthogonal to S, whatsoever.

It is interesting to notice that (B3) is invariant under the
conformal rescaling

U =U,dx* - Uy = W(x)U,dx“,

S = S,dx* — Sy = W(x)S,dx? (B6)

for any arbitrary function W (x). Indeed, unpacking ¢(¢1, ¢2)
in components we have:

(1, b) = /E U (Jiy)a Spdx” dy

=/ U(v)a W)W (x) Spdx® d?y

2

- / US (i) Swpds? dy, (B)
R

where d’y is the measure of integration over the two-
dimensional Euclidean plane orthogonal to the {U, S} sub-
space and Uy, = W1 (x)U® by construction from (13). Let
us also notice that, since X, are locally defined by the equa-
tion U,dx“ = 0, they are invariant under the same conformal
rescaling.
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