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Error-mitigated quantummetrology via
enhanced virtual purification
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Quantum metrology stands as a leading application of quantum science and technology, yet noise
often constrains its precision and sensitivity. In near-term quantum metrology, existing protocols
largely depend on virtual state purification, but significant noise accumulation and additional noise
from the implementations of these protocols can impede their effectiveness. We propose enhanced
virtual channel purification to address these problems, yielding enhanced virtual state purification as a
by-product.Within sequential quantummetrology schemes, our error analysis reveals substantial bias
reduction and quantum advantages in sampling cost when the number of encoding channels is
Oðp�1Þ, where p represents the error rate of encoding channels. In this range, our methods
demonstrate significant improvements in parameter estimation precision and robustness against
practical noise, as evidenced by numerical simulations for both single- and multi-parameter tasks.
Particularly, these methods can naturally extend beyond quantum metrology, indicating their broad
applicability in quantum information and quantum computation.

Quantummetrology is one of the most promising applications of quantum
science and technology1–4. Quantum resources, such as coherence and
entanglement, can be employed to enhance the sensitivity to reach the
Heisenberg limit. However, due to the existence of decoherence or other
sources of noise, the achievable precision and sensitivity of quantum
metrology could be limited5–7.

Quantum error correction (QEC) is a promising approach to address
noise limitations in quantum metrology, with numerous studies demon-
strating its potential to enhance measurement precision8–13. Nevertheless,
certain scenarios exist where QEC cannot effectively suppress noise, e.g.,
noise is proportional to the signal, as establishedby theHamiltonian-not-in-
Lindblad-span (HNLS) condition13. Furthermore, practical implementation
of QEC faces significant challenges, including noise in ancillary qubits,
imperfect error correction operations, large timescales of error correction
schemes, and often unrealistic theoretical assumptions14. Therefore, quan-
tum error mitigation (QEM)15–19 has emerged as a practical alternative to
mitigate errors in quantummetrology within the current stage of quantum
technology20–23. Unlike QEC, which aims to correct errors in individual
quantum circuits, QEM significantly relaxes the experimental precision
requirements by post-processing outputs from an ensemble of noisy cir-
cuits. Particularly, in scenarios where theHNLS condition is violated, QEM
can also be employed to complement QEC strategies for quantum
metrology22.

Since virtual state purification (VSP)19,24 does not require character-
ization of noise models, existing error-mitigated quantum metrology pro-
tocols are based primarily on it20–22. The basic idea ofVSP is to exponentially
suppress errors using collective measurements of m copies of the target
quantum state ρ to measure the values with respect to the state ρm=trðρmÞ.
However, this approach imposes stringent requirements: (i) both input and
ideal output states must remain pure throughout the protocol, and (ii) the
noiseless component must dominate the noisy output state. These condi-
tions become particularly challenging in quantum metrology applications,
where repeated channel use for parameter encoding leads to large system
sizes or deep quantum circuits. Consequently, error accumulation causes
significant misalignment between the dominant noisy component and the
ideal output state, leading to the failure of VSP.

To address these limitations,we construct an error-mitigated quantum
metrology protocol based on virtual channel purification (VCP)25. VCP
offers distinct advantages over VSP by allowing errormitigation at arbitrary
circuit locations rather than solely at the final output state. Therefore, errors
in quantum metrology can be suppressed before they are too large to
mitigate. However, both VSP and VCP rely on performing collective
quantum operations on different quantum subsystems to “purify" the
target quantum state. These operations may introduce substantial
noise to physical experiments, thereby limiting the practical effec-
tiveness of these methods.
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To further address this problem, we propose enhanced virtual channel
purification that incorporates probabilistic error cancellation (PEC)16,17

specifically tailored for VCP, referred to as VCP-PEC. While the combi-
nation of PECwithVCP has been discussed previously25, our analysis of the
impactof noise at various positionswithinVCPcircuits reveals the existence
of noise at certain positions that introduces no systematic errors. Conse-
quently, PEC is strategically applied only at critical positions to efficiently
cancel errors. The strategy for applying PEC can be naturally adapted for
VSP, leading to the enhanced virtual state purification (VSP-PEC).Here, we
focus on the sequential feedback scheme of quantum metrology, as it has
been shown to outperform the parallel scheme in Hamiltonian parameter
estimation and is more experiment-friendly26.

Notice that the cost of exactly mitigating general noise grows
exponentially with the number of noisy quantum operations27–29,
which can easily overwhelm the polynomially enhanced precision in
quantum metrology30–33. Notably, the error analysis of VCP-PEC
indicates the significant reduction of bias while maintaining quantum
advantage when the number N of utilized encoding channels, each
with an error rate p, is no more than the order of p−1. For N in the
range of Oðp�1Þ, the effectiveness of both enhanced virtual pur-
ification methods is systematically demonstrated through numerical
simulations for both single- and multi-parameter estimation tasks.
Our results not only exhibit a significant improvement in the pre-
cision of the estimated parameters but also showcase their robustness
against practical noise and imperfect noise model characterization. In
addition, we emphasize that the above analysis is applicable beyond
quantum metrology, indicating the versatile potential of our
enhanced virtual purification methods across a wide spectrum of
quantum information processing and quantum computation
applications.

Methods
Settings and typical quantum error mitigation methods
In a typical quantum metrology setup, a probe state ρ is prepared,
then evolved into ρλ through one or more applications of an
encoding unitary Uλ, which contains K unknown parameters
λ = (λ1, λ2, ⋯ , λK). Information about λ can be extracted using a
positive operator-valued measurement (POVM) {Ex}, where ∑xEx = I.
The probability of obtaining a specific measurement outcome x is
determined by the Born rule PðxjλÞ ¼ trðExρλÞ. By repeating this
measurement process many times, a sequence of outcomes is col-
lected. From this data, an estimate λ̂ ¼ ðλ̂1; λ̂2; � � � ; λ̂K Þ of the
unknown parameters λ can be derived. Figure 1 illustrates the
sequential feedback scheme for this process regarding the multiple
uses of Uλ. The green boxes represent quantum gates, while the red
circles indicate local noise occurring immediately after each quantum
gate due to imperfect quantum operations. We visualize the state and
measurement preparation processes with noise in the two gray boxes,
respectively, and the output state is subsequently measured on a
computational basis. The blue box represents the parameter encoding
stage. In this scheme, immediate feedback control, denoted as Vi, is
allowed after each application of the encoding unitary Uλ.

To suppress the effects of noise in quantum metrology, VSP-based
quantum metrology has been proposed to enhance the precision and sen-
sitivity of parameter estimation20–22. Specifically, themth-order VSP utilizes
m copies of the target state ρ to measure expectation values with respect to
the state

ρm :¼ ρm

trðρmÞ ¼
P

ip
m
i ∣ii ih ∣P
ip

m
i

;

where ρ ¼Pipi∣ii ih ∣ represents the spectral decomposition of ρ. This
approach exponentially suppresses the relative weights of the nondominant
eigenvectors inm. Figure 2a exemplifies the circuit implementation of VSP
whenm = 2, where the error-mitigated expectation value of the observable

O is given by

hX � Oi
hX � I2n i

¼ trðOρ2Þ
trðρ2Þ ;

with the sampling cost Cem � trðρ2Þ�2 19. However, it is important to note
that VSP can only be applied to the output state. If the circuit is too complex
and accumulates significant errors, causing the dominant eigenvector of ρm

to deviate substantially from the noise-free state, VSP-based quantum
metrology might not ensure even a constant factor reduction in the bias21.

To tackle this problem, we now introduce VCP to quantum
metrology25. In practice, suppose a quantum unitary channel U is followed

by the noise channel E ¼ p0I 2n þ
P4n�1

i¼1 pi , where I 2n stands for the

2n-dimensional identity channel and ðρÞ ¼ EiρE
y
i denotes the channel for

a given error component. Crucially, we require p0 > pi for all i, meaning the
leading component of E is the identity channel. Consistent with the
assumptions made in VSP19,24, the noise channel E is assumed to be Pauli
noise, with Ei being Pauli operations. For general noise, it can be converted
into Pauli noise using Pauli twirling34,35. DefineUE ¼ E � U . The goal of the
mth-order VCP is to exploit m copies of UE to realize UEðmÞ ¼ EðmÞ � U ,
where the purified noise channel is of the form

Since the identity channel I 2n is the dominant component, the noise rate of
EðmÞ decreases exponentially asm increases. The circuit implementation of
VCP with m = 2 is illustrated in Fig. 2b. Similarly, the error-mitigated
expectation value of the observable O is given by

hX � Oi
hX � I2ni

¼ tr OEð2Þ � UðρÞ� �
:

Let Pm ¼P4n�1
i¼0 pmi , the sampling cost is Cem � P�2

m , which is similar to
that obtained for VSP. However, compared with VSP, VCP can provide
even exponentially stronger error suppression for global noise25.

For a sequence of quantum operations, instead of applying VCP to the
entire circuit, we can adopt a layer-wise implementation of VCP, as illu-
strated in Fig. 2c. This approach allows for error suppression before it
accumulates as the dominant component of the noise channel, thereby
circumventing the issues encountered in VSP. Specifically, the control qubit
can be reused for each layer. Instead of resetting the ancillary input to the
maximally mixed state, random unitary gates can be utilized to achieve the
same effect. Notably, since the Pauli group forms a unitary 1-design, we can
simply apply random Pauli gates between two layers of VCP to replace the
maximallymixed state, as depicted by the orange boxes in Fig. 2c.Moreover,
this method of implementing the maximally mixed state does not increase
the sample complexity of VCP25.

Enhanced virtual purification
Since VCP canmitigate noise before it gets out of control and has a stronger
error suppression capability compared to VSP, we introduce it to improve
the precision of quantummetrology. However, though VCP is theoretically
effective, its practical performance is hindered by noise that occurs during
the execution of these protocols. In particular, the controlled-SWAP
(cSWAP) gate is notably noisy due to its complex implementation36. In
Supplementary Note 1, we examine the performance of these virtual pur-
ification methods with and without cSWAP noise in a single-parameter
estimation task. The results show that VCP achieves higher precision than
VSP, but the benefits of both VCP and VSP are diminished, or can even be
negated, in certain scenarios due to this noise. Thus, additional QEM
methods should be considered to address the noise in cSWAP gates. The
combinations of QEM methods with virtual purification methods
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Several QEM methods have been discussed for incorporation with
virtual purificationmethods24,25. To exactlymitigate errors, we adopt PEC to
enhance their performance. The sampling cost and the number of different
quantum circuits involved in PEC can grow exponentially with the number
of noise locations (please refer to SupplementaryNote 2 formore details on
PEC). In fact, for general noise, this exponential growth is theoretically
unavoidable for mitigating general noise exactly27–29. For an n-qubit quan-
tum state ρ, the mth-order VCP introduces noise at OðmnÞ locations.
Although in the sequential schemeof quantummetrologyn ¼ Oð1Þ usually
holds, given limited experimental resources in practice, a natural question
arises: Canwe reduce the sampling cost and the number of different circuits
needed further for the VCP circuit rather than trivially applying PEC to all
noise locations? The answer, as it turns out, is yes.

Take the single-layer VCP circuit with m = 2, for example, and the
insights gained can be naturally extended to larger m. The input quantum
state in theVCP circuit reads ∣þi þh ∣� I2n=2

n � ρ 2 H2
ctrl �H2n

anc �H2n
tar,

whereHctrl,H2n
anc andH2n

tar refer to the Hilbert spaces of the control (first),
ancillary (second), and target (last) subsystems shown in Fig. 2b, respec-
tively.Assuming local noisemodels, the noise introducedby theVCPcircuit
can be divided into four categories: circled1 noise in the control subsystem,
circled2 noise in the last two subsystems between two cSWAP layers and
circled3 (circled4) noise in the ancillary (target) subsystem after the second
cSWAP layer, as illustrated in Fig. 3. For noise in circled2, it is naturally
mitigated by the VCPmethod, and noise in circled3 can be ignored since it
has no impact on the final result. Additionally, the noise in circled4 only
affects themeasurement results of the observableO. Therefore, its impact on
the final result varies depending on the observableO, while for an arbitrary
observableO, additionalQEMprotocols can be introduced to realize the full
benefits of VCP.

Noise in circled1 is the most complex case. Suppose each noise in
circled1 is characterized by the quantum channelF , and the noise between
the cSWAP layers in each of the ancillary and target subsystems is repre-
sented by the quantum channel E. Then, according to the following theo-
rem, it turns out that many types of errors in the control subsystem do not
introduce systematic error; rather, they only increase statistical error.

Theorem1. Suppose noise channels E ¼P4n�1
i¼0 pi andF ¼P3

i¼0 qi
are completely positive trace-preserving (CPTP) channels that satisfy the
properties

trðEiE
y
j Þ=2n ¼

0; i≠ j

ei; i ¼ j

�
and

F ð∣ii j
�
∣Þ ¼

f ij∣ii j
�
∣; i≠jP

k f
ðiÞ
k ∣ki kh ∣; i ¼ j

(
;

where ei 2 R and f ij; f
ðiÞ
k 2 C. Then, for a local noise channelF and an n-

qubit quantum state ρ, it holds that

hX � Oi~ρout
hX � I2ni~ρout

¼
hX � Oiρout
hX � I2n iρout

;

where ~ρout and ρout denote the output states of the virtual channel pur-
ification circuit, with and without the existence of F , respectively.

By directly calculating the expectation values, it holds that

hX � Oi~ρout ¼ ηmtrðOÊ
ðmÞðρÞÞ and hX � I2ni~ρout ¼ ηm, where Ê

ðmÞ ¼ P̂
�1
m

with P̂m ¼P4n�1
i¼0 pmi e

m�1
i , and ηm :¼ Realðf 301ÞP̂m. Meanwhile, in the

absence of F , the expectation values are similar but with Realðf 301Þ ¼ 1.
Therefore, by dividing these two expectation values, the effect of F is

Fig. 1 | Sequential feedback scheme of quantum metrology. Green boxes represent
quantum gates, while red circles indicate local noise occurring immediately after each
quantumgate. Particularly, thefirst gray box, the blue box, and thefinal gray box represent
the state preparation stage, parameter encoding stage, andmeasurement preparation stage,
respectively. Subsequently, the output state is measured on a computational basis.

Fig. 2 | Circuit implementations of virtual pur-
ificationmethods. The 2nd-order implementations
for a virtual state purification (VSP), b virtual
channel purification (VCP), and c L-layer VCP are
illustrated. Green boxes denote quantum gates,
while red circles indicate noise present in the target
quantum circuit. Here, the implementation of VSP
andVCP is assumed to be noise-free. Quantumgates
Pi in the orange boxes are the tensor product of
single-qubit random Pauli unitaries.

Fig. 3 | Noise categories for the virtual channel purification circuit. Green boxes
represent quantum gates, and red circles indicate local noise. Noise is classified into four
types indicated by numbered light blue boxes: circled1 noise in the control subsystem,
circled2 noise in the last two subsystems between two cSWAP layers, and circled3
(circled4) noise in the ancillary (target) subsystem after the second cSWAP layer.

https://doi.org/10.1038/s42005-025-02383-9 Article

Communications Physics |           (2025) 8:481 3

www.nature.com/commsphys


canceled, resulting in the same result as ifF were not present. Please refer to
Supplementary Note 3.1 for more details.

Based on the properties discussed in Theorem 1, we can identify spe-
cific types of noise channels that satisfy these conditions. For example, E can
be noise channels such as the Pauli channel and amplitude-damping
channel. Similarly, F may also encompass noise channels like the
amplitude-damping channel, as well as the Pauli channel with equal
probabilities forX andY errors, e.g., the depolarizing channel anddephasing
channel. These noisemodels are common physical processes that can occur
in real quantum systems; hence, the analysis can be applied to a wide range
of practical scenarios. Therefore, only noise in circled4 affects the behaviors
of VCP significantly. The numerical simulations in SupplementaryNote 3.3
verify our analysis.

Furthermore, for multi-layer VCP, the analysis remains applicable for
noise in circled1, circled2, and circled4.However, noise in circled3 cannot be
naturally ignored if it occurs in the middle of the circuit. It is important to
note that the initial state of the ancillary subsystem for each VCP layer is
reset to the maximally mixed state. Specifically, let the quantum state of the
ancillary subsystem after noise in circled3 be ρ. It holds that
EPðPρPÞ ¼ I2n=2

n, where P is the tensor product of single-qubit random
Pauli unitaries37. Therefore, noise in circled3 is automatically erased.
Additionally, for the noise introduced by performing P, when the noise
channelN is unitary, such as depolarizing and dephasing channels where
N ðIdÞ ¼ Id , theyhaveno effect onVCP.Even for nonunital noise channels,
such as the amplitude-damping channel, since P is the tensor product of
single-qubit randomPauli unitaries,with an error ratemuch lower than that
of cSWAP gates, we can simplify the analysis by ignoring this noise.

In summary, for a noise channelF satisfying the condition defined in
Theorem 1, only noise in circled4 is critical to the performance of VCP.
Therefore, PEC can be applied to mitigate noise in circled4 for each VCP
layer. If the noise channelF violates the condition, PEC can also be applied
to the control subsystem. Given that the control subsystem has a dimension
of only 2, and PEC only needs to be applied to the number of locations
proportional to the number of VCP layers, the cost of this part can be
effectivelymanaged. For simplicity,we primarily focuson the casewhere the
condition holds. As a consequence, the additional cost of applying PEC
involves characterizing the noise model, which can be accomplished using
quantum process tomography38,39. Although quantum process tomography
generally requires exponential resources with respect to system size, in the
context of our task, we only need to focus on the cSWAP gate. This targeted
scenario significantly reduces the overhead, making the cost acceptable. In
contrast, typical quantum metrology that incorporates prior knowledge of
all noise models into the estimator requires quantum process tomography
for all quantum operations in the entire quantummetrology process, which
may result in exponential cost for characterizing noise models or accu-
mulated error from imperfect noise characterization.

Figure 4a illustrates the enhanced framework for VCP that incorpo-
rates PEC, referred to as VCP-PEC. In addition to the layer-wise

implementation ofVCPshown inFig. 2c, the quantumgatesGi in the yellow
boxes are performed on the target subsystem to mitigate errors via PEC.
Please refer to Supplementary Note 2 for more details on the optimal for-
mation of Gi for several common types of noise channels. Additionally, the
above conclusion also applies to VSP, as shown in Supplementary Note 3.2.
Therefore, the performance of VSP can also be enhanced using the circuit
presented in Fig. 4b, which is referred to as VSP-PEC.

Error analysis
For different quantum metrology tasks, one common goal is to extract the
information of unknown parameters λ from the expectation value trðOρÞ,
where ρ encodes λ andO is an observable. Let Ô be a biased estimator of the
noise-free expectation value 〈O〉ρ, the corresponding mean squared error
(MSE) is defined as

MSEðÔÞ ¼ E Ô� hOiρ
� �2� 	

¼ BiasðÔÞ2 þ VarðÔÞ

with BiasðÔÞ ¼ E½Ô� � hOiρ and VarðÔÞ ¼ E½Ô2� �E½Ô�2.
Let ρ ¼ UD � � � � � U1ðρinÞ, their noisy implementationbe represented

by ~ρ ¼ ED � UD � � � � � E1 � U1ðρinÞ, where each noise channel Ei is of an
error rate pi. Notice that U � E ¼ E0 � U , where E0 ¼ U � E � Uy. There-
fore, we can iteratively apply this relation to delay all noise channels at the
end, i.e.,~ρ ¼ EtotðρÞ. For simplicity, we assume the error components of Etot
satisfy the orthogonality defined in Theorem 1, and the noise-free prob-
ability is approximated as pideal =∏i(1− pi).

In single-layer mth-order VCP-PEC, for noise channels satisfying
Theorem 1, the noise increases the systematic error only exists between the
cSWAP layers, which can bemerged into the noise channel Etot. Hence, the
noise-free probability is increased from pideal to pV CP�m

ideal ¼ pmidealP̂
�1
m . Then,

we have

jBiasðÔÞj ¼ jtr Oð~ρ� ρÞ� �j
≤ k Ok1 k ~ρ� ρk1
¼ ð1� pV CP�m

ideal Þ k Ok1 k ρ̂� ρk1
≤ 2ð1� pV CP�m

ideal Þ k Ok1;

ð1Þ

where ρ̂ is defined by ~ρ ¼ pV CP�m
ideal ρþ ð1� pV CP�m

ideal Þρ̂.
Furthermore, recall that VCP-PEC constructs the estimator by divi-

sion, specifically
P

i
αihXii~ρ0P
i
αihYii~ρ0

. Here, the observables X ⊗ O and X � I2n are

modified to Xi and Yi, respectively. These modified observables are per-
formed on the same quantum state ~ρ0, ensuring that hXii~ρ0 ¼ hX � Oi~ρi
and hYii~ρ0 ¼ hX � I2ni~ρi , where~ρi denotes the output state of the i-thVCP-

Fig. 4 | Schemes of enhanced virtual purification
that incorporate probabilistic error cancellation.
a Enhanced virtual channel purification and
b enhanced virtual state purification. Green boxes
denote quantum gates, while red circles indicate
noise present in the target quantum circuit. Quan-
tum gates Pi in the orange boxes are the tensor
product of single-qubit random Pauli unitaries.
Meanwhile, quantum gates G and Gi in the yellow
boxes are random gates inserted to cancel the effect
of noise in the target subsystem.
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PEC circuit. The variance of this estimator can be approximated by

Var
x
y


 �
� μ2x

μ2y

VarðxÞ
μ2x

� 2
Covðx; yÞ
μxμy

þ VarðyÞ
μ2y

 !
; ð2Þ

where x and y stand for the estimators of
P

iαihXii~ρ0 and
P

iαihYii~ρ0 ,
respectively, with expectation values μx ¼ ηmtrðOÊ

ðmÞðρÞÞ and μy = ηm.
Particularly, notice that observablesX⊗O andX � I2n commutewith each
other, so they can be measured simultaneously in each circuit run. Hence,
we assume that both the nominator and the denominator are estimated
using ν circuit runs. By calculating the corresponding variances and cov-
ariance in Eq. (2), it can be derived that the sampling cost required to limit

the variation to be ϵ2 for a bounded observableO is ν ¼ O γ2

ϵ2η2m

� �
, where γ is

a value related to PEC that grows exponentially with the number n of qubits
of ρ. Particularly, in the sequential scheme of quantummetrology, n is often
kept constant. For more details, please refer to Supplementary Note 4.

Additionally, the analysis of variance in the Supplementary Note 4
quantifies the statistical error introduced by each noise in the control
subsystem. As discussed in Supplementary Note 5, the optimal cost to
mitigate the noise can be higher than simply ignoring the noise. This
finding is reasonable, as the sampling cost for QEM mentioned earlier is
designed to handle arbitrary circuits, whereas the sampling cost we
derived applies specifically to virtual purification-based quantum circuits.
Nonetheless, this observation further underscores the efficiency of our
protocol.

In summary, as m increases, BiasðÔÞ2 approaches zero while the
variance increases correspondingly. This establishes a fundamental
trade-off between bias reduction and variance control in BiasðÔÞ2 and
VarðÔÞ. Notice that for general noise, unbiased estimation requires
VarðÔÞ to grow exponentially with respect to the number of noisy
quantum operations27–29, which can easily overwhelm the polynomially
enhanced precision in quantum metrology. Therefore, a meaningful
question emerges: Can VCP-PEC achieve significant bias reduction while
preserving the quantum advantage? Our subsequent results demonstrate
that this is indeed possible.

Results
Quantum advantage in error-mitigated quantummetrology
In quantum metrology, the standard quantum limit (SQL) describes
the error scaling with the number N of utilized encoding channels,
which is proportional to 1/N. A faster decrease in MSE with N
presents a quantum advantage. To observe the scaling of BiasðÔÞ2
and VarðÔÞ in N, a local single-parameter estimation task is con-
sidered. Assume that the estimator λ̂ of λ is proportional to Ô=N20,21.
In this case, the values of Biasðλ̂Þ2 and Varðλ̂Þ scale as BiasðÔÞ2=N2

and VarðÔÞ=N2, respectively. Let n = 1, and suppose that the error
rates for single-qubit gates and cSWAP gates are 0.001 and 0.05,
respectively. Figure 5a illustrates the scaling behavior of Biasðλ̂Þ2 and
Varðλ̂Þ based on Eqs. (1) and (2), with the black dashed line
representing the noisy scenario without QEM for comparison. When
N is less than 103, VCP-PEC notably reduces the bias. For m = 2, 3,
the variance scaling continues to demonstrate a quantum advantage
compared to the SQL, indicated by the gray dashed line. However,
since (1− p)N≈1− pN for small p, when N exceeds 103, the noise-
free probability pideal can no longer dominate the noise channel Etot.
Therefore, the advantage of single-layer VCP-PEC in bias gradually
vanishes, and the corresponding variance reaches its max-
imum value.

To further enhance the performance of VCP-PEC, a multi-layer
implementation can be employed. The scaling of bias and variance
can be determined by extending the previous analysis. Figure 5b
presents the results for the 2nd-order VCP-PEC. For small N, the
single-layer implementation is most effective, as additional layers are
impeded by noise introduced by the cSWAP gates. However, when N
exceeds 100, the multi-layer VCP-PEC outperforms the single-layer
one, enabling higher precision in parameter estimation. For larger L,
the value of N at which the bias of VCP-PEC converges to the noisy
case increases, demonstrating the effectiveness of the multi-layer
VCP-PEC. Additionally, although the variance (specifically, the value
of γ) scales exponentially with the number of layers L, for probe
states of constant size, the increase in variance can still be manage-
able under practical values of L.

Therefore, whenN ¼ Oðp�1Þ, where p is the error rate of the encoding
channel, there exists a region where VCP-PEC achieves substantial bias
reduction while effectively controlling variance to preserve quantum
advantage. For practical implementations, setting m = 2 with a constant L
could be a suitable choice.

Fig. 5 | Scaling of the bias and variance of the estimatorbλ.The results are presented
for a various ordersmwith single-layer enhanced virtual channel purification (VCP-
PEC) and b varying numbers of VCP-PEC layers withm = 2 across different values
of N, which is the number of utilized encoding channels. Particularly, the scaling of

the standard quantum limit (SQL) and the Heisenberg limit (HL) are depicted by
gray and black dashed lines, respectively, in the bottom subfigures of (a) and (b) to
benchmark the performance of VCP-PEC.
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Numerical simulation of multi-parameter estimation
In this section, the performance and robustness of enhanced virtual pur-
ificationmethods are evaluated for multi-parameter estimation tasks under
various types of noise. In each scenario, we compare the behavior of five
methods: the original noisy method, VSP, VCP, VSP-PEC, and VCP-PEC.
Supplementary Note 6 also presents the comparisons of these methods for
single-parameter estimation tasks. Our observations indicate that
the enhanced virtual purification methods not only significantly improve
the precision and sensitivity of quantum metrology but also showcase the
robustness against practical noises.

Specifically, we consider the Hamiltonian for a spin-1/2 in a magnetic
field. The Hamiltonian is written as HðλÞ ¼ Bðsin θ cos ϕX þ
sin θ sin ϕY þ cos θZÞ, where λ = (B, θ, ϕ) are the unknown parameters to
be estimated. Let the probe state be the maximally entangled state
∣ψ
� ¼ 1ffiffi

2
p ð∣00i þ ∣11iÞ. The output state evolves underUλ = e−iH(λ)t⊗ I2 for

N times and is thenmeasured using aBell-statemeasurement. TheBell basis
is defined as: ∣ϕ1

� ¼ ∣ψ
�
; ∣ϕ2

� ¼ 1ffiffi
2

p ð∣00i � ∣11iÞ; ∣ϕ3
� ¼ 1ffiffi

2
p ð∣10i þ ∣01iÞ

and ∣ϕ4
� ¼ 1ffiffi

2
p ð∣10i � ∣01iÞ. In the noise-free case, the probabilities of

obtaining each measurement outcome are

Pð1jλÞ ¼ cos2ðBtNÞ;
Pð2jλÞ ¼ sin2ðBtNÞcos2θ;
Pð3jλÞ ¼ sin2ðBtNÞsin2θcos2ϕ;
Pð4jλÞ ¼ sin2ðBtNÞsin2θsin2ϕ;

ð3Þ

which saturate the quantum Cramér–Rao bound26.

Sequential scheme without feedback. Following the experimental
setup mentioned above, we first evaluate the performance of different
methods using the sequential scheme without feedback. Set

λ = (1, 0.9, 0.8) and t = 0.001. The error rates for single-qubit gates, two-
qubit gates, and cSWAP gates are 0.001, 0.01, and 0.05, respectively. By
obtaining the measurement outcome probability, the estimate λ̂ can be
derived from Eq. (3). Define the gap between λ̂ and λ as k λ� λ̂k1. The
performance of VCP and VCP-PEC is presented at the optimal layer L*,
with a maximum of 3 layers.

For N ∈ {10, 50, 100, 200, 500, 800, 1 000}, Fig. 6a–c depicts the
performance of thesemethods under different noise conditionswith infinite
measurement shots.Asobserved, the enhancedvirtual purificationmethods
significantly outperform other methods in the presence of depolarizing
noise. VSP-PEC performs well when N is small; however, as the error
accumulates to a substantial level, it is surpassed byVCP-PEC, which aligns
with theoretical analysis. For dephasing and amplitude-damping noise,
VCP-PEC shows superior performance with larger N, highlighting its
potential for application in complex circuits.

Furthermore, we also evaluate the behavior of these methods with a
limited number of measurement shots, specifically ν= 106. By repeating the
experiments 10 times, Fig. 6d–f presents the mean values of the gaps between
the estimated and exact values for each method, depicted by solid lines. The
shaded areas represent the corresponding 95% confidence intervals, with the
exact values of these intervals detailed in the inset subfigure. Consistent with
theoretical analysis, the error-mitigated estimators are more sensitive to var-
iations in the sampled measurement outcomes, and all four QEM methods
exhibit wider confidence intervals than the original noisy quantum circuits.
Specifically, the use of PEC in the enhanced virtual purificationmethods leads
to slightly wider confidence intervals than their original versions. Among
them, VCP-PEC shows greater variance than VSP-PEC, as its multi-layer
implementation involves multiple applications of PEC. However, the intro-
duction of PEC does not significantly increase the confidence interval.

Additionally, in both the infinite and limited measurement shot
number cases, the optimal number of layers for VCP is typically 1, whereas

Fig. 6 | Multi-parameter estimation gaps for different N under different types of
noise channels.Here, N represents the number of encoding channels used, and five
methods are evaluated: the original noisy method, virtual state purification (VSP),
virtual channel purification (VCP), enhanced VSP (VSP-PEC), and enhanced VCP
(VCP-PEC). (a–c) plot the performance of different methods under depolarizing,
dephasing, and amplitude-damping noise with infinite measurement shots,

respectively, while (d–f) correspond to cases with measurement shots ν = 106. In
scenarios with a limited number of measurement shots, experiments are conducted
10 times to calculate the mean values of the gaps and the 95% confidence intervals.
These are represented by solid lines and shaded areas, respectively. Additionally, the
exact values of these confidence intervals are provided in the inset subfigures.
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for VCP-PEC, the optimal layers are often 2 or 3. By incorporating PEC, the
errors introduced by the cSWAP gates are efficientlymitigated, allowing for
more VCP layers, which further reduce the error in the target circuit.

Sequential feedback scheme. To further enhance the sensitivity of
quantum metrology, the sequential feedback scheme is widely adopted.
For the multi-parameter estimation task described above, the optimal
controlVi after the i-th encoding unitaryUλ has been proved to beU

y
λ for

any i26. Therefore, for simplicity, we denote the optimal control as V
without referencing i. Since λ is not known apriori,V can initially be set to
the identity and then updated adaptively as V ¼ Uy

λ̂
, where λ̂ is the

estimated value of λ at each iteration. Instead of obtaining λ̂ via Eq. (3), we
now estimate λ using the maximum likelihood estimator40. Let
x = (x1, ⋯ , xν) with xi ∈ {1, 2, 3, 4} represent the sequence of mea-
surement outcomes, and let the model (noise-free) distribution QV(x∣λ)
denote the probability of obtaining measurement outcomes x given
control V and parameters λ. Since QV(x∣λ) can be calculated easily, an
estimate λ̂ can be obtained byminimizing the negative log-likelihood loss

argmin
λ̂

� logQV ðxjλÞ ¼ argmin
λ̂

�ν
X4
x¼1

P̂V ðxjλÞ logQV ðxjλÞ; ð4Þ

where P̂V refers to the empirical (noisy) distribution computed from x. By
repeatedly replacing V with Uy

λ̂
and optimizing Eq. (4) to find a new λ̂, λ̂ is

expected to converge to λ.
Toobserve the behaviors of differentmethods,we setλ ¼ ðπ4 ; π6 ; π6Þ, and

the output state is measured using a rotated Bell-state measurement by a
local operation ei

π
3
ffiffi
3

p ðXþYþZÞ. Additionally, let N ¼ 150; t ¼ 1
2N, and sup-

pose the error rates for single-qubit gates, two-qubit gates, and cSWAPgates
are 0.005, 0.01, and 0.025, respectively. For VCP and VCP-PEC, the per-
formance of the single-layer implementation is evaluated.

Set the number of iterations to 10, and each iteration with the mea-
surement shots ν = 105. By repeating the experiment 10 times, Fig. 7 depicts
the average performance of different methods under different noise chan-
nels. Dephasing noise is not considered, as its effect does not vary much for
different single-layer virtual purification-based circuits measuring on the
computational basis. Specifically, the figure plots the gaps between the
estimated measurement outcome probability P̂V and the noise-free prob-
ability PV, i.e., k P̂V � PVk1, as well as the gaps between the estimated

parameters λ̂ derived from P̂V and the true parameters λ at each iteration for
each type of noise channel, shown as solid lines. The results demonstrate
that error-mitigated estimations significantly outperform the results of the
original noisy quantum circuits for depolarizing noise. However, VSP and
VCP do not achieve improved performance with QEM under amplitude-
damping noise, whereas both enhanced virtual purification methods
maintain their advantages. In particular, in these tasks, VCP-PEC achieves
the highest precision for PV, leading to the best estimation of λ.

As a comparison, the corresponding estimations from these methods
obtained through a single iteration optimization with the same measurement
cost, i.e., ν= 106, are shown by dashed lines. The behavior of these methods
generally remains consistent with previous observations, while highlighting the
advantage of sequential feedback schemes over those without feedback control.

Robustness
In the previous analysis, the noise model was assumed to be local; however,
in practice, the application of cSWAP gates can involve correlated noise.
Furthermore, the implementation of enhanced virtual purificationmethods
requires the characterization of cSWAPgate noise.Due to the imperfections
in quantum operations, accurately characterizing the noise model may be
infeasible. To evaluate the robustness of our enhanced virtual
purification methods against practical noise, two types of noise models
are considered for cSWAP gates: EDPðp0; p1Þ ¼ �3i¼1EðiÞ

DPðp0Þ � Eglobal
DP ðp1Þ

and EFPðp0; p1Þ ¼ �3i¼1EðiÞ
PFðp0Þ � Eglobal

PF ðp1Þ. Here, EðiÞ
DPðp0Þ (EðiÞ

PFðp0Þ) refers
to the local depolarizing (dephasing) channelwith error rate p0 acting on the

i-th qubit, while Eglobal
DP ðp1Þ (Eglobal

PF ðp1Þ) represents the global depolarizing
(global dephasing, i.e., Eglobal

PF ðp1Þ ¼ ð1� pÞI 23 þ pZ�3) channel with
error rate p1. Particularly, the performances of VSP and VCP are excluded
from consideration, as they do not require prior knowledge of the noise
model in cSWAP gates.

For each noise type, we assume a 10% relative error in estimating the
error rate of cSWAP gates. Specifically, let the noise in cSWAP gates
be EDPð0:05; 0:01Þ, and the PEC targeting canceling only the local noise
�3i¼1EðiÞ

DPð0:055Þ is applied. Analogously for EPFð0:05; 0:01Þ. Based on the
experimental setup described in the “Sequential scheme without feedback”
subsection in the “Results” section, Fig. 8 presents the corresponding results.
The dashed lines display the results when PEC perfectly cancels cSWAP
noise in the target subsystem, as shown in Fig. 6a and b, while the solid lines

Fig. 7 | Multi-parameter estimation gaps at different iterations under various
types of noise channels. Results are presented for five methods: the original noisy
approach, virtual state purification (VSP), virtual channel purification (VCP),
enhanced VSP (VSP-PEC), and enhanced VCP (VCP-PEC), under a depolarizing
noise and b amplitude-damping noise. For each type of noise channel, the gaps of the
estimated measurement outcome probability P̂V and the estimated parameters λ̂

derived from P̂V at each iteration are plotted by solid lines. The number of mea-
surement shots for eachmethod is set to ν = 105. For comparison, the corresponding
estimations obtained from a single iteration optimization with measurement shots
ν = 106 are represented by dashed lines. Eachmethod is repeated 10 times to calculate
the mean values of the gaps and the 95% confidence intervals, which are represented
by lines and shaded areas, respectively.
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represent the performance of these enhanced virtual purification methods
under practical noise with imperfect PEC cancellation of local noise. For
VSP-PEC, the gaps change little for depolarizing noise and remain
unchanged for dephasing noise, as measurements are taken in the com-
putational basis. Besides, VCP-PEC achieves descent or even more precise
parameter estimation for both types of noise. Thus, our enhanced virtual
purification methods demonstrate robustness against practical noise, indi-
cating their potential for practical applications.

Conclusions
Targeting significant noise accumulation and noisy implementations of
QEM protocols, VCP-PEC is proposed to achieve more precise estimations
for unknown parameters on near-term devices. Specifically, VCP-PEC
addresses the limitation of VSP in handling substantial noise accumulation
and fully exploits the efficacy of VCP. Moreover, it mitigates errors with a
reasonable sampling cost, as the number of noise locations where PEC is
applied is well managed. Additionally, our strategy for applying PEC can be
naturally adapted for VSP. For shallow circuits, VSP-PEC can achieve
comparable performance to VCP-PEC, making it a good choice for practical
applications due to its simpler implementation. The efficacy of these
enhanced virtual purification methods is systematically evaluated for both
single- and multi-parameter estimation tasks under various types of noise
channels, where a significant improvement is achieved compared with the
original noisy and virtual purification methods. Notably, they also demon-
strate robustness against correlated noise and the inexact characterization of
noise models, underscoring their significance in practical applications.

Additionally, the scaling of bias and variance for VCP-PEC has been
analyzed. It was found that VCP-PEC significantly reduces bias while
maintaining a quantum advantage when the number of involved encoding
unitaries is less than the inverse of the error rate of the encoding channel.
This is consistent with numerical simulations for specific parameter esti-
mation tasks. However, to further suppress noise beyond this range, the
quantumadvantage in variance scaling candisappear. Thus, incorporating a
QEM method with QEC is necessary to achieve a practical quantum
advantage22. We leave this integration for future work. Lastly, it is particu-
larly noteworthy that both enhanced virtual purification methods can be
naturally extendedbeyondquantummetrology andcan thereforebe applied
to various tasks in quantum information and quantum computation.

Data availability
Datasets generated during the current study are available from the corre-
sponding authors on reasonable request.

Code availability
The code supporting the findings of this study is available from the corre-
sponding author upon reasonable request.
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