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A B S T R A C T 

A neutron star (NS) accreting matter from a companion star in a low-mass X-ray binary (LMXB) system can spin up to become a 
millisecond pulsar (MSP). Properties of many such MSP systems are known, which is excellent for probing fundamental aspects 
of NS physics when modelled using the theoretical computation of NS LMXB evolution. Here, we systematically compute 
the long-term evolution of NS, binary, and companion parameters for NS LMXBs using the stellar evolution code MESA . We 
consider the baryonic to gravitational mass conversion to calculate the NS mass evolution and show its cruciality for the realistic 
computation of some parameters. With computations using many combinations of parameter values, we find the general nature 
of the complex NS spin frequency ( ν) evolution, which depends on various parameters, including accretion rate, fractional 
mass-loss from the system, and companion star magnetic braking. Further, we utilize our results to precisely match some main 

observed parameters, such as ν, orbital period ( P orb ), etc., of four accreting millisecond X-ray pulsars (AMXPs). By providing 

the ν, P orb , and the companion mass spaces for NS LMXB evolution, we indicate the distrib ution and plausible ev olution of a 
few other AMXPs. We also discuss the current challenges in explaining the parameters of AMXP sources with brown dwarf 
companions and indicate the importance of modelling the transient accretion in LMXBs as a possible solution. 

Key words: accretion, accretion discs – methods: numerical – binaries: general – stars: neutron – pulsars: general – X-rays: 
binaries. 
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 I N T RO D U C T I O N  

 neutron star (NS) low-mass X-ray binary (LMXB) is a binary
tellar system, in which the NS accretes matter from a low-mass
 �1 . 5 M �) companion or donor star, when the latter fills its Roche
obe (RL; Bhattacharya & van den Heuvel 1991 ). The magnetic field
f an NS in such a system is decayed to a lower value of ∼10 8 −10 9 

, and the lifetime of an LMXB is typically �1 Gyr. Such a system
rimarily emits X-rays from the inner part of its accretion disc,
hrough which matter is transferred to the NS, as well as from the
S surface. The high specific angular momentum of the accreting
atter from the disc can spin up the NS to frequencies of several

undred Hz. A few of such rapidly spinning NSs can be observed as
illisecond pulsars (MSPs). These recycled MSPs with low magnetic
eld and high spin frequency occupy a distinctly different region in

he NS magnetic field ( B) versus NS spin period ( P ) plot relative to
he more numerous slowly spinning pulsars (Bhattacharya & van den
euv el 1991 ). Man y of the NS LMXBs, having magnetic field strong

o channel the accreted matter to the magnetic poles, show periodic
-ray intensity variation at the NS spin frequency ( ν), and hence
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re called accreting millisecond X-ray pulsars (AMXPs; Patruno &
atts 2021 ; Salvo & Sanna 2022 ). When accretion stops at the end

f the LMXB phase, we observ e man y such NSs as radio MSPs
Bhattacharyya & Roy 2021 ). 

In this paper, we aim to study the evolution trends of several NS
MXB parameters, including ν. More than 20 AMXPs (Salvo &
anna 2022 ) and hundreds of radio MSPs have been observed. Their
roperties, such as binary orbital period, companion star mass, NS
pin frequency and magnetic field, etc., are publicly available 1 in
any cases. Ho we ver, their evolution depends on various aspects of

inary evolution of their progenitors, such as the accretion through
he NS magnetosphere in a strong gravity region, the NS structure,
nd gravitational radiation (GR). Thus, the computation of NS
volution through the LMXB phase can be useful to probe these
undamental aspects of NS physics. We compute LMXB evolution
sing the ‘Modules for Experiments in Stellar Astrophysics’ ( MESA )
ode (Paxton et al. 2011 ). We particularly probe how the NS spin
requenc y evolv es through the LMXB phase, useful to understand
he known spin frequency distribution of radio and X-ray MSPs
Bhattacharyya & Roy 2021 ; Salvo & Sanna 2022 ). 

Before MESA , several authors explored the binary evolution of
MXBs and its impact on the formation of MSPs. There are three
 F or e xample, http:// www.atnf.csiro.au/ research/ pulsar/ psrcat/ . 
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Table 1. A list of input parameters with default/canonical values and ranges 
of values used for computation of NS LMXB evolution using the MESA code 
(see Section 2 ). 

Parameter Canonical value Used range 

Initial orbital period P orb (d) 1.0 0 . 5 −2 . 5 
Initial companion mass M comp (M �) 1.0 0 . 5 −1 . 5 
Initial NS spin frequency ν (Hz) 1 1 −100 

Fractional ML β 0.5 0 . 1 −0 . 9 
MB index 3 3 and 4 
A of NS moment of inertia AM NS R 

2 
NS 0.4 0 . 33 −0 . 5 

NS mass quadrupole moment (10 36 g cm 

2 ) 0 0 . 0 −190 . 8 
η 1 0 . 2 −1 
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ets of parameters for NS LMXB systems, the orbital parameters, the 
ompanion star parameters, and the NS parameters. Podsiadlowski, 
appaport & Pfahl ( 2002 ) indicated the binary parameter space of
MXBs and intermediate mass X-ray binaries (IMXBs) for which 

he system would show stable mass transfer and different mass 
echanisms would pre v ail. Liu & Chen ( 2011 ) was one of the early

apers to carefully explore the binary parameter space for which 
MXBs can evolve into radio MSPs with He white dwarf (WD) 
ompanions. Shortly afterwards, Tauris, Langer & Kramer ( 2012 ) 
escribed all the possible cases of mass transfer scenarios in LMXBs
nd IMXBs, the effect of different parameters such as magnetic 
raking (MB) index and RL decoupling to obtain the parameters 
f a few observed radio MSPs in the ν versus P orb plot. In another
aper, Istrate, Tauris & Langer ( 2014 ), they also explored the effect
f the evolution of LMXBs below the bifurcation period to obtain 
arameters of radio MSPs in tight binaries. Development of MESA 

ade the grid calculations of binaries convenient and authors such 
s Lin et al. ( 2011 ) utilized it to explain radio MSP sources by
onsidering a huge grid of progenitor LMXBs. Formation of redback 
nd black widow MSPs was explored using MESA by Chen et al.
 2013 ). Further, the formation of redback MSPs was also explained
y Jia & Li ( 2014 , 2015 ) including the effect of evaporation in the
ost-LMXB phase. A few other aspects of LMXB/IMXB evolution, 
uch as the formation of ultracompact binaries, were also studied 
sing MESA (e.g. see Chen & Podsiadlowski 2016 ; Chen et al. 2021 ).
Although authors focused on various aspects of LMXB evolution, 
ainly orbital and companion star parameters, the evolution of NS 

arameters with binary ones, particularly using MESA , is poorly 
xplored so far. A few papers, such as Tauris ( 2012 ) and Tauris et al.
 2012 ), considered the spin evolution of NS LMXBs in their grid
alculations, though their results were focused towards explaining 
he radio MSPs formed in the post-LMXB phase. Further, a few 

ecent papers, such as Li et al. ( 2021 ) and Yang & Li ( 2023 ),
sed MESA to compute binary evolutionary tracks and explore a few 

roperties of the NS, including spin frequency. Ho we ver, Yang &
i ( 2023 ) focused mainly on magnetic inclination evolution with 
arious initial parameters, while Li et al. ( 2021 ) explored maximum
ccreted mass on to NS and its effect on spin frequency evolution.
hattacharyya ( 2017 , 2021 ) considered the spin evolution of NS,
odelling the accretion phases of transient LMXBs, but the evolution 

f binary parameters was not calculated. In this paper, we consider a
ystematic variation of all the parameters of NS LMXBs, their effects 
n the evolution of NS spin frequency, and all the other relevant NS,
ompanion star, and binary parameters. 

In contrast to many works reproducing the parameters of observed 
adio MSP sources, only a few papers, such as He, Meng &
hen ( 2019 ) and Glampedakis & Suvorov ( 2021 ), attempted to

eproduce the parameters of AMXPs through long-term binary 
volution computations. He et al. ( 2019 ) matched a few observed
arameters for AMXPs such as companion mass and orbital period, 
ut not ν. Glampedakis & Suvorov ( 2021 ) considered different torque 
echanisms to explain spin-up rates of a few observed AMXPs, but 

id not consider the long-term accretion of the binary. In this paper,
e use our general results of LMXB parameter evolution to show 

hat the observed parameters, such as companion mass, orbital period, 
S spin frequency, and limiting value of NS magnetic field, can be
recisely obtained for a few AMXP sources. Overall, we provide 
he distribution of AMXP sources in the rele v ant parameter space
ncluding the spin evolution of the NS, which could not be found in
he existing literature to the best of our knowledge. 

This paper is structured as follows. We discuss the theoretical 
ackground of various aspects of LMXB evolution, along with any 
ew method, in Section 2 . Various general results of LMXB evolution
nd the corresponding figures are presented in Section 3 . In Section
 , we discuss the evolution scenario of various AMXPs and how
an their observed parameters, including spin frequency, be obtained 
rom our general results. We discuss the implications of the obtained
esults in Section 5 . Finally, a summary of the important findings and
onclusions is provided in Section 6 . 

 M E T H O D S  

.1 Modelling LMXB evolution 

.1.1 Binary evolution set-up 

ESA (Paxton et al. 2011 , 2013 , 2015 , 2018 , 2019 ) is an open-source
D stellar evolution code. 2 Its primary purpose is to facilitate the
omprehensiv e e xploration of stars and their lifecycle, spanning from
he initial stages to the more advanced phases of evolution, as well
s evolution of binary star systems and its various properties. Here,
e use the MESA version r22.05.01, specifically its binary module 

o compute the evolution of LMXB systems. In our computation, 
he LMXB initially consists of an NS and a zero-age main-sequence
MS) companion/companion star with the solar composition (e.g. 
ia & Li 2015 ). The NS is considered to be a point mass ( M NS ) of
.35 M � initially (e.g. Bhattacharyya & Chakrabarty 2017 ) and the
ompanion/donor mass ( M comp ) is taken in the range of 0.5–1.5 M �.
he RL radius of the companion star ( R L , comp ) is given by (Eggleton
983 ) 

R L , comp 

a 
= 

0 . 49 q −
2 
3 

0 . 6 q −
2 
3 + ln 

(
1 + q −

1 
3 

) , (1) 

here q = M NS / M comp and a is the orbital separation. The mode
f accretion pre v alent in LMXB systems is through RL o v erflow
RLOF), and the corresponding mass transfer rate is calculated using 
he expression from Ritter ( 1988 ): 

−Ṁ comp = Ṁ 0 exp 

[
R comp − R L , comp 

H P /γ ( q) 

]
, (2) 

here Ṁ comp is the mass-loss (ML) rate from the companion star 
nd hence is a ne gativ e quantity. Also, Ṁ 0 depends on various
arameters, R comp is the radius and H P is the pressure scale height
f the atmosphere of the companion star, respectively, and γ is a
unction of q. For our systematic study of NS LMXB evolution,
e use a default or canonical value and a range of values of each

nput parameter (see Table 1 ). Note that angular momentum ( J )
MNRAS 535, 344–358 (2024) 
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oss (AML) mechanisms play an important role to drive the LMXB
volution. 

.1.2 Angular momentum loss 

n this paper, we consider three most commonly used AML mecha-
isms: the GR from the system; MB of the companion; and ML from
he system. Therefore, 

 ̇= J̇ GR + J̇ MB + J̇ ML . (3) 

he orbital AML rate due to the GR is (Landau & Lifshitz 1975 ) 

 ̇GR = −32 

5 

G 

3 . 5 

c 5 

M 

2 
NS M 

2 
comp ( M NS + M comp ) 0 . 5 

a 3 . 5 
, (4) 

here a is the separation between the binary components, G is the
ravitational constant, and c is the speed of light in vacuum. The
ML due to MB of the companion star is given by (Rappaport,
erbunt & Joss 1983 ) 

 ̇MB = −3 . 8 × 10 −30 M comp R 

γ
comp �

3 dyn cm . (5) 

ere, γ is the MB index, set to 3 by default in MESA . We also set γ = 4
see Rappaport et al. 1983 ; Chen 2016 ) and check the difference in
he evolutionary tracks. The angular spin frequency of the companion
tar, �, should be equal to the orbital angular frequency due to the
idal synchronization. 

MB becomes too small if the conv ectiv e env elope becomes too
hin in the course of the stellar e volution. Therefore, follo wing
odsiadlowski et al. ( 2002 ) and Jia & Li ( 2015 ), an ad hoc factor of 

exp 

(−0 . 02 

q conv 
+ 1 

)

s included. Here, q conv ( < 0.02) is the conv ectiv e mass fraction of the
ompanion star. We consider two cases regarding MB: (i) we switch
t off when the star becomes fully conv ectiv e (Rappaport et al. 1983 ;
ia & Li 2015 ) and (ii) we keep it al w ays on (Tailo et al. 2018 ;
oodwin & Woods 2020 ). 
The AML due to the ML from the system is given by (e.g. Paxton

t al. 2015 ; Goodwin & Woods 2020 ) 

 ̇ML = βṀ comp 

(
M comp 

M NS + M comp 

)2 

a 2 �, (6) 

here β is the fractional loss (from the binary system) of the mass
ransferred from the companion star. We use a range of values for β
ith β = 0 . 5 as the canonical value (see Table 1 ). 

.2 Mass accretion on to NS 

he accretion rate ( Ṁ ) on to the NS is limited by the Eddington limit
iven as (Jia & Li 2015 ) 

˙
 Edd = 3 . 6 × 10 −8 

(
M NS 

1 . 4 M �

) (
0 . 1 

GM NS /R NS c 2 

) (
1 . 7 

1 + X 

)
M � yr −1 , (7) 

here X is the hydrogen fraction and R NS is the radius of the NS.
part from this limit, Ṁ is also limited due to β. 
We also calculate a critical accretion rate ( Ṁ crit ) following King,

olb & Burderi ( 1996 ) and Lasota ( 1997 ), below which the accretion
isc should become thermally and viscously unstable, making the
ccretion on to the NS transient or episodic. The Ṁ crit can be written
s (Bhattacharyya 2021 ) 

˙
 crit ≈ 3 . 2 × 10 15 

(M NS 

M �

) 2 
3 
(P orb 

3 h 

) 4 
3 

g s −1 , (8) 
NRAS 535, 344–358 (2024) 
here P orb is the binary orbital period in hours. Ho we ver, we do not
onsider transient accretion in this paper. 

In our computation, we include irradiation of the companion star
ue to X-ray luminosity, which is given by 

 X = 

GM NS Ṁ 

R NS 
. (9) 

he corresponding irradiation flux is given by 

 irr = ε
L X 

4 πa 2 
. (10) 

n our default model, we take column depth to be 10 g cm 

−2 ,
rradiation efficiency ε to be 0.015, and a to be 1 × 10 11 cm and limit
he maximum irradiation flux to 3 × 10 9 erg s −1 cm 

−2 , following
oodwin & Woods ( 2020 ). We also explore some cases with higher
values and the case without irradiation as well. 

.3 Baryonic to gravitational mass conversion for NS 

he accretion rate ( Ṁ ) is the baryonic/inertial mass of the matter
ransferred per unit time. Ho we ver, the NS mass M NS affecting the
inary parameters is the gravitational mass. When the accreted matter
alls on to the NS, one needs to convert the baryonic mass into the
ravitational mass to estimate the increased M NS . Typically, this is
ot done throughout the binary evolution, and hence there can be a
ubstantial error in the estimation of M NS evolution because NS is a
ery compact object (e.g. Bagchi 2011 ). A fe w pre vious papers, such
s Istrate et al. ( 2014 ), Van & Iv anov a ( 2019 ), and Chen et al. ( 2021 ),
ncluded a constant conversion factor between the gravitational mass
nd the baryonic mass. Ho we ver , in this paper , we change the
onversion factor dynamically, and hence realistically, during the
ccretion process, because here we include this effect by doing the
onv ersion at ev ery step of the evolution, using equation (19) of
ipolletta et al. ( 2015 ): 

 G ≈ M B − (1 / 20) M 

2 
B , 

M B ≈ M G + (13 / 200) M 

2 
G . (11) 

ere, M G ( =M NS ) is the gravitational mass and M B is the baryonic
ass of the NS. To modify the accretion rate according to the abo v e

rescription, we use the time deri v ati ve of the first equation to express
˙
 G in terms of Ṁ B (calculated by MESA ) as 

˙
 G = 

[
1 − 0 . 1 

(
M G + 

13 

200 
M 

2 
G 

)]
Ṁ B , (12) 

here Ṁ G is the rate of change of gravitational mass and Ṁ B is the
ate at which baryonic mass is accreted. The accreted gravitational
ass (which is simply the rate of change in NS gravitational
ass M G ) gets added to the NS mass in MESA . This conversion

actor ef fecti vely acts as another ef ficiency constraint on the rate of
ccretion, as discussed later. 

.4 NS spin evolution 

o calculate the accretion-driven spin evolution of the NS in an
MXB system, we follow the torque prescription described in
hattacharyya & Chakrabarty ( 2017 ). The gravitational mass, radius,

pin frequency, and magnetic dipole moment of NS are M NS , R NS , ν,
nd μ = BR 

3 
NS , respectively, where B is the surface dipole magnetic

eld (Bhattacharyya & Chakrabarty 2017 ). Following Shibazaki et al.
 1989 ), we evolve the NS magnetic field as 

 f = 

B i 

1 + 
M acc /m B 
, (13) 
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here m B ∼ 10 −4 M �. We take B i to be of the order of ∼10 11 −10 12 

, such that the decayed magnetic field, B f , remains of the order
f 10 8 G. We also calculate NS radius as R NS = AM 

1 / 3 
NS , where the

alue of the proportionality constant A has been fixed by taking an
S radius of 11.2 km for the NS mass of 1 . 4 M �. There are three

haracteristic radii related to the accretion process. The accretion 
isc is extended up to the magnetospheric radius ( r m 

), inside which
he NS magnetosphere channels accreted matter on to the stellar 

agnetic polar caps. This radius is given by 

 m 

= ξ
( μ4 

2 GM NS Ṁ 

2 

) 1 
7 
, (14) 

here ξ is a constant of order unity, and we consider a value of 1
or the purpose of demonstration. The corotation radius ( r co ), the
istance at which the Keplerian angular velocity of the material in 
he accretion disc is equal to the NS spin angular velocity, is given
y 

 co = 

(GM NS 

4 π2 ν2 

) 1 
3 
. (15) 

inally, the light-cylinder radius ( r lc ), the distance at which the linear
elocity of rotating magnetic field lines is equal to the speed of light
n vacuum, is given by 

 lc = 

c 

2 πν
. (16) 

he relati ve v alues of these characteristic radii indicate two phases
f accretion – the accretion phase ( r m 

< r co ) and the propeller phase
 r co < r m 

< r lc ). Steady accretion happens when the accretion disc
xtends till inside r co (i.e. r m 

< r co ; e.g. Ghosh & Lamb 1979 ). In
he case of the ‘propeller phase’, accretion is largely shut off by a
entrifugal barrier (Illarionov & Sunyaev 1975 ). Note that r m 

cannot 
e smaller than the radius ( r ISCO ) of the innermost stable circular
rbit (ISCO) or R NS , whichever is larger. 
To model the NS spin frequency evolution, we consider two 

omponents of the accretion-related torque – one due to the angular 
omentum change of the accreted matter and another due to the 

nteraction of NS magnetic field lines with the disc. As calculated 
y Rappaport, Fregeau & Spruit ( 2004 ) and Bhattacharyya & 

hakrabarty ( 2017 ), the expression of the torque in the accretion
hase is given as 

 = Ṁ 

√ 

GM NS r m 

+ 

μ2 

9 r 3 m 

[
2 
( r m 

r co 

)3 
− 6 

( r m 

r co 

) 3 
2 + 3 

]
, (17) 

nd that in the propeller phase is given by 

 = −ηṀ 

√ 

GM NS r m 

− μ2 

9 r 3 m 

[
3 − 2 

( r co 

r m 

)3 / 2 
]
, (18) 

here η is an order of unity constant. These expressions of the torque
how that the NS should spin up in the accretion phase and spin down
n the propeller phase. Since for a constant Ṁ , r co decreases by spin-
p when r co > r m 

, and r co increases by spin-down when r co < r m 

,
he NS should approach a spin equilibrium condition of r co = r m 

,
nd the corresponding equilibrium spin frequency is 

eq = 

1 

2 π

√ 

GM NS 

r 3 m 

= 

1 

2 11 / 14 πξ 3 / 2 

(
G 

5 M 

5 
NS Ṁ 

3 

μ6 

)1 / 7 

. (19) 

Note that, for transient/episodic accretion (for Ṁ < Ṁ crit ; Section 
.2 ), the equilibrium spin frequency is expected to be a few hundred
z higher, and ν should approach this higher equilibrium frequency 

Bhattacharyya 2017 , 2021 ; Bhattacharyya & Chakrabarty 2017 ). 
o we ver, in this paper, we study NS spin evolution only for non-
pisodic accretion. 

For each step of MESA , change in the angular momentum of the
S is calculated from 

J = N
t, (20) 

here 
t is the time-step. Total angular momentum of the NS is
pdated at every step by adding 
J to the previous value of J . Then,
he new NS spin frequency is calculated from 

= 

J 

2 πI 
, (21) 

here I is the moment of inertia of the NS and can be written
s AM NS R 

2 
NS . The coefficient A should typically be in the range of

 . 33 −0 . 43 (Bhattacharyya et al. 2017 ) but we use a range of 0 . 33 −0 . 5
ere (Table 1 ) to test NS evolution for higher I values. 
Apart from the accretion torques, we also compute evolution 

or an additional spin-down torque ( N GW 

) due to the emission of
ra vitational wa ves from the NS (Bildsten 1998 ): 

 GW 

= −32 GQ 

2 

5 

(2 πν

c 

)5 
, (22) 

here Q is the misaligned mass quadrupole moment of the NS. We
onsider a range of values for Q in this paper (Bhattacharyya 2020 ).
n Table 1 , we list all the input parameters for MESA computation,
nd their default/canonical values and ranges of values. 

 RESULTS  

.1 General aspects 

sing MESA , we vary one parameter at a time and study the trends
n the evolution of all kinds of NS LMXB parameters, i.e. binary,
ompanion, and NS parameters. With the help of the general results
f evolution of these parameters throughout the LMXB phase, we 
ocus on obtaining the parameter space for accreting AMXPs. To the
est of our knowledge, we employ a way of the dynamic conversion
f baryonic mass to gravitational for accretion rate calculation (see 
ection 2.3 ). As Fig. 1 sho ws, this ef fect is substantial for M NS , thus
ignificantly affecting the evolution of Ṁ and ν. We show that this
ffect should be included for a realistic computation of the long-term
volution of NS ν and other properties. 

Fig. 2 , in three panels, shows an example of the evolution of Ṁ ,
˙
 crit , r m 

, r co , r lc , ν, and νeq of an NS LMXB. The accretion rate
anel shows that initially there is no accretion. As the companion
tar fills its RL, Ṁ quickly attains a high value, and then decreases
s the source parameters (e.g. masses and separation of two stellar
omponents, companion star radius) evolve (equations 1 and 2 ). 
s Ṁ increases, r m 

decreases (equation 14 ) and the NS spins up,
ncreasing ν and decreasing r co . As r co tends to r m 

, ν approaches νeq 

equation 19 ) and the NS attains the spin equilibrium (see Section
.4 ). Ho we ver, as Ṁ subsequently decreases in course of the binary
volution, νeq decreases, and ν, which tracks νeq , also decreases. 
hus, for this particular example of initial parameters, ν has a high
alue ( >400 Hz) mainly during the early phase in accretion, for short
uration. 
During the Ṁ decline, accretion switches off or Ṁ remains very 

ow for a discernible length of time. Such behaviour was also found
arlier by numerical computation (Podsiadlowski et al. 2002 ; Jia &
i 2015 ), and it happens when MB is switched off ( ̇J MB = 0) as

he companion star becomes fully conv ectiv e. During this period,
pin equilibrium is broken and ν does not change. Eventually, 
MNRAS 535, 344–358 (2024) 
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Figure 1. Evolution of three parameters (NS mass, accretion rate, and NS 
spin frequency) of an NS LMXB, as calculated using MESA . In each panel, 
there are two curves which indicate NS parameter evolution with baryonic to 
gravitational mass conversion and without this conv ersion, respectiv ely. Here, 
we assume an initial orbital period of P orb = 1 . 7 d and initial companion mass 
of 1.0 M �. Other parameters are fixed at their canonical values (see Table 1 ). 
These panels show the effects of the conversion of baryonic to gravitational 
mass in the computation of NS mass (see Section 3.1 ). 

Figure 2. Evolution of parameters [accretion rate ( Ṁ ), critical accretion 
rate ( Ṁ crit ), characteristic radii ( r m 

, r co , and r lc ), and spin frequencies ( ν
and νeq )] of an NS LMXB, as calculated using MESA . Here, we assume an 
initial orbital period of 1.7 d and initial companion mass of 1.0 M �. Other 
parameters are fixed at their canonical values (see Table 1 ). The grey patch 
marked in panels of accretion rate and spin frequency denotes the transient 
phase of an LMXB evolution ( Ṁ < Ṁ crit ). These panels show that the Ṁ 

evolution can be complex, which leads to a complex ν evolution (see Section 
3.1 ). 
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Figure 3. Evolution of parameters (characteristic radii, spin frequencies, and accretion rate Ṁ ) of an NS LMXB, as computed using MESA . Here, we assume 
an initial orbital period of 1.0 d and initial companion mass of 1.5 M �. Other parameters are fixed at their canonical values (see Table 1 ). These panels show 

the breaking from spin equilibrium (left panel) in the last phase of accretion (right panel) (see Section 3.1 ). 

Figure 4. Evolution of parameters (accretion rate Ṁ , spin frequency ν, and equilibrium spin frequency νeq ) of an NS LMXB for two cases of MB prescription, 
as computed using MESA . Here, we assume an initial orbital period of 1.7 d and initial companion mass of 1.0 M �. These panels show the effect of MB switched 
off when the companion star is fully conv ectiv e (left panel) and MB al w ays switched on (right panel) (see Section 3.2.1 ). 
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ccretion is switched on, and Ṁ decreases gradually. In this phase, 
nitially r co < r m 

< r lc , and hence the NS spins down in a propeller
hase. Therefore, r co increases and eventually becomes equal to r m 

. 
hus, spin equilibrium is established again and ν tracks νeq up to 
 relatively lower value at the end of the LMXB phase. Note that
e numerically find such a ν evolution trend for many other cases, 

lthough substantial variations from such a trend are also found (see 
ater). This shows that the long-term ν evolution is typically complex 
ecause the Ṁ evolution is complex. 
The ν evolution is expected to happen via two different modes 

nd be more complex, if the accretion is transient/episodic for 
ertain periods of the LMXB phase (see Section 2.2 ; Bhattacharyya 
021 ). Indeed, Ṁ < Ṁ crit in the last part of the LMXB phase in
ig. 2 . We expect ν to approach an equilibrium spin frequency 
everal times higher than νeq during this period, and hence ν should 
ncrease (Bhattacharyya 2021 ). Ho we ver , in this paper , we study
he ν evolution for non-episodic accretion, and will study more 
omplex cases for episodic accretion using MESA in a subsequent 
ork. 
In Fig. 2 , ν tracks νeq till the end of the LMXB phase, and hence,

iven the substantial decrease of Ṁ , the final ν value becomes low. 
o we ver, for certain parameter values, and if Ṁ declines relatively 

harply in the last part of the LMXB phase, ν cannot sufficiently 
ecrease given the relatively short time during which the ne gativ e
orque operates in the propeller phase. Thus, r co cannot track the
ast increase of r m 

and ν cannot track νeq . Thus, there is a breaking
rom spin equilibrium and ν remains relatively high at the end of
he LMXB phase. An example of this scenario is shown in Fig. 3 ,
hich shows the evolution of Ṁ , r m 

, r co , r lc , ν, and νeq for an initial
ompanion mass of 1.5 M �. 

.2 Effects of specific parameters 

.2.1 Effects of different cases of magnetic braking 

or our evolutionary computations, we generally switch off MB 

hen the companion star becomes fully conv ectiv e, following Jia &
i ( 2015 ), as a realistic option. This leads to a temporary drop in

he mass transfer. On the other hand, MB could remain switched
n throughout the evolution (see Tailo et al. 2018 ). Fig. 4 shows a
omparison between these two scenarios. With MB on throughout the 
volution, unlike the first scenario, there is no temporary sharp drop
n accretion, and thus Ṁ and ν decrease monotonically maintaining 
 spin equilibrium (Fig. 4 ). 

We also compare two prescribed MB index values: 3 and 4 (Fig.
 ). Note that a higher MB index implies a higher AML magnitude
see equation 5 ), and hence a larger shrinking of the binary orbit. 
MNRAS 535, 344–358 (2024) 
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M

Figure 5. Evolution of parameters [accretion rate (left panel) and NS spin frequency (right panel)] of an NS LMXB, as computed using MESA . Here, we assume 
an initial orbital period of 1.5 d and initial companion mass of 1.2 M �. Other parameters are fixed at their canonical values (see Table 1 ). This figure shows the 
effects of different MB index values on accretion rate and ν evolution (see Section 3.2.1 ). 

Figure 6. Evolution of parameters (frequencies) of an NS LMXB for a range 
of NS mass quadrupole moment values, as computed using MESA . Dotted line 
represents νeq , while solid line is for ν. Here, we assume an initial orbital 
period of 2.4 d and initial companion mass of 1.5 M �. Other parameters are 
fixed at their canonical values (see Table 1 ). This figure shows that the relative 
effect of the gravitational torque N GW 

on spin evolution is negligible during 
the accretion or LMXB phase, but is substantial when the accretion stops (see 
Section 3.2.2 ). 
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Figure 7. Evolution of NS spin frequency ( ν) for wider range of Q values 
in LMXB phase. Dotted line represents νeq , while solid line is for ν. Here, 
we assume initial companion mass of 1.0 M � and initial orbital period of 
1 d, with other parameters being fixed at canonical values. As shown in the 
plot, higher order Q values cause spin-down of NS significantly, even during 
LMXB phase (see Section 3.2.2 ). 
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.2.2 Effects of different values of NS mass quadrupole moment 

f the NS has an asymmetric mass distribution around its spin axis,
hen it should spin down due to GR and the corresponding torque
 N GW 

; equation 22 ). In Fig. 6 , we examine the effect of N GW 

on ν
volution. We find that for realistic values of the NS mass quadrupole
oment Q (Bhattacharyya 2020 ), the effect of N GW 

is negligible
ompared to that of the torque due to accretion. Ho we ver, after the
MXB phase, the effect of GR on ν evolution becomes significant

n a longer time-scale. As indicated in Fig. 6 , this effect is significant
hen the ν value at the end of the LMXB phase is relatively high

e.g. by breaking from spin equilibrium). This is expected because
 GW 

∝ ν5 (equation 22 ). In Fig. 7 , we consider higher values of Q ,
orresponding to higher ellipticities of the NS of the order of 10 −8 

nd 10 −7 . Such higher values show a considerable effect in reducing
he spin frequency even during the accretion phase. Ho we ver, for
NRAS 535, 344–358 (2024) 
ndividual MSPs, we perhaps expect lower ellipticity values (e.g.
10 −9 ; Woan et al. 2018 ; Bhattacharyya 2020 ). 

.2.3 Effects of NS magnetic field 

or a higher NS surface dipole magnetic field, r m 

is higher and
eq is lower (see equations 14 and 19 ), and hence the NS attains
o wer ν v alues. This is sho wn in Fig. 8 . This figure shows that the
ualitative nature of evolution of frequencies and characteristic radii
oes not depend on the B v alue. Ho we ver, we note that with evolving
agnetic field (equation 13 ), the maximum spin frequency decreases

ompared to that of a fixed NS magnetic field value. 
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Figure 8. Evolution of parameter (spin frequencies) of an NS LMXB for 
dif ferent v alues of initial NS magnetic field ( B i ), as computed using MESA 

(Section 3.2.3 ). Corresponding to different initial magnetic values, the final 
values of magnetic field lie between 1 . 3 × 10 8 and 3 × 10 8 G (equation 13 ). 
Here, we assume an initial orbital period of 1.1 d and initial companion mass 
of 1.0 M �. Other parameters are fixed at their canonical values (see Table 1 ). 
Dotted line represents νeq , while solid line is for ν. 

Figure 9. This plot shows the effect of different irradiation efficiencies ( ε) 
on the accretion rate evolution of an NS LMXB, as computed using MESA . 
Here, we use parameters set at our canonical values (see T able 1 ). W e take 
ε = 0 . 015 as our default value for numerical computation. The accretion rate 
evolution is not cyclic for this low ε value, as well as for non-irradiation. 
Ho we ver, higher irradiation ef ficiencies ( ε= 0.1 and 0.2) sho w cyclic nature 
in accretion rate evolution. 
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.2.4 Effects of β

he fractional ML efficiency β considerably affects the accretion 
ate and hence the NS evolution of the spin frequency (Fig. 12 ). For
o w v alues of β (e.g. 0.1), Ṁ is high, and hence very high ν values
 ≈1100 Hz) are attained at the initial stage of the LMXB phase (Fig.
2 ). β also affects the M NS evolution significantly because a larger 
mount of mass is transferred to the NS for a lower β. The effects of β
n M NS and AML also slightly affect P orb and LMXB duration (Fig.
2 ). Overall, β can play a significant role in matching the parameters
f any accreting source (see Section 4 ). 

.2.5 Effect of irradiation 

e consider some cases with different irradiation efficiency and 
ithout irradiation, since it can affect the accretion rate ( Ṁ ) evolu-

ion. In Fig. 9 , it is sho wn that higher order irradiation ef ficiencies
 ε = 0 . 1 and 0 . 2) cause the mass transfer rate ( Ṁ ) to be cyclic in
ature (similar to the effect mentioned in Benvenuto, Vito & Horvath
014 ; Lan & Meng 2023 , though initial parameters are different).
o we ver, with our default model, which has relatively small value
f ε = 0.015 (following Goodwin & Woods 2020 ), this cyclic nature
s not present. 

.2.6 No significant effect of some other parameters 

ome other parameters in Table 1 do not have a significant impact
n the evolutionary tracks and values of other parameters. For 
xample, variations in the proportionality constant ( η) of the torque
n the propeller phase, NS moment of inertia coefficient A (see
hattacharyya et al. 2017 , for a range), and different initial ν values
o not show any significant effect on the ν evolution. 

.3 Trends of NS LMXB parameter evolution 

fter probing the effects of specific parameters, now we systemat- 
cally describe the trends of evolution of the following parameters: 

asses of both the binary components ( M NS and M comp ), accretion
ate Ṁ , binary orbital period P orb , three characteristic radii ( r m 

,
 co , and r lc ), the NS spin frequency ν, and equilibrium spin fre-
uency νeq . We study the trends varying each of three parameters
initial P orb , initial M comp , and the fractional ML β), one at a
ime. 

In Fig. 10 , we show the computed evolution of the abo v e-
entioned parameters for six values of initial P orb in the range
entioned in Table 1 . Other input parameter values are fixed at

heir canonical values (see Table 1 ). Fig. 11 shows the evolution of
he same parameters, but for five values for initial M comp , keeping the
ther input parameter values fixed at their canonical values. Similarly, 
ig. 12 shows the effects of variation in β. 
The following two sections describe the cases with low initial 
 comp and low initial P orb (contracting systems) and those with high

nitial M comp and high initial P orb (widening systems). 

.3.1 Cases of low initial M comp and low initial P orb 

hese are usually contracting systems (see Istrate et al. 2014 ; Jia &
i 2015 , for the classification), i.e. their P orb o v erall decreases with

he binary evolution (see the bottom-right panel of Fig. 11 ). Most of
he cases within our used range of P orb for initial M comp = 1 M � are
ontracting ones, but for fixed initial P orb = 1 d, those with initial
 comp greater than 1.2 M � show widening behaviour. 
For the fixed initial P orb = 1 d, the age at which the mass transfer

egins, i.e. the RLOF onset age, depends on the initial M comp values
n a complex way (see Fig. 11 ). Note that this age is measured
rom the time of assumed initial values for a system. Fig. 11 shows
hat the RLOF onset age decreases from initial M comp = 0 . 5 M �
o initial M comp = 0 . 9 M �, increases up to initial M comp = 1 . 3 M �
hrough 1 . 1 M �, and again decreases for initial M comp = 1 . 5 M �.
MNRAS 535, 344–358 (2024) 
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M

Figure 10. Evolution of parameters [accretion rate, companion star mass, spin frequencies ( ν and νeq ), characteristic radii ( r m 

and r co ) NS mass, and binary 
orbital period P orb ] for six selected values of initial P orb , as calculated using MESA . In each panel, other parameters are fixed at their canonical values (see 
Table 1 ). The dotted line represents νeq and r m 

, while solid line is for ν and r co . These panels systematically show effects of initial P orb on the evolution of 
various parameters (Section 3.3 ). 
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his happens because of various competing effects before the RLOF
nset time, which can be seen from Fig. 13 . Here, we explain
hese effects. (i) Companion’s RL radius decreases (as the orbit
hrinks due to a ne gativ e J̇ primarily because of the MB) and
he companion radius remains almost the same for relatively lower

ass stars and this is how such a companion fills its RL (initial
 comp = 0 . 5 , 0 . 9 , and 1 . 1 M � in Figs 11 and 13 ). (ii) For relatively

igher mass companions (initial M comp = 1 . 3 and 1 . 5 M � in Figs 10
nd 13 ), the companion radius increases significantly as the star
ransforms to become a red giant and this is how such a companion
lls its RL. Thus, for relatively lower mass stars, the RLOF age is
etermined by the competition among the companion radius and RL
NRAS 535, 344–358 (2024) 
adius (which are higher for higher mass) and the rate of RL radius
ecrease (see Fig. 13 ). As Fig. 13 clearly shows, this competition
auses the non-monotonic behaviour of the RLOF onset age with
he initial companion mass. Ho we ver, for relati vely higher mass
ompanions, as a more massive star evolves, fills its RL, and becomes
 red giant faster, the RLOF onset age is smaller for a more massive
tar (see Figs 11 and 13 ). 

Ho we ver, for systems with fixed initial M comp , the age at which
he mass transfer begins increases with the increase in initial P orb 

hroughout the used range, as shown in Fig. 10 . The maximum value
f spin frequency attained by the NS is higher for contracting systems
Fig. 10 ). As explained earlier, the mass transfer stops for short time,
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Figure 11. Similar to Fig. 9 , but the curves in each panel are for five selected initial companion star mass values, while initial P orb and other parameters are 
fixed at their canonical values (see Table 1 ). These panels systematically show effects of initial companion star mass on the evolution of various parameters 
(Section 3.3 ). 
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hen the MB is switched off due to the companion star becoming
ully conv ectiv e, leading to no change in ν temporarily, as shown in
ig. 2 . This trend is less conspicuous for cases of higher companion
tar mass, which implies that such companion stars do not usually 
ecome fully conv ectiv e in the LMXB phase (Fig. 11 ). 
In the systems with initial M comp = 1 M � and initial P orb ≤ 1 d,

˙
 remains higher than Ṁ crit for our considered parameter values, 
aking them persistent accretors for a major fraction of the LMXB

hase. It is observed that the binary evolution continues for longer 
urations and the final ν values are lower than 100 Hz for low initial
 comp and low initial P orb cases. This is somewhat different from the

bserved spin frequencies of MSPs. 
M  
In a few of these systems, such as initial M comp = 0 . 9 and 1.1 M �
n Fig. 11 , P orb starts evolving earlier than the age at which accretion
tarts significantly. This is because of AML due to MB and GR (see
ection 2.1.2 ). 

.3.2 Cases of high initial M comp and high initial P orb 

hese are usually widening systems, i.e. their P orb o v erall increases
ith the binary evolution (see Jia & Li 2015 , for the classification), as

hown in the bottom-right panel of Fig. 11 . We find a few such cases
or initial P orb > 2 d, and initial M comp = 1 M �. Ho we ver, for initial
 comp = 1 . 5 M �, the cases with initial P orb � 0 . 7 d show widening.
MNRAS 535, 344–358 (2024) 
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M

Figure 12. Similar to Fig. 9 , but the curves in each panel are for five selected fractional ML β values, while initial P orb and other parameters are fixed at their 
canonical values (see Table 1 ). These panels systematically show effects of β on the evolution of various parameters (Section 3.3 ). 
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In some of the widening systems (with initial M comp = 1 . 0 M �
nd initial P orb > 2 d; see van der Sluys, Verbunt & Pols 2005 , for
iscussion on bifurcation period), the final ν values are typically
igher ( ν � 300 Hz at the end the LMXB phase) than those for
ontracting systems, as shown in Fig. 10 . These cases also show
horter LMXB phases, and sometimes broken spin equilibrium. The
idening systems might also be transient (due to Ṁ < Ṁ crit ) for
ost of their LMXB phase. 

 G E N E R A L  E VO L U T I O N  O F  OBSERV ED  

MXP S  

fter discussing the general trends of evolution of LMXB param-
ters, we focus on finding cases that can reproduce the observed
NRAS 535, 344–358 (2024) 

t

MXPs during the LMXB phase. Most of the observed AMXPs
Salvo & Sanna 2022 , see table 1) have P orb of a few hours and
 significant spin frequency in the range of 160–600 Hz, with the
ompanion star of different types. In this context, considering all the
ets of parameters including that of NS, donor star, and the orbital
nes is necessary for predicting evolutionary models of AMXPs and
atching the observational values. Previously, some authors (He

t al. 2019 ; Glampedakis & Suvorov 2021 ) looked into the evolution
f some parameters of AMXPs. While these papers explored param-
ter space for orbital period, donor mass, and its type (He et al. 2019 ,
n particular), spin frequency evolution was not considered at all. In
his section, we discuss possible evolutionary models for observed
MXPs including their spin frequency evolution, for the first time

o the best of our knowledge. 
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Figure 13. Evolution of companion star’s RL radius, stellar radius for 
dif ferent initial v alues of companion star mass. Other initial parameters are 
fixed at their canonical values (see Table 1 ). The plot helps in explaining 
trends of RLOF onset times for LMXB systems (see Section 3.3.1 ). 
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For the initial models, we expect the convergent LMXB cases from
ur general results to produce the observed small orbital period of
MXPs in their accretion phase, unlike the divergent cases. The 

volution of companion stars from three categories, MS, brown 
warf (BD), and WD, plays a crucial role too in predicting the
odels. For instance, table 1 of Salvo & Sanna ( 2022 ) shows that

he systems with MS companions have considerably high ν, low 

 orb , and also higher threshold for minimum companion star mass
ompared to other cases. LMXB cases with different initial P orb 

or a fixed initial companion mass ≤1 . 2 M � undergo RLOF during
heir MS phase only (see Fig. 14 ). So, these cases can be explored
s probable theoretical models for AMXPs with MS companions, 
xhibiting low P orb and high ν. Similarly, most of the AMXPs with

D companions hav e comparativ ely lower ν along with P orb ≈ 1 h.
ith the companion star already in the WD stage, these systems

re estimated to be in their later phase of evolution. Among all
he observed AMXPs, those with BD companions are challenging 
o reproduce with all their parameters including spin frequency, as 
hese systems often have a high spin frequency at the extremely end
hase of LMXB evolution. 
As shown in Figs 8 and 12 , the initial NS magnetic field values

nd β values affect the spin frequency of the pulsar. We pick one
f our LMXB models that lies closest to the source and adjust the
S magnetic field within the estimated range for observed cases 

Mukherjee et al. 2015 ) to obtain the spin frequency and P orb within
 per cent of the observed value for the same evolution time-steps.
he distribution of AMXPs in the possible parameter space, with 
xactly matching the parameters of a few sources, are shown the 
igs 15 and 16 . We now discuss a few AMXPs for which we predict
volutionary models in detail and closely match with observational 
alues. 

.1 IGR J17511 −3057 

his is an AMXP source with a relati vely lo wer spin frequency of
45 Hz and orbital period of 3.47 h with an MS companion star
aving minimum companion mass of 0.13 M � (Riggio et al. 2011 ;
apitto et al. 2016 ). The rough estimate of the maximum magnetic
eld is 3 . 5 × 10 8 G and the ν̇ = 1 . 45 × 10 −13 Hz s −1 (Papitto et al.
016 ). To match this set of parameters, we need a convergent case
ith a low enough orbital period. The closest cases are those with
nitial companion mass 0.9 and 1.1 M � for the fixed initial orbital
eriod (see Fig. 11 ). For 0.9 M �, we get an orbital period of 3.473
 during the LMXB/accretion phase at an age of 1 . 337 × 10 9 yr.
djusting the initial NS magnetic field, taking B init ∼ 8 × 10 11 G
roduces a spin frequency of 245.02 Hz and B = 3 . 59 × 10 8 G at
he corresponding time-step, which falls within the estimated range 
Mukherjee et al. 2015 ). This best-fitting model also shows that the
ompanion star lies in MS phase (Fig. 14 ) at that age, while its mass
s 0.37 M �, which matches with the observed limit. We are also able
o closely match ̇ν during the accretion phase, which is 1 . 57 × 10 −13 

z s −1 in our best-fitting model. All the reproduced values are within
 per cent error bar of the observed ones. 

.2 XTE J1814 −338 

his AMXP has observed spin frequency of 314 Hz, the observed
rbital period of 4.27 h, and minimum companion mass of 0.17 M �
Papitto et al. 2007 ). Like the previous source, this also shows a low
rbital period in the accretion phase and a considerably high spin
requency. We find our best-fitting model for this source in one of
he convergent cases with initial orbital period of 2.0 d and an initial
ompanion mass being 1.0 M �. We get the closest parameter values
or the evolutionary time-steps at age 6 . 65 × 10 9 yr. At that age,
rbital period comes out to be 4.263 h, along with the spin frequency
eing 312.9 Hz. By adjusting the initial NS magnetic field, we get
 = 2 . 42 × 10 8 G, which falls under the inferred magnetic field for

he source (Mukherjee et al. 2015 ). We also see that the companion
tar is in MS phase at that age (Fig. 14 ). Thus, from our general
volutions, parameter space for XTE J1814 −338 can be obtained 
ith reasonable accuracy. 

.3 IGR J17062 −6143 

his AMXP has an He WD companion star and its orbital period is
.63 h, spin frequency of 163.65 Hz (Strohmayer & Keek 2017 ; Bult
t al. 2021 ). Its spin frequency is less, compared to previous other
ases and it has minimum companion mass limit of 0.006 M �. This
ints towards the fact that this system is in late phase of evolution
hen the companion star has reached the WD stage. For this kind
f scenario, we consider initial companion star mass around 1.2 M �
nd a small initial orbital period of 0.7 d, so that the companion star
an become WD within the LMXB phase itself, and orbital period
emains convergent. We set our initial B value such that the decayed
agnetic field at this age is 1 . 46 × 10 8 G or μ = 1 . 66 × 10 26 G cm 

3 

Strohmayer & Keek 2017 ). Our best-fitting model produces 0.629 h
rbital period and spin frequency of 163.9 Hz at an age of 7 . 634 × 10 9 

r. Its observed spin-up rate is measured to be 3 . 77 × 10 −15 Hz s −1 ,
hich also matches with our ν̇ = 1 . 7 × 10 −15 Hz s −1 , in its order. 

.4 IGR J17498 −2921 

his system has a pulsar with spin frequency of 401 Hz and observed
rbital period of 3.84 h. The companion is an MS star, with an
stimated minimum mass of 0.17 M � (Papitto et al. 2011 ). We get
ur best-fitting model for this in initial parameters 1.0 M � donor
ass and 1.0 d period. Ho we ver, with the general evolution results

with β = 0 . 5 of this model, Fig. 9 ) we do not get spin frequency
eyond 400 Hz. To adjust for the higher spin frequency, we take the
to be 0.3, and initial B value of 9 . 5 × 10 11 G. At age 9 . 63 × 10 8 

r from the model, we get an orbital period of 3.848 h and spin
requency of 402.3 Hz. Magnetic field value at that age is 2 . 9 × 10 8 
MNRAS 535, 344–358 (2024) 
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M

Figure 14. Hertzsprung-Russell (HR) diagram for companion stars, as calculated by MESA . The left plot shows the HR diagram of donor star at different values 
of its initial mass. The right plot shows HR diagram of donor star at six different initial orbital period values. All other initial parameters are fixed at their 
canonical values. The plots are useful to determine companion star type throughout the evolution, as discussed in Sections 3.3.1 and 4 . 

Figure 15. Evolution of NS spin frequency ( ν) versus P orb for various initial 
values of donor mass and orbital period. All other parameters are fixed at their 
canonical values. We indicate the NS spin frequency and orbital period for 
observed AMXPs in this plot. The triangles indicate the sources for which we 
exactly match the observed parameters. The grey dots indicate other observed 
AMXPs, for which we only indicate the possible parameter space. The red 
dots correspond to the AMXPs with BDs as companions. The plot also shows 
possible evolutionary models for various AMXPs along with the constraints, 
as discussed in Section 4 . 
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Figure 16. Evolution of NS spin frequency ( ν) versus donor mass (M �) for 
v arious initial v alues of donor mass and orbital period. All other parameters 
are fixed at their canonical values. We plot the AMXPs with minimum 

companion mass as dots and indicate the range abo v e it with the arrow, 
as the donor star can take values greater than the minimum companion mass. 
Similar to Fig. 15 , the triangles indicate the AMXP sources for which we 
exactly match the observed parameters. The plot shows interplay between 
donor star mass and the NS spin frequency as discussed in Section 4 . 
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, which falls within the range of estimates of it (Mukherjee et al.
015 ). 
Apart from these exact matches, we indicate parameter space for

ther sources in Figs 15 and 16 . F or e xample, IGR J17591 −2342
as spin frequency of 527 Hz and P orb of 8.80 h. To get such a high
pin frequency, we use a model with less β values and lower B values
Figs 8 and 12 ). The relatively higher minimum companion mass also
enotes the early phase of evolution for this system. Similarly, for
ther sources having high spin frequency ( > 400 Hz), we can get the
rbital period and spin frequency parameter space from convergent
ystems with adjusted β and B values. The companion star type that is

S also matches for these sources. Similarly, for systems with WDs,
e can have higher initial companion mass systems that can evolve to
NRAS 535, 344–358 (2024) 
 WD, but are convergent with orbital period, given their very small
bserved orbital period. As discussed above, to get the exact match
or other sources, we can run more dense grid around the initial
alues from the parameter space indicated in general evolutions.
o we ver, we cannot predict the initial parameters for one particular

lass of AMXPs with BD companion. These AMXPs have high
pin frequency in the range of 400–500 Hz. In our case, at the end
f evolution with companion mass ≤1 . 1 M �, we get BDs but spin
requency does not remain very high at that time. We can take higher
nitial orbital period ( ≥2 . 3 d) to get high spin frequency at the end,
ut those cases simultaneously do not produce small orbital period
bserved in these systems. 
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 DISCUSSION  

n this paper, we systematically study the evolution trends of various 
S LMXBs along with exploring plausible evolutionary models 

or observed AMXPs using the MESA code.We particularly probe 
he long-term evolution of the NS spin frequency during accretion 
hase, which is poorly explored considering the realistic binary 
volution, specifically using MESA . This can be useful to understand 
he distribution of known parameter values of MSPs, as well as the
volution of individual MSPs. When the accreted matter falls on 
he NS, the new NS mass should be computed by converting the
aryonic mass of this accreted matter into the gravitational mass. 
e include this effect using the approximate formula 12 (Cipolletta 

t al. 2015 ), for Schwarzschild space–time (for simplicity), and show 

hat the effect is not only substantial for M NS , but also significant
or Ṁ and ν evolution (see Fig. 1 ). Particularly, if this effect is not
onsidered, then the M NS value can be o v erestimated by ∼10 per cent
esulting in an o v erestimate of ν evolution as well. In a few previous
orks (Jia & Li 2014 ; Goodwin & Woods 2020 ), it was argued

hat the mass transfer efficiency parameter β does not affect the 
MXB e volution significantly. Therefore, follo wing Podsiadlo wski 
t al. ( 2002 ) and Chen ( 2016 ), a canonical value of β = 0 . 5 was
sed. Ho we ver, in the context of NS spin frequency evolution and
ome other parameters (such as NS final mass, characteristic radii 
 m 

, r co , etc.), β plays an important role as it significantly affects
he accretion rate on to the NS (see Section 3.2.4 ). For instance,
or very low values of β (e.g. 0.1), the maximum ν value can be
igh (see Fig. 12 ) and possibly become more than 1 kHz for a
elatively short duration at the initial part accretion, if the magnetic 
eld values are adjusted accordingly. This implies the formation of a 
ub-MSP, which has not been observed yet (Patruno 2010 ; Patruno, 
askell & Andersson 2017 ; Haskell et al. 2018 ; C ¸ ıkınto ̆glu & Ek s ¸i
023 ). Another aspect is the total mass transfer to the NS, which
epends not only on initial M comp (Fig. 11 ) and initial P orb (Fig. 10 ),
ut also on β (Fig. 12 ). F or e xample, for β = 0 . 5, with all other
arameters fixed at their canonical values, the total accreted mass to 
he NS is ≈0 . 4 M �. Ho we ver, for β = 0 . 1, the total accreted mass is
ound to be ≈0 . 71 M �, which is substantially higher than 0 . 46 M �,
s reported earlier (e.g. Li et al. 2021 ). All of these parameters play
mportant role in obtaining the parameters of accreting sources, i.e. 
MXPs. We observe a correlation between initial P orb and the age at
hich mass transfer starts, for a fixed initial M comp value (Fig. 10 ).
o we ver, for a fixed initial P orb , we get this trend only for systems
ith initial M comp ≤ 1 . 0 M �. This observed pattern is consistent with

he values of interaction time presented in table A1 of Podsiadlowski 
t al. ( 2002 ). The LMXBs can evolve into contracting or widening
ystems depending on the initial P orb value being greater or less
han the bifurcation period of the system, discussed in van der Sluys
t al. ( 2005 ) and Jia & Li ( 2015 ). This bifurcation period can be
ubstantially different for systems with different initial M comp . For 
xample, this period is ∼2 d for initial M comp = 1 M �, whereas
t is ∼0 . 8 d for initial M comp = 1 . 5 M �, from our computations.
his dependence of bifurcation period on companion mass helps 
s in setting up initial parameters for evolution models of AMXPs
ith very short P orb but different types of companion stars. If the

ompanion is a WD, it implies that the system has been accreting for
ufficient time, for the companion to evolve to the WD stage. Also,
he initial companion mass should also be ≥1 M �. In these cases, to
et a convergent orbital evolution with small P orb of a few hours, we
et the initial P orb according to the bifurcation period for the systems
n that donor mass range. Contracting systems show a higher rate 
f mass transfer and a longer duration of binary interaction than the
idening ones, thus useful in obtaining the parameters of AMXPs. 
If the LMXB has a relatively large initial P orb (e.g. >2 d) for
nitial M comp = 1 . 0 M �, most of the MS stellar evolution happens
ven before the mass transfer starts, thus limiting the duration of
he accretion phase. For these cases, the evolution ends at higher
alues of ν (around 300 Hz; see Fig. 9 ). The companion star does
ot become fully conv ectiv e for such cases usually, and hence the
ccretion does not halt due to a stop in MB, and the spin equilibrium
s not temporarily broken during the LMXB phase. 

As described in Section 3.1 , the evolution of frequencies ( ν
nd νeq ) and characteristic radii ( r m 

, r co , and r lc ) is primarily
o v erned by Ṁ . We use the torque formulae mentioned in Bhat-
acharyya & Chakrabarty ( 2017 ), with different expressions of the
isc-magnetospheric interaction torque for accretion and propeller 
hases. Here is the general trend of the spin evolution. Soon after the
ccretion starts, both ν and νeq quickly rise to their maximum values, 
s accretion rate rises to a high value (e.g. �10 −9 M � yr −1 ). The
increases due to a positive torque (equation 17 ) in the accretion

hase. Ho we ver, after a small fraction of the LMXB duration, Ṁ 

ecreases, and thus ν also decreases tracking νeq (Section 3.1 ). If the
B temporarily switches off in between, both Ṁ and torque become 

egligible for a small fraction of the LMXB duration. During this
ime, ν decouples from νeq and remains constant. After the accretion 
esumes, typically the NS is not in spin equilibrium, and spins down
y a ne gativ e torque (equation 18 ) in the propeller phase. Then,
he spin equilibrium is established again, and for most cases of our
xamples, as Ṁ declines, ν continues to track νeq to a low value at the
nd of the LMXB phase. Thus, at least for many realistic cases, the
reaking from spin equilibrium at the last part of the LMXB phase
e.g. Tauris 2012 ) cannot explain the high ν values of radio MSPs. 

Ho we ver, as discussed in Section 4 , we could reproduce ν values
or some of the observed AMXPs. We demonstrate the reproduction 
f some main parameters for at least a few of the AMXPs. We
nd that for a few cases the companion is a BD or WD. Ho we ver,
ven though we provide possible evolutions for the parameter space 
f AMXPs with WDs, getting right NS spin for systems with BD
ompanions (having ν as high as 600 Hz) along with other parameters 
ike P orb is challenging. This happens because our models have 
ower NS spin values in the later phase of LMXB evolution, i.e.
hen the companion reaches the BD state. Ho we ver, as sho wn by
hattacharyya ( 2017 ), Bhattacharyya & Chakrabarty ( 2017 ), and
hattacharyya ( 2021 ), if one considers the transient accretion (in the

atter part of evolution due to Ṁ < Ṁ crit ), ν is expected to approach
 several times higher equilibrium spin frequency and thus could 
ncrease to a higher value (Section 3.1 ). This could reproduce the
bserved spin frequency of AMXPs with BD companions. Ho we ver, 
ne should also carefully consider initial parameters in such cases so
hat the spin-up is sustained at the end, along with the correct type of
ompanion star and observed orbital period. We plan to investigate 
uch a complex spin evolution using MESA in a subsequent work. 

 SUMMARY  

n this paper, we investigate the long-term evolution of NS LMXB
arameters, including the NS spin frequency, using the MESA code. 
sing our general LMXB evolution results, we also match the 
bserved parameter space for accreting MSPs or AMXPs. This 
s useful to provide evolutionary models for AMXPs with their 
arameters, including ν, as well as to probe fundamental aspects of
Ss. Here, we summarize our main findings and their implications. 

(i) We include the baryonic to gravitational mass conversion to 
alculate the NS mass evolution with a dynamic conversion ratio, 
MNRAS 535, 344–358 (2024) 
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nd find that its effects are crucial for realistic computation of some
ource parameters, including the NS spin frequency. 

(ii) We show that the effect of the fractional ML ( β) from the
ystem is crucial for the evolution and values of some parameters,
ncluding the NS spin frequency. We find that the total mass accreted
o the NS critically depends on β and could be higher than that
reviously suggested. We also show that NS magnetic field values
ave a crucial effect on NS spin frequency and can be adjusted within
he expected range to match the observed spin frequency accordingly.

(iii) We find out the general nature of the complex evolution of
he NS spin frequency, and how it is affected by the accretion rate,
ompanion star MB, and other parameters. A temporary switching
ff of MB may cause a halt of accretion and no change in the spin
requency for that period. We find that the spin frequency peaks at
he early stage of the LMXB phase, and then typically declines, first
elatively sharply, and then slowly, sometimes with alternate increase
nd decrease. This trajectory of spin evolution plays important role
n determining possible models for observed AMXPs. 

(iv) We predict possible long-term evolutionary models (using
ESA ) for most of the observed AMXPs including their spin

requency evolution for the first time, to the best of our knowledge.
o we ver, it is challenging to match the high NS spin frequency for

ystems with WD/BD companions. This problem could be solved
f, considering findings of some previous papers (Bhattacharyya &
hakrabarty 2017 ; Bhattacharyya 2021 ), the NS spin frequency

ncreases towards the end of the LMXB phase due to transient
ccretion. 

(v) We find that the GR typically does not have a significant effect
n spin evolution during the persistent accretion phase. Ho we ver,
s mentioned in some previous papers (see Bhattacharyya 2017 ;
hattacharyya & Chakrabarty 2017 , for demonstration), this effect
ould be crucial for transient accretion. 
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