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The torsion-free connection is one of the important assumptions in Einstein’s General theory of Relativity 
which has not been verified so far from experimental observation. In this article, the effect of torsion 
on the on-shell action of radiation fields in curved spacetime is reported in order to show certain 
consequences and possible ways to probe torsion in curved spacetime. In order to describe non-vanishing 
torsion, we mostly use contorsion tensor in connection which can be written in the combination 
of torsion tensor and vice versa. We have discussed how does the field equation coming from the 
minimization of action with respect to torsion changes the matter part of the on-shell action of radiation 
through substitution of the spin tensor. We have also studied here the effect of torsion on the scalar 
and vector radiation field in curved spacetime. It is shown that the presence of torsion leads to extra 
polarizations in Gravitational waves or radiations other than the usual two polarizations already present 
in General Relativity. Further, it is also shown that in the presence of torsion, there exists a non-trivial 
vacuum configuration that is different from the trivial vacuum in the absence of coupling with torsion. 
It is also found that in a generic theory of vector field, the presence of torsion breaks the U (1) gauge 
invariance just like the presence of mass shows the violation of gauge invariance. The observational 
consequences of these results are also discussed.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

One of the crucial assumptions that were made during the development of General Relativity (GR) is the connection would be torsion-
free. This assumption together with the metric compatibility [1] assumption defines the connections used in GR uniquely, known as the 
Christoffel symbols [2]. These two assumptions made a lot of mathematical simplifications in the theory. However, still a lot of people in 
the community do not follow the assumption of torsion-free connection [3–5] to see what are the possible effects that torsion can give 
rise to in terms of the dynamics of the system in GR [6,7].

Stress-energy tensor defined in GR is symmetric from its definition [8] T μν = − 2√−g
δSmatter
δgμν

and it is sufficient to provide us the 
solution of metric tensor from the Einstein’s equation. However, that information is not sufficient once we include the torsion [9,10] in 
the geometry because then, the minimization of action also implies minimization of the Einstein-Hilbert action with respect to the torsion 
tensor which is independent of the metric tensor. The metric compatibility is assumed in all stages of calculation.

Working in a theory of gravity with torsion [4], the first question that comes naturally is that would it be possible to determine 
uniquely all the components of torsion tensor in some way? The next question would be how do the equations of motion or Euler-
Lagrange equations from minimizing the Einstein-Hilbert action [1] change if we take into account the effect of torsion in the theory.

Further one can ask, how does the minimization of the Einstein-Hilbert action with respect to the torsion tensor components affect the 
matter action effectively? It is shown here through simple examples that the minimally coupled free-field theories after the minimization 
of the Einstein-Hilbert action with respect to torsion tensor components give rise to effectively self-interacting theories coupled to metric 
only. In this process, there can be a non-trivial vacuum configuration, arise during the replacement of the torsion degrees of freedom in 
terms of the metric tensor and matter fields.

With the recent discovery of Gravitational waves from the binary mergers by LIGO collaboration [11–18] it becomes possible to test 
different models of gravity [19–30] and put constraints on them. Hence, it is natural to ask about whether Gravitational wave can put 
constraints on Torsion of curved spacetime [31–34], neglected in GR. With the current literature available [35–45], it seems quite difficult 
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to put constraints on the form of torsion just from the Gravitation Wave observation, Lorentz violation, and Cosmological observations. 
This might be because of the current sensitivity limit [46–52] or it seems difficult to put constraints on the torsion of geometries from 
just one kind of observations. Hence, as an alternate way to test gravity theories with torsion, we look at how does torsion affect the 
dynamics of radiation fields (massless fields) in curved spacetime, presented in the last two sections in this article. Here we have shown 
the existence of non-trivial vacuum configurations and breakdown of U (1) Gauge invariance which have profound implications in terms of 
observations, discussed in the ‘Conclusion’ section. Since the Sun is the nearest source of such radiations, therefore, it is easier to look at 
the behavior of radiation fields which enables one to put restrictions on such theories. We have also shown in the next section (where we 
have shown a modification of Einstein’s equation in presence of Torsion) that the presence of torsion leads to new degrees of freedom or 
extra polarizations in the Gravitational waves or radiations and it also affects the dynamics of Gravitational waves in a non-trivial manner.

2. Inclusion of torsion in General Relativity and presence of extra polarizations in Gravitational waves

In this section, we present how to include torsion mathematically in Einstein’s General theory of Relativity, based on the earlier works 
done in [3,10,53–63] to show the mathematical complexity at a different level without the assumption of torsion-free connection used in 
GR. This brief review is preliminary of torsion, required for our main results. It also makes the material more transparent to the experi-
mentalists in order to put constraints on torsion from various experiments based on simple mathematical ideas. Further, through this, we 
present in a more general way that the presence of torsion leads to the extra degrees of freedom or more specifically extra polarizations 
in Gravitational waves and Gravitational radiations from stars, binary mergers, black holes, etc. which is against the conclusion of [64,65]
where torsion is considered only in the form of scalar. On the other hand, the result presented in [31] is consistent with our conclusion.

2.1. Torsion

As with most geometric concepts, there are indeed several ways to define torsion. Following Wald’s book [66], we define it in terms of 
action of commutator of derivative operators which is as follows

∇a∇b f − ∇b∇a f = −T c
ab∇c f , (2.1)

for any smooth function f defined over chosen manifold M. T c
ab are the components of tensor. From above equation, it follows that

∇a∇b f − ∇b∇a f = ∇a(∇b f ) − ∇b(∇a f )

= ∂a∂b f − ∂b∂a f + (�c
ba − �c

ab)∇c f

= −T c
ab∇c f

T c
ab = �c

ab − �c
ba = 2�c

[ab].

(2.2)

Thus, separating the symmetric part of the connection, it can be written as

=⇒ �c
ab = 1

2
gcd(∂a gdb + ∂b gad − ∂d gab − Tabd − Tbad + Tdab). (2.3)

2.2. Curvature and Ricci tensor

Let ∇a be a derivative operator that we choose. Let ωa be 1-form field and let f be a smooth function then we can show the following 
equality that without torsion

∇a∇b( f ωc) − ∇b∇a( f ωc) = f (∇a∇b − ∇b∇a)ωc . (2.4)

In the same way Wald show in [66] that the tensor (∇a∇b − ∇b∇a)ωc at point p depends only on the value of ωc at p which means it 
defines a tensor of rank (1, 3) in the following way

(∇a∇b − ∇b∇a)ωc = Rd
abcωd, (2.5)

where Rd
abc Riemann tensor components. Now if we include torsion in the above picture, we obtain the following relation

∇a∇b( f ωc) − ∇b∇a( f ωc) = f (∇a∇b − ∇b∇a)ωc − T d
abωc∇d f

(∇a∇b − ∇b∇a + T d
ab∇d)( f ωc) = f (∇a∇b − ∇b∇a + T d

ab∇d)ωc,
(2.6)

which shows (∇a∇b − ∇b∇a + T d
ab∇d) operation defines rank (1, 3) tensor which is Riemann tensor components Rd

abc , however, it does 
not have the same properties as it had for torsion-free case.

Let us define the connection �̃α
βγ as a sum of symmetric Christoffel symbols �α

βγ and a quantity K α
βγ as follows

�̃α
βγ = �α

βγ + K α
βγ . (2.7)

Since K α
βγ is nothing but the difference of two connections, therefore, it is a tensorial quantity of rank (1, 2). We consider that connections 

�̃α
βγ have non-zero torsion components defined the way we defined earlier. Therefore, (following metric compatibility of derivative with 

respect to ˜ connection) we can write the following relation

K α
βγ = 1

(T α
βγ − T α

β γ − T α
γ β). (2.8)
2

2
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From the above equation, it is quite clear that

Kαβγ = −Kβαγ , (2.9)

and K α
βγ is known as contorsion tensor. According to our identification,

[∇̃α, ∇̃β ]ϕ = −(K λ
αβ − K λ

βα)∇̃λϕ, (2.10)

where ϕ is a scalar function. Through a simple algebraic calculation, it can be shown that

[∇̃α, ∇̃β ]Pλ = −T τ
αβ ∇̃τ Pλ + R̃λ

ταβ P τ , (2.11)

where

R̃λ
ταβ = ∂α�̃λ

βτ − ∂β�̃λ
ατ + �̃λ

αγ �̃
γ
βτ − �̃λ

βγ �̃
γ
ατ . (2.12)

In terms of torsion-less covariant derivative and contorsion, we obtain the following relations

R̃λ
ταβ = Rλ

ταβ + ∇α K λ
βτ − ∇β K λ

ατ + K λ
αγ K γ

βτ − K λ
βγ K γ

ατ

=⇒ R̃τβ = R̃λ
τλβ = Rτβ + ∇λK λ

βτ − ∇β K λ
λτ + K λ

λγ K γ
βτ − K λ

βγ K γ
λτ

= Rτβ + ∇λK λ
βτ − K λ

βγ K γ
λτ

=⇒ R̃ = gτβ R̃τβ = R − ∇λK τ
λτ + K λτγ Kλγ τ ,

(2.13)

where we have used the fact that K λ
λρ = 0 since Kλαβ = −Kαλβ .

2.3. Einstein’s equations with torsion

We start by writing down the Einstein-Hilbert action

S E H =
∫

d4x
√−g R̃. (2.14)

Taking variation of metric, we obtain

δg S E H =
∫

d4x
[
(δg

√−g)R̃ + √−g R̃μνδg gμν + √−g gρλδg R̃ρλ

]
δg

√−g = −1

2

√−g gμνδg gμν

=⇒ δg S E H =
∫

d4x
√−g

[
(R̃μν − 1

2
gμν R̃)δg gμν + gρλδg R̃ρλ

]
.

(2.15)

It can be shown that

δg R̃ρλ = ∇̃α(δg�̃
α
λρ) − ∇̃λ(δg�̃

α
αρ) + T β

αλ(δg�̃
α
βρ)

T β
αλ = K β

αλ − K β
λα.

(2.16)

Hence,∫
d4x

√−g gρλδg R̃ρλ =
∫

d4x
√−g gρλ

[
∇̃α(δg�̃

α
λρ) − ∇̃λ(δg�̃

α
αρ) + T β

αλ(δg�̃
α
βρ)

]
=

∫
d4x

√−g
[
∇̃α(gλρδg�̃

α
λρ − gραδg�̃

β
βρ) + gλρ T β

αλδg�̃
α
βρ

]
= −

∫
d4x

√−gT μν
α δg�̃

α
μν.

(2.17)

Since we consider metric compatibility throughout the variation, hence,

0 =
δ

∇̃ρ (gμν + δg gμν)

= ∇̃ρ(gμν + δg gμν) − δg�̃
λ
ρμ((gλν + δg gλν)) − δg�̃

λ
ρν(gμλ + δg gμλ)

= ∇̃ρ(δg gμν) − gλνδg�̃
λ
ρμ − gμλδg�̃

λ
ρν .

(2.18)

Rearranging indices, we obtain

∇̃μδg gνρ + ∇̃νδg gμρ − ∇̃ρδg gμν = 2gλρδg�̃
λ
μν + gλνδg T λ

μρ + gλμδg T λ
νρ − gλρδg T λ

μν

=⇒ δg�̃
α
μν = 1

gαρ(∇̃μδg gνρ + ∇̃νδg gμρ − ∇̃ρδg gμν − gλνδg T λ
μρ − gλμδg T λ

νρ + gλρδg T λ
μν).

(2.19)
2

3
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Now if we consider variation of metric only then,

δg�̃
α
μν = 1

2
gαβ(∇̃μδg gνβ + ∇̃νδg gμβ − ∇̃βδg gμν). (2.20)

Substituting above into (2.17), we obtain∫
d4x

√−g gρλδg R̃ρλ = −1

2

∫
d4x

√−g gαβ T μν
α (∇̃μδg gνβ + ∇̃νδg gμβ − ∇̃βδg gμν)

= −1

2

∫
d4x

√−g(T μνβ ∇̃μδg gνβ − 2T μνβ∇̃βδg gμν)

= −
∫

d4x
√−g∇̃β T β

(μν)δg gμν.

(2.21)

Therefore, the minimization of action with respect to variation of metric gives the following modified equation

G̃(μν) − ∇̃β T β

(μν) = 8π Tμν, (2.22)

where Tμν is the matter stress-energy tensor.
Note that

G̃μν = R̃μν − 1

2
gμν R̃ = Gμν + ∇λ

(
K λ

νμ − 1

2
gμν K λτ

τ

)
−

(
K λ

νγ K γ
λμ + 1

2
gμν K λτγ Kλγ τ

)

=⇒ G̃(μν) = Gμν + ∇λ

(
K λ

(νμ) − 1

2
gμν K λτ

τ

)
−

(
K λ

(ν|γ K γ
λ|μ) + 1

2
gμν K λτγ Kλγ τ

)
.

(2.23)

Denoting T(μν)λ = Sλμν leads to the following constraint

=⇒ Sλμν + Sμνλ + Sνλμ = 0. (2.24)

Furthermore,

K λ
(νμ) = 1

2
(T λ

(νμ) − T λ
(ν μ) − T λ

(μ ν)) = −T λ
(μ ν) = T λ

(μν), (2.25)

and

∇̃λK λ
νμ = ∇λK λ

νμ + K λ
λρ︸︷︷︸

=0

K ρ
νμ − K ρ

λν K λ
ρμ − K ρ

λμK λ
νρ

∇̃λK λ
(νμ) = ∇λK λ

(νμ) − K ρ
λ(ν K λ

ρμ) − K ρ
λ(μK λ

ν)ρ

=⇒ ∇λK λ
(νμ) − K λ

(ν|ρ K ρ
λ|μ = ∇̃λK λ

(νμ) + Kρλ(ν K λρ
μ),

(2.26)

which means we can rewrite (2.23) in the following form

G̃(μν) = Gμν + ∇̃λK λ
(νμ) − 1

2
gμν∇λK λτ

τ + (Kρλ(ν K λρ
μ) − 1

2
gμν K λτγ Kλγ τ ). (2.27)

Together with above information, we can write modified Einstein equation in the following form

Gμν − 1

2
gμν∇λK λτ

τ + (Kρλ(ν K λρ
μ) − 1

2
gμν K λτγ Kλγ τ ) = 8π Tμν. (2.28)

The above equation further can be rearranged in the following form

Gμν = 1

2
gμν∇λK λτ

τ − (Kρλ(ν K λρ
μ) − 1

2
gμν K λτγ Kλγ τ ) + 8π Tμν. (2.29)

Note that in the weak gravity limit where gμν = ημ + hμν is considered, the left-hand side of the above equation is invariant under the 
infinitesimal diffeomorphisms of the form hμν → hμν + ∂μξν + ∂νξμ which is also seen as gauge transformations. On the other hand, 
right-hand side of the above equation is not invariant under the infinitesimal diffeomorphism for obvious reasons. Furthermore, on the 
right-hand side, each term has two contractions at least which shows the presence of hμνhμν or hμλhλ

ν or other possible terms that 
can be found out in detail analysis. This shows the presence of mass terms which also appear in massive graviton like theories [67–71]. 
Observation or any evidence of these extra polarizations of Gravitational waves not only suggest IR modifications of GR but also opens the 
possibility of looking for torsion related features of spacetimes.
4
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2.4. Spin tensor

Note that in the Einstein Hilbert action, we can also take the variation with respect to the torsion tensor and we find

δS E H = 1

2

∫
d4x

√−gT μν
α gαρ

[
gλνδg T λ

μρ + gλμδg T λ
νρ − gλρδg T λ

μν

]
=⇒ �

μν
λ = 1√−g

δS E H

δT λ
μν

= 1

2
gλρ

[
T [μ|ρ|ν] + T ρ[μν] − T [μν]ρ]

= gλρ

[
T [μ|ρ|ν] + 1

2
T ρμν

]
.

(2.30)

Hence, from minimization of total action, Spin tensor denoted by � μν
λ can also be defined in the following way

�
μν
λ ≡ 1√−g

δSm

δT λ
μν

, (2.31)

and by definition � μν
λ = −�

νμ
λ . Then, we have the following equation

gλρ

[
T [μ|ρ|ν] + 1

2
T ρμν

]
= �

μν
λ

=⇒ T [μ|ρ|ν] + 1

2
T ρμν = �μνρ.

(2.32)

Note that knowing torsion tensor components T λ
μν is equivalent to knowing K λ

μν components, hence, the number of K λ
μν components 

is the same as the number of torsion components T λ
μν . Further, if torsion does not couple with the matter field then �ρμν becomes 

identically zero and all 24 components of the torsion tensor vanish identically. The actual way to do the calculation is to first estimate 
torsion tensor from spin tensors and then plug those into modified Einstein’s equation to get metric tensor.

The equation (2.30) implies

T μρν + T ρμν − T νρμ = 2�μνρ

T ρνμ + T νρμ − T μνρ = 2�ρμν

T νμρ + T μνρ − T ρμν = 2�νρμ

(2.33)

After inverting the above relations, we obtain the following set of equations

T μρν = �ρμν + �μνρ

T ρνμ = �ρμν + �νρμ

T νμρ = �νρμ + �μνρ,

(2.34)

which is equivalent to only one equation which is the following

T μρν = �ρμν + �μνρ = �ρμν − �νμρ. (2.35)

3. Effect of torsion tensor

3.1. Effect of torsion in modified Einstein equation

Once we get the torsion tensor components, we put it back to the modified Einstein equation and we can write

Gμν = 8π Tμν + χμν, (3.1)

where

χμν = 1

2
gμν∇λK λτ

τ − Kρλ(ν K λρ
μ) + 1

2
gμν K λτγ Kλγ τ . (3.2)

Hence, χμν , made out of contorsion tensor or in a way of torsion tensor modifies the net stress-energy tensor locally at each spacetime 
point. Further, if in (2.33), we find that � μν

λ = 0 then, all the components of torsion tensor and similarly contorsion tensor become zero.

3.2. Example of a scalar field theory coupled to torsion

Let us consider a scalar field theory, described by the following action

S0 =
∫ √−gd4x

[1

2
ϕ∇̃2ϕ − V (ϕ)

]
, (3.3)

where we can write
5
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∇̃2ϕ = gμν∇̃μ∇̃νϕ = gμν
[
∇μ∇νϕ − K ρ

μν∂ρϕ
]

= gμν
[
∇μ∇νϕ + K ρ

μ ν∂ρϕ
]

= �ϕ + T ρ∂ρϕ.

(3.4)

If potential part V (ϕ) does not couple with torsion tensor then, we can write spin tensor corresponding to this scalar matter as follows

�
μρ
σ = 2g[μνδ

ρ]
σ ϕ∂νϕ = (gμνδ

ρ
σ − gρνδ

μ
σ )ϕ∂νϕ. (3.5)

By doing integration by parts, we can also write the action in the following way

S0 =
∫ √−gd4x

[1

2
gμνϕ∇μ∇νϕ + 1

2
ϕT ρ∂ρϕ − V (ϕ)

]
= −

∫ √−gd4x
[1

2
gμν∂μϕ∂νϕ − 1

2
ϕT ρ∂ρϕ + V (ϕ)

]
.

(3.6)

Further, the above action can be expressed in the following form

S0 = −
∫ √−gd4x

[1

2
gμν∂μϕ∂νϕ − 1

2
ϕT ρ∂ρϕ + V (ϕ)

]
= −

∫ √−gd4x
[1

2
gμν∂μϕ∂νϕ − 1

4
√−g

∂ρ(
√−gT ρϕ2) + 1

4
∂ρ T ρϕ2 + V (ϕ)

]
= −

∫ √−gd4x
[1

2
gμν∂μϕ∂νϕ + 1

4
∂ρ T ρϕ2 + V (ϕ)

]
+ boundary term,

(3.7)

where 1
2 ∂ρ T ρ effectively acts as a square of mass term. This implies that we can write the stress-energy tensor as follows

Tμν = ∂μϕ∂νϕ − ϕT(μ∂ν)ϕ − gμν

[1

2
gρσ ∂ρϕ∂σ ϕ − 1

2
ϕT ρ∂ρϕ + V (ϕ)

]
. (3.8)

Using (2.34), we obtain

T μρν = ϕ∂ρϕgμν − ϕ∂νϕgμρ, (3.9)

and this implies

Tρ = 3ϕ∂ρϕ. (3.10)

Substitute this into the action, we obtain

S0 = −
∫ √−gd4x

[1

2
gμν∂μϕ∂νϕ − 1

2
ϕT ρ∂ρϕ + V (ϕ)

]
= −

∫ √−gd4x
[1

2
gμν∂μϕ∂νϕ − 3

2
ϕ2∂ρϕ∂ρϕ + V (ϕ)

]
.

(3.11)

Now as we can see even in the absence of potential V (ϕ), torsion leads to an interacting minimally coupled scalar field theory from a 
simple looking non-minimally coupled scalar field theory. Further, this theory indeed has a non-zero vacuum expectation value which 
is ϕ0 = ± 1√

3
. It is important to note that we have put G = 1, a dimensionful quantity of dimension [mass]−2 in h̄ = c = 1. Considering 

G �= 1, we obtain the following action

S0 = −
∫ √−gd4x

[1

2
gμν∂μϕ∂νϕ − 3G

2
ϕ2∂ρϕ∂ρϕ

]
, (3.12)

which takes care of dimension of Lagrangian density appropriately and the vacuum expectation value becomes ϕ0 = ± 1√
3G

. The stress-

energy tensor becomes the following

Tμν = ∂μϕ∂νϕ − 3Gφ2∂μϕ∂νϕ − gμν

[1

2
gμν∂μϕ∂νϕ − 3G

2
ϕ2∂ρϕ∂ρϕ

]
. (3.13)

If one wants to study the excitations around vacuum then, we can write ϕ = ϕ0 + ϕ̃ and we obtain the following action

S0 = −
∫ √−gd4x

[1

2
gμν(1 − 3Gϕ2

0)∂μϕ̃∂νϕ̃ − 3G

2
ϕ̃2∂ρϕ̃∂ρϕ̃ − 3Gϕ0ϕ̃∂ρϕ̃∂ρϕ̃

]
=

∫ √−gd4x
[3G

2
ϕ̃2∂ρϕ̃∂ρϕ̃ + 3Gϕ0ϕ̃∂ρϕ̃∂ρϕ̃

]
.

(3.14)

Recall that we can write the generating functional for a scalar field theory in the following way

Z[ J ] =
∫

Dϕ̃ eiS0[ϕ̃]+i
∫

d4x
√−g(x) J (x)ϕ̃(x). (3.15)

The action in (3.14) can further be expressed as
6
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S0[ϕ̃] =
∫ √−gd4x

[3G

8
∂ρϕ̃2∂ρϕ̃2 + 3Gϕ0ϕ̃∂ρϕ̃∂ρϕ̃

]

=
∫ √−gd4x

[1

2
∂ρϕ̄2∂ρϕ̄2 + (192G)

1
4 ϕ0ϕ̄∂ρϕ̄∂ρϕ̄

]
, ϕ̄ = ϕ̃

(
3G

4

) 1
4

(3.16)

Since the constant Jacobian due to above scaling of field is irrelevant for practical computations, hence, the generating function can be 
expressed as

Z[ J ] =
∫

Dϕ̄ eiS0[ϕ̄]+i
∫

d4x
√−g(x) J (x)ϕ̄(x)

=
∫

Dχ e
i
∫ √−gd4x

[
1
2 ∂ρχ∂ρχ+

(
192G
χ2

) 1
4
ϕ0∂ρχ∂ρχ+ i

2 logχ
]
+i

∫
d4x

√−g(x) J (x)
√

χ(x)
,

(3.17)

where χ(x) = ϕ̄2(x). The above generating functional clearly shows that torsion leads to a strongly coupled field theory since G
1
4 ϕ0 ∝

1

G
1
4

	 1. Hence, in this theory, the perturbative techniques are not applicable. It is important here to note that the term i
2 logχ in (3.17)

comes from the Jacobian of transformation in the measure of the functional integral. A generic n-point function 〈ϕ̄(x1) . . . ϕ̄(xn)〉 can be 
expressed as 〈√χ(x1) . . .

√
χ(xn)〉. Since the kinetic term in the effective action in (3.17) is not decoupled, hence, we follow a different 

approach mentioned below to decouple the kinetic term and the potential term in the effective action (exponent in the generating 
functional).

Note that the initial action S0 can be written in following form

S0[ϕ] = −
∫ √−gd4x f (ϕ)gμν 1

2
∂μϕ∂νϕ, (3.18)

where f (ϕ) is a polynomial of degree two in ϕ . Then, the field equation for matter field becomes

∂μ

[√−g f (ϕ)gμν∂νϕ
]

= f ′(ϕ)
√−g

1

2
gμν∂μϕ∂νϕ

=⇒ f ′(ϕ)gμν∂μϕ∂νϕ + f (ϕ)�ϕ = f ′(ϕ)
1

2
gμν∂μϕ∂νϕ

2 f (ϕ)�ϕ + f ′(ϕ)∇μϕ∇μϕ = 0

=⇒ f (ϕ)�ϕ + ∇μ( f (ϕ)∇μϕ) = 0.

(3.19)

The above equation suggests that if �ϕ = 0 then, f (ϕ(x))∇μϕ(x) = Jμ(x) such that ∇μ Jμ(x) = 0. This vector must be null Jμ(x) Jμ(x)
since �ϕ = 0 =⇒ ||∂ϕ(x)||2 = ∇μϕ∇μϕ = 0. Jμ is also a closed one-form ∇[μ Jν] = 0 since it is exact. In general, we do not expect this 
null current to be existent. If we restrict ourselves to the case where ||∂ϕ||2 �= 0 then, we can write the above equation as follows

2�ϕ + f ′(ϕ)

f (ϕ)
||∂ϕ||2 = 0, if f (ϕ) �= 0. (3.20)

In our case, f (ϕ) =
(

1 − ϕ2

ϕ2
0

)
. Further, given an action of the form in (3.18), we can write the generating functional as follows

Z[ J ] =
∫

Dϕ e−i
∫ √−gd4x f (ϕ)gμν 1

2 ∂μϕ∂νϕ+i
∫ √−gd4x J (x)ϕ(x)

=
∫

D� e
−i

∫ √−g(x)d4x
[

gμν 1
2 ∂μ�(x)∂ν�(x)+iK′(�(x))

]
+i

∫ √−g(x)d4x J (x)K(�(x))
,

(3.21)

where ϕ(x) = K(�(x)) is a non-trivial function such that 
√

f (ϕ)dϕ = d� and K′(�) = δK(�)
δ�

. The effective action Seff[�] =
− 

∫ √−gd4x
[

gμν 1
2 ∂μ�∂ν� + iK′(�(x))

]
is a complex action (see examples in [72,73]), hence, the � excitations are unstable or in other 

words these excitations have finite lifetime [74]. We can further add an exponent in (3.21) to define the following generating functional

Z[ J , K ] =
∫

D� e
−i

∫ √−g(x)d4x
[

gμν 1
2 ∂μ�(x)∂ν�(x)+iK′(�(x))

]
+i

∫ √−gd4x J (x)K(�(x))+i
∫ √−gd4x K (x)�(x)

, (3.22)

such that

〈ϕ(x1) . . . ϕ(xn)〉 = 1

in

(
n∏

i=1

1√−g(xi)

)
δ

δ J (x1)
. . .

δ

δ J (xn)
Z[ J , K ]

∣∣∣
J ,K=0

〈�(x1) . . .�(xn)〉 = 1

in

(
n∏

i=1

1√−g(xi)

)
δ

δK (x1)
. . .

δ

δK (xn)
Z[ J , K ]

∣∣∣
J ,K=0

.

(3.23)

Since f (ϕ) =
(

1 − ϕ2

ϕ2

)
in our case, hence, �(x) would be real-valued for |ϕ(x)| ≤ ϕ0. In this case,
0

7



S. Mandal Physics Letters B 810 (2020) 135778
�(x) =
ϕ0 arcsin

(
ϕ(x)
ϕ0

)
+ ϕ(x)

√
1 − ϕ2(x)

ϕ2
0

2
. (3.24)

It can be checked easily that � is a monotonic increasing function in ϕ , hence, the above relation is invertible. As a result, the function 
K(�) is well-defined. Further, it is important to note that if |ϕ(x)| > ϕ0 then, f (ϕ(x)) < 0 and as a result of it, the Hamiltonian density 
H(x) becomes unbounded from below. This causes instability, hence, |ϕ(x)| ≤ ϕ0 must hold.

On the other hand, if the spin-tensor is given like the metric in the case of QFT in curved spacetime then, the action in (3.7) is the 
general form for free-field theory minimally coupled to curved spacetime with torsion. Further, if we consider V (ϕ) = λ

4!ϕ
4 in (3.7) with 

λ > 0 and ∂ρ T ρ < 0 holds then, the spontaneous symmetry breaking takes place.

3.3. Massless vector field theory minimally coupled to gravity including torsion

The minimally coupled action describing massless vector field theory is the following

S = −1

4

∫ √−gd4x gμα gβν Fμν Fαβ, (3.25)

where because of torsion, we can write

Fμν = ∇̃μAν − ∇̃νAμ = ∂μAν − ∂νAμ − T ρ
μνAρ ≡ F (0)

μν − T ρ
μνAρ. (3.26)

It is important here to note that the presence of torsion breaks the invariance of action under the gauge transformation. Then, the above 
action can be written in the following way

S = −1

4

∫ √−gd4x gμα gβν
[

F (0)
μν F (0)

αβ − 2F (0)
αβ T ρ

μνAρ + T ρ
μν T σ

αβAρAσ

]
. (3.27)

Then, according to the definition

�
μν
λ = 1√−g

δS

δT λ
μν

= 1

2
gμα gνβ

[
F (0)
αβAλ − T σ

αβAσAλ

]
=⇒ �μνλ = 1

2
gμα gνβ

[
F (0)
αβA

λ − T σ
αβAσAλ

]
. (3.28)

According to (2.34), we can write

T μλν = �λμν − �νμλ = 1

2
gμα

(
F (0)
αβ − T σ

αβAσ

)
(gνβAλ − gλβAν)

= 1

2
gμα F (0)

αβ (gνβAλ − gλβAν) − 1

2
(T σμνAσAλ − T σμλAσAν).

(3.29)

If we put all the torsion tensor components in left-hand side, we obtain the following equation

T αβγ
[
δ
μ
α δν

βδλ
γ + 1

2
Aαδ

μ
β

(
δλ
γAν − δν

γAλ
)]

= 1

2
gμα F (0)

αβ (gλβAν − gνβAλ)

=⇒ T αβγ Sμνλ
αβγ (A) = 1

2
gμα F (0)

αβ (gλβAν − gνβAλ)

=⇒ T αβγ = [S−1(A)]αβγ
μνλ

1

2
gμρ F (0)

ρσ (gλσAν − gνσAλ) = [S−1(A)]αβγ
ρ[νσ ]A

ν F (0)ρσ .

(3.30)

In principle, one can calculate the components of S−1(A) in terms of vector field components Aμs. Hence, the matter action can be 
written by substituting the last line in the previous equation

SA = −1

4

∫ √−g d4x gμα gνβ
[

F (0)
μν F (0)

αβ − 2F (0)
μν [S−1(A)]ραβλ[νσ ]A

ν F (0)λσAρ

+ [S−1(A)]ρμνλ1[λ2λ3][S−1(A)]σαβλ4[λ5λ6] F (0)λ1λ3 F (0)λ4λ6Aλ2Aλ5AρAσ

]
= −1

4

∫ √−g d4x gμα gνβ F (0)
κ1κ2 F (0)

κ3κ4

[
δκ1
α δ

κ2
β δ

κ3
μ δκ4

ν − 2δ
κ3
μ δκ4

ν [S−1(A)]ρ κ1[νκ2]
αβ AνAρ

+ [S−1(A)]ρ κ1[λ2κ2]
μν [S−1(A)]σ κ3[λ5κ4]

αβ Aλ2Aλ5AρAσ

]
.

(3.31)

Note that in this case also torsion modifies the coefficient of the quadratic term in derivative and makes it dynamical in terms of matter 
field variables. The solution of the following equation[

δκ1
α δ

κ2
β δ

κ3
μ δκ4

ν − 2δ
κ3
μ δκ4

ν [S−1(A)]ρ κ1[νκ2]
αβ AνAρ + [S−1(A)]ρ κ1[λ2κ2]

μν [S−1(A)]σ κ3[λ5κ4]
αβ Aλ2Aλ5AρAσ

]
= 0, (3.32)

gives a non-trivial vacuum configuration. Like the earlier case, here also we can write the action SA in (3.31) in the following form
8
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SA = −1

4

∫ √−gd4x Oκ1κ2κ3κ4
μναβ (A)gμα gνβ F (0)

κ1κ2 F (0)
κ3κ4

Oκ1κ2κ3κ4
μναβ =

[
δκ1
α δ

κ2
β δ

κ3
μ δκ4

ν − 2δ
κ3
μ δκ4

ν [S−1(A)]ρ κ1[νκ2]
αβ AνAρ

+ [S−1(A)]ρ κ1[λ2κ2]
μν [S−1(A)]σ κ3[λ5κ4]

αβ Aλ2Aλ5AρAσ

]
.

(3.33)

Finding the field equation from the above action is not that complicated. However, we want to point out that the field equation corre-
sponding to the above action leads to a non-linear electrodynamics which has no gauge invariance because of the torsion.

4. Conclusion

Since the massless radiation fields have long-range behavior [75–77], therefore, probing certain physical observables in terms of them 
would be easier compared to massive fields because of their short-range nature (exponential decay after 1

mass length scale). Since the 
observed Standard Model fermion particles are massive particles (even neutrino oscillation phenomena shows the mass property of them), 
hence, it is difficult to probe the nature of the torsion of spacetime manifolds from their dynamics although they have a natural tendency 
to couple with torsion. On the other hand, the gauge bosons like Photons [78], scalar massless bosons like Higgs field [79] and critical 
bosonic excitations [80] are accessible as a tool to probe Torsion from various sources like near stars in the form of radiations. In this 
article, we have mentioned two non-trivial features of these fields, one of which is non-trivial vacuum configurations and break down of 
gauge invariance due to coupling with Torsion. From the Higgs mechanism [81–83] in Standard Model physics, it has been proved that 
these two features can be observed after a certain high energy scale, found in different collider experiments. This observation suggests 
to us that the strength of torsion coupling with radiation fields might be so weak in nature that to probe them, we need to go beyond 
energy scales that current colliders have achieved so far [84–94].

Furthermore, through our examples, we have shown that the non-trivial vacuum configuration leads to the mass gap of the system after 
which only the coupling of torsion can be probed since torsion itself depends on the dynamics of excitations about the mass-gap. This is 
actually huge as the mass-gap scale is inversely related to Newton’s gravitation constant. These non-trivial vacuum configurations can also 
be understood as non-trivial saddle-points of on-shell action in which it is extremized. As a consequence, these vacuum configurations 
contribute maximally in the Feynman’s path integral or functional integral formalism [95,96] in order to find generating functional or 
partition function.

Another interesting feature that we have shown in this article is that U (1) gauge invariance of the photon which is an internal 
symmetry of the field is broken by torsion tensor, not from the non-trivial vacuum configuration. It is broken by a completely different 
spacetime feature which is nothing to do with diffeomorphism invariance, an internal symmetry of GR without the inclusion of Torsion. 
One of the important consequences of gauge symmetry breaking is the presence of longitudinal polarization of vector field which is 
recently observed in a quantum optics experiment from quenching the vacuum [97] and in [98,99].

Within a general and mathematically straightforward manner, the inclusion of torsion in GR has been explicitly shown in which 
modified terms that actually appear in the weak field limit of the Einstein equation lead to the break-down of infinitesimal diffeomorphism 
or gauge invariance. These terms appear as mass terms comparing with the Fierz-Pauli action. This suggests a new and completely different 
effect in dynamics and appearance of new degrees of freedom or more correctly new set of polarizations of gravitation waves or radiations 
other than the 2-polarizations in GR due to the torsion of spacetime [32,100] which is independent of the metric tensor of spacetime.

Showing these features in the on-shell action for radiation fields, we suggest a new way to check the correctness of the assumption 
of the torsionless connection in GR both through high energy physics experiments on radiation fields and from the observation of extra 
polarizations of gravitational waves, and their dynamics in short-wavelength scales where the effect of coupling with Torsion plays an 
important role.
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