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Abstract: In the present paper, we review the progress of the project of the classification and con-
struction of invariant differential operators for non-compact, semisimple Lie groups. Our starting
point is the class of algebras which we called earlier ‘conformal Lie algebras’ (CLA), which have
very similar properties to the conformal algebras of Minkowski space-time, though our aim is to
go beyond this class in a natural way. For this purpose, we introduced recently the new notion of
a parabolic relation between two non-compact, semi-simple Lie algebras G and G’ that have the same
complexification and possess maximal parabolic subalgebras with the same complexification.
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1. Introduction and Preliminaries

Invariant differential operators play a very important role in the description of physical
symmetries—starting from the early occurrences in the Maxwell, d’Allembert and Dirac,
equations to the latest applications of (super)differential operators in conformal field
theory, supergravity and string theory (for reviews, cf., e.g., [1,2]). Thus, it is important for
applications in physics to systematically study such operators. For more relevant references
cf., e.g., [3-73], and others throughout the text. Especially, we would like to point out
the book [74] which contains a section devoted to groups of conformal transformations of
curved spacetime.

In a recent paper [75], we started the systematic explicit construction of invariant
differential operators. We gave an explicit description of the building blocks, namely, the
parabolic subgroups and subalgebras from which the necessary representations are induced.
Thus, we have set the stage for the study of different non-compact groups. Up to 2016,
relevant references may be found in our monograph [76] and also in [77-111].

Our canonical construction is applicable also to quantum groups, super groups, to (super-)
Virasoro and Kac-Moody algebras, see our monographs: [112-114].

Preliminaries

Let G be a semi-simple, non-compact Lie group, and K a maximal compact subgroup
of G. Then, we have an [wasawa decomposition G = KAgNy, where Ay is an Abelian simply
connected vector subgroup of G and Nj is a nilpotent simply connected subgroup of G
preserved by the action of Ajy. Furthermore, let My be the centralizer of Ay in K. Then,
the subgroup Py = MyAoNy is a minimal parabolic subgroup of G. A parabolic subgroup
P = M'A’N’ is any subgroup of G which contains a minimal parabolic subgroup.

Furthermore let G, K, P, M, A, N denote the Lie algebras of G, K, P, M, A, N, resp.

For our purposes, we shall be restrict maximal parabolic subgroups P = MAN, i.e.,
rankA = 1, resp., to maximal parabolic subalgebras P = M & A& N with dim A = 1.

Let v be a (non-unitary) character of A, v € A*, parameterized by a real number 4,
called the conformal weight or energy.

Furthermore, let y1 fix a discrete series representation D¥ of M on the Hilbert space V),
or the finite-dimensional (non-unitary) representation of M with the same Casimirs.
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We call the induced representation x = Indg( i @ v ® 1) an elementary representation of
G [24]. (These are called generalized principal series representations (or limits thereof) in [115].)
Their spaces of functions are

Cx = {F € C¥(G, V)| F(gman) = ™). DI (m™1) F(g)} 1)

where a = exp(H) € A, H e A',m € M, n € N'. The representation action is the left
regular action:

(TX)F)(8") =F(s7'8), 88 €G. @
e  Animportant ingredient in our considerations are the highest/lowest-weight represen-
tations of GC. These can be realized as (factor-modules of) Verma modules V2 over

GC, where A € (H®)*, HC is a Cartan subalgebra of G© and weight A = A(x) is
determined uniquely from yx [76].

Actually, since our ERs may be induced from finite-dimensional representations
of M (or their limits) the Verma modules are always reducible. Thus, it is more convenient
to use generalized Verma modules V" such that the role of the highest/lowest-weight vector
vp is taken by the (finite-dimensional) space V), vy . For the generalized Verma modules
(GVMs) the reducibility is controlled only by the value of the conformal weight d. Relatedly,
for the intertwining differential operators, only the reducibility with regard to non-compact
roots is essential.

e  Another main ingredient of our approach is as follows. We group the (reducible) ERs
with the same Casimirs in sets called multiplets [76]. The multiplet corresponding to
fixed values of the Casimirs may be depicted as a connected graph, the vertices of which
correspond to the reducible ERs and the lines (arrows) between the vertices correspond
to intertwining operators. The explicit parameterization of the multiplets and of
their ERs is important in understanding of the situation. The notion of multiplets
was introduced in [116] and applied to representations of SO,(p,q) and SU(2,2),
resp., induced from their minimal parabolic subalgebras. Then it was applied to the
conformal superalgebra [117], to infinite-dimensional (super)algebras [113] and to
quantum groups [112]. (For other applications, we refer to [114].)

In fact, the multiplets contain explicitly all the data necessary to construct the inter-
twining differential operators. Actually, the data for each intertwining differential operator
consist of the pair (B, m), where § is a (non-compact) positive root of G&, m € N, such that
the BGG Verma module reducibility condition (for highest-weight modules) is fulfilled:

(A+p,BY)=m, B =2p/(Bp) ®)

where p is half the sum of the positive roots of GC. When the above holds, then the
Verma module with shifted weight VA~ (or VA~"F for GVM and B non-compact) is
embedded in the Verma module V (or V*). This embedding is realized by a singu-
lar vector vs determined by a polynomial P, 4(G ™) in the universal enveloping algebra
(U(G-)) vo, and G~ is the subalgebra of GC generated by the negative root generators
[118]. More explicitly, [76,119], vin,ﬁ = Pm,pvo (or vfn,ﬁ = Pu,p Vuvo for GVMs). Then,
there exists [76,119] an intertwining differential operator

Dunp : C(n) — Cx(a-mp) @)

given explicitly by:
Dinp = Pup(G7) ®)

where g/: denotes the right action on the functions F.
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In most of these situations, the invariant operator Dy, g has a non-trivial invariant
kernel in which a subrepresentation of G is realized. Thus, studying the equations with
trivial RHS is also very important:

Dupf=0,  fe€Cyn) (6)

For example, in many physical applications, in the case of first-order differential operators,
ie., form = mg =1, these equations are called conservation laws, and the elements
f € ker Dy, g are called conserved currents.

The above construction also works for the subsingular vectors vss, of Verma modules.
Such vectors are also expressed by a polynomial Pss,(G ) in the universal enveloping
algebra: v, = Pssu(G ™) v, cf. [120]. Thus, there exists a conditionally invariant differential
operator given explicitly by Dssp = Psso (gA— ), and a conditionally invariant differential equation;
for many more details, see [121]. (Note that these operators (equations) are not of the
first order.)

In our exposition below, we shall use the so-called Dynkin labels:

miE(A—O—p,DciV), i=1,...,n, (7)

where A = A(x), p is half the sum of the positive roots of GC.
We shall use also the so-called Harish-Chandra parameters:

mg=(A+p,pB), ®8)

where B is any positive root of GC. These parameters are redundant, since they are expressed
in terms of the Dynkin labels; however, some statements are best formulated in their terms.
(Clearly, both the Dynkin labels and Harish—-Chandra parameters have their origin in the
BGG reducibility condition (3).).

Finally, we shall introduce the notion of “parabolically related non-compact semisimple
Lie algebras’ [122]. This notion is not part of our procedure for constructing invariant
differential operators, but just a tool to extend the construction from one Lie algebra
to another.

Definition 1. Let G, G’ be two non-compact semi-simple Lie algebras with the same complex-
ification G = G'C. We call them parabolically related if they have parabolic subalgebras
P=MaAaN, P =M &A &N, such that ME = M'C (= PC = PC)¢

Certainly, there are many such parabolic relationships for any given algebra G. Further-
more, two algebras G, G’ may be parabolically related via different parabolic subalgebras.

The paper is organized as follows. In Section 2, we consider the case of the pseudo-
orthogonal algebras so(p, q) which are parabolically related to the conformal algebra so(n,2)
for p+q = n+2. In Section 3, we consider the CLA su(n,n) and the parabolically
related sl(2n,R), and for n = 2k : su*(4k). In Section 4, we consider the CLA sp(n)
and—for n = 2r—the parabolically related sp(r,r). In Section 5, we consider the al-
gebras so*(2n) (which are CLA when 7 is even) and the parabolically related algebras.
In Section 6, we consider the CLA E7(_»5) and the parabolically related E; 7). In Section 7,
we consider the hermitian symmetric case Eg(_14) and the parabolically related Eg () and
Eg(2)- In Section 8, we consider the algebra Fy and its real forms F; and F;'. In Section 9, we
consider the algebra G, ).

We would also like to list some more recent relevant references [123-229].

2. Conformal Algebras so(n,2) and Parabolically Related Algebras

The most widely used algebras are the conformal algebras so(n,2) in n-dimensional
Minkowski space-time. In that case, there is a maximal Bruhat decomposition [230] that has
direct physical meaning;:
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son,2)=Mad AdN N, 9
M =s0(n—1,1), dimA=1, dimN =dimN =n

where so(n —1,1) is the Lorentz algebra of n-dimensional Minkowski space-time, the sub-
algebra A = so0(1,1) represents the dilatations and the conjugated subalgebras A", N are
the algebras of translations and special conformal transformations, both being isomorphic to
n-dimensional Minkowski space-time.

Another physically important feature is that the algebras so(#,2) have discrete series
representations. We recall that by the Harish—Chandra criterion [231], these are groups
where the following holds:

rank G = rank K,

where K is the maximal compact subgroup of the non-compact group G.
Furthermore, the algebras so(n,2) belong to the class of Hermitian symmetric spaces.
The practical criterion is that in these cases, the maximal compact subalgebra K is of the form:

K =so(2)e K’ (10)
The Lie algebras from this class are as follows:
so(n,2), sp(n,R), su(m,n), so*(2n), Eg_14), Ez_o5) (11)

These groups/algebras have highest/lowest-weight representations, and relatedly, holomorphic
discrete series representations.
We label the signature of the ERs of G as follows:

x={m,...,m;c}, ne€l/2, c=d-1%, h=1[4], (12)
|ny| <mnp <---<mn;, neven,
O0<m <np<---<mnp mnodd,

where the last entry of x labels the characters of A, and the first /i entries are labels of the
finite-dimensional nonunitary irreps of M = so(n —1,1).

The reason to use the parameter c instead of 4 is that the parametrization of the ERs in
the multiplets is given in a simple intuitive way (cf. [232]):

X1i = Aeny,..., np En ), ny <njq,
x> = Aem,.... mj_y, np .y Eng}
X5 = emi... mj_y npng, g 0}
o (13)
Xﬁi = {enynz,..., np, ny . £na}
Xf:::-i-l = Afeny,..., ny, nj q; £n1}
=+, n even
€= {1, n odd
Furthermore, we denote by C li the representation space with signature )(ii .
The number of ERs in the corresponding multiplets is equal to
IW(GE,HO)| / WME,HE)| = 21+ ]) (14)

where HC, H§, are Cartan subalgebras of G&, MC, resp. This formula is valid for the main
multiplets of all conformal Lie algebras.
Now, in Figure 1, we show the general even case so(p, q), p + q = 2h + 2-even [76,232].
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Figure 1. Diagram for the cases so(p, q), p + 9 = 2h + 2, even, showing only the differential operators,
while the integral operators are assumed as symmetry w.r.t. the bullet in the centre.

In Figure 2, we show the general odd case so(p, q), p +q = 2h + 3-odd [76,232].

dp
A-

ht1
dps1

+
Ah+1

!
h

Ay

Figure 2. The cases so(p, q), p + g = 2h + 3, showing only the differential operators, while the integral
operators are assumed as symmetry w.r.t. the bullet in the centre.
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The ERs in the multiplet are related by intertwining integral and differential operators.
The integral operators were introduced by Knapp and Stein [233]. They correspond to
elements of the restricted Weyl group of G. These operators intertwine the pairs C li

GF :CF —CF, i=1,...,1+h (15)

The intertwining differential operators correspond to non-compact positive roots of the
root system of so(n + 2, C), cf. [76]. (In the current context, compact roots of so(n + 2, C) are
those that are roots also of the subalgebra so(n, C), the rest of the roots are non-compact.)
The degrees of these intertwining differential operators are given just by the differences of
the c entries [76]:

degd; = degd, = Mjyoi = Mpq_ir i=1,...,h, Vn (16)
degd; , =ny+mny;, neven

where dj, is omitted from the first line for (p + q) even.

Matters are arranged so that in every multiplet only the ER with signature x; contains
a finite-dimensional nonunitary subrepresentation in a subspace £. The latter corresponds
to the finite-dimensional unitary irrep of so(n + 2) with signature {ny,..., nj, nj}.
The subspace £ is annihilated by the operator G, , and is the image of the operator G; .

o Interlude:

We mention one more special feature of so(1,2), namely that the complexification
of the maximal compact subgroup is isomorphic to the complexification of the first two
factors of the Bruhat decomposition:

K = so(n,C) @s0(2,C) = so(n—1,1)¢ ®s0(1,1)¢ = MCqp A®. (17)
The coincidence of the complexification of the semi-simple subalgebras

K€ = MC (18)

means that the sets of finite-dimensional (nonunitary) representations of M are in 1-to-1
correspondence with the finite-dimensional (unitary) representations of K. The latter leads
to the fact that the corresponding induced representations are representations of finite
KC-type [234].

It turns out that some of the hermitian-symmetric algebras share the above-mentioned
special properties of so(n,2). This subclass consists of

so(n,2), sp(n,R), su(n,n), so*(4n), E;_ps) (19)
with the corresponding analogs of Minkowski space-time V being

R" 11, Sym(n,R), Herm(n,C), Herm(n,Q), Herm(3,0) (20)

In view of applications to physics, we proposed to call these algebras ‘conformal Lie
algebras’ (or groups).

We summarize the algebras parabolically related to conformal Lie algebras with
maximal parabolics fulfilling (18) in Table 1 below. Also, some non-CLAs are included.

There, sl(n, C)g denotes sl(n,C) as a real Lie algebra (thus, (sI(1,C)g)® = sl(n,C) @
sl(n,C)); es denotes the compact real form of E4 ; and we have imposed restrictions to avoid
coincidences or degeneracies due to well-known isomorphisms: so(1,2) = sp(1,R) =
su(1,1),50(2,2) = s0(1,2) ®so(1,2), su(2,2) = so(4,2), sp(2,R) = s0(3,2), sp(1,1) =
s0(4,1),s0%(4) = s0(3) ®so(2,1),s0%(8) = s0(6,2).
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Table 1. Table of conformal Lie algebras (CLA) G with M-factor fulfilling (18) and the corresponding
parabolically related algebras G’; we display also some non-CLA cases.

g K M g’ M
dimV
so(n,2) so(n) ®so(2) so(n—1,1) so(p,q), so(p—1,9—1)
n>3 prag=n+2
n
I(n,R)®
su(n,n) u(n) @ su(n) sl(n,C)r sl(2n,R) SS(ZIZn,]I)Q)
n>3
X 2k) &
n? su*(2n), n =2k Slslu’(‘(2;c)
sp(n,R) u(n) sl(n,R) sp(r,r),n=2r su*(2r),n =2r
rank =n >3
nn+1)/2
s0*(4n) u(2n) su*(2n) so(2n,2n) sl(2n,R)
n>3
n(2n—1)
E7(_25) ee D 50(2) Eg(_26) E7@z) Eq )
27
below not CLA
" 1(4,R) &
s0*(10) u(5) su(3,1) & su(2) 50(5,5) sit (2,12&)
13
Eg(—14) 50(10) @ so(2) su(5,1) Eg(6) sl(6,R)
21 E6(2) SM(S, 3)
I3,R)®
E, sp(3) & su(2) Ss(l(Z,H%)
20
Ey 50(9) s0(7)
15
Ga2) su(2) @ su(2) 0 min.
sl(2,R) max.
6 min.
5 max.

Although the diagram in Figure 1 is valid for arbitrary so(p, q) (even p +q > 5) due
to the parabolic relatedness, the contents are very different. (The same remark holds for
the diagram in Figure 2 valid for so(p,q) for odd p +¢q < 5.) We comment only on the
ER with signature X1+ . In all cases, it contains a UIR of so(p, ) realized on an invariant
subspace D of the ER x; . That subspace is annihilated by the operator G; , and is the
image of the operator G; . (Other ERs contain more UIRs.)

If pg € 2N, the mentioned UIR is a discrete series representation. (Other ERs contain
more discrete series UIRs.)

And if g = 2, the invariant subspace D is the direct sum of two subspaces D = D' &
D~ , in which a holomorphic discrete series representation and its conjugate anti-holomorphic dis-
crete series representation, resp., are realized. Note that the corresponding lowest-weight GVM
is infinitesimally equivalent only to the holomorphic discrete series, while the conjugate
highest-weight GVM is infinitesimally equivalent to the anti-holomorphic discrete series.

Note that degd;, degd, are Harish-Chandra parameters corresponding to the non-
compact positive roots of so(n 4 2,C). From these, only degd; corresponds to a simple
root; i.e., it is a Dynkin label.
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Above, we considered so(n,2) for n > 2. The case n = 2 is reduced to n = 1 since
50(2,2) = 50(1,2) @ so0(1,2). The case s0(1,2) is special and must be treated separately.
But, in fact, it is contained in what we presented already. In that case, the multiplets contain
only two ERs which may be depicted by the top pair Xfc in the pictures that we presented.
And they have the properties that we described for so(n,2) with n > 2. The case so(1,2)
was given already in 1946-7 independently by Gel’fand et al. [235] and Bargmann [236].

3. The Lie Algebra su(n,n) and Parabolically Related Algebras

LetG = su(n,n),n > 2. The maximal compact subgroup is K = u(1) @ su(n) @ su(n),
while M = sl(n, C)g . The number of ERs in the corresponding multiplets is equal to

2n
w(gS, ) e w5 = (%)
The signature of the ERs of G is
x = A{m,...,ny 1,001 ..., n0p_1,C}, ne€N, c=d-n

The Knapp-5Stein restricted Weyl reflection is given by

GKS : C}( — Cx’ ’ X/ == {(nll‘ e My—1,Np41,-- -/n2n—1)*; _C}

£ .
(nlr e M1, M1, - - /nZn—l) - (”n—i—l/ e Nop—1,N1,.-+, nn—l)

Below, in Figures 3 and 4, we give the diagrams for su(n,n) for n = 3,4 [237]. (The
case n = 2 is already considered since su(2,2) = so(4,2).) These are also diagrams for the
parabolically related s!(2n,RR), and for n = 2k, these are also diagrams for the parabolically
related su*(4k) [122].

Figure 3. Pseudo-unitary symmetry su(3, 3) The pseudo-unitary symmetry su(p, p) is similar to
conformal symmetry in p? dimensional space, and for p = 2 coincides with the 4-dimensional
conformal case. By parabolic relation the su(3, 3)diagram above is valid also for sI(6, R).
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We use the following conventions. Each intertwining differential operator is repre-
sented by an arrow accompanied by a symbol i;_; encoding the root f; i and the number
mg, , which is involved in the BGG criterion.

Figure 4. Pseudo-unitary symmetry in 16-dimensional space. By parabolic relation the su(4,4)
diagram above is valid also for sI(8, R) and su*(8).

4. The Lie Algebras sp(n,R) and sp(%, 5) (n-even)

Letn > 2. Let G = sp(n,R) be the split real form of sp(n,C) = G€. The maximal
compact subgroup is K = u(1) @ su(n), while M = sl(n,R). The number of ERs in the
corresponding multiplets is

IW(GE,HO)| / [WMEHEG)| = 2"
The signature of the ERs of G is

X ={m,...,ny_1;c}, njeN,
The Knapp-Stein Weyl reflection acts as follows:

Gks : Cp — CX’/X, = {(ny,...,n,1)% —c},

(ny,...,ny—1)" = (ny_1,...,m)

Below, in Figures 5-8, we give pictorially the multiplets for sp(n, R) for n = 3,4, 5,6 [238].
(The case n = 2 is already considered since sp(2,R) = so(3,2).) For n = 2r, these are also
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multiplets for sp(r,r), r =1,2,3 [122]. (The case n = 2,r = 11is already considered due to
sp(1,1) = so0(4,1) and the parabolic relation between s0(3,2) and so(4,1).)

Ay
333
A-

a

203

Figure 6. Main multiplets for sp(4, R) and sp(2,2).
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Figure 7. Main multiplets for Sp(5,R).
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Figure 8. Main multiplets for Sp(6,R) and sp(3, 3).

5. The Lie Algebra so*(2n)
The Lie algebra G = so*(2n) is given by

so*(2n) = {Xe€so(2n,C):J,CX = X],C}
b
= {X= (_aE a) | a,begl(nC),
tg=—a, b+:b}.

dimg G =n(2n — 1), rank G = n.
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The maximal compact subalgebra is K = u(n). Thus, G = s0*(2n) has discrete series
representations and highest/lowest-weight representations. The split rank is ¥ = [n/2].
The maximal parabolic subalgebras have M-factors as follows [75]:

MPP = s0™(2n — 4f) B su”(2)), (21)
j=1,...,r.

5.1. Case of so*(12)

For even n = 2r, we may choose a maximal parabolic P = MAN such that A =
so(1,1), M = MP®>* = su*(n). We note also that

K€ 2=u1)Casi(n,C) = A e MC

Thus, with this choice we utilize the property which distinguishes the class of ‘conformal
Lie algebras’ to which class the algebras so* (4r) belong.

Furthermore, we restrict ourselves to G = so*(12).

We label the signature of the ERs of G as follows:

X - {7’11,7‘[2, ns,ny4,ns, C}/
n€zly, c=d-— 12—5

where the last entry of x labels the characters of A, and the first five entries are labels of
the finite-dimensional (nonunitary) irreps of M = su*(6) when all ; > 0 or limits of the
latter when some n; = 0.

Below, we shall use the following conjugation on the finite-dimensional entries of
the signature:

(n1,m2,n3,14,n5)" = (ns,n4,n3,n2,1m1) .

The ERs in the multiplet are related also by intertwining integral operators introduced

in [KnSt]. These operators are defined for any ER, the general action being:

Ggs CX — CX”
X = {1’11,...,7’15,'C},
X = {(ny,...,n5)% —c}.

Furthermore, we give the correspondence between the signatures ) and the highest
weight A. The connection is through the Dynkin labels:

m; = (A+p,u¢;/) = (A+pu;), i=1,...,5

where A = A(x), p is half the sum of the positive roots of GC. The explicit connection is

ng = mj
c = —%(ml + 2my + 3mgz + 4my +
~+2ms5 + 3mg)

Finally, we recall that according to [75], the above considerations are applicable also
for the algebra so(6,6) with parabolic M-factor sI(6,R).

The main multiplets are in 1-to-1 correspondence with the finite-dimensional irreps
of s0*(12); i.e., they are labeled by the six positive Dynkin labels m; € N.

The number of ERs/GVMs in the corresponding multiplets is [75]

W(GE,HO) /W (K HE)| =
= [W(s0(12,C))|/[W(sl(6,C))| =32

where H is a Cartan subalgebra of both G and K.
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They are given explicitly in the Figure 9 below. The pairs A* are symmetric with
regard to to the bullet in the middle of the figure—this represents the Weyl symmetry
realized by the Knapp-Stein operators

The statements made for the ER with signature x,, in the previous cases also remain
valid here. Also, the conjugate ER x contains a unitary discrete series subrepresentation
split in highest/lowest-weight representations.

All the above is valid also for the algebra so(6,6), cf. [75]; however, the latter algebra
does not have highest/lowest-weight representations.

We present only the main multiplets. The reduced multiplets may be seen in [92].

Figure 9. SO*(12) main multiplets.
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5.2. Case of so*(8)

This case was already considered for the choice of generic maximal parabolic subalgebra
of 50(6, 2) & so* (8), but here, we shall consider a Heisenberg maximal parabolic subalgebra.
We recall that G = s0*(8) = so0(6,2) has minimal parabolic:

My = s0(3) ®s0(3) (22)
The Satake-Dynkin diagram of G is
7
e O—© (23)

where, by standard convention, the black dots represent the so(3) subalgebras of M.
We shall use the Heisenberg maximal parabolic (21) with M-subalgebra:

M = 50™(4) ®s0(3) Zs0(2,1) Dso(3) so(3) (24)

The Satake-Dynkin diagram of M is a subdiagram of (23):
O

o [ (25)

From the above, it follows that the M-compact roots of G* are (given in terms of the
simple roots):
X2 = Y1, 034 = 73, Paa = T4 (26)
By definition, the above are the positive roots of MC.
The positive M-noncompact roots of G© in terms of the simple roots are:

Y2=71+72 Y3="11+ Y2+ Y3 Y2 Y23 = 12+ 73, (27a)
Br=m+27+713+7 Bs=11+"2+713+ 78
Ba=71+712+7 B =72+73+ 74 P =72+ 74 (27b)

where, for convenience, we use the notation Vij = Xijt1
To characterize the Verma modules, we shall first use the Dynkin labels:

m = (A+p,7’), i=1,...4 (28)
where p is half the sum of the positive roots of GC. Thus, we shall use:
xXa = {my,my, mz, my} (29)

Note that when all m; € N, then x, characterizes the finite-dimensional irreps
of G€ and its real forms, in particular, so*(8). Furthermore, my, m3,my € N character-
izes the finite-dimensional irreps of the M subalgebra.

For the M-noncompact roots of G€, we shall also use the Harish-Chandra parameters:

mij = (A+p, 'yg) , (30a)
mij = (A+pB) (30b)

and explicitly in terms of the Dynkin labels (compare (27)):
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xac = {mip=m+my mz=m+my+m;,

my, o3 = My + Mg,

M1y = my + 2my + mz + my,

fityg = my + my + mz + my,

i1y = my + mp + my,

Mg = My + M3 + My, Mg = My + my }

Main multiplets of SO*(8)
The main multiplets are in 1-to-1 correspondence with the finite-dimensional irreps
of s0*(8); i.e., they are labeled by the four positive Dynkin labels m; € N.
We take xo = xnc. It has one embedded Verma module with HW A, = Ag — my7».
The number of ERs/GVMs in a main multiplet is 24. We give the whole multiplet as follows:

Xo
Xa
Xb
XC
Xd
XE
Xf
Xg
Xh
Xi
Xj
Xk

X
Xp
Xa
Xo

{my1,my, ms, my}
{mip, —my,moz,mpu},  Ag = Ag—may2
{ma, —mip,miz, mipa}, Ap=Ng—miy1n
{my3, —maz, my, mos},  Ac = Ng —m3y23
{mia, —mpa,mog,ma}, ANg=Ng—myPoy
{maz, —mi3,mip, mig}, Ae = Ac—miy12
{mo4, —migq,mig,mia},  Ap= Ay —maPos
{mig, —maq, mag,mp}, Ag = Ac—myPog = Ng—mzy23
{mag, —mig, mipg, miz}, Ay = N —myPoy
{ms, —miz,my,mugp}, Nj= N —may13
{ma, —mipa, misp,mi}y, Aj=Afp—myPa
{mia, —mog, my,ms},  Ag = Ng —maf3
{mia, —mig,my,msz}, NF = A —mipro
{my, —myg, Mg, m1}, A;r = Aj—m3P1n
{mz, —myg,mi,mygn}, Af = A;j—myPin
{mag, —mgo,mipa,miz}y, A =Ly — mapiy
{mas, —mgp,mig,mis}, NS = A —mopoy
{maa, —miap,mig, min}, A=A —maPiy
{mig, —migp,myg,maz}, Ay = Ay —mify = A —mayn
{mi4, —mian, mos,my}, A = Ajf —m1P23
{3, —muap,ma, mau}, AL = A —mami3
{ma, —mign,miz, mipa}, Ay = A —mzpiy = A}r — MyY13

{myp, —mygp, Moz, mas}, A} =N} —miBos
b
{m1, —myg, mz,my}, A=A —myPiz

We shall label the signature of the ERs of G also as follows:

. _ 1 _ _ _
X = [n,ny,mnz;cl, c=—zmyy, n=my, ny=mz, nz =y,

(31a)

(31b)

(32)

(33)

(34)

where the last entry labels the characters of .4, and the first three entries of x are labels of
the finite-dimensional irreps of M when all 7; > 0 or limits of the latter when some n; = 0.
Note that m14 = my + 2my + m3 + my is the Harish-Chandra parameter for the highest

root B13.

Use of this labeling signatures may be given in the following pair-wise manner:



Symmetry 2024, 16, 151 17 of 42
Xo = [m1,mz,my; £3my]
Xi = [mi,mos,mpu £imyl,
Xiy (M2, M3, mae; £ 3mos),
X& = [miz ma,mos £imial,
X?f = [miga, Moy, my; 1 >M13],
X& = [mo,min,mis £imayl, (35)
X? = [mou, mia, mip; £mas)],
Xgi = [m1g,my 4, myz; £3my),
Xf = [mpg, migs, miz; =3 >M2),
X5 = [ms,my,ms; £imy,
)CfE = [mg, mygp, my; £3ms),
Xi = [misp, ma,ma; £im]

The ERs in the multiplet are alsonrelated by intertwining integral operators introduced
n [233]. These operators are defined for any ER, the general action being;:

Ggs CX — CX”
/

X = [nl/nZInS;C]/ X = [7’11,7’12,1’13,’ _C]- (36)

The main multiplets are given explicitly in Figure 10. The pairs x* are symmetric with
regard to to the dashed line in the middle the figure—this represents the Weyl symmetry
realized by the Knapp-Stein operators Ggs : C,v — Cy =

Some comments are in order.

Matters are arranged so that in every multiplet only the ER with signature x,, contains
a finite-dimensional nonunitary subrepresentation in a finite-dimensional subspace £. The
latter corresponds to the finite-dimensional irrep of so*(8) with signature [my, ..., my].
The subspace £ is annihilated by the operator G*, and is the image of the operator G~
The subspace £ is annihilated also by the intertwining differential operator acting from
Xo to x; - When all m; = 1, then dim £ = 1, and in that case, £ is also the trivial one-
dimensional UIR of the whole algebra G. Furthermore, in that case, the conformal weight

iszero;d:%+c_%—l(m1+2m2+m3+m4)\ =0.

In the conjugate ER x, there is a unitary dlscrete series subrepresentation in an infinite-
dimensional subspace D with conformal weight d = g +c= % + %(ml + 2my + m3 + my).
It is annihilated by the operator G, and is the image of the operator G*.

Thus, for so*(8) the ER with signature /] contains both a holomorphic discrete
series representation and a conjugate anti-holomorphic discrete series representation. The
direct sum of the holomorphic and the antiholomorphic representations spaces form the
invariant subspace D mentioned above. Note that the corresponding lowest-weight GVM
is infinitesimally equivalent only to the holomorphic discrete series, while the conjugate
highest-weight GVM is infinitesimally equivalent to the anti-holomorphic discrete series.

In Figure 10, we use the notation: AT = A(x™). Each intertwining differential operator
is represented by an arrow accompanied either by a symbol ij; encoding the root 7 and
the number m,,, which is involved in the BGG criterion, or a symbol i i encoding the root
Bjr and the number m Bik from BGG.

Finally, we recall that according to [122], the above considerations are applicable also
for the algebra so(p,q) (with p+¢q = 8, p > q > 3) with maximal Heisenberg parabolic
subalgebra: P = M' @ A/ @ N/, M' =so(p—2,q4—2) ®sl(2,R).

We present only the main multiplets. The reduced multiplets may be seen in [239].
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Figure 10. Main multiplets for SO*(8) using induction from maximal Heisenberg parabolic.

5.3. Case of so*(10)
The case so0*(10) is also special. It is not of the class of ‘conformal Lie algebras’ but
belongs to the wider class of Hermitian symmetric spaces as described in the Introduction.
The maximal parabolic subalgebras of so*(2n) have M-factors as follows [75]:

MP™ = so*(2n —4f) @su(2)), j=1,...,r. 57)

The A/* factors in the maximal parabolic subalgebras have dimensions dim (/\/]-i)max =

j(4n —6j—1).
The case j = 1 is special. In this case, we have a maximal Heisenberg parabolic with
M-factor

IPrllgixsenberg = so” (211 - 4) & su(2) (38)
which we use in this section.
Furthermore, we restrict ourselves to our case of study G = s0*(10) with minimal
parabolic:
My = s50(2) ®so(3) ®so(3) (39)

The Satake-Dynkin diagram of § is:
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O
| N
e O—0-O (40)

where, by standard convention, the black dots represent the so(3) subalgebras of M and
the left-right arrow represents the so(2) subalgebra of M.
We shall use the Heisenberg maximal parabolic (37) with M-subalgebra:

M = 50™(6) ®so(3) = su(3,1) su(2) (41)

The Satake-Dynkin diagram of M is a subdiagram of (40):

O
| N
® o O (42)

where the single black dot represents the so(3) subalgebra, while the connected part of the
diagram represents the su(3, 1) subalgebra.

From the above follows that the M-compact roots of G* are (given in terms of the
simple roots):

®12 = 71, (43a)
X34 = Y3, K45 = Y4, Pas = s, (43b)
X35 = Y3+ Y4, Paa =3+ Ya+7rs5 B3s=73+7s5

By definition, the above are the positive roots of MC, namely: su(2)C (43a) and su(3,1) =
sl(4,C) (43b).
The positive M-noncompact roots of GC in terms of the simple roots are
M2 =71+72, YVB3=Y1 72+ 73 Yia =711t 2 73+ V4
Y2, Y23 =72+ Y3, Yoa = Y2+ 3+ 714, (44a)
Po=m+272+2v3+1a+75 Pzs=1+12+2y3+ 7+ s,
Pu=mt+mtrtratr ps=mt+tr+rt+7s
Bz =712+273+74+75 Pu="2+73+ 74+ 75
Bos =72+ 713+ 75 (44b)
where, for convenience, we use the notation 7;; = «; 1
To characterize the Verma modules, we shall use first the Dynkin labels:

where p is half the sum of the positive roots of GC. Thus, we shall use:

Xa = {my,my,m3, my,ms} (46)

Note that when all m; € N, then x, characterizes the finite-dimensional irreps
of G€ and its real forms, in particular, so*(10). Furthermore, m; € N characterizes the finite-
dimensional irreps of the su(2) subalgebra, while the set of positive integers {m3, m4, ms }
characterizes the finite-dimensional irreps of su(3,1).
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For the M-noncompact roots of G€, we shall also use the Harish-Chandra parameters:

mij = (A+p,7), (47a)
= (A+p,B) (47b)
and explicitly in terms of the Dynkin labels (compare (44)):
XHC = A{mip=my+my, mz =my+my+m3,

Mig = M1+ mp +m3 + my, My,

Moz = my + m3, Myy = My + M3 + My, (48a)

iy = my + 2myp + 2m3 + my + ms,

1z = my + my + 2mg + my + ms,

Mg = mq + mp + ms + my + ms,

15 = my + my + m3 + ms,

fitys = my + 2m3 + my + ms,

Titpg = Mo + m3 + my + ms,

ips = my + mz + 1115} (48b)

Main multiplets of SO*(10)

The main multiplets are in 1-to-1 correspondence with the finite-dimensional irreps
of s0*(10); i.e., they are labeled by the five positive Dynkin labels m; € N.

We take xo = xmc- It has one embedded Verma module with HW A, = Ag — my ;.
The number of ERs/GVMs in a main multiplet is 40. We give the whole multiplet as follows:

X0
Xﬂ
Xb
Xc
Xd
Xe
Xf
Xg
Xh
Xi
Aj
Xk
X1
X’rﬂ
Xl’l
Xp
Xq
Xr
XS
Xt

{my, mp, m3, my, ms}
{my, —ma, mo3, my, ms},
{ma, —myy, my3, my, ms},
{m13, —mp3, ma, mag, m3s5}, A= Ng—m3723

{maz, —my3, mip, mag, mas},  Ag= Ay —mzys = Ac —mi712
{m1y, —mpq, ma,m3, mas}, A= Nc—myyy

{mi35, —maz5,ma, mas, ms},  Ap= Ac—msPos

{m3, —mi3,my, mpy, ma3s5}, Ag = Ag—moyi3

{may, —mig,mip, m3, mas}, Ay = Ng—myyy

{maz5, —mizs, miz, mas, ms},  Ai=~Ng—msprs = A —miyiz
{m1s, —mos, my, m35,mas},  Aj = Ne —msPos

{msy, —myg, my, moz, mas},  Ap = Ag —myyoe = Ay — may13
{ma5, —myz5,my, mos, maz}, Aj = Ag —mspPos

{mas, —m1s,mip, m35,mas}, Am = Ay —msPos

{mis3, —mos 3, maz, ms, my},  An = Aj—m3Pog

{my, —myg, my,mp,mos3},  Ap = Ap —m3yia

{mzs, —mys,my, myzs5,mos}, Ay = Ax —msPos

{ms, —myz5,my, mos3,ma}, Ay = A —m3pis

{mas3, —mis3,mi3, ms,my}, As = A —m3zPog

{mi5,3, —mos3,m3,ms, my}, Ay = Ay —maPn3

Ny = Ao —moyo
Ny = Ng —myy12

(49)
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Xp = Ama,—mis,my,my,mass}, A = Ap—mspr

Xq {mas, —mis3,m1,mp35,m4},  AJ = Ag—m3pa

x5 = {ms,—ms,my,moss,me},  AS = A —maPro

Xs = {masz, —misps,miz,ms,my}, AT =Ag—myprn

xi = Amisgs, —misz,ma,ms,my}, AT = A —mipro

Xp = {mas,—miszmymy,mosy,  AF = AS —mafos

X+ = Amas, —misz,mimas,my}, A= AL —mapis = A —mzya
X {mas, —mi503,m1p,mas,mas}, A = A; —mafog = A — mzv13
Xi = {msz —misos, maz,ms,my}, A =AS —mipas = A —myv;
X = Amoa,—misps,mip,my,mast,  Af =N —myfos = A, —msy
Xg = Ama,—misz,mymg,mast, AL = A —msyy

xi = A{mass —misps, mip,mas,mzy,  AF = A —myPos = A —mapis  (50)
X;r = {ms, —mis3,my,mas,mas}, AL = A —mifas = A —mayi3
X& = {mu,—misps,my,ma,ms}, Af =N —miPxs

Xi = {ma, —misp3, min, mas,ms s}, A;{ = A —mafoy = A — msy14
Xp = {mizs, —misps, ma,mss, ms}, Ay = Af —mipo = A —mspis
X} = {mia, —mi523,mp, m3, mss}, A} = A;“ —msys = x, M

Xy = {ma, —misz,miz,mymsy, Al = Ag — m3P1a

x& = {mis, —misz,my,mag,mast, A = A7 —miBs

Xo {mi3, —misp3,ma, mag, mas},  AJ = Ap —msyg=x-

Xa = A{mip, —misps,moz,my,ms}, A =N —miPas = Al —m3Pay
xg = A{mi,—misg,mz,my,ms}, AJ =AS —mypis

We shall label the signature of the ERs of G also as follows:
X = [7’1, c, ny,ny, 7’13], ne I\I/ c= _%m15,23/ nj = mj+2 € Z+ ’ (51)

where the first entry n = m; labels the finite-dimensional irreps of su(2), the second entry
labels the characters of A, the last three entries of x are labels of the finite-dimensional
(nonunitary) irreps of M = su(3,1) when all #; > 0 or limits of the latter when some
nj = 0. Note that my5 93 = my 4 2my 4 2m3 + my + ms is the Harish-Chandra parameter
for the highest root B15.

Using this labeling, signatures may be given in the following pair-wise manner:

Xo = [mi;ms, myms; +3mis 03]

Xi [m1g; mos, my, ms; 3mys ;)

Xi [ma; mas, my, ms; +3mos 3]

Xe = [m3;ma, ma,mys; £3ms)

Xi [ma3; myp, mag, mys; +5mos)

Xi [my4; mo, m3, mas; +3myzs)
[

+ ) Ll
Xy = lmas ma, mss, ms; +5m14]
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)@t = [m3;my,mpg, mass; +5mss)
Xip = [mog;mip,ms,mas; £3moss)
Xii [m235; M1z, M35, M3; j:%m%]
in = [mis;mp, m3s5, may; +3mas]
Xi = [mas;my, mps,mos; +3mss]
Xli = [m35;my,mys, mo3; :t%mm]
X = [mos;mu, M35, M34; i%mm]
X = [misz;mos, ms,my; +£1my]
X% = [myg;my,my,mos3; i%mg;]
Xét = [mzs;my,mpz 5, mps; +5m3)
Xo = [ms;my,myss,my; £5my
X [m25,3; 113, M5, M4; £ 5115
Xi = [misgs;ms,ms,my; £3mi]

The ERs in the multiplet are also related by intertwining integral operators introduced
in [233]. These operators are defined for any ER, the general action being;:

Gks CX — CX”

X = [n;ny,nynzcl, X = [n;ny,ny,ng —cl. (52)

The main multiplets are given explicitly in Figure 11. The pairs xT are symmetric
with regard to to the bullet in the middle of the figure—this represents the Weyl symmetry
realized by the Knapp-Stein operators: Ggs : C,= — Cyt .

Some comments are in order.

Matters are arranged so that in every multiplet only the ER with signature x,, contains
a finite-dimensional nonunitary subrepresentation in a finite-dimensional subspace £.
The latter corresponds to the finite-dimensional irrep of so* (10) with signature {m;, ..., ms}.
The subspace £ is annihilated by the operator G*, and is the image of the operator G~ .
The subspace € is also annihilated by the intertwining differential operator acting from
Xo to x; - When all m; = 1 then dim £ = 1, and in that case, £ is also the trivial one-
dimensional UIR of the whole algebra G. Furthermore, in that case, the conformal weight
iszero:d:%—I—c:%—%(m1+2m2+2m3—|—m4—|—m5)| =0.

m;=1

In the conjugate ER x{, there is a unitary discrete series subrepresentation in an
infinite-dimensional subspace D. It is annihilated by the operator G~, and is the image of
the operator G™.

Thus, for s0*(10) the ER with signature xJ contains both a holomorphic discrete
series representation and a conjugate anti-holomorphic discrete series representation.
The direct sum of the holomorphic and the antiholomorphic representations spaces form the
invariant subspace D mentioned above. Note that the corresponding lowest-weight GVM
is infinitesimally equivalent only to the holomorphic discrete series, while the conjugate
highest weight GVM is infinitesimally equivalent to the anti-holomorphic discrete series.

Finally, we recall that according to [122], the above considerations are applicable also
for the algebra so(p,q) (with p +q = 10, p > g > 2) with maximal Heisenberg parabolic
subalgebra: P = M' @ A& N/, M' =so(p—2,q4—2) ®sl(2,R).

We present only the main multiplets. The reduced multiplets may be seen in [240].
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Figure 11. Main multiplets for SO*(10) using induction from maximal Heisenberg parabolic.
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6. The Lie Algebras E;(_55) and Ey(7)
Let G = Ey(_z5. The maximal compact subgroup is K = e & so(2), while
The Satake diagram [241] is:

ony
o} [ ] [ ] [ ] [¢] (¢]
o n3 L7} a5 Ke L4

The signatures of the ERs of G are:
x ={ny,...,ne;c},  n;eN.
expressed through the Dynkin labels:
n; = m;, c = - %(m& +my) = — %(21711 + 2my + 3mgz + 4my + 3ms + 2mg + 2my)

The same signatures can be used for the parabolically related exceptional Lie algebra E7(7)
(with M-factor Eg ).
The noncompact roots of the complex algebra E; are:

a7, X7, ..., Kg7,

1,37, X247, X174, X274,

X17,34, 17,35, X17,36, X17,45, X17,46/
X27,45, %2746,

X17,25,4, X17,26,4, X17,35,4, %17,36,4
X17,26,45, X17,36,45/

X17,26,35,4, X17,26,454+

X1716354 = &,

given through the simple roots «;:
njj = Dci+0€i+1+"'+06j, i<j/
txl-]-,k:ock,ij:ai+zxi+1+---—I—txj—i—ock, i<j, etc.

The multiplets of the main type are in 1-to-1 correspondence with the finite-dimensional
irreps of E7; i.e., they will be labeled by the seven positive Dynkin labels m; € N.
The number of ERs in the corresponding multiplets is equal to

(W(GE,HO) |/ [W(KE,HE)| = 56
The multiplets are given in Figure 12 [122,242].

The Knapp-Stein operators G}j(E act pictorially as reflections with regard to the bullet
intertwining each 7, member with the corresponding 7" member.
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77

667

41735

+
Am
317,35,4

217,34 6174 727 4

AT

417,364

AT, A?r 317,26,4
217,36,45
AL 317,264 AF
217,36,45
A+
417,26,45
R
AC
517,26,45,4
-
Ay
617,26,35,4
AN
717,16,35,4
4| 7171635,
Ag

Figure 12. Main type for E7(_5).
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7. The Lie Algebras Eg(_14), E¢(6) and Eg(y)

LetG = Eg(_14)- The maximal compact subalgebra is K = s0(10) & s0(2), while M =
su(5,1).

The Satake diagram [241] is:

Oy
m m a e ©3)
The signature of the ERs of G is:
x = {ny,n3,ny,ns,ng; c}, c:d—%. (54)
expressed through the Dynkin labels as:
n,=m;, —c = %m@ = %(ml + 2my + 2m3 + 3my + 2ms + myg) (55)

The same signatures can be used for the parabolically related exceptional Lie alge-
bras Eg () and Eg () with M—factors s/(6,R) and su(3, 3), resp.
Furthermore, we need the noncompact roots of the complex algebra Eg :

X, K14, &15, K16, K24, K25, &26

2,4, X245, X246, X254, X154, X264
X164, X1534, X2645, %1634, 1645 (56)

016,35, 16354, X16254 = &

The multiplets of the main type are in 1-to-1 correspondence with the finite-dimensional
irreps of G ; i.e., they will be labeled by the six positive Dynkin labels m; € N.

Since these algebras do not belong to the class of conformal Lie algebras (CLA), the
number of ERs/GVMs in the multiplet is not given by formula (14). It turns out that each
such multiplet contains 70 ERs/GVMs—see Figure 13 [122,243]. Another difference with
the CLA class is that, pictorially, the the Knapp—-Stein operators G% act as reflections with
regard to the dotted line separating the 7, members from the 7.~ members (and not as
reflections with regard to a central dot (bullet) as in the CLA cases).

Note that there are five cases when the embeddings correspond to the highest root
B: VA 5 VAT At = A~ —mzi. In these five cases, the weights are denoted as:
A;E, , A;E , AfcjE , Af , A;ﬁ ; then, mg = my, mz, my, ms, meg, resp. Thus, their action coincides
with the action of the Knapp-Stein operators G, which, in the above five cases, degenerate
to differential operators as we discussed for so0(3,2).

Note that the figure has the standard Eg symmetry, namely, conjugation exchanging
indices 1 +— 6,3 <— 5.
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Figure 13. Main Type for Eg(_5y).
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8. The Lie Algebra Fy

The complex Lie algebra F; has two real forms denoted by F; and F;'.

The first F; is the split real form (denoted also as Fy(4))- It has discrete series rep-
resentations since rank F; = rank = 4, where £ = sp(3) @ su(2) is the maximal

compact subalgebra.
The real form F; has several parabolic subalgebras. We shall consider a maximal (also

called Heisenberg) parabolic subalgebra:
P=MaABN,
M = sI(3,R) ®sl(2,R),
dimA4 =1, dim N = 20

Note that in what follows we shall use the case when the s/(3, R) subalgebra is formed by

the two short roots of Fy, and the sI(2,R) subalgebra is formed by a long root of F;. The

other (equivalent in our considerations) possibility is to flip the short and the long roots.
The embedding diagram is given in Figure 14.

Ay
2
3 Ay 1
5 2 Ay - 47
4A2 2 4 A3, <3 7,1
A Ag 4 Ao‘,4
— 2 % 4 _
A;
3,1 3 4 - 2 1 4.4 3 Agl 1 = 9
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Figure 14. Multiplets for the real split form F; using maximal parabolic with M = sI(3, R)gortroots
SZ(Z, R)longmots~

The other (split rank one) real form of F; is denoted as F,’, sometimes as Fy(_20)-
This real form also has discrete series representations since I = s0(9). The minimal (also
maximal) parabolic P and the corresponding Bruhat decomposition are:

P=MaADN, M =5s0(7)
G=MaoANTON~



Symmetry 2024, 16, 151

29 of 42

Each main multiplet contains 24 GVMs (ERs) an777d is given in Figure 15.
Ay

44

Ay

214,14,23,3
+
Ay

314,23
A

414,233

Ag
Figure 15. Main multiplets for F}’ .
9. The Case of Lie Algebra G;(y)

Let G€ = G,, with Cartan matric: (al-]-) = <_23 _21>, simple roots a1, a; with
products: (aq,a1) = 3(ag,ap) = —2(aq,a2). We choose (ap,a2) = 2; then, (a1,01) =
6, (a1, a2) = —3. As we know, G; is 14-dimensional. The positive roots are:

AT = {061, Ny, a1 +0ap, o+ 20, o+ 3, 20 +3DC2} (57)

We shall use the orthonormal basis €1, €, €3. In its terms for the simple roots, we
may choose:
np =€ —2ex+¢€3, ) =¢€ —e3 (58)
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With the chosen normalization, the roots a1, a1 + 30y = €1 + € — 2¢e3, 207 + 3ap =
2e1 — €3 — €3 have a length of 6, while ay, a1 + a2 = €] — &3, a1 + 202 = €1 — €3 have a
length of 2. Another way to write the roots in general is § = (a1, a3, a3) under the condition
a1+ ap +az = 0. Then,
K1 = (1, —2,1), a1+ 3ap = (1, 1, —2), 201 + 3y = (2, -1, —1),
ay =(0,1,-1), a1 +ap=(1,-1,0), a1 +2ap =(1,0,—1) (59)

The dual roots are: oy = a1/3, ) = ap, (01 +a2)" = g +ar = 30y + ), (7 +
200)Y = ag + 200 = 30y + 20, (a1 +3a2)Y = (a1 +3a2)/3 = af +ay, (201 +302)" =
(201 4+ 3n2) /3 = 20) + aj.

The Weyl group of G is the dihedral group of order 12. This follows from the fact that
(s152)® = 1, where s, 5, are the two simple reflections.

The algebra G; has one non-compact real form: G = Gy(3), which is naturally split.
Its maximal compact subalgebra is K = su(2) @ su(2). Thus, G = Gy(y) has discrete
series representations. The complimentary space Q is eight-dimensional. The positive root
system of KC consists of a; = (0,1, —1), 2a1 + 3a2 = (2, —1, —1) (chosen to be orthogonal
to each other).

The minimal parabolic of G is:

Po=Mo@ Ay ® N (60)
Mo=0, dimAy=2, dimNy=6

There are two isomorphic maximal parabolic subalgebras of G which are of

Heisenberg type:

M =5sl(2,R),, dim A, =1, dim N, =5
where sI(2, R) inherits from GC the simple root ay (k = 1,2). Equivalently, the M-compact
root of GC is ax (k = 1,2). In each case, the remaining five positive roots of GC are

Mj-noncompact.
The positive roots of G€ in terms of the simple roots will be denoted as :

Y1 =1, Y13 =a1+3a, Y3 =21 +3a (62a)
Yo =ay, Y11 = &1 +ap, Y12 = 41+ 2040 (62b)

(where, as above, in (62a) are the long roots, in (62b) are the short roots).
To characterize the Verma modules, we shall use first the Dynkin labels:

mi=(A+p,v)), i=1,2, (63)
where p is half the sum of the positive roots of GC. Thus, we shall use:
xa = {m1,mp} (64)

Note that when all m; € N, then x5 characterizes the finite-dimensional irreps of
GC and its real forms, in particular, G. Furthermore, m; € N characterizes the finite-
dimensional irreps of the M subalgebra.

We shall use also the Harish-Chandra parameters:

mij = (A+0,7) (65)
and explicitly in terms of the Dynkin labels:

Xac = {m, miz=my+my, my =2my +my, (66a)
my, myy = 3my +my, mip = 3my +2my } (66b)
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9.1. Induction from Minimal Parabolic
Main Multiplets

The main multiplets are in 1-to-1 correspondence with the finite-dimensional irreps
of Gy;i.e., they are labeled by the two positive Dynkin labels m; € N. When we induce
from the minimal parabolic, the main multiplets of G are the same as for the complexified
Lie algebra GC.

We take xo = xHc- It has two embedded Verma modules with HW A = Ay — mq7yq,
and Ay = Ag — my7. The number of ERs/GVMs in a main multiplet is 12 = |[W(G®)|.
We give the whole multiplet as follows:

Xo = {my,mp;—%(2my +my)}
X1 {—m1,3my +my; —%(my +m2)}, Ay =Ag—mm
X2 {my +ma, —ma; —3(2my +ma)}, Ay = Ag—mays
X12 {—m1 —my,3my +2mo; —Imi},  Ap = A —mpyn
X21 {2mq +my, —3my —mp; — 3 (my +ma)}, Ay = Ay — myy13
X121 {—2my —my,3my +2ma; Amy}, Ao = Ay —my723
X212 {2my + my, —3my — 2mp; —ym1},  Agp = Ay — may2
X1212 {=2my —my,3my + ma; L (my +ma)},  Avpia = A1 — moy12
X2121 {my 4+ ma, —3my — 2my; 3m1}, Ao = A1 — my1723 (67)
X12121 {—my —my,my; §(2my +m3)},  A1p11 = A2z — miya3
X21212 {my, =3my — my; 5 (m1+m2)},  Aginiz = Agior — maym
X212 = {—my, —mp; 3(2my +mp)} = xo2121,
A121212 = A12121 — M2Y2 = No1212 — 1M1
N1 = Ay — (B3my +ma)72
Ao1p = A1z — (3my + 2ma) 72
Agi21 = Aiz1 — (3my +2mp) 72
Ao1212 = Aq12 — (Bmy +ma) 72
A1 =Ny — (my +ma)m
A1 = Ag1 — (2my +m2) 11
A1 = Ag1p — (2my +mp) 11
A12121 = Ap1o1 — (m1 +ma)m
where we have included as third entry also the parameter ¢ = — 1 (2m; + m,), related to

the Harish-Chandra parameter of the highest root (recalling that ., = 2m; 4 mj). Itis
also related to the conformal weight d = % +c.

The ER 121212 contains discrete series representation according to the Harish-Chandra
criterion [3] (all HC parameters are negative).

These labeling signatures may be given in the following pair-wise manner:

X = {Fm, FmyE£lm +my)}
Xi = A{Em, FEmi+mo);£5(m +my)},
Xo = {F(my+my), £my;£1(2my +my)}, (68)
Xin = {£(m+m), FBmy +2my); £3my}
X1 = AF@mi+m), £Bm +my);+] (my +m2)}
Xim = {E@my+my), F(@my +2my); F3m},
where x = x.. from (67), xg = X121212, X] = X21212, X3 = X12121, X{3 = X2121, Xpy =

+
X1212, X121 = X212-
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The ERs in the multiplet are also related by intertwining integral operators introduced
in [233]. These operators are defined for any ER, the general action in our situation being:

Gks : CX — CX’ ,
x=I[mnycl, X =[-n,—ny —c] (69)
This action is consistent with the parameterization in (68).
The main multiplets are given explicitly in Figure 16. The pairs x* are symmetric with

regard to to the bullet in the middle of the picture—this symbolizes the Weyl symmetry
realized by the Knapp-Stein operators:

GKsic

xF — Cxi.

777/2((11 + 02)

App

m1(2a1 + 3as) ma(a1 + 2a2)

- +
A121 A121

ma(ay + 2a9) m1(2a1 + 3az)

+ +
A21 A12

m1 (o1 + 3az)

ASH

Figure 16. Main multiplets for G, ;) using induction from the minimal parabolic.

Some comments are in order.

Matters are arranged so that in every multiplet only the ER with signature x,, contains
a finite-dimensional nonunitary subrepresentation in a finite-dimensional subspace £.
The latter corresponds to the finite-dimensional irrep of G,(;) with signature [my, m].
The subspace £ is annihilated by the operator G, and is the image of the operator G~ .
When all m; = 1, then dim £ = 1, and in that case, £ is also the trivial one-dimensional
UIR of the whole algebra G. Furthermore, in that case, the conformal weight is zero:
d= % +c= % — %(Zml +m2)|n1i:1 =0.

In the conjugate ER x{ there is a unitary discrete series subrepresentation in an
infinite-dimensional subspace D with conformal weight d = % +c= % + %(Zml +my). It
is annihilated by the operator G, and is the image of the operator G*.
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9.2. Induction from Maximal Parabolics
9.2.1. Main Multiplets When Inducing from P;

When inducing from the maximal parabolic P; = M; @ A; & N] there is one M;-
compact root, namely, #;. We take again the Verma module with Ayc = A(l)*. We
take X(l)f = Xuc- The GVM Aé* has one embedded GVM with HW A%* = Aé* —
myyp, my € N. Altogether, the main multiplet in this case includes the same number of
ERs/GVMs as in (32), so we use the same notation only adding super index 1, namely

xXot = {Fm, Fmy+£12my +my)}

xit = {dmy, F@my +my);£5(my +my)},

oF = {F(my+my), Emy; L 2my +my)},

X%zi = {&(my +my), F(3m +2m2);i%m1} (70)
X = {F@my+my), £B8my +ma); £ (my +my)}

X1 = {£@m+m), FBmy +2my); Fimy},

In addition, in order to avoid coincidence with (35) we must impose in (70) the condi-
tions: my € N, m; € N/2, m; ¢ N/3.

What is peculiar is that the ERs/GVMs of the main miltiplet (70) actually consist of
three submultiplets with intertwining diagrams as follows:

my

- D 1-
Ag 2N

e

) 1 subtype (A1) (71a)
D)2

At Ay

my

AT Ay
! 1 subtype (By) (71b)

ma

1+ D 1+
A S0 A

1— D32 1+
Ay T2 Ay

) 1 subtype (Cy) (71c)
Ay T Al

Next, we relax in (70) one of the conditions, namely, we allow m; € N/2, still keep-
ing m; ¢ N, m; ¢ N/3. This changes the diagram of subtype (C1), (71c), as given in
Figure 17a below.

Next, we relax in (70) another condition, namely, we allow m; € N/3, still keeping
my & N, my ¢ N/2. This changes the diagrams of subtypes (B;) and (C;) combining them
as given in Figure 17b below.
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A ma(on +2a2) AR

ay(2my+ms) ay(2my +mo)

ma(a1 + 2as)

A Agt
(a) ) )
A a1(3mi+mg) AyT
ma(ay + o)
ma(ag + 2a2)
1— a1 (3mi+me 1
Al : Laals
1 a1 (3my+mo 1—
Ag ( ) Ajoy
ma(ay + a2)
ma(ag + 2a2)
1+ a1(3m1 erQ) 1+
Ay Ajl
(b)
Al mi (201 + 3a2)  Alyy
az(3my+2m2) as(3my+2ms)
A%zﬁ mi (201 + 3a) A};
(c)

Figure 17. (a) Submultiplets type (C;) for Gy ;) using induction from the maximal parabolic P1
formy € N,my ¢ N, my € N/2, m; ¢ N/3; the (anti)diagonal arrows represent the KS operators.
(b) Submultiplets type (By)+ (C1) for Gy using induction from the maximal parabolic P1 for
my € N,my ¢ N,my ¢ N/2, my € N/3; the up-down arrows represent four pairs of KS operators.
(c) Submultiplets type (Cz) for Gy () using induction from the maximal parabolic P2 for m; € N,
my ¢ N, my € N/2; the (anti)diagonal arrows represent the KS operators.

9.2.2. Main Multiplets When Induction from P,

This case is partly dual to the previous one. When inducing from the maximal
parabolic P, = M, @ A, @ N, there is one Mj-compact root, namely, ay. We take again
the Verma module with Agyc = A(z)*. We take X%f = XHc- The GVM A(z)* has one
embedded GVM with HW A%* = A%* —my71, m € N. Altogether, the main multiplet in
this case includes the same number of ERs/GVMs as in (32), so we use the same notation
only adding super index 2, namely
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Xoo = {Fm, Fmy £ (2m +m)}

X = {Em, F(8m +ma);£1(my +my)},

X%i = {F(m +my), £my; i%(2m1 +my)},

X35 = {E(m+m), F(B3my +2my); £Imy} (72)
X%TE = {F(2my +my), £(3m +m2);ﬂ:%(m1 +mp)}

X = {E@my+my), F(Bmy +2my); Fym},

In addition, in order to avoid coincidence with (35) we must impose in (70) the condi-
tionsmy ¢ N, my & N/2.

Similarly to the P; case, the ERs/GVMs of the main miltiplet (72) actually consist of
three submultiplets with intertwining diagrams as follows:

my

N T A

) 1 subtype (Az) (73a)

mq

2+ D 2+
Ay A

2—  Dil 2-

Ay T Ay
) 1 subtype (By) (73b)
2+ Dil 2

At T AST
2 DM 2—

A T3 Ay
) 1 subtype (C2) (73¢)
2+ DM 24

A 0B A

Next, we relax in (70) one of the conditions, namely, we allow m; € N/2, still keeping
my ¢ N. This changes the diagram of subtype (C2), (73c), as given in Figure 17c.
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