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Abstract. We discuss how the ghost-free bigravity coupled with a single scalar field can be
derived from a braneworld setup. We consider DGP two-brane model without radion stabi-
lization. The bulk configuration is solved for given boundary metrics, and it is substituted
back into the action to obtain the effective four-dimensional action. In order to obtain the
ghost-free bigravity, we consider the gradient expansion in which the brane separation is
supposed to be sufficiently small so that two boundary metrics are almost identical. The
obtained effective theory is shown to be ghost free as expected, however, the interaction be-
tween two gravitons takes the Fierz-Pauli form at the leading order of the gradient expansion,
even though we do not use the approximation of linear perturbation. We also find that the
radion remains as a scalar field in the four-dimensional effective theory, but its coupling to
the metrics is non-trivial.
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1 Introduction

In general, bigravity, i.e., the gravitational model that contains two gravitons interacting
with each other, was known to be suffered from an unavoidable ghost mode, which is called
Boulware-Deser (BD) ghost [1]. Recently, however, the restriction of the interaction to
the specific form of non-derivative coupling proposed by de Rham, Gabadadze and Tolley
(dRGT) in massive gravity [2, 3] is found to evade the BD ghost problem also in the ghost-
free bigravity [4-6]. This ghost-free bigravity allows us to investigate many applications
of bigravity to building a cosmological model, which revealed that the ghost-free bigravity
can be consistent with the observation of the current universe [7-25], although there exists
some constraints on the model construction to avoid the gradient instability in cosmological
perturbation at the early epoch [8, 11, 12, 26]. As a challenge to the viability of the model
there are also discussions about the superluminality and acausality pointed out in the context
of massive gravity [27-30], or the stability of the tuning of the ghost-free interaction against
radiative corrections [31, 32].

The interaction between two metrics different from the dRGT form must be suppressed
to realize a viable model, but we do not know the mechanism that realizes such fine tuning.
In order to find a clue to this fine-tuning problem and also to give a UV completion of the
ghost-free bigravity model, we attempted to derive the ghost-free bigravity as a low-energy
effective theory starting with a healthy braneworld setup, which is naturally expected to be
free from BD ghost [33]. In order to derive bigravity from the braneworld setup, we have to
realize the mass hierarchy between the lowest massive Kaluza-Klein (KK) mode and the other
KK modes. We considered Dvali-Gabadadze-Porrati (DGP) 2-brane model [34], because
the Einstein-Hilbert terms localized on the branes effectively trap graviton modes on the
respective branes, and as a consequence only the lowest and the second lowest masses of KK
towers of gravitons, which correspond to these two localized modes, can be made to be light
by tuning the contributions of the brane localized Einstein-Hilbert terms to be large compared
with the bulk one [33, 35]. This tuning is achieved by setting Ay/r((;i) < 1, where Ay is
the brane separation and r((;i) = MSE)Q/QM;’ with Méli) and M5 being the 4-dimensional
Planck masses for the brane localized Einstein-Hilbert terms and 5-dimensional Planck mass,



respectively. An alternative way to lead to bigravity by discretizing the extra-dimension has
been investigated in ref. [36].

In this paper, we do not introduce any radion stabilization mechanism which fixes
the brane separation, and hence there exists a scalar radion corresponding to the degree of
freedom of the brane separation. Namely, the low-energy effective action should consist of
two gravitons and one scalar radion. This model is even simpler to analyze because we do
not have to employ the stabilization mechanism. Nevertheless, since the radion couples to
both induced metrics on branes, there is a possibility that the low-energy effective theory
derived from DGP 2-brane model may naturally give a non-trivial ghost-free doubly-coupled
matter model different from the previously proposed ones [37-43]. Here, we should recall
that DGP 2-brane model has two branches: the self-accelerating branch inevitably has either
the Higuchi ghost or the radion ghost, while the normal branch is free from ghost when de
Sitter universe is investigated [44, 45]. In order to get the ghost-free branch, we need to set

the model parameters to satisfy 1 — 2rgi) (na)ﬁu loga) > 0 on the respective branes [33],

where a is the background bulk warp factor and n’' 4y is the unit normal vector pointing
toward the bulk on each brane. If we assume that the values of the extrinsic curvature on
both branes are approximately the same, i.e., K ~ Ky ~ K_ =~ $4(né‘i)8ﬂ loga), the above

condition requires |K| < 1/ rgi). Combining the condition Ay/ rgi) < 1, the region of the
model parameters of our interest is restricted to

KAyl < 1. (1.1)

Since our interest is in the regime with small KAy, we use the gradient expansion [46] to
construct the bulk solution. We can systematically expand the action with respect to the
small quantity, K Ay. Since the higher-order terms in the gradient expansion cannot cancel
the lower-order ones, we naively expect that the action at each order is kept free from ghost.
In this paper we consider the lowest order truncation of the gradient expansion. In order to
obtain the action of the low-energy effective theory written in terms of the metrics on the
(+)-branes, g,(i), we solve the bulk equations for given boundary metrics g,(i) at the lowest
order of the gradient expansion, and then we integrate out the bulk degrees of freedom by
substituting back the obtained bulk solution into the action and performing the integration
along the extra dimension. Our method using the gradient expansion will not always give a
ghost-free effective action even if we start with a healthy higher dimensional model because
the higher order corrections in the gradient expansion would naturally derive higher-derivative
terms in the effective action which seem to introduce extra degrees of freedom including ghost
modes in addition to the expected ones, which are two graviton modes and one scalar radion in
the present case. We should interpret that the appearance of such extra degrees of freedom is
responsible for the other bulk degrees of freedom with higher masses, which are in the present
setup the massive KK gravitons with the mass squared of O(Ay~!) or higher. Therefore,
the appearance of extra degrees of freedom itself will not directly indicate the breakdown of
the gradient expansion. Although it would be unsatisfactory if such higher derivative terms
remain even in the final result of the low-energy effective action, they should be understood
to be treated by means of the method of order reduction, then.

Besides the fine-tuning problem of the ghost-free interaction form, the extension of
the ghost-free bigravity to braneworld setup may solve the issue of gradient instability in
cosmology and acausality, since both of them seem to be absent in the braneworld setup.
The main difference between bigravity and the brane model will originate from the presence



of the extra massive graviton modes in the braneworld setup, which are inactive at low
energies but will play a crucial role at high energies. Also, we expect that the stability
against radiative corrections might be understood well from the viewpoint of the braneworld
setup. However, our study presented in this paper is not matured yet to address these issues.

This paper is organized as follows: in section 2, we introduce the braneworld model that
we consider in this paper and explain the strategy to obtain the effective action. In section 3,
we start with the derivation of the effective action to the quadratic order in perturbation
around a de Sitter brane background solution, and show that the obtained effective action
contains the expected two gravitons and one scalar radion. In section 4, we analyze the
equation of motion derived from the effective action obtained in section 3 with source energy
momentum tensor and investigate the positivity of the action when we integrate out all the
gravitational field degrees of freedom. In section 5 we extend the method to obtain the
effective action to the nonlinear level. In section 6, we summarize the result and discuss
possible future extension of the current work.

2 Model

We consider DGP two-brane model without the radion stabilization, whose action is
written as

S=S+> S, (2.1)
o=+
where
1 2
Sbi= 3 d>xz+/—5 <5R - > : (2.2)
27!

2pl/d4$\/—g(+) (R(+) — 20+) , (2.3)
XM
S_ = Tpl dia, /=9(-) (R —20-) , (2.4)

where 5gw,, °R, g,%), R(4) are the 5-dimensional metric, 5-dimensional Ricci scalar, 4-dimen-
sional metrics and Ricci scalars induced on (4)-branes, respectively. My is the 4-dimensional

Planck mass on (+4)-brane, while Mgl / 2r{™) and XM§1 are the 5-dimensional bulk Planck mass
cubed and 4-dimensional Planck mass squared on the (—)-brane, respectively. o are the 4-
dimensional cosmological constants on the respective branes, while 6/ f% is the 5-dimensional
cosmological constant. The equation of motion in the bulk spacetime is given as

Ry — %51% 59 + gg =0. (2.5)

A

Here, we assume the Z; symmetry across each brane. We adopt S1/Z5 orbihold identification
where the left hand side and right hand side with respect to each brane are identical. Then,
the extrinsic curvatures on the (4)-branes, K ,Sf), are determined by the Israél’s junction
conditions:

K@® - KB = 4, (Gfﬁ) + aig(i)) (2.6)

where ré_) = r((;+)x.



We will derive the low-energy effective action from (2.1), by solving the bulk metric
for given boundary metrics on the branes and integrating out the bulk degrees of freedom.
In this paper, we employ the gradient expansion to find the bulk metric, assuming that the
brane separation is sufficiently small compared with the 5-dimensional curvature scale, and
hence the metrics on the both branes are identical at the leading order of the small separation
expansion. Here, we describe the strategy to obtain the effective action in more detail. At
the lowest order of the expansion, we can set the following ansatz:

ds® = N*(x)dy* + g datdz” (2.7)

while the (4)-branes locate at y = y*, respectively. We use the gauge degrees of freedom
to choose the lapse N and the shift N* in the above form. Namely, we imposed 9,N = 0

and N* = 0. For given boundary geometries specified by gfjﬁ) (x)dztdx” and g, (T)dz*dz”
(g,(,;)(x) is reserved for later use) on the respective branes, we should be able to find an ap-
propriately interpolating bulk solution by solving the bulk equation of motion. Decomposing

the bulk equations (2.5) with respect to the y = constant hypersurfaces under the above
gauge fixing condition (2.7), we obtain

4 N
05K = —2K0Kp, + KKy + =5 g — Ry + =22, (2.8)
2 N
1
K[,LV - —58739“”, (29)
K? - KrKY 12
— KK =-m R, (2.10)
A
K,—-K;,6 =0, (2.11)

where we define 05 = %831. K,, and R, are the extrinsic curvature and the 4-dimensional
Ricci tensor evaluated on each y-constant surface, respectively. Here, we stress that g, and
K, are defined not on the § = Ny = constant hypersurface, but on the y = constant one.
f.u is the covariant derivative of the field f associated with the 4-dimensional metric g, (We
reserve V,, for later use). The indices are raised and lowered also using g, .

Once we fix the way how to relate the 4-dimensional coordinates on one brane with
those on the other by the gauge choice of the bulk metric, the coordinates on the other brane
is specified. If we adopt the above bulk metric ansatz (2.7), the way of connecting between
two branes is completely specified. In these specific coordinates, the metric is given by

_ 0% 9iP _
9,(“,)(1’) = W@Qaﬁ(l’)a (2.12)

and gff)(x) cannot be chosen arbitrarily. If we solve egs. (2.8)—(2.10) (excluding (2.11)) with
the boundary metrics g,(;;) and g,(f), the coordinate transformation #%(x) is constrained by
the momentum constraint (2.11). Using the gradient expansion, we can expand g, around

the middle point ¥ = 0 in the bulk as

(£)

[ (RS
95 = G + Fggu T + 50529 (TF)° + - (2.13)

where Gu = g (0), and §= = N(z)y*. As we set § = 0, the values of § on the respective
branes are related with each other as = = —g*. Since the positions of the (+)-branes in y



are fixed at Fyq, respectively, we have
gt = —Nyy <0, 7~ =Nyy>0. (2.14)

Using the expression (2.13) and the evolution equations (2.8) and (2.9), we can obtain g,

and K, in terms of g,(fyt) and g1, and then the Hamiltonian constraint (2.10) determines 5+

and hence N in terms of g,%). The effective action written in terms of g,%) should be given

by substituting the bulk solution into the action

2

M 12
). 5, 2 _KHRV 2
S—2r£+)?{d:c\/ g(R—I—K KUK €%>

2 2

M xM.
e [ateyma (R~ 200 + 552 [ty (R —20) . @15)

where the 5-dimensional Einstein-Hilbert action is also decomposed into the 4+1 form with
respect to the y = constant hypersurfaces. Since the integrand of eq. (2.15) does not include
any second derivative of the metric in the y-direction, the boundary Gibbons-Hawking terms
on the branes are unnecessary in this expression. The integral along y-direction reduces
to integrals of simple powers of y by expanding the integrand at y = 0 with the aid of
the gradient expansion. We do not manifestly impose the momentum constraints, because
they are automatically imposed later. As long as the extrinsic curvatures evaluated on the

branes, K S,E), for the obtained bulk solution, agree with the ones that are derived from the

(£)

variation of the effective action with respect to g,ﬁf , as is expected, we obtain the junction
conditions (2.6) from the variation of the effective action. By taking the divergence of the
junction conditions (2.6), the right hand side identically vanishes, and hence we find that the
momentum constraints (2.11) are imposed.

3 Perturbation around de Sitter spacetime

First, we consider the perturbation around a de Sitter brane solution with the comoving
curvature H and calculate the effective action quadratic in the perturbation, as a warm-up.
The background spacetime is given by

ds* = dy* + a®(y)ywdatda” (3.1)

where we set N = 1, a(y = 0) = 1 and 7, is the 4-dimensional de Sitter metric with
the expansion rate H. Then the background solution is determined by the Hamiltonian
constraint (2.10) and the junction condition (2.6):

Oya 1 H?
— — - 3.2
M= \/ zta (3.2)

2
FHy =rH) (—Ui + H2> : (3.3)
3 a:t

where Hy := H (y = Fyo) and ay := a (y = Fyp). As we choose the convention that H(y =
0) > 0, the (+)-brane should have a positive tension (o4 > 0). Then, eq. (3.2) is solved as

H= -1 tan <y + A> , (3.4)



which is the background value of —K /4, with the integration constant

1
A = — arccos <M> (<0). (3.5)
Then we obtain
a = B cos ( + A> (3.6)
N
with the integration constant
B=/(\H. (3.7)

Using the above expression, we find
1 1
Hyi =M (Fyo) = =— + Hyo + —O(H*y3), (3.8)
N N

where we define /5 by

I =Hy =0) = /-2 + H2. (3.9)

We represent the perturbation around this background as

9% = a*(Fyo) (7,uu + hﬁﬁ) : (3.10)
N=1+z, ie, §5=7Fypl+z). (3.11)

Here we note that the value of y-coordinate at the location of the perturbed (+)-brane
remains to be y = —yg in our coordinate system. To make the calculation easier, we define
new variables as

G () == a"*(¥) g (y) » (3.12)

IC/U/ (y) = a*2(y) <K/w(y) =+ ,Hjsfy)guu(y)> ) (313)

so as to isolate the y-dependence related to the background warp factor a(y). Then, with
these new variables, egs. (2.8)—(2.11) become

3K = —2KEK py + KKy — ﬂicgw _ 4%/@”
+ <; 4H—2 L H) Gu —a *Ruy +a % (3.14)
K = fiagg,w, (3.15)
K2 — G%IC — KLK, = R — 12 (j\{; €1i> : (3.16)
We expand g,(f;) as
G5 = G + 0,00 i + %%(@W T
= G — 2K — 0gKu (57)° + -+, (3.17)

where the overbar denotes the value evaluated at y = 0.



In the following, we only keep the lowest order in the gradient expansion, i.e., the leading
order of
e:= |Kyol , (3.18)

and calculate the effective action up to the quadratic order of the metric perturbation. We
want to investigate the parameter region with 1F 2r£i)’Hi > 0, in which both radion and the

massive gravitons are healthy [33]. Under the gradient expansion ¢ < 1, namely, |K| becomes
@) (1 / réi)> at most. We are also interested in the regime in which the mass squared of the

lowest mode of massive gravitons is comparable to the 4-dimensional momentum squared.
In ref. [33], the mass squared of the lowest mode of massive gravitons is evaluated as

; ( 1)

2 2
m* ~ 1+—) ~O(K|*/e) , (3.19)
27’£+)y0 X ( )

at the lowest order of the gradient expansion. Therefore, H? and the 4-dimensional momen-
tum squared become O (|K|?/¢), and then ¢,? should be tuned so that ZXZ =02+ H? ~
O (K?) is much smaller than H? ~ O (|K|?/€). This requires the tuning of the background
expansion rate H to ~ le, the value determined by the bulk cosmological constant. Fur-
thermore, the Hamiltonian constraint (2.10) requires that R — 12¢,* ~ O (K?2). Also the
junction conditions (2.6) will imply that the traceless part of R, becomes O (K 2), while
the trace part of R,(ujf) cancels with the brane tension o1 at the leading order of the gradient
expansion in eq. (2.6). Therefore R, is given as

Ry ~ 3032 gw + O (K?) . (3.20)

From these conditions, the amplitudes of the matter energy momentum tensors on the re-
spective branes are severely restricted, which does not allow us to use the present model to
describe the system in which the background energy scale varies by a large amount.

With this understanding, we evaluate KC,,, at the middle point y = 0 from eq. (3.17) as

py 4g+

= <~xfyw, + 1Ahwj> (1—z)+O(ehK) , (3.21)
2N 4yo

assuming that x ~ O (eoh), which will be confirmed later. Here we define

Ahyy = hi) —hi) ~ O (eh) . (3.22)
The first term in the parentheses in eq. (3.21) comes from the factor a2(y) in the definition
of G, (3.12). In order to raise the subscript of Ky, as well as to compute R, we also need
G, evaluated at the middle point, which is also computed from (3.17) as

_ 1 _ -
G = 5 (gf;) + Q’,S,)) + 0K (57) + -+
= Yur T ;L/,U/ + 2H2xy3'7;w + H? (xyD)Q Yuv

+(1+2) (V,Voz)yg + O (€, €h) | (3.23)



where V, is the covariant differentiation associated with +,, and we define

~ 1 -
P = — (hw + hg,)) . (3.24)

2
Here we also use eq. (3.14) but only its last three terms where €K2 and R, are replaced
by H? and 3H 2§W, respectively, contribute to (3.23) at the order of the present approxi-
mation. At the 1st order of the metric perturbation A, the Hamiltonian constraint (3.16)
determines z(!) as

‘ 3 l
(1) — A _ A p1) . _ A
v Ah = iR 40 (eh) = —gb@ + O (ch) (3.25)

where z and R are expanded as A = AW + A@) 4 ... with respect to order of the metric
perturbation h. The last equality defines a new variable ®, which represents the rescaled
perturbation of the brane separation. R is obtained from eq. (3.23) as

B — v (’N"L;w n 2H2y3w(1)’7w> + O (¢hK?)

1 - H?

_ v . 2

=TT ﬁﬂﬁ[’ (h,“, - Ah'yw,> + O (ehK?) , (3.26)
where we define

O 3 9
Ly =V, V, — T (D +4H ) Yo » 0:=V~V,, (3.27)
and ~
/ N R
oz::yOTA, H? .= aH?, D::a(D+4H2).

To arrive at the last expression in eq. (3.26), we formally solved the differential equation
obtained by substituting eq. (3.25) into the first equality in eq. (3.26), and we also use the
identity

L, VFA" =0, (3.28)

which holds for an arbitrary vector A”. Here, we need to discuss the boundary conditions
for the inverse of the differential operator 1 — H2[). One may think that the non-local
operator (1 — H 2@)_1 may bring an extra degree of freedom corresponding to the pole at
0=H"2 However, we know that there is no physical mode at [ = H~2 from the linear
perturbation analysis [33, 45]. In order to avoid the appearance of such an unphysical degree
of freedom, we should understand that the non-local operator (1 — H 2@)_1 is to be expanded
as 1+ H20 + HAY? + -+ by restricting the energy scale to H2(] < 1. When H ~ m
and the normal branch is chosen: 1 F 2r£i)7-[i > 0, the allowed energy region where our
approximation is justified is estimated as

(+)
O+4H2 <O (Kﬂy) <0 (m?), (3.29)
0

which is marginally consistent with the energy scale we wish to discuss. Interestingly, we
will find later that, even if we keep this pole at [ = H~2, its contribution to the metric



perturbation is not sourced by the matter energy momentum tensors localized on the branes.
Substituting eq. (3.26) into eq. (3.25), we obtain

1 4 1 - H?
b =— ?yo x(l) = Ah + jfﬁuy (h’w/ — 4Ah7uu) . (330)

2 31— H20O

Equipped with the solution to the linear order in ¢, we can evaluate the Hamiltonian
constraint (3.16) at the 2nd order of h as

- = — — | — + — x
2 2 4yo 2N
12202 WAL AR Ay,

S O (eh?K?) = R® 3.31
B ohwe  teg OEI=ET (331

where R(?) can be more explicitly expressed using eq. (3.23) as
_ 2
R® = 2om {x“)vuvyx(l) + H? (x(U) Vo + 2H2x(2)'y,w} + O (h®K?) . (3.32)

2)

Then, as in the case of z(1), 22 is solved as

1 3
1— H2001 38432

2@ = [AhQ — ARM Al — %@2 + 4a®RW

2
—SL (D, Y, + H2<I>27W)] + O (eh?) . (3.33)

Therefore, the total second-order effective action

M?> 12
S = o %dsl‘Q\/ ( )
2 [27“((; +) 512&

GH2 6H>
+ -

(£)

is expressed in terms of g, as

o (n-2)

- +) / Ndy/d41:2v { + L (G — @QaﬂKw) +0 (6h2K2)}
- 4 — Z 12 rM L RO
_T£+)/d T 24/ 7{2Ny0 <2%+R + R >

— ;Nygﬁ“” (NV,V,N + N*H?y,,) + O (€h°K) }

(384 < €A> (1-4A%)2® — 4a0RM + O (e3h2)>

— /d% —~ym? {Ah2 — ARM Ahy,, — ch (1 — fﬁm) d+0 (63h2)} , (3.35)

— 4.
_/d T/ WST(+)

Yo



where we define )
m? = o (3.36)
8re Yo

In the first equality in eq. (3.35), R(y) — 1267\2 is expanded around y = 0 as

12 ) 2
R(y) - 7 = 12H? + LM g, (y) — zT0 (eK?)
A A
12 , .
==+ LY (Guw — 20K — 705K + -+ ) + O (eK?) | (3.37)
A

where the linear term in g is integrated to be zero in the integral. In the third equality
in eq. (3.35), we use eqgs. (3.28) and (3.32) and neglect the total derivative terms. The
action (3.34) contains (1 — H2(J)~" through ® defined by eq. (3.30). As mentioned above, we
treat the apparently non-local operator (1 —H 2@)_1 as a local one by imposing the restriction
presented in eq. (3.29).

In the extreme limit of self-accelerating branch am? — 0, which corresponds to the limit
r£+)7—[+ — 00, ® is reduced to Ah and the bulk contribution in the effective action (3.35)
becomes

M%mi 1
PT / drz/—~ (4Ah2 — AhWAh’“’> ,

which differs from the form of the ghost-free dRGT mass terms. Therefore, the system
possesses an extra scalar mode in addition to the two gravitons and a BD ghost appears.
In the self-accelerating branch of DGP 2-brane model, we know that either the extra scalar
mode corresponding to the radion or the helicity-0 mode of the massive graviton becomes
ghost [44, 45]. We refer to them as the radion ghost and the Higuchi ghost, respectively.
The appearance of a BD ghost here seems to be exactly corresponding to the inevitable
existence of either the radion ghost or the Higuchi ghost. When the mass squared of the
massive graviton is smaller than 2H?, the ghost in the DGP model is the Higuchi ghost, and
the parameter region with such a small graviton mass is not excluded. Hence, this example
shows that the BD ghost can be the Higuchi ghost. The existence of the Higuchi ghost may
not be so harmful as a usual scalar ghost, as discussed in ref. [47].

Now we return to the case without taking the limit am? — 0, and show in general that
the system described by the total effective action (3.34) consists of one massless graviton,
one massive graviton, and one scalar. We rewrite the action (3.34) so that the rescaled
perturbation of the brane separation, ®, is manifestly treated as an independent degree of
freedom, radion. For this purpose, we introduce a Lagrange multiplier A to impose the
constraint ® = Ah + %O‘R(l) as

M2 . i}
S = TPI [/ Az /=7 m? {Ah2 — ARMY Ahy, — %p (1 _ H2D) B4\ <q> ~Ah— 430‘R<1>)}
6H? 6.H?>
+/d4x,/—g(+) <R(+) - (13_) +X/d4a:w/—g() <R() - CLQ_>:| . (338)

Taking the variation with respect to ®, we obtain a simple expression for A written in

terms of P:

A= g (1 - ﬁﬂﬂ) 3. (3.39)

,10,



Then, substituting this A back into the action (3.38), the action written in terms of hfﬂf) and
® is obtained as

M2
S = Tpl [/ d*z/—y m? {Ah2 — AR Ahy,, — Za2H2<I> (O+4H?) @

+ch> (® — 2Ah) — 2aq>/;WBW}

6H? 6H?
+/d4l‘ —9(+) <R(+)—012) +X/d456\/ 9(— )(R( ) ™ a >:| . (340)

_l’_

In this step, 1 — H2[J in eq. (3.39) cancels out the apparently non-local operator (1 — ﬁ2ﬂ)_1
in RMW. After rewriting the effective action into this form, we can obtain the ghost-free
Fierz-Pauli model even in the limit am? — 0, by setting the radion ® to 0, assuming
some steep stabilization potential for & by hand. The last term in the second line of

q. (3.40) can be absorbed into the induced gravity terms by the conformal transformations

gﬁ(ﬁt) = exp (m2a®) g‘(j;) and gl(;) = exp ([mia/x|®) gfw) Then, the action becomes
My 4 2 2 3
S = TP [/d T/ —ymZ {Ah — ARMY Ahy,, + Zq) (® — 2Ah)

+3a < <1+ 1) —H2> (D+4H2)q>}
/d4 F( - ) +x/d4x —3 (R(_ - 652[2” L (341)

where R(+) and R(_) are the Ricci scalars for the metrics Qﬁ) and QL;), respectively. Here,

two gravitons interact with each other through the Fierz-Pauli mass term and the radion field
®, which is now an independent field, couples to both metrics, but its kinetic term couples
to the metrics only through the combination ,,. To be honest, at the current level of our
approximation in which all the terms higher order in € are neglected, we cannot discriminate
to which metric the radion field is coupled. Therefore the model described by this effective
action satisfies the BD-ghost-free conditions for doubly coupled fields in bigravity [37, 38].
Since the action (3.41) does not suffer from higher derivatives nor BD ghost problem, this
system contains only two gravitons and one scalar radion. Because of the presence of the
constraints for Ahy,,, it cannot be immediately confirmed by the action (3.41) whether the
helicity-0 mode of the massive graviton and the scalar radion are healthy or not, which will
be discussed in the next section by writing down the effective action in terms of the matter
energy-momentum tensor, integrating out the gravitational degrees of freedom.

4 Equations of motion and coupling to the matter energy momentum
tensors on the branes

Now we analyze the equations of motion derived from the action (3.34) with additional matter
fields localized on the branes. We confirm that the system contains only two gravitons and
one scalar mode whose ghost-free condition is equivalent to the one discussed in ref. [33], by
investigating the poles of the propagators and their coefficients. Taking the variations of the

— 11 —



action (3.34) with respect to hﬁ), we obtain the equations of motion:

6% +
X=ELERSY) £ 2m? (A, — Ahry)

3 4 _
+ 5 [:l:%w + aEW] <Ah—|— 3aR(1)> =M 2Tl§l,), (4.1)

where we define y4 =1, x— = x, and

£ oy = —f(DhWﬁLV Voh = 2V, Vol — 30 + 70, VoV sho?
— 22Ny — H2uh) (4.2)

is the linearized Einstein equations derived from the variation of the four-dimensional local-
ized Einstein-Hilbert part of the action. In the above expression, we set ax = 1. In the
present order of approximation, it is no use to distinguish a4+ from unity. Here, we impose
the gauge conditions

~ 1 ~
VM <h‘,u,l/ — 4"}’uyh) = O, (43)

on the averaged part of the metric perturbation (3.24), so that the traceless part of fLW
becomes transverse. On the other hand, we decompose the difference of the metric pertur-
bations (3.22) as

1 O
Ahw/ = Ah(TT + 1?157;11/ + (v,uvu ’7;11/) P, (4‘4)
where Ahg,T) is the transverse-traceless part of Ah,,. Using the identities, (3.28) and
VHEW Hop =0, (4.5)
O 3 9
VI VUVy = o ) ¥ = 5V (O+4H%) W, (4.6)
VHLLY =0, (4.7)

where ¥ and H,g are arbitrary scalar and tensor, respectively, one can take the divergence
of eq. (4.1). Then, the two equations derived from the divergence of eq. (4.1) give the same
equation, from which ) is determined as

«

where
7 = (1 - ﬁ%) o (2}3 - 2}?2(;5) . (4.9)

Here, we ignore the homogeneous solution that satisfies (D +4H 2) 1) = 0 because it degen-

erates with the transverse-traceless mode Ahfw ) by the 1dent1ty (4.6). One may think that

1) is not uniquely determined because of the pole at [J = H2. However, such a possible
ambiguity has been already eliminated by imposing the restriction (3.29). By substituting

eq. (4.8), eq. (4.1) gives
¢+ (1 F 2) Z

— 12 —

Eo‘ﬁh( ) 4 szAh/(“:CT) + miaﬁ,ﬂ,

—2m(x
v o - Mpl T/EV) . (410)




On the other hand, the trace of the metric perturbation on each brane h() after elimi-

nating the terms proportional to V,V, 1, which can be erased by a 4-dimensional gauge

transformation from h,(“jf), are found to be given by

2hH) .= 2h + (¢ — )

¢i<1$2>2

where in the second equality we use eq. (4.9) again. Using this equality and eq. (3.8), the

- (2}]2 + 1) : (4.11)

equations of motion for h,%) (4.10) are simplified as

-1
X+ €L + 2m2ARTD) + (i&"é*)%i) Lowh™® = MPT). (4.12)

The trace part of eq. (4.12) becomes

4M 2 1 -y
pE) — ol T 4.1
3 \M* Ty, ) O+am? (4.13)

Diagonalizing the traceless part of eq. (4.12) with respect to the mass eigenvalues, we obtain

the equations of motion for the transverse-traceless part of the massless mode hl(B,),

hO) = (14 )" (hﬁ;) +xh,(;)) : (4.14)

o

and that of the massive mode hfﬁ)

him) = (14 x) " Ahyy (4.15)
as
(0 212) KO TT = ‘12+MX12 70 - 1700,
+é (Vﬂvy - Twu> D:ZLHQT(O)] . (4.16)
(O —2H? = m?) hi)TT = _12141;;12 [TELT) - iT R

1 O 1
3 ( IV g ”V> D—|—4H2T } ;o (@17)

where m? is defined in eq. (3.19) and we define

0) . + —
T =T + 1§, (4.18)
(-)
m 1, v
T =100 - "T : (4.19)
Using the identity
O 1 1 O
P U= = = | 4.2
<V“v 4 ) Ot 4H2 O 4H2 (v#v 4 > (4.20)
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which holds for an arbitrary scalar ¥, h(,,) and hEu,) are found to be rewritten as

-2
h/(t[:)/) = _12141; [D —12H2 {T;Sg) - %T(O)’Yuu + EY (—;HQ) <vuvu - S’YW) T(O)}
_3(—;H2) <_EW> O +14H2T(0)} ’ 2y
a2
)t = 12141; [D - 21;2 —m? {Tfsryn) - ET( Y
s (e 3w 1}
—M <_§W> D;WT(’”)] , (4.22)

where we eliminate some terms which can be erased by a 4-dim gauge transformation as
in eq. (4.11). If we set T;E;) = 0, for simplicity, the coefficient of the pole ((J + 4H?)~!
h;(jf,) = h(o) + Xh,l(ﬂ/) is extracted as

—2 (+) 2
i) 2 M§1 Léﬁ%?i 1 1 ix <_1 * m22>ih;H2> O +14H2 T (4.23)
When we integrate out the scalar degree of freedom, the contribution of the pole at [ = —4H?
to the effective action is written in terms of T,SJJ) as
M2

- / d*o /=y hG)TE D ;l By / d*e/ =T 5 4 72 -7 (4.24)

where )
By = ! X m (4.25)

1—2T¢(;+)H+ N 1—{—)(77”L2—2ff27

is the minus of the part embraced by the square brackets in eq. (4.23). The sign of 54
determines whether the scalar degree of freedom is ghost or not. When [, is negative, the
scalar degree of freedom is ghost. When the condition 1 — 2r£+)7-l+ > 0, which is one of the
two ghost-free branch conditions derived in ref. [33], is satisfied, the first term in the square
brackets in eq. (4.25) is positive and greater than unity. If H is positive, for sufficiently large
m?, the absolute value of the second term becomes less than unity, and hence 3, becomes

positive in total. When 1 — 2r£+)7-[+ < 0, the positiveness of B, imposes m? — 2H? < 0,
namely, Higuchi ghost appears.
A similar discussion applies to the case where T,S,Jf) = 0. The coefficient of the pole

O+ 4H2)*1 in h,(fy) becomes

4 v pl 4 1 -
/d T/ — hl“/ TM /B /d TN/ — T mT( ), (426)
where
1 1 1 m?
1 _ 4.27
X |1 —I—Qﬂ(;_)'H_ 1+ xm?—2H? ( )
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Thus, the contribution of the pole at 0 = —4H? to the effective action is positive and free
from Higuchi ghost when 1 +2r((;)7-[, > 0 and the first term is larger than the second term in
magnitude. The first condition is identical to the other ghost-free-branch condition derived
in ref. [33], as is expected.

Suppose that for sufficiently large m?, the ghost-free conditions are satisfied. If we set
m? is larger than and close to 2H?, both 5, and 3_ necessarily become negative. Hence,
there should be critical values of m? at which 3, or 3_ cross zero. Since the scalar mode
couples to both traces of the energy momentum tensors, 7(1) and T{_), we expect that the
signatures of 5y and [S_ should flip simultaneously. In fact, at the leading order of the
gradient expansion, we can rewrite 1 using egs. (3.8) and (3.19) as

1 m2 142

B;l:: 1+Xm2_2H21¥27“¢(3i)'Hi.

(4.28)

Then, we find that the condition S+ > 0 is equivalent to 1 £ 27“?)7-[; > 0, when m? > 2H?
and 1 F 2r((;i)7-[i > (0. This simultaneous sign flip occurs at the transition from the ghost-
free normal branch to the self-accelerating branch. At the transition point in the parameter
space, either Sy or f_ diverges. (If we assume Hy ~ H_ > 0, f_ never diverges. Then, the
divergent is necessarily (;.) Therefore, the transition between two branches is accompanied
by the divergence of metric perturbation and the perturbative approach breaks down at the
branch crossing point.

Let us examine how one can construct the background spacetime that satisfies the
conditions for the normal branch. Using the normal-branch conditions 1 F 2r£i)7-li >0 and
eqs. (3.8) and (3.19), we obtain a constraint for £, as

2 (=) 2
—1+(1+x);2<%21<x—(1+x)nﬂﬂ- (4.29)
In order to satisfy this constraint, —1+(1 + x) H2/m? < x—(1 + x) H?/m? must be satisfied.
Thus, the mass squared of the massive graviton (3.19), which can be adjusted by changing
y[{, must be tuned to be above the Higuchi bound, i.e., m?> > 2H?. When m? > 2H?,
eq. (4.29) can be achieved by tuning (x depending on H /m and rﬁi).

The physical meaning of the normal branch conditions can be made clear in the following

way. Eliminating H?/a% from eq. (3.3) with (3.2), we obtain the relations among H+, o+

and f, as
2 H 1 o+

(&
Then, we find that there are two solutions for H.i as

1—2rDH, = j:\/l — 42 (;2 — U;) , (4.31)
A
e (1 o
14+ 2rIp_ = j:\/l — ()2 <€2 - U3> : (4.32)
A

when (rgi))_z—él (EXQ — 0+/3) > 0. Asis discussed above, the solution that takes the positive
sign on both branes corresponds to the normal branch. If either of the above solutions takes
negative sign, the whole setup is in the self-accelerating branch. If we have chosen that H is
always positive, the sign in eq. (4.32) is guaranteed to be positive by assumption. The above

two solutions (4.31) degenerate to one double root when (7"£i))_2 -4 (Exz —04/3) =0, and

,15,



consequently we have 1 F 2r¢(;i)7—[i = 0 in this case. For 1 — 2r£+)7-[+ =0(1+ 27’((;_)7—[_ =0),
the radion strongly couples to the source on the (+)-brane ((—)-brane) as is seen in eq. (4.25)
(eq. (4.27)). This can be understood as a consequence of the perplexity about the branch
choice by the system.

5 Nonlinear generalization

We extend the above method, with which we succeeded in reproducing a healthy action for
bigravity with a scalar corresponding to the radion as a low-energy effective theory concerning
the perturbation around a de Sitter spacetime, to the nonlinear perturbation, although the
gradient expansion is not extended to the higher order. Here we assume that

=|KgT|, (5.1)

is small as before with gl(;) ~01), Agu = gl(j;) —g,(l;) ~O(e),and V2 ~ €32 ~ O (|K|?/e).
Furthermore, the Hamiltonian constraint (2.10) and the junction conditions (2.6) imply
eq. (3.20), as is discussed in section 3. As in section 3, we obtain K, and g, from
eq. (2.13) as

_ Agﬂ”
K= T (5.2)
- o2 9
Guv = Guv + (I)V,LLVV<D + KTQ}LV +0 (6 ) ) (5'3)
A
where
®:= Nyp, (5.4)
(+) (=)
- 9’ + 9
uv ‘= L 5 B (55)
The Hamiltonian constraint (2.10) becomes
_ 12 Ag®— AguAgt
R — g 1632 , (5.6)
where the tensor indices are raised by g,,. The bulk action is given as
Sp = V—gd*zNdy | °R — e
b 2 o (+ vy 3
2w . g S 1
(v (r-B))
+La AL 0,0 | +
2 Y 5gul/ yIpv
M?% 1 _12
__pl - 4 7 _ =
= r£+) /d N [2y0\/ g(R €%>
A 10,00, 1)
- - v Juv
3 0w i % a
+0 (|K|62)} , (5.7)



where we use the Hamiltonian constraint (2.10) in the second equality. In the third equality,
the linear term in y in the integral is integrated to be zero, the term in which differentia-
tion with respect to y operates on (\/—g (R - 12€X2)) /69, becomes higher order of the

gradient expansion, and we use eq. (2.8) and R,, = 367\2@,“, + O (|K|2) The operator
§(v=9(R- 12€X2)) /69, is obtained as

/d4x6 <\/jg <R - %» By = /d4x (\/Tgﬁﬂth e (|K|2)> , (5.8)

0w

for an arbitrary tensor h,,. Here we defined LM as
E'uy = VAAvid ‘j 3 gt 5 9
= VIVY — + 7z g (5.9)

where V is the covariant differentiation associated with Juv- Using the Hamiltonian constraint
eq. (5.6), the bulk action becomes

lu2 2 A 2—A AgHv P - ~ ~ @2
_711)17 4 = g gMV g % T~
5= ) /d TV g[ 160 £ (( : “(I)) (:”(I)) 2 g“”)

+0 (|K|62)] ; (5.10)

where we use LN',’“’@HA,, = 0 for an arbitrary vector A, at the leading order of the expansion
in €. The analysis in the linear regime suggests that in order to examine the structure of the
interaction between g,(;) and gf;), it is convenient to treat the radion ® as an independent

variable. Therefore we consider
M?% 2 Ag? — AguAgh’ B - - - P2
_ pl & 4 - g GG * S .
= /d A [ 160 e ((V“q)) (v.2) 2 g“”)

12 Ag? — AguAgh”
3 1692 ’

(5.11)

by imposing the Hamiltonian constraint with a Lagrange multiplier A\, and take the variation
with respect to ® to eliminate A using the equation of motion for ®. R— 12€X2 is computed as

_ 12 - 12 - - o2
EA EA ZA

By taking the variation of eq. (5.11) with respect to ® and using the identity L, VIV =
VHVYL,, ¥ = 0 for an arbitrary scalar ¥ at the leading order of the expansion in e, the
equation of motion for ® is given in an extremely simple form as

203\ = LD, (5.13)
where

Ag2 - AguVAng
1693

(5.14)

,17,



We ignore the homogeneous solution £)A = 0 by treating E;l as a local operator as in the
case of (1 — H Qﬂ)_l in section 3. The condition that allows such expansion depends on
® and is difficult to express explicitly. Hence, here we just assume that the energy scale
is low enough to satisfy this condition. Substituting A\ = % into eq. (5.11), we obtain the
4-dimensional effective action from the bulk action as

1‘42 2 A(]Q - A A Hv @ ~ 12
pl 4 [~ JuvAg
= —— d TN/ —¢g + — ]i - 5
Sb 2 T'g ) |: 32@ 2 < 624 )

> - . . P2
_ L uy = 2

=L <<VM<I>) (v,,cb) Z% g,wﬂ +O(&)
_%7 d4 _ Ag2—Agw,Ag’w_L(I)2 |:|_}_i (I)—f-? R_E
IOl 320 202 = 2 ez

(V@) (V, @) (VAVY — g"'0 — RM) @] +0(),  (5.15)

1

6

where V is the covariant differentiation associated with g,,,, which is indistinguishable from
g,ai;) and g,,, at the leading order of gradient expansion and we use R, = SEXQQW +0 ( | K ]2)
in the second equality. The non-derivative interaction terms between two metrics takes
the Fierz-Pauli form Ag? — Agu,Agh”, which is rewritten in terms of dRGT mass term,

Viy = Ezlll;[;ull/ﬁl o u#nn for U} := gé{f_))g(f) puy A8
Ag? — Ag L Agh” = 4 Z cn Vi . (5.16)
12 J ~
Here we define J := —% (c1 + 4co 4 6¢3) and the coefficients ¢, are constrained by the condi-

tion that both 9/(;15) and gff) recover Minkowski metric and Ag,,, — 0 in the limit where the

energy densities of matter on the branes and the brane tensions are sent to zero,

1
Ccq = ~31 (c1 + 6¢g + 18¢3)

co=—3 (61 + 2co + 203) . (5.17)

We wrote the interaction between two gravitons in terms of dRGT ones, however, we cannot
determine the form of mass interactions at higher order of U} — d,, ~ O (e) at the order of
the present approximation. Absorbing ®R term into the induced gravity terms by conformal
transformations for gl(flf), as in section 3, the action for ® in the second line in eq. (5.15) is
a cubic Galileon [48, 49], and hence the whole action S, + Sy + S_ describes a well-known
ghost-free system that contains two interacting metrics and one scalar which couples only
to one of the metrics [4]. In order to investigate the coupling of radion as a doubly coupled
matter, we have to step into the higher order of the gradient expansion. At the higher order
of the gradient expansion, however, higher derivative terms will appear and hence the system
may inevitably contain extra degrees of freedom corresponding to the other massive KK
gravitons. Therefore, it may not be allowed to obtain doubly coupled matter model using
our method, because at the leading order of the gradient expansion the couplings to two
metrics is indistinguishable, and the radion may couple to more than two tensor modes if we
expand to higher order.
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6 Summary

In this paper, we intended to obtain the ghost-free bigravity action with a single scalar field
from DGP 2-brane model with an unstabilized radion, by solving the bulk equations for given

boundary metrics g,%) at y = Fyo and integrating out the bulk degrees of freedom under the

approximation that gfjﬁ) — gf“_,) ~ |KNyg| < 1. As a result, we obtained an action written

in terms of g,(fyt) as a 4-dimensional effective theory of DGP 2-brane model, which is reduced
to a healthy bigravity model with a scalar field, as expected. Truncating the result at the
leading order of the gradient expansion, we obtained the Fierz-Pauli quadratic mass term as
the interaction between two gravitons, though we worked on non-linear perturbation. The
scalar field couples to only one of the metrics g,(i) and its equation of motion does not contain
higher-order time derivative. To realize such a setup of the model, we need to tune the brane
tension, so that |K| is sufficiently small. Since this tuning is easily broken by additional
matter fields, the energy density of the matter fields on the branes must be small enough.

We succeeded in obtaining the Fierz-Pauli mass interaction naturally from DGP 2-brane
model at the lowest order of the gradient expansion. However, it is difficult to extend this
method to the higher order of the gradient expansion and to obtain the nonlinear dRGT
mass terms, because it will produce complex and higher-derivative interaction terms. Such
interaction terms seem to lead extra degrees of freedom in addition to two gravitons and one
scalar radion, which will correspond to the appearance of other bulk degrees of freedom. It
will be possible to investigate only the higher-order mass interactions between two metrics by
taking the limit am? — 0, although in this case the mass interaction obtained from the bulk
action should be different from the dRGT one. This is because the self-accelerating branch is
chosen and radion ghost or Higuchi ghost appears. If ghost appears, the interaction between
two metrics gfi) will not take the dRGT form, as is shown in section 3. However, it might
be suggestive that the Fierz-Pauli mass term was recovered by fixing the radion by hand
in section 3. The investigation of the higher-order mass interactions by considering more
extended models is left for future work.
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