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We consider the D — 3 limit of Gauss-Bonnet gravity. We find two distinct but similar versions of
the theory and obtain black hole solutions for each. For one theory the solution is an interesting
generalization of the BTZ black hole that does not have constant curvature but whose thermodynamics
is identical. The other theory admits a solution that is asymptotically AdS but does not approach the
BTZ black hole in the limit of small Gauss-Bonnet coupling. We also discuss the distinction between

our solutions and those obtained by taking a D — 3 limit of solutions to D-dimensional Einstein Gauss-
Bonnet gravity. We find that these latter metrics are not solutions of the theories we consider except for
particular constraints on the parameters.
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1. Introduction

Lovelock gravity [1] is the most general theory of gravity built
from the metric and Riemann curvature tensor that maintains
second-order equations of motion for the metric. The theory con-
sists of the cosmological and Einstein-Hilbert terms and introduces
new corrections for each odd spacetime dimension above four. The
first new such correction is the Gauss-Bonnet term

G = Rapca R — 4Ry R™ + R?, (1)

which is active in five or more dimensions. Importantly, these new
contributions are either topological or identically zero for D < 5,
singling out Einstein’s theory as the most general second-order
metric theory of gravity in four dimensions.

Recently there has been considerable interest generated by a
proposal [2] of how to circumvent Lovelock’s theorem. The idea is
to treat the spacetime dimension as a parameter of the theory and
rescale the Lovelock coupling constant according to

(D—-4)o — «a, (2)

while taking the D — 4 limit so as to obtain a nontrivial re-
sult in four dimensions. The idea as originally proposed suggested
that solutions to the four-dimensional theory be constructed as
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limits of higher-dimensional solutions. In this way a number of
enhanced symmetry D = 4 metrics were obtained, each carrying
an imprint of higher-curvature corrections inherited from their
higher-dimensional counterparts. These include spherical black
holes [2-6], cosmological solutions [2,7,8], star-like solutions [9],
radiating solutions [10], collapsing solutions [11] all for Gauss—
Bonnet gravity, with extensions to more higher-curvature Lovelock
theories [12-14]. There are already a number of studies of the
thermodynamic behaviour [15-21] and physical properties [22-35]
of these objects.

Subsequent work has called into question some aspects of this
program [36-42]. For example, in [36] it was demonstrated that no
purely geometric object exists that could serve as the field equa-
tions for the limiting theory, while [38,39] focused on more com-
plicated cosmological and Taub-NUT solutions, showing that the
D — 4 limit of solutions is not unique - there are many ways by
which a four-dimensional metric can be extended to higher dimen-
sions and the limiting form of the solutions can retain information
about the character of the extra dimensions. Perhaps most convinc-
ing is the argument in [41] which shows that in four dimensions
there are no other tree-level graviton scattering amplitudes than
those of the Einstein gravity. Taken in unison, these results suggest
that the program as originally proposed is problematic.

However, these issues can be circumvented by considering
more careful limits of the higher-dimensional theory itself. Lii
and Pang [43] (see also [8]) used a Kaluza-Klein-like procedure
to generate a four-dimensional limit of Gauss-Bonnet gravity by
compactifying the higher-dimensional theory on a maximally sym-
metric space followed by taking the limit where the dimension of
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this space vanishes. Subsequently [38,44] considered an alterna-
tive proposal - a generalization of the technique used nearly 30
years ago by Mann and Ross to obtain a D — 2 limit of general
relativity [45] - to obtain a D — 4 limit of Gauss-Bonnet gravity.
This approach has the advantage that it makes no assumptions re-
garding the character of the extra dimensions. Remarkably, the two
approaches converge to the same limiting theory':

S= / deJ—_g[R oA+ a(¢g + 4G 9,00y
—~4(0¢)'06 +2((V9))?) |. (4)

The action (4) can reasonably be considered the closest thing to
Gauss-Bonnet gravity that exists in four-dimensions. The theory
possesses an additional scalar degree of freedom and is a spe-
cial case of Horndeski theory [46] (see [47] for a construction
of conserved currents in these theories). The naive D — 4 limit
of the higher-dimensional spherically symmetric black hole solu-
tion to Gauss-Bonnet gravity is also a solution of this theory for
a particular scalar configuration,? though it is not the most gen-
eral solution. The structure of more complicated solutions such as
Taub-NUT is more subtle and does not coincide with the limits of
higher-dimensional solutions [38].

While much attention has been directed towards understand-
ing the four-dimensional limit of Gauss-Bonnet gravity, there is no
a priori reason to exclude limits to lower dimensions. The theory
defined by (4) is not restricted to four dimensions, but can be stud-
ied also in lower dimensions. On the other hand, it is possible to
consider alternatives to (4) obtained as limits of the Gauss-Bonnet
term valid in three-dimensions or lower. It is our purpose here to
study (4) and its possible alternatives in three dimensions. Gravity
in lower dimensions has been a source of theoretical inspiration
for many years due to its comparative simplicity. There is perhaps
no better example of this than the well-known BTZ black hole [48]
which is a solution of Einstein’s theory in three spacetime dimen-
sions. The BTZ black hole has served as playground where many
problems intractable in higher-dimensions can be solved [49-52],
and there have been numerous studies of its generalizations in
modified gravities [53-56]. We start by considering to what ex-
tent the theory (4) admits generalizations of the BTZ black hole.

2. Gauss-Bonnet BTZ black holes

There is no logical obstruction to setting D = 3 in the action (4)
to obtain a D = 3 version of Gauss-Bonnet gravity. In this section
we consider this theory, noting that the quantity G identically van-
ishes for D = 3.

2.1. BTZ-like solutions

It is known that all pure metric modified gravities admit the
BTZ black hole as a solution [57]. Here we point out that the same
is true in the theory (4). Consider the following BTZ ansatz:

T Strictly speaking, this equivalence holds only when the internal space used in
the Kaluza-Klein reduction is flat. Reducing on more complicated internal spaces
generates the following additional terms in the action:

S, = dexa/fg(fthe’z"’ —120(3)%e 2 — 6A26’4¢’) , 3)

where A is the curvature of the (maximally symmetric) internal space.
2 The same remains true in the presence of Maxwell field, adding

Sy = /de‘/_—gﬁM, Ly =—F=—FuF® (5)

to (4), upon which one recovers the charged-GB black hole [4].

2 L J 2
R (d(p 2r2dt) , (6)
where metric functions f = f(r) and h = h(r) and the solution is
supported by the scalar field ¢ = ¢(r), and ] is a constant. When
inserted in the action (4) (together with (3)), one obtains an ef-
fective Lagrangian that has to be varied w.r.t. f,h, ¢, yielding 3
equations of motion. In particular, focusing on the BTZ solutions
that satisfy the condition h = 1, the equation coming from 4§ f
reads

@ [¢’212 a3 (¢t +¢")(fro'? — fo — Are_2¢)] 0. (7

A simple solution of (7) is obtained by setting ¢ = const. Of
course, for A =0 one then recovers the standard BTZ black hole
[48] with

2 2
r ] 1

=—m+—=+-=, A=——. 8
! tet £ ®
For X # 0, the situation is slightly more complicated. Setting ¢ =0
for simplicity we find that

2, J?

=-m+Ar+ = 9
! 4r2 ®)
solves the remaining equations, provided the following constraint
is satisfied:

A4ar’4+A=0. (10)

This is just the constraint determining the embedding of maxi-
mally symmetric spaces in the theory when ¢ = 0.

2.2. Novel black holes

Apart from the BTZ metric (6), there exist other types of black
hole solutions to the equations of motion of (4) with D =3 that
have a non-trivial scalar field profile. To demonstrate this, we be-
gin by considering the static case, ] =0, and take A = 0. Eq. (7)
then simplifies to (¢'2 + ¢")(r¢/ — 1) =0, and admits the follow-
ing solution:

¢ =1In(r/l), (11)

where [ is an integration constant, upon which the spacetime will
no longer be of constant curvature. The equation coming from 8¢
is then identically satisfied, while that from §h yields

2arff + 13 f =20 f>+2Ar* =0, (12)

which is integrable and has the solution

fi= Polg (o, (13)
T Tk r2 \ (2 ’

with m a constant of integration.
Only the f_ branch of the above admits a well-defined limit as
o — 0:

2 2
o /T
f‘:ﬁ_m_ﬁ(ﬁ_m) +0(@?), (14)
and obviously reproduces the standard BTZ solution in the limit of
small «. At large distances the metric behaves as

r2 4o

kM 2 - =
f_Za(K 1) K—}—O(l/r), K= 1+€2, (15)
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which yields ngf =2a/(K — 1) as the effective cosmological con-
stant.

A well-defined black hole solution requires o > —¢2/4 since
otherwise the metric function terminates at some finite value of
r. When « is negative and in the range —¢%/4 < o < 0 the effec-
tive cosmological constant is smaller than the corresponding one
in Einstein gravity, while it is larger for o > 0. The horizon is lo-
cated at ry where
_n

12
and so, remarkably, coincides with the horizon of a BTZ black hole
of the same mass. When o > 0 the metric exhibits a branch singu-
larity inside the horizon, analogous to that in higher-dimensional
Gauss-Bonnet black holes. The derivatives of the metric blow up
at the branch singularity, and thus a curvature singularity occurs
at this point. For —¢2/4 < @ < 0 the metric extends to r =0, be-
having as
J—amr 12

o

- —+ 0@, (17)
20

m (16)

f@)~

which in turn yields a divergence in the Kretschmann scalar as
r— 0:

2m
Rabca R ~ —— (18)

ar?
Thus, there exists a curvature singularity at the origin for this
regime of parameter values.

Let us finally note that for the same profile of the scalar field ¢,
(11), one can easily integrate the remaining equations even when
A # 0, to recover the following BTZ-like solution:

—1++/1—-4aA

[T L
62 eff 2A

eff

(19)

Unfortunately, we were not able to solve for the most general so-
lution of (7), which would perhaps give a rotating generalization
of the solution (13).

2.3. Thermodynamics

To compute the entropy of these black holes we employ the
Iyer-Wald method [58,59]. While problems in the application of
the Wald method to Horndeski black holes were identified in [60,
61] (see also [62]), those issues were attributed to the divergence
of the scalar on the black hole horizon. In the cases we consider
here no such pathology occurs, and the familiar Wald method can
be applied.

To compute the Wald entropy, we first note that

9L

b
dRY)

_ [1 —2a(3¢)? — 2Aae—2¢] sicot] + sl Vv g,

167 P& = (20)

where a contribution from the Gauss-Bonnet term is absent since
G vanishes identically in three dimensions. Note also that here we
have introduced a factor of 16, putting Einstein-Hilbert term in
canonical form so that the Wald entropy associated to it will be
A/4.

The Wald entropy is obtained by integrating ng over the bifur-
cation surface of the black hole:

S= —2n/d’3—2x\/7[13§gé“bécd] , 1)
H

where €, is the binormal to the horizon normalized so that
€€% = —2. In the present case we have &y = 2tiarp; where tq
and r, are the respective components of the one-forms dt and dr.

A simple computation shows that P§g€"bécd = },‘[1 — Zr—‘;(aquﬂ —

Zake*%]. We thus find (for scalars independent of ¢)

S= 772& [1 _ ZAae’Z"’] , (22)

where in this expression it is to be understood that the fields are
evaluated on the horizon. Eq. (22) is valid provided the scalar con-
figuration is regular on the horizon.

Let us come first to the thermodynamics of the BTZ-like solu-
tion (8). In the case A =0, the thermodynamics is identical to that
of the familiar BTZ black hole in Einstein gravity:

M_T=ﬁ J_Z =f_/= "+ _J_Z
8 82 3227 4 2me? 8mrd’
T 1
S==%, P=—>, V=nr?, o=_J . (23)
2 87 (2 16r2

We do not discuss in detail here the thermodynamics of the A # 0,

¢ = 0 solution as this is purely the embedding of the usual BTZ

black hole into the theory. Instead, we focus on the thermodynam-

ics of the novel solution (13) constructed in the previous section.
Turning to the thermodynamics of (13), we find

m r2 f 4 Try
===, = —_—= , S:—’
8 8¢2 4w 2me? 2
1 2
PZW, V=7Tr+, WOl:O, (24)

which is identical to that of the familiar BTZ black hole in Ein-
stein gravity, albeit with the additional potential ¥. This is quite
intriguing - even though the curvature is not constant, the ther-
modynamic parameters are the same for any value of o. We also
obtain

SM=TSS + V8P + Yeda, 0=TS—2PV + 2y, (25)

which are the standard Smarr and first law relations.

It is known that the thermodynamic properties of higher-
dimensional Lovelock black branes are identical to those of black
branes in Einstein gravity [63,64]. The observations here are con-
sistent with this property, albeit now extended to lower dimen-
sions.

2.4. Other solutions
It is interesting to note that the solution (13) coincides (upon

setting o« — —a) with the k = 0 metric derived in [65] by taking
the D — 3 limit of the higher-dimensional Gauss-Bonnet solution:

f r? (1 ter 1 agn do(k — AT%) N 4a2K2)
=K—- — € —4a A\ — ,
€5 2o f 2 rzri
(26)
where € = & and « = —1,0,+1. It is natural to probe whether

the x = +1 metrics are also solutions of the theory (4).

To test this, we consider A # 0 and expand the theory (4) to
include (3). We find that demanding Eq. (26) solves the field equa-
tions forces

1+ V1T —4aA)r?
K = s
20

1
¢(r)=3In [C1r2 + 2c2] , 27)
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c 20 c EfOA (28)
1 = —_—— N 2 e ——

Kr? (1++/1—4aA)
However, irrespective of the further constraints required to make
k = £1, with these constraints above the metric reduces essen-
tially to the BTZ geometry:

r 1
f= A(ZCZ + C1>' (29)
Notwithstanding the parameter restrictions required to make this
a black hole, note that the scalar diverges on the horizon and thus
we cannot analyze the thermodynamics according to the usual
Wald prescription.

The upshot of this is that the metric functions (26) with k = +1
are not solutions of the theory (4) with curvature corrections (3)
except in the limiting cases where the couplings are constrained
so that (26) reduces to the BTZ metric. We emphasize that this
does not mean that those metrics are not solutions of some lower-
dimensional limit of Gauss—Bonnet gravity, but rather that they are
not solutions to the (arguably) simplest theory (4). In the remain-
der of this paper we consider alternate limits of Gauss-Bonnet
gravity to lower dimensions and explore these limiting theories for
simple solutions.

3. Other D — 3 limits of Gauss-Bonnet gravity

There are two methods by which the theory (4) can be ob-
tained. One is via a dimensional reduction prescription where a
D-dimensional theory is reduced on a (D — p)-dimensional maxi-
mally symmetric internal space followed by the limit D — p [43].
This leads to the action (4) with curvature correction (3). Here p
refers to the dimensionality of the action after dimensional reduc-
tion. Thus, (4) can be regarded as a D — 4 limit of Gauss-Bonnet
gravity (with p =4) or a D — 3 limit of Gauss-Bonnet gravity
(with p =3).

As shown recently [38,44], the D =4 Gauss-Bonnet gravity (4)
can be also obtained without dimensional reduction. The method
is a generalization of one applied many years ago [45] to obtain a
D — 2 limit of General Relativity. The essence of this prescription
is as follows. One starts with the action — or part of the action —
of interest and conformally transforms it. The transformed action
is then expanded around the spacetime dimension of interest, and
counterterms are added to the action to eliminate total derivative
terms. The procedure concludes with a rescaling of the couplings
and the limit is taken to the spacetime dimension of interest. This
procedure applied to Gauss-Bonnet gravity as D — 4 yields the
action (4) [38,44].

Here we apply the same approach to obtain a direct D — 3
limit of Gauss-Bonnet gravity. Consider

s§ =a ([ ax/=20 - [ ax/=gets) (30

where the tilde quantities correspond to the conformally rescaled
metric

Zab :eiqugab s (31)

and the second term identically vanishes in D < 4 dimensions. By
expanding (30) using formulae in App. A, and rescaling the Gauss—
Bonnet coupling as

D -3)a—«a, (32)

we find a finite action S§ =limp_.3 SG?, given by

s =a / d3x¢—_ge¢[—46“baa¢ab¢ + 2(8¢)ZD¢>] . (33)

If we had instead applied the conformal trick to the full action, in-
cluding also the Einstein-Hilbert term, then we would have arrived
at the following result:

s = fd% /_—ge*‘f’[R +2(0¢)* — 2Ae’2‘7’] +55. (34)

If the conformal transformation is then undone by setting gq, —
exp(2¢)gqp, followed by the transformation ¢ - —¢ and ¢ — —«
the action (34) then reduces precisely back to (4). This result is
quite interesting as it suggests an element of universality to the
lower dimensional limit of Gauss-Bonnet gravity.

A theory similar to (33) can be obtained also via the Kaluza-
Klein approach [43]. This time, one considers a dimensional re-
duction on a (D — p)-dimensional flat space, rescales the Gauss—
Bonnet coupling according to (D — p — 1)a¢ — «, and takes the
limit D — p + 1. Thus, setting p = 3, one obtains> [43]

s = /d3x4/_—ge¢(R —2A)+ 5. (35)

The Gauss-Bonnet portion of the action is the same in each
case, but the treatment of the Einstein-Hilbert terms in actions
(35) and (34) differ between the two approaches. That is, the Ein-
stein frame of (35) does not coincide with the theory (4) but in-
cludes an additional kinetic term in the Einstein-Hilbert part of the
action. Nonetheless, it is remarkable that the limiting forms of the
Gauss-Bonnet density are identical between the two approaches.
We emphasize the considerable difference between the two meth-
ods. From the perspective of the conformal trick (33) is the D — 3
limit of Gauss-Bonnet gravity, while from the Kaluza-Klein per-
spective this is obtained as a D — 4 limit of Gauss-Bonnet gravity
dimensionally reduced on a one-dimensional space.

We find that the theory (35) admits exotic black hole solutions.
For static solutions we obtain

2@ +¢'HQafre’> —dafe¢ +r)=0, (36)

which replaces (7), while we do not present the remaining equa-
tions here. The full equations admit the following special solution:

r’ 4 4ot
fizﬁ(li,/1+§aA+r—3), (37)
¢ =1In(r/l), (38)

where ¢ and [ are constants of integration. This solution is qualita-
tively distinct from (13). Indeed, the f_ branch has a well-defined
o — 0 limit,
2

r ¢

— —=4+0(w), 39

0@ (39)
but does not approach the BTZ solution. The metric function (37)
describes a black hole whose horizon is located at r;., where

f_ =

:
==—. 40
(=3, (40)
The thermodynamics of this solution is complicated by a number
of factors, including for example that it is a solution in the string
frame rather than the Einstein frame. For these reasons we leave a

full analysis of its properties for future work.

3 This theory is possibly supplemented by internal space curvature terms, see Eq.
(11) in [43].
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4. Conclusions

We have considered limits of Gauss-Bonnet gravity to three di-
mensions and constructed simple solutions to these theories that
extend the familiar BTZ black hole of Einstein gravity.

The limits of Gauss-Bonnet gravity we have considered are ob-
tained via two techniques. The first, used by Lii and Pang [43],
is a modification of Kaluza-Klein reduction. The second, used first
by Mann and Ross [45], involves first conformally transforming
the term of interest followed by coupling rescalings and the addi-
tion of counterterms to eliminate total derivatives. The final limits
obtained for the Gauss-Bonnet term turn out to be identical in
the two approaches (provided a flat internal space is used in the
Kaluza-Klein case). In fact, the limit of this term is nothing more
than a conformal transformation applied to the action (4). How-
ever, the contribution of the Einstein-Hilbert term to the limiting
theory differs between the two approaches and, moreover, the con-
ceptual framework applied in each case is considerably different.
Nonetheless, the fact that the two approaches yield the same re-
sult for the Gauss-Bonnet contribution is a point that we believe
deserves further thought.

Let us note that an alternative “holographic” D — 3 limit of
the Gauss-Bonnet term as recently been studied in [66], leading
to purely geometric three-dimensional theories. The connection
between this approach and those considered here remains to be
explored.

By exploring solutions of the limiting theories we have shown
that the metrics obtained via the naive D — 3 limit of higher-
dimensional Gauss-Bonnet gravity are solutions to the limiting
theory only in special cases. Namely, the naive limits of higher-
dimensional black branes considered in [65] remain solutions,
while applying the same limit to higher-dimensional black holes
with curved horizons results in metrics that are not solutions of
the lower-dimensional theory. We leave open the possibility that
these metrics could be solutions to some modification of the the-
ories we have considered here, or solutions with far more compli-
cated (e.g. time dependent) scalar profiles, but it is not clear what
those modifications would be or how they would be motivated.

This last observation raises important points for future con-
sideration. A remarkable fact is that the naive D — 4 limits of
higher-dimensional static black hole metrics remain solutions to
the theory (4) irrespective of their horizon topology. The fact that
this is no longer generically true for D = 3 raises the question of
what happens to higher-order Lovelock terms in four-dimensions.
That is, is the problem we have observed particular to three di-
mensions, or is it a general feature for the limit of nth-order Love-
lock gravity in D < 2n — 1 dimensions?
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Appendix A. Conformal transformations

Consider the following conformal transformation in D dimen-
sions:

Zap = ev/gab . (A1)

Then we find the following transformations for the Riemann tensor
and its contractions:

- 1 1 1
Rabea =€” (Rabcd + Zgbdlﬂ;ailf;c - Zgacﬂ//:blﬂ;c — Egbdllf;ac

1 1 1 1
+ igadw;bc - Zgbcw;aw;d + Zgacl//;bw;d + Egbcl”;ad
1 L . 1 e)
zgaclﬁ;bd 4gadgbcl0;e¢; 4gacgbdl0;e1//; ,
(A2)
. D-2 D-2 5
Rap =Rgp + Tl//;al//;b - Tgab((r)‘,”)
D-2 1
-5 Viab — zgabm/f, (A3)
~ D—-2)(D-1
R=eV (R _®0-2®-1 )4( )(aw)2 — (- 1)E\l/f) . (A4)

and the Gauss-Bonnet invariant
G=e2V (g - %(D —4)(D —3)R(@Y)? —2(D — 3)Rap ¥, "y,
1
+ 150 = 4D =3)(D-2)(D - D(@Y)*)?

2D 3)Roy + %(D ~32(D — 2)(ay) 0y

+(D = 3)(D = 2)(@¥)* + 4D — IRyt
+(D = 3)(D = DYap ¥ = (D= 3D = D).
(A5)
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