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1. Introduction

Black holes have been extensively investigated in connections with many gravity theories. Such investigations have been boosted by
recent direct observations, the gravitational wave events and by the first image provided by the Event Horizon telescope (EHT) interna-
tional collaboration [1-4]. From this observation, it has been induced the diameter of the central black hole shadow which is (42 £ 3)uas
with a deviation < 10% from circularity. This leads to a estimation of the center mass, given by M = (6.5 0.7) x 10°M, under Einstein
General Relativity (GR). This is an example of how these and future observations could provide a window to explore the strong gravity
regime and distinguish amog models.

The black hole shadow is nothing but a two-dimensional dark zone in the celestial sphere caused by the strong gravitational lensing
of lights near these compact objects. It has been shown that the shape and the size of the shadow, being controlled by many parameters,
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rely on the geometry of the spacetime in which black holes live. Such observational data can provide significative information regarding
the black hole spacetime and the associated gravitation theory. In this context, several works have dealt with the shadow of various black
holes using appropriate tools and methods. In particular, an interplay between the quasi-normal modes of the black hole and its shadow
has been investigated in [5,6]. Moreover, the influence of non-trivial matter fields on such optical behaviors has been reported in [7,3].

Thermodynamical and other optical aspects of black holes, in 4D and arbitrary dimensions, have been treated using different ap-
proaches and methods including numerical ones [9-21]. Concretely, some studies have focused on a link between black holes on
Anti-de-Sitter (AdS) geometries with a negative cosmological and theromodynamical models. Interpreting the cosmological constant as
the pressure and its conjugate as the volume, a bridge between the behaviors of RN-AdS black holes and the behavior of Van der Waals
fluids has been established. In particular, it has been revealed that PV criticality can be related liquid-gas statistical systems. Such aspects
have been also investigated using shadow formalism [21]. Moreover, black hole objects living in higher dimensions, involving various
rotating parameters required by space-time symmetries, have been also studied. In such spaces, non-trivial extended compact objects can
also arise going beyond black holes supported by brane physics. The associated horizon geometries have been obtained and examined
with using alternative ways.

Many other physical properties have been shown in connections with non-trivial models of gravity in extra dimensions. Specifically,
string theory motivated models have been used as playgrounds to study certain phase transitions of black holes in the presence of solitonic
D-brane objects. Precisely, the Hawking-Page phase transition of black holes in the AdSs x S° geometry have been treated by considering
the number of D3-branes as a thermodynamical variable [22]. Such investigations have been extended to M-theory on AdSpi3 x S11=(?+2)
geometries where p =2 and 5 [23-25]. Precisely, the associated phase transition and stabilities have been investigated by computing
certain thermodynamical quantities including the Gibbs free energy and the chemical potential. Motivations to consider such higher
dimensional frameworks are associated with non-local objects being useful to understand the AdS/CFT conjecture. In particular, explicit
examples of such a correspondence are elaborated in many places including [26]. With progress of string theory, considered as a candidate
for a quantum theory of gravity, such optical tools could provide signs of concrete insight and experimental laboratory of the underlying
quantum models.

More recently, the shadows and other optical behaviors of the black holes in higher dimensional space-times, motivated by super-
gravity models, have been extensively investigated. More precisely, 5D black holes involving more than one rotating parameter have been
approached using the shadow analysis. A special attention has been devoted to Myers-Perry solutions [27]. The shape and the size of the
corresponding shadows have been examined and compared with four dimensional solutions. In particular, it has been found that larger
values of the rotation parameter decrease the size.

The aim of this work is to further advance in the study of properties as the shadows of 5D black holes embedded in type IIB superstring
geometries. In particular, we consider solutions without and with rotations. Among other results, we find that the shapes are significantly
distorted and the sizes are decreasing with the increase of the D3-brane number and the rotating parameter. The geometrical observables
and the energetic aspects are also analyzed in some details.

This work is structured as follows. In section 2, we give a fast review on 5D black holes being embedded in type IIB superstring theory.
In section 3, we study the shadows of non-rotating black holes in terms of the D3-branes. In section 4, we investigate a 5D black hole with
a single rotating parameter. The geometrical observables and the energetic emission aspects are analyzed in section 5. The last section is
devoted to conclusions and open questions.

2. 5D rotating type IIB stringy black holes

Let us consider 5D black holes embedded in a type IIB superstring/supergravity geometry with D3-branes. The physics of such solitonic
objects has been extensively studied in connections with the AdS/CFT conjecture [28-30]. Properties like the thermodynamical aspects of
5D black holes in such backgrounds have been dealt with by examining certain phase transitions including the Hawking-Page one. Here,
we will be interested in optical aspects of such black holes in the AdSs x S° physical space. This can be considered as the near horizon
geometry of black D3-branes in ten dimensions. Rotating 5D black hole solutions, in general, involve two rotation parameters related to
the Casmir operators of the SO(5) Lie group. In this way, non-trivial optical properties depend on such parameters. Following to [30],
the metric of a 5D black hole with two rotating parameters assumed to be embedded in the AdSs x S® geometry can be written, using
Boyer-Lindquist coordinates, as

5 Ar asin?6 bcos26 2 0?5 Agsin?6 P +a®)  \°
ast = =05 (= 0 Fde - 22 Cay )+ Foae? 1+ 2 (adt— * d¢>
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, 2
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a? b?
Ap=1———cos*0 — ——sin*6. (2.2)
Ads Cads

The quantity m is a mass parameter and a and b are the two rotation parameters. The two angular coordinates ¢ and i are constrained
by0<¢<2mand 0<y <m/2. dQé is the metric of the five dimensional sphere S°. From the type IIB superstring/supergravity point of
view, the associated ten dimensional factorized spacetime can be interpreted as the near horizon geometry of N coincident configurations
of the D3-branes. The AdS radius £44s and the gravitational constant can be related to N via the following relations
s V2N 88
Lags = ——5—> G5 = 35 =3 5 (2.3)
T lags 28N

It is noted that the metric Eq. (2.1) is singular when g, = A, =0 and p? = 0. This metric is invariant under the following symmetry

2

a<b, 69%—9, ¢ < Y. (2.4)

For the sake of simplicity and to make contact with known results, we will limit our analysis in this work to two cases: zero (a =b =0)
and one rotation parameter (b = 0). A more general study will be the object of further investigations left for future works.

3. Shadows of 5D non-rotating black holes in presence of D3-branes

Let us study the null geodesics (test “photon” orbits) around such stringy type IIB black holes. We consider first a baseline case with
no rotation. In this case a =b =0, the line element in Eq. (2.1) reduces to

1
ds® = —Apdt? + A—rdr2 412 <d92 + sin® 6dp? + cos? dez) + €2 45d22, (3.5)
where A, is a redefined radial function given by
m  r?
Ar=1- 5+ ——. (3.6)
e Lags

The integration constant m is related to the black hole mass M through the relation

8
m:—G M, 3.7
37 (3.7)

where Gs is the 5D gravitational constant. It is convenient to consider a normalized mass parameter m’ = 3T”m. In this way, the above
metric becomes

Ar=1-"0 (3.8)
r

In order to implement the D3-brane effect, Eq. (3.8) can be rewritten as (using Eq. (2.3))
25 M3 w2
- + T :
NiJmr2  2iN3(2
The “photon” orbits or null geodesics of the 5D non-rotating black hole geometry can be computed by using an effective Hamilton-Jacobi
approach (see [31,32], for example, for more detailed calculations). The corresponding Hamilton-Jacobi equation for the present is
1w ds ds ds
2 dx* dxV  dt
where t is an affine parameter, and where S is the Jacobian action being given by

Ar=1

(3.9)

0, (3.10)

S=—Et+Lsd+ Ly + Sy (r) + S (6). (3.11)

E, Ly and Ly are conserved quantities corresponding to the energy and the angular momentums of the “photon”, respectively [31]. It is
noted that S; and Sy are functions of r and 6 only, respectively.

Let us exploit a variable separation method to solve Eq(3.10). Although the use of this method is not strictly necessary in the non-
rotating case, it is convenient here to make contact with the rotating case. Separating functions of r and 6, from Eq. (3.10) and Eq. (3.11),
we get

dsy(n\> r2E?

2 r 2, g2

A — L L =—K 3.12

r r( dr ) A, + w‘f‘ ( )
dSs(6)\>

( ;9( )> + L} cot? 6 + L7 tan’* 0 = K., (3.13)

where I is a (real) constant being interpreted as the Carter constant and considered as an additional constant of motion [32]. According
to the Hamilton-Jacobi method, we find the following set of equations

3
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e _ E (3.14)
dt = A ;
pdr
rP— =+JR, (3.15)
dt
do
r’— =40, (3.16)
dt
d L
d¢ _ t_ (317)
dt  r2sin“4
dyr Ly
kS A 3.18
dt  r?cos?é (3.18)
where the terms R and ® are given, respectively, by
R = —A? (/C+L§ +Lfb) + B2 (3.19)
® =K — L cot®0 — L, tan . (3.20)
To get the shadow boundaries, the expression of the effective potential Vs for a radial motion will be needed. Using the relation
dr\?
— | +Verr=0, 3.21
( dr) eff (3.21)
we obtain the effective potential in such a type IIB stringy solution
Ar 2 2 2
Verg = = (IC +12+ L,p) — B2 (3.22)
The unstable circular orbits relying on the maximum of the effective potential are determined by imposing the following constraints
dVess dR
eff dr lr=rg dr lr=rg ( )

Eqg. (3.9) can be developed to provide
2 2 3 2 o3
, (IC +L;+ Lw> (N4«/rrr —278 Mep)

= 5
r=ro Nz /mr>

where rp is the unstable photon orbit radius. The calculation gives

dveff
dr

-0, (3.24)

25 M3
Nimz2
Introducing the impact parameters
Ly Ly K
i~ =Y =, 3.26
fi=p B=7 n=1r (3.26)
we find the following algebraic geometrical relation
3
28 M3 Tr?
B - (n+&f+8) [1- L+ | =0 (3.27)
NaJmry  2iNz2(3
Using Eq. (3.25), this relation can be reformulated as follows
19
23 MG V/N
n+El+E = . (3.28)

N +25 7M.

being a two-dimensional shadow geometry. However, to visualize the corresponding black hole shadows, we introduce the celestial coor-
dinates [33]. Taking the limit of a far away observer, we use such coordinates, considered as a function of the constant of motion

. . d¢ dyr
a= lim —r%(sin6— +cos6— ), 3.29
ro—>+oo 0 < dr + dr ) ( )
= i —, 3.30
p= lim. 1o g (.30
where ro denotes the distance between the black hole and the observer. Using the expressions
2 2
dr Ar(+E248)  do K—Lico?o—1% an’0
— —E, 1 1 ~>2) — = , (331)
dt r2 dt r2
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Fig. 1. Left: Black hole shadow in the celestial plane (o — ) for different values of the brane number N and ¢, =1, M = 1. Right: The variation of the shadow radius in
terms of the branes number N. In the left panel, the red circle corresponds to the brane number (N = 100).

we get, for these coordinates, the relations

a:—($—1+ 52 > (332)

sinf  coso

B=-+\/n—t2cot?0 — £ tan?e. (3.33)

Let us study some particular solutions for the sake of illustration. For instance, we can consider the case when an observer is situated in
the equatorial hyperplane in 5D, where the inclination angle is 6y = % and &, = 0. Concretely, the shadow geometry for a 5D non-rotating
black hole, in the presence of N D3-branes, is characterized by the relation

28 MEVN
N T +25 7M.
To inspect the D3-brane effect, we discuss the shadow behaviors and their radius R. as a function of the D3-brane number N. An

examination shows that the D3-brane number can be considered a real parameter controlling the involved size. It can be seen clearly that
the shadow shape is circular, while the size decreases by increasing the brane number from a maximum value

7/5 £5/7n2/7 p16/7
2+/255 M%7,

max __
R — —& , (3.35)

o +pr=n+el= (3.34)

at
11/14..2/7 nj4/7 p4/7
221/ M8 2/T V47,
54/7
The radius decreases with the D3-brane number and it goes to zero in large N limit. In particular, this could also be seen directly from
the metric function A;. This dependence on the brane number is similar to the one of black hole properties obtained recently in M-theory
scenarios [34]. We present a illustration of the results in this non-rotating case in Fig. 1.

Having examined the non-rotating black hole shadows with parallel D3-brane configurations, we will focus in the next section on a
more general case by taking into account the rotation effect.

Nmax _

(3.36)

4. Shadows of 5D rotating black holes

We go now beyond the previous results by implementing a single rotating parameter. Taking b = 0 for simplicity, the line element of a
5D black solution reduces to

Ay a 2 dr?2  do?
ds? = —— (dt — — sin®6d 2 — 4+ — ) +r?cos® 6dy? 437
p? < Ea ¢> *r Ay * Ay * v ( )
Ag sin? 6 i\
7"[)2 (adt - ;a d¢> + 02, 92,
where one has now the following reduced terms
2 a2
Ar=@?+d)(1+ 5—)—m,  Ag=1———cos’0, (4.38)
Caas AdS
2
a
,02 =r? +a®cos®0, Ea=1- 7 (4.39)
AdS
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Using the same Hamilton-Jacobi formalism as in the previous section, we get the following variable separated relations

2 2
ds;\* [E@+1?) —aly8] (LgBa—aE)” a?
A=) = L2(1+=)=-K 440
r<dr> A + A, +¢<+r2> (4.40)
dS@ 2 2 LéEg 252 2 2
Ag | — cos“0 | —— —a“E L5 tan“ 6 =K, 441
’ ( do ) * sin? 0 T (4:41)

where the notation is the same as in the previous section. Then, we obtain the geodesic equations

pdt _ (P +d)[EG? +0%) —aly 8] | AyEa —aE sin®9)

, 442
dt Ar Ag ( )
5 dr
p?— = VR, (4.43)
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de
p2— =40, (4.44)
dt
2do | Ea(? +d%) —a’LyEq N Easin?6 — L, Eq (4.45)
— =7, , .
dt Ay sin? Ag
dyr Ly
kS A— 4.46
dt  r?cos?é (4.46)
where R and © are now given by
2 2.2 2 512 Eg 2
O=E"|Ap(n—&tan"0) —cos“0 | ——— —a , (4.47)
sin“ 6
2 a— & Eq)? r? +a?
R=E2|:<a2+r2—a§18a) —Ar<( $18a)7 |y . )e2) |, (4.48)
A() r
For 6 = % and ¥ = % requiring & =0, we find immediately the impact parameters
2 [16624, - (ra; - 4a,)°]
n= aZAP |r:r07 (4-49)
(@ +r2)A; —4rA
£ = e——"lr=ro, (4.50)
alA;Bq
where we have used A} = Bﬁf. Exploiting the previous expressions, these impact parameters take the following form
ap(a® —p) —rt (a2v—1)2—|—4r2 (a®pv + ) (4.51)
n= ’ ’
(a3v + 2avr? + a)2
: _dv+advr? —a?+2pu—1? (4.52)
T T B+ an + 2aa0r2 ’
where u, v, and A are given by
x 55
=—, Ve ————————, =1-—. .
K Jrn%/4 21/4 Zf, nl/2 21/4 6% nl/2
To visualize the associated shadows, we need to introduce the celestial coordinates. For the present model, they are modified as follows
3 &
o=——"— , 454
(sin@ * cosf ( )
B= i\/n — &2 cot? 0 — £2 tan? 0 + a2 cos? 6. (4.55)
In the equatorial plane § = 7., these celestial coordinates reduce to
o= _SL (4.56)

A close inspection of Eqgs. (4.51), (4.52) reveals that the D3-brane number impose strong constraints on the rotating parameter. The pos-
sible range of the values of it depends on such a number N. This behavior is illustrated in Fig. 2 where the parametric curves (c(r), 8(r))
are shown for a set of fixed parameters a and N. To get significant shadows as functions of the rotation parameter a, we should consider
N lower than a certain number (less than ~ 8 in the case of the illustrating figure). Fixing the D3-brane number, one observes that the

6
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Fig. 2. Shadow geometry of a rotating AdS black hole for different values of the brane number N and the rotating rate a (for £, =1 and M =1).

shadow size decreases by increasing the rotating parameter a. For N = 1, the shadows keep the circular behaviors for small values of a.
For N > 1, however, the shadow starts developing a D-form for the high values of the rotation parameter near a >~ 0.7. As the number of
the D3-branes increases the D-shape becomes of “cardioid” type. Similar effects were firstly uncovered in [19]. This complicated geometry
has been shown to appear either in M-theory scenarios in the presence of the M2-branes [34] or in charged rotating black holes with a
cosmological constant [19]. Let us finally note that the black hole shadow is controlled basically by three parameters (M, N,a) namely a
moduli space. Not all regions in such a space are acceptable.

Motivated by the fact that the cosmological parameter deforms the radius of the photon sphere whose radius governs the geometry of
the shadow, it is not surprising to find similar results associated with the effect of the D3-brane in stringy black holes. To visualize such
behaviors, we plot the shadow geometry, in Fig. 3, can be illustrated in a three dimensional space including a. It follows from this figure
that for N =1 and a < 0.5, the shadow shape remains circular. While, for a > 0.5, the size and the shape of the shadow are modified.
Similar aspects are observed for N =7 and a < 0.3 where the shadow size remains almost constant keeping a circular configuration.
However, for a > 0.3, the shape is modified involving the same size. This shows that the D3-brane number can be considered as a relevant
parameter controlling the optical properties of black holes on AdS geometries. In addition, we expect that more physical insights could be
brought by help of the holographic image of the black holes on AdS backgrounds using dual field theories.

5. Geometrical observable and energy emission rate aspects

In this section, we discuss further geometrical observables and the behavior of the black hole energy emission rate as a function of the
brane number and the rotation. The observation of the shadow of the supermassive black hole M87* has opened a promising to probe
gravity theories beyond GR, in particular candidates to quantum gravity as M-theory [34] or string theory (as in the present work). We
show next that the present or near-future observational data is indeed sensitive to stringy brane effects, i.e. through N, the number of
D3-branes, and, it potentially could be used to put constraints on the black hole parameters and then on the string theory itself.

Geometrical physical observables

We approach now the study of observables which can be useful for making contact with present or future black hole observations.
To get geometrical physical data, one needs two observables. They are for example the radius R, of the shadow and the distortion §
controlling the size and shape respectively. Before going ahead, let us briefly recall the definition of them. To facilitate the discussion, we

7
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N=1 N=7

Fig. 3. D3-brane effect on the size and the shape of the shadow for £, =1 and M =1.

consider shadow configurations with & =0 as in the previous section. Following [35], the shadow of the black hole is characterized by
three specific points. They are the top and the bottom positions (o, Bt), (ap, By) respectively, and the point of a standard circle (ap, 0).
The point of the distorted shadow circle (o, 0) intersects the horizontal axis at «. The distance between the two points is controlled by
the parameter

D¢ =2Rc — (ay — ap). (5.58)
Following to [36], it has been shown that the parameter R. of shadows takes the following form

(e —ar)* + B

Rc= 5.59
¢ 2] — oy (5.59)
The distortion parameter is characterized by the ratio of D and R,
D
Se=—. (5.60)
Rc

These geometrical quantities will be discussed graphically. The associated calculations are illustrated in Fig. 4.

One observes from the figure that, at fixed brane number N, the size of the shadow R. decreases by the increase of the rotation
parameter a. For the distortion parameter, however, §. increases by increasing the rotation parameter a. It is also noted that 3. is almost
null for N >~ 3. When fixing the rotation g, the quantity R. increases with the D3-brane number to reach a maximum and then it decreases.
However, the distortion parameter §. decreases to reach a vanishing value then it increases gradually within increasing N. As it is shown
in the previous section, both parameters R, and §. are not always defined and are sensible to a selective value of the moduli space
spanned by the triplet (M, N, a).

Energy emission rates

Here, we focus on the energy emission rate. Indeed, for a far distant observer the high energy absorption cross section approaches
to the geometrical optical limit, the black hole shadow. In intermediate regimes, the absorption cross section of the black hole oscillates
around limiting constant value oy, at very high energy [37,38]. This limiting constant value, being approximately equal to the size of
“photon” 3-sphere. In this approximation, the energy emission rate can be written as

CE@) _ 27°0um 4
dodt — eﬁ -1

(5.61)

’

where w is the emission frequency, R, is the shadow radius and T, is the Hawking temperature of the black hole. In five dimensional
space-time, it is recalled that oy;,, is approached as
7I/2R3

—= 5.62
e (5.62)

Olim ~

providing
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Fig. 4. Astronomical observation variables for different values of the brane numbers N, the rotating rate a, for £, =1 and M =1.
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where 1y, is the horizon radius. We show the illustrate the behavior of the energy emission rate versus the frequency for different values
of the rotation parameter and the brane number in Fig. 5.

One observes from the formula, and is graphically clear in Fig. 5, that the energy emission rate varies only slowly. The peak of the
energy emission rate slowly shifts to lower frequencies and its height decreases with the increase in the values of the rotation parameter.
This behavior is similar to what happens to black holes embedded in M-theory compactifications [34]. Finally we note that increasing the
D3-brane number, the energy emission rate vanishes by increasing the rotating parameter.

6. Further discussions and conclusions

In this work, we have investigated the shadow properties of 5D black holes embedded in type IIB superstring/supergravity inspired
spacetimes. In particular, we have studied the effect of the presence of an arbitrary number of D3-branes and of the rotation on the
shape and size of the shadows. For non-rotating solutions, the circular size of the shadow decreases with the D3-brane number. Larger
values of the rotation parameter decrease, however, the size of the shadows. This behavior matches with the “intuitive” idea indicating
that when the black hole rotates rapidly, null geodesics or “photon” orbits become closer due to a decreasing in the effective gravitational
effects. After that, we have analyzed the geometrical observables associated with the distortion and the size of the shadows, respectively.
Among others, we have found that the shapes are significantly more and more distorted and the size is decreasing with the D3-brane
number and the rotating parameter. The energy emission rate aspects of such 5D black holes have been examined in some details. It has
been remarked that the obtained behavior is similar to the one observed in M-theory black holes [34]. This work opens up for further
studies. One interesting question is to complete this analysis by considering the general case where the two rotating parameters supported
by the SO (5) Lie symmetry are switched on. In particular, it is interesting to write down the associated shadow geometries. A natural
question concerns the extension of this work to the case of external sources involving either dark energy or dark matter. We hope to
report elsewhere on these open questions in future.
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