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ABSTRACT

Context. Leptonic one-zone radiation models are commonly used to describe multiwavelength data and explore the physical properties
of high-energy sources, such as active galactic nuclei. However, these models often require a large number of free parameters.

Aims. In the context of a possible parameter degeneracy and the complex landscape of the parameter space, we study how the choice
of the fitting procedure impacts the characterization of the source properties. Furthermore, we examine how the data coverage and the
uncertainties associated with the data influence the model parameter degeneracy.

Methods. We generated simulated spectral energy distribution datasets with different properties and fit them with a numerical model,
using seven free parameters to describe the relevant radiation processes. We compared different optimization algorithms and studied
the parameter degeneracy using t-distributed stochastic neighbor embedding. In addition, we applied the same fitting procedures to the
observational data of two sources: Mrk 501 and PKS 0735+178.

Results. We demonstrate significant degeneracies in the seven-dimensional parameter space of the one-zone leptonic models caused
by the incomplete wavelength coverage of the data. Given the same goodness-of-fit function, we find that the best-fit result depends on
the choice of the minimization algorithm.

Conclusions. Source properties extracted from the best-fit solution and applied to realistic datasets cannot be interpreted as the only
solution given the significant degeneracies in the model parameters. We find that adding new energy ranges (e.g., MeV) and regular

source monitoring would allow for the gaps in the data to be reduced, significantly decreasing the parameter degeneracy.
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1. Introduction

Blazars are a rare subclass of active galactic nuclei (AGNs) that
shoot a relativistic jet close to the observer’s line of sight (Urry &
Padovani 1995). Small viewing angles and the relativistic speed
of the plasma in the jet make the Doppler boosting especially
efficient, leading to the high luminosity seen for blazar jets. The
emission of blazars has a non-thermal nature and spans from
radio frequencies to gamma rays.

Blazars are the dominant sources of extragalactic GeV and
TeV gamma rays (Di Mauro et al. 2014; Ajello et al. 2015;
Abdollahi et al. 2020; Bose et al. 2022). They are also suggested
as neutrino source candidates (see Giommi & Padovani 2021, for
a recent review) and candidate neutrino blazar associations have
been identified (IceCube Collaboration 2018b,a; Kadler et al.
2016; Gao et al. 2017; Garrappa et al. 2019; Franckowiak et al.
2020; Rodrigues et al. 2021; Sahakyan et al. 2023). A good
understanding of the blazar emission mechanisms is crucial for
studying the nature of these sources and is essential for both
gamma-ray and neutrino astronomy.
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The spectral energy distribution (SED) of blazars exhibits
a typical two-bump structure. It is commonly accepted that
the low-energy emission (from radio to UV or X-rays) is the
synchrotron emission of relativistic electrons in the jet. The
nature of the high-energy emission (X-ray to gamma rays)
remains unclear. The simplest way to explain the blazar spec-
tral energy distribution is to assume that all radiation origi-
nates from one emission region called a “blob.” Depending
on the particle species that produce the high-energy emission,
the radiation models can be divided into leptonic, hadronic,
or leptohadronic. In one-zone leptonic models, only relativis-
tic electrons accelerated in the jet are responsible for the
observed SED. The high-energy emission is explained by Comp-
ton scattering of low-energy photons by the same electrons that
produce the synchrotron emission at lower energies. Those mod-
els are called synchrotron self-Compton (SSC) models. Purely
hadronic models assume that gamma rays originate exclusively
from proton synchrotron emission of ultra-relativistic protons,
while the high-energy electron population is responsible for
the low-energy emission. However, due to high proton energy
requirements, the hadronic component can only be subdomi-
nant in blazars (Liodakis & Petropoulou 2020). Purely hadronic
models would also require a different accretion paradigm,
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which makes them highly disfavored (Zdziarski & Bottcher
2015). In leptohadronic models, both protons and electrons con-
tribute to the high-energy part of the SED. By interacting with
synchrotron photons, these protons produce hadronic cascades
that contribute to the high-energy emission alongside the lep-
tonic inverse Compton effect.

Numerical modeling of SEDs is applied to explain the
properties of gamma-ray-emitting blazars (Bottcher et al. 2013;
Cerruti et al. 2013; Petropoulou et al. 2014; Dermer et al. 2014;
Petropoulou & Mastichiadis 2015; Cerruti et al. 2015; Paliya
2015, and many others) or for studying their neutrino emission
(Petropoulou et al. 2015; Keivani et al. 2018; Gao et al. 2017,
Petropoulou et al. 2020; Rodrigues et al. 2021; Gasparyan et al.
2022; Sahakyan et al. 2023, and many others). As noted in many
of these works, complex radiation models typically have a high
number of free parameters and require a lot of computational
efforts (especially for time-dependent models) to properly fit
the data. Often, models are fitted to the data based on a small
number of probed parameter values or with several parameters
fixed.

With the current advancements in numerical modeling, a
new generation of codes was developed. Software packages such
as AM?® (Klinger et al. 2024), LeHaMoC (Stathopoulos et al.
2024), or SOPRANO (Gasparyan et al. 2022) allow us to per-
form fast computations of blazar SEDs. This, in turn, opens up
the possibility of performing data fitting and goodness-of-fit esti-
mations with a high number of free model parameters. In fact,
a high number of simulated models was already used for fitting
observed blazar SEDs in Rodrigues et al. (2021); Rodrigues et al.
(2024b,a); Omeliukh et al. (2025) and for training neural net-
works in Tzavellas et al. (2024); Bégué et al. (2024); Sahakyan
et al. (2024).

This paper addresses the challenges of high-level data fit-
ting using radiation models. We highlight that the parameters
of one-zone leptonic models are degenerate (see Section 4). In
a thorough comparison of different optimization algorithms, we
show that the parameter degeneracy leads to ambiguity in the
data fitting and physical interpretation of the models. While this
work considers only blazar one-zone leptonic radiation models,
similar problems arise in the radiation models applied to other
classes of sources, including Seyfert galaxies, gamma-ray bursts
(GRBy), tidal disruption events (TDEs), and others.

This paper is structured as follows. Section 2 describes the
physical setup of one-zone leptonic models in detail. Section 3
introduces the chosen methods for visualization of the multi-
dimensional data. In Section 4, we demonstrate the irregularity
of the parameter space due to the nature of the radiative models
and discuss its implications. Section 5 provides a comparison of
the performance of different optimization algorithms tested on
three sets of simulated data which are then applied to observa-
tional data in Section 6. We discuss our results in the context of
current state-of-the-art numerical modeling and its applications
in Section 7 and summarize our findings in Section 8. For the
calculations in this paper, we adopted a flat ACDM cosmological
model with parameters Hy = 70 km s™' Mpc~! and Q,,, = 0.3.

2. Leptonic models

The leptonic SSC model is the way to explain the blazar mul-
tiwavelength emission with the smallest number of free param-
eters. For the numerical modeling of the SSC scenario, we uti-
lized the open-source time-dependent code AM? (Klinger et al.
2024). It allows us to numerically solve the system of coupled
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Table 1. Leptonic model parameters.

Parameter  Description
R{, > [em]  Radius of the spherical emission zone region
B, [G] Strength of the homogeneous magnetic field

Iy Blob Lorentz factor

Minimal electron Lorentz factor

Maximal electron Lorentz factor

Qe Power-law index of the electron energy distribtion
L, [erg s™'] Total electron luminosity

integro-differential equations that describe the evolution of the
particle spectra in a fully self-consistent manner.

We assumed that electrons are accelerated to a simple power-
law spectrum! dN/dy’, o y'.* with a spectral index denoted
as ae, spanning a range of Lorentz factors from ;™" to y'g™*
While more complex electron spectra are possible, we chose
the simplest physically motivated spectrum for a minimalistic
setup. The energy spectrum of the electrons is normalized to
the total electron luminosity parameter, L,. These particles are
injected into a single spherical blob of size of R (in the comov-
ing frame of the jet) moving along the jet with Lorentz factor
I'y, where they encounter a homogeneous and isotropic magnetic
field of strength B’. We assumed the jet is observed at an angle
of O,ps = 1/I', relative to its axis, resulting in a Doppler factor
of 6p = I',. We adopted a steady-state approximation to obtain
the particle spectra. The characteristic escape time is set equal
to the light-crossing time for all particles. We evolved the kinetic
equations over several escape timescales to ensure that the steady
state is reached. During the photon propagation from the source
to the observer, a part of the high-energy gamma rays is attenu-
ated due to interactions with the extragalactic background light
(EBL). Unless a different model is explicitly stated, this effect is
accounted for in all models based on Dominguez et al. (2011).
The parameter space of the leptonic models is represented by the
seven free parameters summarized in Table 1.

3. Visualization of parameter spaces

A typical procedure of data fitting is the optimization of a good-
ness of fit. As a goodness-of-fit function, we chose a reduced
x>-function (i.e., divided per number of degrees of freedom)
defined as

datz del 2
1 (Fz ata __ Fl‘.“" e (9))
N — Npyr + 1 - o?

l

Y’ @)/ndf. =

; 6]

where N is the number of data points, Ny, = 7 the number
of free parameters in the model, F data are the observed fluxes,
F™odel qre the predicted fluxes by the model, and i is the summa-
tion index that corresponds to the observed frequency values,
and o; are the flux measurement uncertainties. The function
input # € R” are the model parameters from Table 1. Even
though, in the general case, different goodness-of-fit functions
are possible, we selected the reduced y? function commonly
used in physics and astronomy, as its values directly indicate a
poor fit (y*(0)/n.d.f. >1), an overfitting (y*()/n.d.f. <1) or a
good fit (y%(#)/n.d.f. ~1). Since overfitting rarely happens in the

! Parameters with or without prime refer to the values in the jet or
observer’s frame, respectively.
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context of our SED modeling, we defined the model that pro-
duces the minimal value of the reduced y? as the best fit within
the scope of this work. If the SED contains upper limits on the
flux values, they do not contribute to the reduced y? value as long
as the model predictions are below their values. In the opposite
case, a large value (10°) is added to the reduced y?, so that a
model overshooting the upper limits would be considered highly
unfavorable.

To compare the results of the selected minimization proce-
dures (Section 5), it is essential to define how close or how far
multidimensional vectors of the model parameters are located
with respect to each other in the parameter space depending
on their goodness-of-fit value. A visualization of the parameter
space reveals multiple regions with comparable y? values. For
this purpose, we used t-distributed stochastic neighbor embed-
ding (t-SNE), a machine learning technique for mapping high-
dimensional data into low-dimensional representations (van der
Maaten & Hinton 2008). The dimensionality reduction in t-SNE
is performed by matching the distribution of point similarities
(defined as probabilities non-linearly proportional to the met-
ric distances) in high-dimensional space and low-dimensional
space of two abstract coordinates. As a result, points with
higher similarities are arranged closer to each other in the two-
dimensional map, but the ratio between the distances of points
in high-dimensional space and in low-dimensional space is not
conserved. An important concern of t-SNE usage is the dis-
crimination of truly close points and artificial clustering. A
hyperparameter that can affect artificial clustering is referred to
as perplexity. It reflects the amount of nearest neighbors and bal-
ances the analysis of local and global data features. The details
on hyperparameter tuning to ensure the adequate reflection of
point similarities can be found in Appendix B.

In this paper, we use the t-SNE tool from the scikit-learn
open-source Python library (Pedregosa et al. 2011). Before nor-
malizing the values, we transformed those parameters with
values spanning over several magnitudes (R{)lob, 7;nin, Vinax> and
L?) to logarithmic scale. This step should be performed in addi-
tion to the normalization to ensure a more balanced contribution
from all parameters by avoiding skewed distributions when nor-
malizing to a [0,1] scale. Without this step, extreme values (e.g.,
10% vs. 10*7) were dominant in the analysis, leading to smaller,
but meaningful variations being neglected.

Then the low-dimensional map of the parameter space was
built using t-SNE. The goodness-of-fit value that corresponds to
each parameter vector is used as a color scale to highlight the
regions in the parameter space with the best solutions. Fig. 1
shows an example of such a t-SNE output which represents the
parameter space of the leptonic models applied to the simulated
dataset 2 (see Sect. 5.1).

The darker regions in the plot correspond to the regions
where good-fit solutions can be found. The plot shows 50 000
models with different combinations of model parameters.
Figure 1 highlights five regions where the solutions with low
reduced y> < 7 are located. Those solutions are shown with
black markers bigger than the rest of the points. Due to the sys-
tematic and statistical uncertainties of the data, slight variations
in the model parameters can still produce an SED with a small
goodness-of-fit value. Therefore, the solutions are expected to
form island-like structures with close (but slightly deviating)
values of model parameters. Apart from this, there might be
a completely different solution from the distant region in the
parameter space that produces a similarly good fit. This can
be seen in Fig. 1 where several distant regions contain good
solutions which, in turn, are surrounded by candidates with

100

k &
75 X 50

50
40

25

t-SNE feature 2
o
8
x2/ndf

-100 -75 -50 -25 0 25 50 75 100
t-SNE feature 1

Fig. 1. Example of the seven-dimensional parameter space mapping
with t-SNE (grid scan results for simulated dataset 2, see Sect. 5.1).
Each point represents one model consisting of seven parameters. Darker
colors correspond to lower y?/n.d.f. values. The plot shows the first
50000 points with the smallest y>/n.d.f. value, and the perplexity is set
to 30.

slightly worse goodness of fit. For the following comparisons,
the close location of two points in the t-SNE plots should be
interpreted as close parameter values for the corresponding mod-
els. On the contrary, points scattered over the t-SNE output are
located in distant regions and correspond to physically different
solutions.

4. Challenges for the parameter fitting

Minimizing the goodness-of-fit function is challenging because
the function is expected to be neither convex? nor smooth?. The
first reason lies in the nature of the radiation processes. Processes
that have thresholds (like yy — e*e™) or show very different fea-
tures at different energies (e.g., the Thomson and Klein—Nishina
regimes in the case of the inverse Compton effect) impact the
smoothness of the goodness-of-fit function since even a small
change in some of the parameters leads to a drastically dif-
ferent shape, meaning that the goodness-of-fit function cannot
be differentiated numerically. The second reason for expecting
a non-smooth and non-convex goodness-of-fit function is the
limited amount of available photon flux measurements. In the
ideal case, for data covering many orders of magnitudes with-
out gaps, the shape of the SED is unambiguously defined by the
spectrum of the electron population and the conditions in the
emission zone. In reality, however, the SED almost always has
gaps in some energy ranges due to the limited number of instru-
ments covering only selected energy ranges. Different electron
populations can produce similar photon-flux levels with differ-
ences that could be spotted only in the missing data regions.
By varying, for example, the electron maximum Lorentz fac-
tor, spectral index, and electron luminosity (which normalizes
the spectrum), similar levels of photon fluxes can be achieved
for different combinations of these parameters. Additionally, the
observed luminosity follows L =~ 64DL’, meaning that for each
value of electron luminosity in the source, there is a specific bulk
Lorentz factor for which the observed luminosity would remain
unchanged. However, different blob Lorentz factors would

2 A function f : R" — Ris convex if forall 0 < 7 < 1 and all x,y € R"

fax+ (1 -0y <tf() + 1A -Df ).

3 All first derivatives are continuous.
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Fig. 2. Simulated datasets. Black dots show the data points in the simulated datasets. Dashed curve shows the original model that was used to

generate the data. The gray triangles in the last two plots are the upper limits.

produce different SED shapes. This could be corrected by vari-
ations in the electron spectral parameters, thereby resulting in
very similar SEDs. The existence of multiple good-fitting solu-
tions suggests that any goodness-of-fit function is expected to be
non-convex. Hence, formally defining optimal fits is straightfor-
ward, but computing them is challenging. We address this topic
further in Section 5.

5. Comparison of minimization procedures using
simulated data

In a non-smooth and non-convex parameter space, the choice
of the minimization algorithm can impact the result of the fit-
ting. This also leads to implications on the physical interpretation
of the models. We selected five minimization techniques most
commonly used in the literature: Minuit, grid scan, two evolu-
tionary algorithms, and Markov chain Monte Carlo (MCMC).
In this section, we describe how we tested the performance of
the selected algorithm on simulated pseudo-data, with knowl-
edge of the true values of the model parameters. To study the
effects of the wavelength coverage of the data and of the size
of the uncertainties associated with the data, we created three
simulated datasets. We then compared the best-fit results of each
algorithm with the true values.

5.1. Simulated data

Unlike the case of real blazars, where the true underlying phys-
ical parameters are unknown, fitting pseudo-data with known
parameters allows us to make a direct comparison of the varying
accuracy of different minimization algorithms. The simulated
data were generated with AM? using the parameters from the
first row of Table 4 (true). To create a SED in a realistic flux
and energy range, we chose parameter values near the best-fit
leptonic model parameters for the quiescent state of the blazar
PKS 0735+178 provided in Omeliukh et al. (2025). Based on this
SED, we created three datasets (Fig. 2), each resembling a dif-
ferent wavelength coverage of the data and different uncertainties
associated with the flux measurements.

For dataset 1, we equally spaced the data points on a loga-
rithmic scale across all energies. To mimic the uncertainty of the
flux measurements, we added a random value distributed nor-
mally around zero and with a standard deviation corresponding
to 10% of the flux value. After the new, shifted fluxes were calcu-
lated, we assumed a 10% uncertainty for all data points. Dataset
1 represents the case of a “perfect” SED.

Dataset 2 resembles a more realistic case with good data
coverage. We selected energies that correspond to K, z, I, r,
and g filters in the optical range and U, B, W1, M2, and

A199, page 4 of 17

W2 corresponding to the ultraviolet (UV) bands of the UVOT
instrument onboard the Neil Gehrels Swift Observatory (Roming
et al. 2005). This represents the typical energy range for X-ray
spectra from Swift-XRT (Burrows et al. 2004) and NuSTAR
(Harrison et al. 2013), as well as the centers of the four COMP-
TEL (Schoenfelder et al. 1993) energy bands (0.75-1, 1-3, 3-10
and 10-30 MeV), and typical energy bands of the gamma-ray
telescope Fermi-LAT (Atwood et al. 2009). The two highest
energy data points represent sensitivity-based upper limits. The
uncertainty of the flux measurements is added in the same way
as was done for dataset 1.

Dataset 3 represents a more pessimistic case with a limited
amount of available data. The data covers only the optical/UV,
the typical Swift-XRT bands in X-rays, and the Fermi-LAT
gamma-ray range. Unlike the two previous datasets, we assumed
different flux uncertainties for different energy bands: 10% in
optical/UV, 30% in X-rays, and 40% in gamma rays. The proce-
dure for accounting for the uncertainties remained the same as
for dataset 1. Thus, taken together, the three datasets provide a
panorama of possible situations.

5.2. Tested optimization algorithms

All selected algorithms aim to minimize the same reduced y?
function defined in Eq. (1). For the simulated data, they searched
for the best solutions within the same parameter space limited by
the boundaries shown in Table A.1.

5.2.1. Grid scan

A grid scan is an approach where values of the goodness-of-fit
function are evaluated for each combination of the parameters
equally spaced between defined boundaries (Table A.1). This
simple setup allowed us to cover the whole parameter space
homogeneously, while highlighting the regions of interest cor-
responding to low reduced y? values. We selected ten points per
parameter, probing in total 107 points in the parameter space.
Usually, the discretization of the grid is not good enough to find
a precise best-fit solution. Therefore, as a second step, we locally
minimized the best result from the grid scan using Minuit (using
simplex followed by migrad, see Sect. 5.2.2). Since all neigh-
boring points of the current best-fit grid scan solution have a
higher reduced y? value, we adopted their values as new bound-
aries for searching for the new best fit. The local minimization
step required an additional probing of 300 points.

5.2.2. Minuit

Minuit is a software library for numerical minimization devel-
oped at CERN (James 1998). For this work, we used the Python



Apel, F., et al.: A&A, 702, A199 (2025)

Table 2. Parameters of the genetic algorithm.

Parameter Values
Number of generations ~ 70-80
Number of individuals 10*
Mutation probability 0.33
Independent probability 1/7
Crossover probability 0.20

interface for Minuit called iMinuit (Dembinski et al. 2020).
We started the minimization with the Nelder-Mead simplex
method (Nelder & Mead 1965) due to its robustness. The inde-
pendence of the gradient makes it especially suitable for the large
parameter space of the leptonic models. Due to the nature of the
radiation processes, small changes in the model parameters could
induce such a change in the reduced y? that it ends up becom-
ing numerically non-differentiable at that point. Following the
simplex method, we used migrad, which is based on gradient
descent, to refine the best-fit solution locally.

We initialized the simplex algorithm based on some phys-
ically motivated assumptions on the model parameters derived
from the SED features. We set the maximum number of func-
tion calls to 1200. Since the first run never yielded an acceptable
value of reduced y2, we repeated the procedure while refining the
boundaries of the parameters and reducing the parameter space
around the previously found region. Our new initial point in the
second run was set as the best-fit solution from the previous run.
The second run required around 300 function calls.

5.2.3. Genetic algorithm

Another minimization technique is the genetic algorithm
(Kramer & Kramer 2017). Inspired by biological evolution,
a set of candidate solutions is evaluated and evolved toward
an optimal solution. We used the evolutionary functions from
the DEAP module (Fortin et al. 2012) in Python. The algo-
rithm starts with initializing a population of random parameter
vectors. The fitness of each individual one is evaluated by cal-
culating each y?/n.d.f. value for a given dataset. Parents with
better fitness values are selected to generate the offsprings via
crossover and mutation. The crossover imitates the combination
of DNA sequences during reproduction. The crossover oper-
ators mix genetic material of parent solutions, and there are
various approaches to achieve this. In this work, the method
involves splitting the two parent solutions and reassembling
them alternately. For the mutation, certain properties of the
selected solutions are randomly altered to generate new offspring
genes. Another parameter is the independent probability for each
parameter to mutate. The crossover, mutation, and independent
probability are controllable parameters of the genetic algorithm.
Their values used for this work are given in Table 2.

After the variation with crossover and mutation, the previous
parent population was replaced by the new offspring and the pro-
cess was repeated over several generations. We took the standard
deviations of the parameter values in the last generation as the
uncertainty in the parameter estimation.

5.2.4. CMA-ES

Covariance Matrix Adaption Evolution Strategy (CMA-ES,
Hansen 2016) is the second evolutionary algorithm used in this
work. The procedure is similar to the genetic algorithm, with

the main difference linked to the mutation treatment. The muta-
tion strength indicates how strongly the offspring differs from
the parent population. CMA-ES adjusts the mutation step size
based on the success of the previous mutations, which allows
the algorithm to learn the mutation strength during the evolu-
tion. Compared to the genetic algorithm, this strategy requires
less manual parameter tuning. While the multivariate Gaussian
distribution is the generalization of the Gaussian distribution to
higher dimensions, the covariance matrix can be interpreted as
the generalization of the variance. From a multivariate Gaussian
distribution, the candidate solutions are generated and evaluated
and the sampling distribution is updated for the next iteration
to increase the likelihood of selecting better solutions. Fur-
ther information about CMA-ES can be found, for instance,
in Hansen & Ostermeier (2001). We used the python package
pycma by Hansen et al. (2019). The initial step size for the first
generation has to be set in the beginning. After the first genera-
tion, this quantity is adjusted in each generation. In this work,
the initial step size was set to o = 2. The population size is
fixed to 5000 individuals. Similarly to the genetic algorithm, the
uncertainty in the parameter estimation was assumed to be the
standard deviations of the corresponding parameter values in the
last generation.

5.2.5. MCMC

The MCMC method allows us to draw samples from probabil-
ity distributions. The posterior probability distribution allows for
the optimal values of the model parameters to be found. Despite
the popularity of MCMC in data fitting, Hogg & Foreman-
Mackey (2018) noted that merely searching the parameter space
is not a good motivation for MCMC usage since its primary func-
tion is sampling. Motivated by the common usage of MCMC in
blazar modeling (see e.g., Yamada et al. 2020; Tramacere 2020;
Tzavellas et al. 2024; Sciaccaluga et al. 2024; Hervet et al. 2024),
we investigated this method in the context of data fitting as well.

In this work, we utilized the affine invariant MCMC ensem-
ble sampler (Goodman & Weare 2010) and the emcee package
as its Python implementation (Foreman-Mackey et al. 2013).
The emcee algorithm requires the user to define a log-likelihood
function that evaluates the quality of the fit. Based on this func-
tion, it autonomously constructs the posterior probability density
function, employing a specified number of steps, walkers, and
burn-in samples.

Hogg & Foreman-Mackey (2018) recommended selecting a
set of sensible parameter values as a starting point, close to the
optimum, but not exactly the optimum. Following this approach,
we initialized the walkers in the vicinity of the best-fit Minuit
result by adding random values that follow the standard normal
distribution scaled by 10% of the parameter value to the actual
parameter values.

We selected a “flat” (improper) prior for the model parame-
ters with the boundaries of the distributions fixed to the values
from Table A.l. As for the log-likelihood function, we first
defined it as In(P) = —1/2 loglo()(z). The logarithmic scale of /\(2
was chosen to overcome regions of very low probability that may
separate the regions with high probability. However, the optimal
parameters found in this MCMC run did not yield a satisfactory
reduced y? value. We assume that the logarithmic reduced y?
had the effect of losing precision near the best-fit solution. To
exclude this effect, we repeated the MCMC (by performing run
2) with the new initial point as the previously determined optimal
solution (from run 1). To find a precise solution, we completed
a second MCMC run with In(P) = —1/2 x* while limiting the
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Table 3. Parameters of the MCMC runs.

Parameter MCMC run 1 MCMC run 2
Log-likelihood function  In(P) = =3 log;,(x?) In(P) = —1x2
Log-prior Flat Flat
Number of walkers 50 50
Number of steps 1000 200
Burn-in samples 100 20
Initial point From Minuit From run 1

parameter space to the high-likelihood region identified during
the first run. The settings for both MCMC runs are represented
in Table 3.

5.3. Algorithm comparison

With regard to the performance of the algorithms, the grid scan
offers a decisive advantage as it can effectively show multiple
regions with possible good-fit solutions. Since the other algo-
rithms converge to a single best-fit model, the grid scan is useful
for considering multiple solutions. It has no controllable algo-
rithm parameters other than the boundaries of the parameter
space and the choice of the discretization. Nonetheless, it is also
the most computationally expensive of all methods. In the case
of more complex models, the number of required generated mod-
els (i.e., probed points in the parameter space) grows faster than
the exponential result. Additionally, the results depend on the
choice of the step size and the boundaries. Some of the regions
of interest may be lost between the grid points if the step between
the grid points is too large. On the other hand, the grid scan
results can be reused for other sources by just recalculating the
x>/m.d.f. for another dataset and followed by a computationally
inexpensive local minimization.

The genetic algorithm and CMA-ES, both from the family
of evolutionary algorithms, display different levels of perfor-
mance. While the initial population is generated randomly (not
user-defined) for both algorithms, the genetic algorithm has more
controllable parameters. The CMA-ES is characterized by self-
adaptivity and converges dramatically faster than the genetic
algorithm. This can be seen in Figure C.1.

The Minuit approach (utilizing simplex and migrad) is the
least computationally expensive method. It also requires only the
parameter intervals and the initial steps to be defined by the user.
Despite the need to run Minuit a couple of times in a “nested”
way, each time refining the boundaries and increasing the pre-
cision, the final best-fit result has a goodness of fit similar to
those from more computationally expensive algorithms. The out-
come of the Minuit optimization in the parameter space of the
one-zone radiation models depends on the choice of the initial
point. While an “educated” guess based on the SED features
may quickly lead to a good fit, random initialization may lead to
local minima or even a failed fit. MCMC provides the posterior
distributions of the model parameters, which enables the char-
acterization of the parameter space near the best fit. It requires
assumptions on the parameter distribution in the absence of any
data (log-prior), number of walkers, and number of steps. Sim-
ilarly to Minuit, the performance of MCMC in the parameter
space of the one-zone leptonic models depends on the choice
of the initial point. If it is initialized near the known optimum,
MCMC converges fast with the required number of generated
models being similar to those from the evolutionary algorithms.
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If the selected initial point is far from the optimum, it may
require the same or a larger number of generated models as
the grid scan for convergence. The comparison of all selected
algorithms is also summarized in Table C.1.

5.4. Results

The methods described above were applied to the simulated
datasets described above to evaluate and compare their perfor-
mance. Additionally, t-SNE was used to visualize the location
of the found best-fit parameters from all optimization algorithms
in the global parameter space. For this purpose, their location,
together with the location of the true parameters, was mapped
together with the 50 000 lowest reduced x* points from the grid
scan. In the t-SNE plots, points that are assigned to y?/n.d.f. val-
ues in the interval of interest [(x%/n.d.f)min, (¢Z/n.d.f)min + 2]
are highlighted as darker, larger points. The best-fit SEDs and
their corresponding t-SNE maps are shown in Figs. 3-5. The
best-fit model parameters found by each optimization method are
listed in Table 4. In the first row of Table 4, the true parameters
are presented for comparison with the results obtained from the
five algorithms.

In Fig. 3, we display the results of the SED fitting for
dataset 1. As shown in the left panel of Fig. 3, all the selected
minimization algorithms found solutions that, overall, describe
the data well. The solutions found with CMA-ES and the genetic
algorithm have reduced y? values of 1.6 and 1.8, respectively.
As can be seen in Table 4, their best-fit parameters agree with
the true values within the parameter uncertainty ranges. The
grid scan, as well as MCMC and Minuit provide solutions with
,\/Z/n.d.f. of 2.2, 3.5, and 4.1, respectively. As the lower part of
the left panel in Fig. 3 shows, they deviate from the true model
mostly in the X-ray — MeV region and in the radio band. The
right panel of Fig. 3 shows the location of the found best-fit
model parameters in the global parameter space. As expected,
the solutions from the grid scan, the genetic algorithm, and
CMA-ES lie close to the true parameters. The other results from
the grid scan (before the local optimization) with low values
of reduced y? (marked as larger black dots) highlight only one
region. Both the MCMC and Minuit solutions lie outside of this
region. This performance issue could be caused by our setup and
would likely lead to the same close results provided by the algo-
rithms if the algorithms were run from another initial point or
with a smaller step size. Overall, in this overly optimistic case
of an almost perfect SED with small uncertainties of the photon
flux values, the different minimization algorithms led to simi-
lar results (see Table 4). As shown with the grid scan, the only
region in the parameter space with low y?/n.d.f. was the one
containing the true solution.

Similarly, Fig. 4 shows the results of the SED fitting for
dataset 2. Despite the overall good characterization of the data
points with the best-fit model, the random deviations in the IR
and optical ranges made the location of the synchrotron peak
ambiguous. As shown in the left panel of Fig. 4, all found best-
fit solutions predict different photon fluxes in the low-energy
range. Additionally, the solutions from the grid scan (y*/n.d.f. =
1.6) and CMA-ES (y*/n.d.f. = 1.0) deviate from the Minuit
(¢’/n.d.f. = 1.4), MCMC (y*/n.d.f. = 1.3) and genetic algorithm
(y*/m.d.f. = 1.1) solutions in the keV-MeV range where the data
coverage is poor. As shown in the right panel of Fig. 4, the clos-
est solutions to the true model were found by MCMC, Minuit,
and the genetic algorithm. The values of the model parameters
in the best-fit solution from the genetic algorithm and MCMC
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Fig. 3. Results of the SED fitting for dataset 1. Top-left: best-fit results from all selected optimization algorithms. Bottom-left: relative deviation
between the true values of vF, and those of the best-fit solutions. Right: location of the best-fit solutions in the global parameter space shown in a

t-SNE map.
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Fig. 5. Same as Fig. 3, but for dataset 3.

are also the closest to the true values when comparing their val-
ues with the obtained uncertainties to the true values. Both the
CMA-ES and grid scan result in lower values of the electron
luminosity compared to the true solution, which is compensated
by a higher Lorentz factor and varying values of the blob radius
and the magnetic field strength. Interestingly, CMA-ES, which
yielded the best goodness of fit among all algorithms, is located
the furthest from the true model, with none of the parameters
agreeing with the true values within their uncertainties. Apart
from three regions in the global parameter space where the algo-
rithms have found their best-fit solutions, the grid scan suggests
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additional regions with decent solutions. These are marked by
the large black points in the right panel of Fig. 4.

The results of the dataset 3 fitting are presented in Fig. 5. As
expected, with fewer data points and a worse characterization
of the SED features, the degeneracy of the model parame-
ters increases. The best-fit models, shown in the left panel of
Fig. 5, all yielded almost the same values of reduced y?, yet
the shapes of the best-fit SEDs vary greatly. Similar to dataset
2, the biggest difference is observed in the low-energy (<0.1 eV)
and MeV ranges. Additionally, due to the larger uncertainties and
resulting larger scattering of the data points in GeV gamma rays,
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Table 4. Best-fit model parameters for simulated data.

Dataset Method Ig(Ry, ) [cm] B’ [G] leg(y i) le(Voa) (Ll [erg s7']) I index @ y?/n.df.
True 16.58 0.41 3.30 4.88 43.39 7.8 2.82 -
Dataset 1 Grid scan 16.477+0.001 0.42+0.03 3.234+0.001 4.98+0.03 43.202+0.004  9.2+0.1 2.88+0.06 2.2
GA 16.60’:8;82 0.41+0.08 3.30+0.03  4.98+0.04 43.39j8:£‘2‘ 7.8+0.5 2.85+0.07 1.8
CMA-ES 16.59+£0.01 0.39+0.03 3.34+0.01 5.00+£0.01 43.365+0.003 8.00+0.02 2.890+0.003 1.6
Minuit  16.13£0.05 0.51+£0.08 3.05+0.53  4.71£0.10 42.79+0.04  12.3+£2.83 2.80+0.04 4.1
MCMC 16.29f8:8§ 0.36j8:8; 3.04f8;8‘3‘ 4.67+0.03 42.84+0.04 12.37f8:}3 2.77 £0.06 35
Dataset 2 Grid scan 16.50+£0.67 0.24+0.09 3.07+£0.04  4.88+0.50 43.00+0.70  11.5+0.80  2.82+0.45 1.6
GA 16.34’:8;}2 0.54+0.12 3.28’:8:8; 4.83’:8}; 43.20ﬁ85 8.6+0.85  2.82+0.13 1.1
CMA-ES 16.11+£0.01 0.45+£0.01 3.00+0.01  4.66+0.01 42.79+0.01 12.40+0.06 2.74+0.01 1.0
Minuit  16.310+0.003 0.62+0.02 3.3016+0.0004 4.84+0.02 43.21+0.01 8.474+0.001 2.89+0.01 1.4
MCMC 16.41’:8;}3 0.51f8:(1); 3.31’:8:8? 4.83’:8:8?) 43.26j8:82 8.21jg:§g 2.84f8;}(3’ 1.3
Dataset 3 Grid scan 15.88+0.06 1.20+0.01  3.21+0.02  4.39+0.31  43.06+0.11 9.0+0.17  2.83+0.25 1.6
GA 15.47+1.15 1.32+0.33 3.04j8:§g 4.34’:8%2 42.63+0.92 12.9+2.3  2.91+0.09 1.5
CMA-ES 15.000+£0.006 1.74+0.08 3.000+£0.006 4.99+0.02 42.14+0.04 17.8+0.4 3.34+0.15 1.6
Minuit  16.81£0.13 0.14+0.02  3.58+0.26  5.50+0.80  42.59+0.33 11.3£0.44  3.25+0.07 1.7
MCMC 16.21f8:% 0.84f8§? 3.29’:8% 4'55t8i%§ 43.23j8:}§ 8.05j?:g$ 2.843%3 1.6

Notes. An explanation of the parameter notations is given in Table 1.

the characterization of the high-energy peak becomes challeng-
ing for this dataset. As shown in the right panel of Fig. 5, the
best-fit solutions are scattered across the parameter space and
none of them are close to the true model. The grid scan results
suggest that apart from the found solutions, there are multiple
other regions in the parameter space that could produce simi-
larly good solutions. Apart from the worsened characterization
of the best-fit location in the global parameter space, larger flux
uncertainties and fewer data have led to a worse determination
of the minimum. As shown in Table 4, the uncertainties for the
model parameters in dataset 3 are (on average) larger than for the
previous datasets for all algorithms.

As shown with dataset 2 and dataset 3, the realistic SEDs are
explained with degenerate models that result in a similar good-
ness of fit. With larger flux uncertainties and fewer data points,
the degeneracy drastically increases. The models with the lowest
x°/n.d.f. values are not necessarily the closest to the true param-
eters. It is only in the case of an almost perfect SED, the choice
of the optimization algorithm does not affect the outcome.

6. Application to observational data
6.1. Selected sources

As a next step, we studied the performance of the same selected
fitting procedures when applied to observational data of two
blazars, PKS 0735+178 and Mrk 501. We selected those two
sources, because the SED of PKS 0735+178 represents a fre-
quent case of a source with limited available data, while the SED
of Mrk 501, one of the most monitored blazars, represents a case
of excellent data coverage. Despite good data coverage, fitting
this source with a simple one-zone leptonic model is challeng-
ing and more complex assumption may be needed as shown in
Abdo et al. (2011). However, for the context of this work, we
attempted to fit it with the models given in Section 2.

PKS 0735+178 is an intermediate-frequency-synchrotron-
peaked (ISP) BL Lac object with an estimated redshift of z=0.45
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(Nilsson et al. 2012). For this work, we used the gamma-
ray quiescent state data from Omeliukh et al. (2025). All the
observational data were measured between January 23 and
February 2, 2010. Since this source and its leptonic model from
Omeliukh et al. (2025) was a prototype for our simulated data,
the boundaries for the parameter space remain the same as those
presented in Table A.1.

Mrk 501 is a well-known high-frequency synchrotron-peaked
(HSP) BL Lac object located at a redshift of z = 0.034 (Ulrich
et al. 1975). For the modeling, we considered the data taken dur-
ing the quiescent period of Mrk 501 in 2017-2020 from Abe
et al. (2023). As argued in Abe et al. (2023), the measurements
in radio and optical indicate low variability in these frequencies
and are interpreted to originate in the outer regions of the jet
(as opposed to the compact region we intended to model in this
work). Therefore, we treated these points as upper limits. Since
Mrk 501 is a HSP source, its model parameters are expected to lie
in a different region of the parameter space compared to the ISP
source PKS 0735+178. As a reference for the typical values of
one-zone leptonic model parameters of this source, we used the
modeling results of Abe et al. (2023) and limited our parameter
space according to them. The defined parameter space bound-
aries for Mrk 501 are shown in Table A.2. For consistency with
Abe et al. (2023), the EBL model based on Franceschini et al.
(2008) was assumed.

6.2. Results
6.2.1. PKS 0735+178

The results of the SED fitting for PKS 07354178 along with
the corresponding t-SNE map of the best-fit parameter location
are shown in Fig. 6. The values of the best-fit model parame-
ters for each minimization procedure are listed in Table 5. With
the exception of the solution found by the MCMC algorithm, all
methods yielded fits with y?/n.d.f. values close to 1, indicating
that they provide equally good explanations for the dataset. In
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Table 5. Parameters resulting from different parameter search methods for PKS 0735+178 data from 2010.

Method  lg(R;, ) [em] B [G] 18(¥)in) 180Vhae) 1L [erg s7']) Ty index @ x*/n.df.
Grid scan 15.27+0.04 1.26+0.37  3.221+0.005 5.17+0.27 42.47+0.42 14.9+2.48 3.27+0.54 0.9
GA 15.54+0: 1.54£0.10 341700 496700 42967016 9.65+0.60 3.30+0.08 1.0
CMA-ES  15.18+0% 124+029  3.00+0.02  4.8570% 42214003 18.2+0.46  3.17+0.07 11
Minuit 15.082+0.004 1.71+0.01 3.09+0.03 5.15+0.36 42.23+0.03 16.6+0.26 3.26+0.06 1.3
MCMC 15713015 1224014 336005 4847018 42.92+0.07  9.65731  3.08%7% 2.3

Notes. Explanation of the parameter notation is given in Table 1.
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Fig. 6. Results of the SED fitting for PKS 0735+178. Top: best-fit results
from all selected optimization algorithms. Bottom: location of best-fit
solutions in the global parameter space shown as a t-SNE map.

contrast, MCMC resulted in a solution with X2/n.d.f.=2.3. The
higher value is primarily driven by the second data point, which
has a small uncertainty. Even small deviations from this point
can lead to a large contribution to the y?/n.d.f. value. Regard-
less of the goodness-of-fit values, we observe in Fig. 6 that the
resulting curves differ in regions where no data are available.
As shown in the lower panel of Fig. 6, the determined model
parameters lie in different regions of the parameter space. While
the best results from the grid scan (y*/n.d.f. = 0.9), Minuit
(¥*/m.df. = 1.3) and CMA-ES (y*n.df. = 1.1) are closer to
each other, results from the MCMC ()(z/n.d.f. = 2.3) and genetic
algorithm (y*/n.d.f. = 1.0) runs are outside of this cluster. This

can also be seen in the upper panel of Fig. 6, where we observe
that the solutions provided by MCMC and the genetic algorithm
deviate from the other three models, particularly in the radio and
MeV domains, where no data are available to constrain the fits.

The t-SNE map shows that the grid scan, the CMA-ES and
the Minuit results lie in those clusters where the grid scan also
finds regions of favorable solutions. Interestingly, apart from the
found solutions, the grid scan also suggests multiple regions of
parameter space that could yield good solutions, highlighting
how degenerate the parameter space is for this SED.

The SED data of PKS 0735+178 during its quiescent state
is a good example of a degenerate case since the features of the
SED, such as the location of the synchrotron or the high-energy
peaks as well as the peak flux values, cannot be constrained.
This, in turn, leads to great uncertainties in most of the model
parameters. Similarly to the simulated dataset 3, almost all solu-
tions have close y?/n.d.f. values despite their different best-fit
model parameter values. The genetic algorithm and MCMC
results deviate strongly from the other solutions. They suggest
a scenario with a larger blob and higher electron luminosity.
Moreover, while the other models infer bulk Lorentz factors up to
I', > 14, the genetic algorithm and MCMC both yield the same
lower value of T';, = 9.65.

6.2.2. Mrk 501

The results of the SED fitting for Mrk 501 are shown in the upper
panel of Fig. 7, while the lower panel of Fig. 7 shows the t-SNE
map with the best-fit locations in the parameter space. The result-
ing model parameters are listed in Table 6. The SED of Mrk 501
built for the quiescent state has more data points than the SED of
PKS 0725+178. Still, interpreting optical and radio data for Mrk
501 as upper limits makes it challenging to constrain the loca-
tion of the synchrotron peak. In addition, the gap between the
low-energy and high-energy peaks falls in the MeV range with
no available data.

All of the solutions found in this study fit the X-ray data
well. While they also match the high-energy flux levels, this type
of model fails to correctly reproduce the shape of the gamma-
ray spectrum, which also leads to high absolute values of the
reduced y? (> 26). This may be an indication that more complex
model assumptions are required for this source. We assumed a
simple power-law energy spectrum of the pre-accelerated elec-
trons. As electrons cool due to synchrotron emission, the cooling
break appears self-consistently in our modeling. However, Abdo
et al. (2011) were able to successfully reproduce the Mrk 501
SED only with the introduction of multiple breaks in the electron
spectrum. Alternatively, the parameters that could produce a bet-
ter fit could lie outside of the considered region in the parameter
space (see Table A.2).
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Table 6. Parameters resulting from different parameter search methods for the data of Mrk 501.

Method  Ig(R{, ) [cm] B [G] lg(y;.) 1g(¥ax) lg(L [erg s Iy index a Y2 /n.df.
Grid scan  15.522+0.007  0.32+0.03 3.22+0.34  5.256+0.0004  40.63+0.02 12.5+0.02 1.97+0.05 29.7
GA 15.61f8:8g 0.22+0.03 3.14t8:}; 5.38t8:8‘5‘ 40.65f8:}‘2) 15.1+0.56 2.26+0.06 28.9
CMA-ES 16.08f8;8§ 0.15+ 0.01 2.79f8:£ 5.51+0.02 41.13+ 0.04 10.2+ 0.3 2.04f8:(1)% 28.9
Minuit  15.485+0.005 0.286+0.004 2.378+0.005 5.231+0.005 40.699+0.003 13.44+0.05 1.959+0.002 33.9
MCMC 15.63 +£0.05 0.22f8:8§ 1.97t8% 5.33+0.03 40.913%25 13.21f8fg 2-05t8:83 27.7

Notes. Explanation for parameter notation is given in Table 1.
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Fig. 7. Results of the SED fitting for Mrk 501. Top: best-fit results from
all selected optimization algorithms. Data used for the modeling is rep-
resented as black points while the gray triangles are treated as upper
limits. The discontinuity visible within the X-ray energy range could be
due to the fact that these data were measured by two different instru-
ments. Bottom: location of the best-fit solutions in the global parameter
space shown as a t-SNE map.

Even though the obtained values of the reduced y? cannot be
considered as a good fit, the upper panel of Fig. 7 shows how
different minimization algorithms produced independent solu-
tions. All the best-fit solutions predict a very similar shape of the
X-ray fluxes, but diverge in their predictions on the behavior in
the dip between the two SED peaks.

The t-SNE plot (lower panel of Fig. 7) reveals that the best-
fit parameters found by MCMC (y*/n.d.f. = 27.7) and Minuit
(,\/Z/n.d.f. =33.9) are similar, while the solutions of CMA-ES and
the grid scan belong to different families of solutions. Unlike the
grid scan results from PKS 0735+178 with multiple regions of
low x*/n.d.f values, the grid scan results for Mrk 501 display one
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prospective solution in the interval of interest (large black marker
in the lower panel of Fig. 7, overlapping with the Minuit and
MCMC solutions). The corresponding best-fit SEDs, as shown in
the upper panel of Fig. 7, agree only in the X-ray and high-energy
gamma-ray ranges, significantly deviating in their predictions in
all other energy ranges.

Despite the variations in parameters that could not be con-
tained (minimal electron Lorentz factors, bulk Lorentz factor,
and electron spectral index), most of the models require a blob
radius of ~3 x 10'5 cm, a magnetic field strength around 0.2—
0.3 G, and an electron luminosity of ~5 x 10*’ erg/s. The most
discrepant solution was found by CMA-ES where the blob has a
three times larger radius, the required magnetic field strength is
lower by a factor of 2, while the bulk Lorentz factor is lower and
compensated for by a higher electron luminosity.

Overall, this case is in some respects similar to dataset 2, as
there are relatively few models that provide a good fit to the data.
The higher number of data points constrains the range of possible
solutions, preventing the situation we encountered with dataset
3 or for PKS 0735+178; in that case, for instance, up to 20 dis-
tinct solutions were found within the parameter space of interest.
However, despite this constraint, the parameter space remains
degenerate. Even among the models that successfully repro-
duce the X-ray data, there are significant differences between
the models, particularly in regions where observational data are
absent.

7. Discussion

By modeling the simulated and observed SEDs of blazars, we
demonstrated the expected issue of parameter degeneracy in
the simplest one-zone leptonic radiation models, which was
described in Sect. 4. This issue was mentioned in many previous
works dedicated to blazar modeling. For instance, Ahnen et al.
(2017) discussed the advantages of using a grid scan approach in
the context of finding multiple solutions.

Lucchini et al. (2019) addressed the parameter degeneracy of
multi-zone models and proposed breaking it by jointly fitting six
consecutive blazar states. Many works, especially those utilizing
MCMC, show the pairwise distributions of model parameters
around the best-fit solutions. We note that the plots with such
two-dimensional projections (using marginal distributions or
some parameters fixed to their best-fit values) cannot capture any
other significantly different solutions. In this work, we tackled
this problem and showed how physically different solutions and
their proximity in the parameter space can be compared using
t-SNE. However, as already discussed in Section 3, a careful
choice of hyperparameters such as perplexity is required.

In Section 5, we describe how we applied the grid scan, the
genetic algorithm, CMA-ES, MCMC, and Minuit to simulated
datasets to estimate how close the best-fit parameters found by
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each method are to the true parameters. Dataset 1 represents the
case of perfect data with no gaps and small uncertainties. Both
evolutionary algorithms accurately identified the best-fit param-
eters that were consistent with the true parameter values within
the uncertainty interval. The grid scan followed by a local mini-
mization delivered best-fit parameters that were slightly off from
the true parameters compared to the results of the evolutionary
algorithms. We find it is likely that the true parameters could
have been achieved with an improved grid discretization or local
minimization within slightly broader boundaries and more func-
tion calls. Both Minuit and MCMC stopped around the local
minima. Given the complexity of finding only one solution in
an extremely vast parameter space, these algorithms are likely
to require a larger number of probed points in the parameter
space than we allocated in the present study. On the contrary,
in more degenerative cases (dataset 2 and dataset 3), these meth-
ods displayed the ability to find good solutions thanks to the high
probability of finding such a solution, even when probing a small
number of points, covering a limited parameter space region. We
note that nested sampling, such as the MultiNest algorithm used
in Bégué et al. (2024) and Sahakyan et al. (2024), might be a
more efficient sampling approach.

In our setup, with ten probed points per parameter, the
grid scan turned out to be the most computationally expensive
method. However, it is the only known approach that enables
the exploration of multiple physically different solutions. It also
allowed us to visualize the parameter space with t-SNE due to
comprehensive parameter space coverage. While our SSC one-
zone model is the simplest model for explaining a blazar SED
(requiring only seven free parameters) more complex models
with a higher number of free parameters would require drasti-
cally higher computational resources. However, the possibility of
reusing its results for other sources or datasets offers an advan-
tage. A known limitation of the grid scan is that solutions might
fall between predefined grid points. Some studies (e.g., Ahnen
et al. 2017) address this by performing additional, finer grid scans
on top of the initial large grid. While this approach can improve
the accuracy, it comes at the cost of increased computational
time. In our approach, the second step was changed to a local
minimization with Minuit.

The results showed how accurately the evolutionary algo-
rithms captured the true solution. Both algorithms performed
similarly, with CMA-ES converging much faster and offering
the additional advantage of self-adapting its internal parameters.
Both algorithms converge to only one solution. While it is possi-
ble to extract all the solutions from each generation to potentially
identify multiple solutions, this does not offer the same coverage
as the grid scan. Evolutionary algorithms explore the parame-
ter space based on evaluations, which can lead to certain regions
being excluded from further consideration as the algorithms pro-
gressively focus on specific regions with each generation. This
behavior is also reflected in the parameter uncertainties. We cal-
culated the standard deviation of the parameters from the final
generation, which yielded relatively small uncertainties, as the
solutions in the final generation had already converged closely
towards each other. We note, however, that there is no guarantee
that the results of the minimization with the evolutionary algo-
rithms would be the same if the minimization was to be repeated
with the same conditions. This is due to the random initialization
of the initial population and the highly irregular structure of the
parameter space.

Apart from the case of a perfect dataset, the results from
our analysis of the parameter space of leptonic radiation
models suggest that regardless of the method used, the complex

nature of the parameter space with multiple optima can prevent
any algorithm from capturing the true values. In particular, for
the models found with algorithms converging to a single solu-
tion, it can be challenging to accurately explain the emission
of blazars. Ultimately, the best approach is to remain aware of
the existence of multiple solutions and use methods such as the
grid scan (either a nested grid scan or combined with a local
minimization), as it can represent the parameter space in the
most comprehensive way, rather than providing only a single
solution.

For the case of the observational data, we modeled the radi-
ation of PKS 0735+178 during a quiescent state with each of
the five minimization algorithms, leading to different solutions.
This state was modeled before in Bharathan et al. (2024) and
Omeliukh et al. (2025). Omeliukh et al. (2025) addressed the
issue of multiple possible solutions by performing a grid scan
and selecting two physically different solutions (i.e., slow and
fast solutions based on the bulk Lorentz factor). Our best-fit
models from all minimization algorithms have a two to three
times higher magnetic field strength and a much lower emission
zone radius compared to both the slow and fast models for this
state in Omeliukh et al. (2025). Similarly, in our solutions, the
magnetic field strength is twice as high and the blob radius is one
order of magnitude lower than that in Bharathan et al. (2024).
This indicates that all five best-fit solutions provide new models
in addition to those previously reported in the literature.

For Mrk 501, our results reproduce the overall flux levels
but fail to match the gamma-ray spectral shape. The parameter
boundaries were based on Abe et al. (2023) and the same dataset

was used. While Abe et al. (2023) fixed the blob size to R/

blob —
10179 ¢m, our solutions suggest significantly smaller emission

regions. The magnetic field strengths obtained from our searches
were around B’ = 0.15-0.32 G, whereas they suggested a field
strength much lower with B” = 0.025 G. The bulk Lorentz fac-
tor was fixed to 11 in their work, which is comparable to our
range of I, = 10.2-15.1. The required electron luminosity was
also 10? times lower in our case. Despite adopting the parame-
ter space boundaries from Abe et al. (2023), our results differ
considerably. Abdo et al. (2011) used a double broken power
law to successfully reproduce the SED of Mrk 501 in the qui-
escent state, which may be the reason why our simple power law
(with naturally occurring cooling break) failed to reproduce the
gamma-ray spectral shape.

Our findings, along with comparisons to other models, high-
light the highly degenerate parameter space of the leptonic
radiation models. Even the simplest SSC one-zone framework
that has seven free parameters presents significant challenges
in explaining the blazar emission. More complex models add
additional parameters, further complicating the parameter space.
This emphasizes the importance of careful interpretation of
modeling results. To break this degeneracy, high-quality quasi-
simultaneous multiwavelength data are essential. In this sense,
blazar surveys and monitoring programs are crucial to constrain
the possible parameter values of the one-zone models. Addi-
tionally, exploring new energy ranges, such as MeV or TeV
gamma rays, would significantly constrain the parameter space.
For example, a single MeV data point added to our simulated
dataset 3 would reduce the number of equally well-fitting mod-
els from five to one or two. Therefore, future MeV missions
such as e-ASTROGAM (De Angelis et al. 2017), COSI (Tomsick
et al. 2019) or AMEGO-X (Caputo et al. 2022) would play
an important role in breaking the model degeneracy. A similar
effect is expected by adding data points in the TeV gamma-
ray range, especially for HSP sources. The future Cherenkov
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Telescope Array Observatory (CTAO, Cherenkov Telescope
Array Consortium 2019) is expected to provide high-energy
gamma-ray data, which will be essential for constraining the
models. In the case of more complex leptohadronic models,
multiwavelength polarization could potentially constrain the
hadronic component (Zhang et al. 2024).

8. Summary and conclusions

In this work, we studied the fitting procedures of blazar SEDs
in the context of one-zone leptonic models. We found convinc-
ing evidence that the goodness of fit is not a smooth and convex
function of the model parameters, due to the nature of the under-
lying radiation processes and parameter degeneracies. Using the
simulated pseudo-data, we observed that the degeneracies arise
due to the missing data in certain energy ranges. An increase in
the flux measurement uncertainty seems to further enhance these
degeneracies.

We show that for a typical blazar SED with data covering
the optical, X-ray, and GeV gamma-ray ranges, the choice of
the fitting procedure, in particular the choice of the minimizing
algorithm, leads to considerably different results. In most cases,
the five tested minimizing algorithms found physically different
best-fit solutions.

We applied the same fitting procedures to the observed
SEDs of two blazars, PKS 0735+178 and Mrk 501. The model
parameters could not be constrained for PKS 0735+178 due to
unconstrained SED features such as the location of the syn-
chrotron and the high-energy peak and the corresponding peak
flux values. While the results for Mrk 501 were more consistent
due to the better-characterized high-energy peak, the results of
the different minimization algorithms were still degenerate, yet
none of them yielded a satisfactory fit.

The degeneracy is expected to worsen further when adding
extra parameters to the models as in the case of external radi-
ation field models, for instance, or when adding hadrons to the
emission zone. This creates a challenge for gamma-ray and neu-
trino astronomy as retrieving source properties from the SED
modeling becomes ambiguous.

To reduce the parameter degeneracy it is crucial to assure
a complete and simultaneous wavelength coverage of the data.
Blazar monitoring programs as well as measurements in new
energy ranges (e.g., MeV or very-high-energy gamma rays)
could significantly improve the constraints on the model param-
eter space. Alternatively, taking into account multiwavelength
polarization provides another approach to break the degeneracy
in lepto-hadronic models.
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Appendix A: Boundaries of the parameter space

Table A.1: Boundaries of the leptonic model parameters used in
fitting simulated data.

Parameter Value range
log,o(Ry, ), [em]  [15.0,17.5]
B, [G] [0.1, 5]

Ty ' [3.0, 30.0]
log,o(y™ [3.0,4.0]
log;o(y™™ (4.0, 5.0]
@e [0.5,3.5]
log, (L), [erg s™']  [42.0, 47.0]

Notes. Parameter description: R} is the radius of the blob, B’ is the
magnetic field strength in the emission region, I',, is blob Lorentz factor;
y/min and y/™ are the minimum and maximum Lorentz factor of the
electrons respectively, a. is the spectral index of electrons, and L] is the
electron luminosity.

Table A.2: Leptonic model parameters for Mrk 501.

Parameter Value range
R [em]  [10'%3, 108
B, [G] [107%,0.5]
Iy [5.0, 30.0]
yémin [102, 105]
,yémax [105’ 107]

e [1.0, 3.0]

L /[ergs™'] [10%,10%]

Notes. See Table A.1 for parameter description.

Appendix B: Perplexity and learning rate for t-SNE

As mentioned in Section 3, the hyperparameters for the appli-
cation of t-SNE have to be selected carefully. The perplexity
can be interpreted as the number of nearest neighbours for each
point and has a significant impact on the result presentation.
Another hyperparameter is the learning rate, which defines the
step size for the gradient descent method in the Kullback-Leibler
divergence minimization.

We selected four different leptonic models (model parame-
ters are shown in Table B.1) and studied which hyperparameters
lead to an adequate representation of the model parameter prox-
imity in the parameter space. In the t-SNE plot, the first best
solutions with a y?/n.d.f. < 9 are marked as black points. These
solutions are similar to the true solution. One of them is the best
solution resulting from the grid scan and is represented in the
second row of Table B.1. For this reason, t-SNE should locate the
true solution in the same cluster as the marked points since we
searched for a representation that would classify these points as
similar. The third parameter set in the table has different parame-
ters and should be placed in another cluster. The last dataset also
has different parameters and belongs to the sets with the highest
x?/n.d.f.. Fig. B.1 and Fig. B.2 show different cases of perplexity
and learning rate. While the recommendation for the perplexity
is between five and 50, the learning rate is supposed to be in the
range [10.0, 1000.0]. We first tested different cases of perplexity
with a fixed learning rate of 300. Figure B.1 shows the t-SNE plot
for perplexity values p= 10, 30 and 80. The left plot shows the

true solution in the same cluster as the best solutions and the dif-
ferent models are located in other clusters. However, it is rather
difficult to distinguish different clusters and everything seems
to be merged together. The perplexity of 30 seems to be perfect
since the different parameter sets are arranged as we intended.
Clear clusters are visible which makes it possible to differenti-
ate between different regions. The third plot shows the case of a
perplexity p = 80. The true solution is located in another clus-
ter than the best solutions which gives the impression that these
models could be very different. Therefore, we decided to select
a perplexity of 30. If the learning rate is too low, the algorithm
might get stuck in a local minimum instead of finding the global
minimum of the Kullback-Leibler divergence. With a learning
rate that is too high, the oscillations might be too high, and the
algorithm could miss the global minimum. With a low learning
rate of 10, we can notice a lack of structure and poorly separated
points and clusters. In addition, the true solution is outside the
cluster with the best solutions. The last two plots with a learning
rate of 300 and 700 look almost similar. With a learning rate of
700, the true solution does not lie exactly on the best solutions
and it indicates that they are similar but not identical. Due to that,
we decided to select the learning rate of 700. Figure B.2 show
three plots with different learning rates and a fixed perplexity of
30.

Appendix C: Comparison of optimization
algorithms

w EN

Minimal reduced x2 value
o

-

—— Genetic algorithm (10* individuals per generation)
CMA-ES (5 - 103 individuals per generation)

0 10 20 30 40 50 60 70 80
Generation

Fig. C.1: Comparison of the convergence between the genetic
algorithm and the CMA-ES. The plot shows the smallest reduced
x° of each generation depending on the number of the genera-
tion.

A199, page 13 of 17



Apel, F., et al.: A&A, 702, A199 (2025)

Table B.1: Parameters of true solution, best grid scan result, Model 1 and Model 2 in this order.

lg(R,p) [em] B/ [G]  lgyl.)  lglym.)  1glg lerg )] Iy index a
16.58 0.41 3.30 4.88 43.39 7.79 2.82
16.39 0.64 3.21 4.78 43.11 9.00 2.83
16.67 3.37 3.63 4.00 44.22 3.00 1.83
16.11 0.10 3.00 4.67 42.56 27.00 3.50
0 : Lrug ;:alrameters ° : ;u; ;:alrameters " : Lruz ;:alrameters

s/ ®W Model2

t-SNE feature 2

50 75

t-SNE feature 1

Fig. B.1: Three t-SNE plots with different perplexity values. Model 1 and Model 2 represent models that are significantly different
from the true solution. The black dots are solutions with small y?/n.d.f. values that are close to the true parameters. The plots show

t-SNE feature 2

t-SNE feature 1

the cases of perplexity values p=10, 30 and 80 in this order.

151 % True parameters
A Model1

= Model 2
10 A

t-SNE feature 2

bt B

-20 -15 -10 -5 0 10 15

5
t-SNE feature 1

Fig. B.2: Plots of the impact of different learning rates. The perplexity is p = 30 for all cases. The learning rate is = 10, 100, and

700 consecutively.
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Table C.1: Overview and comparison of different algorithms

50

Advantage

Disadvantage

Algorithm Ninodels
Grid scan with 107
local minimization

Genetic algorithm 10°-10°
CMA-ES 10°
Minuit (simplex + 103
migrad)

MCMC (ensemble 10°
sampler)

Considers more than only one solution, can
be reused for other sources, few controllable

parameters

Able to cover large part of parameter space,

overcomes local minima

Able to cover large part of parameter space,
overcomes local minima, self-adaption of

algorithm parameters

Computationally inexpensive, few control-

lable parameters
Provides parameter distributions

Computationally expensive, drastic increase in
computing cost with the increase of model

parameters

Only one solution, sensitive to setting of algo-

rithm parameters
Only one solution

May be sensitive to local minima, only one
solution, sensitive to the choice of initial point
Sensitive to the choice of initial point and

algorithm parameters

Notes. Npodeis 1S the total number of generated models in the selected algorithm.
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Appendix D: MCMC corner plots

Figures B.1-B.5 show the two-dimensional projections of the
posterior probability distributions of the model parameters.
The MCMC parameter search was completed in two steps, as
described in Sec. 5. The first step (run 1) corresponded to the
global sampling within the boundaries defined for each SED.
These boundaries were refined based on the results of the first
step and the sampling was repeated (run 2). As shown in the
plots for run 1 for all datasets, the selected number of walkers
and steps was not enough for the algorithm to converge to one
solution in the global parameter space. However, in the limited
region, the convergence was achieved and the solution was found

as demonstrated with the plots for run 2.
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Fig. B.2: Corner plot for simulated dataset 2.
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Fig. B.3: Corner plot for simulated dataset 3. Fig. B.4: Corner plots for PKS 0735+178.
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