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Abstract  We prove two results on the tube algebras of rigid C*-tensor categories. The first is that
the tube algebra of the representation category of a compact quantum group G is a full corner of the
Drinfeld double of G. As an application, we obtain some information on the structure of the tube algebras
of the Temperley—Lieb categories 7 £(d) for d > 2. The second result is that the tube algebras of weakly
Morita equivalent C*-tensor categories are strongly Morita equivalent. The corresponding linking algebra
is described as the tube algebra of the 2-category defining the Morita context.
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1. Introduction

The present work is motivated by the representation theory of the fusion algebras of
C*-tensor categories, a study of which was initiated by Popa and Vaes [24], and by the
authors [20]. It was then realized by Ghosh and Jones [6] that this theory can also be
understood through the representations of the tube algebras, which contain the fusion
algebras as non-full corners. In this note our goal is to clarify the connections between the
tube algebras and some of the constructions and problems studied in the above-mentioned
papers.

The Drinfeld double of a Hopf algebra and its categorical counterpart, the Drinfeld
centre of a monoidal category, are very powerful general tools for producing modular
categories, which are categories with non-trivial braiding symmetry. They played an
important part in the development of the theory of quantum groups during the 1990s,
as such structures have rich connections with topological and conformal field theories in
mathematical physics.
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Parallel to this development, in the framework of subfactor theory, Ocneanu developed
another formalism of a ‘quantum double’ construction based on the notion of asymptotic
inclusion, see, for example, [5]. He also introduced tube algebras as a crucial tool to
analyse certain systems of bimodules associated with asymptotic inclusions, which led to
a new construction of three-dimensional topological quantum field theories.

The relation between the Drinfeld centre and the subfactor theoretic construction
was subsequently clarified through the efforts of many people: Longo and Rehren [12],
Tzumi [7], Masuda [15], and Miiger [18], to name just a few. We should note that both
notions were mostly analysed within the framework of fusion categories, which imposes
a finiteness assumption on the number of simple objects. However, many constructions
can be carried out without this restriction. The asymptotic inclusion is generalized to the
notion of symmetric enveloping (SE) inclusions owing to Popa [22], while the notions of
the Drinfeld centre and tube algebra do not require finiteness from the beginning. One
difference, though, is that in the non-fusion case the unitary Drinfeld centre in the usual
sense may be too small to be interesting [13, 20], and we should rather consider the cen-
tres of the corresponding ind-categories. Taking this into account, the relation between
the SE-inclusions and the Drinfeld centres was clarified in our previous work [20]. As
for the tube algebras, their representation categories are still equivalent to the Drinfeld
centres of the ind-categories [23]. We should also note that in the theory of planar alge-
bras, an analogue of the tube algebra was formulated as the annular category of a planar
algebra [9].

One new phenomenon in the non-fusion case is that the Drinfeld centre of an ind-
category is no longer guaranteed to be semisimple, even if the original category is.
Consequently, the set of equivalence classes of simple objects starts to have a much finer
structure as a topological space with the Fell topology, defined as the unitary dual of an
appropriate algebra. This topological structure has direct applications to the approxima-
tion properties of subfactors, see [3,6, 8,20, 24]. Different algebras describing the same
category can, in principle, define different topologies. One way of dealing with this prob-
lem is to establish a strong Morita equivalence of such algebras, which induces a natural
homeomorphism with respect to the Fell topology [27]. Our goal is to prove two results
of this type.

The note is organized as follows. In §2 we recall some basic notions and fix our
conventions.

In §3 we consider the representation category of a compact quantum group. As dis-
cussed above, the Drinfeld centre of the corresponding ind-category is described by two
algebras, the Drinfeld double and the tube algebra. If we consider the ¢-deformation of a
compact semisimple Lie group, then the unitary dual of the Drinfeld double has a close
resemblance to the unitary dual of the complexification of the original group [1,26]. On
the other hand, the tube algebra seems to be more appropriate for combinatorial analy-
sis [8]. Through a detailed analysis of matrix coefficients of representations, we show that
the tube algebra is contained in the Drinfeld double as a full corner. Although the result
is not surprising, even for finite groups an explicit connection between the two algebras
seems to be missing in the literature. As an application we consider the Temperley—Lieb
categories 7 L(d), and using the results of Pusz [25] we get some information on the
structure of the tube algebra of 7L(d) for d > 2. We note that the representations of this
algebra were studied by Jones and Reznikoff [9,10] and Ghosh and Jones [6].

https://doi.org/10.1017/5S0013091517000426 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091517000426

A few remarks on the tube algebra of a monoidal category 737

In §4 we consider weakly Morita equivalent categories. By making use of the 2-
categorical formulation, we prove strong Morita equivalence of the corresponding tube
algebras. Again, the result is known for fusion categories and is not surprising in general,
since the corresponding Drinfeld centres are monoidally equivalent [20, 28]. But even for
fusion categories, an explicit imprimitivity bimodule is not available in the literature. We
also briefly discuss an alternative approach based on ‘regular half-braidings with coeffi-
cients’ inspired by Miiger’s description of the tube algebra of a fusion category [18]. This
complements our analysis of the fusion algebras of weakly Morita equivalent categories
in [20], where we showed that certain approximation properties are preserved, yet the
fusion algebras are not strongly Morita equivalent.

2. Preliminaries

2.1. Tensor categories

We study essentially small strict rigid C*-tensor categories, for which we follow the
same conventions as in [20]. Therefore, we assume that for any such category C the
tensor unit 1 is simple (which forces C to be semisimple), and C is closed under taking
subobjects and finite direct sums. Let us recall a few basic notions and facts that we will
repeatedly use.

Rigidity means that every object X in C has a dual, that is, there is an object X in C
and morphisms R € C(1, X ® X) and R € C(1, X ® X) satisfying the conjugate equations

(tx ®R)(R®ix) =15, (ix @ R)(RDix) = tx.
The intrinsic dimension of X is defined by

d(X) =d°(X) = mip | R||||R

)

where (R, R) runs over the solutions of the conjugate equations for X. A solution (R, R)
satisfying HRH = HRH = d(X)l/Qiis called standard, and such solutions are unique up to
transformations of the form (R, R) — ((T ® ()R, (t ® T)R) for unitary morphisms 7. We
often denote a choice of standard solution for the conjugate equations for X as (Rx, Rx).
When {X;};er is a parametrized family of objects in C, we write (R;, R;) instead of
(Rx,, Rx,). Similarly, for many other constructions we use index i instead of X;, so, for
example, we write d; for d(X;). If the family is self-dual, we also write 7 for the index
corresponding to the dual of Xj.

The categorical trace is the trace on the endomorphism ring C(X) =C(X,X) of X
defined by

Trx(T) = Rx(t®T)Rx = R% (T ® t)Rx.
It is independent of the choice of standard solutions (Rx, Rx).

For X,Y € C and a choice of standard solutions (Ry,Rx) and (Ry,Ry), we can
define a linear anti-multiplicative map C(X,Y) — C(Y, X), denoted by T + TV, which
is characterized by (T ® t)Rx = (1 ® TV)Ry. This map can be also characterized by
(t®T)Rx = (TY ® )Ry and satisfies TV* =T*V for the standard solutions of the
conjugate objects chosen as (Rg, Rg) = (Rx, Rx).
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2.2. Fusion algebra

There are several x-algebras associated with C. The better known, and easier to define,
is the fusion algebra C[Irr(C)]. As a space, it is spanned by the isomorphism classes [U] of
objects in C and satisfies the relations [U @ V] = [U] 4 [V]. The product and involution
are defined by [U][V] = [U ® V] and [U]* = [U]. If we fix representatives {Us}scr(c) of
the isomorphism classes of simple objects, then clearly {[Us]}s is a basis in C[Irr(C)].

In general, C[Irr(C)] does not admit a universal C*-completion, but it is still possible to
define a completion which plays the part of a full C*-algebra. This can be done in several
equivalent ways [6,20,24]. Let us recall our approach in [20]. Consider the C*-tensor
category ind-C of ind-objects of C. We refer the reader to [20] for the precise definition,
but informally ind-C is obtained from C by allowing infinite direct sums of objects. We
then consider the unitary Drinfeld centre Z(ind-C) of ind-C, so the objects of Z(ind-C)
are pairs (Z, c¢), where Z is an ind-object and ¢ is a unitary half-braiding on Z, that is, a
collection of unitary isomorphisms cx: X ® Z — Z ® X which is natural in X € ind-C,
such that for all objects X and Y in ind-C we have

CXQYy = (CX ® Ly)(LX 4 Cy).

Every object (Z, ¢) defines a representation 77 = 7z, of C[Irr(C)] as follows. The under-
lying Hilbert space of the representation is Hyz = Morjng.c(1, Z) with the scalar product
such that (£, )t = (*¢. Then, for an object X in C and a vector £ € Moripg.c(1, Z), we
put 7z ([X])€ to be the composition

(lz®Ri)(ex ®1g)(ix @E@1g)Rx: 125 X0 X 22 X g z0 X
8L 79 X @ X L, g

From this definition, |7z ([X])| is bounded by d(X), and we denote the completion of
ClIrr(C)] with respect to the norm sup ||7z(-)||, where the supremum is taken over all
(Z,c) € Z(ind-C), by C*(C).

Denote by x + zV the *-anti-automorphism of C[Irr(C)] characterized by [U]Y = [U].
Then, for every representation 7: ClIrr(C)] — B(H), we can define a ‘conjugate’ rep-
resentation 7V: C[Irr(C)] — B(H) by 7V(x)¢ = n(xV)*,. For m = w7 as above, this is
the representation on the Hilbert space Morina.c(Z, 1), where % ([X])¢ is given by the
composition

1z@Rx
—_—

5% % — — R _
Ri(ix ®E@15)(ck @15)(tz @ Rx): Z 70X X XXX

1880 v o X X,
The representation 7y extends to C*(C), or, equivalently, the anti-automorphism z +— ="
extends to C*(C). This is proved in [6, Lemma 6.2] using tube algebras. Another way of
seeing this is by using the fact that the class of representations 7, coincides with the
class of admissible representations considered in [24]. Since admissibility means positivity
of certain endomorphisms of U ® U, as the anti-automorphism 7+ TV of C(U ® U)
preserves positivity it is easy to check that admissibility is preserved under the operation

7TP—>7TV.
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2.3. Ocneanu’s tube algebra

The second algebra associated with C is the tube algebra Tub(C). As a space,

Tub(C)= @ Tub(C)y, Tub(C); = @ CWU.eU;,U; @ U,).

i,j€Irr(C) selrr(C)

We denote by z7; the component of z € Tub(C) lying in C(Us ® U;, U; ® Us) C Tub(C)s;-
Then, the product and involution on Tub(C) are defined by

(zy);; = > (6 @ w*) (2], @ te) (tr @ Yioy) (W @ 1),
k,r,telrr(C),
weonb C(Us,U,QU;)
(27)5; = (By ® 15 ® 1) (15 @ (¢5,)" @ 1) (15 ® 1 ® Ry),

where onb C(Us, U, ® Uy) denotes an orthonormal basis in C(Us, U, ® Uy), and we take
the dual of Uy among the (U;):, denoted by Us.
The tube algebra has a *-anti-automorphism x — zV defined by

Here, in order to compute (%)Y, we use the solutions of the conjugate equations for the
tensor products obtained from those for the factors: Rygy = ( ® Ry ® )Ry, Rugy =
(t® Ry ® t)Ry. Observe that the anti-automorphism z +— zV depends on the choice
of the standard solutions (Ry, Ry), but any two such anti- automorphisms differ by a
gauge automorphism 7., z = (z;); € T™(©) | defined by 7. (z )ij = ziZjx;. Similarly, the
automorphism z — V" is not the identity in general, but a gauge automorphlsm.

As opposed to the fusion algebra, for any representation of the tube algebra on a pre-
Hilbert space, the elements of Tub(C) act by bounded operators, with universal bounds on
the norms; in particular, the tube algebra admits a universal C*-completion C*(Tub(C)),
see [6, Lemma 4.4] or [23, Lemma 3.9]. Similar to the case of fusion algebras, any object
(Z,c) of Z(ind-C) defines representations 7z and 7 of Tub(C). The second representation
is easier to describe. The underlying space is

P HY. Hy;=Mormac(ZU),
i€Irr(C)

and for x € Tub(C) and & = (&;); € HY we have
Z (1 ® RE) (a5 @ 15)(1s ® &5 @ 15)(¢h @ 15) (12 ® Ry). (2.1)

Then, the representation 7wz is defined by letting Hy; = H and 7z (z)€ = w4 (zV)*E.
Expanding the definitions, we get

@ Hz;, Hz;=Morinac(Ui, 2),
i€lrr(C)
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and, for x € Tub(C) and £ = (§;); € Hz,

(mz(x)), = Z Z;(LZ ® RY)(cs ® t5)(Ls ® & @ t5)

X (Ry®ts®1j @ts)(Li @75 ® 15 ® 15) (1 @ Ls ® R; ® 15)(1; @ Ry).

This representation depends on the choice of standard solutions, because the anti-auto-
morphism z +— 2 does. But since the gauge automorphisms 7, are unitarily implemented
on the space Hyz, the equivalence class of w7 does not depend on any choices.

Any representation of Tub(C) is equivalent to w7 for some (Z, ¢) € Z(ind-C) [23, Propo-
sition 3.14], so, ignoring the tensor structure, the C*-category Z(ind-C) is equivalent to
the representation category of Tub(C). The proof of this result is based on a simple relation
between the matrix coefficients of 7z, or 7%, and the half-braiding ¢. Namely, by (2.1), for
any l‘fj S C(US ® Uj, Ui ® US) C Tub(C)”, gj € 1\/[01‘111(1_(3(27 Uj) and Cl S Morind_c(Z, Ul),
we have

(2 (2)&5, Gi)ui = \/g(u ® RY) (25 ® 1) (s ® & @ 1)(c5 ® 1) (12 ® R

J

Applying the trace Tr; to both sides, we get
1 s * [k
(ﬂ-% (I)gj, CZ) = \/ﬁ TrUi®Us (xij (L ® gj)cs (Cz ® L)) (22)
i

The tube algebra is equipped with a faithful positive trace 7 defined by

() = 3 Tri(ay), 23)

where e € Irr(C) is the index corresponding to the unit object 1, see [7, Proposition 3.2]."
As a consequence, the canonical map Tub(C) — C*(Tub(C)) is injective, so we can
consider Tub(C) as a subalgebra of C*(Tub(C)).

For every index i, consider the projection p; € Tub(C) defined by the identity morphism
in C(U;) =C(U, ® U;, U; ® Ue) C Tub(C);;. This is the unit in Tub(C),;. By mapping [Ug]
onto the identity morphism in C(Us) =C(Us ® U, U, ® Us) C Tub(C)ee, we can iden-
tify C[Irr(C)] with p. Tub(C)pe = Tub(C)ee. Then, the representation x — 7z (x)|g, . of
Tub(C).. is exactly the representation of C[Irr(C)] defined by (Z,c) that we considered
in the previous subsection. Since any representation of Tub(C) is equivalent to my, it
follows that a representation of C[Irr(C)] extends to C*(C) if and only if it arises from

a representation of Tub(C) on a larger space. This gives yet another equivalent way of
defining C*(C) [6].

* For fusion categories of sectors, the x-algebra Tub(C) defined here is isomorphic to the one defined
in [7]. The isomorphism is given by «f; — (is|(z5;)*]sj)* = (j5|(t @ ¢ ® RO ® o3 ® 1) (Rs ® ¢ ®1)]51).
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3. Tube algebras of representation categories

3.1. Drinfeld double

In this section, we take C to be Rep G, the representation category of a compact quan-
tum group G. Again we mainly follow the conventions of [19], but let us briefly explain
the most important ones for the reader’s convenience.

A finite-dimensional representation U of G is an invertible element of B(Hy) ® C(G)
such that (¢ ® A)(U) = UyoUys. The tensor product of two representations U and V
is defined by U ® V = Uj3Vs3. The Hopf x-algebra of matrix coefficients of finite-
dimensional representations of G is denoted by (C[G],A). By RepG we mean the
category of finite-dimensional unitary representations. The corresponding ind-category
is the category of all unitary representations of G.

The contragredient representation to a finite-dimensional representation U is defined by

U= (j®u)(U™") € B(Hy) @ C[G],

where j is the canonical anti-isomorphism B(Hy ) — B(H{;). When Hy; is a Hilbert space,
we identify the dual space H{; with the complex conjugate Hilbert space Hyr so that j
becomes j(T)¢ = T*E.

For every finite-dimensional representation U of GG, we have a representation 7y of the
dual algebra U(G) = C[G]* on Hy defined by 7y (w) = (¢ @ w)(U). Let us also denote
the Woronowicz character f; € U(G) by p. Then, given a finite-dimensional unitary
representation U of GG, the conjugate representation of U is defined by

U = (j(mu(p)/*) @ 1)U (j(mu(p)""/?) ® 1) € B(Hy) ® C[G].

This is a unitary representation equivalent to U¢, and one has 75 (p) = j(my(p)~1). We
will usually suppress my and simply write p¢ for £ € Hy instead of my(p)¢€.

The representation U is dual to U in Rep G, and as a standard solution of the conjugate
equations we usually take

RU(]-) = ng & p71/2£zv RU(]-) - Zpl/zgm ® g:m

where {£,}. is an orthonormal basis in Hy;. Obviously, these morphisms do not depend
on the choice of an orthonormal basis, and we have d(U) = dim, U = Trny(p). This
construction is most natural, but depending on the context it is sometimes necessary to
use other realizations of the dual of U. Namely, when dealing with the tube algebra we
need to stick to a chosen family of irreducible representations {Us}s, so if U happens
to be self-dual, we need to use U, itself as a model of Uy, and then the corresponding
structure morphisms Ry, Ry: C — H, ® H, do not have the above form.

When we fix representatives {Us}s of equivalence classes of irreducible representations
of G, the representations m,: U(G) — B(H,) define an isomorphism U(G) =[], B(Hs).
We denote by ¢.(G) C U(G) the subalgebra corresponding to the algebraic direct sum
@sB(H,). More invariantly, it can be defined as the Fourier transform of C[G].
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Consider the unitary W = (Us)s € M(c.(G) ® C[G]), so that (¢t @ w)(W) = w for all

w € ¢.(G). Then
(L@ A)W) = Wi,Wis and (A @) (W) = WysWas,

where A: c.(G) — M(c.(G) @ c.(G)) is the comultiplication dual to the multiplication
on C[G]. The unitary W is nothing other than the multiplicative unitary operator for G.

Denote by D(G) the Drinfeld, or quantum, double of G, and by O.(D(G)) the con-
volution algebra of compactly supported continuous functions on D(G). As a space,

O:(D(G)) is the algebraic tensor product c.(G) @ C[G]. We write wa for the element
w® a of O.(D(G)). The product in O.(D(G)) is defined using the rule”

w(-aq))ae) = aqwlac)),

or, in other words,

wa = a(g)w(a(3) . Sil(a(l))).

The involution is defined using the involutions on C[G] and c.(G).

The category of (non-degenerate, *-preserving) representations, or unitary modules,
of O.(D(G)) can be identified with Z(ind-(Rep @)). The analogous result for finite-
dimensional Hopf algebras is well known, but the case of compact quantum groups is no
more difficult. Specifically, suppose that a unitary Oc(ﬁ(G))—Inodule Z is given. Then,
since c.(G) is a subalgebra of O.(D(G)), Z can be regarded as an ind-object of Rep G.
Moreover, we define a unitary half-braiding ¢ on Z by

cv:URZ—72U, CU(€®C):W21(C®€) for £ € Hy, (€ Z, (3.1)

where we view W as an element of M(c.(GQ)® Oc(D(G))). The property that the
unitaries ¢y are morphisms in ind-(Rep G) follows from the identity

Aop(w)W =W A(w), forall we c(G),

in M(ce(G) ® Oo(D(G))). This identity, in turn, holds, since by applying a ® ¢ and using
that (a ® ¢)(W) = a for all a € C[G], we see that it is equivalent to the defining relations
in O.(D(@)). On the other hand, the half-braiding condition cpgy = (cy ® 1)(1 @ ¢v)
follows from (A @) (W) = Wi3Was.

Conversely, given any unitary half-braiding ¢ on an object Z in ind-(Rep G), we have

cs(€®¢) = (Us)a(( ® &)

for some unitary U, € B(H; ® Z), and by mapping the matrix coefficients of U, €
B(H,) ® C[G] into those of U, we get a representation of C[G] on Z. Together with
the action of ¢.(G), this gives us an O.(D(G))-module structure on Z.

Now, for any representation of O.(D(G)) on a pre-Hilbert space, the elements of
O.(D(@)) act by bounded operators, with universal bounds on the norms, as O.(D(G))
is built of matrix algebras and coefficients of unitary matrices over C[G]. In particular,

* This is different from, for example, [4], and reflects our conventions for half-braidings.
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O.(D(G)) admits a universal C*-completion C*(D(G)). We remark that this also fol-
lows from general theory of algebraic quantum groups [11] and the knowledge of Haar
weights [21] for quantum doubles, which show that O,(D(G)) is the algebra of matrix
coefficients of unitary representations of D(G).

The map O.(D(G)) — C*(D(G)) is injective, as follows, for example, from the next
result.

Lemma 3.1. The formula Ey(aw) = ¢(a)w, where ¢ is the Haar state on C[G], defines
a faithful conditional expectation Ey: O.(D(G)) — c.(G).

Proof. It follows from the invariance of ¢ and the defining relations in O,(D(G)) that
Eq also satisfies Eo(wa) = p(a)w for all a € C[G] and w € ¢.(G). Thus, Ey is a c.(G)-
bimodular projection onto ¢.(G). The complete positivity and faithfulness of Ey follow
from the corresponding properties of . [

Remark 3.2. Let (¢,1)) be left and right Haar weights of ¢o(G). Then, since the
coproduct of O.(D(G)) is just aw a(yw) @ a2yw(2), the functionals (¢FEo, v Ey) are

left and right Haar weights on O.(D(G)). From the above argument, it also follows that
O.(D(G)) — C;(D(G)) is injective.

Consider now the tube algebra

Tub(Rep G) = @) Tub(Rep G);;, Tub(Rep G)i; = P Home (H, @ H;, H; @ H,).

(2%
In order to relate it to O.(D(G)), consider also the larger -algebra
Tub(G) = @ Tub(G)i;, Tub(G); = Tub(Rep G);; ® B(H;, H;).
0]
The algebra structure is defined using that on Tub(Rep G) and the composition of
operators between the spaces Hy. The involution is defined similarly.

Remark 3.3. In fact, Tub(G) is a particular example of an annular algebra considered
in [6]. In Rep G, we can consider the objects Yy = Us ® H; for s € Irr(G), where the part
Hj; represents the trivial representation of G on the Hilbert space Hsz. Then we have

P Morge, ¢ (Us @ Y;,Y; @ U,) = Tub(Rep G);; ® B(H;, Hy),

so Tub(G) can be identified with AA of [6], where A = (Y})s.

Lemma 3.4 (cf. [6, Proposition 3.5]). The x-algebra Tub(Rep G) is isomorphic to
a corner in Tub(G), and this isomorphism extends to the C*-level.

Proof. Choose unit vectors e¢; € H;. Let m;;: H; — H; be the rank one isometry map-
ping e; into e;, and consider the projection f = )".p; ® m;; € M(Tub(G)), where p;
are the projections introduced at the end of the previous section. Then, Tub(Rep G) &
fTub(G)f, via the isomorphism mapping z;; into f; @ m;;.
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In order to see that this isomorphism extends to the C*-level, it suffices to show that the
intersection of the positive cone in Tub(G), defined as the set of finite sums of elements
of the form x*z, with fTub(G)f coincides with the positive cone in f Tub(G)f. This
follows, for example, from fullness of the projection f in the following strong sense:
there are, possibly infinitely many, elements z, € Tub(G)f such that ) z,z) =1 in
M(Tub(G)). By this we mean that for any given = € Tub(G) there exists a finite set F'
such that the element zp = EaeF rqx), has the property xap = zpr = x, while vz}, =
zoxhx =0 for a € F. Such z, can be taken to be of the form p; ® v, where v € B(Hy)
and v*v = my;. Then, for any x € Tub(G) f, we see that z*z = ) _ (x*x,)(z}x) is positive
in f Tub(G)f. O

Theorem 3.5. We have an isomorphism of -algebras Tub(G) 2 O.(D(G)).
We will need the following simple lemma.

Lemma 3.6. Suppose that a homomorphism of C*-algebras m: A — B induces an
equivalence of the representation categories of A and B. Then 7 is an isomorphism.

Proof. It is clear that 7 is injective, since otherwise any representation 6 of A such
that 0|ker » is non-degenerate could not arise from a representation of B.

Now, if 8 is any representation of B on H, the endomorphism algebra of 6 is the
commutant #(B)’. The assumption that 7 induces an equivalence implies that 6(B)" =
O(w(A))’, or, equivalently, O(B)" = 6(w(A))”. Consider the particular case of 6 such that
the image of 0 generates the double dual von Neumann algebra B**. Then the induced
homomorphism 7**: A** — B** is surjective. By the Hahn—Banach theorem, 7 must have
a dense image, and hence it must be surjective in our C*-setting. O

Proof of Theorem 3.5. Let us write A for Tub(Rep G). Since the representations 7
from the previous section are slightly more convenient to work with than 7, we will apply
the anti-automorphism z — zV and prove an equivalent but different result. Namely,
consider the map B(Hj, H;) — B(H;, H;), T +— TV defined by TVE =T*{. Together
with the anti-automorphism z — 2V of A, which maps A;; onto Ay, it defines a
s-anti-isomorphism of Tub(G) onto the algebra

Ag = @A” & B(HJ,Hl)

9

Hence, in order to prove the theorem, it suffices to show that Ag = Oc(ﬁ(G))Op. We will
construct such a canonical isomorphism 7. Therefore, the isomorphism in the formulation
will be defined uniquely up to a gauge automorphism.

In order to define 7: Ag — O.(D(G))°, let us first take a unitary half-braiding (Z, ¢),
and consider the corresponding representation 7 of A on &; Home(Z, H;). We can then
define in the obvious way a representation of Ag on the Hilbert space

H = D Homg(Z, H;) @ H;.
J

This representation can be denoted by 7% ® ¢, but we will simply write T¢ instead of
(¥ @ )(T)E.
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The computation of matrix coefficients of this representation can be carried out as
follows. Choose an orthonormal basis {&;}, in H;. Write mj, for the corresponding

matrix units in B(H;) C ¢.(G), and u;y for the matrix coefficients of U;. For an element
T e Homg(Hs (9 Hj, H; ® Hs) & B(va ﬂz)»

we denote by T'(y'z’z’, zyz) the matrix coefficients of T', viewed as an operator H, ®
H; ® Hj — H; ® Hy ® H;, with respect to the bases {£3 ® & ® €0}z y.» and {5’ ®RE®
fz }y oz in Hy@ H; @ H and H; ® H, ® H;. Let us also write ps for the Woronow-
icz character p acting on H,, and p; ., for the corresponding matrix coeflicients.
Then, by (2.2), for Tjj € C(Us ® U;,U; ® Us) ® B(Hj, H;), & € Homg(Z, Hj) and (; €
Homg (Z, H;), we have

y'a'2  wyz)

(T35(& @ E),G®E) =

Z pi,y”y’ps,x”x’T (
\/ dld] I ooyl el gyl
Z,Y,T0,Y",27,Y

X ((e® &) (¢ @ (& ®E), & ®E)). (3-2)

On the other hand, we can also turn H into a unitary O.(D(G))°P-module. Namely,
we define the action of O.(D(G))°? on Z by X¢& = X*¢, and then transfer it to H using
the unitary isomorphism

H=Z7, Homg(Z,H;)®H;>&®(— (.
We remark that the elements of cc(é)"p then act in the obvious way,
w(E® () =£Qw .
The action of C[G]°P can be computed using (3.1), which reads as

cs(€5 @) = Zuzycw
Therefore, for {; € Homg(Z, H;) and (; € Homg(Z, H;), we have

(U3 (& © E0), G ® Er) = (U3 €360, CTE) = (GRELr o &1ED)
= (G & @&, cs(E5 @ E5ED)).
Comparing this with (3.2), we get

(T35(& ® &), G ®EL) = v T (y'2'2', y2)

\/7 Z Piyy’ Ps,x

ERTRS
PRI

y.ry
X (U‘;T’z(gj ®gi)a§z ® g;”)'

We thus see that any element T} € Ag acts on H in the same way as the element

1 S . L .
dd pi,y”y’ps,az”m’Ti (y/x'z/ xyz) y'' 2 U/;//I . m‘;y S (QC(YD(G())OP7
e

1oyl wl ol gl
TY,2,2°,Y 20,20, Y

(3.3)
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where - denotes the product in O,(D(G))°P. Since the OC(ZA)(G))Op—modqles H as above
exhaust all unitary modules up to equivalence, and the x-algebra O.(D(G))°P admits
a faithful representation, it follows that by denoting the element (3.3) by w(7};) we

get a well-defined *-homomorphism 7: Ag — O.(D(G))°P. Furthermore, using that any
representation of A is defined by a unitary half-braiding, Lemma 3.4 implies that the
Ag-modules H of the above form exhaust all unitary Ag-modules up to equivalence.
Therefore, the representation categories of Ag and O.(D(G))° are both equivalent
to Z(ind-(Rep G)), hence to each other, and = implements such an equivalence. By
Lemma 3.6, we conclude that 7w defines an isomorphism of the C*-completions of Ag
and O,(D(G))°P.

It remains to show that 7 is bijective even before passing to the C*-completions. Recall
that we have a faithful positive trace 7 on A defined by (2.3). Then the formula

F(T)=(r®)(T)

defines a faithful completely positive map F': Ag — @D, B(H;) = CC(G)OP, which is clearly

¢c(G)°P-bimodular. On the other hand, by Lemma 3.1 we have a faithful conditional

expectation Ey: Ou(D(G))P — ¢.(G)°P defined by Eo(a-w) = p(a)w, hence a faithful

¢p ¢(G)°P-bimodular map

E: O.(D(G))P — co(G)°P

defined by E(a - w) = d;p(a)w for a € C[G]°P? and w € B(H;)°" C ¢.(G)°P. Then 7 inter-
twines F' with E. As F' is faithful, this already implies that 7 is injective. Since the image
of 7 is dense in O,(D(G))° in the norm defined by the c.(G)°P-valued inner product
(X,Y)=E(X* Y), and the spaces

B(H;) - span{ug/, }or o - B(Hj)

are mutually orthogonal for different triples (i,s,j), it then follows that the
image of Homg(H, ® H;, H; ® Hy) ® B(H;, H;) under m must coincide with B(H;) -
span{u’,, }o o - B(H;). O

3.2. Temperley—Lieb categories

Consider the representation category of SU,4(2) for ¢ € (0,1). It is known to be equiva-
lent to the Temperley—Lieb category 7 L£(q + ¢~!) generated by one object U; /2 and one
morphism R: 1 — Uy /3 ® Uy /o such that

||R||2 =q+q¢ ! and (R"®)(t®R) = —u,

see, e.g., [19, §2.5]. The representation theory of the quantum double of SU,(2) was
studied by Pusz [25], and we can use his results to get information on the structure of
C*(Tub(T L(d))) for d > 2.

The representations of C*(D(SU,(2))) are described as follows. As a set, the prim-
itive spectrum is the disjoint union of the closed interval Sy =[—1,1] and countably
many circles S, =T, p = %, 1, %, .... The topology is not discussed in [25], but one can
at least easily see that on every set S, we get the standard topology. There are two
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one-dimensional representations corresponding to the points +1 € Sy, all other represen-
tations are infinite dimensional. Furthermore, for every x € S),, excluding the case z = £1
when p = 0, the restriction of the representation of C*(D(SU4(2))) corresponding to = to

co(S@)) decomposes into a direct sum of the spin ¢« modules H; for i = p,p+1,...,
each appearing with multiplicity one. One immediate consequence of this description is
that the C*-algebra C*(D(SU,(2))) is liminal and, in particular, of type I

Consider the closed ideal J in C*(D(SU,(2))) generated by the unit 1o € B(Hp) =C

in the block of 00(8@)) corresponding to the spin 0 (trivial) representation. Then, by
the above description, the primitive spectrum of J is the interval Sy, and the image of 1
in every irreducible representation of .J is a rank one projection. It follows that J is a
continuous trace C*-algebra strongly Morita equivalent to C'(Sp). In order to describe it
explicitly, we have to look more closely at how the representations are defined. This is
more transparently done in [1,26] using parabolic induction. The underlying algebraic

cC(SUq(Q)) module is ®$°, H; (only integral spins appear), on which one defines an action
of C[SU,(2)] using formulas that only mildly depend on the parameter x € Sy, inducing
the structure of a O.(D(SU,(2)))-module. Then, one defines a pre-scalar product on
D2y H; by rescaling the obvious scalar product on every subspace H;. This rescaling
does not change the scalar product on Hy = C, but for all other i the scalar product on
H; is multiplied by a factor that tends to 0 as x converges to %1, see, for example, [1]

r [30]. From this, it becomes clear that as an J-C(Sp)-imprimitivity bimodule we can
take the C*-Hilbert C'(Sp)-module consisting of continuous maps £: So — @52, H; (where
we now consider the Hilbert space direct sum) such that {(£1) € Hy. It follows that J is
isomorphic to the C*-algebra of continuous functions f on Sy with values in the algebra
K (72 ,H;) of compact operators on &5, H; such that f(£1) € Cly.

The description of C*(D(SU,(2)))/J is even easier, since for this C*-algebra all irre-
ducible representations are infinite dimensional; moreover, for all x € S, p = é, 1, 3, ceey
the underlying space of the representation corresponding to x can be identified with
©2,H; (the sum is over i = p,p+1,...). Specifically, C*(D(SU,(2)))/J is isomorphic
to the direct sum of the algebras of continuous functions on ), with values in the compact
operators on &;2, H;.

Therefore, the results of Pusz can be summarized as follows.

Proposition 3.7. For every q € (0, 1), we have a short exact sequence

0— J— C*(D( @C ®K(éHi)—>O,

pesN i=p

= {rec{nn(@n)) )

By Theorem 3.5 and Lemma 3.4, the tube algebra is obtained by choosing a unit
vector in every spin module H; and then cutting down C*(D(SU,(2))) by the sum of the
corresponding projections.

where

https://doi.org/10.1017/5S0013091517000426 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091517000426

748 S. Neshveyev and M. Yamashita
Corollary 3.8. For every d > 2, we have a short exact sequence

0— J — C*(Tub(TL(d))) — €D C(T) @ K(({i,i+1,...})) =0,

ZEN

where

T ={f € C(I-L1], K(P(Z4)) | f(21) € Clo}.

We stress that in this formulation the choice of indices is consistent with the grading
on the underlying spaces of the irreducible representations of the tube algebra, so that
any element of Tub(7L(d))w (k,l € 37Z4) maps the lth basis vector in £2({i,i+1,...}),
(2(Zy), or £2({0}), into a scalar multiple of the kth vector, provided they are both present
in the space, and acts as zero otherwise.

The above short exact sequences do not fully describe the hull-kernel topology on the

primitive spectrum
U Se=l-L1u || T

pE%ZJr pE%N

of C*(D(SU,(2))) or, equivalently, of C*(Tub(7 L£(g + ¢~'))). But the topology is also not
difficult to understand. Since the relative topologies on the subsets So and U,c 1S, are
the obvious ones, and the first set is open and the second is closed, the only question is how
to describe the closure of Sp. The answer is that when points in Sy \ {zd := 1}, respec-
tively So \ {5 := —1}, approach zo+ , respectively z,, they simultaneously approach
zf :=1€ 5], respectively z; := —1 € S;. This corresponds to convergence of comple-
mentary series representations (parametrized by points of Sp \ {25, zJ } close to z; or zd)
to two particular principal series representations. In other words, we have the following
description.

Proposition 3.9. For g € (0,1), the topology on the primitive spectrum of the C*-
algebra C*(D(SU,(2))) is described as follows: a set U is open if and only if it is open in the
usual topology on the disjoint union of the sets S, and if the point 1 € Sy, respectively
—1 €51, lies in U, then U must also contain a punctured neighbourhood of 1 € Sy,
respectively of —1 € Sy.

Proof. In order to prove the proposition, we do not need to know how the represen-
tations are defined, only how one identifies the set of equivalence classes of irreducible
representations that are isomorphic to 72, H; as representations of SU,(2) with S,.
These representations are parametrized by the values of the quantum Casimir [25]. For
p = 0, the set of possible values is the interval [—y/1 + ¢2, /1 + ¢2], which we identify
with So = [-1,1]. For p € %N, this set is the ellipse

/1 2
{zE(C:’—'_qz—2’
q

1+ ¢? -
+‘q2+2‘ =2(¢" +q p)},

which we identify with S, =T in such a way that the points £¢(¢”? + ¢~ 7)/\/1 + ¢?
are identified with 4-1. From this we see that the only pairs of points in U,ez, S, not
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separated by the values of the Casimir are (z;,2]") and (2, ,2; ). Since the closure of
So must be contained in Upez, Sp, and it is not difficult to see that the Casimir defines
a continuous function on the spectrum, this already shows that the only difference from
the usual topology on Upelz, Sp that might occur is that a net in Sy converges to zaL,

respectively 2, , and simultaneously to zfr , respectively z; .
Take a rank one projection ey in B(H;) C C*(D(SU4(2))). We then have a short exact
sequence

0— CO(SO \ {Za_, ZO_}) — 610*(D(SUQ(2)))61 — C(Sl) — 0.

It follows that the unital C*-algebra e;C*(D(SU,(2)))e;1 is abelian and its spectrum
is (So \ {zq, 25 }) U S1. The topology is inherited from the spectrum of C*(D(SU,(2))),
since e1C*(D(SU,(2)))en is strongly Morita equivalent to the ideal of C*(D(SU,4(2))) gen-
erated by e;. Since (Sp \ {z¢, 25 }) U Si is compact, we see that if a net in So \ {2, 2o }
converges to zd , respectively z, , then in (So \ {z7, 25 }) U S it has no other choice than
to converge to zf, respectively z; .

Finally, it is clear that the points zJ and z; are both closed in the primitive spectrum
of C*(D(SU,(2))). O

Note that this proposition and its proof show that if for p € %ZJF we choose a rank one
projection e, € B(H,) C C*(D(SUy(2))), then the C*-algebra e,C*(D(SU,(2)))e, will
be abelian, with spectrum X,,, where X = Sy, X, = S% U S% U---uUS,forpe %N, and
X, =(So\{zd,20 ) US1U---US, for p € N, where in the last case the topology on X,
is obtained by gluing Sy to S; via the identification of zgt with zli This recovers the
description of Tub(7 L(q + ¢~ ')),p obtained by Ghosh and Jones [6].

4. Morita equivalence of categories and tube algebras

4.1. 2-categories and Q-systems

Let B be a small C*-2-category. The definition is a straightforward adaptation of the
standard algebraic one [14], but, as in [31], we denote by ® the horizontal composition
of morphisms. Thus, B is given by

o aset A (0-cells);

e small C*-categories By for all s,t € A (the objects of By are called 1-morphisms
t— s);

e bilinear unitary bifunctors ®: B¢ X Bs; — B+ and unit objects 14 € Bgs.

The axioms which this structure should satisfy are analogous to those of strict C*-tensor
categories. In other words, the main difference from the latter categories is that the tensor
product X ® Y is defined not for all objects but only when X € B,; and Y € By, and is
in Brt~

We also always assume that the units 1 are simple and the categories Bg; are closed
under subobjects and finite direct sums.
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We are mainly interested in rigid C*-2-categories with the set A of O-cells consisting
of two points. Such categories can equivalently be described in terms of pairs (C, Q) con-
sisting of a rigid C*-tensor category C (satisfying our usual assumptions) and a standard
simple @-system @ in C. This means that we are given an isometry v: 1 — @ and an
isometric up to a scalar factor morphism w: @ — Q ® @ such that (Q,w*,v) is an alge-
bra in C. Recall that then the Frobenius compatibility condition (w* ® ¢)(t ® w) = ww*
is satisfied [2,13]. The assumptions of simplicity and standardness mean that @ is sim-
ple as a @-bimodule and w*w = d(Q)t. We will sometimes write m¢ for the product
w*: Q ® Q — Q. Let us briefly describe this correspondence.

First, given a pair (C,Q) as above, we can construct a C*-2-category B% of unitary
modules in C in the following way [17,31]. Take A = {0,1}, BS, = C, B = Q-mod-Q,
B(C)Ql = mod-@ and B% = @-mod. The tensor products are defined over () when possible,
otherwise they are taken in C. To be more precise, depending on the chosen model, the
tensor product over () may not be strictly associative, so we get a bicategory rather
than a 2-category, which then has to be strictified. As is common, we are going to
ignore this minor issue. Let us note also in passing that, as in [20], we normalize the
structure morphisms Py n: M @ N — M ®g N so that Py n Py x = d(Q)e. For any
left @-module M, this allows us to take M as a model of QQ ®g M, with Py ys given by
the morphism m!,: Q ® M — M defining the module structure. Of course, the same can
be said for the right modules.

The 2-category BY is known to be rigid [20,32]. Let us give explicit formulas for
standard solutions of the conjugate equations for one-sided modules, which were omitted
n [20]. Since an object of C can be considered as an object in different components Bg
of B?, let us continue to denote the dimension function on BOQO =C by d, and denote
the dimension functions on @-mod, mod-@Q and @Q-mod-Q by d?™°d, gmod-Q and d9. By
[20, Proposition 6.9] we have d¥(M) = d(Q)~*d(M). By virtue of multiplicativity and
invariance under passing to the dual of the dimension function on B, this implies that
d9med(M) = d(Q)~'/2d(M) and similarly for d™°%®. Now, given a left Q-module M
(so M € BlQO), we have a solution given in [20, Lemma 6.6]. By rescaling it, we get the
solution

RE™ = d(Q)™* Py Rar: 1 — M ®q M,
R = d(Q) ™4 (miyy © 1) (1 ® Rar): Q — M @ M,
where (Ryr, Rys) is a standard solution of the conjugate equations for M in C. Therefore,
(RO @ i) (oar ® RE™) = iar, (g @ RE™ ) (R @ 1) = v
Using the considerations in [20, §6.2] it is not difficult to check that
| RS = 15 = d@)~2d@an) = a@ o),

so the solution (RE™Y, RE™°Y) is standard.

Conversely, given a rigid C*-2-category B with two O-cells, we can construct a Q-
system in C = Byg by taking any non-zero object X € Bjg and letting Q = X @ X, v =
d(X)"Y2Rx and w = d(X)"?13 ® Rx ® tx. By a result of Miiger [17, Proposition 4.5],
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the 2-categories B and BY are equivalent. Explicitly, the equivalence is given by the

functor
Yoo Yt Y. Yo ® X
Q 00 Yo1 Yoo _Yor
B — B, (ym Y11>H(X®Y10 X®Y11®X>'

Here, for example, the left Q-module structure on X ® Y is given by
mgy =dX) s @Ry ®ix: (X@X)®(XRY) > XY

Furthermore, if we took a simple object X, then the Q-system @ = X ® X would satisfy
dimC(1,Q) = 1, which is equivalent to irreducibility of @, meaning that @ would be
simple as a left and right @-module.

Following Miiger [17], we say that two rigid C*-tensor categories C and D are weakly
(unitarily) monoidally Morita equivalent if there exists a rigid C*-2-category B with
two 0-cells such that Byg =2 C, B11 =2 D and By # 0 (the rigidity then implies that also
Bio # 0). By the above discussion, this is equivalent to the existence of a standard simple
@-system @ € C such that D =2 @-mod-Q. Furthermore, ) can then be chosen to be
irreducible.

Remark 4.1. Historically, rigid C*-2-categories first appeared in the study of subfac-
tors. Namely, let NV C M be an extremal II; subfactor of finite index. Then one looks
at the C*-2-category B of Hilbert M-bimodules, N-bimodules, M-N-modules, and N-
M-modules generated by X = yL?(M)yr € Boy € N-mod-M. Then, Q = yL?(M)y is
the @-system in Byg C N-bimod corresponding to the generator X, and the product
structure of () comes from that of M. Any rigid C*-2-category B = B% defined by an
irreducible @-system @ € C such that C is generated by @ appears in this way, up to
unitary equivalence. However, as in [17, 28], in what follows we do not require this gen-
eration property. For example, in the case @ = 1¢, we obtain a 2-category with Bs = C
for all s, t.

4.2. Tube algebras and imprimitivity modules

Let B be a small, rigid C*-2-category and A be its set of O-cells. For all s, € A, choose
representatives Ugy;, @ € I of isomorphism classes of simple objects in Bg;. We write Us;
instead of U,g;, and omit the indices s,t altogether when there is only one meaningful
choice. We can then define the tube algebra of B by

Tub(B) = @ Bst(Uk(g)Utj,USi@Uk).

5,645,k

The x-algebra structure is defined by exactly the same formulas as for C*-tensor cate-
gories. Denote by Tub(B)*¢ the part of Tub(B) corresponding to fixed indices s,t € A.
Then Tub(B)** = Tub(Bss).

Similar to the case of tensor categories, the representation theory of Tub(B) can be
described in terms of the Drinfeld centre Z(ind-B) of ind-B, which is defined as follows.
An object (Z,¢) of Z(ind-B) is given by
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e aset Z ={Z;}sen of ind-objects Z; € ind-Bss,

e collections ¢*! = (%) xen., of natural unitary isomorphisms X ® Z; & Z; ® X satis-
fying the half-braiding condition

Koy = (¥ @ 1y)(tx @ c§f).

This construction seems to be well known to the experts, and it is discussed in detail
n [16]. The centre Z(ind-B) is a C*-tensor category in the obvious way.

Every object (Z,c¢) € Z(ind-B) defines representations 7z and % of Tub(B), similar
to how half-braidings define representations of the fusion and tube algebras of C*-tensor
categories. Let us write down the full definition only for 7. The underlying Hilbert
space is

Hy =@ Hy,, Hy=Morwas,, (Zs,Us).

Every element T € Mor(Uy ® Uy, Us; @ Uy) C Tub(B) kills the spaces Hy ,, with (r,1) #
(t,7) and maps & € H%,tj into the vector in H}si defined as the composition

a, (@RI ®)ER (™ @)t ® Ry):

Zy—= 20U @Up = U ® Zy @ U, — Uy @ Uy @ Uy — Uy @ U @ Uy, — Us;.

Proposition 4.2. The map (Z,c) — 7y defines a unitary equivalence between the
Drinfeld centre Z(ind-B) and the category of (non-degenerate, x-preserving) representa-
tions of Tub(B).

This is proved in exactly the same way as the analogous result for C*-tensor cat-
egories [23, Proposition 3.14], which corresponds to the case when A consists of one
point. One immediate consequence of this proposition is that Tub(B) admits a universal
C*-completion C*(Tub(B)).

Denote by C*(Tub(B))** the closure of Tub(B)* in C*(Tub(B)). Then the space
C*(Tub(B))** is a C*-Hilbert C*(Tub(B))**-C*(Tub(B))*-bimodule. If the corners By;
are non-trivial, then the following theorem shows that C*(Tub(B))*" are C*(Tub(Bss))-
C*(Tub(By;))-imprimitivity bimodules, and the result is true even purely algebraically.

Theorem 4.3. Assume that C and D are weakly monoidally Morita equivalent rigid
C*-tensor categories, and B is the corresponding rigid C*-2-category. Then Tub(B)! is an
algebraic imprimitivity Tub(C)-Tub(D)-bimodule, that is, we have Tub(B)* Tub(B)* =
Tub(B)** for all s,t € {0,1}, and the closure C*(Tub(B))°! of Tub(B)°! in C*(Tub(B))
defines a C*(Tub(Byg))-C*(Tub(B11))-imprimitivity bimodule.

Proof. It is enough to prove the first assertion for £ =0 and s = 1. As discussed in
the previous subsection, we may assume that B = B for an irreducible Q-system @ € C.
In the proof, we will use the following simple observation. Let M be a right Q-module
and Y be a @-bimodule. Then Py y (mhy; @) = Py y (L ® mly) by the definition of the
tensor product over @). This can be interpreted by saying that if we take M ® Y as a model
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of (M ® Q) ®¢g Y with the structure morphism P,y = tar @ mb-, then the morphism
miyy@oty: M®Q)®eY =M@Y — M®qY is equal to Py y. In particular, we
have ml, = mg ®q ty.

Now, let {U;}ieroes {Mk}rer,, and {Xa}aer,, be representatives of the isomorphism
classes of simple objects, respectively, of C = By, of the right @-modules mod-Q = By,
and of the @-bimodules @-mod-@Q = B1;, with distinguished choices U, =1 and M, =
X. = Q. Then we have

Tub(B)"" = @D Mormea-q(Mi ®q Xa, U @ My),
i,a,k

Tub(B)"* = @D Morgumod (M ® Ui, Xo ®¢ My,).
i,a,k

For each a € I 1, denote by p(a) € Tub(B)!! = Tub(B;1) the unit in Tub(Bi11)4a, S0
p(@)’y = e p0a.c0a.at € Morgmod-@(Xp ®g Xa, Xe @ Xp).

The family (p(a)), generates Tub(B)!! as a two-sided ideal. Therefore, it is enough to

show that p = p(a) belongs to Tub(B)!° Tub(B)"* for any fixed a.

Let {uo‘ : Uj — X4}, be a complete orthonormal system of isometries, so that we have
> ja Ufu” = 1. We define an element 75 € Tub(B)Y by

(T = 0e.k0;.i0a,0mi, (1q @ u) € Morg.mod(Mi ® Ui, Xy ©¢q My),

where we take X, itself as a model of X, ®¢ M,. We claim that d(Q)p = ZJ o I3T5

The only non-trivial component of T¢* € Tub(B)"" is in Mormed-q(M, ®q Xa,Uj ®
M,). It equals

(T7")a = (RG™%" @ 1@ ) (1 ®q (T7)5; © 1)t @ + ® RG*Y),
where
RY? =d(@Q) M *w: Q- QeQ, REY=dQ)v:1-QeeQ=0Q.
Therefore

(T7)5e = (V" @1@) (L@ uf* ® (MY @ m!* = (uS* @ u)m"*: X, - U; @ Q,

J
where we used that the morphism

L®Qw:Xa®QQ:Xa_)Xa®Q(Q®Q):Xa®Q

coincides with my* by the observation at the beginning of the proof.
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By definition, the product TS*T** in Tub(B) equals

D (ta ®q wy ) (mlh, ® 1) (1q @ uGus™ @ 1) (g @ my")(wy ®q ta)
b,B

€ @ Morg-mod-@(Xp ®q Xa, Xo ®0 Xs),
b

where {wf }s is an orthonormal basis in Morg.moed-@(Xs, @ ® Q) and we use the
identifications Q ®g X, = X, = X, ®¢ Q. Taking the sum over j and o, we get

SOTETE =Y (1 0 W) (ml @ 1) (1o © ML) (wf ©q ta)-
J,a b3

Using again that m!, = mg ®¢ (4, this can be written as

D (wrwy) @q ((ta ®q wy)my’).
b,B

Since d(Q)~'/?w can be taken as a part of {wbﬁ}bﬁ, only the term corresponding to b = e
with a unique ( survives, and we obtain . ,d(Q)t, as a result. This proves the claim.
For the last statement of the theorem, we need to check that the identification of
Tub(Bss) with Tub(B)®® extends to an isomorphism of C*(Tub(Bss)) onto the cor-
ner C*(Tub(B))** of C*(Tub(B)). This is shown in the same way as in the proof of
Lemma 3.4. (]

Corollary 4.4. The forgetful functor Z(ind-B) — Z(ind-Bss) is a unitary monoidal
equivalence for s =0, 1.

Proof. By the theorem, C*(Tub(B)) is the linking algebra between C*(Tub(Bgyo))
and C*(Tub(B11)); in particular, it is itself strongly Morita equivalent to either of these
C*-algebras. Therefore, the representation categories of C*(Tub(B)) and C*(Tub(Bss))
are equivalent. Recalling that they are also equivalent to, respectively, Z(ind-B)
and Z(ind-Bss), we conclude that the forgetful functor Z(ind-B) — Z(ind-Bss) is an
equivalence of categories. Since this functor is monoidal, this proves the assertion. 0

Remark 4.5. This corollary can also be proved in a more direct way as fol-
lows. As above, we assume that B = B?. It is known that Z(ind-Byy) = Z(ind-C) and
Z(ind-B11) = Z(ind-Q-mod-Q) are monoidally equivalent through Schauenburg’s induc-
tion (Z,¢) — (Z ® Q, ¢), where the left @Q-module structure on Z ® @ is defined by that
on ) ® Z using the isomorphism cg: Q ® Z — Z ® @, and ¢y is given by cy up to the
identifications of the form (Z ® Q) ®qY = Z @Y, see [20, §6.3] and [28]. The centre of
B just packages this monoidal equivalence of the centres in the following way.

In order to avoid confusion, let us put M = @ as an object in By; = mod-Q, and M = Q
as an object in By = @-mod. Assume that (Z, ¢) is an object in the centre of ind-B. First,
it gives us @-module isomorphisms M ® Zy — Z; ®q M and M ®q L1 — Zp @ M. Let
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Y be a @-bimodule, and put X = M ®¢q Y (that is, Y is viewed as an object in mod-Q).
Then, we have a commutative diagram

C[))([)@QM e ZO & X ®Q M
Thel
 a /
X@QoM®Zy ——— X ®q Z1 g M C?&‘X’QLY@QM

\WM@QIJ}W
10
"M®QCY®Q1\’4

M®qgZ1®qY ®qg M.

Taking Y = Q, Y = Q ® @ and using the naturality for mg, we see that the @-bimodule
structure on Z; is identified with the one on Zy ® @ (see the remark at the beginning
of the proof of Theorem 4.3). Next, taking Y to be generic, the commutativity of the
upper-left and right triangles above shows that c'! is determined by ¢*° (and is given
by Schauenburg’s induction of (Zp,c")). By considering free one-sided modules Q ® X
and X ® Q, we also see that ¢! and ¢!0 are completely determined by %, ¢!t 41
and ¢}9. Thus, up to an isomorphism, (Z, ¢) is completely determined by (Zo, ). The
argument also shows how, given any (Z, ") € Z(ind-By), we can construct an object of
Z(ind-B).

Remark 4.6. Analogues of Theorem 4.3 for C[C] and C*(C) do not hold in general,
even for fusion categories. By [18, Theorem 4.14], when G is a finite group, the monoidal
category of G-bimodules G-bimod = Rep(G x G°P) with usual tensor product over C
is weakly Morita equivalent to (C(G) xaq G)-mod. Here, C(G) xaq G is the crossed
product of the function algebra C(G) by the adjoint action of G, and is isomorphic to
C*(D(@)). Specifically, one may take @ = C(G) in G-bimod, and the equivalence

C’(G)—bimodg_bimod — (C(G) A Ad G)—mod

is given by E — &46,E0.. Since both G-bimod and (C(G) xaq G)-mod have commuta-
tive fusion rules, their fusion algebras are strongly Morita equivalent if and only if they
have the same number of irreducible classes. When G = S3, there are nine irreducible
classes in G-bimod, while C(G) xaq G-mod has only eight irreducible classes, as seen
from the computation of conjugacy classes and associated stabilizer subgroups.

Remark 4.7. Theorem 4.3 can be used to give a short and transparent proof of
[20, Corollary 6.19] on the invariance of property (T) under weak Morita equiva-
lence, by observing that the representation of Tub(C) that one gets by inducing the
representation 7T]\1/Z<D) of Tub(D) is W{Z(C).

We finish by constructing a class of half-braidings generalizing regular half-braidings
that we studied in [20]. Let @ be a standard simple @Q-system in a C*-tensor cate-
gory C, and B = BC. Let {U;}iero0, {Mk ey, and {X4}aer,, be representatives of the
isomorphism classes of simple objects in By, Bgy and Bi;.
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Proposition 4.8. Let Y be a Q-bimodule. Then there is an object (Z,c) of Z(ind-B)
such that

70 = Zreg(mod-Q;Y) = P My @q Y ®¢ My,
k

7y = Zreg(Q-mod-Q;Y) = @D X, ®q Y ©q Xa.
a

Remark 4.9. When Y = @, then c!! coincides with the regular half-braiding on
Zyeg(Q-mod-Q) defined in [20, §3.2], while (Zyee(mod-Q;Q),c"?) coincides with the
object (Zieg(mod-Q), c) which appeared in [20, §6.5]. For @) =1, analogous construc-
tions carried out through the notion of coends can be found in the literature on fusion
categories, see, for example [29, §3].

Proof of Proposition 4.8. Let X be a right (-module, and fix a standard solution
of the conjugate equations (Rx,Rx) for X in C. Consider the morphism cx j, from
X ®gXqe®QY ®g X, to M, ®qY ®g M, ® X, given by

dQ

o _ a ) d-Q

CX ka = mod@ E (ugr @@ by ®q ugy @ 1) (tx @0 Xe00Y ®0X. ©Q RY™F),
k oY

where {u$} }o is an orthonormal basis in Mormed-g (Mk, X ®¢g X, ). Similar to [20, §3.2],
these morphisms do not depend on the choice of a standard solution for X, but they do
depend on such a choice for M}, and X,. Collecting them together, we obtain a morphism

&K= (c%7ka)a,k: X ®Q Zreg(Q-mod-Q;Y) — Ziep(mod-Q;Y) @ X.

Then the same argument as in the proof of [20, Lemma 6.21] shows that ¢3! is unitary.

The rest of the components of ¢ can be defined in a similar way. For example, ¢%°
is defined using standard solutions in C, while ¢'! is defined with ones in Q-mod-Q. It
remains to show that the family (cx)x satisfies the half-braiding condition. Again, this
can be done in the same way as in the proof of [20, Proposition 6.22], by reducing the
argument to the multiplicativity of standard solutions. O

The objects we have just defined allow us to look from a different angle at some of
the previous results and constructions. Namely, using the insight of Miiger in [18], we
may view Endz(ing-c)(PiZreg(C; U;)) as a von Neumann algebraic analogue of the tube
algebra of C. Then, in view of Remark 4.5,

EndZ(ind—C) < @ Zreg (mOd'Q; Xa)>
corresponds to the tube algebra of Q-mod-@Q, while

MorZ(ind—C) ( @ Zrcg (Ca Uz)a @ Zrcg(InOd_Q; Xa))

gives an imprimitivity bimodule (in the von Neumann algebraic sense) between the two.
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