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Abstract

In the past few decades there have been an overabundance of models describing inflation, a period where
the universe expands exponentially quickly. This led to the rise of the cosmological bootstrap, which aims
at constraining cosmological observables in a model independent way. This is achieved by directly imposing
physical principles such as unitarity, locality, symmetry, and analyticity on cosmological correlators.

In this thesis we explore the consequences of two such principles: unitarity and analyticity. We show
that unitarity implies a set of consistency relations among wavefunction coefficients in perturbation theory,
and these relations can be generalized to fields with any mass and integer spin. Unitarity, alongside locality
and scale invariance, also implies the vanishing of four-point parity odd correlators at tree level, and we
show this is not true at loop level.

Analyticity in the S-matrix is linked to causality and serves as the backbone for the S-matrix bootstrap,
which provides non-perturbative constraints for scattering. We show that analyticity in the wavefunction
is also linked to causality. We study the analytic structure of the wavefunction in detail and demonstrate
the relation between singularities in amplitudes and a subset of singularities in the wavefunction. Finally,
we write down the dispersion relations of the wavefunction, which serves as a first step towards a non-

perturbative bootstrap in cosmology.
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Chapter 1

Introduction

With the advances of science in the past centuries, the quest to understand the origin and history of
everything in our universe is no longer restricted to the domain of philosophy and religion. We now know
that the universe is not static: in fact, it is expanding. We now know there are countless galaxies out
there, and our Milky Way galaxy plays no privileged role in the universe. We now know that most of the
matter content in our universe are dark energy and dark matter, which our eyes cannot directly observe.

It is understood that while the universe is mostly homogeneous and isotropic, there must be small
deviations from exact homogeneity and isotropy in its primordial history, otherwise our universe will be
completely homogeneous and quite boring. Currently the most widely accepted explanation of the origin
of these small deviations is a period of accelerated expansion in the early universe, commonly referred to as
inflation [5,06]. During this expansion period, small quantum fluctuations in the curvature of spacetime get
stretched to cosmological scales and become frozen. We learn from general relativity that these curvature
perturbations cause matter to collapse, and eventually this give rise to the rich structure of the universe
we observe today.

Inflation is not the only theory which attempts to explain the origin of primordial perturbations. What
distinguishes inflation from other theories is its success in matching experimental results. In cosmology
the main arenas for testing theories are the remnant light from the hot big bang, also known as cosmic
microwave background (CMB), and the distribution of galaxies, also known as large scale structure (LSS).
In particular, the scalar curvature perturbation (k) evolves linearly in the hot big bang, and so any
perturbations we can measure in a cosmological survey, including temperature fluctuations in the CMB
and overdensities of matter, which we collectively refer to as d(k), can be related to ((k). More specifically,

if we measure the correlation function of §(k), then:

n

[[70)

=1

(0(k1)...o(kn)) = (Clkr) ... C(kn)) +O(C™). (1.0.1)

Here T'(k) is a transfer function which can be derived from the standard hot big bang model. In
particular, the O(¢"*1) terms are only important due to gravitational collapse, so the correlations in the
CMB should be linearly related to the statistics of {(k). If we extrapolate the CMB power spectrum (i.e.
two point correlation function) to the end of inflation, we observe a mostly Gaussian spectrum which is

scale invariant, and this matches the expectation of inflation very well (see figure 1.1). Most alternatives
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Figure 1.1: The primordial power spectrum extrapolated from the CMB. The z-axis labels the momentum

k (or the angular momentum mode [), and the y-axis labels the size of the power spectrum (in log scale).
Taken from [10]

to explaining the origin of structure in our universe fail at some hurdle. They fail at explaining certain
features of the CMB spectrum (an example would be cosmic strings, which fail at explaining the phase
coherence of the CMB power spectrum [7]!), or they require exotic ingredients to work (for example
bounce cosmology requires abandoning general relativity as the theory of gravity, or introducing ghost
fields, see [9] for more details). Coupled with the fact that inflation was able to explain the flatness of
our universe, as well as how CMB from different parts of the universe are correlated?, inflation has been

widely accepted as part of standard cosmology.

Model building in inflation Despite all its success, our understanding of inflation is far from complete.
The most common model for inflation used in textbooks is the single field slow roll inflation. In this model,
inflation is driven by a scalar field commonly called the inflaton. Initially the inflaton undergoes a slow
roll phase, where it rolls down a potential that is almost flat and the universe expands exponentially (see
figure 1.2). Eventually the inflaton exits the slow roll phase (for example, it gets trapped in a well), and
inflation ends. The universe then reheats, i.e. standard model particles are created, then the rest of the
cosmic history is matched with the standard hot big bang story.

This common textbook story has left a lot of room for interpretation. For starters, aside from the
fact that the potential supports a slow roll phase, not much else was specified about the potential itself.
This means in principle there could be a vast landscape of potentials which support inflation, and each of
them may have their own exotic feature that distinguishes one model from another. This story can also
be extended to multiple scalar fields: one could write down a multi-field potential, and have the field(s)
roll down the potential in certain direction (for example see [11,12]). This is before we even consider

other fields, each with their own mass and spins, that can couple in different ways to the infalton (for

IWhile cosmic strings cannot be the primary source of primordial perturbation, they can still contribute to structure
formation, for example see [3].

2Naive considerations from the hot big bang would tell us different parts of the CMB are generally not in causal contact,
and could have wildly different temperatures in principle. However, the observed CMB is isotropic and homogeneous up to
small deviations of order (9(10’5), and this is known as the horizon problem. Inflation tell us that the horizon in the early
universe is shrinking, and these seemingly disconnected parts are in causal contact in the early universe, thus explaining the
homogeneity and isotropy.

11
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Figure 1.2: Tllustration of a slow roll potential for inflation. Taken from [11]

example [13,14]).

This seemingly infinite number of possibilities is an enticing prospect for a theorist: given enough
imagination and time, it seems one could construct a model of inflation with suitable features, and use it
to explain any phenomenon or embed it in another theory. And over the past few decades, theorists have
indeed taken full advantage of this, and created an incredibly huge list inflationary models. For example,

we have:

e Models which comes from modified gravity. Because f(R) gravity can be written as Einstein gravity
coupled to a scalar field, it would be natural to understand inflation in the framework of scalar
tensor theories. One of the most famous example is Starobinsky inflation [15, 16], where f(R) =

R + R?/u? for some mass parameter y, and this give rise to an inflation potential of the form

Vo~ (1 —exp(—\/273¢))2.

Naturally, since the Higgs field is the only elementary scalar field in the standard model, people also
considered scalar tensor theories where the scalar field is the Higgs field. These models are referred
to as Higgs inflation [17-21]. These models often express predictions for cosmological measurements
(usually the spectral tilt ng or the primordial tensor-to-scalar ratio r) in terms of parameters from

particle physics (for instance the Higgs mass), and this usually provides constraints on these models.

e Models which comes from string theory. Inflation is considered as an EFT from some UV theory
of quantum gravity, and since string theory is the leading candidate of quantum gravity, naturally
people are interested in understanding how inflation works from the perspective of string theory. For
example, inflation can be driven by the dynamics of branes (for example DBI inflation, see [22,23]);
it can be driven by string axions (for example axion monodromy, see [24,25]); or it can arise from
uplifting AdS vacuum to a metastable dS ground state (this is known as KKLT inflation, see [20]).

A nice overview of inflation in string theory can be found in [27].

e Models for creating excess primordial black holes. If the size of the primordial curvature perturbation
is sufficiently large, this could create a large over-density of matter after inflation ends. This over-
density of matter could then collapse and form primordial black holes. The number of primordial
black holes created this way depends on the tail end of the distribution of curvature perturbation.

For most inflation models, which give an almost Gaussian distribution of curvature perturbation,

12



the number of primordial black holes created this way is very small, but one could come up with
some inflation models which enhances the tail end of the distribution. One could introduce local
features in the potential, for example introducing small steps and bumps (which breaks the slow roll
condition briefly during inflation and increases the amplitude of primordial fluctuation for certain
scales) [28-31], or create a barrier for the inflaton to tunnel through (which modify the tail end of
the distribution from Gaussian to exponential) [32]. Alternatively one can modify the sound speed
of the inflaton so that it oscillates, which give rise to peaks in the primordial curvature perturbation
distribution [33,34].

e Models which include dissipation effects during inflation. It is commonly assumed that interactions
between the inflaton and other particles are small, and we can treat it as an isolated system. However
there are models where this assumption is dropped. These models are commonly referred to as warm
inflation [35,36]. Since the inflaton is no longer an isolated system, naturally one needs to understand
the effects of dissipation, and in general thermal noise from dissipation contributes to the primordial
fluctuations on top of the usual vacuum fluctuations [37,38]. In addition, these models also leads
to particle production during inflation, and can be used in place of reheating as a mechanism for
producing a thermal bath of particles after inflation [39-411]. More generally dissipative effects can

be understood by studying inflation as an open quantum system, see [412—14].

This is by no means an exhaustive list (a comprehensive list is presented in [15]), and each model is
interesting in its own way. However, at some point we still have to pursue the answer to an important

question:
How should we test for inflation itself?

At the end of the day, inflation is a scientific theory. Therefore it must have a set of predictions,
commonly present in any inflation models, that can be directly tested. This question is particularly
relevant as we probe the CMB and LSS with increasing precision. One particularly important testing
grounds for the different models of inflation is the deviation from Gaussian statistics in the early universe,
commonly referred to as primordial non-Gaussianities. While it has not been observed as of today, the
bounds on its size has been improving over the years. Each inflation model give rise to different non-
Gaussianities, and if our only way of understanding inflation is through explicit models, then verifying or
falsifying inflation would require testing all possible models. This is an arduous (if not impossible) task.
However, if we can find properties which must be present in the statistics and correlation of the primordial
fluctuations from inflation, this would make testing for inflation much more reasonable.

In addition to this problem, there are two other issues with approaching inflation from a model building

perspective:

e Field redefinition. Since inflation is described in the framework of quantum field theory, the
common model building procedure involves writing down a Lagrangian, where the field content as
well as their interactions are specified. This allow us to compute correlators, which we extrapolate
and compare to correlators in the CMB and LSS. However, one could always make a field redefinition:
for example, given a scalar field ¢, we can take 0 = ¢ + ¢2, and write the interactions in terms of
these new o fields. However, if we are working with physical degrees of freedoms, the observables

should be independent of field redefinition (up to boundary terms). At the end of the day, we need
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to link our results to measurements in the cosmological survey, say the distribution of galaxies or
temperature fluctuations of the CMB, and these clearly do not share the same ambiguity in field
redefinition as the inflaton. This is not manifest in the Lagrangian formalism, and it is not always
manifestly clear that Lagrangian for different models are not related to each other by some clever
field redefinition.

e Time evolution. The Lagrangian formalism described above is essentially describing the details
of time evolution of the fields during inflation. For practical purposes this is in fact a redundancy:
we cannot directly observe anything in the bulk inflationary spacetime, since the only observable
we have access to are the correlators at the end of inflation. So this begs the following question: is
there a way to understand features of correlators at the end of inflation if we are only given some

very general features about the bulk inflationary spacetime?

All of these issues point towards the need of a model-independent way of understanding inflation. This

leads us to the idea of bootstrapping.

Bootstrapping The idea of bootstrapping dates back to the early 1960s, when physicists were struggling
to find a physical model to describe strong interactions. To deal with this problem, the S-matrix bootstrap
was born. The idea is simple: rather than working with Lagrangians and doing perturbative calculations,
one should write down the S-matrix, which is the physical observable®, and impose constraints on the
S-matrix directly by physical principles such as Lorentz invariance, locality, causality and unitarity.

The original goal of the S-matrix bootstrap was ambitious: to find the S-matrix for strong interaction
simply by imposing physical constraints [46,47]. This goal was not achieved, and eventually people found
QCD, the physical model for describing strong interaction. However, the S-matrix bootstrap program
was not a fruitless exploration. The bootstrapping idea has given us an alternative way of understanding

quantum field theories, and it has yielded many interesting results. Here we list a few examples:

e Recursion relation for amplitudes. For tree level amplitudes, locality implies singularities are
simple poles, and unitarity implies factorization of the corresponding residues into lower point am-
plitudes. By using a suitable set of momentum shifts known as BCFW momentum shifts, one could
start with contact amplitudes and reconstruct every tree level amplitude for theories such as Yang-
Mills theory [48-51]. In certain cases, such as N' = 4 super Yang-Mills, the full amplitude can be

constructed in this manner.

e Color-kinematics duality and double copy. Graviton amplitudes can be expressed roughly as
the square of an amplitude in Yang-Mills theory. This can be achieved by a suitable replacement
of color factors with kinematics factors [52]. This is not limited to Yang-Mills and gravity: similar
relations have been found for bi-adjoint scalars and Yang-Mills, and a few other theories as well (a
summary is included in [50]). Notably, these relations are much easier to read off from the ampli-
tude itself, usually written in terms of spinor-helicity variables, rather than the usual perturbative

expansions from Feynman rules.

e Analyticity of S-matrix and dispersion relations. Physical properties of the S-matrix often

give rise to constraints on the analytic structure of the S-matrix. We will give an overview of this in

3More precisely this is a meta-observable: the actual observables are things that can be computed from the S-matrix,
such as cross sections and decay rates.
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section 5.1. Notably, this give rise to a set of dispersion relations, which relates the amplitudes to
integrals their discontinuities. In the context of effective field theories (EFT), this can be used to link
properties of the EFT to properties of the UV completion of the theory. This allow us to construct
bounds on the EFT based on physical constraints on the UV theory, for example see [53—60]. This
can also be used to explore regions between the region of validity of the EFT and a known UV
completion. For instance, this can be used to understand strong interactions for energies above the
regime of validity of chiral perturbation theory, but below the regime of validity of perturbative

QCD [61-61).

A similarly successful idea is the conformal bootstrap, which focuses on constraining conformal field
theories with symmetries and physical principles. The conformal bootstrap was able to provide a set of
constraints known as the conformal bootstrap equations, which can be solved numerically using linear
programming. This provides constraints on the scaling dimensions of operators in a theory, and allow us

to explore critical phenomena without relying on perturbation theory. For details see [65-09].

Bootstrapping in cosmology Given the success of bootstrapping in other areas of physics, it makes
sense to attempt bootstrapping in cosmology. Since inflationary spacetime is well approximated by de
Sitter(dS) spacetime, early attempts at bootstrapping in cosmology generally includes full dS isometry as
an input [70]. The isometry of dS generally give rise to Ward identities, a set of differential equations
which the cosmological wavefunction (which we will introduce in section 2) has to satisfy, and bootstrapping
involves solving those differential equations. These equations have been extended to include fields with
different masses and spins [71,72], and different cosmological spacetimes as well [73]. There has also been
considerable effort in understanding the connection of observables and constraints in dS in terms of AdS
correlators [74-79], as well as the connection of the cosmological wavefunction to polytopes [80-85].

However, from a phenomenological perspective, inflationary theories which admits full dS isometry may
not be the most interesting. This is because correlators for scalar curvature perturbations from theories
which admits full dS isometry are slow roll suppressed [36]. Therefore, there has been a great deal of effort
in understanding the bootless bootstrap, where invariance under special conformal transformations (or dS
boosts) are not assumed [37-01], and these methods have been extended to encompass a wide range of
interesting scenarios [92-96].

This thesis will be dedicated to covering some of the new and exciting developments in the cosmological
bootstrap. In section 2 we will first give an overview of the cosmological wavefunction, the object that is
constrained by the bootstrap. We will discuss the constraints coming from unitarity in section 3. We will
study parity odd correlators in section 4 where we explore if the bootstrap constraints on tree level parity
odd correlators continue to hold for one loop correlators.

The rest of the thesis will focus on exploring the analyticity of wavefunction. In section 5 we will discuss
the locations of singularities of the wavefunction, which can be derived from the ”energy conservation
condition”. We will discuss the amplitude representation of the wavefunction in section 6, where we find
some of the singularities in the wavefunction can be linked to singularities of an amplitude. Section 7 will
discuss EFT, dispersion relations and UV/IR sum rules for the wavefunction. Finally we will provide some

conclusions and outlook in section 8.
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Notations and conventions Our conventions for the Fourier transform is:

d
f(k) Z/(;iﬂl)ﬁdeik'xf(x). ::/keik'xf(x). (1.0.2)

We label external momenta by k and internal momenta by p. In addition, for flat space we can define the

Q= K2+ m2, (1.0.3)

energy as:

where m is the mass of the particle.

We use the notation {k} to denote the collection of all external momenta and similarly for other
quantities, for example {Q} denotes the collection of all energies.

Sometimes in our computation it is convenient to work directly with the loop integrand. For the

wavefunction coefficients (which is defined in 2.1.3), we will write the following:
ukr (k) = [ 2R (i) ). (10.4)
P1---PL

In addition, in loop calculations momentum entering the vertex is p.
Generally we write a wavefunction in terms of its (off-shell) external energies w and its external mo-
menta (we will elaborate on what we mean by on-shell and off-shell in section 2). For a general n-point

wavefunction coefficient or correlator, we write:

wr =Y wa. (1.0.5)
a=1

In addition, we commonly write our results in terms of symmetric polynomials of external energies.

For instance, for three point correlators or wavefunction coefficients, we have:
€2 = WiWwy + Wiws + Waws , €3 = W1WaWws. (106)
For four point correlators or wavefunction coefficients we will also make use of the following notation:

Wy, = w1 + w2, WR = W3 + Wy, S=k1-|-k2:—(1{3-1-1{4)7 (107)

€4 = W1Waw3ws , P+ =p1Epa2. (1.0.8)

This is not to be confused with the notation Ej, and Egr (which is k1 + ko + |s| and k3 + k4 + |s]) that
is commonly used in the literature (where k; = |k;| and p; = |p;|, and k; = w; when the particles are

on-shell). In particular, the wavefunction coefficients and correlators take a particularly compact form

when written using the following differential operators (see e.g. [70,97,98])
0" =1-ka,, , (1.0.9)

where i = L, R an wy, g were defined in (1.0.7).
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Chapter 2

Brief overview of the cosmological

wavefunction

Before going into the details of the bootstrap, we need to specify the object we are bootstrapping. For the
cosmological bootstrap, we commonly work with the cosmological wavefunction. We will first define this
object and explain how to compute it. We will then explain what we mean by the off-shell wavefunction
coefficients, and elaborate on the need to define such an object. We will also explore how the cosmological
wavefunction can be related to the in-in correlators, which can be extrapolated to correlators in the cosmic

microwave background.

2.1 The cosmological wavefunction

Given a quantum field theory (and some cosmological background), the field-theoretic wavefunction, or
just the wavefunction in short, is a state in the field theory projected onto the field basis at a given time.

For a theory with a single field, it can be written as follow:

Yo, no] = (¢0,m0lth)- (2.1.1)

We will be looking exclusively at the Bunch-Davies vacuum state, i.e. the vacuum where the mode
functions (solutions to the free equation of motion, see (2.2.2)) are conformally related to plane waves, so
from here on ¥ labels the Bunch-Davies vacuum state. Also notice the wavefunction has an explicit time
dependence. For cases where we study the wavefunction in flat space, we will take the surface t = 0'. For
dS, since we are generally interested in the end of inflation, we will take ng = 0, i.e. the future conformal
boundary of dS.

Readers familiar with canonical quantum gravity may wonder if this wavefunction is related to the
wavefunction of the universe, and it is possible that one can obtain the field-theoretic wavefunction by
some appropriate WKB expansion (for example, looking at the large volume limit of the wavefunction?).

We will not explore this connection further in the rest of the thesis, and instead will focus on looking at

IThis choice is taken for convenience, since Minkowski spacetime is time translation invariant.
2Interested readers may look at [99], where the Hartle-Hawking wavefunction for single field inflation is studied in the
large volume limit.
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quantum field theories with a fixed cosmological background.
One can show that the wavefunction can be obtained from a path integral. For example, for a theory

with a single scalar, the wavefunction is simply:

¢(n0)=do .
U, 0] = / D¢ e'S17L, (2.1.2)
B

D

This is reminiscent to the way in-out correlators in flat space can be computed by a path integral. The
proof can be found in [100].

The wavefunction is usually expanded in terms of a set of wavefunction coefficients:

U(po,1m0] = exp (Z %/k ) 5(3)(2 ki)q/)n({k})Hgb(ki)) ) (2.1.3)
n=2 " 1.--Kn i i

The generalization to multi-fields and spinning particles are straightforward: just add the relevant indicies

and labels on the fields and the wavefunction coefficients, and sum over all the indicies in (2.1.3).

2.2 Computing the wavefunction

In this section we will explain how to compute the wavefunction coefficients in perturbation theory. Ideally
we would like to follow the standard procedures in QFT textbooks, and write down a generating functional
Z[J] for the theory (here J is some source). From this, we can determine our object of interest (in our
case, wavefunction coefficients) by taking derivatives of J. However, in defining the wavefunction we have
introduced a constant time surface, and the field on this surface is fixed to have some value ¢y. This is a

different boundary condition from the usual path integral, and we need to implement this carefully.

Mode function and propagators Let us change the integration variable for the path integral (2.1.2)

in the following way:

¢(k7 ’r]) = ¢(k7 77) + @(kr 77)- (221)

The integration variable is now ¢, and (;3 satisfies the free equation of motion in Fourier space:
Epk,n) =0. (2.2.2)

For example, in flat space, we have:
E=0} + Kk +m> (2.2.3)

In addition, ¢ satisfies the boundary condition:

é(10) = o, lim  ¢(n) =0. (2.2.4)

n——oo(l—ie)

We may now write the path integral (2.1.2) as®:

(n0)=0 70 1 ~
Ulpg,m0] = / Dy exp (isbdy[%] +i/ dn/k iw(k,n)&o(k, n) + Lint[d + 90]) . (2.2.5)

BD —oo(1—ie)

3Here I omitted dependence on the time derivatives of ¢ and . For a careful treatment see [101]
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The boundary term comes from integrating the bulk Lagrangian by parts. For our case it does not have
to vanish for an arbitrary time surface at time 7, therefore we have to keep track of it.
Now one can follow the standard derivations in QFT textbooks (for example, see [102]) to obtain the

following expression [101]:

Wlo,1m0] = N exp (iSpay[¢o]) exp <l /’70 dn/kﬁi”t [QE N Zdj(k)])

—oo(1—1t€)
o
X exp ,i/ dn/ JK)EHk,n)J(~k)|. (2.2.6)
—oo(1—ie) k
Here A is just some normalization. Crucially, £, is written in terms of ¢ — i%(k), rather than —iw‘;m

alone. This means we need to keep track of time evolution from qZ), and this introduces an additional
propagator into our perturbative calculation.

Fortunately all propagators in our calculation can be written in terms of the mode functions, which are
solutions to the free equation of motion (2.2.2). Generally £ are second order differential operators, and
hence there are two linearly independent solutions. Since we are interested in the Bunch-Davies vacuum,
we pick one of the solution (which we label as ¢*) as the solution which conformally looks like a plane
wave, i.e.

lim ¢t (k,n) ~ L ik, (2.2.7)

n——oo a(n)

We can pick the other solution, which we label as ¢, to be the solution which is linearly independent of
¢T. Usually this is the complex conjugate of ¢+, however there may be some subtleties with branch cuts.
We will see this in section 3.2

We can now write down the two type of propagators in our calculation. The first one is the bulk-to-
boundary propagator K (k,n), which keeps track of the time evolution of 6. Tt is defined in the following
way:

d(k, ) = K (k,n)¢o(K). (2.2.8)

The bulk-to-boundary propagator satisfies the following:

EK(k,mn) =0, lir% K(k,n) =1, lim K(k,n) =0. (2.2.9)
n—

n——oo(l—ie)

The second one is the bulk-to-bulk propagator G(k;n,n"), which comes from doing the functional derivatives

with respect to the source J(k). The bulk-to-bulk propagator satisfies the following;:

EG(ksn,n') =d(n—n'), liy G(k;m,m') =0, lim  G(kin,n') = 0. (2.2.10)

n——oo(1l—ie)
Given the mode function ¢, the bulk-to-boundary propagator is given by:

K(k,n) = 7 (k) (2.2.11)

B ¢+(ka 770) .
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The bulk-to-bulk propagator is given by:

¢, (10)
o3 (o)

Gylnf) = i [em ) (¢;<n’>¢;<n> - ¢;<n>¢;<n’>) Fo n’)} | (2.212)

Here 6(n; — 12) is the Heaviside step function. For real k we can also express the bulk-to-bulk propagator

in terms of the bulk-to-boundary propagator as:
G(k;n1,m2) = iPy (K" (k,m) K (k,m2)0(n1 — 12) + (1 4> m2) — K (k,m) K (k,72)) , (2.2.13)
where the power spectrum Py is given by:
Py = |6 (, mo) 2. (2.2.14)

Notice that the bulk-to-bulk propagator is simply a Feynman propagator with an additional homogeneous

term, which ensures the boundary conditions (2.2.10) are satisfied.

Feynman rules for the wavefunction We are now in a position to state the Feynman rules. Given a

Feynman diagram,

e Label every vertex by a time 7. For every vertex, write down fj?x) a(n(%y)’iHlF(m,{k}), where

F(n;,{k}) corresponds to the vertex factors from the interactions.

d
e For each loop in the diagram, write down [ %, where p; is the loop momentum.

e For every internal line, write down G(p,n;,7,), where n;,n, are the time labels of the verticies the

propagator is attached to and p refers to the momentum of the internal line.

e For every external line, write down K (k,7;), n; refers to the time label of the vertex the propagator

is attached to and k refers to the momentum of the external line.

e Multiply by an overall factor of i*~! where L is the number of loops, then carry out the time

integration as well as the loop momentum integration.

Let us compute the wavefunction coefficients in two simple cases.

Contact diagram Let us compute the following three point contact diagram for a single massless scalar

in dS, which is given by the interaction g¢3:

(2.2.15)
The mode function for a massless scalar field in dS satisfies:
9 2 2\ .+
92 — ;&7 +E )¢t =0. (2.2.16)
The solution is simply:
1 .
ot (k,n) = (1 — ikn)e™. (2.2.17)

j

2k3
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Here I set H = 1 for convenience, and set the spacetime to have (3 + 1) dimensions. Since the contact
diagram only contains external lines, we only need to know the bulk-to-boundary propagators, which we

can easily write down with the mode function. The wavefunction is:

S dn y1 (1 —ikin) o
s (k1, ko, k :zg/ T ——ethr(=mo), 2.2.18
3( 1, 2 3) —oo(1—ie) 774 }:[1 (1 —Zkzno) ( )

Here we defined ky = k1 + ko + k3. Notice here we also added an ie prescription to ensure the convergence
of the integral as n — —oo.
To compute this integral, expand the product and carry out integration by parts. In the limit o — 0,

this gives:

i k3 deq k3 .
1/J3(k1,k27/€3) = 6g % +% - %4— 63—kT62+? (log(—ikrno) + v +...)| - (2.2.19)
where ey and ez are defined in (1.0.6) (with w replaced by k). In the computation we evaluated a time

integral (which is an exponential integral) in the limit ny — 0:

/ " AN iken _ ,
—e =g + log(—ikrno) + .. .. (2.2.20)
—oo(1—ie) M

Notice all the terms in (2.2.19) are divergent as 19 — 0, so let’s discuss them. The first three terms are
all imaginary, and we need to add counterterms to remove them. Since ¥ ~ [ D¢ e, to remove them we
need to modify the action with real counterterms, which is what we usually do in QFT. Also notice these
terms can be expressed in terms of fields and their derivatives in position space.

There is also a term that diverges logarithmically in (2.2.19). This is an example of a secular IR
divergence that is common in field theories in dS. This divergence arises because the interaction term
Lint = n%qS?’ diverges as n — 0. This type of divergence is often absent when we consider interactions
with derivatives. For instance, if we compute the same diagram with L;,; = ggi')3 (where the dot denotes

& = 7145), we obtain the following instead:

3
1/} (k17k27k3 7;7 H 778 K aﬂ]))

/ dﬂ k2k2k2,’7262k1~( —no)
K2k

2k2

:6 kS

(2.2.21)

Exchange diagram As a second example let us compute the following four point exchange diagram for

a single massive scalar in flat space.
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Following the Feynman rules, we obtain the following expression:

0 0
Py 292/ dt1/ dtoa K (Q1,m) K(Q2,m)G (s, m1,m2) K (Q3,m2) K (Q4, 112). (2.2.22)

Since we are looking at flat space, the mode function is simply a plane wave, so here K (€;,t) = e*%t. We
also have Qs = /(k;1 + ko)2 + m2. A straightforward calculation yields:

g° g° g° g°

T 0007, T 90.07FEr  20.E.En  QrELEn

V4 (2.2.23)

where we introduced the shorthand notation Ej, = Q1 + Qs + Qy, Fr = Q3 + Q4 + Q5 and Qp =
Q1 + Qo + Q3 + Q.
An interesting feature of this calculation is that there are cancellations of the 25 poles. Moreover, we

can express the wavefunction coefficient for a four point exchange diagram in flat space as:

2
Qpihy = =L = ontact(Q)) Oy Q)PS0 (Qy, Qy, Q). (2.2.24)

ELER
In words, the exchange wavefunction coefficient is related to the product of two contact wavefunction
coefficients. This is an example of a recursion relation for the flat space wavefunction, and we will explore

this in detail in section 5.3.

2.2.1 Off-shell wavefunction coefficient

In the examples of the previous section we find that the wavefunction coefficients are expressed as functions
of energies of internal and external lines. In general a scalar wavefunction coefficient can be written as

follow:

Un ({0}, {k}). (2.2.25)

For flat space the energies are fixed to be Q) = \/W , while for dS (or general cosmological space-
time) the ”energies” are fixed to be Q; = |k|*. For theories with derivative interactions the wavefunction
coefficients depend explicitly on the momentum k, as they appear in the vertex factors’.

For the purpose of bootstrapping the wavefunction coefficients, fixing the energies in terms of mo-
mentum is often too restrictive. In particular we are often interested in the analytic continuation of the
wavefunction coefficients in terms of its kinematics: even though such procedures often bring us to un-
physical kinematics, they often give us new insight into physical observables. If we choose to analytically
continue in k, then it is easy to see that the analytic continuation of the wavefunction coefficients would
have highly undesirable properties. For every energy variable, we introduce a new branch cut due as the
energy is related to the square root of the momentum. Now we need to keep track of these branch cuts
on top of additional branch cuts from the functional form of the wavefunction, for instance logarithmic

branch cuts from UV divergences in loops or secular divergences due to time dependence of interactions.

4Technically this is an abuse of notation: there is no time translation symmetry for dS or general cosmological backgrounds.
While the wavefunction are expressed as function of these ”energies”, we should not interpret this as some sort of conserved
quantity.

5For integer spinning fields their wavefunction coefficients also depend on polarization tensors. Naturally they are con-
tracted with other polarization tensors or k
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For this reason, we will study the off-shell wavefunction coefficients, which are defined as:

Un({w}, {k}). (2.2.26)

The essential difference is that the energy variables w are no longer fixed in terms of the momentum
k. To recover the usual on-shell wavefunction coefficients, where the energies are fixed in terms of the
momentum, simply substitute w = .

Every bootstrap rule can be written in terms of the off-shell wavefunction coefficients, and usually

doing so results in less ambiguity in the bootstrap rules. For instance, the following expression:

0]

Tlﬁ%(klakz,ks,kl,k%ks) (2.2.27)
is ambiguous: k;j is the norm of ki, therefore we need to properly state the action of the derivative on
k,°. However, the following is unambiguous:

0

871/)3(0J1,Ld27w3,k1,k2,k3). (2228)

W1
We will encounter many instances where we take derivatives with respect to the energies and/or analytically
continue them. In the rest of this thesis we will implicitly assume the wavefunction coefficients are all

off-shell to avoid any ambiguities.
LSZ definition for the off-shell wavefunction coefficients There is a way to define the off-shell
wavefunction coefficients in terms of in-out correlators. The idea is to modify the LSZ reduction formula

used for S-matricies.

Recall that perturbatively, by considering the Feynman rules, we can write an amplitude as:

V. too L 3
Sn({w}7{k}) = [H/ dtveiw”t“‘| [H/ éﬂl-))[;l
v=1""% (=1

One can show that this expression can be written as:

] L& (e o), (2.2.29)

1

n +o00
H/ dt; €% E; | (Qoue] T Qre(ty).. e, (tn) [Qin)e = Sn ({w}, {k}) 69 (ky + ... + k) . (2.2.30)
j=177%°

T represents the time ordering of operators, and the subscript ¢ reminds us to only consider the connected
components. The details of the derivation are provided in most QFT textbooks, for example see [103].
(2.2.30) can be interpreted as follow: the operators £ amputates the in-out time ordered correlator, and
by putting the energies on-shell this recovers the amplitude.

Notice how (2.2.29) looks similar to the expression for the off-shell wavefunction coefficient. It seems

reasonable that we can define an LSZ procedure in flat space. Let us consider the case in flat space, where

6This is because we can write ki = klﬁl. Differentiating Rl gives zero if 1:(1 is independent of k1. But now we have to
worry about how to define k;, and whether we can define it independently of k1. By going off-shell we avoid this ambiguity
altogether.
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in perturbation theory the wavefunction coefficients can be written as:

b({wh, (k) = Ll‘[_l /_OO dtveth] Ll;[l/

There are two key differences between amplitudes and wavefuntion coefficients:

H Gi({k}, {p}) - (2.2.31)

d*p,
(2m)d

e The out-state is not in the asymptotic future, but rather a state at ¢ = 0. Therefore the time

integration domain is —oo < t < 0.

e Bulk-to-boundary propagators are used rather than Feynman propagators. While this does not affect
the amputation procedure (as the difference between the Feynman and bulk-to-bulk propagator is a
term which vanishes after the action of &), the difference is reflected in the out-state we choose. In

particular, since we chose G — 0 as t — 0, we should choose a state with zero field fluctuation.

Based on this, we can show that the wavefunction coefficient as:
n 0 ) R R ~(3) n
11 / dt; 1B E; | ($(0) = 0] T Bu, (). Drc, (n) [Quin)e = ¢on ({w},{k}) 65" | D ka |, (2:2.32)
j=1v 7 a

where [¢(0) = 0) is the field eigenstate annihilated by ®y(t) at ¢t = 0.
We can also write down the dS wavefunction in a similar manner: just use £ for the equation of motion

in dS, and replace ™% with the bulk-to-boundary propagators K., (n).

2.3 In-in correlators

We do not measure the wavefunction directly from cosmological observations. This priviledge belongs to

in-in correlators. They are defined as follow:

1n<0|01(k17771)On(knvnn)|0>1n (231)

Here O(x,n) are field operators and |0);, is the vacuum state in the far past (and we usually take the
Bunch-Davies vacuum). In cosmology we are interested in the case O(k,n) = ((k), since these are the
correlation functions which are eventually extrapolated to the correlations of the CMB and LSS.

Notice that the correlator is sandwiched by two in vacuum state, rather than one in vacuum and one
out vacuum state (which is the object computed in everyone’s first QFT course), hence the name in-in
correlator. These objects have an incredibly rich history in condensed matter physics, where it is used to
study out-of-equilibrium systems [104]. The formalism for computing these in-in correlators is commonly
referred to as in-in formalism, or Schwinger-Keldysh formalism, and they are necessary under the following

context”.

e The system has dissipation and hence time evolution is not unitary. If we consider inflation as
an EFT, where there are higher energy degrees of freedoms, in principle energy can flow from the

inflaton to these extra degrees of freedom. However we will not explore this in depth here.

"In cases where interactions can be turned off in the far past and future, and in cases where there is thermal equilibrium,
one can simply obtain the in-in correlator from an in-out correlator, see [105].
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Interactions cannot be turned off in the far future. This is always true in our case even if we consider
a single field scalar in dS, as the effects from the expanding background cannot be ignored. For
example, a ¢ theory in dS has L, = %gb?’, which diverges as we move towards the boundary

n— 0.

2.3.1 Feynman rules for in-in correlators

In-in correlators has its own Feynman rules, which we will state here [100].

Draw vertices corresponding to the interaction terms in the action.

Label each vertex as time ordered or anti-time ordered. Time-ordered vertices are drawn as shaded
circles, and anti-time ordered vertices as open circles. Also assign to each vertex a conformal time
Ne with @ = 1,...,I labelling the I internal lines. Diagrams with opposite labelling are related by

complex conjugation as in (4.4.4).

In addition to factors of ¢ arising from spatial derivatives, each time-ordered vertex carries another
factor of —i and each anti-time ordered vertex a factor of i. Since all possible time orderings are
summed over, if a diagram contains an even number of spatial derivatives in total, only its real
part appears in the final correlator. Similarly, with an odd number of spatial derivatives, only the

imaginary part appears.

Draw internal lines connecting the vertices pairwise. Assign each internal line a 3-momentum p.
For each ¢(k;) in the correlator, draw one external line, connecting a vertex to a horizontal line
representing the asymptotic future. Label each external line with its associated 3-momentum k;.
Write down a 3-momentum conserving § distribution for each vertex. The total number of lines

meeting at each vertex is fixed as usual by the fields appearing in the relevant interaction.

With fi(n) the mode function for a given field, for each line, write down a propagator as follows:

m 2
——eo - G (Pymsm2) = fo(m) [y (02)0(m —n2) + [, (m) fp(n2)0(n2 —m)  (2.3.2)
m 72

p

O———0 =G_—(p,m,m) = fm)fp(n2)0(m —n2) + folm)fy (n2)0(n2 —m)  (2.3.3)
m 2

—" 0 - G (P, m2) = £ (m) fo(n2) (2.34)
m 72
O—"—@ =G i (pm.m) = f(m)f(m) (233.5)
ny
Kk
n =Gy(k,n) = fr(n)fr(ng) (2.3.6)
i
Kk
n =G_(k,n) = fu(n)fi(nr) (2.3.7)
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e Integrate over all momenta of internal lines and over the conformal times 7; of the vertices, with
a factor of a'T9(n;), where a is the scale factor and d the number of spatial dimensions, for each

conformal time ;.

e Multiply by a combinatorial factor depending on the number of ways of contracting fields in the

vertices to produce the same diagram.

Notice the number of Feynman diagrams increases as 2V, where V' is the number of verticies. For example, a
tree level exchange process requires four Feynman diagrams. This is one of the main advantages of working

with wavefunction coefficients: the number of diagrams do not increase exponentially with V.

2.3.2 In-in correlators from the wavefunction

Since in-in correlators are the physical observables, we would like to relate the wavefunction coefficients,

which are the objects we bootstrap. This is given by the Born rule, which is simply:

(p(k1,m0) - - - d(kn,m0)) :/D¢0|\I’[¢07770]|2¢0(k17770)-~-¢0(kn7770) (2.3.8)

By expanding |¥|2, we can express in-in correlators in terms of wavefunction coefficients. Concretely, let

us define:

pn({w}, {k}) = ¥n({w}, {k}) + ¢5({w}, —{k}) (2.3.9)

Since we are expanding the modulus of W, the in-in correlators are written in terms of p,. For a parity
even theory p,, is simply 2 Rev,,. At tree level an n-point in-in correlator is given by p, and lower point

wavefunction coefficients. For example, let us consider the two point function (i.e. the power spectrum):

(d(k1)p(ka)) = (2m) "6 (ky + ko) P (2.3.10)
Then we have the following;:
1
P, = . 2.3.11
p2() (23.11)

There are similar relations for higher point functions. Let us define:

(D(k1) ... o(ky)) = (2m)26(D (Z ka> B, ({k}, {w}). (2.3.12)

Then, for three point and four point correlators at tree level are given by:

_ p3(wi, w2, w3)

Bs(w1, w2, w3) = (2.3.13)
H2:1p2(wa)
1 P3p3]
By(wi,wo, w3, wy) = ———— — 2.3.14
e ] b a1

At loop level this is more complicated. We can obtain new loop contributions from integrating tree level

wavefunction coefficients. Diagrammatically this can be interpreted as taking tree level wavefunction
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coefficients and gluing external legs together to form loops. For example, at one loop order,

By(wy,wa,ws,wy) = piL(wl,w2,W3,w4) + / Pppgree(wl,wz,wg,W4,wp,wp) (2.3.15)
p

Notice there is a contribution from p§®°, i.e. the tree level wavefunction coefficient 5. Another example

would be the one loop power spectrum, which schematically can be written as:

1 11
Pul:L = (Put.;ree)Qp%L(w) + ] / Pppzree(w’wpawpvw) + 9 (31)2 / Pplppngree(wvwm>Wp2)Pgree(vap1awpz)7
*Jp ) Jp
(2.3.16)
where p; = p and p, = k — p. Similarly at two loops one would expect the in-in correlator to get

contributions from the one loop and tree level wavefunction coefficients as well.

27



Chapter 3

The consequences of unitarity

One of the most essential features of quantum mechanics is the ability to interpret the overlap between

states as probability of a measurement. For this to be true, we require two features:
e Norm of states are positive. This is obvious as negative probabilities do not make sense.

e Norm of states are preserved. Probability of all possible measurements need to add up to one, and
for this reason we commonly normalize the initial states to have unit norm. However, if the norm
of a state changes over time, we cannot interpret overlap of states as probabilities as they no longer

add up to one.

These features are collectively known as unitarity. In this section we will explore the consequences of
unitary time evolution in perturbation theory: namely, the wavaefunction coefficients must obey a set of
consistent relations known as the cosmological optical theorem. Graphically, they are represented as a
set of cutting rules which relate larger and more complicated Feynman diagrams to smaller and simpler
diagrams. We will explain how to prove the cosmological optical theorem for fields with any mass, integer
spin and in any FLRW spacetime (which admits a Bunch-Davies vacuum), and provide some simple
examples. In the end we will briefly discuss extensions of the cutting rules to loop level as well as beyond

perturbation.

3.1 The cosmological optical theorem

In quantum mechanics, time evolution is governed by a time evolution operator U(t,to), i.e. we have
[(t)) = U(t, to)|1(to)). In order for the norm of the state to be preserved under time evolution, these

time evolution operators must satisfy the following relation:
Ut =1. (3.1.1)

As long as the norm of states at some time ty are all positive, they will continue to have positive norm
at any given time t. We are interested in exploring the consequences of this constraint in perturbation

theory, and to do this let us move to the interaction picture. Here the time evolution operator for the
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states is given by:

Ult,to) = T exp (—z’/t dt’ ﬁim(t’)) , (3.1.2)

to
where T denotes time ordering of operators. Since we are in perturbation theory, we can expand the

exponential and obtain a series in terms of ﬁim. Schematically, we can write the following:
U=1+4U. (3.1.3)
Therefore, (3.1.1) implies the following:
6U + 6UT = —6UT6U. (3.1.4)

(3.1.4) is a non-linear equation which links different orders of perturbation theory together. This is
telling us that different orders in perturbation theory are not completely independent under unitary time
evolution. Now we need to understand how to convert this formal expression into a relation between

wavefunction coefficients in perturbation theory.

Review: optical theorem for amplitudes To get a hint on how to proceed, let us review perturbative

unitarity for amplitudes. In this case we can write (3.1.4) as:
(K. kn|6U Ky . Kr) 4 Ky - K [6U ke K ) = — (K .. Ky |0UT6U Ky .. K ). (3.1.5)

Here |k; ... ky,) is an n-particle state. Here we recognize the term on the left hand side is in fact a n to m

amplitude plus its conjugate:
Apyn = —iky .. K |0U Ky Ky ), A% =i(ky .k, [0U T kyr . k). (3.1.6)

By inserting the identity operator ¥, |X)(X| (here ¥, simply denotes summing over all intermediate
states), the right hand side can also be expressed in terms of a product of amplitudes as well. More
concretely,

2Im A,y = iA;qXAm_)X. (3.1.7)

X

This is known as the optical theorem. This result can be used to relate decay rate to scattering amplitudes
given by exchange processes, relate forward scattering amplitude to the total cross section, etc (for more
details see any QFT textbook, for example [103]). The goal for the rest of this section is to derive a similar

relation for wavefunction coefficients.

Cosmological Optical Theorem: first derivation This discussion follows the derivation presented
in [100]. Let us consider the simple case of Hi,x = A¢® in dS. To proceed, let us follow the derivation of

the optical theorem for amplitudes, but replace the ket state with |0):

(k1 ... k3|0U|0) + (k; ... ks|dUT|0) = —(k; ... ks|6UTSU|0). (3.1.8)
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Now we write the left hand side as wavefunction coefficients. We have:
<k1 N k3|50|0> = w3(w17w27w3, kl, kg, kd) (319)

However,

(ky...Kks|6U|0) # 03 (w1, wa, ws, ki, Ko, k3). (3.1.10)

Let us consider the leading order O(\) and see what (k; ...ks|6UT|0) is. In terms of Feynman diagrams

this correspond to a contact diagram, i.e. a diagram with no internal lines. We have:

N o g
<k1...k3|5UT|o>:A*/ ST & (winm). (3.1.11)

Now we exploit a crucial property of the bulk-to-boundary propagators for fields satisfying Bunch-Davies
initial condition:
K(w,n) = K*(—w",n). (3.1.12)

We refer to this property as Hermitian analyticity, and we refer to K*(—w*,n) as the Hermitian analytic
image of K(w,n). We will explore this property in detail in section 3.2. For now, to convince ourselves

that this is indeed true, let us look at two simple examples. For massless scalars we have:
K(—w*,n) = {(1 + iw*n)e*iw*’?] = (1 —iwn)e™" = K(w,n). (3.1.13)
Similarly, for conformally coupled scalars we also have:

K(—w*,n) = ["eiw*n} = Leiwn = K(w,n). (3.1.14)
Mo Mo

If the bulk-to-boundary propagator is Hermitian analytic, we can write:

3
<k1...k3|5UT\0>:/\*/ %ZH Wi ) = Vi (—wl, —wl, —wl). (3.1.15)

Let us look at the right hand side of (3.1.8). After inserting the identity operator, it becomes:

—Z}kl...k3|aUT|X><X|5U|o>. (3.1.16)
X

Conveniently, at O(X) this is zero. Therefore we have the following result:

The cosmological optical theorem (for contact diagram)

g (wy,wa,ws) + 93 (—wi, —w3, —w3) = 0. (3.1.17)

Generalizing this result for more complicated diagrams proved to be a challenge. This is because if we
look at (3.1.16), we notice that (k; ...ks|6UT|X) is not simply a wavefunction coefficient or its complex

conjugate. It is entirely possible to work in canonical quantization and express this object in terms of a
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combination of wavefunction coefficients (and this is how the cosmological optical theorem was derived
for an exchange diagram in [100]'), but as the Feynman diagram grows more complicated, the derivation

becomes more cumbersome. Let us explore a different path forward.

The Disc operator Let us define the Disc operator as follow:

Blsgf(wl Wi Wi - Wiy (k) = flwr - wi wigr - wp, {KY) = T (wr s wi —wi g e — w, —{k ).
(3.1.18)

There are a few things to note about this Disc operator:

e The argument in f* is changed, and so this cannot be interpreted as the usual discontinuity (which
is lim._,o+ f(z +i€) — f(x —i€)).? We are only calling it "Disc” because its role in the cosmological

optical theorem is reminiscent of a discontinuity.

e If an energy argument appears below the Disc operator, it remains unchanged. Otherwise the energy
is analytically continued to —w™*. Note that this implies that we are allowed to analytically continue
the function from w to —w*. We will see in section 5.2 that we can always analytically continue
tn(w) in this way for external energies w, as wavefunction coefficients are always analytic in the
lower half complex plane. However, for internal energies this is less clear. For tree level diagrams
we expect this to be true (at least for flat space and dS), since the bulk-to-bulk propagators are
expressed in terms of Hankel functions (which only has a branch cut in the negative real axis). We

leave a detailed study of analyticity in internal off-shell energy to the future.

e The momentum in f* is always flipped: in particular we always have to flip the momentum even if
it corresponds to the momentum of an internal line (regardless of whether its corresponding energy

is flipped or not). This is enforced by momentum conservation.

Based on our experience with the contact diagram, the expectation is that we can express the left hand side
of (3.1.4) as the Disc of some wavefunction coefficients. Therefore, instead of trying to work everything out
directly from (3.1.4), let us ask the following question directly: given a Feynman diagram corresponding
to a wavefunction coefficient 1, what is Disci, ?

In the remainder of the section we will proof the following for a wavefunction coefficient ¢, 4, from a

general tree level diagram:

7

The cosmological optical theorem (for any tree level diagram)

Discw, t¥ntm({w};wpy, .., ws, ..., wp,; {k}) = —iP,,, Discy, i¥n41(wi, ..., wn, ws; {wp}; {k})

x Discy,, Wm+1(Wnt1, - - - Wintn, Ws; {wp }; {k}) .
(3.1.19)

Here w,, and w; are energies for internal lines (which we have taken off-shell and analytically continued).
It is much easier to understand this expression in terms of Feynman diagrams, where it manifests itself as

a set of cutting rules, see figure 3.1.

LAn alternative derivation from the perspective of Schrédinger equation is also presented in [107]
2Nonetheless, this can be treated as the usual discontinuity in the variables wi2+1 ...w2. To see this, take w = |w| — ie (so
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ki ky ...k, knt1 knya. o kngm ki ke ... kn Eni1 kny2. o kngm

Discg

B kl k2 kn S S kn+1 kn+2 km-HL B

= Pg Discg Discg

Figure 3.1: Diagrammatic representation of the single-cut rules defined in (3.1.19) demonstrating the
interpretation of the right-hand side as the cutting of an internal line in the diagram on the left-hand side.
A cut line is pushed to the bounday, i.e. it is substituted by two external lines and a factor of the power
spectrum. The discontinuity should be taken of each of the two resulting diagrams. The circles represent
an arbitrary tree-level diagram with any number of internal lines.

Proof of the cosmological optical theorem For simplicity we will consider theories with scalar fields.
We will generalize to spinning fields in section 3.3.
Consider a general tree-level diagram representing a perturbative contribution to ,. Applying the

Feynman rules for a wavefunction coefficient, the diagram translates into the following expression:

14 n I—-1
wn({w};{wp}vws;{k}) = _i/ <HdﬂAFA(k,p)> (H Kw,;,) (H Gwpi> Gws ) (3120)
A a i
where we have written the momentum for internal lines as p. We would like to compute Disc ¢, ({w}; {wp }; {k}),

where w; is an (off-shell) internal energy. To do this we would need to know the Hermitian analytic image
of ¥, ({w}; {wp}; {k}). We have:

Pn({—w b {—wph wss {-k}) =1

—
/N
—
QL
3
=
)
=
B
N——

A
n I—-1
x (H K*w;> (H G*w;) Gy, (3.1.21)

Now we use the following:

we have w? = |w|? — d€), then (—w*)? = |w|? + ¢, so Disc f(w) = —discy,2 f(w?) = lim__, o4 f(w? —i€) — f*(w? + d€)
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e Unitarity Since U = exp(—i f dnHint(n)), unitarity implies Hi,s is Hermitian. In terms of Feynman

rules this translates to the follwing:
Fa(k,p) = Fi(—k, —p). (3.1.22)

This is simply the multivariable versrion of the statement that if we have a real function f(x), its

Fourier transform f(k) necessarily obeys f(k) = f*(—k).>

e Bunch-Davies vacuum Bulk-to-boundary propagators for fields satisfying Bunch-Davies initial
condition are Hermitian analytic, i.e. K(w,n) = K*(—w*,n). In addition, this also implies the

following for the bulk-to-bulk propagator:

G, (,0') = G™ e (0, 11"). (3.1.23)
Once again we will postpone the discussion of this condition to section 3.2.

e Factorization of bulk-to-bulk propagator We will also need the following:
Im G, (n,7') = 2P, . Im K (ws,n)Im K(ws,n'). (3.1.24)

The imaginary part of the bulk-to-bulk propagator factorizes. This is the crucial property which

allow us to ”cut” internal propagators, and can easily be proven from (2.2.13).

From the properties above, it is very easy to see the following:
1%
Yo({—w b {—wp b wsi {-k}) = l/ (H dnaFa(k, p))
A

(i) (oo s

Therefore, the Disc of the wavefunction is:

(fpoe) ({1 (i ame

D(EC W m ({wh {wp}, wsi {—k})
s A

-/ (f[deA(k,p)> <1denBFB<k,p>> (HK) (f[K)

Iy, Ir
(H Gwm> 116G, | 4PoIm K (ws,n)Tm K (w5, 7,), (3.1.26)
i J

X

where we have used Vi, (Vg) to denote the collection of verticies on the left (right) side of the cut line (and
similarly for Iy, (Ig)). It is straightforward to see that the right hand side is simply P,,, Disc ¥, +1Disc ¥, 41,
which completes the proof of (3.1.19).

3 Another simple way to see this is that when we take derivative of fields we get 9; — ik;, so the minus sign of k cancels
with the minus sign from complex conjugate.
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The cosmological optical theorem continues to hold true even if the interaction involves time derivatives

(in which case we have to take derivative of the propagators) [1]. For details see appendix A.

3.2 Hermitian analyticity

Our derivation relies heavily on the fact that bulk-to-boundary propagators for fields satisfying the Bunch-
Davies initial condition obeys Hermitian analyticity, i.e. K(w,n) = K*(—w*,n). We will now demonstrate
that this is true for a massive field in a fairly generic FLRW background spacetime, assuming the equation

of motion for the free field is also Hermitian analytic.

Bulk-to-boundary propagator We will consider here scalar fields with a quadratic action of the form

C2
5= [ dndxa) (;¢> g2 ;a2<n>m2<n>¢2) . (3:2.1)

This is the most general quadratic action of a real scalar field to leading (quadratic) order in derivatives.

The mode functions ¢(k,n) satisfy a second order differential equation of the form®*

v () + p(k,n)er(n) + q(k,n)er(n) =0, (3.2.2)

where

!

Pl =25, gk = E@F + P )m?(), (323)

and the prime denotes time derivative. We will assume that ¢, a, %/ and m are real and analytic functions.
Generically this equation has two independent solutions, and following the procedure described in 2.2 we

take the solution which satisfies
lim ¢ (n) oc a™t(n)e’e=kn (3.2.4)

n——o0

and construct the bulk-to-boundary propagator K (k,n) = ¢; (n)/é} (n0). Proving Hermitian analyticity

amounts to proving the following:
o (n) = Alk,m0)[¢7 . (N)]* (3.2.5)

In other words, ¢; () and [¢T,.(n)]* are linearly dependent. It is well known [103] that two solutions of

the same differential equation are linearly dependent if their Wronskian, namely

W k,m) = W (67 k), [0, (0] ) = o (n) 9, [67,- (0] =[5 ()] O (), (3.2.6)

vanishes everywhere. Furthermore, if two functions both satisfy the same differential equation of the form

in (3.2.2) and their Wronskian is zero at some point 7; then, because the Wronskian is given by

Wk, n) = W (k,n;)e Lm0 (3.2.7)

4Here we will express the energies as k, i.e. on-shell energy, but it is natural to extend the derivation to off-shell quantities.
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it must vanish everywhere (see e.g. [109]) by virtue of the assumption that p and ¢ are analytic on this
domain.

First let us show that [(bfk(n)]* is indeed a solution to the same equation of motion under the
assumption that p and ¢ are Hermitian analytic. We take the complex conjugate of (3.2.2) and replace

k — —k* everywhere to give

2 (¢t ()] + p" (=" )0y [T . ()] + a* (k" m) [T - ()] = 0. (3.2.8)

This equation of motion coincides with (3.2.2) if p and ¢ are Hermitian analytic.
Since ¢s and a are real, it is very straightforward to see that:
lim W(k,n)=0. (3.2.9)
77— —00
With this we have shown that the bulk-to-boundary propagators are Hermitian analytic if the equation of
motion is also Hermitian analytic.

We would like to understand when it is valid to impose Bunch-Davies initial condition. A careful

analysis reveals the following:

e cgkn diverges in the infinite past, otherwise the mode function does not behave like a plane wave.
In other words,
lim c¢gk # 0. (3.2.10)

n——00

e (3.2.4) has no dependence on m or a (except through the prefactor of a=!). By rewriting (3.2.2) as

a”"(n)
a(n)

(aln)u(n)” + <C§(n)/€2 T (p)m?(n) — ) a(n)dn(n) = 0, (3:2.11)

we see that the last two terms multiplying a¢; must be negligible compared to c2k? in this limit,

lim am < ¢k, (3.2.12)
n—r—00
a//
lim — < ?k°. (3.2.13)
n——o0 a

e For the solution to behave like a plane wave cs needs to be approximately constant. To quantify this

we insert this asymptotic solution into the differential equation which gives

n——00 s cs csk cs Csk

c . \? c, 1 ' -
lim c2k? —2%—(%) 4205 — =L ] ek =, (3.2.14)
Cs

For this to be an asymptotic solution, we generically require that each of the terms in the bracket
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vanishes individually and so

. dlog(cs)
1 _ 1 3.2.15
T dlog(n) <h ( )
d?1 s
08(¢s) « ¢k (3.2.16)

One can also show this by making a WKB approximation (see e.g. [L09]) of the mode function in a general
flat FLRW spacetime, where we can see generically that ¢4 = e?%o+ (k) /a, where o is Hermitian analytic.

The details are included in Appendix B.

Bulk-to-bulk propagators In order to extend our results to diagrams with more than one internal line

we also need to prove that for a generic background

G (') = Gp(n, 7). (3.2.17)

In general the mode function ng,Jg (n) may have branch cuts in terms of & which may create complications
when we try to prove the Hermitian analyticity of Gp(n,7’): namely, we may have A*(k,no) [(b:k* (n)] Y4
¢ (n). To proceed, we can bypass these issues by writing ¢, () purely in terms of ¢} (n). To do this we
need to know the Hermitian analytic properties of ¢, (1) (i.e. the complex conjugate of ¢} (n)) in addition
to those of ¢; (1), which we have already established. To determine these, consider that d)f(n) are defined
to have a Wronskian

Wi(n) = a*(n) (o Moy, (1) — &5 (M)Oneyt (n)) = —i. (3.2.18)

We can treat this as a differential equation in ¢} (),

_ Onop (1) i
o _ D% 1) - 3.2.19
Ot T et 219
which can be formally solved:
_ _ + K Z d / d);g‘r (T}) — 3 2 20
) =~ | + o ) (3:2.20)

If the above assumptions are valid we can then exploit the Hermitian analytic properties of (bz(n) to give

n s + .
[0 ()" = Alkm)o ) [ T (ff ((n”o>) (670 (m0)] (3.2.21)
no k k
+ +
- A(lmo)jf((:o)) 5, (m0) — Ak, m0) ¢y, (1) + jz’f((;?) (671 (m0)] ", (3.2.22)

where A was defined in (3.2.5). The bulk-to-bulk propagator (2.2.13) can be expressed in terms of the

mode functions as:

¢, (M)
¢1J)r (10)

Gy = i0(n — 1) (as;r(n’)o:;(n) - ¢;<n>¢+<n’>) Lo, (3.2.23)
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and its Hermitian analytic image is

Gy () = =0 = ') [7,- ()] (M:p* )" - m

Using the relationships in (3.2.5) and (3.2.22) we find this is equal to G,(n,n") and so the bulk-to-bulk

propagator has to be Hermitian analytic whenever the bulk-to-boundary propagator is.

(67, ()] ) +nen. (3.2.24)

As a concrete example let us consider a massive scalar field in dS. The mode functions are:

o (n) = +ie—i%(”+5)ﬁ%(—n)%H,EQ)(—kn) , (3.2.25)
¢y (n) = fie“%(”%)ﬁg(*n)gHé”(fkn) : (3.2.26)

Here v = (/9 — E—; Hankel functions Hl(,Q)(z) have a branch cut —oco < z < 0, so we have to be careful
when we take k — —k*. We take k to have a small imaginary part, and send —kn — €™ (—kn):

(6% )" = —ie ™ F 0 v (D (7 (<)) (3.2.27)
(67 )" = +ie 50 VL LD (e () (3.2.28)

When v is real we will recover the original Hankel functions but when v is purely imaginary we pick up a

minus sign, this cancels with the sign change in the exponential factor as

HY (2) = =™ HD(2) (3.2.29)
HP(2) = e ™ HD(2), (3.2.30)

With this we can drop the complex conjugation on v. We would like to change the argument in the Hankel

function back to —kmn, and we have to be careful about the branch cut of the Hankel function when we do

so. Concretely, in our case we have (see Section 10.11 of [110]):
HWV (e72) = —e ™ HP (2), (3.2.31)
HP (e 2) = ™ HM (2) + 2 cos(nv) H?(2), (3.2.32)

which gives the following:

(655 ()]" = igf (), (3.2.33)
(674 ()] = iy, (n) + 2 cos(m) 6 (n). (3.2.34)

Notice that we have A*(k,m) [¢~,.(n)] i ¢, (1), contrary to naive expectations. Instead it is a combi-
nation of ¢ (n) and ¢; (7). When we substitute this into the Hermitian analytic image of (3.2.24), we
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obtain:

G ) = —i0n =) 67, (1)) [0, ()] <z+ ot EZD b o)
=if(n — 1ot (n) ot % (1) — 2icos(mv) — %y (o) icos(mv !
— 0 n>¢p<n>¢p<n><¢;(m 2icos(rv) — S0 2o )+ s
= Gp(n, ). (3.2.35)

Therefore the bulk-to-bulk propagator is still Hermitian analytic.

3.3 Spinning fields

In this section we discuss the generalization of the cosmological optical theorem to integer spin fields.
The ingredients we will need to proof the cosmological optical theorem for spinning fields are the same
as the scalar case: Hermitian analyticity of the bulk-to-boundary propagator as well as reality of the
vertex factors. For concreteness we focus on the very general class of free theories for such fields that was

developed in [111]°

2
oc

a2

S — /d%dt e % |:((I)zlzs)2 _ Z%(ajq)il...is)Q _ (9;BTiz15)2 — 2(Pir-in)?| | (3.3.1)
where ®%1-% is a totally-symmetric, traceless tensor with only spatial indices, i; = 1,2,3. This theory
arises in generic models of inflation where the background of the inflaton selects a preferred time foliation
of spacetime into spatial hypersurfaces. The above expression can be written in a covariant way by using
the Goldstone boson 7 of time translations to upgrade the spatial tensor ®*1-% to a covariant spacetime
tensor. The coupling of ®% % to 7 is also dictated by this constructions but we will not need this
here. Notice that ®% % has (2s + 1) components, which each create states (“particles”) with helicities
0,+£1,...,%s, respectively.

Hermitian analyticity of the propagators The equation of motion for the field ®;, ;_ is given by:

s

/
Q;«/ll + 2%@/1'1...1'5 - CgaQQilv--is - 50551‘15;@]'...2'5 + m2a2q)i1,,,is =0. (3.3.2)

The field can be separated into two parts:

iyt = Pl TP (3:33)

where @1 is the transverse part of the field, obeying
;] ;, =0, (3.3.4)
and (bg...is is the remainder. It is straightforward to see that ®7 has 2 degrees of freedom and represents

the components with helicity +s, while & has 2s — 1 components with lower helicities.

5For theories which cannot be described by this particular action, one can simply repeat the procedures described in this
section to check if the propagators are Hermitian analytic.
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For ®T', the penultimate term in (3.3.2) vanishes, and the equation of motion becomes:

" a/ ’
o+ 25@5 —c20*®! , +mPd®®] , =0. (3.3.5)

s .1 s

This equation is in the same form as (3.2.2), therefore we can directly apply the analysis in Section 3.2 to
show that the propagators of ®" are Hermitian analytic. For ®% we can take the divergence of (3.3.2),
which gives us:
a/
(0;9F )"+ QE(ajéf,,is)' — (24 6c2)0%(0;0F ; )+ m*a®(0;@F ;) =0. (3.3.6)

Once again the equation is in the same form as (3.2.2), but with ¢? replaced with ¢ + dc2. We can again

directly apply the analysis in Section 3.2. Working in Fourier space, this tells us that ik; (I)ﬁ..is is Hermitian

analytic. Since tk is Hermitian analytic, and ikjéf“~s has exactly 2s — 1 degrees of freedom, we deduce

K3
that the propagators of ®% are also Hermitian analytic. We conclude that the propagator of the full field
® must be Hermitian analytic, which establishes the crucial property of our derivation of single-cut rules

for free fields of any integer spin (in the spontaneously boost-breaking theories of [111]).

Helicity basis and the diagonalization of propagators For practical calculations, we would like

to work in a basis where the propagators have a simple form. This can be achieved by looking at the

helicity basis of the fields. These are irreps of ISO(3), the isometry group of a flat FLRW spacetime. As

we show below, fields of different helicities decouple from each other and the corresponding propagators

in this basis become diagonal.

The only non-diagonal term in the action is

ki®jin. i, (K ki Priy. i, (k) = Py, ki kg 6y - 0ayi iy (3.3.7)

Diy iy (K)Miy i (K) Py s (k). (3.3.8)

We are guaranteed to be able to diagonalise this term because it is real and symmetric in ¢’s and j’s.
To understand this diagonalisation procedure, let’s start by looking at the vector case, s = 1, for which
the tensor equation can be understood as a matrix multiplication, and so is diagonalised by finding the

eigenvalues, A", and eigenvectors, €, of M,
M; »(k)e?(k) = M (k)el (k), (no sum on h). (3.3.9)
The eigenvalues of M are

M=o, A0 = k2. (3.3.10)

*

We define the eigenvectors so that they satisfy the inversion relationship €"(—k) = " (k)*,

ef = (kx (k xn)+iklkxq),, (3.3.11)
&0 = ik, (3.3.12)

K2

for some normal vector n that is perpendicular to k.
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Here we will make the following prescription: when we take the wavefunction off-shell, we do not
analytically continue |k| — w in the polarization tensor. This ensures these eigenvectors are not functions
of off-shell energies. This prescription will be helpful in showing the Hermitian analyticity of the interaction
vertex in the helicity basis.

These eigenvectors are orthogonal to each other,

[ (k)] e (k) = CM (k) oM, (no sum on h), (3.3.13)

where C”(k?) is a polynomial in k? (so is guaranteed to be Hermitian analytic) that comes from the nor-

malisation of the eigenvectors. We can therefore express M and the identity in terms of these eigenvectors

as
1 *
— _ h h h
M;; = kik; = €; (k) Ch(k2)>\ (k) [ej (k)] (3.3.14)
1 *
_ h h
We can then see that in the so called ”helicity basis”,
" (k) = 0;(k)el (k), (3.3.16)

the action diagonalises,

1
O (k2)

So= 1 [ K S {8000, - 900 [ -+ BN} R (3T

3
2/ (2m) Vo
This also makes it clear why we imposed that ¢"(—k) = ¢"(k)* as it ensures that
" (—k) = &;(—k) [M(K)]". (3.3.18)

Now that we have our eigenvectors for the spin-1 case this procedure can be generalised to arbitrary
spin. To keep the symmetries of our field manifest we define a symmetric, traceless basis containing 2s+ 1

tensors which are constructed from the symmetrised direct product of s copies of the vector €”,

€y = €y 6 (3.3.19)
effllg = ezgl . .ez_legs), (3.3.20)
1
—2 0 0
eflmis = 6?;1 .. -62,262‘5,1%) + ge?;l .. .6;';7252-57”-5), (3.3.21)
0 0o, o 0
€ty = iy G, T E G c € 00 4y (3.3.22)
€irenis = iy oo €, (3.3.23)

The tracelessness of these terms relies on the relationship et = e~ which ensures that any contractions
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like elieli vanish by orthogonality. It can be shown that these tensors inherit the orthogonality of the
vectors so

h h h *
Mi, . iggi.js = €54, (k)m)\ (k) [Ejl...js (k)] ) (3.3.24)

Oiygy -+ 0igj, = [ ()] (3.3.25)

where C" is given, as for the vector case, by

[eh il (k)]>k Eh/...is k) = Chéhh,, (no sum on h). (3.3.26)

1

The action is therefore exactly that given in (3.3.17) but with h running from —s to s. As this is diagonal,

it gives a separate differential equation for each helicity mode®,
(20" (k) — a®®" [2k? — m? + 62\ = 0, (3.3.27)
which ensures that the propagators are diagonal in this basis,

Klfelh/ (n) = 5hh/K}?(T]) (no sum on h), (3.3.28)
G () = " CM (k)G () (no sum on h). (3.3.29)

Here, K;' and G are constructed from the positive energy modefunctions that satisfy (3.3.27) subject to
the Bunch-Davies initial condition (3.2.4) with the substitution

b
cs —\[c2+ ﬁcch. (3.3.30)

This is k independent because A" o k2 for all h. The proof that these propagators are Hermitian analytic

therefore follows similarly to the scalar case.

Interaction verticies The helicity basis is particularly useful in showing the reality of the vertex factors.

In the helicity basis, a generic interaction vertex has the following form when we take the energies off-shell:

n—gn{h}/dna /H[d’“KH@ )F{W{k}) (3.3.31)

The interaction vertex is constructed by taking various contractions of G?f...is (ko) and ik, (the latter
comes from a spatial derivative). Clearly ik is Hermitian analytic since (i(—k))* = ik. Next, we look

at the Hermitian analytic image [6?1__'2-8(—1{)]*. Under our prescription, when we take the energies off-

shell, the polarization tensors do not depend on the off-shell energies w, hence it is easy to see that
Fa(k,p) = Fi(-k,—p)".

6The contribution from C"(k2) factorises out.

"In [1] a slightly different prescription is used: all polarization tensors Ehl i, should be factorized outside all the Disc’s.
This is because in the paper the Disc is taken with respect to k (which is on- shell) and hence the Disc operator also acts on
the polarization tensors. In our prescription we take the polarization tensors to only depend on on-shell quantities and we

take the Disc of off-shell energies, and so this issue is bypassed.
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With the reality of the interaction vertex and the Hermitian analyticity of the propagators, we can
simply replicate the proof of the cosmological optical theorem for the scalar case and extend it to integer
spinning fields. Due to the form of the propagator, polarization tensors associated with bulk-to-bulk

propagators must also come with a sum over helicities. Therefore, we have the following single-cut rules:

. . {ha R ) . . {ha},h
Disc,,, zwiﬂi{ I’}({w}; Wpy « v s Wsy o5 wpps {k}) = Z — iP}(w,)Disc,,, zw;{H_l} {wa '}, wss {wp}; {ka})
h

xDiscy, it 3" {wp}, wei {wpti {ko}) . (3.3.32)
Here P is the power spectrum of the exchanged field,
Pg(ws) = C*@"(ws)?, (3.3.33)
where C" is defined in (3.3.26) and we take the positive energy mode functions for the fields.

Spin-1 example For spin-1, the action (3.3.1) reads:

2
2 0c;

S = /d%dta?’% [((ﬂ’)Q - g(ajoi) — (0i0")? — m2(ai)1 : (3.3.34)

This action encompasses a large class of spin-1 fields. For instance, consider the dS invariant action a

massive spin-1 field in dS:
1 1
S = /d4x«/—g [—4FWFW - 5(m2 + 3H2)AMA“] . (3.3.35)

Spinning fields in dS are irreducible representations of the full dS isometry group SO(1,4). Each represen-
tation is labelled by a scaling dimension A (or the mass of the field), which labels the SO(1,1) subgroup,
as well as [, which labels the SO(3) subgroup [112]. Naturally by considering the SO(3) subgroup we can
write down a helicity basis for the fields, and so we expect the propagators for spinning fields in dS to be
Hermitian analytic.

In the context of effective field theory of inflation (see [113]), (3.3.35) is indeed a special case of (3.3.34).
Generally speaking we would like to construct an effective field theory using building blocks which are
invariant under rotation, and so we should be looking at three vectors (rather than four vectors) as our
fundamental building block. In unitary gauge this is particularly easy to achieve, as the Goldstone modes
for time diffeomorphism obeys 7 = 0 (this is the gauge where constant time slices corresponds to slices of

constant inflaton) and we have®:

1
AO = QZS, A,L' = gO’Z‘. (3336)

8For general cases we need to write Ay, in terms of both oy, ¢, 7 to preserve diffeomorphism invariance. See section 3
of [111] for more details.
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If we expand the action (3.3.35) in terms of these fields, we obtain:

S = /d%dm% ({(di)Q - a%(ajgi)? . mz(gi)z]
+ (0" = Ho')0i¢ — (m* + 3H2)¢2)D : (3.3.37)

The terms in the first line corresponds to the terms in (3.3.34), with ¢2 = 1 and §c2 = 0. It is also easy
to see that ¢ is in fact an auxiliary field as it does not have a kinetic term. We could integrate it out and
this give rise to non-local interaction terms in o;.

Let us return to (3.3.34) and study its mode functions. They are given by [111]:

T oim(,41 :
O'Z(’r]) = ng 2 ( +2)(—77)3/2H£2)(—Chf-077)- (3338)
Here ¢} = ¢? and ¢ = ¢? + dc?. Based on our discussion for massive scalar fields, it is straightforward to

see that these mode function are Hermitian analytic®.

Spin-2 examples For spin-2, let us look at explicit examples involving massive gravity and general
relativity.

The simplest case is that of general relativity. In this theory, the (massless) graviton has the same
(positive energy) mode functions as massless scalar field in dS, so when we take the energies off-shell we

have:

H )
3 _ h i) eten
Vij(w, k) = zh: el (k) Vo (1 — iwn)e™ (3.3.39)
where now h = =2 since the lower-helicty modes are removed by diff invariance. As we have seen for the
scalar field, the propagators corresponding to this mode function must be Hermitian analytic.
As an example of an interaction, consider the cubic graviton interaction induced by the spatial Ricci
scalar R(®) [114):

m

p (6?; (kl)kgl) €2 (ko) (kzmej,;(kg)) + (cyclic) . (3.3.40)

FAA2%s (k) Ky k) = 2 (k%kzjej; (kl)) e (ko) (ks)

The two spatial derivatives are Hermitian analytic thanks to factor of 42 in front, and the polarization
tensors can be taken to obey Hermitian analyticity because of our prescription.

As a more interesting example, we also look at the propagators in a theory of massive gravity (see [115]

91n the case of dS invariant spin-1 fields, we could also study the equation of motion (V2 — m2 — 3H2)A,, = 0 directly
without referring to the action (3.3.35). The solution can be diagonalised in helicity modes, and the equation of motion for
each helicity mode is Hermitian analytic. This also applies for integer spin-l representations of dS. See appendix A of [11].
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for more details):
1
S=7 / d*z [V hyu VPR — (m® + 2H?) by b + VP hy, VW2 H
1 1
—V,hV, h" + §VMhV“h + §(m2 — H*(d - 2))h2} ., (3.3.41)
As shown in the paper, the mode function for the helicity mode +2 and +1 are found to be:

752 m) = (~wn)*2HL) (—wn), (3.3.42)

V5 n) = m(—wm)? (2umHS (—wm) = (3 + 2im) HE (—wn)) (3.3.43)

We immediately notice that the 42 helicity has a Hermitian analytic propagator. For the +1 helicity

mode, we use the recurrence relation of Hankel function to rearrange the mode function as:

d
3t () = n(—wn)'/? (—3 + 2nd77> H (—wn), (3.3.44)

from which we see that this mode function will give rise to a Hermitian analytic propagator.

3.4 Examples

Let us verify the cosmological optical theorem with a few simple examples.

3.4.1 Contact diagram

Let us first consider three point contact diagrams:

Since there are no internal lines, the expectation is that 3(w) + ¥5(—w*) = 0. We will look at two

examples:

Single massless scalar in dS We have computed 13 for a single massless scalar for the three point
contact diagram, and the expression is given by (2.2.19). We go off-shell (i.e. replacing k, with w,) and
compute 3 (—w*):
(s ) = 6g |- h e 9T (log(—iwrmo) + e+ )] - (34.0)
—wi, —wy, —ws3) = ——— —— 4+ — — | e3 —wreg + — —iw )] (3.4
3 1) ~TWo, W3 g 3778 300 310 3 TE€2 3 g T0) T VE
Here we made use of the following fact: by placing the branch cut of the logarithm on the negative real

axis, for r = |r|e’®, we have:

(log(—r"))" = (log |r| —i(m + 0))" = logr + 4. (3.4.2)
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Since log(—iwrno) = log(—wrno) + 45, we have:
log (— i(—w%)no)* = log(—iwrmno). (3.4.3)
By comparing with (3.4.1), we find that:
Y3 (—wi, —wy, —w3) = —Y3(wi, w2, ws), (3.4.4)
so the optical theorem holds.

Massless scalars with a vector field in dS Let us consider the same contact diagram, but with the
following interaction:
Lint = g$10;¢2 A", (3.4.5)

¢1 and ¢- are massless fields in dS and A; is a massless vector. To compute this diagram, first let us write

down the bulk-to-boundary propagator for a massless vector, which is:
RN () = e (m)gy 0. (3.4.6)

The wavefunction coefficient is given by:

. (™ d (1 —dwin)(1 —iwan) i
A _ U A n 27)  iwr( )
ki, ko, ks) = T2 (ks - (K (=10
e n it =iy [ i) = SN e
N 1 . . WiWsa . .
= g(ky - €*(k3)) ——770 —i(wy +wo) +14 or + iws log(—iwrno) | - (3.4.7)

Let us see if the optical theorem holds. We have (¢*(—k))* = €*(k), and from the discussion of the
massless scalar calculation the logarithm term is Hermitian analytic. All of the terms inside the bracket
remains unchanged, while the momentum ks outside gains a minus sign. Therefore it is straightforward
to see that:

P3 (w1, wa, w3, k1, ko, k3) = —(3 (—wi, —wj, —w5, —ki, —ko, —ks))*. (3.4.8)
3.4.2 Exchange diagram

Let us now consider wavefunction coefficients for an exchange diagram:

T

We would like to verify (3.1.19). Let us consider the following:

Scalar in flat space We have computed 1, for this diagram, and it is given by (2.2.23). We have:

Disci g9 g° 2g%ws 3.4.9
isciy = — = . 4.
ws W wr(wr +ws)(wr +ws)  wr(wp —ws)(wr —ws) (w2 —wf,)(wl%i - w?) ( )
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Here wy, = wy +wy and wrp = w3 + wy. Since we have:

L g g 2wsyg
D = - = 3.4.10
:‘EC Zw?) ((JJ17UJ27 WS) wr I W WI — W w% — wz ) ( )

and P; = 5—, we can easily see that

29%ws

(WE —w?)(wk —w?)’

—P;Disc itpg (w1, wa, ws ) Discitg (w3, wy, ws) = (3.4.11)

o0 (3.1.19) is clearly true.
Massless graviton in dS 1In the effective field theory of inflation one can construct operators from

extrinsic curvature and compute graviton correlators. Let us pick a simple one from [116] and compute

the four graviton exchange trispectrum. For simplicity we pick the following term in the action:

1 L.
Sr = 30 /d3xdt a* Ak Ve (3.4.12)
1
3 [ a0 (e (o) g0t 0i ol (3.4.13)
/\1,)\2 A3

where we have set the coupling constant to unity to simplify our notation. Let us set Mp = 1 for simplicity.

The mode function and bulk-to-boundary propagator of the graviton are

H . w
() = T iene (3.4.14)
KM () = M Ko (n) = 0™ (1 — iwn)e™. (3.4.15)
With this, we can easily obtain the wavefunction coefficient w)‘l)‘2)‘3 as
PYPYS & wiwiws
P32 = 263 (k)7 (ka)epy? (ka) = (3.4.16)
Huwy,
It is straightforward to obtain the bulk-to-bulk propagator
Gy (') = 26" Gy (1,1 (3.4.17)
9 . .
— 2i5)\)\' <9(77 _ n/)H (1 + anB)(l - an/) e*ip(nfn')
p
H2(1 +ipn') (L —ipn) ipyy  H2(A —ipn) (1 —ipn') iy
+0(n —n) 3 en=n) _ 3 P ) (3.4.18)
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Then we find

) [ [ iy 0O 0.0 0y ko )

3
Wy

9 . , 9 . .
n (0(7}/ _ U)H (1 —iwsm) (1 + Zwsn/)eiws(nn')> _ (H (1 —iwsm)(1 — 1ws77/)eiws(n+n’)>} . (3.4.19)

3 3
Wy Wy

o H2(1 + iwsn)(1 — iwsy!) _, ,
e Ruitooy | (6 —of) OO ZIN) o)

Evaluating the integral gives us the following:

2wiwwiwiw
et = N SIS M (k)7 (ko et (D e (Ka)ens (Ka) e, (D)

A wr
2 12wp  dwd 2 20 12wp dw? 2 A
= or 2 i M W ) | 3.4.20
” KERJF B2 B W)\ e L) \EE (3.4.20)

Here Ej, = wy, + ws, Fr = wr + ws. Adding the Hermitian analytic image reads:

2 2 2 s
Discy, g} hohe = 3 BRI Ay 1y ) (5 ) ()t (e ()

A “r
24 + 12wy 4w? n 24 + 12wr 4w?,
ER E2 E% EL - 2(,05 (EL - 2ws)2 (EL - 2w5)3
n 74 12wy 4w% n 24 n 12wy n 42,
EL E2 E% ER - 2ws (ER - 2w8)2 (ER - 2w5)3
4w 4w%
. 3.4.21
" (E% ) ( Er —2ws)3(EL — 2WS)3>:| ( )
The power spectrum is given by:
Y A A / 20
S
Therefore, we have:
> —iP], Discy,ith3*** (k1, ka, ps, K1, ko) Discy, it3™ (ks, ka, ps, ks, Ka)
A
A1 As WA 1 1
= Zglwlwzwswzlws (kl) (k2)€lz (Ps)enin (k3 )€ (k4) pm(Pé) mﬁ
A s R
1 1 1 1 1 1
—_—— — = . 3.4.23
N(mwr) () (@ e )] (3429

With this, it is straightforward to verify the single-cut rule for this interaction.

3.5 Extensions beyond tree level

The cosmological optical theorem described so far is quite limited in scope: it only works for tree level

in perturbation theory. Ideally we would like to extend this to work for loops, and eventually to beyond
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Figure 3.2: Taking the Disc relates the wavefunction to all possible ways of cutting the diagram. This
diagram is taken from [117].

perturbation theory. Here we will explore extensions of the optical theorem beyond tree level.

Loop level This has been achieved in [117]. Their result relates the Disc of the wavefunction to the
Disc of all possible cuts of the Feynman diagram. As an example see figure 3.2.

More precisely, the result is:

Z'ir}?eirsncal [Zw(D):| — Z H /P H (_i)inteDr}lSa(i . [Z w(subdiagram):| ’ (351)

lines cuts cut subdiagrams cut lines
momenta

The proof of this result relies on understanding how the Disc operator acts on a product of bulk-to-bulk
propagators. Notice that they do not analytically continue the energy for any bulk-to-bulk propagator.
This is because in a loop diagram, the energies p depend on the loop momentum which is integrated over,
and naively analytically continuing the energies (or trying to bring them off shell) would create ambiguity.
Because of this, the Disc operator acts on every bulk-to-bulk propagator in the perturbative expansion,
which causes the proliferation of diagrams.

If we want to avoid this issue, we need to come up with an analytic continuation procedure which
leaves the propagator unchanged under the Disc operation. Here we will describe an incomplete attempt

at creating such a procedure.

Analytic continuation of internal energies for loops The idea is to use analytically continue in a
way which allows the following:
Disc iy, ({w}, {k}) =0 (3.5.2)

for any diagram in perturbation theory. In doing so, we can replicate the proof of the single cut rule:
the Disc operator will commute through the propagators and the vertex factor, hitting only the subset of

propagators which we want to cut, and this will work even if the rest of the diagram contains loops.
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Let us first look at the simplest case, the one site loop:

Let us write down the integral for the wavefunction coefficient, which is:
n

1 A
ok d) = 35 [ dor? ] K@0Go.n.0), (3.5.3)

212 |
=1

where I have introduced a cutoff A to regulate any potential UV divergences. Now observe the following;:

1A i
=0 = 5p [ ar [[ K6 )
i=1
A n
-5 [ i (- [[ ()6 )
= - ({w}, A). (3.5.4)

We redefined p — —p when going from the first line to the second line, and Hermitian analyticity is used
when going from the second to the third line'. For example, in flat space we can compute this diagram
to obtain (see appendix D.2 for details):

Vn . 2A(A — wr) + wi log (2A>] . (3.5.5)

- 1672w wr
It is easy to see that ¥, (w, A) + ¥k (—w, —A) = 0.

It shouldn’t be surprising that there exist a procedure for this loop diagram: these diagrams usually
shift the mass or the coupling constant, and clearly the Disc operator should commute with a coupling
constant or mass in a unitary theory.

More surprisingly, we can still do something similar for the two site loop:

k1 ko k3 k4

wr WR

Let us illustrate this once again by using a hard cutoff. The integrand can be written as (we leave the

10There are potentially subtleties with ie prescriptions when I go from p to —p if there are branch cuts in the bulk-to-bulk
propagators. We leave a careful study of this to the future
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details in appendix D.3):

2

Ya(wi, ... wa, ws, A) = 29 /dmdnza m)a* (ne HK w;)

p?
/ dp+/ dp— —G(p1,m,m2)G(p2,m,m2)  (3.5.6)
In writing down the expression, we have taken s = |k; + ko| off-shell. There is no ambiguity in doing so:
s is not being integrated over.

By manipulating the integrand, one can show the following;:
Ya(wi, ... wa,ws, A) + ) (—wi, ..., —w), —ws,—A) =0. (3.5.7)

One can verify with explicit examples, for instance (5.3.51). There is a good reason why analytically

continuing s to wyg should give us the right answer. ¢4 can always be written as:

Pa(wy ... wy, s, t,u, {A}). (3.5.8)

Here t = |k; + k3| and w = |ky + ky|. This is purely from kinematics, and holds non-perturbatively.
Therefore it is reasonable that our procedure should involve analytically continuing off-shell versions of
s, t,u.

More generally, given 1,, we write down all intermediate energies, for example s12 = |k; + kaof,
s123 = |k1 + ko + k3| and so on. We then define off-shell energies for these variables. We hypothesize the

wavefunction coefficients should satisfy:

The contact COT hypothesis (for all orders in perturbation theory)

Discithy, ({we }, {wi}, {k},{A}) =0 (3.5.9)

Here w, are off-shell external energies, w; are off-shell intermediate energies.

To prove this hypothesis we need to understand the integral measure for an arbitrary diagram. In
general the measure is given by (the square root of) the Cayley-Menger determinant (see D.4 as well
as [118,119]), and to prove the hypothesis we need to how to properly analytically continue and flip the

external energies within the measure''.

In addition it would be nice to properly understand how this
procedure works for dimensional regularization and potential issues with branch cuts and ie prescriptions.

If we are able to prove this hypothesis, then we could extend the single cut rules to loop diagrams. For

L1 After the submission of the original version of the thesis in May, [120] was published, where the authors showed how to
properly analytically continue the integration measure. See section 7 of the paper for details.
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instance, consider the following diagram:

kfl kg k3 k4 k5

Let s; = |k; + ko| and s, = |k + ks|. Since the diagram can be written as:

5

s ({w}, war, wsr, A) = / dndiadits a* () (12)a* () [ (1)
=1

A ws, p2 _p2
></ dp+/ dp————G(p1,m,m2)G (P2, 1, 12) G(ws,., M2, 13),  (3.5.10)
w,l

—ws, Ws,

it is easy to see that Disc s corresponds to only cutting the right internal propagator. It would be nice

W,

to understand how this works for more complicated diagrams.

Beyond perturbation theory One of the ideas for generalizing the cosmological optical theorem, at
least in dS, is to use holography. It is known that wavefunction coefficients in dS can be written as CFT
correlators which lives on the future conformal boundary of dS [121]. The hope is to use ideas from the
conformal bootstrap to provide non-perturbative constraints to the wavefunction coefficients.

Naively one may try to impose reflection positivity on the wavefunction coefficients. Reflection positiv-
ity is a constraint coming from the positivity of norms of states. Roughly speaking, in Euclidean signature

a CFT correlator is reflection positive if it obeys:
(O(=x%1,—71) ... O(=%Xp, =Tn)O(Xn, Tn) - . . O(%1,711)) > 0. (3.5.11)

A reflection positive correlator in Euclidean signature gives states with positive norm once we Wick rotate
back to Lorentzian signature. This is also where we see why this idea doesn’t work for wavefunction
coefficients: the future conformal boundary of dS is Euclidean. There is no reason to Wick rotate to
Lorentzian signature, therefore naturally this idea does not apply.

Another idea is to understand bulk unitarity of dS in terms of properties of the operator product
expansion of the boundary CFT. For example, the equation (3.1.19) looks reminiscent to the relation
between conformal blocks for four point CFT correlators ga ;(u,v) and coefficients for three point CFT
correlators fgso [00]. However, this is only true for tree level, and this is not clear by looking at (3.5.1)
that this idea works in general.

The main problem in using holography as a guide to generalize the COT is that many properties
of the boundary field theory are poorly understood. For instance, it is unclear if the state operator
correspondence exists [122], and it is unclear if an operator product expansion converges [123]. There are
also very few concrete examples to experiment with (one of the few being [124]). As a result progress on
generalizing the COT using holography has been slow.

There has been development in understanding unitarity non-perturbatively using in-in correlators [122,
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]. The main idea is to write down a spectral representation of an in-in correlator, then demand the
spectral density to be positive (which translates to the positivity of the norm). While the wavefunction
coefficients has been helpful in understanding perturbative unitarity, it may be possible that we need to

look to the in-in correlators to properly understand non-perturbative unitarity'?.

12 Alternatively, one may use some procedure as in [105] to define an in-out object from in-in correlators, then study the
consequence of unitarity by looking at this new in-out object.
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Chapter 4

Applying the bootstrap to parity odd

correlators

One of the more interesting consequences of the cosmological bootstrap is its constraints on parity odd
correlators. By geometric considerations, parity odd signals are absent from the power spectrum and
the bispectrum, hence the leading signal would come from the trispectrum. In particular parity odd
trispectrum has attracted attention due to hints of detection from galaxy surveys [125, 126]. On the
theoretical side it is beneficial to understand parity odd signals from the primordial universe, as they may
hint towards exotic physics [127-131].

It has been noted previously that parity odd trispectrum for massless scalars is always zero in tree level
in-in calculations [132], however more recently it is discovered that the vanishing of in-in correlators is in
fact a consequence of the cosmological bootstrap [133]. In this section we will briefly review how unitarity,
locality and scale invariance force the parity odd tree level trispectrum to be zero for a massless scalar,
with interactions mediated by scalars and massless spinning particles. We will then explore the validity of
this claim beyond tree level. By computing explicit examples of one loop diagrams, we will see that the

one loop parity odd trispectrum is non-zero in general, even if the interaction involves only scalars.

4.1 Review: Tree level no-go theorem for parity odd
trispectrum

Let us first quickly review the no-go theorem for tree level parity odd trispectrum of massless scalars in

dS. The argument is taken from [133], and relies on the the following properties:
e Unitarity. We covered this extensively in section 3.

e Manifest locality. This is the requirement that interactions are built out of fields and their derivatives
in the same spacetime point [134]. It can be shown that for massless scalars, this gives the following

constraint known as the manifestly local test (MLT):

%w{w}mezo 0, (4.1.1)

53



where w, is the energy of an external leg.

e Scale invariance. This means that for three spatial dimensions, the wavefunction of a massless scalar
obeys:
Un({Aw}, {Ak}) = X ({w}, (kD). (4.1.2)

Then the proof can be summarized as follow:

e For parity odd interaction p§© (k) = 1 (pa(k) — pa(—k)). Using the definition (2.3.9) this means the
parity odd part of py must be pure imaginary. As a consequence 1, must have an imaginary part
for the parity odd part of ps (and subsequently the trispectrum) to be non-zero.

e Let us consider 94 from a contact diagram. The contact COT is given by:

Ya({w}, {k}) + i({—w}, {-k}) = 0. (4.1.3)

Combined with (4.1.2) (where we set A\ = —1), this implies 14 for a contact diagram is purely real,
and cannot contribute to the parity odd part of ps. Using the same argument, v, for a contact

diagram is real for any n.

e The single cut COT allow us to express the partial energy poles of an exchange 14 in terms of p3
computed from a contact 13, and by imposing the MLT, one can fully fix the exchange 14 in terms of
contact 13 (see [134]). Notice that the constraint equations (4.1.1) are real. Combined with the fact
that the contact 13 (and hence p3) is always real or purely imaginary if the interaction is mediated by
scalars or massless spinning fields', this implies the exchange 4 is also real, and cannot contribute

to parity odd part of py4.

Hence, we arrive at the conclusion:

Tree level parity odd trispectrum for a massless scalar is zero for a local,
unitary theory with (IR-finite) interactions mediated by scalars or

massless spinning fields.

4.2 More about scale invariance

The above derivation heavily relies on the assumption of scale invariance. Suppose we we modify the

scaling behaviour of the wavefunction coefficient to be in the following way?:

Un({w}, {Ak}) = X0y, ({w}, {k}). (4.2.1)

n the case of scalars 13 is always zero due to momentum conservation. For massless spinning fields the scaling has
integer dimension, and so 13 is always either real or purely imaginary. In addition, since this result comes from considering
the overall scaling, 13 cannot go from real to purely imaginary by changing the interactions involved, assuming the fields
involved are the same. For massive spinning fields this is no longer true, so one can break parity by coupling to massive
spinning fields.

2The author would like to thank Ayngaran Thavanesan for many fruitful discussions regarding this point.
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Let us see what this means for the contact v,,. Combining our new scale invariance condition with the
COT, this implies:
dn({w} {k}) — v ({0}, {k}) = [ = o) ({w}, (k). (42.2)

There is a non-zero imaginary component for the contact wavefunction coefficient if § is non-zero. Because
the exchange 14 is fixed in terms of the contact 3 this also implies the exchange 14 will get an imaginary
part.

This result is significant in the following way:

e Cosmological measurements tell us the power spectrum scales approximately as k2, however there
are corrections to the scaling dimensions. These corrections (commonly written as ngs — 1) are
proportional to the slow roll parameters. The argument above tell us that the parity odd trispectrum

is slow roll suppressed, on top of any additional suppression coming from the interaction vertices.

e When we have IR secular divergences, this will generally generate additional logarithmic terms. This

breaks scale invariance, and so the no-go theorem no longer holds. See [133] for more details.

e Last but not least, when we regulate UV divergences, this will result in violation of (4.1.2). This is
particularly easy to see in the case of dimensional regularization, where we compute the trispectrum
in d = 3+ instead. Therefore in general we expect an imaginary part in the wavefunction coefficient
in dimensional regularization, and it is multiplied by powers of the regulator §. This is not a harmless
term that vanishes as 6 — 0: since there is a UV divergence, we expect terms which goes as 1/4,

and so we will obtain a finite imaginary contribution to the wavefunction coefficient in the end.

The last statement is why the no-go theorem generally fails beyond tree level. In the remainder of the
section we will make this argument precise. However, before we do this, we need to learn more about

dimensional regularization in de Sitter.

Prescription for dimensional regularization In de Sitter spacetime, dimensional regularization is
not as straightforward as in flat space (see [135—137] for pioneering work on loop contributions in de Sitter).
Naively, we would only analytically continue the number of spatial dimensions in the momentum integral
from 3 to d = 3 + 6. However, doing so breaks scale invariance, and this is manifest in the appearance of
logarithmic terms of the form log(k/u) in loop diagrams, even in the absence of IR divergences. To ensure
manifest scale invariance, the authors of [138] suggested to analytically continue the mode functions
as well. In Minkowski this would be inconsequential because the mode functions are always e** with
Q=vVKk*+m?in any number of dimensions. Conversely, in de Sitter the number of spatial dimensions
appears in the index of the Hankel function, which must be carefully tracked.

Working with Hankel functions H, with a general complex index v(d) is possible but leads to compli-
cated algebraic manipulations. To avoid this while maintaining manifest scale invariance, we will employ
a trick used in [117]: we analytically continue both the number of spatial dimensions and the mass of the

field in such a way that the index of the Hankel function is always v = 3/2. For scalar fields, this results
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in the following mode functions

Hn
= (—Hn)?/? =Leikn conformally coupled scalar), 4.2.3
H .
Fr(n) = (—Hn)*? —=(1 — ikn)e™" (massless scalar), (4.2.4)

V2k3

where ¢ should be taken to zero at the end of the calculation. For later convenience, notice that we can

write the mode functions also as

1 )
fe(n) = —E(iHak)lee’k" (conformally coupled scalar) (4.2.5)
H? .
fe(n) = (iHOk)*"*(1 — koj) e’ (massless scalar) . (4.2.6)

vV 2k3

This will be useful to simplify some of the calculations.

4.3 One site loop

We will first look at the simplest loop diagram: the diagram where the loop has a single interaction vertex
and hence a single bulk-bulk propagator. Interestingly, for both parity even and parity odd interactions, the
contribution of these diagrams to correlators vanishes in dimensional regularization (dim reg) in Minkowski
and in de Sitter spacetime, if the fields in the loop are massless. This is somewhat analogous to what
happens for amplitudes. Conversely, one-loop one-vertex diagrams with massless fields generate non-
vanishing contributions to wavefunction coefficients in general. A detailed cancellations among different
terms in the wavefunction when computing correlators then ensures that these two results are compatible.
As we will discuss, the physical reason is that for correlators there is no energy-momentum flow inside the
loop, while for wavefunction coefficients the total energy of the diagrams flows from the boundary into the
loop.

Moreover, we generalize our analysis to massive fields running in the loop and present several explicit
results. Our finding are summarised in Table 4.1.

As a last remark, we notice that one-loop one-vertex diagrams cam be made to vanish by fiat by
applying normal ordering to all interactions. While this is a possible way to bypass the calculations in this
section, we find it nevertheless interesting to discuss what happens for non normal ordered interactions
for at least two reasons: first this gives us a simple toy model of an exact cancellation of a term in the
wavefunction when computing correlators, which could be an instance of a more general phenomenon, and

because normal ordering would not remove similar contributions at higher loop order.

4.3.1 Correlators

Let’s start computing a simple one-loop, one-vertex contribution to a correlator. For concreteness we
focus on a four-point function, but the same discussion applies for any n-point function. For simplicity of

exposition, we consider a single scalar field.

Minkowski spacetime We start in Minkowski, and then discuss de Sitter spacetime. To use the

Feynmann rules to compute correlators we need the bulk-boundary and bulk-bulk propagators, which in
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de Sitter Minkowski
m=0 m=+v2H m#0,V2H | m=0 m#0
2 divergences? log k complicated | logk logm
Bé(llL) 0 0 analytic 0 analytic

Table 4.1: Summary of the results of the one-loop one-vertex diagrams. Here log k denotes schematically
the logarithm of some combination of external kinematics; correlators marked ‘analytic’ are analytic in the
external kinematics; where logarithms appear during regularisation of loop integrals, they can be removed
entirely by a judicious choice of the renormalisation scale. The non-analytic terms in ¢4 cancel out with
other non-analytic terms related to tree-level wavefunction coefficients when computing correlators.

Figure 4.1: one site loop diagram for a n-point correlator.

Minkowski are simply

£i2t eiQ(h*tz)
20 Gy _(ti,ta,p) = GZ  (t1,t2,p) = o (4.3.1)
eiQ(t27t1)

G++(t1,t2,p) = T@(tl — tg) + (tl s tg) . (432)

Gyi(t k) =

where Q = Vk2 4+ m? is the on-shell energy and the labels + refer to interactions in the time ordered
time evolution of the ket or anti-time ordered time evolution of the bra in the in-in correlator. Since our
results will not depend on the number of spatial or time derivatives, we consider a simple polynomial

interaction,
A
Ling = @qsG : (4.3.3)

For the diagram in Figure 4.1 we have

. 0 4
B, =2Re %// dt Gy (t,t,p) [[ Gt ka) | - (4.3.4)
p Joo

a

The crucial point is that, since the bulk-bulk propagator is evaluated at coincident times, the oscillat-
ing exponentials cancel each other and the dependence on loop momentum is only given by the overall

normalization factor

eiQ(tft) 1 M—0

1
Giy(tit,p) = 50 3 e — T

(4.3.5)

For a massless scalar this reduces to a power law dependence, G4, o 1/p. Notice that the dependence

would still be a power law in the presence of time and space derivatives from local interactions. Now we
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regulate the loop integral in p using dim reg. Since the integral is a power of p, it vanishes in dim reg?

/ dp?p®* =0 (dim reg). (4.3.6)

This is intuitive because there is no scale in the integrand with which to write a dimensionally correct
result. We conclude that a loop of a massless particle with a single vertex does not contribute to Minkowski
correlators. This would remain true if we computed the correlator at unequal times.

If the field running in the loop is massive the momentum integral no longer vanishes in dim reg. Instead

we have the following:

1 A
By = / , 4.3.7
* 891929394 p 4QPQ¥1) ( )

where Q, = /p? +m? and Q(;) = Q1 + Qs + Q3 + Q4 is the total energy entering the diagram. This

integral can be evaluated to give:

1 Am? 1 m
By = -+ log — lyti 4.3.
4 S0 0,050 167r2kQ§f1) (5 + log p + (analy 10)) , (4.3.8)

where p is a renormalization scale. Notice that the result is analytic in the external kinematics.

Massless scalars on de Sitter spacetime Something very similar happens for massless fields in de

Sitter spacetime. The in-in correlator is given by:

B4 = 2Re

) 0 dp !
> / / WG++(7I, n.0) [[ G+ ka) | - (4.3.9)
pJ—o0

a

At coincident times, the bulk-to-bulk propagator reads:

2 . H2
Giv(n,m,p) = @(1 — ipn) (1 + ipn)e™ =" = ﬁ(l + ') (4.3.10)
The propagator is simply a polynomial in p, so in dim reg this vanishes just like the Minkowski correlator.
A similar cancellation also occurs for conformally coupled scalars in de Sitter as well. The vanishing of
this contribution is familiar from scattering amplitudes and is usually described by saying that there is
no flow of energy or momentum through the loop from the external kinematics. In the absence of both a

mass and external kinematics, the loop has no way to satisfy dimensional analysis and must hence vanish.

Massive scalars on de Sitter spacetime Similarly to the case of massive scalars on Minkowski
spacetime, the one-loop one-vertex diagram on de Sitter is not expected to vanish for massive fields. The
mode function for a massive scalar on de Sitter in the dim reg procedure described in Section 4.2 is

2\/7»1'H1+% ( 348

filn) = =———(=n) = HY (—kn), (4.3.11)

3Had we used a cutoff regularization we would have found power law divergences, to be removed by renormalization, but
no left over logarithmic running
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with v = 4/ % — m% and HY the Hankel function of the first kind. The one-loop trispectrum for a massive

scalar with a )\cbﬁ / 6! interaction at conformal time 7y is then given by the following integral:

T 2(3+9) r7(1 1
By =Re (“256< M PO HD (<king) B (k)
F2+o 2
[ anat oo O b 1 b T 0] 412

As H,Sl)(x) ~ 27" as x — 0, we must rescale the correlator in order to find a finite value as ny — 0. The

resulting correlator is

4H8+46 QDF(Z/) 4
B, =Re [irl
1+ = Re <z/\ 556 ( - )

e 2(345) 1r(1) [ Uy, TH?
dna —n) Hy(=kin) ... Hy (—kan)

el ) - asas)

Since the momentum integral vanishes in dim reg for massless and conformally-coupled scalars, and

because it contains fewer Hankel functions, it is reasonable to attempt that integral first:

3+6 2
7, :/d g‘Hl(,l)(fpn)‘ . (4.3.14)
(2m)

For v = % (massless) and v = % (conformally-coupled), the integrand is a sum of power laws in p and

vanishes in dim reg. Strictly, however, Z, converges only for Re(d) < —2 and —3 — 6 < Re(2v) < 3+§
(due to the behavior of the Hankel function as p — oo and p — 0 respectively). Then,

F, (38 346 _ ), 1 -1
- (3+6—y> 2 1( 2’ 2 Y v )sin(m;—m/)
5 2

2249 ese(mv) sec (%)

p:

2
(2m) o (777)3% r(—1— 2 F(l —v)
Fy (32,389 1y 14051

When Re(d) < —2 this expression can be simplified as:

22+9 (2)T(—2-9)

= )I( sin(Z2 —7v)  sin(
3-3-»l(-3—§+v)

2

F4n
COS(%‘S — 7TV) cos(%‘S + 7TV)

7 ese(mv) sec
(2m)3+0 (—)* T (=1 — HD(~

I,=

We analytically continue this expression in § and study its behavior as § — 0. One can check that this
expression indeed gives zero for a massless or a conformally-coupled scalar, as expected. More generally,
the I'(—2 — §) term in the integral will contribute a 6~! divergence in dim reg.

From the factors of H° in the time integral and the 6! divergence in the momentum integral, terms
like log H ]l appear in the final correlator. However, as long as the time integral is IR-convergent, i.e.
Rev < 5+3, scale invariance is unbroken, which fixes the form of the correlator and precludes any logﬁ
terms, where k stands for some combination of the external momenta. As on Minkowski spacetime, the

resulting trispectrum must then be analytic in the external kinematics.
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4.3.2 Wavefunction coefficients
Now let’s try and perform the same calculation using the wavefunction formalism.

Massless scalar in Minkowski spacetime Let’s start with massless scalars. In flat spacetime the

wavefunction propagators are

Kk(t) _ eikt’ Gk(tlatQ) _ ﬂ (eik(t2+t1) _ eik(tz—tl)) 9(1‘51 — t2) + (tl YN t2) (4317)

With an interaction A¢®/6!, the relevant wavefunction coefficients are’

0
gree(kl,...,kﬁ):i/ ) ‘)dteik?t)\ (4.3.18)
A
= W’ and (4319)
T

0
A 1 -
wilL) (ky,...,kq) = / dt 56”65"4)7: / % [¢*P* —1] . Performing the time integral first, (4.3.20)
P

_/ A
p —4p

This last integral is UV divergent and needs to be regularized. In dimensional regularisation, the second

1 1
— . (4.3.21)
K+ 2p I#)]

term in brackets in wiu)(kl, ..., ky4) vanishes; while the first term in M S, gives
(4)
(1L) __6X @y kr

This non-vanishing result is intriguing because we had just found that a similar 1-loop 1-vertex contri-
bution vanishes for correlators. We will show shortly show that the two results are compatible and that
indeed the term in (4.3.22) cancels exactly with another term when computing Bs. Here we would like
to make some general remarks. Notice that in the wavefunction calculation there is a flow of energy from
the external kinematics though the loop. This is visible in the denominator kg,fl ) 4 2p in (4.3.21) arising
after performing the time integrals. This is naively surprising because we are computing a diagram that
is identical to that for the correlator where we stated that there is no energy-momentum flow through the
loop. The resolution is that the wavefunction, in contrast to a correlator, provides the answer to a bound-
ary value problem where ¢ has been specified at some time, which we take to be ¢ = 0 here. This explicit
boundary condition breaks time translation invariance and energy can flow from this boundary. Indeed, it
is precisely the total energy that flows into the loop, because the boundary is attached to all external legs.
Also, since the boundary does not break spatial translations, there is no flow of spatial momentum through
the loop, only energy. At the mathematical level, the origin of the energy flow through the loop is the
boundary term in the wavefunction’s bulk-bulk propagator G, which is absent in the correlator’s bulk-bulk
propagator G4 . A more colorful way to say this is that the bulk-bulk propagator in the loop represents
the quantum fluctuation of a virtual particle. In the correlator, such fluctuations are unconstrained, but

4Notice that given our definition of the bulk-bulk propagator in (4.3.17), which includes a factor of i, the correct Feynman
rule is to introduce a factor of i1~L, where L is the number of loops, and no factor of i on the vertices, which simply result
in a factor of .
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in the wavefunction they must obey the boundary condition that ¢ takes some fixed value at t = 0. This
requires the quantum fluctuation to turn off as the interaction vertex is pushed toward ¢t = 0, which in
turn requires knowledge of this fix boundary and hence a breaking of time translations. This mechanism is

actually closerly related to how the recursion relations for the Minkowksi wavefunction were derived in [30].

Now use the wavefunction coefficients to find the trispectrum. Performing the average over ¢ in the

Born rule we find

_ 1 an p"°({k},p, —p)
By = HiQRe%(ka) {p ({k}) —&—/p 2 Reva(p) (4.3.23)

where {k} = {ki,...,ks} and p denotes the coefficient of the diagonal part of the density matrix |¥|?,

P () = o (ko k) + 0 (kg —ky)® (4.3.24)
ptree({k}7 P, _p) = éree(klv sy k47 P, _p) + wgree(_kla ey _k4a —-P, p)* . (4325)
The free power spectrum in Minkowski is 1/2k and so Rey = —k. For the parity even contribution in

(4.3.3) we can simply drop the minus sign on the momenta. Then, the first contribution to By in (4.3.23)

is

1 1

~ e ) = o2 Reu (K 4.3.26
HiQRelﬁQ(ka)p ({k}) 16, Yy (ke 4) ( )

16Xy, kY
= — —— VI 4.3.2
Bes 3272 T Ty (4.3.27)

The second is
! pee(fktp—p) _ 1 1/ 1 .

a = 9 72Re "o k yr e 7k b b 4.3.28
HizRer(ka)/p SReva(p) 162 Jyape oV (ko ki pop) (4.3.28)

11 1 A
-3 /p IO (4.3.29)
T
The momentum integral is just —1 times that of wfllL) (k1 ...ky4), so the two contributions to the trispec-
trum cancel.
The cancellation of the logarithmic term in the one site loop diagram is an example of a more general
result. Namely, the total energy branch point from the wavefunction always cancels when computing the

in-in correlator. We will discuss this further in section 6.4.

Massive scalar in Minkowski spacetime For massive scalars we no longer expect the contribution

from p('%) and p'*®® to cancel. Let us calculate ¢1({1f)_k4 explicitly. We have:

0
(L) _ A oWy L gt
I B ™ = G

A

1
20V /p oY 122+ m?

(4.3.30)
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(4)

In the regime m > €. this integral can evaluated easily, since we can write the integral as:

oo @ \"
an iy
Ui e, = 29(4 / +m2 Z (2 +m2) . (4.3.31)

Evaluating this integral gives

N (—Qéﬁ”) p=n-s LG +0-1)

1m0 \ 2 L)
A (9(4))2 1 m .
= Tom2q® <m2 = :; 5 + log m + (analytic) | . (4.3.32)
T

Compared to By we have an extra contribution of the form ngl ) log m, and we expect this to be cancelled
by the term from p*°°. Indeed, we find that for m > ngl):

e X I
[122Retn(ka) Jo  2Retn(p) T6e; 2 J, 20, 2RO ¥k teamp

1 )\/ 1 1
S 8ea2 S22 m2al 4 2/p2 + m?
00 4 n n—
1 A <_Q(T)> m17n+51—‘(%)r( 21

)

Bey &= 3272 | 2 (2 +1)
1A o
= 8 1672 2 <6 + log — (analytic)) . (4.3.33)

Therefore, using (4.3.23), the contributions of the form Q;l ) logm cancels in B4, and we obtain the ex-

pression in (4.3.8).

De Sitter spacetime We can consider a similar A\o®/6! interaction of a conformally-coupled scalar on
de Sitter. Since such a field is massive, as g — 0 it decays. Formally, to avoid this issue, we consider the
wavefunction of the re-scaled field o /7 in this limit; this amounts to factoring out all factors of ng in the
propagators. With this prescription, and using the scale-invariant dim reg procedure discussed in Section

4.2, the wavefunction propagators are

Ki(n) = (=n)°ne™ (4.3.34)
S
(H2pm) 4 f
Gk(m,m) = z% [e ik(n2 m),g(m _ 772) + (771 o 772) _ ezk(m+nz) . (4.3_35)

The relevant wavefunction coefficients are

0
1 ©,
tree(ky Lk :i)\/ dnp——— (—n)513%eikr 4.3.36
6 ( 1 6) oo(1—ie 77(7H77)4+5( 77) ( )
Ae?™OT(3 + 26
_ ATUT(3 + 20) (4.3.37)

5\ 3120
4+ (k(T ))
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and

0 3+6 . H2 2
(1L) (e k) — é/ d 1 4425 ik(4)n/ d”p Z( N
sl ) =5 | TCEn T ey

)1+%

[1—e*1] . (4.3.38)

The first term in the brackets yields a power law in p after the time integral is performed, and vanishes in

dim reg. The time integral in the second term is essentially the same as in §e°:

(1L) y ) A d3+6p H2(1+%) F(3+25)62’”'5 13,30
(K 4)_5 (2m)3+e  2p ) 3425 ° (4.3.39)
o+ (K 4 2p)
This momentum integral is finite:
(D) = ——— 2 TEEOTA D), (4.3.40)
4 1...-Kq4 sis . (4) 1+ F(LJF‘S) ; 0.
98+35 %52 2 (sz ) 2

since it is analytic in the momenta as § — 0, it could be removed by local counter-terms. Local counter-
terms would then also have to be added to remove the contribution of 1§ to the trispectrum.

More generally, consider either conformally coupled scalars or massless scalar with IR finite interactions,
i.e. the resulting correlators do not diverge as 19 — 0. The integrals encountered when considering the

one site loop diagram for these fields can be grouped into two types: the first type is

1 0 s i@y [°0, pPTTmro
T, :/ dn gm0 giky 77/ dp 553 (4.3.41)
—00 0 P
which vanishes in dim reg. The second type is:
0 e} 2+m+3§
2 _ n+m+25 ikl p 2i
Im—/_wdnn e T"/O dp72p3 e~"Pn
[e%e} s n+m+61" 1 25 —14+m-+6
:/ ap =) (4()’””” +20)p : (4.3.42)
0 (kT + 2p)n+m+1+25

where m = 0,1,2. By power counting this momentum integral is always convergent for n > 0, which
is always true for IR finite interactions. Hence terms coming from these integrals are always finite and
analytic in k‘g;l ),

When we consider more general massive scalars, the integrals involved are much harder to solve.
Namely, we have to integrate over products of Hankel functions, and we expect the result not to be

analytic in k(T4 ) in general.

4.4 Two site loop: general strategy and a toy model
example

For the rest of the section we will be focusing on the parity-odd trispectrum generated by the two site loop
diagram in Figure 4.2. We will first discuss it in general and then present a series of explicit calculation

in increasing order of complexity, culminating with the case of single-clock inflation.
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k1 ky k3 k4

wr, WR

Figure 4.2: Two site loop diagram for the trispectrum.

To begin, let’s derive an integral expression for the diagram in Figure 4.2. To this end, consider a

general interaction Hamiltonian of the form

0
Hine ({k},m) :/ dn [Fro({k},n) + Fre({k}, n)] ¢(ka) (k) o (ke)d(ka), (4.4.1)
where Fpo pr denote the vertices corresponding to a local interaction with an odd or even number of
spatial derivatives, respectively, of which examples will be given later on. We can use the Feynman rules

outlined in section 2.3.1 to write the trispectrum as:

0 Mo .
Bu(ky, ko, ks, ka) = ) / dm / dns / 53 (py + Py +8)Galki, m)Ga(ka,m)
R

a,b=+" ">

x Fpo(ki, ka2, m)Gap(p1,m1,m2)Gap (D2, M5 12) Fre (K3, ka, 12) Gy (k3, 12) Gy (ka, n2) ,  (4.4.2)

i

where we used
S = k1 + kg = —k3 - k4 . (443)

In-in diagrams are related pairwise. If D represents a diagram with a particular choice of vertices on
the + or — contours (from the time evolution of the bra and the ket), and D represents a diagram when

each vertex sit on the opposite contour, 4+ <> —, then
D= D(-1)", (4.4.4)

with n the number of spatial derivatives. This ensures that in Fourier space parity-even correlators are
real and parity-odd correlators are purely imaginary, as it should be for Hermitian operators in position
space. Since we are considering a contribution with an overall odd number of spatial derivatives, we only

need the imaginary part of the integral in (4.4.2). We can then write
By = Bya + Bss, (4.4.5)

where, for future convenience, we separate the trispectrum into two contributions,

no o
B4A:2Im/ s / dn / 5@ (py + Py + )Gy (kr, )G (ko 1)
—00 —00 P

x Fpo(ki, ko, m)G 4 (p1,01,1m2) G4 1 (D2, 11, m2) Fre (k3, ka, 12) G 4 (k3,1m2) G4 (ka,m2) ,  (4.4.6)

64



Tlo 70
Bun =2t [ dny [ dne [ 89, 4+ 0y 4 )G (k1) G (k)
—o0 —o0 P
X Fpo(ki, ko, m)Gr—(p1,m1,1m2) G+~ (D2, M1, 1m2) Frr(ks, ka, n2) G (k3,m2) G- (ka,12).  (4.4.7)

There is one last general result that will be very useful in the following explicit calculations. We will

often encounter integrals of the following form:

/770 dn (—Hn)"Foe™ = (iHo),)" 0 /7]0 dn e, (4.4.8)
—o0 —o0
where n is an integer. This tells us that the trispectrum can often be written in terms of derivative operators
acting on a simpler integral. In dimensional regularization, this leads to the following simplification.
Suppose we want to evaluate

2T (8;,)" (i HOy,) 1 (k),

and I(k) is the result of a UV-divergent integral, which can be written as:

Io(k)
0

I(k) = + I (k) + O(9).
For the cases we will interested in, where IR divergences are absent, I(k), Io(k) and I;(k) are all real as

consequence of unitarity [133]. Then we can expand the derivative operator in the following way:
(iHak)5 =1+0log(iHO)+---=1+0 (log(Hak) + ’L;T) +....

Here the logarithm is understood as a power series in J;. The terms from log(H9) acting on I(k) are all

real, so if we want to isolate the imaginary part, we find that:
2Im (9g)" (i HOR)° I (k) = 7(9k)" Io (k). (4.4.9)

In other words, only the coefficient of the 1/§ part of the simpler integral I(k) contributes to the final result.
Since we only want the imaginary part when we compute the parity-odd trispectrum, we will only need
to compute the this leading divergence and then multiply by imwd. This is a great simplification because
it dispenses us from computing the finite term I (k) of the UV-divergent integral, which is in general
much more complicated. Moreover, these manipulations already tell us that the parity-odd trispectrum
is actually UV-finite! This is important because for the class of theories we consider here the tree-level
contribution vanishes in general [132, ] and so it would have been impossible to re-absorb the UV

divergence into a counterterm.

4.4.1 Momentum integrals

The mode function of massless scalars and conformally coupled scalars can be written as derivative op-
erators acting on a plane wave as in (4.2.5). Hence, in general, we can recast By4 into the following

form:

Bia = QIm/ 5(3)(131 +Pp2t S)F({k}vpla P2)lfat, (4.4.10)
P
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where F is a differential operator which depends on the form of the interactions Fpg and Fpo, and
Tlo 7o . . ) .
Iﬂat — / dnl/ anezwLm eIWRM2 (ezm(nz—m)g(nl _ 772) + 61171(171—772)9(772 _ 771))
x (eI, — ) + €Y, ), (44.11)

is a simpler integral involving only plane waves (hence the label "flat”). To simplify our notation we will
define

4
wr =k1+ ko, wr = ks + kg kT:Zka =wr, +Wwg.. (4412)
a
The time integral Ig,; gives:
1 1 1
Igat = — + . 4.4.13
ot = kr (p1+pz+wL p1+p2+wR) ( )

It will be convenient to change the integration measure of the momentum integral in the following way:

d3+6 o s
/ (%)f(s(s)(pl +py+58)f(p) = 8—;2 / dp /_ dp- P22 £(p). (4.4.14)

where py = p1 + p2 and p_ = p; — p2. After performing the p_ integral, the remaining integral takes two

possible forms. The first is

A, = / dpy (p )2 It (4.4.15)

As discussed above, we are only interested in the UV-divergent part of the integral. To find it, first note
that:

A, = / dp (p4) ™ Tgas / dp (p4) " Tat (4.4.16)
0 0

For wy, > 0 and wgr > 0, the second integral is finite. The first integral can be written in terms of gamma

functions, and can be simplified to give:

Ay = EV LR i, (4.4.17)
5 kr

The second possible form of the py integral is

Zy = / dp4(p4)°+" log (”) Tgas. (4.4.18)
s P+ — 5
At first glance, this integral looks like it has both UV and IR divergence. However when we evaluate the

integral there is no IR divergence. This is because after we evaluate the integral, we get either log(p4 — s)

multiplied by some power of (py — s) (which is convergent) or dilogarithms which are not divergent. As
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an example, consider the case where n = 2. We obtain:

—_

Z2 =35 (=(py — 8)(p+ + 5 —2wr)log(py — 8) + (p+ +8)(py — 5 — 2wr) log(py + 5)) [p, =s
S — Wy,
S+ wy,

2
+8(s +wr) +w? <Lig ( ) - W) + (wr = wgr) + (UV divergent terms). (4.4.19)

6

This is not divergent after substituting p; = s. A similar story applies to any integer n.
To find the UV-divergent part of Z,,, we consider this integral instead:

dz o0 1 1
= — dppt? Tfat. 4.4.20
ds / PPy (p++8+p+—8> ot (4:4:20)

This integral can be simplified by using partial fraction. Since this integral is not IR-divergent, we evaluate

it in the same way as we did for A,:

AZ, _ 1 [(cwn)" = (o) | (cw)" = 5" (cwn)" = (=) | (wR)" ="

— 4.4.21
ds krd —wr, + s —wy, — 8 —wgr + s —WR — 8 ( )
This can be simplified into:
dZn (_1)n—1 = n—r— n—r— r r
i ey S W W+ (—s)). (4.4.22)

Therefore we obtain:

(-1t -l 1 1\ 1
In = ko r+1 (i Fwgp )T = (=) (4.4.23)
r=0

We can compute the out-of-time-ordered part of the trispectrum in a similar way:
Bup = 21m/ 5 (py + py +8)F({k}, Py, P2) Jtat, (4.4.24)
p

where o "
Jiar = / dm / d772eiwL7l1e—in772 ei(m-‘rpz)(m —172). (4’4.25)
Evaluating the time integral gives us:

-1
p1+ p2 +wi)(p1 + p2 +WR).

Jhat = ( (4.4.26)

For the integral over the loop momentum we will encounter integrals again two different forms. The first
is

&5/WMJW%. (4.4.27)

Applying the same argument as we did for A,,, we obtain:

(DM e —wh

A, =

+ (finite) = (=1"

n—1
m —-m—1 :
> wiwi™ ! 4 (finite). (4.4.28)
) wy, —WR ) 0
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The second possible form is
Zp = / dp4 p"+5 log <p++s) Jhat- (4.4.29)
s b+ =S

Applying the same argument as we did for Z,,, we obtain:

Zn = Z e A [C R G Iy (4.4.30)
—0

OJL —wR

_ (_12”_ Z r+1 < Z wznw% r—2— m) (ST'H—(—S)T_H).

By looking at (4.4.28) and (4.4.30), we notice that if we take enough derivatives with respect to wy,

and wgr we will get zero. For example, if we consider:

(6(AJL)7LL (awR)nRAn’ (4.4.31)

the result is zero for ny +ng > n. Similarly for Zn, we will get zero if n;, +nr > n — 1. Since we need to
take derivatives of these master integrals when computing the trispectrum, we will find that B,p vanishes.

Our general strategy for computing the trispectrum will be the following: write down the trispectrum
as a differential operator acting on an integral, recasting the integral in terms of the master integrals A,
and Z,, then use our result from (4.4.17) and (4.4.23) to compute the divergent part and hence the final

trispectrum.

4.4.2 A toy model example

As a warm up example, let us consider a parity-odd trispectrum from the following interactions:
[:po = Eijkai()'lajggakda(fb, [:pE = (ai03)0'4(ai0a)(fb, (4432)

where all of the fields are conformally coupled scalars. Let’s begin to consider the time-ordered part of

the trispectrum Bya. We have the integral:

A3+ dn, dn,
Bia=21 H ky x ky -
me m/ / Hn1)4+5/( Hn2)4+5( }(=Hm)*) (k1 x ky - py)

x (12(=Hnz)* (ks - P1)) Gt (k1,m) Gy (k2, m) Gt (P11, 712)
X Giq (2., m2) Gy (k3,m2) Gy (ka,m2).  (4.4.33)

First, we recast this integral in terms of an operator acting on a simpler integral. By counting powers of
n1 and 792, we get:

_op [y CHm)H? 346 2+5/ d30p i3(ky x ko - py)i*(ks - py)
Bia = 2i Im g = (100,)""* (00 ) on)? v, Tfias. (4.4.34)

As argued in the previous section, we only need to compute:

_27T5(H170)4H5

. . d3+6p 1
Bya = k ko) (ks)? (0, 3 3 2/7 . LN id
=t 64k koksky (k1 x k2)*(k3)? (0, )” (Our) )3 (pl)’(pl)j]ﬁpz flat (4.4.35)

(2m
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Here we encounter the following tensorial integral

d3+§p 1
7@ _ / (p) T 4.4.36
ij (27’(’)3 (pl) (pl)Jp1p2 flat ( )
which we can re-write as
S;S;
12 =106+ S—;If). (4.4.37)

Since this integral is contracted with k; x ko, the term 12(2) does not contribute. Therefore we only need

IéQ), which is given by:

2 1 2) | SiSj (2
P = 5(5ijlfj> + S—;Ii(j)). (4.4.38)
More explicitly, the integral is:
2
d¥op p? — (py:s)”
1§ = / L—E A 4.4.39
0 @m)?  2pipp (4.4.39)

This integral can be recast into the form:

7@ _ 1Ay — 52 A

0 52 5 (4.4.40)
Putting this back into B4, we have:
Bua = i 2O e} (b (8, (0?20
=l ' w W —
T Gk kokaky © L0 Y e ) ABer )\ g2 T
(k1 x ko -k3)Hng , 2 2
=—1 w7 — bwrwpr + 3wp — 10s7). 4.4.41
6k koksho, (L Swnen 3 ) (44.41)
The procedure for computing Byp is similar, except we replace Ig,; with Jaat. This gives us:
2m(Hno)*H® 5 o [ 1 Ay — 24
Byg =1———~— (k1 x ko) - (k3)(0, Oy —_— . 4.4.42
4B ? 64k1]€2k3k4 ( 1 X 2) ( 3)( L) ( R) 87T2 6 ( )

Here we are taking n; = 3 derivatives with respect to wy and nr = 2 derivatives with respect to wg.
Since nz, +npr = 5 while the index of A is 2 and 0, we expect Byp to vanish. This is confirmed by (4.4.28),
which tells us that 1210 =0 and Ag = kTT. Since Byp = 0, the only contribution to the trispectrum is By4.

In summary, the one-loop two-vertex parity-odd trispectrum is

Ky x ko - kg) Hond (2 —
64k kokskskS T E

BYO =By, = —i( 6wrwr + 3wh — 10s%). (4.4.43)

A few comments are in order:

e The result is UV finite, as anticipated around (4.4.9). This is important because there is no tree-level

counterterm to absorb this divergence.

e The result has the expected scaling By ~ 13 /k® for the trispectrum of a conformally coupled scalar,

and is indeed parity odd because of the combination k; X ks - k3.

e The result is surprising simple: it is just a rational function in the momenta with the usual nor-

malization 1/(kikeksks) and only a total-energy pole at kr = 0. This is the same structure as

69



a tree-level contact diagram. The crucial difference is that By cannot come from a contact wave-
function coefficient 14 that obeys the cosmological optical theorem [100]. To see this, notice that
at tree-level contact order, By would need to come from a purely imaginary 94 ~ k3, but then
a(k, k) + 5 (—k, —k) = 2¢p4(k, k) # 0. This check could be used to detect whether a given rational

function arises or not as a contact diagram in a unitary EFT.

e Intriguingly BY'© in (4.4.43) could be attributed to a contact diagram in a non-unitary EFT. Indeed
the expression in (4.4.43) contains the kinematic structures of a local EFT, which were identified
recently in [139]. Non-unitary EFTs are expected to arise generically in open quantum systems. We

will pursue this elsewhere.

Loop computation with cutoff regularization One may worry if our result is simply an artifact
from dim reg. To show that the result is independent of regularization scheme, let us compute the integral

(4.4.33) with cutoff regularization. The integral in cutoff regularization reads:

d’l’]2 /Aa(ﬂl) d3p 5 5
Bya=2i1 _H K K -
we m/ H771 / (—Hng)* (277)3(Z (=Hnz2)") (k1 > ka - py)

x (%(=Hnz)? (ks - 1)) G (k1) Gy (k2 1) Gt (P11, 712)
X Giy (P2, msm2) Gy (k3 m2) Gy (kayme).  (4.4.44)

Before proceeding, let us note the following:

e The cutoff is Aa(n2) instead of just A. This is because we would like to impose a cutoff on the physical

momentum [140], which is the relevant physical quantity, rather than the comoving momentum.

e When computing the nested time integrals, the domain for the time integrals also needs to be

0 m(1+5)

This is because if we allow 72 to be arbitrarily close to 71, we are probing regions that have energy

modified as:

above the cutoff.

With this in mind, let us compute the integrals. Doing the angular part of the loop momentum integral

give us:

(Hno)4H5

Bya = 2i Tm—10) 2
A4 e ko kg

(k1 x k2) - k3(0u, )* (O )?

m(1+5) Hng . .
8%/ m/ md’@m §2) MM R P4 (=) L ()¢5 wp).  (4.4.46)

Let us define the following:

(Hno)4H5

11
m(lﬁ x ko) - k3(0uy, )* (Oun)? =5 = A5 (WL, wR). (4.4.47)

B4A = 2¢ Im 871'2 6
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Now we compute A%. First we do the momentum integral and obtain:

m(1+& 1 )
Aé\ — / dm / T MWLM iwRN2
T]1 - 772)

A(nz n1)

{H%Qe (=A% (mn2)? + 2iHne A — m2) + H*n3(2 4 s (m — 12)?)
2
_~_€is(n27m)(2i + 25(n9 — 771))} + (wr <> wg). (4.4.48)

The second line is a rapidly oscillating integral as A — oo, and so it averages to zero. Therefore we just

need to integrate the third line. Doing the 79 integral gives:

0 22 .
A , —iA A(s—wgr) . [ 1Hm
AY = /_OO dm '™ [szﬁ + T i(w% — s?)Ei A (s+wr) ||+ (wr &> wr). (4.4.49)
We only want the imaginary part of this integral. The first two terms can easily be seen to be real by
performing a Wick rotation in 7;. Notice that the (d,,,)® operator in (4.4.47) bring down factors of 7,
which ensures convergence of the integral. In addition, we know that the exponential integral has an

expansion:
o0

Ei(z) = v + log(z Z (4.4.50)

where v is the Euler-Mascheroni constant. The exponential integral Ei(z) is the sum of a logarithm and
an entire function, so we can integrate the series expansion term by term. In particular, we find that since
Zfi\ﬁl (

z= s+ wg) here, the terms in the series are seen to be purely real upon performing a Wick rotation.

Keeping the imaginary part leaves us with:

0
ImA) = / dn e r(s? — wh) + (wr & wg) = %(w% — 52 fwi —s?). (4.4.51)
— 00
Note again that (d,,,)® ensures convergence of the logn term, which hence does not contribute to the
imaginary part. Notice that the final result is independent of the cutoff A. Substituting (4.4.51) into
(4.4.47) and doing the 9,,, and 0, derivatives returns (4.4.43), which is the result from dim reg.
We now move on to cases in which the external legs are massless scalars, which are more directly

relevant for inflationary phenomenology.

4.5 Trispectrum for a massless scalar

4.5.1 Conformally coupled loop

We now compute the contribution from the one-loop diagram in Figure 4.2, where the four external legs
correspond to a single massless scalar denoted by ¢. First, we show the result in the case in which the
fields in the loop are two conformally coupled scalars o, and o,. This represents a phenomenologically
viable model of inflation with spectator massive fields. Second, we perform the calculation in single-clock

inflation where all lines represent the same massless scalar ¢.
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Conformally coupled spectator scalars: : ¢¢ — o,0, — ¢¢ Since we would like to consider a
phenomenologically viable model, where the scalar field ¢ can be identified with the Goldstone boson 7 of
time-translations in the effective field theory of inflation [113,141], we consider interactions where ¢ has at
least one time derivative, which would arise from d¢°°, or two spatial derivative, which would arise from
perturbations to the extrinsic curvature Kj;;. For concreteness, we will consider the trispectrum from the

following two interactions:

Lpo = €iji ¢ ;10,0 0, (4.5.1)
Lpr = 0ij¢ 0;0,0;b0y. (4.5.2)

where o0, are conformally coupled and ¢ is massless. As in the previous section, we want to write down
the corresponding integral as some differential operators acting on a simpler integral. The differential
operator corresponding to the left vertex, which we choose to be the one with an odd number of spatial

derivatives, is given by®
L=i® [k - (py % o) (k1 - PLRFOL + Ko - (py X o) (ke PURTOL | (=i, ) (—iHOL, )74, (4.5.3)

where we defined O,(j) = 1— k0,,,. Notice that for both the conformally couple fields and for qb we don’t
need a dedicated differential operator because the mode functions are already proportional to a plane wave

and the overall factor of 7 is captured by the J,,, operator. This can be simplified into:
L=H'k x ko) (K3OK] — K201 (0.,,)°(p1)i(p1); 4.5.4
(k1 x k)" { k3 k1 K1 1V, K3 (0w.)”(P1)i(P1)j (4.5.4)

Similarly for the right vertex, we have:

B = (ks ki) (kzo,g?kg n kgo,g{j“)kg) (—iHd,, )" 2 4(~id,, ) (py): (4.5.5)

The trispectrum is:

19
_ . i (L)q,3 (L)y,3
B4A = (2W25)ng?’3ki(kl X kg) (k%Okl k'{ - k%Ok2 ké)
% (ks - ko) (KOLKG + KEOLVKG ) (90,)* (D) 57 (4.5.6)
where [ i(jl) is given by:
3

(3) d°p (pl)i(pl)j(pl)ll A
) = . D7
il / (271')3 4p1p2 flat ( )

where Ig,; was given in (4.4.13). Once again we can separate the tensorial integral into scalar integrals

(this can be done more systematically as discussed in Appendix C):

ijl

(3) I{g) I?()g)
I = T(Siéjk + 801 + sidij) + ?sisjsk ) (4.5.8)

5Here we separated —i0.;, , which accounts for the factor of 7 in ¢ from all other factors of a=! = —Hn from \/—g,
derivatives and the conformally coupled mode functions, which are accounted for by (—i0., )4
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Notice that this expression assumes s = |s| # 0, but it otherwise does not depend on s. For our purposes,

we only need I; because the other terms vanish once contracted with the epsilon tensor. This is given by

@3 1/1 3 1 3)
n ) — 3 (S‘Siaﬂlz’jl — S?Sisjslli(jl . (4.5.9)
More explicitly, we have:
22 .g) — .g)3
10— / s*pt (P SS) (Py-s)° ) (4.5.10)
p $°p1p2

Computing this integral gives us:

Bya = (27”'6)161@47;1@,3@' (k%O,(cf)(kl +s) = KO (ks S)) (ks - ka)
x (kgo,g’j)k?, (ki % ko) + K30k, - (K x k2)) (awL)5<awi)43217r2 /12_17252140. (4.5.11)
Using our general results for the A integrals, this can be further simplified into:
19
Bya = im {k%O,(Cf)(kl 's) — kfol(cf) (ko '5)} (k3 - ka)
x [k:ZO,(Cf)kg (ki % ko) + K207k, - (k; x kg)} Léﬁ 3360(185" 3“’%{;}10‘%“’% — W) | (4.5.12)

Since O,(CL) and O,(CR) each provides an extra derivative, B44 has a kr pole of order 12. This matches
with the standard expectation that the order p of the kr pole is [37]

p=1+) (A;—4)=1+(10-4)+(9—4) =12 (4.5.13)

Similarly, we can compute Byg:

19
. L L
Bup — (27”6)71615‘;’ R (k%(),ij(kl 's) — KO (ks -s)) (ks - ki)
1 Ay —s24
X (kiOéf)k3 (ki x ko) + B3O Ky - (ky % k2)) (3%)5(5%)43%2 %- (4.5.14)

Since ny, = 5, ng = 4 and n > 2, we have ny, + ngr > n, so when we take derivatives we find Bsg = 0, as
anticipated. In summary the final result is BY© = By, as given in (4.5.12). The same remark as at the

end of the previous section apply to this surprisingly simple result as well.

Same internal fields Next we want to consider the case in which there is a single spectator scalar,
with a conformally coupled mass. If we simply replace 01 = 02 = o in the above example, the spatial
derivatives for the internal fields in the parity even vertex can all be removed by integration by parts. As

a result the trispectrum vanishes. Instead, by direct investigation we found that the following interactions
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provide a non-vanishing result that is minimal in terms of number of derivatives:

ﬁpo = €ijk 8il¢q58j10'8k0', (4515)
£PE = (')ij¢8ijoq'ba. (4516)

Consider the left vertex first. We need the differential operator
L=iH(k xkp)-py (kEOI(Cf)kl -y — KO ks - Pl) (Our,)?
+iHY(k; x ko) - py (kgo,g?kl -y — KO0 ks - p2) (00,)° (4.5.17)
Since (k1 X ka) - p; = (k1 X k) - (—s — p;) = —(ky x ka) - py, this simplifies to
2 . i L 1 L j
L= it (ki x ka)* (KOLK] — KOL) (0,)° (01)il(P1); — (Po)]. (4.5.18)

The right vertex gives:

R=H* (ks 212007k + (ki - 1) OV RS ) (0u)* + (1 = Pa). (4.5.19)

So the trispectrum is found to be

19

P = ) G

(k; % ko)’ (k;o,g?k{ - k%(),ﬁ?kg)
x (kzo,g?kgk? + kgo,g)kgkgn) (B )* (Oon) it (4.5.20)

where

Lijim = /p 4p1p2 (P1)i(P1)(P1)i(P1)m + (P1)i(P1); (P2)i1(P2)m

= (P1)i(P2)i(P1)i(P1)m — (P1)i(P2); (P2)i(P2)m) Ifat-  (4.5.21)

Since we can always exchange (p;); for —(p5); (as it is contracted with k; x ko), and we can also exchange

p; for p, by changing the integration variable from p; to —p; — s, the integral simplifies into:

[ AP)iP1); (P)i(P)m + 2(P1)i(8); (P)i(P1)m
Iz]lm —/p 4p1p2 . (4522)

With this, we can use the tensor structure results in Appendix C to compute the tensorial integral in

terms of scalar integrals. This yields:

1 1
Lijim =16-230 [(8i16jm + 6im0j1) (A — 25°Ag + s*Ay)
+ (648jSm + imsjsi) (A2 — son)] ) (4.5.23)
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Putting this back in the trispectrum, we obtain:

) H19
Bia =i {grmas [(kgo,g?kl - kfo,if)kg) : (kio,g'_j) (ki x ks - k)ks + k208 (ki x ks - k4)k4)
1haR3
—1192(1265" + w} — 20wiwr + 60wiwh — 40wrw}, + 5w — 145% (3w} — 10wrwr + 5wE))
8w kX0

+ (k:SO,(cf)(kl +8) — k2O (ks - S)) (kioz)(kl x k- ks) (ks - s) + K507 (ki % Ky - k) (k- S))

1 1344(185° — 3w + 10wwr — 4wh)
8 k30 '

(4.5.24)

To compute Byp, we just need to replace A, in (4.5.23) with A,. But once again ny, = 5, ng = 4 and

n >4, s0 ny, +ngr >n and we have Byg = 0.

Permutations One also need to sum over permutations when calculating the correlator. For instance,
it is necessary to also consider the correlator when the left and right verticies are swapped. Notice that
the polynomials and the operators in the final result above are not symmetric under the exchange of wy,
and wg, hence the correlator does not vanish upon summing over permutations.

Similarly one may worry whether summing over the (s,t,u) channels may result in some cancellation.
However, when considering these permutations, one also needs to redefine wy, and wg: for the t—channel,
wr, = k1 + ks while for the u—channel, wy, = k1 + k4. In general, summing over different channels does

not result in cancellation of the correlator as well.

4.5.2 Massless loop

We now consider the case of single-clock inflation, where all lines represent a massless scalar ¢, to be
identified with the Goldstone boson 7 of time translations in the EFT of inflation. Conceptually the
calculation is just the same as in previous examples. However the main new difficulty is to find interactions
that give a non-vanishing result when symmetrised. The idea is that we have to include a sufficient
number of derivatives such that all ¢’s appearing in the parity-odd interaction are distinct from each
other. Furthermore, we also need a sufficient number of derivatives in the parity-even interactions to
ensure that, after the loop integral has been computed, a term of the form k; X ks - kg can be generated.
This results in a large number of derivatives and hence an algebraically more complex result, but no new
conceptual issue emerges.

A minimal choice of interactions that gives a non-vanishing result is

,Cpo = )\poeijkaman¢ 8n81¢ amalaj¢alak¢7 (4.5.25)
Lpr = A\ppd*(9;0;6)* (4.5.26)

Let’s follow a by now familiar script and start building the relevant differential operators. For the parity-

odd interaction, the tensor structure of the vertex looks like:

9
i .
Fpo(p1,p2, k1, k) = Ekg - (py X po) (k1 - p1)(ky - ka)(py - P2) + permutations (4.5.27)

Notice that since p; + py + ki1 + ko = 0, we can always rearrange the cross product to take the form
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+ks - (p; X py). Carefully considering all the permutations, we obtain:

(—ia)’Fpo = —2(k1 x ka) - py {(k1 - k2)(p; - Po) (k1 —k2) - (P; — P2)
+ (P2 - k1) (P2 - k2)p; - (k1 — k) — (p; - ki)(p; - k2)ps - (ki — ko)
+[(k1 - p2) (k2 - P1) — (P1 - k1) (k2 - P2)(P1 - P2 + ki - ko)l} (4.5.28)

Note that p; and py can be exchanged by changing the integration variable. Since we also sum over

permutations on the parity-even vertex as well, we have:

(—ia)’Vpo = —2(k1 x ka) - py [2(k1 - k2)(P; - P2)(Py - 1) — 2(k1 - py) (k2 - py)(P2 - )
—((k1-s)(py - k2) — (k2 - s)(py - k1)) (py - P2 + k1 - ko). (4.5.29)

Here I defined r = k; — ko. Now we can use p; - p, = 3(s> — p7 — p3) to simplify this further.
The tensor structure for the parity-even vertex is straightforward to obtain. Note that only one internal
line can have a spatial derivative, otherwise it can be shown that the integral gives us zero. The trispectrum

can now be written as:

ApoAppH® L. HA
Bya = (27id) rosre /
p

- LR ITqat. 4.5.30
siargiaRy ), L e (4.5.30)

The left operator is given by:

L=(L® + 1 4 L) (—iHd,, ) 0" 0P ol olb), (4.5.31)
L@ = —2(ky x ky)' B(k1 eo)rd — %(k%ké — kik{)] (s* = pi = p3)(P1)i(P1)s (4.5.32)
L = —2(k; x ko)’ {(k1 +ko)?r7 — (ky - ka)(kK) — kgk{)} (P1)i(P1);> (4.5.33)

L™ = 4(ki x ko) (k1) (k2)' (1) (p)i(P1); (P11 (P2) - (4.5.34)

The right vertex becomes:
D _ i i12)(R) H(R) i ir2B)H(R)N ,2 ) ay 2/ - 2
R =2 ((ks)' (k) K3OLV O + (ko) (ka) BOL O ) p3(91)s(B1)5 (—iH Do) (~i8)? (4:5.35)

Let us separate the trispectrum into three terms, where each term corresponds to one of the operators
above:
_ nR2a 2b 4
B4A - B4A+B4A+B4A' (4536)

The first term is

u ~ApoAppH'Y i3 ;o1 j j
BEA = (QWZ)W(—2)(I<1 x k2) §(k1 ko)r? — 5(/‘?%1(% - k%k{)
X 2 ((ks)l(kg,)mkio,gf) + (k4)l(k4)mk§o,§f>) (—iHd,,,)*(=id.,) 001 2 | (4.5.37)
where ) )
Iz’Zﬁm = g(éiléjm + (;iméjl)fga + @(&lsjsm + 5im5jsl)122a. (4538)
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Similarly, the second term is
AporppH™
8k k3k3k3
X 2 ((kg)l(kg,)mkzo,gf) + (k4)l(k4)mk§0,§f)) (—iH8.,) (~i8p) 'O O I, (4.5.39)

B3 = (2mi) (~2)0r x ko) [ o) — (k] — k3] (ks - ko)

where
1 1
IZQJblm = g(ézl@m + 5im5jl)lgb + @((SilSjSm + (5,'7,15]'81)12217 (4540)
The Bj, integral can be written similarly:

ApoApp H1M
8k k3k3k}
4

x 2 ((ks)™ (k) R3O + (k)™ (k)" KO ) (—iH O, ) (~i00) O O I 0y (4:5.41)

Bia = (2mi) A(ky x ko) (kp ) (ko)*(r)"

where
; . 4a
Lijiimn = 57 (0im (0% 0pn + perm) 4 8 (051 01m + perm)) Iy
. (Sim 61” 4a
+ 156 ST(SjSk(Sln + perm) + ST(SjSk(Slm + perm) I
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d; 0;
+ (;;n((;jkslsn + perm) + ﬁ(éjkslsm + perm)) I

Each of these terms can be obtained by using the tensor structure formula derived in Appendix C. Then,

we using our general strategy of rewriting integrals in terms of the A,, and Z,, master integrals. Eventually,
it can be shown that:
IQa _ 1
O 7 27720(wy, 4 wr)3
+33s? (201w} + 623w} wr + 855w w?, + 229wrw}, + 104wh,)

[34045° — 44s* (142w7 + 106w wg + 221wE)

— 231 (200§ + 60wl wg + 5lwiwg + 3wiwh + 1lwiwh + 13wiwd, + 6w )] (4.5.43)
20 _ — 778455 + 88s* (83w} + 38wrwr + 121w}) — 33s? (51w} + 203wiwr + 391wiw? + 121wrw, + 50w)
2 13860(wz, + wr)?
(4.5.44)
72 _ 1725 — 2452 (1w} + Ywrwr + 17w?) + 21 (9w} + 27w wr + 3bwiwd + Iwrwh + 4wh) (4.5.45)
0 1260(wy, + wr)3 -
2= 252 (=975 + 60w? + 30wrwg + 8Tw%)

315(wr, + wr)®
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I3 = —102125% 4+ 1565 (142w% + 106 221w?
0" = 560360(s + wn)? | o 19657 (14267 + 106w on +221u77)
— 143s” (201w} + 623wiwp + 855wiwh, + 229w w}, + 104w},)
+ 1287 (20w} + 60w wr + 5lwiws, + 3wiwd + llwiwy + 13wrwh + 6wh)] (4.5.46)
1
e = 5 [11684765° — 1565" (8830w} + 4366w wr + 12983w7,)

~720720(wr, + wg)
+ 1435 (2865w}, + 11075w} wr + 20691w; wi, 4+ 6337w w; + 2636w} )

+11583 (20w§ + 60wiwr + 5lwiwy + 3wiw}, + 1lwiws + 13wrwh; + 6w )] (4.5.47)
_ 1 [
 480480(wr, + wg)3

+ 7155 (201w}, + 623wiwr + 855w w}, + 229w wy; + 104wy,

I —1122380s° + 525" (10638w} + 2666w wr + 14013w%)

—6435 (20w} + 60w wr + blwiws, + 3wiwh + 1wiwy + 13wrwh + 6wh)] (4.5.48)
—818s0 + 445* (25w} + 16wrwr + 38wh) — 33s? (18w} + 59wiwr + 89w? wh + 25wrws, + 11w)
13860(wy, + wr)?

4b _
I7° =

(4.5.49)

o _ 2s* (—94s? 4 55w} + 22wrwr + TTw},) (4.5.50)
3 495(wr, + wg)3

To obtain Byg, we simply replace A,, with fln and Z,, with Zn However, in the calculation, we find
that n > 6, while n;, > 5 and ny > 4. Hence when we take derivatives, we find Bsp = 0 and so only Bya

contributes to the two-vertex one-loop trispectrum.

Signal-to-noise estimates In this section we have computed the parity odd trispectrum for a massless
scalar at loop level, and showed that they are generally non-zero. This is an interesting scenario as usually
loop corrections are smaller than a corresponding tree level contribution when perturbations are under
control. In this case, due to the no-go theorems [132,133], the leading BY© signal arises at one loop order,
and in principle can be as large as allowed by the data. With this in mind, it is worth estimating the
signal-to-noise ratio of the parity odd trispectrum. In particular, we want to know the relative signal-to-
noise ratio compared to the parity even tree level trispectrum, as this tell us whether we can detect parity
odd signals before we detect parity even signals.

The signal-to-noise ratio S/N is an estimate of when a signal becomes observable, which happens when

S/N > 1. To be as general as possible we don’t commit to a specific observable. Instead we assume we
-3

can measure the profile of ¢(k) in some volume V' ~ k_: with a resolution kmax > Kkmin. For an n-point

function the signal-to-noise ratio is

S\ (1 (k) (1" d(ka))
(N) =V / I 6(ka)?) (4.5.51)

For simplicity we consider a model with two interactions:

1
nt — 39
APO

1

H; ot + 050", (4.5.52)

where 9 denotes some unspecified contraction of nine spatial derivatives and aﬁ that of six temporal or
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spatial derivatives. Here Apg po are the scales suppressing the respective higher-dimensional interactions.

By scale invariance, By ~ k9. Therefore we estimate the parity odd trispectrum to be:

H\’/ H\°H* 1
BPO ~ [ — — ] — . 4.5.
4 (Apo) <APE> kg 1671’2 ( 5 53)

Here the factor of 1/(4m)? appears because the leading signal is a one loop diagram. In this model there

is an associated parity even trispectrum at tree level. A rough estimate gives:

6
il ) i (4.5.54)

PE 4
B ( =) =

Provided the instrumental noise for in the parity even and parity odd measurements is comparable, and

both measurements are based on the same dataset, we obtain the following:

(S/N)po _ (AH > 161 :
PO ™

(S/N)pg

This implies the parity odd signal can only be seen after the parity even signal. However, if the systematics

< 1. (4.5.55)

and the instrument noise are not expected to break parity (or to do so by a small amount), the noises
for the parity odd and parity even measurements can be different. In those cases it can make sense to
search for parity odd trispectrum in the data despite the fact that we have not detected any parity even

trispectrum in the sky yet.
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Chapter 5

Analyticity of the wavefunction

Moving beyond perturbation theory has proved to be a great challenge for the cosmological bootstrap.
Ideas such as the cosmological optical theorem, manifest locality have no obvious extensions beyond
perturbation theory. It is therefore natural to look to other bootstrap programs for ideas. One such
example is the S-matrix bootstrap. In the S-matrix bootstrap, analyticity is the key component for
everything. It has links to physical principles such as causality and crossing, and it also allow us to
construct useful bounds such as the Froissart bound and positivity bounds.

If we are to follow in the footsteps of the S-matrix bootstrap, we will need the analytic structure of the
wavefunction. In the rest of the thesis we will turn our attention to the analytic wavefunction, a program
dedicated to understanding wavefunction analyticity in a similar way to the S-matrix. In this section we
will first briefly review the consequences of analyticity in the S-matrix. We will then briefly argue why
analyticity in the wavefunction is linked to causality. Then, we will study the analytic structure of the
wavefunction in full detail by using a heuristic argument known as the energy conservation condition. We
will then explain why the energy conservation condition is true by using Landau analysis, which is also

employed for amplitudes.

5.1 Analyticity and the S-matrix

Here we give a lightning review on the analytic structure of the S-matrix. The analytic S-matrix (and
S-matrix bootstrap) has been studied extensively since the 1960s, and a complete overview of the subject
would require too much time. Therefore, we will focus on some key results (some of which we have found
analogous results for the wavefunction). Readers interested in learning more about the S-matrix bootstrap
can refer to [50, 112-1417].

The most extensively studied object in the S-matrix bootstrap is the 2-to-2 scattering amplitude. The
2-to-2 scattering amplitude depends on the Mandelstam variables s, t,u, which obeys s+t +u = 4m? (for
external particles with the same mass). If we analytically continue s and study the analytic structure of
the S-matrix in this variable, we obtain figure 5.1.

The key features of figure 5.1 can be summarized as follow:

e Causality Causality implies the S-matrix must be analytic in the upper half plane (or lower half

plane, depending on the convention used) up to some anomalous thresholds which are contained in
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Figure 5.1: The analytic structure of the 2-to-2 scattering amplitude in the complex s plane.

some region |s| < R(t)'. This is proved by Bros, Epstein and Glaser [115], and one of the assumptions

used is microcausality, i.e. [¢(x), d(y)] = 0 for spatially separated points = and y.

The link between analyticity and causality is not unique to relativistic theories. This is shown by
Kramers and Kroinig [119, 150], who derived relations between the real and imaginary part of the
refractive indicies. Here causality simply means the response at time ¢ cannot depend on anything
at a later time ¢’ > ¢. This type of causality has been studied extensively for in the context of
scattering (for both classical and non-relativistic quantum systems), for more details the readers
can refer to [151]. We will see this causality condition has implications on the analyticity of the

wavefunction as well.

e Unitarity The location of the singularities also encodes the spectrum of intermediate states of the

scattering process. This is a consequence of unitarity. In particular, the optical theorem reads?:

1
dise, (s, 1) = o (T(s +ie, 1) — T(s — ie,) = I TyoxT) . (5.1.1)
X

where X goes over all intermediate states. This interpretation is made even more clear in pertur-
bation theory, where the intermediate states are multi-particle states. One can draw a Feynman
diagram for each process, and the discontinuity operator can be represented as a plane which cuts
the internal lines. For a theory with a single scalar one finds a set of singularities known as normal
thresholds, which corresponds to exchanging n-intermediate particles. The location of the singulari-
ties are given by s = (nm)?. Generally tree level diagrams give rise to poles, and loop level diagrams

give rise to branch points. We will see something very similar for the wavefunction.

IHere we assume ¢ < 0
2This discontinuity operator is not the Disc operator used in the cosmological optical theorem.
S
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e Crossing symmetry Roughly speaking this is telling us scattering processes in different channels
are in fact described by the same analytic function, and they are connected by analytic continuation.
For instance, electron-positron annihilation and Compton scattering are linked together by crossing.
The pole and branch cuts on the negative real axis in figure 5.1 corresponds to singularities in the
u-channel, and by going in an arc in the upper half plane (for sufficiently large s) one can show
the s—channel amplitude can be analytically continued to the (complex conjugate of) u—channel

amplitude. Unfortunately, we do not have much to say about crossing for the wavefunction.

The S-matrix bootstrap has been used to derive non-perturbative bounds for scattering processes.
These bounds are often derived by studying properties of some general non-perturbative expressions of

the S-matrix, which comes from physical principles and symmetry. These include:

e Partial wave expansion For 2-to-2 scattering, we can always boost ourselves to the center of mass
frame by Lorentz invariance. There we can use representation theory to show that the S-matrix can

be written as [146]:

4m

T(s,t) =Y as(s)Py" (1 + 3_2’52> . (5.1.2)
J

P}d) is given by some Gegenbauer polynomial (up to some normalization factors). In d = 3 this
reduces to a Legendre polynomial. This representation has been used to derive non-perturbative
unitarity bounds as well as the famous Froissart bound [152], which states that the total cross

section must obey oto; < s(log s)? as s — o0o.

Writing down the partial wave expansion for the wavefunction in flat space proved to be a challenge.
This is because in our definition of the wavefunction we are looking at the vacuum state at a particular
time ¢, and this implicitly chooses a foliation of time, which spontaneously breaks Lorentz boost.
Since boost is broken, one cannot freely go to the COM frame, and this generally means the partial

wave expansion are not diagonal in [, the orbital angular momentum. (for example see [153]).

In dS, we do not have Lorentz invariance to begin with. However one could interpret the dS isometry
group in d + 1 dimension as the Lorentz group in d + 2 dimension , and it may be possible to find

some partial wave expansion reminiscent to (5.1.2).

e Dispersion relation With the analytic structure of the S-matrix, a straightforward application of

Cauchy’s theorem gives us the dispersion relation:

o0 : T (oo} : T
T(0,t) = / ds dise, T(s1) | / du dise, (s, D) | ooy (5.1.3)
M2 27 S M2 2mi S

where C* [T] represents the contour integral for asymptotically large s, and M, represents the mass
of the lightest particle which couples to the external fields. This representation is particularly helpful
for deriving positivity bounds, a series of bounds on the Wilson coefficients of an EFT. Write the

amplitude in the following expansion:

T(s,t) =Y s" calt), (5.1.4)
n=0
where the EFT coefficients ¢, can be straightforwardly related to the couplings which appear in the
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EFT action. Then it is straightforward to see that:

en(t) =

°° ds discs T'(s,t °° du disc, T(s,t
/ s discs T'(s )+/ u disc, T'(s )—i—C;’f’[T], (5.15)

m2 2mi sl M2 2w smH

where, once again, C:° [T] represents the contour integral for asymptotically large s. Due to the
Froissart bound, CZ° [T] usually vanishes. By using unitarity and causality, one can constrain the
right hand side of (5.1.5), and this give us a set of inequalities for the Wilson coefficients [53-60]

(also see [1541] where these ideas are applied to the EFT of inflation).

We will see in section 7 that we can also write down dispersion relations for the wavefunction.

5.2 Wavefunction analyticity and causality

In the rest of this chapter we will explore the analytic structure of the wavefunction. Let us address an

important question first:

Which variable’s analyticity are we interested in We need to pick a suitable variable, analytically
continue said variable, then study its analyticity. Naturally there are many choices we can make. While
we would love to pick some sort of Mandelstam variable just like in amplitudes, as mentioned previously
the wavefunction either breaks the Lorentz group spontaneously (in flat space), or does not admit Lorentz
group as a symmetry (in dS), and so we have yet to find the analogue of the Mandelstam variable for the
wavefunction. In addition, in the case of dS we are often interested in cases where dS boosts (i.e. special
conformal transformations) are broken, and those wavefunctions coefficients would likely not obey the full
dS isometry.

The choice we make is the following: given a wavefunction coefficient ¥, ({w}, {k}), we analytically
continue in the off-shell energies, and study the analyticity of one of its off-shell energies (say wy).

This choice is natural for two reasons. The first reason is that most of our bootstrap rules are expressed
in terms of analytically continuing off-shell energies. For instance, the cosmological optical theorem is
defined through the Disc operator, where we analytically continue in w. The manifest locality test is
defined through taking derivatives with respect to w. Given most of our operations so far are expressed
in terms of w, it makes sense to study analyticity in w, as we may have a chance of understanding the
constraints of these rules in the complex w plane.

The second reason is that analyticity in w is linked to causality. We will explore this now.

Analyticity in w is linked to causality To understand the link between analyticity and causality, let
us study the LSZ expression for the off-shell flat space wavefunction coefficients, given in (2.2.32). First
notice that the time integration domain is from —oco < t < 0, i.e. the wavefunction is expressed in terms

of responses to sources from the past.

0 00
/ dt ™t Sék(t)z/ dt O(—t) ™! ED (1) . (5.2.1)

These type of response function are necessarily analytic in the lower half complex plane of w: this is close

in spirit to the Kramers-Kroinig dispersion relations. We can also see it in a different way: if Im w > 0, the
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integral would not converge properly as ¢t — —oo. From this we obtain our first result for the analyticity

of the wavefunction:

The wavefunction coefficients ¥, ({w}, {k}) must be analytic in the lower half complex plane of all

of its external energies w.

It is easy to see how this result generalizes to some simple cases in dS: since we replace € by the
bulk-to-boundary propagators, we simply need to know their behavior. For massless scalars and spin-2
fields the bulk-to-boundary propagators are (1—iwn)e", so it is easy to see that it is true. For conformally
coupled scalars and massless spin-1 fields their bulk-to-boundary propagators are proportional to plane
waves, so obviously the result also holds. For massive fields the bulk-to-boundary propagators are given
by Hankel functions, which goes as €™ /n as n — —oo. So it is very likely that this result also holds for
fields with any mass.

Note that the causality we use is not microcausality, i.e. [¢(z), #(y)] = 0 for spacelike separated points

x,y. It would be nice to see how to implement microcausality into the picture.

5.3 Energy conservation condition

In the rest of the section we will focus on the flat space wavefunction. Since we are ultimately interested

in applying our results to cosmology, naturally we should address the following question:

How does studying the flat space wavefunction help us? Since inflation is well approximated by
dS, it seems like studying flat space is not helpful for us. However, in simple cases, we can directly relate
the wavefunction in dS to the flat space wavefunction.

Consider ¥3 in dS with the interaction £ = gq53. The wavefunction is:

22, 2
ds wijwawWs 2 2 292 9
= 69— = wiw;w30, - |. 5.3.1
3 g wi} 1Wo W30, (wT> ( )
Notice that % is just the flat space wavefunction for ¢ interaction.
In general, under the following assumption, it is possible to write the dS wavefunction in terms of

derivatives of the flat space wavefunction [98]:
e No IR divergence in interactions.
e The theory contains only massless or conformally coupled scalars.

This result is due to the form of the mode function for the massless and conformally coupled scalars, which
can be related to a plane wave by taking derivatives. These assumptions are satisfied for theories with
shift symmetry (for example by the EFTol [113]). It should also be possible to extend this result to loop
integrands (in fact we have utilized this idea extensively in section 4.4).

This is important as these derivative operators give us a controlled way of relating the analytic structure
of the dS wavefunction to the analytic structure of the flat space wavefunction. In particular, taking
derivatives do not change the location of the singularities, it only changes its order (for example it can

change a logarithmic branch point to a pole). As a result, by studying the analytic structure of the flat
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space wavefunction, we can also get the analytic structure for simple theories in dS which satisfy the
assumptions stated above.

It is worth noting that by considering the integral representation of Hankel function, it may be possible
to relate the flat space wavaefunction to the dS wavefunction for fields with arbitrary mass. For instance,
we can use the following [155]:

HV(z) = )5Z) / " dt e (1> — 1)V 73, (5.3.2)
1
or similar integral representations to relate the mode function of a massive scalar to a plane wave. However,
this give us some integral operators in general, and depending on the contour this may introduce some
new singularities. We will leave a careful study of this procedure to the future.
Working in flat space also has another advantage: for polynomial interactions, there is a purely algebraic

set of recursion relations which simplifies the calculation of the wavefunction significantly. We will review

this now.

Recursion representation of the wavefunction It has been shown in [32] that the wavefunction
coefficients in flat space admit an elegant representation in terms of canonical forms of polytopes. The
relations work diagram by diagram. More in detail, take a diagram contributing to a given wavefunction
coefficient 1,,, and remove all external lines. This give a “skeleton” diagram with V vertices and I internal
lines. Associate to each vertex a total vertex energy x4, with A = 1,...,V. Also, to each internal line
associate an energy v,,, with m =1, ..., I. For tree diagrams all y,,’s are fixed in terms of external spatial
momenta by momentum conservation at each vertex, but at loop level this is not the case. The dependence

of wavefunction coefficients on vertex energies  and internal-line energies y can now be written as

¢n:¢n($17$27~-~>$V§y17y2a-~-’y1)~ (533)

This dependence can be determined by the following recursion relation

% I
<Z asA> Yn({za}) = ZCutmwn(. s B F Ymy s TB F Yy ), (5.3.4)
A m

where the operation Cut,, means that one should remove the m-th internal line and add its energy y,,
to each of the vertex energies that that line connected. If after the line is cut the diagram becomes
disconnected one should interpret Cut,,1,, as the product of the wavefunction coeflicients shifted by 4.,
of the disconnected parts, 1, X ¥n_, with n’ < n. Notice that in the recursion relation all coupling
constants are omitted, but can be easily re-inserted if desired. The recursion relation can be represented

graphically as

+ym {t+ym

(5.3.5)
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Using this relation over and over again, one can reduce any diagram to a diagram with one vertex and no

internal lines, for which the initial condition of the recursion is
tree 1
@)= = —. (5.3.6)

Note that (5.3.5) is the perturbative version of the Hamilton-Jacobi equation which determines the time
evolution of the wavefunction, and (5.3.6) corresponds to a Bunch-Davies initial condition (see [107] for a
recent review of this Schrédinger picture?).

Sometimes an example is worth a thousand words. Tree-level examples of the two- and three-site chains
are

ey e g) = DU 2 ) 1 | 557
T (1 + z2) (21 + y) (22 + ¥)
Y5 (1, o + y2) P10 (w3 4 y2) + V1 (21 + y1) V5 (w2 + Y1, 3)
Yhwa

_ (s + 7o) 5as)

(z1+ 22 + 23) (21 +91) (2 + Y1 +y2) (T3 +y2) o

tree . —
3 ($1,$27333ay1a92)—

For loop diagrams, the recursion relation produce the loop integrand, as opposed to the integral. To make

the distinction clear, we introduce the following notation

wWWMF/ TP ({k}, {p}), (5.3.9)

Pi1:--sPL

where the set of external momenta {k} and internal momenta {p} will be connected to the recursion

relations shortly. Examples of a one-loop diagram with one or two vertices are

1 1
-loo ree
I, (23 y) = ;d’i (r+2y) = (@ +2y) (5.3.10)
- 1 ree ree
L, (21, w2541, 42) = P (57 (21 + y1, 22 + 31) + 57 (21 + Y2, T2 + y2)] (5.3.11)
1 1 1

+
(v1 +x2) (21 +y1 +y2) (T2 +y1 +y2) [(@1 +22+2y2) (21 + 22+ 2y1)

Notice that, loosely speaking, the recursion relation is giving us the result of the integrand expanded in
partial fractions.

From the recursion representation of the wavefunction, we can derive the following result:

The off-shell wavefunction coefficient ¥, (wq,k,) at any order in perturbation theory
is analytic in the complex wq-plane at fixed real, positive values of (wq1,kq), except
for singularities along the negative real axis, w; < 0. The location of singularities
corresponds to the vanishing of the partial energy of a connected sub-diagram (the

energy-conservation condition).

31n particular, compare (5.3.5) with Figure 2 of [107].
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The physical picture. In perturbation theory, ¢, (wq, k) can be represented as a sum over Feynman-

Witten diagrams in which each interaction vertex represent an integral of the schematic form

/O dt £ (t)..f5 () = /O dt etert (5.3.12)
o —o0
where wr = Z?Zl wj is the total energy flowing into the vertex from its n legs. Evaluating these integrals
requires a prescription to handle the limit ¢ — —oo. This comes from imposing that the infinite past the
system is in the Minkowski ground state. This ensures that the effect of interactions become small in the
far past and the integral converges. This is the precise analog of the choice of the Bunch-Davies initial
state in accelerating FLRW spacetimes. In practice, this physical picture is achieved by deforming the
integration contour in the far past to t — —oo(1 —ie), such that e*7* provides an exponential suppression
for each interaction vertex in the infinite past. However, as already recognized in [80], if there is an energy-
conserving vertex at which wp = 0, then this exponential suppression is removed and such an infinitely
long-lived interactions can produce singularities in the Bunch-Davies wavefunction.

This is precisely analogous to a long-lived (on-shell) internal state producing divergences in a scattering
amplitude. In the amplitude context, the tree-level exchange of a single on-shell line produces a simple
pole and the loop-level exchange of multiple on-shell lines produces a branch cut. For the wavefunction,
the integral representation introduced above makes it clear that tree-level wavefunction coefficients also
possess simple poles, while branch cuts are produced only at loop level. The conceptual difference is
that, rather than being determined by where intermediate lines go on-shell, the non-analyticities in the
wavefunction are determined by where interaction vertices become energy-conserving and hence the factors
in the denominators of (5.3.7)-(5.3.8) or (5.3.10)-(5.3.11) vanish.

This heuristic argument is illustrated in Fig. 5.2, where we summarise our conjectured analytic structure
for the off-shell 91,12 and 3 by considering the values of w; for which there exists a diagram with an
energy-conserving vertex. Before attempting to prove that this simple rule indeed captures all of the non-
analyticities in the perturbative wavefunction coefficients, we will show how it can be used to systematically

generate a list of singular points for any off-shell v,,.

Tree-level poles. The simplest way to enumerate all possible poles in the perturbative wavefunction is
to proceed inductively, beginning with the off-shell v,,—1 with a single external leg and then adding further
external legs one at a time. This is useful because an off-shell diagram with n external legs entering the
same bulk vertex with energies (w1, ...,w,) and momenta (ki,...,k,) is identical to the same off-shell
diagram with a single external leg entering that vertex with energy >."_, w, and momenta ) .'_, ko, and
therefore will give poles that are analogous to those of a lower-point diagram. Because of this we find
it convenient to also include quadratic vertices in our analysis, corresponding to perturbative correction

from the linear mixing of fields. So for the first three wavefunction coefficients,

11: The only tree-level diagram for a single (off-shell) external line carrying energy wy is:

W,

. (5.3.13)

For an interaction with no derivatives, the corresponding wavefunction coefficient is simply 11 o< 1/w;

and contains a simple pole at w; = 0. Adding derivatives only produces positive powers of wy or ki,
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Figure 5.2: The analytic structure in the complex wi-plane for the off-shell wavefunction coefficients,
(11,12, 13), in a theory with massless particles. In all cases we analytically continue wq with the other w;
and k; held fixed at real positive values, and to provide a concrete order for the singularities we assume
that w; > k; and wj > wjs if j > j'. Red crosses/lines indicate poles/branch cuts, and for each the diagram
responsible is shown. Solid/dashed lines denote on/off-shell legs.

and so cannot lead to any additional singularities.

to: When two lines carry energies (wq,ws) and momenta (kj,ke = —k;) into the bulk, there are now

two possibilities. Either (a) the two lines both terminate on the same interaction vertex,

w, w,

3 (5.3.14)

in which case we find the same result as for ¢; (with w1 — w; + ws), or (b) the two lines end on

different vertices,

Wy W

Qe (5.3.15)

where we have used a solid internal line to denote that this is on-shell (i.e. carries an energy
Q, = \/W , where m is the mass of the field being exchanged). The black vertex carries zero
energy when wy = —(2,, and this is a qualitatively new threshold that develops when there is more
than one external line. We have used hatched blob to indicate that the details of the ws coupling
are unimportant for this threshold—of course one could relabel the external arguments and similarly
conclude that there is a pole at wy = —€)j, independently of the coupling to the w; external line. So

up to this permutation, there are 2 simple poles which can appear in s, at

w1 F+wy =0,

wi +Q, =0. (5.3.16)
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13: With three lines carrying energy and momentum into the bulk, there are now three options. The

first possibility is that all of the external lines terminate on the same vertex,

w; Y2 g,

. (5.3.17)

which produces a simple pole at w; + w2 + w3 = 0 just like in 11 above (with w; — w1 + wa + ws).
The second possibility is that just two of the external lines terminate on the same vertex: this can

happen either as,
Wy W, W

@ (5.3.18)

which produces a simple pole at w; = —, just like in 1)y above, or as,

Wy Wrow,

@ (5.3.19)

which produces a simple pole at wy + wy = —Q,, again like in 9 above (with w; — wy + we and
k; — ki + ko) and up to permutations of the external legs. Finally, there is a qualitatively new

threshold which corresponds to the three external legs terminating on different vertices,

W Wq Wy
Q@ (5.3.20)
which produces a simple pole at w3 = —Q, — Qf,. Again, permuting the labels of the external

energies implies analogous poles also in wy and ws. Overall, up to this permutation of the external

leg labels, 13 can therefore have simple poles at 4 locations:

(J.)1+CU2+LLJ3:0,

wi twe+Q, =0, (5.3.21)
w1 + Qg + Qg =0,
wi+Q, =0. (5.3.22)

Based on this recursive pattern, we see that each time n is increased a qualitatively new kind of threshold
appears (in addition to the thresholds which exist for all lower-point coefficients). A simple algorithm for

explicitly listing all of these poles in a given 1, at tree level is the following,
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Energy-conservation condition (at tree-level):
For each partition of the n external legs into g subsets, each with a total energy w, and

total momentum k, (for a = 1,...,¢), there can be a pole in v,, whenever,

q
wi+ > VIka2+m2 =0 (5.3.23)
a=2

where m, is the mass of any field that can couple to the external legs in subset a.

\.

As an illustration, consider the off-shell four-point coefficient, 14. Up to permutations of the particle
labels, this algorithm produces a list of 7 possible poles for every set of masses m; which the exchanged

fields may have:

Partition Pole conditions

{1,2,3,4} Wi +wo +ws+wy =0
{1,2,3},{4} wy +ws +ws+Q, =0
{1,2},{3,4} w1 + w2 + Qeyyi, =0 (5.3.24)
{1},{2, 3,4} w1 + Qytky4ka = 0

(1,2}, 31, {4} | w1+ ws+ Qs+, =0
{1}, {2}, {3,4} w1+ gy + Qg 41y =0
{1}7{2}7{3}7{4} w1 +Qk2 +Qk3 +Qk4 =0

where Qi = \/k2 + m2 is the energy associated with any of the massive fields that can be exchanged in

that channel. This list is indeed exhaustive of all of the poles we will find in explicit examples below.

Loop-level branch cuts. Beyond tree level, the wavefunction is no longer a rational function and can
develop branch cuts in the complex w-planes. These cuts can be viewed as a continuum of poles which
arise from integrating a rational integrand (determined by the recursion relations reviewed in Sec. 5.3) over
continuous loop momenta. To systematically enumerate all possible branch points that can be generated

by loops, it is again useful to proceed inductively starting from ,—1,

11: When a single line carries energy w; and momentum k; = 0 into the bulk, it must terminate on an
interaction vertex. At loop level, this vertex may also be connect to internal lines, each of which
carries a momentum q, which is related to the momenta flowing in the loop (and hence integrated

over). For instance, in the diagram,

W,

2 (5.3.25)

the black vertex conserves energy when,
wy =~y — Qs (5.3.26)

where Q,, = 1/q2 4+ m2 is the energy of the internal lines (which have masses m,). Note that

momentum-conservation requires q; + q, = 0. Integrating over all values of q; therefore creates a
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Pa:

P3:

continuum of poles on the negative wy axis, which begins at the value,

- rréin (Qqy + Q) = —my1 — ma. (5.3.27)
1
(91+49,=0)

In general, allowing for an arbitrary number I of internal lines to be connected to the black interaction

vertex, there will be a continuum of poles on the negative real axis beginning at,

I I
wy = — rrollin ( IQqa> = —Z:lma, (5.3.28)

a
a=

(az1 9=0)

where the m, are the masses of the internal lines. Note that when the theory includes massless
particles this branch cut threshold coincides with the tree-level pole, but for gapped theories these

non-analyticities are separated.

With two external lines, there are again two possibilities. The first is that the two lines both

terminate on the same interaction vertex, e.g.
w, Wy
T'.".
@ (5.3.29)

in which case we have a branch cut (i.e. a continuum of poles) on the negative real axis which begins
at wy +wy = — Zi:l Mg, just as for ¥; (with w1 — w1 + wa). The qualitatively new threshold is

when the two lines end on different vertices,

w, Wy

D (5.3.30)

. . . . I
in which case the internal momenta are now constrained as ), _, q, = k; by momentum conserva-

tion. Consequently, the branch cuts from diagrams of this kind begin at

a
a=

(Zé:1 qa:kl)

I I 2
wi=- min ( 1Qqa> = —\| K2+ (Zlma> . (5.3.31)

Note that when all of the internal lines carry the same mass, the minimum is achieved at q, = k1 /1
for every a and this threshold is simply w; = f\/k:%Jr(—Im)Q, and again would coincide with the
tree-level pole in any theory which contains massless exchange. This threshold is analogous to the
I-particle threshold for scattering amplitudes, which comes about because with relativistic energy
w? — |[k1|? = (Im)? the off-shell particle 1 can decay into I on-shell particles of mass m. As usual,

the freedom to relabel the external leg arguments implies an analogous branch cut in wa.

With three external legs, there are again three possibilities. They could all terminate on the same
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vertex,

Wy W2 g,
S
@ (5.3.32)
which reproduces the same w; + wy + w3 = — Z£=1 m, branch cuts as in ¢, above (with w; —

w1 + ws + ws3). Two could terminate on the same vertex, either as

Wy Wy W

D (5.3.33)

which reproduces the same w; = —\/k? + (Im)? type branch cuts as in 12 above, or as,

W3 Wi w,

2 (5.3.34)

which produces a branch cut with threshold wy + ws = —/kZ + (Im)? following the same v, argu-
ment (with w3 — w1 + we and k1 — k; + ko = —ks). The third possibility is that all three legs
terminate on different vertices,
Ws Wy W,
2@
@ (5.3.35)
This produces a qualitatively new threshold due to the different momentum conservation conditions
for the q,. For instance, for I = 2 internal lines connected to the black vertex and considering a

single loop momentum p, this threshold occurs at
wp = — mpin (Q|k3+p| + Q|k27p\) . (5336)

The precise value of this minimum depends on the relative size of k3 and ks, but again we note that
in the limit of massless internal lines the branch cut extends all the way to the tree-level pole (which

corresponds to p = 0).

We see that for every tree-level diagram leading to a simple pole there is a corresponding series of loop-level
diagrams (labelled by I) that create a branch cut at related thresholds. When the exchanged fields are

massless all thresholds approach the location of a corresponding tree-level pole. The general conclusion is

therefore:

.

Energy-conservation condition (at loop level):
When loops of massless fields are included, every pole in ,, becomes a branch point. In
massive theories, for each pole there is an infinite series of branch points at successively

lower negative values of w; (with a separation determined by the mass gap).

This closely parallels the analytic structure of scattering amplitudes, for which each tree-level channel

produces a corresponding pole at the single-particle threshold (e.g. s = m?), and then loops in each of

these channels produce branch cuts at the multi-particle thresholds (e.g. s = 4m?,9m?,...).
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Altogether, we have shown how a simple heuristic argument that links singularities in the wavefunction
to long-lived interactions in the bulk (i.e. those that have vanishing total energy) can be used to generate
a systematic list of where we expect to find poles and branch cuts in the complex w-planes. Next, we
will confirm that these lists are indeed an exhaustive classification of the singularities in some concrete

wavefunction coefficients computed in perturbation theory.

5.3.1 Examples: tree level

Since the Minkowski wavefunction coefficients are particularly simple at tree-level (they are given directly

by the recursion relation of Sec. 5.3), for the following examples we allow for arbitrary interaction vertices.

One vertex. Let’s start by considering tree-level diagrams with a single vertex. These are all related
to the starting solution of the recursion relation {**®(z) = 1/z. For one, two and three external legs

respectively these are given by

w, F
Pi(wr) = o = 1(w1) , (5.3.37)
w1
w2 w1 F k
Uo(wr,wai ki) = & = % , (5.3.38)
el 9,2""01 F3(w17w27w3;k17k2)
wi,ws,ws3; k1, k) = . = 5.3.39
7/13( 1,wW2,wWs; K1 2) w1 + wWo + w3 ( )
where Fy, Fy and F3 are vertex factors. We find poles at w; = 0, w1 = —w9 and w1 = —ws — w3, in

agreement with the energy-conservation condition of the previous section.

Two vertices. Diagrams with two vertices are a bit more interesting. They are all related to the second
term in the recursion relation, ¥s (1, x2;y) in (5.3.7), and they only appear for two or more external legs.

For 1o with 2 vertices, we find

Fr(w1;k)Fr(we; k)

ywork) = <1 92 = ’
Yo (w1, w2; k) (w1 + Q) (w2 + Q) (w1 + wa)

(5.3.40)

There are poles at w; = —wsq, as well as w; = —, which are predicted by the energy-conservation
condition. For 3 with 2 vertices, there are two possibilities. We can have w; alone on one of the vertices,
which gives:

w2t Fr (w2, ws; ki) Fr(wi; ki)

= -~ = 5 5.3.41
vs (w1 + Oy ) (w2 + ws + Qe ) (w1 + wo + ws3) ( )
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and so we find poles at wy = —w2 — w3 and w; = —€,. We can also have w; and another external leg on

the same vertex, which gives:

W1 W2 W3

Pz3= v +(2¢3)

Fr (w1, wo; k3) Fr(ws; ks)
— + (2 < 3). 5.3.42
(w3 + Qs ) (w1 + wa + Qpey ) (w1 + wa + ws3) ( ) ( )

In addition to w; = —wy — w3 we also find w1 = —wy — O, and w1 = —Qy, — ws.

Three vertices. For v3 with three vertices there are 3 different permutations for the location of external

leg. If wy is attached to the vertex on the side we have:

w1 Wy Wws
Y3 = + (24 3)
Fa(wi ki) Fp(w2; ki, ko) Fo(wsi ks) (w1+wl+gk3 + w2+w§+gkl)
= + (24 3). (5.3.43)
(w1 + w2 +ws)(wr + Uy ) (w2 + Dy + ey ) (ws + Qi)
Poles are located at w; = —ws —ws3, w1 = —Q,, w1 = —wa — Qp, and w; = —Qy, — w3.

If wq is attached to the middle vertex we have:

Wy W1 Ws
3 =
Fa(w2ik2) Fp(wii ki, ko) Fo(ws; ks) (W1+wi+g,€ + oo )
= 2 32, (5.3.44)
(w1 + w2 +w3)(ws + Qi ) (w1 + Dy + Uiy ) (w3 + Qi)
Here we find a pole at w; = —, — Qg, as well as w) = —wy — w3, w1 = —wa — Ok, and w; = =, — ws.

All these poles correspond precisely to the list of tree-level singularities predicted by the energy-

conservation condition for v,, with n = 1,2 and 3. Now we move on to consider loop diagrams.

5.3.2 Examples: one loop

At one-loop, the computation of wavefunction coefficients becomes more involved due to the integration
over the loop momentum. To streamline our presentation, we will therefore now focus on polynomial
interactions. We also give only the final results here in the main text, and describe the technical details

of the computations in appendix D.

One vertex. Consider the following diagram:

in which all external legs are to be attached to the single vertex. Define w; to be the total energy entering

the vertex. Since there is only one vertex, the energy-conservation condition predicts a branch point at
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the threshold,

wp = —min (2Q,) = —2M, (5.3.45)
P

where M is the mass of the internal line forming the loop. This diagram corresponds to the integral,

1
oop [~ 5.3.46
T (5.3.46)

and is evaluated explicitly in App. D.2. The result is,

2M—W1

1-1 2wy .
0P = 4M? — wiarcsin ( YYi

= T6a2 ) + analytic , (5.3.47)
T

see (D.2.5). Note that the UV divergence is analytic in w; (and can therefore be absorbed into local

counter-terms). There is a branch point at w; = —2M due to the argument of the arcsin exceeding unity,
but otherwise w11 '°° is analytic in the complex w; plane.

If the internal field is massless, the branch point is located at w; = 0, so the branch cut starts at the

location of the tree-level pole. Indeed, taking the massless limit of (5.3.47) gives,

l-loop _ W1
! 1672

log (w1) + analytic , (5.3.48)

which has a logarithmic branch point at w; = 0 (with the conventional branch cut running along the

negative real axis, w; < 0). So this simple example agrees with our energy-conservation condition.

Two vertices. Now consider the following two-vertex one-loop diagram:

U5

(5.3.49)

which contributes to w;'loop. Define k to be the momentum entering the left vertex and exiting the right
vertex, and w1, wy to be the energies entering each vertex. The energy-conservation condition predicts the

following singularities in the complex w; plane:

(i) wi ==k + (M1 + M>)?,
(11) W1, = —Wo — 2M1
(111) W1 = —W2 — 2M2.

The diagram in (5.3.49) corresponds to the integral:

1 1 1

1-loop

w wi,wa k) = + 5.3.50
12"/)2 ( 1, w2 ) /p (wl + qu + Qq2)(u.)2 + Qq2) w12 + Qqu w12 + Qqu ( )
where ¢1 = |p| and ¢2 = |k — p| are the momenta of the internal lines and wi2 = w1 + wy is the total

energy. This integral is evaluated in detail in App. D.3, and given in (D.3.22) in terms of incomplete
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elliptic integrals. For finite values of M and k, it has a branch point at w; = —v/k2 + 4M?2 in the complex
w1 plane, as predicted by the energy-conservation condition.

The second singularity predicted by the energy-conservation condition appears when either M or k
vanish, as shown in (D.3.35) and (D.3.36). For the case of massless internal edges, the incomplete elliptic

integrals simplify to dilogarithms, and (5.3.50) can be written as,

82

1
W121/J2
w1 — w2

wig (1, o fwi+k . [k —ws .k —w .
- — | =1 L L lytic| . .3.51
ok (2 og <w2—|—k>+ 12(k+w1 + Liy o + analytic (5.3.51)

The singularities in the complex w; plane are®

loop _ 1 [wz log (w1 + k) — wy log (w2 + k)

(i) w; = —k, from both log(w; + k) and Lis (’]z;if)

(ii) w1 = —ws9, from both Lis (’ZI_Z;) and Lis (’;;ﬁ) (while the dilogarithm is finite at that point, it is

not smooth).

This list of singularities matches exactly the predictions of the energy-conservation condition. It is also
worth mentioning that the first line of (D.3.35) is not singular at w; = wy (at fixed k # —ws), since this

apparent pole has zero residue.

Three vertices. Let’s move on to the most complicated one-loop diagram we will consider, involving

three vertices:
Wi

UES dq2

ws Wa
(5.3.52)

Momentum conservation at each vertex fixes all but one of the internal momenta (which we denote by p),

and also sets ki 4+ ks + k3 = 0. This diagram then corresponds to the integral,

1 6 1

1-loop
w — .
1231/)3 ~/p (Wl + qu + qu)((’J? + qu + quz)(w?) + qu3 + QQBI) pgr:n' (w123 + 2QQ12)(w23 + chz + qu)
(5.3.53)

which is discussed in App. D.4. The singularities expected from the energy-conservation condition are:

(1) w1 = —ming(Qgy, + Qg,,). This gives wq = —|ky| for massless internal lines.

(i) w1 = —we —ming(Qq,, + Qg, ). This gives w1 = —ws — |ks| for massless internal lines.
(ili) w1 = —ws — ming (2, + Ny, ). This gives w; = —ws — |ko| for massless internal lines.
(iv) w1 = —wy — w3 — 23:1 M,. This gives w; = —ws — w3 for massless internal lines.

4Recall that the dilogarithm Lis(z) has a branch point at z = 1 and the conventional branch cut goes from z = 1 to
z = oo along the real axis.
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Evaluating the integral (5.3.53) in full generality is a difficult task in d = 3 dimensions: the main

complication is that the boundary of the integration region for the {Qg,,, Qq,,, Qq,, } internal energies is a

q127 °%q23>»

non-trivial surface (defined by a hyperelliptic curve).

For simplicity, let us consider here the case where all internal fields are massless and let us further
suppose that one of the external fields carries zero spatial momentum, say k3 = 0 (though note that we are
not fixing ws). In this limit k; = —ky (and so we denote their common magnitude as k), and the integration
region degenerates to the same region encountered in the two-vertex diagram above. Consequently 43P
can be written in a closed form in terms of dilogarithms. The full expression is left in App. D.4 (equation
(D.4.19)), however we notice that it is analytic in the complex w; plane (at fixed {wq,ws, k}) modulo

branch points at:

(i) wy = —k, where ¢37°% ~ log (w; + k),

.. 1-1 . _ . _
(ii) w1 = —wo, where ¢3"°°" ~ Lip <_ ﬁ+:> and Li; <_$;+Z)’

(ili) wy = —ws — k, where ¥37°°P ~ log (w13 + k),

(iv) wy = —wa3, where w?l)'lOOp ~ Lis (—%) and Lis (—%) )

This precisely saturates the list of singularities expected from the energy-conservation condition.
Having established the validity of the energy-conservation condition in a number of examples, we now

turn to a robust “proof” that wavefunction integrals generically possess singularities in these locations.

5.4 Landau analysis: first attempt

In this section, we develop the analogue of the Landau analysis commonly used in amplitude literature.
This provides a list of necessary conditions for a point in kinematic space to be singular. We will see that
the list of singularities from the energy conservation condition is contained within the list of singularities
from the Landau analysis.

From the recursion relations we know that 1, can always be written in the following form:

_ F({w}, {k}, {p})
n({w}, (k) = / o T (5.4.1)

Here S; are linear functions of the internal and external energies, and F({w},{k},{p}) can always be

expressed in terms of a sum of products of S; times analytic functions of k from derivative interactions.
We would like to find all singular points of v, without explicitly computing the integral. Similar
technology has been developed in the amplitude literature, leading to a set of conditions for singularity
known as the Landau equations (for a review on Landau conditions for amplitudes, see [142], [156], [146]).
We will review some key ideas used to derive the Landau equations, and show how they can be used to

find singularities for wavefunction coefficients as well.

Singularities: one integral variable. Consider the following expression:

f(zl,...,zn):/deg(zl,...,zn,w). (5.4.2)
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Wy

Figure 5.3: Usual picture for singularities in the case with one integration variable. Here w, gives an
endpoint singularity, while w; and wy gives a pinch singularity.

Here C denotes a contour in the complex w plane. g(z1,...,2,,w) contains singularities, and their
positions in the complex w plane are determined by an algebraic equation S(z1, ..., z,,w) = 0. Changing
Z1,...,2p corresponds to changing the position of poles in the complex w plane.

Singular points in g(z1,...,2,,w) can be avoided by deforming the contour C, and this prevents
singularities from developing in f(z1,...,2,). However, contour deformation cannot avoid the following
singularities:

e When a singularity approaches the endpoint of the contour C, which is fixed by the boundary

conditions of the integral. This is known as an endpoint singularity.

e When two different singularities approach the contour from opposite sides and pinch the contour in

between. This is known as a pinch singularity.

Singularities: multiple integral variables. In order to illustrate how singularities can develop in

cases with multiple integral variables, let us consider the case of two complex integral variables:

f(zl,...,zn):/ dwidws g(wy, wa, 21, ..., 2n). (5.4.3)
C

The hypercontour C is a two (real) dimensional surface in a four (real) dimensional space. In general the

hypercontour would have a set of boundaries, and each of them would be described by an equation:
S; = 0. (5.4.4)
For instance, suppose the integration region is given by:
o) 1
flz1, oy 2n) = / dw; / dws g(wr, wa, 21, ..., 2n). (5.4.5)
1 -1

Then the boundaries of the hypercontour would be given by:

S =w —1=0, (5.4.6)
Sop =wy+1=0, (5.4.7)
Sy =wy—1=0. (5.4.8)
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Re wq

/‘ Re’ wy /l Re> w1y

Figure 5.4: The hypercontour for the integral (5.4.5), sketched in three of the four (real) directions. The
left figure shows the undistorted integration contour. The boundary §2+ and S,_ is indicated by blue
lines, while the boundary S; is indicated by a teal line. Since the equation for §2+ and S,_ only fixes w,
they are allowed to deform in the imaginary w, direction, as shown in the middle figure. The right figure
shows the allowed deformation for the boundary Sy, which is in the imaginary wy direction.

Notice that each of the equation S; = 0 describe a two (real) dimensional surface in a four (real)
dimensional space. This is less constraining than the single integral variable case: since the hypercontour
C is two dimensional, its boundary should be one dimensional. This implies that the boundary of the
contour is not rigidly fixed: we are allowed to deform the boundary as long as it remains on the surface
described by the equation S. See Fig. 5.4.

Since the allowed deformations are all constrained on a surface S; = 0, the boundary of the con-

tour cannot be deformed in the normal direction of the surface, which is described by the vector with

components:
dS; 9S; 9S;
= : 5.4.9
ow <8w1 ’ 8w2> ( )
Similarly, the singularities for the function g(wy,wa, 21,. .., 2,) are described by algebraic equations of
the form:

Si(’wl,’LUg,Zl,...,Zn) =0. (5410)

85, . .
5ar. The singular surface in

Once again these are two dimensional surfaces, and their normal vectors are
general may not be planar, since the equation S; = 0 may not be linear.
Given a set of singular surfaces and boundary constraint surfaces, there are three ways where singu-

larities can emerge from the integral I(z1,. .., 2z,):

e A singular surface approaches the boundary of the hypercontour in the normal direction of a con-
straint surface, such that no deformation can be carried out to avoid the singular surface. This is

analogous to the endpoint singularities in the one dimensional case.

e Two surfaces approaches each other from opposite sides of the hypercontour, and they pinch the

hypercontour in between. This is analogous to the pinch singularities in the one dimensional case.

e A single surface may become locally cone-like and pinch the contour in the vertex of the cone, see
Fig. 5.6. It is also a pinch singularity, but unlike the single integral variable case, only one singularity

surface is involved. In this case, the normal vector near the vertex satisfies the following:

08, _o

o~ (5.4.11)
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g

Re w

A

4
Re wy

Figure 5.5: As the boundary Sy, and S;_ can be deformed in the imaginary w; direction (indicated by the
blue arrows in the figure), the contour can be deformed downwards to avoid the red surface approaching
from above (along Imw, ). However, the boundary is fixed along Re ws, so the contour cannot be deformed
to avoid the magenta surface approaching from that direction, which results in an endpoint singularity.

av
Y7 %
/4 prea

Figure 5.6: Consider a contour that can be deformed in the vertical direction (indicated by the blue
arrows). In the left panel, the contour can deform downwards to avoid colliding with the red and magenta
surfaces. However, if the surfaces approach from the opposite side as in the middle panel, a contour
deformation cannot avoid the pinch. Finally, a cone like surfaces, such as that in the right panel, can
pinch a contour on its own.

It is also possible to have multiple surfaces pinching the hypercontour, or multiple surfaces approaching
the boundary of the hypercontour. In general, given a function of the form (5.4.5), a singularity can form
if:

e For a subset I of the singularity surfaces and a subset I of boundary constraints, the following is
satisfied:
S;=8;,=0(ecljel). (5.4.12)

For amplitudes the analogous condition gives p? = m?. Here I cannot be an empty set, but I can

be empty.

e For some real and non-zero choice of a; and a;, the normal vectors of the singularity surfaces in

subset I and boundary constraints in I must satisfy:

aS; _9S;
Z“%Tw + Zaja—w = 0. (5.4.13)

el jEI

In other words, the normal vectors are linearly dependent. For amplitudes, this gives >, a;p; = 0.
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These are the necessary conditions for the formation of singularities. However, these conditions are not
sufficient: one needs to check whether the singularities actually appear. This is similar to the pseudo
thresholds in amplitudes: the Landau analysis may predict singular points that are not present for physical

configurations. We will see that something similar also occurs for wavefunction coeflicients.

Feynman parameters. The constants a; in the normal vector condition looks suspiciously like Feynman

parameters in the usual Landau analysis. Indeed, if we consider the following integral:

2V+L—-2 1
ol —=> o, F
Yn(wi,. .., wn) :/ [ H / da”] vaEL—zZ )2V+L72’ (5-4.14)
P1s-PL n=1 0 (Z]‘:1 O‘ij)

we find the condition (5.4.13) again, but with a; replaced by the Feynman parameters «;. Just like for
amplitudes, this does not introduce new singularities [142]. In contrast to a;, which is just restricted to

be non-zero, we have «; € [0,1]. This provides a stricter criterion for singularities to arise in t,.

5.4.1 Example: massless two site loop

As a first example let’s consider the massless two-vertex integral, which can be written in the following

form (see D.3):

. 1 o K (p+ +p_)(py+ —p-)
1-loop + +

whwy)=——" [ 4 dp_ . (5415
v s, we) 8772(w1+w2)k/k p*/_k A Ty Ty M L)

The singular surfaces are:

Sl = W1 +p+ = 0, (5416)
So =wy +pyr =0, (5.4.17)
S3 =wy +ws +py +p- =0. (5.4.18)

In addition, the boundary is described by the following equations:

Si=py —k=0, (5.4.19)

Sor =p_+k=0, (5.4.20)

Sy =p_ —k=0. (5.4.21)
As an example, consider:

S3 =255, =8, =0. (5.4.22)

Solving this gives w1 + wg = 0. Now we check the normal-vector condition:

9Sy . 981 . 0S8y .
-— — - = =0 5.4.23
as ops +a op. > oy asz + ax ; ( )
dSy _ 95, _ 05 .
a38}T_ + ala’i + a2+ﬁj =as+ as+ = 0. (5424)
Clearly this can be satisfied if a3 = —a; = —ao. Going through the procedure for all combinations of the
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surfaces, we eventually find the following list of potential singularities:

S =5 =0=w =—k, ( )
52251:O:>w2:—k, ( )
S3=2S8yy =81 =0=w; +ws =0, (5.4.27)
53:5'2,:5'1:0:>w1+w2:—2k, ( )

( )

51252:0:>W1:w2<ifUJ2<—k‘).

Notice this list is larger than the list of physical singularities. Let’s examine these extra singularities:

e The w; + we = —2k singularity is not found in the full expression (5.3.51). This suggests that the

residue of the pole is vanishing.

e For S; = 0, we must have wy < —k. Since we restrict ourselves to positive wq, the pinch singularity
from (5.4.29) is not visible in the complex wy plane. This is linked to the fact that the integral has

a finite value at w; = wo when wy > —k.

Example: massive two site loop

The boundary of integration changes when the internal lines become massive. Consider the case where

both internal lines have the same mass. The integral becomes:

" 1 o0 ké Q?&- _ Q2

00D (451 :—/ i9 / i - .

Vo) = g ok e e o e T 0 1 0 ) 0@ + 0
(5.4.30)

Here we have:
02 — k? — 4m?
5= . (5.4.31)
02 _ 12

The details on how to obtain and evaluate this integral are given in D.3. Despite appearances, the boundary

of the integration contour is described by only one equation:
S = (02 —k*)(Q% — k?) + 4m*k* = 0. (5.4.32)

Here we have three singularity surfaces:

S1=w; +wy+ Q4 +Q_ =0, (5.4.33)
So = wy + Q+, (5434)
S =wy + 0. (5435)

Going through the Landau analysis again gives us the end-point singularity from a single surface:

Sy =058=0=w =—Vk2+4m2, (5.4.36)

S1=5S=0= w; +wy = —2m. (5437)
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We also have an end-point singularity from two surfaces:

~ 27]{:274 2
S1=8=8=0=w = kY2 L (5.4.38)
Vws — k2

Here I have picked the negative solution so that S; can be satisfied, since €2 is positive. However, this

singularity is in fact spurious. To see that this is indeed the case, notice that the constraints S; = S =0

imply
wo + 0 =0. (5.4.39)

Since |Q_| < kd < k, we have wy < k in order for the singularity to appear. In fact one can check that
wy < k unless we take wf — co. However, from the kinematics of the system, wy > k. Therefore, as long
as we restrict ourselves to values of wo that are physically allowed, we will not encounter this singularity.
This is verified in table D.3.

Example: three site loop

For more complicated graphs it may prove difficult to write down variables like 24 and Q_. Therefore
it is instructive to understand how to carry out Landau analysis with the loop momentum p, and derive
the singularities from our general arguments. We will use the three vertex integral as an example. The

integral is:

1-loop — / 1
3 p (UJQ + qu + QQQ3)(W2 + w3 + Qqu + quil)

1
X
(wl + w2 +wz+ 29(131)(("]1 + Q1112 + Q¢131 )(WS + qus + qu)

. (5.4.40)

Here 1 assume the masses of the internal lines are m. Now we will analytically continue in p. Since we

are integrating over all p there is no boundary to the integration contour. The singularity surfaces are:

S1=wa+ Qg + Qgus =0, (5.4.41)
Sy = wa +ws + Qgyy + Qgyy =0, (5.4.42)
S3 = w1 + wo + w3 + 20y, =0, (5.4.43)
Sy =wy + gy + oy =0, (5.4.44)
S5 = w3 + Qgpy + Qgs, =0. (5.4.45)

Since Q, = +/|p|? +m?, the singularity surfaces are not linear anymore. As a result a single surface can
pinch a contour. As an example consider S3 = 0. The normal vector condition gives:

K
dn _P-F1_ (5.4.46)

Qq31 g31

This is solved by p = ki, and 2,,, = m. Putting this back into S3 = 0 gives:

g31

w1 + wa + w3 = —2m. (5.4.47)
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Similarly, let us write down the rest of the single pinch singularities:

S1=0= wy + |k1|2+4m2:O,

5'2:O:>w2+w;),—|—\/\k1|2+4m2:0,

Sy =0=wy + |k1|2+4m220,

S5:0:>w3+\/|k3|2+4m2:0.

This list of singularity is related to the list produced from our general argument, up to some permuta-

5.4.48
5.4.49
5.4.50

(
(
(
(5.4.51

)
)
)
)

tion. Naturally, when we take the massless limit, this simply reproduces the list of singularities from the

expression we computed.

5.4.2 Thresholds for general diagrams

Thresholds for massive fields From the recursive relations for the wavefunction (5.4.1), the equations

for the singularity surfaces have the following form:

Si=wi+ Y wet Y i, (5.4.52)

ecE el

where F is a subset of external legs and I is a subset of internal legs and ¢; being either 1 or 2. The
form of these singularity surfaces comes from the recursion relations in section 5.3: each external energy
can only appear once within the expression. Internal energy can only appear at most with a factor of 2,
coming from cutting a loop diagram.

We will now show the following for massive fields:

Landau conditions for wavefunction coefficients

Given (5.4.52), the singularities corresponding to the energy-conservation condition are

found by solving;:

S; =0, (5.4.53)

Q
Zcia— =0, Vp,; € {p}. (5.4.54)
el Op,

. J

We will analytically continue in the loop momentum p; € {p} and carry out the Landau analysis. Since
the numerator in the expression (5.4.1) is a sum of products of S; and possibly powers of the momenta
from spatial derivative interactions, to find singularities we can simply focus on the denominators, i.e.,
we simplify 1, until the numerator no longer contains any factor of S;, we carry out the Landau analysis
term by term and finally we sum over all the singularities of each individual term.

The full list of singularities from the Landau analysis includes:

e Endpoint singularities. Since we are integrating over all p;, there is no boundary for the hypercontour.

As a result we cannot have endpoint singularities, in these integration variables.

e Pinching the contour with a single surface. By considering the cutting procedure in 5.3, it is clear

that each S; corresponds to the total energy entering a subgraph of the Feynman diagram, and
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so solving S; = 0 corresponds to energy conservation. In terms of the components of the loop

momentum p;, the normal vector condition reads:

05

0
op, op, Z ( )

i€l

Unlike the amplitude case, this equation can be consistent with setting only one S; = 0 °. In fact

this equation is equivalent to extremizing »_._; ¢;€; with respect to the loop momentum p;. Observe

el
that for an arbitrary k,
PUpig 05 (p+k)ilp+k); (5.4.56)
Opidp;  Qpix Qo -

Since 2, > p? > 0 this is a positive definite matrix. When we take the second derivative of > icr CiSki
we simply get a sum of positive definite matrices (with positive coefficients), and the resulting matrix

is also positive definite. Therefore when we solve (5.4.55), the solution corresponds to a minimum.

Therefore, S; = 0 satisfies:

wy = — Z We — Hzl)izn Z i€, (5.4.57)
eckE i€l
where the minimization is with respect to all p; € {p}. This is exactly the type of singularities

obtained by the energy-conservation condition.

e Pinches from multiple surfaces. Given two singularity surfaces S; and S; with subset of external
legs E1 and Fs, either F1 C Es or Fy C Fq. This comes from the cutting procedure used for the
recursion representation of the wavefunction: the set of external vertices in a cut diagram must be
smaller after every cut. This property of .S; gives us a nice picture of what a multiple surface pinch
would mean: the energy going into part of a diagram vanishes, and simultaneously the energy going

into a subset of the diagram also vanishes.

At tree level, this type of singularity doesn’t give us new poles in w;. Instead, it tells us about

non-analyticity in the other w,.. This is because we can just take one of the singularity surfaces, say

w1 = — Z We — Z Clgz (5458)

eck i€l

S, to write down:

This can then be used to remove any w; dependence from the rest of the expression. Any further
non-analyticities of the expression are a result of analytically continuing the other w. from their

physically allowed values.

In the case of a two-vertex loop with massive fields, we used the Landau analysis and found that it
can only occur for unphysical values of ws, and by explicitly computing the integral we found that

the singularity is indeed spurious.

However, it is difficult to prove that these multiple surface pinches are always spurious. In amplitudes,
when we look at more complicated graphs, such as the three-vertex graph, we discover that for certain

external kinematics there are singularities known as anomalous thresholds. It might be possible that

9S; _
op;

5For amplitudes S; = p? — mf =0, and 2p; = 0. The normal vector condition requires p; = 0 which is not possible

if S; = 0 as well.
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by looking at multiple surface pinches for the three-vertex graph we may discover new singularities

similar to these anomalous thresholds, however we leave this for future work.

Using Landau analysis, we have successfully derived the list of singular points from our physical argu-
ment in section 5.3. Once again, the full list of singularities from Landau analysis is over-complete, but

these extra poles are (likely) removable by considering the external kinematics.

Thresholds for massless fields. If we attempt to directly extend the proof above to the case of massless

particles, we run into the following issues even for single pinch singularities:

e Since Q,, = |p;|, when we take derivative to obtain the normal vector condition, we get aiplﬂlpzl =
“‘;ﬁ. For p; = 0 this is ill-defined. To deal with this problem one needs to regulate 2, properly. An
example would be introducing artificial boundaries of integration so that |p;| never reaches zero, for
example:

S=|p]|—e=0, (5.4.59)

then take € to zero. However, doing this procedure also introduces spurious singularities, such as the

w1 + wy = —2k pole found in the two-vertex example.

e When we take the second derivative of |, the result is:

Pp+kl by (P“‘k)i(p‘kk)j. (5.4.60)
dpiOp; p + k| Ip+k?

This is only positive semi-definite, rather than positive definite. Therefore, the solution may not be

a minimum.

For the massless case, the Landau analysis would provide us with a list that matches our physical intuition
in section 5.3, with some extra singularities. This is analogous to the case in amplitudes, where we get
extra soft /collinear singularities for massless particles. The wy +wy = —2k pole in the two-vertex example
above is one such singularity. In that case the residue is zero, so it does not give rise to new poles or

branch cuts.
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Chapter 6

Amplitude representation of the

wavefunction

The result in the previous section is based on the recursion representation of the wavefunction. While this
representation is convenient for practical calculations, it creates a disconnect in language from existing
amplitude literature. In amplitude literature, singularities are expressed in terms of cutting internal lines,
and in 5.1 we noted this is connected to unitarity cuts (which in turn is related to discontinuity in the
complex s plane. For the wavefunction the location is expressed in terms of circling sub-diagrams, and
unitarity is related to a ”Disc” operator which is not the usual discontinuity. This disconnect makes it
difficult to translate ideas from wavefunction analyticity to amplitude analyticity. For instance, are there
normal thresholds in the wavefunction just like in amplitudes? Are they linked to unitarity in any way?
Are there any anomalous thresholds in the wavefunction?

In this section we bridge the disconnect between amplitude and the wavefunction by using the amplitude
representation of the wavefunction. This representation allow us to write down the wavefunction in
expressions familiar in amplitudes literature. We will then show that this representation recovers a well-
known result: the total energy residue of the wavefunction is given by the amplitude. We will then study
the analytic structure of the wavefunction again by using Landau analysis on the amplitude representation
of the wavefunction. There we will see the singularities of the wavefunction can be divided into two sets:
amplitude-type singularities, which can be mapped to singularities in amplitudes, and wavefunction-type
singularities, which has no analogue in amplitudes. We will conclude by studying the consequences of the
recently discovered cosmological KLN theorem on the analytic structure of in-in correlators: namely, the

wavefunction-type singularities are not present in in-in correlators.

6.1 Amplitude representation of the wavefunction

In order to obtain the amplitude representation of the wavefunction we need to write down the bulk-
to-bulk propagator in a way reminiscent to the Feynman propagators in amplitudes. For flat space the

bulk-to-bulk propagator is given by the following:

G(p,ty,ts) = (9(151 — tp)e (2=t 4 g(ty — t))e o (i—te) emp(“”?)) . (6.1.1)

1
20,
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This propagator is simply the Feynman propagator plus a homogeneous piece, which enforces the boundary
condition that the bulk-to-bulk propagator vanishes as tjorts — 0.

Now we can use the following:

o0 dS 761-5(1527751)

Unlike the usual case with the Feynman propagator, we also have this extra boundary piece ¢ (t1+t2)

and we must also convert the boundary piece into an integral form as well. We then obtain:

o dS _eis(tl—tz) +ei(9(t1+t2)

G(p,t1,12) =/ (6.1.3)

oo 2mi 52 — Q2 +ie
Here this s integral is understood as a contour integral which closes in the lower half complex plane. The
first term is simply the Feynman propagator, and the second term is the boundary piece. From now on
I will suppress the integration region for brevity. In addition, I will also sometimes refer to s as internal
energy.

Now we symmetrize with respect to s, and we obtain the following expression':

dS ( sty __ e—istl)(eistQ _ e—istg)

G(p,t1,t . 6.1.4
(pa 1, 2) 2/27Tl SQ—Q%—Q-Z.G ( )

Notice how this looks like a Feynman propagator dressed with exponential factors. This is what allow

us to write the wavefunction in a form similar to an amplitude: take this expression for the bulk-to-bulk
propagator, substitute this into the wavefunction, then carry out the time integral first.

Similar representations have been derived in [159, 160], where it is used to study the wavefunction at
tree level. We shall see that this representation can be used to study the analyticity of the wavefunction

at loop level as well.

Writing down the wavefunction Given a Feynman diagram, we can write down the flat space wave-

function as:

dSl dS[ /0 ; / d 1 ezsitl _ e—isqytl)(eisitr _ e—is,itT)
n = — .. — dt, iewata . 6.1.5
v / [271'1' 2m} 1:[ { _ e H (2m)P s2 - Q2 +ie ( )

Here i labels bulk-to-bulk propagators (and I is the total number of bulk-to-bulk propagators), a labels each

vertex, [ labels the loop momentum to be integrated over, and t;, ¢, labels to which vertex the propagator
is attached. Note that the dimension D here labels the boundary dimension, and this expression does
not suggest that the wavefunction enjoys the full (D + 1)—dimension Lorentz invariance. If we take this
expression, integrate over s and then integrate over ¢, we would obtain the usual recursion expression.
The time integrals on each individual vertex factorize, and are straightforward to do. For a vertex with

m internal propagators attached, it has the form:

m m

0 0
D, = z/ dty e'@ete H(eisjt“ — e isita) = / dt o " ¥ate H Z ojetvisita | (6.1.6)

—o0 j=1 j=1 \o;==+

IThis expression was first derived in the context of AdS/CFT, see [157, 158].
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We also regulate the integral by sending w — w — ie. This gives:

~ 0102 ...0m,

D, = —.
w, . 0;8; — 1€
o Wat 225058,

(6.1.7)

As a simple example consider that case where there are two bulk-to-bulk propagators attached to vertex

a. The time integral has the form:

0
D, —i / dt, cieta (¢iite _ gisita)(gisata _ g=isata). (6.1.8)

o0
It is not hard to see that this gives:

. 1 1 1 1
D, = - - + — (6.1.9)

We +S1+ 82 —1€ wqg—81+8Sy—1€ Wyt ST — 82— 1€ Wy — S — So — 1€

which is indeed the (6.1.7) for j = 2.
Putting this back into the expression (6.1.5) gives us:

dsq dsy dPp, 1
n oo =~ o D as . .1.1
o W

This representation for the wavefunction holds for graphs with any topology at any loop order 2. Notice

how the momentum integral resembles the amplitude of the same Feynman diagram in D-dimension, which

d P 1
A /H oo L gz (6.1.11)

We will refer to the momentum integral as the amplitude-like part of the wavefunction. Also, when

is given by:

integrating over s, [], D, fixes s in terms of w, the external energies. For this reason we will call it the
the energy-fixing kernel (or just kernel in short).

Readers familiar with the wavefunction may wonder if this is connected with the fact that the total
energy pole of the wavefunction is the amplitude of the same diagram. We shall see in the next section
that this is indeed the case: when we expand the energy-fixing kernel and do the s-integral, we will obtain

the amplitude for a d 4+ 1-dimension amplitude alongside some subleading terms.

First example: tree level exchange In order to demonstrate how the formalism works, let us consider

a two site tree level exchange diagram.

w1 w2

Figure 6.1: Tree level exchange diagram

2In [161] similar ideas have been explored for in-in correlators for conformally coupled scalars in dS. There the authors
were able to express the integrand in a Lorentz invariant expression as well.
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The wavefunction coefficient is:

(—i)2 0 0 ds . " (eistl _ e—istl)(eistg _ e—istg) ioata
o = ) dt, _ dts %ew t T e elwat (6.1.12)
- - P

Now do the time integral:

(6.1.13)

" 71/ ds 1 1 1 1 1
279 ) omi |wi+s—ie wi—s—ie| |wyts—ie wy—s5—ic 52— Q2 +ie

This can be simplified into:

2
o = 1/ ds 1s ! (6.1.14)

2 ) 2mi (w2 — s2 —i€) (w2 — s —i€) 5% — p2 — m? + i€

is indeed the usual expression for the exchange diagram in amplitudes. The energy-fixing

PO 45>
kernel is given by s ey T o e b

1
Here P e

Let us try and recover the usual recursion expression. We need to remember that the s integral contour
encloses the lower half complex plane, so poles like s = —w; + i€ are not picked up. This gives us the

isolated poles:

1 2(,01 2LU2 2Q)
Yo = 2 ( + - o ) . (6.1.15)
T2\ —wh) (Wl - 92) " (wf —wd)(wE - Q2)  (w] - 2)(wd — 2

Notice this expression can also be written as:

p = — < A + 2 > - 2 (6.1.16)

wi +wy \ (w1 —w2) (W] —Q2) (w1 —wp)(wi —Q2) T —02)(wi —02)

The total energy pole has been isolated from the rest of the contribution, which only has poles when
wy = £, or wy = £0,.There is no folded singularity, i.e. no divergences as w; — wa, since the terms in

the bracket cancel. If we take wi + we — 0 we obtain:

1 1 1 1
li = = 6.1.17
w1+lwnzlﬁow2 wi + wo <—w% + Qf,) w1 + wo <—w% + |p|? + m2) ( )

We indeed recover the expression for the amplitude as a total energy pole.

We can further simplify this to obtain the usual recursion expression:

1

= o T )@+ ) (s 1 9y

(6.1.18)

In this simple example we can see how the wavefunction can be separated into a total energy pole (and

its residue is the amplitude), and an extra piece which is finite when total energy is zero.

From the Cosmological optical theorem to the optical theorem for amplitude In 5.1 we noted
that the locations of normal thresholds of the S-matrix is linked to unitarity through the optical theorem.
Our result so far makes this connection obscure. On one hand singularities are expressed in terms of

circling subdiagrams, which makes its connection to any sort of discontinuity unclear. On the other hand
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it is unclear how the ”Disc” operator used in the cosmological optical theorem is linked to the usual notion
of discontinuity.

The amplitude representation provide us a way to relate the disc operator defined in the Cosmological
Optical Theorem to the imaginary part of amplitudes. The disc operator used in the COT is defined as

follows [100]:
kDiSi flki, .o kn ko, km, {k}) = f(k1, o Eny ks, - ki, {kD)
— [ (ks kny =k gy, =k, —{k}). (6.1.19)

Now notice the following: the kernel is written as a product of Dy, and in general the following is true:

e If the number of internal lines attached to the vertex is an odd number, we have:

I%is}cDa =0. (6.1.20)

e If the number of internal lines attached to the vertex is an even number, we have:

Igis}cﬁa =2D,. (6.1.21)

To see this, consider a vertex connected to a single bulk-to-bulk propagator. Then we have:

Disc —

S

= — - + =0. (6.1.22)

1 1 1 1 1 1
T wHs—ie w—s—ie —w4ts+tie —w—s+ie

w+s—1i€ w—S—1i€

Another example a vertex connected with two bulk-to-bulk propagators. Here we have:

. [ 1 1 ]
Disc — + -
s W+ 81+ S2 — 1€ W — 81 — 89 — 1€
_ 1 1 1 1
W+ S1+8S3—1€ w—8 —S9—1t€ —wW+S1+Sy+i€ —w—S1 — Sg+ 1€
1 1
_2{ — — } (6.1.23)
W+ 81+ 82 —1€ wW— 8] — 82 — 1€
Hence,
1 1 1 1
Disc — — — _ 1 :
81,82 | W + 81 + Sg — 1€ W—381+ 82 —1€ W+ 8] — 82 — 1€ W — 8] — Sg — 1€

1 1 1 1
2{ — = — = — + - } (6.1.24)
W+ 81+ 82 —1€ WwW— 81+ S — 1€ W+ 8] —82—1€ W— 8] — 82 — 1€

It is easy to see how this generalizes to cases with more bulk-to-bulk propagators attached.

When the disc operator acts on the energy-fixing kernel, it either vanishes or reproduce the energy-
fixing kernel. It can also act on the amplitude like part, which will give us the imaginary part of the
amplitude. We know in amplitudes that the imaginary part of the amplitude is related to cutting internal
lines [103]. As a result this may help us link between the optical theorem in amplitudes and COT.

As an example let us consider the tree level exchange diagram. Here the disc of the energy-fixing kernel
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vanishes. We have (after restoring the coupling constant A on each vertex):

Disc 1 — /OC ds 457 N2(—27id(s% — O + ic)) (6.1.25)
== 2 —2m - € 1.
9, 2 2] . 2mi(w?—s2—ie)(w? — s — ie) p

We can use the delta function to do the integral, which gives:

20,22 22 1
D. — p — .
glzic 2 Qp {wl +Q, — ie}

Disc {1} . (6.1.26)

——Disc
(w? — M) (w5 —Q2) 20, Qp  |wa+Q, —ie

Of course we recover the usual result from the COT. However, this may become helpful in establishing
positivity bounds. For instance, since the imaginary part of the amplitude needs to have a positive residue
by unitarity, we have A? positive as well (i.e. \ is real). Therefore we already can establish that Disci
must be positive if wy > €2, and wy > €, i.e. Disc of ¥, is positive in the physical regime.

For one loop diagrams there are a few complications: namely, the disc of the energy-fixing kernel may
not vanish (for examples see Appendix E). But in some cases such as the two site loop (i.e. fig. 6.4) we
can still write the disc of the wavefunction as the imaginary part of the amplitude integrated against the
energy-fixing kernel. We leave a systematic study of unitarity and positivity bounds for the wavefunction

at loop level for the future.

6.2 One loop wavefunction as amplitudes

This new representation of the wavefunction becomes a lot more useful when we start tackling loops. It
is known that for tree level, the wavefunction has a total energy pole, and the residue gives the flat space
amplitude [31, , ,163]. Using this new representation of the wavefunction, we can show that the
wavefunction can be written as an amplitude divided by the total energy, plus some remainder terms which
can be written down explicitly®. Since the wavefunction has a momentum integral, there are potentially
UV divergences. We will see that the amplitude part of the wavefunction is the most UV divergent part,

and every remainder term cannot contribute to UV divergences that are more severe than the amplitude.

6.2.1 Total energy pole

Let us first look at a heuristic argument on why the total energy pole gives the amplitude at one loop.

Figure 6.2: Diagram for an n site one loop wavefunction. External lines have been omitted.

31n [81] a similar representation was written down at tree level from the perspective of the cosmological polytope. One can
then extend the representation to loop level by doing contour integrals over tree level wavefunctions. For our representation
we make no explicit reference to tree level wavefunctions, however it would be interesting to see if similar relations exist in
our representation as well.
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An n site one loop wavefunction has the following form:
1 [ 1 dsj = A |
2—H/H%Dj/r[m. (6.2.1)
j=1 P =1 "l D1

Here Dj is given by:

~ 1 1 1 1
Dj = — — — — — 4 —. (6.2.2)
wj+8j-1+8; —1e w;—Sj_1+8; —1€ wW;+Sj_1—8; —1€ W;—Sj_1—8; —1€

(and T have set sg = $,,).

If we expand the product of Dj we find that the wavefunction has the form:

11 ds; 1 =
= — — (R ind 6.2.3
n on /Jl:[l 27T wj + 8 — Sj—1 — i€ / ll;ll 5 Qg + emaln er) ( )

We will say more about the remainder terms below.
Now do the s,,—1 contour integral. We close the contour in the lower half plane. This picks up the two

poles s, 1 = wp, + 8, and s, 1 = Q1) separately, and gives:

s / dsn ’i:f ds; 1 1 / ’i:f 1
2n 211 i 2mi Wy + 85 — Sj—1 | Wn—1 + Wy + Sy — Sp—2 Py s (s +wn)? — QZ(n—l)

dsn, i ds, 1 / 1 1 s | 1
on 271 ol 271 wj + 85 — Sj—-1 p Wn—1 + Qp(nfl) — Sp—2 Wn + Sy — Qp(nfl) e QQp(nfl) 3l2 — Q;%l

+ (Remainder). (6.2.4)

We can then keep doing the contour integrals successively, i.e. do the s,_o integral, then the s, _3 integral,

and so on. Now notice the following;:

o If we keep picking up the poles only from the kernel, i.e. from the w; +s; — s;_1, then we will get
an overall wpr = E?Zl wj in front. This is because the set of s; — s;_; are not linearly independent:

when we do the s; integral, we would get s; = >

je2 W5t Sn, and substituting this into wy 4+ s1 — sy,

gives the total energy pole.

o If we pick up any poles from the propagators, i.e. take s; = ), then the Q,; enter into the kernel,

and we would not get a total energy pole at the end.

Let’s look at the total energy pole first. The total energy pole is:

ds, i
¥ 6.2.5
2"wT/27m/l1_[15 —p? —m2+ ( )

Here §; = s, + E?:l 41 wj- This is just integrand for an amplitude: energy at each vertex is conserved (see

the diagram 6.3), and we obtain the [ d?*1p integral measure for the amplitude by setting s, = po. Also

D+1-2n

worth noting is that the whole integral scales as p in D-dimensions.
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Figure 6.3: n site one loop diagram. Consider energy flowing clockwise, and let w; be energy entering the
loop for vertex [. Clearly energy is conserved at each vertex if s,,_1 = wn + Sp, Sp—2 = Wn_1 + Wn + Sn,
and so on.

What about the other poles? As an example let us consider the second line of (6.2.4). If we do the

other integrals and take the poles from the kernel this gives*:

n—1

1
6.2.6
/p 2Qp(n—1)(wT — Wp—1 — p(n 1) =1 S ( )

D—2n

This integral scales as p in D-dimensions. It is less divergent than the total energy pole. A similar

story applies to any other terms which we pick up a pole from the propagators.

The ”remainder” terms Let’s talk about the remainder terms in (6.2.4). In general, each term looks

like:
n de
6.2.7
/j_l_IQszJ:I:sjj:sj 1—26/Hsl ( )

o If the set of £s; £ 5;_; in the kernel of the term are linearly independent, then one can always do

all the s integrals without picking up any poles from the propagator. In this case we would not get

a total energy pole, and the resulting momentum integral scales like p” =27,

e Whenever we pick up poles from the propagator we get a momentum integral which scales like p? =27,

for reasons explained above.

As a result the remainder terms can never lead to UV divergences that are more severe than the total
energy pole. For instance, in D = 3 and n = 2, we expect that only the total energy pole has a UV

divergence, while the remainder terms are all finite. We will confirm this soon.

6.2.2 Example: two site loop

Let us look at the simple example of a two site loop. Here we will write down the wavefunction in terms
of the amplitude Ay, as well as 15", a collection of terms which are subleading as wr — 0 and are less
UV divergent than the amplitude.

The wavefunction is:

1 [dsydsy ~ =~ / 1 1
=- | ——DD 6.2.8
vz 1) amiomi 7 p 51— Q2 55— Q2 ( )
where Dy is given by:
- 1 1 1 1
Dy = - - + , (6.2.9)

w1+81+82—i6 W1—81+82—i6 w1+51—32—ie wl—Sl—SQ—iE

4One needs to be careful about the i€ prescription here: For example, take s = p — i€y, I may get terms like wj+s;—p+
iep — i€;. Depending on the size of €, and ¢; this pole may not be picked up.
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w1 w2

Figure 6.4: Two site one loop diagram

and D is obtained simply by replacing w; with ws. We can simplify this expression” to obtain:

2me 2wy + 81+ So — €1 |wo + 81+ S9 — i€y w9 — S| + So — 1€s

1 1 1 1
- — + - 5 —.  (6.2.10)
wWo + 8] — 89 —i€a  Wo — 81 — S9 — i€ psl—Q + i€yt S5 — Q o+ iep2

To simplify the wavefunction, do the sy integral first, where the contour is closed in the lower half plane®.
The total energy pole comes from the fourth term in the bracket in (6.2.10), which integrates to:

. _/@/ -1 1 . 1 1 N
P ) 2w Jpwr (57— 92) (w2 — 91)2 = 92,) (Wi syt p2)(we — st - o) 20a(s] - Q2)) T

(6.2.11)
Relabelling s; as pg, we have:
i dP+lp 1 b
= — + 5t 6.2.12
e B LN e T (P e P T (0212

The integrand is exactly the amplitude, where the external four momentum entering the loop is (w2, k).
However since the result should be symmetric with respect to exchange of w; and ws, we symmetrize the

result to obtain:

1
Vo = o (A(=wi + [k|*) + A(—w3 + k) + 95", (6.2.13)
where i1
d“T'p 1
A(—w? + k|2 :i/ 6.2.14
G KD =1 | e e @ - kPP P
Subleading terms In this simple case we can write down 9§" explicitly. It is given by:
50 = 5 F + 5 + 5P, (6.2.15)
ds 1 1
FF 1
_ , 6.2.16
2 / 271 LU1 + S1 + ng)(wg — 81 — ng) QQPQ(S% — le) ( )
ds 1 1
FB 1
= — (Qp1 > Qo) 6.2.17
2 / 271'1 w1 —+ S1 + QPQ)(CUQ — 51 + ng) 2Qp2( le) ( pl p2) ( )
BB
_ ) 6.2.18
2 /p (w1 + Qp1 + sz)(wz + Q1 + Qp2) ( )

50r just use the expression (6.1.3) and do the time integral
61 will also take ex < €p2
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There is a way to understand why the remaining terms are organised in this way. Notice that:

©  ds eis(tl—i-tz) _ eis(tl—tg)

27ri szfQ%Jrie

— GF(p7tlat2) - GB<p7t17t2)7 (6219)

G(p7 t17 t2) = /
—00
where Gp(p, t1,t2) is the Feynman propagator and Gg(p, t1,t2) is the boundary term added. Therefore,

we can always organise 1o as:

o = /dtl /dt2/ e (Gp(p1)Gr(p2) — Gr(p1)GB(p2) — Ga(p1)Gr(p2) + Ga(p1)Gr(p2)) -
(6.2.20)

Now it is clear why we can separate the terms as written above:

e The total energy pole, i.e. A/wr, always comes from the GpGp term, since the amplitude is
computed with Feynman propagators in the first place. However, we get extra terms that are
encapsulated in 5 coming from picking up the pole in the propagator in the sy integral. This
reflects the fact that we are not integrating time from —oo to oo, and so there are extra terms to

compensate.

e The ¥PB term comes from the GpGp term. No nested time integrals are required to evaluate this

term, hence its form is simpler than the other remainder term.

e The 5B term comes from the GgGF term, i.e. we are mixing contributions from the Feynman

propagator and the boundary term. In this simple case 95® can actually be further simplified to be:

1 1 1
FB
= - -
2 /p 49,1 Qpo {(Wl + Q1 + Qp2) (w1 + w2 +2Qp1) (w2 + Qp1 + Qo) (w1 + wa +2Qp1)
+ . + !
(wl + Qpl + ng)(wl —+ wo + Zng) (OJQ + Qpl + ng)(wl + wo + 2Qp2)

(6.2.21)

As we will see in the next section, these terms will give rise to singularities that are not present in

amplitudes.

6.2.3 Example: three site loop

Let us move on to the example of a three site loop.

S1 59

Figure 6.5: The three site one loop graph.

The wavefunction is:

1 d81d52d53~ ~ ~ / 1 1 1 (6222)
o

== [ 2228 H DD .
Y3 =3 | 2mizmiomi D1 P2 s3— Q2 53— Q2,53 — Q2
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Here we have:

X 1 1 1 1
D, — _ + —, (6.2.23)

wi; +8;+8i—1—1€ w;—8; +8_1—1€ W;+S8 —Si—1—1€ W;— S — Sj_1 — L€

and sp = s3. Once again we can simplify this to (suppressing the ie in the denominator of the kernel):

’l/) o dSl dSQ d$3 1 1 1 1
5T 271 27 2mi \ k1 + 81 — S3 k1 + s1 + s3 ko + 590 — 51 ko + so + 51

1 1 1 1 1
— . (6.2.24
<k3+83—32 k3+53+32>/ps%—ﬂglsg—Qfﬂs%—Qg?, ( )

Taking into account that only poles in the lower half s planes are picked up, we find that the term which

contributes to the amplitude is:

d81 d82 d83 1 1 1 1 1 1
Y3 = / P / +.... (6.2.25)
p s — Q3 83—, 55— Q3

27i 21 2wi k1 + S1 — 83 ko + So — 81 k3 + 83 — $9

Performing the s; and so integrals give:

dss 1 1 1 1 sub
_ il " 6.2.26
¥s / 211 p WT (LUQ+UJ3+83)2 _Q;z%l (W3+S3)2 —QZ Qz +w ( )

Once again the integral here is simply the integral for the amplitude once we replace s5 — pg. Therefore

we have:

1
Vs = ;A(_wg + k3, —w2 + k2) + 5P (6.2.27)
T

Similar to the two site case, we can organise the remainder terms as:
wgub — FFF + wFFB _|_ ¢FBB _|_ ¢3BBB (6 2 28)

Writing out the remainder terms explicitly:

v / dss 1 1 1
27 Qng w1 +wy + Qo — 83 w3 — Yo + 53 53 — 23
1 1 1 1
QQpl wa +wz — Qp1 + s3 w1 + Qp1 — 53 (w3 + 53)% — Q25 53 — Q25
1 1 1 1 1
+ 4Qp19p2 Wy — Qpl + ng w1 + Qpl — 83 W3 — ng + 83 83 — 91273 ’

(6.2.29)

FFB _ dsy dss / 1 1 1 1 1 1

- —— +(permutations),
211 271 wo + Qp1 + S2 w1 + Qp1 — 53 w3 — 52 + 53 20,1 52 Qz 912,3 (p )

(6.2.30)
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BB dsy 1 1 1 11 1

= - + (permutations),
3 27i b W2 + Qpl + sz w1+ Qpl — S3 W3 — ng + Ss3 2Qp1 QQPQ S% — 93)3 (p )
(6.2.31)
1 1 1 1 1 1
FFF ;
= + (permutations). (6.2.32
3 /p wo + Qpl + sz w1 + Qpl — Qp3 w3 — Qp2 + ng 2Qp1 QQPQ 2Qp3 ( ) ( )

2

The momentum integral for the amplitude scales as p~2 while the remainder terms all scale as p~> for

D =3.

Summary Let us summarize our observations so far.

e The one loop n site wavefunction can be written as:

sy Y. (6.2.33)
wr

Here A,, is the one loop n site amplitude.
e The remaining parts of the wavefunction, ¥5"P, are subleading as wr — 0 and are less UV divergent
than the amplitude part of the wavefunction.
Beyond one loop

Our current results hold for one loop diagram. However, we can show that (6.2.33) also works for a simple

two loop example. Consider the two site two loop diagram:

Figure 6.6: Two site two loop diagram

The wavefunction is:

1 dSl dSQ ng ~ ~ 1 1 1
Yy =< 7.7.7,D1D2/ . (6.2.34)
8 ) 2mi2mi 2mi Loy 51— 2y 83 — Q25 83 — Q2

p3

Here p; =k — p; — py, and

= 1 1 1 1
aiwa-i-Sl+82+83—’i67wa—81+82+83—i67wa+81—82—83—i6+wa—81—82+83—i6
1 1 1 1
_wa+51+52—83—i6 Wq — S1 + 82 — 83 — i€ wa+31—82—33—i6_wa—31—82—53—i6'

(6.2.35)
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Here a = 1,2. We can simplify the expression to obtain:

dSl dSQ d53 1 ~ / 1 1 1
- D . 6.2.36
I e e ——— pip, 51— Q2 83— Q2,53 — Q2 (6.2:36)

Let us do the s3 integral first. The total energy pole comes from the last term in (6.2.35), which integrates

to:
dsy dsy 1 1 1 1
= | === e 6.2.37
v2 2710 2mi Wy Jp, p, 57 — Q2 85 — Q2 (w2 — 51 — 52)? — Q24 + ( )

This is simply the integral for the two loop amplitude, with internal four momentum p; = (s1,p;) and
p2 = (82, P2)-
It is not hard to see that the remainder terms are less UV divergent. For example, the second last term

in (6.2.35) integrates to:

d31 dSQ -1 / 1 1 1
6.2.38
27mi 27 wr + 281 _— 52 — 912)1 53— (212)2 (wo + 81 — 82)2 — 912)3 ( )

It is straightforward to see that after doing another contour integration, this integral is less divergent than
the amplitude term.

We will leave a careful proof for (6.2.33) for for diagrams with any topology at arbitrary loop order to
the future.

6.3 Landau analysis: second attempt

With the amplitude representation of the wavefunction in hand, we can now say more about the analytic
structure of the wavefunction. Once again we make use of Landau analysis to write down the singularities
of the wavefunction. In particular we have shown that the one loop wavefunction can be divided into
a total energy pole, whose residue is the amplitude, and as a remainder part. Therefore, we have the

following result:

e A subset of the singularities of the one loop wavefunction can be mapped to singularities of an ampli-
tude. In fact, we will see that these singularities have the same interpretation as the corresponding
singularities in amplitudes: namely, they correspond to cutting the same internal lines of a Feynman
diagram and sending them ”on-shell”, i.e. demanding the corresponding propagator to diverge. We

shall call these singularities ”amplitude-type singularity”

e The remaining singularities have no analogue in amplitudes, and we shall call them ”wavefunction-
type singularities”. Interestingly, in the one loop wavefunction, they correspond to cutting a single

internal line (which gives no physical singularities for amplitudes).

6.3.1 General strategy

Let us write down the wavefunction in the following form:

S; w S D
%L:/[H;’i fi{w). 5)) /Hdpl ! (6.3.1)

D ({w}, {s}) 2m)P Da({p} {s})’
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This is merely a rewriting of (6.1.10). To make it more clear, we have:

R({w}, {s})
Dr () {]) HD (6.3.2)

The main difference here is that on the left hand side we have gathered all the factors in the same
denominator. More explicitly,

2

Dk =1]] H w? — sl+§:ajsj —ie |, (6.3.3)
j=2

a O']
and R is a polynomial in s and w. D4 is simply the following product:

Dy = [](s? - 9} +ie). (6.3.4)

As an example, for a bubble diagram, we can start from (6.1.9) and obtain:

- 1652 53wy wo
D1D> = . (6.3.5
YT (W2 = (51 + 59)% —i€) (w? — (51— 52)2 —i€) (w2 — (51 + 52)% — i€) (w2 — (51 — 52)2 — i€) (6.3.5)

Here Dy has the form (6.3.3), and R = 16s3s3w;wa.

We can introduce a Feynman parameter A and write:

dsz d”p  R({w} {s})
/ dA/[ 2m] /H 27D Dlip). (0} {s]) (6.3.6)
D({p},{w},{s}) = Dk ({w},{s}) + ADs({p},{s}). (6.3.7)

Let us write down the Landau equations. We have:

D=0— Dg+ADy =0, (6.3.8)
oD
Sy =0~ Da=0. (6.3.9)

Let’s interpret these two equations before writing down the rest. Since D4 is just a product of internal
propagators, demanding D 4 = 0 means sending a subset of propagators on shell (graphically this is simply
cutting internal lines). At least one of the internal lines must be cut if we want a physical singularity.
In addition, combining these two equations gives us Dx = 0. From (6.3.3) we can see that this fixes the
internal energies s of the propagators in terms of external energies w.

Let us write down the remaining equations. They are:

6D (3'DK aDA

05 0— D5, +A 95, 0 (for all s;), (6.3.10)
oD 0D 4

—=0—=A =0. 6.3.11
op, op, ( )

The second equation, together with D4 = 0, give us a modified version of the Landau equation for ampli-
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tudes. To see this, start with (6.3.1), then introduce Feynman parameters ay,; for D4 before introducing

the extra Feynman parameter A. Then we get the following Landau equations involving D 4:

p[* =7 —m7, (6.3.12)
> ayip; =0. (6.3.13)
i€l

These are simply Landau equations for the amplitude with the same Feynman diagram, except we have
modified mj to s7 —m?. Of course, we still need to solve §2 to fix s;, but often we will find that knowing
the solutions for the Landau equations in amplitudes will give us shortcuts to solving the Landau equations
for the wavefunction.

In fact, we could even carry out the momentum integral first before writing down the Landau equation.

This gives:
0Dy
- 8(1171'

Dy =0. (6.3.14)
Counting number of constraints Before moving on to concrete examples, let us first ask an important
question: are the Landau equations sufficient to fix the singularities?

In general, we have I+ L+ 1 integration variables which require fixing, (I is the total number of internal
lines, and L is the total number of loops). We have I + L + 2 Landau equations, so there are enough
equations to fix all the integration variables, and we can always write down the singularities in terms of
external kinematics. However, if we want to write down the singularity for one of the external energies
w1, quite often we will need to write it in terms of other external off-shell energies (say ws) as well. This
creates an obstacle when we study the singularities: for instance, suppose a singularity surface w; = —wo,
naively we would assume that wo can take on any real negative value. However, once this energy is on-shell
(say wo = VK2 + 4m?2), we realise that w; < —2m. This is an example where information is lost when the
other external energies are off-shell. Another example would be the anomalous threshold of the three site
one loop diagram, where the singularity condition is expressed purely in terms of the mass of internal and
external particles (see (6.3.65)). Without putting external energies on-shell, it would be hard to recognise
the anomalous threshold since off-shell external energies have no explicit dependence on mass.

It is often helpful to supply additional information on these external energies. For example, we can
put some of the external energies on-shell. We will see an example of this when we tackle the three site

one loop diagram.

6.3.2 Example: two site loop

Let’s start with the two site loop (fig 6.4). For simplicity we will always consider the internal lines to have
the same mass m.
Before we carry out Landau analysis, let us set our expectations for the result. We know that the

recursion expression for the wavefunction is given by [30]:

1 1 1 1

wQ wT p (wl + Qpl + QPQ)(CUQ + Qpl + sz) w1 + wo + QQpl w1 + wo + 2Qp2

(6.3.15)

In the previous section we found the following singularities:
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e w; = —Vk? 4+ 4m?2. We will see that this corresponds to an amplitude-type singularity.
o w3 = —wy — 2m. We will see that this corresponds to a wavefunction-type singularity.

Let us write down the expression for the wavefunction coefficient of the two site loop again:

dsq dsy  16s5%s2wiws 1
Yo = / Py / Py =2 / 202 Lo (2_02 1 (6.3.16)
2mi ) 2mi S1481-S21 52— Jp (57 — Q2 +i€)(s5 — Q2 + i)
Sit = w? — (51 £ 82)% — e, (6.3.17)
Soy = wi — (51 %+ 89)% —ie. (6.3.18)
The convention for the internal momenta is p; + p, = —k.

To simplify our results:

e We will not look at cases where we have S14 = 0 and S;_ = 0 simultaneously. This is because they
both come from the sum in Dy (see (6.2.9)). We only need to send an individual term in the sum
to infinity, which corresponds to sending one of S;4 or S;_ to infinity (and also picking a sign, for

example picking w; = —s1 + s2 instead of w; = s1 + s2).
e We will also impose ws > 0, this will restrict the singularities for w; to be on the negative real axis.

We will look at the case where S71 = 0, and potentially Sy = 0. The case where we have S;_ = 0 (and
Sa4+ = 0) are easily generalisations.

Let us introduce Feynman parameters for both Dg and D 4. The integral now has the following form:

dsq dsy 1652 s2wws
by = / ad / o 2;9% / das, / das. / day, / doy,

5(1 —Qy, — 042_)5(1 — Qp; — apz)
) /p (041+ (w% —(s1+82)%) +as_ (w% — (51— 82)2))2(ap1(31 Qz ) + Qp, (5% - 91272))2'

(6.3.19)

We did not introduce Feynman parameters for S;_ and Ss since we will never send them to zero. Just
like Landau equations for amplitudes, we can do the momentum integral first. This will allow us to write
down Landau equations in terms of Feynman parameters «, A, and the internal energies s. This gives an

equation of the form (6.3.1), with

Oy, O
Dy = ﬁkz — ap, (55 —m?) — ap, (s5 —m?). (6.3.20)
Di = —a1, (wf —(s1+ 32)2) - ag_(wg — (81— 52)2). (6.3.21)

Amplitude-type singularity As an example, let us solve the Landau equations with Si_,.S,,,Sp, =0
(where S, = s7 — Q2 ). Since both S, and ), are zero, we are cutting both propagators. Let’s see if

this singularity can be mapped to a singularity in amplitudes.
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Figure 6.7: The amplitude-type singularity. The lines cut by the red dashed lines are the propagators
which are on-shell.

The Landau equation reads:

oD o2
=0 —2 k=57 —m? (6.3.22)
aal’l (apl + ap2)
oD @ 2 _ 2 2
=0— %k =s5—m*~, (6.3.23)
80‘:02 (apl + ap2)
oD
=0—wi=(s1+s2)% (6.3.24)
6a1+
oD
9. 0 — Aoy, 81 = Ay, S2 = (S1 + s2). (6.3.25)
Also, naturally we demand a;, + oy, = 1. Since S # 0, o must be zero and this naturally means
Oél+ =1.
The first two equations give:
a2 (s5—m?) = a2 (s —m?). (6.3.26)

=L (6.3.27)
2

The solution for this is s; = £$5 unless s; = £m or so = £m. However, if we set s; = +m, the (6.3.22)
equation implies that ¥ = 0 or a2 = 0. But if a2 = 0 that would imply s; = —s3. This would mean
that if s is in the lower half plane, s5 is in the upper half plane, so either s; or sy are not in the physical
integration region. Therefore we conclude that if s; = £m we must have k = 0.

First consider k # 0. Both s; and so must lie in the lower half complex plane. One can easily show
that we have s; = s9, so this gives us the singularity w? = 4s?. It is also straightforward to see A = 4.

Using this, we get:

k? 2 2
—=s7—m (6.3.28)
4
This gives us the w; = —Vk? + 4m? singularity.
For £k = 0 we can easily see that this implies wy = —2m. But this is just a special case of wy =

—Vk2 4 4m?2, and so we landed on the same singularity.

How is this singularity connected to an amplitude singularity? We know that for the same diagram,
an amplitude has the singularity s = 4m? (here s is the Mandelstam variable). But s = w? — k? (since w;
is the total energy entering the vertex and k is the total momentum entering the vertex), hence we have
w? = k% + 4m?. Therefore this w; = —V/k2 + 4m? singularity is simply the same singularity as s = 4m?,
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written in terms of the off-shell energy variables.

Amplitude-type singularity for massless particles It is also helpful to look at singularities of
massless internal particles. Let us solve the same Landau equations, but with m = 0. The Landau

equation reads:

oD a?
i U —L k= st —m?, (6.3.29)
Qp, (apl + ap2)
oD a?
=0 —2 k=55 —m? (6.3.30)
aaPQ (apl + ap2)
0D
Par. ~ 0= w? = (s1 4 52)%, (6.3.31)
oD
95— 0 = Aap, $1 = Aap, 52 = (81 + S2). (6.3.32)

The solution for this is quite straightforward: the first two equations imply apk = s1 and apk = ss.
From this we can easily conclude that s; + s2 = (ap1 + ap2)k = k. Substituting this into (6.3.32) gives
w1 = —k, which is the massless version of the amplitude-type singularity we just found.

We can easily write down the solutions to the Feynman parameters and the internal energies. Just
take:

k
== (6.3.33)
1
Qpl = Qpg = 5, (6334)
A =4 (6.3.35)

It is easy to show by substitution that this solves the Landau equations.

Wavefunction-type singularity Now let us consider the case where S14, 52—, Sp2 = 0, but we have
Sp1 # 0. Notice that only one internal line is cut here. For amplitude there is no singularity for cutting
one internal line. However, for the wavefunction there is a singularity. In fact, for massless particles, it is

a physical singularity for any external kinematics.

Figure 6.8: Wavefunction-type singularity. Only one propagator is on-shell
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Let us write down the Landau equation. They are

oD
&u+:0%wf=@1+@f, (6.3.36)
oD
Yo =0—wi=(s1 —s2)% (6.3.37)
oD
=0—0=s2—m? (6.3.38)
Oay,
oD
g =0—0= o1, (51 + 52) —+ o (81 — 82), (6339)
1
oD
57 =0— Asy = aq, (81 + 82) — Qg (31 — 52) (6340)
2
The third equation gives us s, = m. We throw away s; = —m: if we restore the ie in the solution, this is
s1 = —m + i€, and is not included in the integration region, i.e. the lower half complex plane.
In addition, we have:
w1 + s1+ 52 =0, (6.3.41)
wo — 81+ 82 =0. (6342)
Use this to eliminate s1, we obtain w; + ws = —2m. This singularity is a total energy singularity, and

quite obviously have no analogue in amplitudes.

Is this singularity physical? Let us compute the Feynman parameters. We can show that:

w1

(6.3.43)

Qg = 7%
But we = —wy1 —2m > 0, so we get aa_ > 1. Therefore this singularity may not be visible for any general
kinematics! Indeed this is consistent with the observation that this singularity is in fact invisible outside
the soft limit (see the appendix of [2]). However it is not entirely clear how this emerges from the Landau

analysis picture, and we will leave a detailed study of this for the future.

Wavefunction-type singularity for massless particles Things are more clear in the case of massless

particles. The Landau equations read:

oD )

=0—=wl=(s1+52)> > w45 +5=0, (6.3.44)
8a1+
oD
=0—wi= (51 —52)> 2wy —5; +55=0, (6.3.45)
Oaz_
oD
=0—0=s3, (6.3.46)
Oay,
oD
g =0—-0= 041+(S1 +82)+O¢27(81 —82), (6.3.47)
1
oD
87 =0— Asg = aq, (81 + 82) — Qo (51 — 82) (6348)
2

Immediately we have s5 = 0, and we have wi+ws = 0. This is indeed the massless limit of the wavefunction-

type singularity found above.
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Unlike the massive case, this singularity is present for any external kinematics. Indeed, if we take

s1 = 0, we can easily see that the Landau equations can always be satisfied, with g4, as_ > 0.

Where does the wavefunction-type singularity come from? Before we move on it is helpful to see
how the wavefunction-type singularity emerges from the expression we have obtained, i.e. from (6.2.13).
Now clearly the singularity cannot come from the amplitude part of the wavefunction, therefore it must
be a singularity from the remainder terms.

Upon inspection, we find that the singularity actually emerges from 5B, i.e. the mixing term between
Feynman propagator and the boundary term. We have shown that this term can be written as (6.2.21).
If we try to study the singularity associated with w; + ws + 2,1 = 0, we find the wavefunction-type
singularity from above.

The terms ¢5F and ¥PP do not provide any contribution to the wavefunction-type singularity. Only
the w; = —vk2 + 4m? singularity is present for those terms if we study the analyticity of these terms
individually.

w1 wo w1 w2

w1 = —wsg — 2m w1 = —VEk2 + 4m?2 w1

Figure 6.9: A summary of the singularities present for the two site one loop graph. The red singularity
here is an amplitude-type singularity, while the blue singularity is a wavefunction-type singularity.

4

6.3.3 Example: three site loop

Let us now look at the one loop three site graph (fig 6.5). For amplitudes, this graph has two types of
singularities. The first type is the normal threshold, where two internal lines are cut. This type of cut is
associated with unitarity in the optical theorem. The second type is the anomalous threshold, where all
three internal lines are cut.

Since we have shown that the wavefunction can be written in terms of amplitude plus remainder terms,
we would expect singularities for the amplitude to be present in the wavefunction as well, including the
anomalous threshold. We will see that it is indeed the case. In addition, we will find that there are
wavefunction-type singularities again, where only a single internal line is cut.

For the one loop three site graph, the wavefunction coefficient can be written as:

dsq dso dss 512w1wzw3s%s§s§ 1
¢3 = Py o o 2 02 2 02 2 _ 02\ (6.3.49)
2mi J 2mi ) 2mi S1481-S2482-831 83 Jp (51— Q2 )(s5 — Q2))(s5 —Q2.)
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Si+ = w? — (51 £ 53)% (6.3.50)
Sot = ws — (51 £ 82)%, (6.3.51)
Say = w3 — (53 % 53)° (6.3.52)

Also we have p; = p, py = (p + kz), p3 = (p — k1) = (p + ko + k3).
Let’s write everything in terms of Feynman parameters and perform the p integral first. We obtain:

e Sdsi [t ! F{a})s(1 - o)
wg_/o dA/EQM/O 11 daj/o [T dougay oot (6.3.53)

j=14£,24,3+ l=p1,p2,p3

where we have:

3
Dy = aplapzk% + amapskg + O‘Plamk% _ Zam (822 o mZ)’ (6.3.54)
E api i=1
as well as X
Da=-) aitSis. (6.3.55)
i=1

F(«) is just polynomial in «, and its exact form will not be important for us.

Amplitude-type singularity: normal threshold Let us first study solutions corresponding to ”nor-
mal thresholds”. These are solutions where S, # 0 for one p;, and they can be used to recover certain

energy conservation poles.

S1 52

Figure 6.10: Amplitude-type singularity, with the internal line s; and s3 being cut.

As an example let us consider setting S,, # 0, which requites oy, = 0. In amplitude terms we are
looking at a singularity which comes from cutting s; and s3 in the figure. Then we have the following

equations from Dj:

a2 k?
P =, (6.3.56)
(apl + aPs)
a? k?
pl 2 m? (6.3.57)

(apl + apzs )2

At this point if we choose S1+ = 0 we can pretty much repeat the analysis we did for the two site graph

and obtain w; = —\/k? + 4m?2.

However, we can make a more interesting choice. Suppose we choose S = S3, = 0 instead. (I will
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relate this to a singularity in w; by permutation). Then we get the following equations from Ds:

Ay, s1 = ag_ (1 — s2), (6.3.58)
Aap,s3 = a3, (s3+ 52), (6.3.59)
0=—asg_ (51 — 82) + a3, (53 + 52). (6360)

This can be rearranged into the following:

Qp, S1 Oé2,(31 - 82)

= =1. 6.3.61
Qpys3 a3, (s34 s2) ( )
Combine this with the equations from D;, we get:
52 52 —m?
5= (6.3.62)

—m2’
85  s3—m

Then we can just following the derivation as in the two site graph to get:

k2
wy = —1/ Zl +m?2 + sg, (6.3.63)

2

k
W3 = — Zl + m2 — So. (6364)

This combines to give we + ws = —+/k? + 4m? singularity. This is related by permutation to w; + we =
—/k3 +4m? and wy + w3 = \/k3 + 4m? singularity, both of which are energy conserving poles.

s S
\31'82 / \‘/

Figure 6.11: Two other singularities for the wavefunction which are also amplitude-type singularities.
They are wy + w3 = \/k3 + 4m? (for the left figure) and wy + we = —+/k3 + 4m? (for the right figure)

Amplitude-type singularity: Anomalous threshold For amplitudes there is an anomalous thresh-
old that corresponds to sending all three internal lines on-shell. The existence of this threshold depends
on the external kinematics: namely, two of the external four momenta have to be equal. It is known that
the threshold is only physical when the masses of the external particles satisfy M2 > 2m? where m? is the
mass of the internal particles [116, 164-169]. This is lower than the expected two particle threshold 4m?,
hence the name anomalous threshold. This threshold is given by:
M? —2m?)?
s:4m2—3———7—lﬂ (6.3.65)
m
where s is the four momentum for one of the external lines (in the diagram it would be the line attached

to wy) vertex.
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S1 592

Figure 6.12: The anomalous amplitude-type singularity. To access this singularity we also need specific
external kinematics, which are given by (6.3.66)-(6.3.70).

We would like to show that such a threshold exists for the wavefunctions as well. We expect that the
singularity only appears for specifically chosen kinematics just like amplituides. To make life easier we

will choose the the following kinematics:

ky = —ks, (6.3.66)
k| =k, (6.3.67)
ki =0, (6.3.68)
wy = w3 = V k2 + M2, (6.3.69)
wi = 4wl (6.3.70)

The last line enforces the total energy to be zero, and we know in this limit the wavefunction reduces to
the amplitude, hence we should expect the anomalous threshold to show up.

Now let’s specify which S;+ we send to zero. We make the following choice:

Sl+ = wf — (81 + 83)2 =0, (6371)
SQ+ = w% — (81 + 52)2 =0, (6372)
Say = w3 — (s34 52)% = 0. (6.3.73)

So now we have:
w1 = 81 + 83, (6374)
wo = 81 + S92, (6375)
w3 = 83 + So. (6376)

as well as:

ai, (s1+s3) + az, (s1+ s2) = A1, (6.3.77)
ag, (s1+ s2) + asz, (s3 + s2) = Aoy, S2, (6.3.78)
s, (s3+s2) + o1, (s1 4 83) = Aawp, 3, (6.3.79)
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Also from D 4 we have:

21.2 2
(apl + aps) k2 — Op, ap3k1

2 2
_ _ =0 6.3.80
(Oépl + Qpy + Oéps)2 (82 " ) 7 ( )
a? k3 + ap, (ap, + ap, k3
p2 12 ps (Qps ps) T (S% _ m2) =0, (6.3.81)
(ap, + ap, + ap,)
a2 k2 + ay, (ap, + ap, k2
p2 V2 pi (Qp, L _ (8% . m2) —0. (6.3.82)

(apl + apz + ap3)2

Because wy = w3 this immediately gives s;1 = s3. Now we can use (6.3.81) and (6.3.82) to obtain:
ap, (Qpy + Q) = apy (i, + Oy ), (6.3.83)
which implies o, = ap,. We also use (6.3.77) and (6.3.79) (and s; = s3) to show:
as, = as,. (6.3.84)

Now using w? = 4w3, we obtain:
4(s1 + 52)% = 457, (6.3.85)

S0 so = —2s1. This also gives w; = —2ws.
By using (6.3.80) and (6.3.81) ((6.3.82) is the same as (6.3.81)) and eliminating the Feynman parame-
ters, we get:
(52 — 57 + k%)% = 4k?(s3 — m?). (6.3.86)

Usually this is as far as we can go, but because now we fixed w? = 4w2 we found sy = —2s7, so we can
further simplify this. Eventually we get:
M4
— = (w? —4M?), (6.3.87)
or
(M? — 2m?)?

w? =4m? — — (6.3.88)
which is exactly the value for anomalous threshold in the amplitude case. Hence we have demonstrated
the existence of anomalous threshold in the wavefunction as well.

We can also compute the Feynman parameters explicitly to show that this is indeed a physical singu-
larity. For instance,
M? —2m?
Qp, = M2 . (6389)
For the singularity to be real, 0 < o, < 1. Hence We must have M? > 2m? which is indeed a criteriom
for anomalous threshold.

We could also compute the other Feynman parameters, which are found to be:

AM? — 4m?
_ M —AmT 6.3.90
O T 10M2 — 18m2° ( )
AM?
A= 6.3.91
10M2 — 18m2 ( )
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For M? > 2m? we have 0 < as; < 1, as well as A > 0, hence this is not a spurious singularity.
Which singularity does this correspond to in the recursion expression? It turns out that it corresponds
to this condition:
w1+, +Qp, =0, (6.3.92)

along with:
w1+ ws + w3z =0. (6393)

This is reflecting an interesting fact about studying singularities using the recursion expression. Naively
if we start with the expression wy + €, + Q,, = 0 and try to minimize it, it is tempting to simply write
down the most obvious solution (which is w; = —v/k2 + 4m?2), and we would be led to incorrect conclusions
about the analytic structure (for instance, that the singularity must first appear at wy < —2m). What
our result shows is that at particular kinematics, there may be other minimum solutions that corresponds
to additional singularities. For instance in this case we found a singularity that can live in the range
—2m<w < V2om.

This is one of the main advantages of studying the analytic structure of the wavefunction using the
amplitude representation rather than using the recursion expression: we have a much better understand-
ing of the analytic structure of amplitudes, and this formalism give us a mapping between singularities
of amplitudes and the wavefunction. If we also have a good understanding of how wavefunction-type
singularities emerge (for example, in one loop cases they are singularities corresponding to cutting only

one internal line) then we have a complete catalogue of the singularities present in the wavefunction.

Wavefunction-type singularity One can also show that the wavefunction-type singularities are also

present. To see this, let us just cut one internal line, and pick:

Siy =wi—(s1+s3)2=0, (6.3.94)

Sy =wi — (51 —52)2 =0, (6.3.95)

Sz = w3 — (59 —53)2 =0, (6.3.96)

Sp1 =57 — Q2 =0. (6.3.97)

Then one can show, similar to the two site graph case, that we have wy 4+ ws + w3 = —2m as a singularity.
S1 S9

Figure 6.13: Wavefunction-type singularity for the three site one loop graph.

Once again it is instructive to see which term in 13 give rise to this wavefunction-type singularity. Upon
inspection, we can find that it is (6.2.30) which has this singularity. Specifically, if we send w1 +Q,, —s3 =0,
wo + Qp, + 52 =0 as well as w3 — 52 + 53 = 0, we will land on w; + ws + w3 = —2m. Interestingly, gBB

does not seem to give rise to a wavefunction-type singularity.
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AR

w1 = —wp — \/la2 +4m? w; = —ws — \/kz +4m? wi = 7\//42 +4m? 2 =4m® — 7” —2m? W1

w1 = —ws — w3 — 2m

Figure 6.14: Singularities of the three site one loop graph. The red ones are the normal amplitude-type
singularities, the teal one is the anomalous amplitude-type singularity and the blue one is the wavefunction-
type singularity.

6.4 Singularities of in-in correlators

Since we are ultimately interested in in-in correlators, it is worth studying the singularities of in-in corre-
lators as well. We noted in section 4.3 that for the one site loop diagram, while the wavefunction has a
log k7 term, the correlator is analytic in the external kinematics. This feature is in fact present in other
loop diagrams as well.

As an example consider the one site two loop diagram (fig. 6.4). We have written down the expression

for the flat space wavefunction for massless scalars, which we will restate here:

wQ(wlac‘Jka) =

82wy W) — Wa

wr (1 5 (w1 +k 72 C(k—ws k—wp
- — 1 —+L L . (6.4.1
2k:< ©8 (wﬁk)+ 6 2 \vre ) T e (64.1)

If we try to compute the in-in correlator, we get the following contributions: one from the time ordered

1 [uzglog(‘”1+ ) fwllog(m:k)

propagators (where we use the G and G__ propagators):

1 w1+ k wo + k

Boy=——11 1 . 6.4.2

o= sy (oo e () 642

There is also the out-of-time-ordered propagators (where we use the G _ and G_ propagators), which
gives:

1 -1 wy +k wy +k
Bop=——— |1 1 . 6.4.3
2B ) — wy 872 [ Og( A >+Og< A )] (643

The in-in correlator is simply the sum of these two terms. Notice the following feature:

e For the wavefunction, both the amplitude-type singularity (given by w; = —k) and the wavefunction-
type singularity (given by w; + we = 0) are present. The wavefunction-type singularity is a total

energy branch point.

e For the correlator, only the amplitude-type singularity (given by w; = —k) is present. The wavefunction-

type singularity is absent.

Singularities and the cosmological KLN theorem The cancellation of singularities can be under-
stood more generally in terms of the cosmological KLN theorem, which stems from the cosmological tree

theorem. The cosmological KLN theorem states the following:
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Total energy branch points in the wavefunction from loop integration are absent in the

corresponding in-in correlator.

The argument (taken from [170]) can be roughly summarized as follow:

e When computing in-in correlators from the wavefunction, we often need to add integrals of higher
point tree-level wavefunction coefficients to the one-loop wavefunction. For example, for the one site

one loop graph, the in-in correlator is given by (2.3.15):
(p(w1)p(w2)p(ws)(wa)) = py-~ /P P ¢ (w1, wa, W3, Wi, Wp, W) (6.4.4)

e By taking the bulk-to-bulk propagator of the wavefunction and using 6(n; —n2) = 1 —6(n2 — 1), we
obtain the cosmological tree theorem. This allow us to express the one loop wavefunction in terms
of its discontinuity, and graphically this is just a sum of tree-level diagrams. For instance, the one
loop one site wavefunction is:

iL = — / P(p) [ gree(W1,W2,w3aw47wpywp) - gree(w17w23w3aw4awp7 _wp>] (645)
P

e Combining these two give us an expression for the in-in correlator purely in terms of (integrals of)
tree level wavefunction. Crucially, any fully connected diagram does not have any singularities that
depend on total energy and w, simultaneously. For example, the one site one loop diagram in flat

space becomes:

(D(1) (w2 bl blu)) = / PR (w1, oz, i, w01, 0y —p)

_/ 1 1
p2wpr+wp—wp
1 1

= | —. 6.4.6
p 2wWp wr ( )

Because of this, doing the momentum integral will not give us any total energy branch points.

The remarkable fact about this theorem, however, is that at one loop, all wavefunction-type singularities
are total energy singularities. To see this, we use Landau analysis once again. The n site one loop

wavefunction is given by:

_ [ |51 dsn F({w}, {s})
q/)n,/ {27” ' 277@} S1451_89155_ ... 5,.S _/ STz (6.4.7)

where S+ = w2 — (8, = 8,_1)2. We can make use of Landau analysis again to find the wavefunction-type

singularity. To do so, we only cut one line, since any other way of cutting should give us either normal or
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anomalous amplitude-type singularity. This is given by:

Siy =w?— (51 +5,)2=0, (6.4.8)
Sg_ = w% - (81 — 82)2 = 0, (649)
Sz = w2 — (53 —53)% =0, (6.4.10)
Sp_ =w? —(sp_1—5,)% =0, (6.4.11)
Sp1 =51 — Q2 =0. (6.4.12)
It is straightforward to show that this just gives wr = —2m as a singularity. In fact, by using the recursion

representation of the wavefunction, we can easily see that this is always a singularity is always a branch

point 7. Therefore, we see that in one-loop, the following is true:

[ Wavefunction-type singularities are always absent in in-in correlators. ]

This conjecture is in fact not surprising. Amplitudes are in-out correlators, i.e. field operators are
sandwiched between vacuum in the asymptotic past (the in-vacuum) and asymptotic future (the out-
vacuum). In flat space in-vacuum and out-vacuum are simply related by a phase [104]. Assuming we have

thermal equilibrium, we obtain:

in (010 (k1)d(ks) . §(kn)|0)in = € oue(0@(k1)b(k2) . . $(kn) O)in- (6.4.13)

Since in-in correlators are related to amplitudes by a phase, one would not expect them to have different
analytic structures. In other words, one should expect a mapping between singularities of amplitudes to
in-in correlators. However at this point our understanding of wavefunction-type singularities is still rather

primitive, so we will leave a more careful study of this beyond one loop to the future.

“In the recursion representation, these singularities corresponds to sending wr + 2wp, = 0 for some internal momentum
p;- However, since we are integrating over p, the singularity must some from a logarithm/polylogarithm term, which means
the total energy singularity must be a branch cut.
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Chapter 7

Dispersion relation and effective field

theories

The discussion on analyticity of the wavefunction would not be complete without explaining its potential
uses. One such use is the derivation of UV/IR sum rules. In S-matrix literature, these rules are a set of
relations between the discontinuity of the amplitude (in the full UV theory) to a sum of Wilson coefficients
for an EFT (in the IR). These UV/IR sum rules are essential for constructing positivity bounds: by placing
constraints on the discontinuity of the amplitude (for instance, requiring the discontinuity to be greater
than zero by unitarity), one can derive a set of constraint equation for the Wilson coefficients.

In this section we detail the steps required to write down these UV/IR sum rules for the wavefunction.
We will begin by defining precisely what an EFT is for the wavefunction. We will then write down the
dispersion relation, which express the wavefunction in terms of its discontinuities. We will then show
how dispersion relations lead to UV/IR sum rules, and demonstrate this by studying a simple tree level

example and a loop level example.

7.1 What is an EFT for a wavefunction?

Recall that for amplitudes, given a bulk light field ® and a bulk heavy field X, amplitudes for ® can be

computed using the generating functional:
Z[J] = / [d®][dX] e'SovI®X]+i [, T ()8 () (7.1.1)
The heavy field can be integrated out by the following procedure to obtain action for the EFT:
etSErTl®] — /[dX] et SuvI®X], (7.1.2)
We can carry out a similar procedure for the wavefunction. Consider the wavefunction specified by the

path integral for the fields ® and X. The boundary conditions to the past correspond to the Bunch-Davies

vacuum. The path integral is a functional of the field boundary conditions to the future ®(¢.) = ¢ and
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X(ty) = x:
) ®(t.)=¢ X (t)=x
Ulp, x;t] = / [dD] / [dX]eSvvI®Xit-] (7.1.3)

BD BD

where for some Lagrangian £ we defined:
te
Suv[®, X;t.] = / dt LD, X]. (7.1.4)

The path integral is then the transition amplitude between the Bunch-Davies vacuum [BD) 4 ® |BD) y and

the field eigenstate |@)4 ® |x) . To define the EFT wavefunction we focus on this wavefunction:
D(t)=¢ X (tx)=0
I
BD BD

i.e. the wavefunction with the heavy field set to zero at t = ¢, ', and compute its wavefunction coefficients
in powers of ¢. The coefficients of the perturbative expansion of ¥[¢,0;t,] in powers of ¢ computed with

the interactions of the UV action Syv[®, X;t.] is what we call the UV wavefunction coefficients ¢yv:

D(ts)=0 X (t.)=0
U[p,0;t.] = / [dD] / [dX]eSuv[@Xit:]
B

P X By (7.1.5)
= exp +Z;/ (2m)363) (Zk) V(K t)o(ka) .. p(kn)
n N kl,...k
For this wavefunction, we can write down an EFT just like for amplitudes:
X (t+)=0
etSerT[®it.] _ / [dX)] eSuv[®,X5t] (7.1.6)
BD

Crucially, this Sgpr[®, t.] can be expanded as a series of local interactions for ® and its derivatives, which
at low energies (small derivatives) can be truncated at a finite nuber of terms. The EFT wavefunction
coefficients Ygrr(w;, {k;}) are then obtained from expanding in powers of ¢ the wavefunction ¥|[¢,0;t,]

computed from the truncated EFT action:
(I’(t*)fd) )
\Il[¢7 0; t*] = / [d@] GZSEFT[q);t*]

Sl

ki,..

(7.1.7)
= exp

EOR (Zk) (Yt o) ... (k)

At low energies, where the truncation made in Sgpr is valid, the ¥gpr coeflicients coincide with the true
Yyy coefficients. As the energy is increased, eventually the derivative expansion in Sgpr[®; t.] breaks down
and one must “UV complete” the EFT by returning to the Syvy[®, X;t.]—physically this corresponds to
having enough energy to excite heavy X fluctuations (which are then not faithfully captured by an Sgpr
involving only light degrees of freedom).

There is a crucial difference between this EFT for the wavefunction and the EFT for amplitudes: the

boundary condition for the fields are different. This comes from the new ¢ = ¢, boundary we introduced

1One may ask whether this is the most physically relevant quantity to compute. For example, in an EFT with cutoff A
we might have to average the value of wavefunction in an interval t* + A—1. We postpone this issue to the conclusions.
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for the wavefunction. As a result we need to keep track of both total derivatives in time and of terms
proportional to the equations of motion. To this end we separate the EFT action into a bulk and a

boundary term localized at ¢, :

ts
Sprr([®;t.] = / dt / Px(LEE[D,9,] + 9,LoMMY [, Br)). (7.1.8)

All total derivatives in time have been collected into 9, Lpat@®™Y so that L2 is constructed in the usual
way (with the freedom to integrate by parts). Notice that our formalism applies to both Lorentz-invariant
theories as well as to theories that break boosts, explicitly or spontaneously. For concreteness our examples
will include Lorentz invariant interactions in the bulk and non-boost invariant time and spatial derivatives

will appear only in EkE)%liFdary.

7.2 Dispersion relation and UV /IR sum rules

We have now defined the low-energy EFT approximation, ¥gpr, to the full wavefunction coefficient. The
question which we wish to address next is: what information about the underlying UV physics can be

gleaned from a measurement/calculation of this EFT object?

Analyticity and the dispersion relation. The analytic properties that we developed in the last two
sections can give a very concrete answer to this question. The reason is that complex analytic functions
are very constrained: they are all but completely fixed by their singularities and asymptotics via Cauchy’s
theorem. One can use said theorem to recover the value of a function f(z) at a point z = 2 using a closed
contour integral:

1 (2)

= _—. 7.2.1
) 21t Jo 2 — 2o ( )

f(Zo

where C' is a counter-clockwise contour around the pole at z = 2y (and contains no further singularities).
Now imagine we expand C until we start intersecting poles and branch cuts of f(z). We need to deform
the contour to properly defined the integral (7.2.1). In particular, we have three different contributions to

the deformed contour Cr as shown in Fig. 7.1:
(i) The isolated poles z; of f(z). The deformed contour wraps clockwise around the poles of f(z).

(ii) The branch cuts of f(z). The contour runs above and below the branch cut, and is therefore

proportional to the discontinuity of the function along the cut, where,
disc f(z) = liH(lJ [f(z +ie) — f(z —ie€)] . (7.2.2)
€E—

(iii) the arc at infinity C'r. Once the contour is made arbitrarily large, we can identify this contribution

with the residue of the pole at infinity.

This expresses the right-hand side of (7.2.1) as a sum of three terms:

ooy =~ 3 R (LEL) 1 [ L2 SUED gy (1)), (723)

2wz — 2 o \z—2

isolated poles branch cut Pole at infinity
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Z3 3\ Re(z):

s

Figure 7.1: Deformed contour for dispersion relations. There is a branch point at z = z; and a branch cut
on the negative real axis. There are isolated poles at z = 25 and z = z3.

Note that if one defines the “discontinuity” of an isolated pole as disc (1/(z — 2;)) = —2mid(z — z;), then

the first term can be absorbed into the second.

Wavefunction dispersion relation. We can apply these considerations to the off-shell wavefunction
coefficients 1, ({w}, {k}) taken as analytic functions of a single complex variable wy, while holding all the
other kinematics fixed. As we have discussed, singularities in 9, ({w}, {k}) can only exist on the negative

real axis of wy. This allows us to write (7.2.3) as:

(b D)y = [

— 00

@disc(wTw({w},{k})) + Res <°“T¢n({w}{k})> (7.2.4)

21 w1 — W w1 =00 wy — W)

This is our central application of analyticity: it allows us to connect every Wilson coefficient appearing in

Lprr to an integral over the wavefunction of the underlying UV theory.

UV/IR sum rules. The idea is to expand the left-hand-side of (7.2.4) at low energy/momenta, where
it can be computed using the low-energy Lgpr. This expansion can then be matched, order-by-order, to

particular high-energy integrals on the right-hand-side. To this end, we define the UV integral,

i) = [ 28I OV g (erL 0D g

211 wi\”’_l w1=00 w{v"_l

— 00
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The low-energy expansion of (7.2.4) can then be written compactly as,

18N

10 @rter)|, Zo = Z60 ({war ), {K)) (7.2.6)

Since the EFT does not distinguish between w; and the other kinematic variables, this equation should be
further expanded in powers of each of the wq; and k,. In the next subsection, we explicitly construct the
EFT for the wavefunction of a scalar field up to fourth order in derivatives, and show how (7.2.6) relates

each Wilson coefficient to a particular UV integral, I[(JIX,).

7.3 Example: a light scalar

Let us illustrate these new sum rules using the EFT for a light scalar field ® on a fixed Minkowski

background.

An EFT basis for quartic interactions. Once total derivatives and terms proportional to the free
equations of motion are included, the list of possible interactions grows rapidly with increasing mass-
dimension. Rather than construct the most general possible EFT, we will focus on a particular subset of
interactions which illustrates our sum rules simply and yet remains general enough to capture simple tree-
level UV completions (of which we give an example in Sec. 7.4). Firstly, we focus on quartic interactions:
these would be the leading interactions in any theory with an approximate Zs symmetry, ® — —®. We
truncate the EFT at mass-dimension-8, which means we only include interactions with up to four (three)
derivatives in the bulk (boundary) Lagrangian, and further assume that Lorentz symmetry is broken only
by the boundary interactions. Finally, we focus on specific interactions of the factorised form D, ®2?D,®2,

where D; and D, are differential operators. Altogether, this gives the following EFT basis of interactions:

LR [0,0,] > G0+ PO + LR+ 0(0F),
ciia,), 5,0 > 20t - Mar e + Pare)nee) - Bare e
_ %@2@*)3@@2(@) — %D@Q(t*)&sz(t*) +0(6Y), (7.3.1)

where the a,’s are the free Wilson coefficients of bulk interactions and the ,;’s are free Wilson coefficients
of boundary interactions. The first label on S counts the total number of derivatives, while the second

counts the number of derivatives that are not Lorentz invariant (such as d; and 92).
EFT wavefunction. We can use (7.3.1) to compute the tree-level four-point wavefunction coefficient up

to fourth order in the momenta/energy. Even though we consider contact interactions, it is convenient to

separate contributions into s, t and u “channels” according to the partial energies on which they depend:

Yerr({w}, {k}) = 5d(kT)(¢f~:FT(W12vw34, k) + ¢§EFT(W133 was, ki) + %:FT(WM»WMa ku)). (7.3.2)
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An explicit calculation gives:

1 |1
¢’(w12,w34,k5) = ; 50&0 + ag(slg + 834) + 044(8%2 + 8?:)4) +

T
+ gﬁoo + Briwr + iBao(s12 + 534) + 120820k + (7.3.3)
+ Ba1(s12w12 + S3awsa) + 51 (S12w34 + S3aw12) + O(ps)-
We have defined:
k. =k; + ko, k; = k; + ks, k, =k +ky,
wij = w;i +wj, kij = ki +k;, Sij = wi; — k?j . (7.3.4)

Sum rules. The sum rules in (7.2.6) can be used to fix each of the low-energy Wilson coefficients in
(7.3.1) in terms of an integral over the UV completion of the EFT. Concretely, proceeding order-by-order

in derivatives:

e At mass-dimension-4, there is a single bulk interaction in Lgpr with Wilson coefficient «y. The

corresponding sum rule follows from evaluating (7.2.4) at all w, = k, = 0,
0
a0 = Iy ({2}, {k}) |o =0, (7.3.5)

e At mass-dimension-5, there is a single boundary interaction in the EFT, with coefficient y9. The

corresponding sum rule follows from evaluating the 9, of (7.2.4) at all w, = k, = 0,
ifloo = Tty ({wh (kD) feu=o, (7.3.6)

e At mass-dimension-6, there are two interactions, with Wilson coefficients ay and (11. The corre-

sponding sum rules follow from evaluating the 92 and 9,,0,, of (7.2.4) at all w, = k, = 0,

(a2 + Bi1) = Ty ({w}, {k}) =0, (7.3.7)

2(az + 311) = 0, TGy ({w}, {k})

(7.3.8)

we=0,
ko=

e At mass-dimension-7 there are two boundary interactions, with Wilson coefficients fog and B22. The

corresponding sum rules follow from evaluating 93 and 9,,0; of (7.2.4) at all w, =k, = 0,

a0 = (Y ({wh (k) fom. (7.3.9)
~4i(Ba0 — Ba2) = B, T4y ({w}, {k}) a0, (7.3.10)

o At mass-dimension-8, there are three EFT interactions, with Wilson coefficients {aw, 831, 85, }- The

corresponding sum rules follow from evaluating 93 , 82 0y, 0wy and 0., 0.y 0y O, of (7.2.4) at all

wi?
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3(as + Bar) = T4y ({w}, {k}) (7.3.11)
6831 + 10841 = D1y Dy Ty ({w}, {K}) |;:a§8’ (7.3.12)

24541 = D0y 0 Tiy, ({w} (k)

wae=0,
k,=0

Wa=0- (7.3.13)
k,=0

These sum rules can be similarly applied to any desired order in the EFT expansion, determining every
Wilson coefficient in Lgpr. Note in particular that the boundary interactions and the bulk interactions
contribute on an equal footing. For instance, the sum rule (7.3.7) can only unambiguously fix the bulk
Wilson coefficient once supplemented with (7.3.8)—generally at a given order in derivatives one requires

all independent sum rules in order to solve for a particular Wilson coefficient.

Comparison with amplitude sum rules Amplitude sum rules have been extensively studied in the
literature and have proven to be very useful in the study of EFTs. However, the amplitudes sum rules

differ in two fundamental aspect from the wavefunction sum rules we have derived above:

e The LSZ formula reduces the number of possible EFT interaction vertices in the bulk. For example

terms like ®200®2 will not be present as they are proportional to the equations of motion.

e The scattering process takes place between asymptotically free past and future states. This means
that one can discard total derivative interactions in the bulk, and that the EFT vertices on the time

slice t = t, will not play a role.
Therefore, the EFT expansion for amplitudes Sppy[®] only involves the bulk Lagrangian from (7.1.8)

action: .
seppiel = [t [ o ciio.o, (r3.14)
—00

As a consequence of the above considerations, fewer operators need to be considered, namely

i [@,0,] > Lot + T1e'020? + 0(d"). (7.3.15)

From these interactions we can obtain the leading terms for the 2 — 2 scattering amplitude,
A(s,t) = ag + 204 (5% + 12 + u?) + O(agp®). (7.3.16)

The analyticity for the scattering amplitude A(s,t) in the complex s plane allows us to write a dispersion

relation for A(s,t) and its derivatives. Using these we find that:

. /+oo ds disc(A(s, t = 0)) + Res (dlSC(A(S’t:O))) , (7.3.17)

oo 2T s s

Sy — /+°° ds disc(A(s,t =0)) disc(A(s,t = 0))) ' (7.3.18)

2mi s3 + Rogs < s3

Therefore, we can see that the amplitudes’ sum rules only capture a reduced set of the possible EFT interac-

— 00

tions. Not every interaction that contributes to the wavefunction may appear in the scattering amplitude,
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whilst all interactions that contribute to the amplitude do appear in the wavefunction coefficients?.

In the case of boundary interactions, the best case is the comparison of the sum rules for a4 from
amplitudes (7.3.18) with that from wavefunction coefficients (7.3.11). Whilst the amplitude sum rule only
includes information about the EFT interaction ®202®2, the wavefunction one also includes information
about ®29,[12®?|,_;, . For interactions proportional to the equations of motion, like ®2(1®2, the amplitudes
sum rules are oblivious. It requires us to look at wavefunction sum rules like (7.3.7) and (7.3.8) to constrain
the value for the Wilson coefficients of ®20J®? and ®29,?|;—;, .

7.4 Example UV completion

In this section, we evaluate and check our proposed sum rules in a simple UV-completion of the single-
scalar low-energy effective theory presented above. We do this both for a tree-level process and for a
one-loop process in the UV-completion of effective theory to show cases in which both poles and branch

points arise.

7.4.1 Tree level example

Consider a toy UV model of two scalars: a light field ® and a heavy field X, which interact via a coupling
of the form gM®2X, so that the complete renormalisable Lagragian is:

1 1 1 1
Luv[®, X] = —§(a¢)2 - 5m2<1>2 - 5(aX)2 - 5M2X2 — gM®*X . (7.4.1)

We aim to study the EFT of the light field ® at energies well below the mass M of the heavy field X.
At tree level, it is enough to integrate out the heavy field X using the classical equations of motion and
substitute back into the action:

(O—-M*)X = gM®?. (7.4.2)

The solution in momentum space with boundary conditions X" in the past and X2U in the future are:

Jo Pp(H)Prp (1)
02 +XK° + M?

fi(®)

Xlscol(t) = Ji(t) f;(t*)

— ’in+ Xoutng
fk(t*) k k

: (7.4.3)

where fi(t) are the mode functions of the heavy scalar X with fi(t) = e=*%*!/\/2Q; and QF = k* + M.
The first two terms correspond to the homogeneous solution of the equation of motion. The third term
corresponds accounts for the coupling to the ®2(t) source.

In order to derive the Wilson coefficients from the action we need to substitute the equations of motion
for the heavy field into the original action. For generic boundary conditions, i.e. for both amplitudes and
wavefunction coefficients, evaluating the action on the X given in (7.4.3) gives:

sol 3 1 2 1 252 1 2 1
Serr[®@, X% = [ dtd’x —5(6@)) —gm ° — 5gM<I> X - §8M(X8”X) . (7.4.4)
To make progress we have to choose boundary conditions. These are different depending on whether we

discuss amplitudes or wavefunction coefficients. Let’s study each case in turn.

2This is necessary since in the limit wp — 0 the Minkowski wavefunction coefficients coincide with scattering amplitudes.
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Amplitudes. Amplitudes are related by the LSZ reduction formula to an in-vacuum to out-vacuum

Green’s function. This choice corresponds to Xi" = 0 and Xp"* = 0, and similarly for ®. This leads to

gM

w XSOI(t,k)Z/k e X\ t) = m®2(t,x). (7.4.5)

XSOlt
W)= 02 + kK2 + M?

When substituted back into the on-shell action the boundary term vanishes and we find

sale, x<(@) = [arde|-Jnp - et - foare el )

2 2

This action is clearly non-local. However, in the regime M2 > O we can approximate it as a series of local

operators. This leads to the EFT vertices that reproduce the EFT interactions in (7.3.15):

(7.4.7)

m 1 O\"
a 3 m2P2 2772 2 2
S Fp /dtd l 8@) d +29M nE()(I’ ( 2) P

Note ®20d2 does not contribute to any scattering amplitude as it is proportional to the equations of
motion. Therefore, even though it appears in the action it cannot be captured by the amplitude sum

rules. For this particular UV-completion, the Wilson coefficients in (7.3.15) can be read off from (7.4.7):

2g2 292

= = (7.4.8)

ap =12¢%, as
Wavefunction coefficients. For wavefunction coefficients the boundary conditions are different from
those of amplitudes because for the “out” state we project onto a field eigenstate at some finite time, as
opposed to a state of free particles in the infinite future. This leads to additional EFT interactions as we

now show. The right boundary conditions are now X = 0 and 'X;°!(t.) = 0, and hence

(1)
O- M2’

()

Xsol 1) = Xout iQ(t—ty) M
( ) (& +g 0O_ M2

Xout — _gpf— (7.4.9)
where Q0 = Vk2 + M2 is fixed by the dispersion relation for the momentum of X or equivalently ®2. Notice
that since X (t) = 0 at t = ¢, and at t = —oo(1 — i€), the total derivative term in (7.4.4) vanishes. For the
other terms in (7.4.4) we can split the result into bulk and boundary contributions as we did in (7.1.8).

This is simplified by the fact that the on-shell action is linear in X:
Skier[®] = Sprr[®, X*°'] = SPEF[@] + Spik (@], (7.4.10)

To compute each term we notice that the relative factor between the kinetic term and the cubic interaction
is different in the action (7.4.4) from what appears in the equations of motion (7.4.2). This means that
we have the choice to use the equations of motion for X to eliminate either the kinetic term or the cubic

interaction. Here we choose to eliminate the latter, finding

. 1
Sppr[®, X1 > / dt d*z [—zxsol(m — M) X (7.4.11)

143



This has four contributions from squaring the two terms in X in (7.4.9). The contribution from squaring

the second term in (7.4.9) gives the bulk interactions

o? (7.4.12)

1
SE%I}IE D) /dsxdt - §g2M2®2m

where [J — M? cancelled out with (O — M?)~!. Now notice that the first term in (7.4.9) is a solution of
the homogeneous equations of motion and so it is annihilated by (0 — M?. Hence, of the remaining three
terms the only survivor is the one where O — M?2 hits ®2,

1 _ )
Sp @] = — / d3xdt 5)(Ol%m—‘f*)(m — M?*gM (7.4.13)

O— M2
One could choose to simplify 0 — M? but then one has to compute the time integral. Instead here we
integrate by part twice to move 00 — M? onto the first factor. Since again that factor is annihilated by
0O — M? the only contribution comes from the boundary terms in the first and second integration by parts

in time. They combine into

dey — /de lgﬂ[Xout (8t _ ZQ) @2(15*) (7414)
EFT 2 0O — M2
T2 A2 2 2
5 1g°M? ®%(t,) . (1)
_ _— \*) Q) —— =~ 4.1
/dm RIS VG R e e vl (74.15)

where we used (7.4.9) to substitute for X°ut,
To obtain the local EFT interactions we expand in M? > 0,87, 92. The resulting vertices in the bulk

are:

2

bulk 9 2 2

Lo =>" R (7.4.16)
n=0

These are the same as for amplitudes, with the difference that we cannot drop the n = 1 term, which

is proportional to the equation of motion. On the boundary, we have both Lorentz covariant and boost

breaking terms:

;2 adH2 2\ " bp2
brane g oo (t*) . § : 1/2 az o (t*)
n=0

a,b

Therefore, we can write the first few Wilson coefficients:

24> 24>
0‘0:1292’”:%’0‘4:%’ (7.4.18)
g _2g? 8 _2g? 8 _2g? 3 _ dig? 3 _ 12ig? 8 _ig? o
31_M47 31_M47 11_M27 20 — MS’ 00 — M 9 22_M3-

The value of these coefficients have been derived from the Lagrangian of the EFT after integrating
out the heavy degrees of freedom of the UV. They do not rely on the sum rules. To prove that we can
use the latter to compute all the coefficients in (7.4.18) we will start from the UV four-point exchange
wavefunction coefficient for the light scalar 1¥yy and then we will use the sum rules (7.3.5-7.3.10) to obtain

the value of all the Wilson coefficients from (7.4.18). ¥yvy is a exchange diagram given by a heavy internal
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line so it is the sum of three different channels (. An explicit computation gives,

Yuv({w}, {k}) =6 (kr) [y (wiz, wsa, Ke) + Uiy (wis, waa, ki) + Yy (wia, wos, Ka)] (7.4.19)

49> M?
(w12 + ., ) (w3a + Qi)

wr iy (wiz, wa, ks) = (7.4.20)

The object that appears on the right-hand side of the sum rules (7.3.5-7.3.10) is the discontinuity of
wryyy along the negative w; real axis. In this particular example, wrYyy is a rational function of wq
and therefore there are no branch cuts contributing to disc(wryyy). However, the poles located in the
negative wy plane do contribute towards disc(wryyy) as delta functions:

4g2M? 4g2M? 49°M?

————27mid (w2 + Q) — 2730 (w13 + Qp, ) — ————2mid(w1a + Qi ).
w34 + ka ( 2 kS) way + th ( 1 kt) wa3 + Qku ( 14 k“)

(7.4.21)

The residue at infinity vanishes and therefore only the integral over the discontinuity contributes towards

diSC(wTva) =

the sum rules. Now we are in position to use the sum rules to compute the Wilson coefficients and prove
that they match the result from (7.4.18):

0 .
dwy disc(wripuvy)
I(O) k})|w,= :/ T TERWTTOV) =124 7.4.22
vv({w}, {k}) k;:() oo 2mi w1 ‘f(’?fo 9 ( )
=
0 . 2
dwy disc(wripuy) 12g
I3y ({w}, {k}) wi=0 = / TW; T lese = (7.4.23)
= —0 1 20
0 ; 2
dwy disc(wrypuy) 12¢
T30 ({w}, (k) wi=o = / —277; — 5 |umo = I (7.4.24)
k= o 1 k; =0
0 . 2
dwy Oy, disc(wrpyy) 16g
8, T kW) |w— :/ 21 Gy CBAWTYUV) - 7.4.25
2 UV({w}’{ }) k;:o . 2mi w% i]Lig M2’ ( )
0 : 2
dwy disc(wripuy) 12¢g
T ({w} (k) w0 = / —277; N R I TR (7.4.26)
k= —c0 1 k}:o
0 . 2
4 dwq disc(wryuy) 12¢
TN ({w} (kD)oo = / i o = IE (7.4.27)
k= o ! k; =0
0 . 2
dwq Oy Oy, disc(wripyy) 32g
A, 0. T2 kY|, — :/ 1L CwgPus - 7.4.28
2 3 UV({W}7{ }) k;:O - A7 wll)) ilig M4 ’ ( )
0 : 2
dw1 Oy Oy O, disc(wripuy) 48¢g
I o R O =2 (7.429)
ko= o0 1 k;=0
0 2 Tia 2
dw 07_disc(wruy) 12g
9? I(l) kY)|w.= :/ —_— = . 7.4.30
ks UV({w}7{ }) k]z:O - 2 OJ% ﬁlzg M3 ( )

All of the sum rules match the result of the Wilson coefficients (7.4.18) computed at the level of the action.
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7.4.2 Loop level example
Now consider a different toy model:

1 1 1 1
Luv[®, X] = —5(8@)2 - 5m?<1>2 - 5(8){)2 - §M?X2 — g®? X2, (7.4.31)

Unlike the previous toy model, we can no longer use the classical equation of motion for the heavy field
X to obtain the effective action for ® because the leading correction to the action is now at loop level.
Instead, we will explicitly compute the wavefunction coefficient iyv, and match this to a low-energy ¥gpr

in order to fix the appropriate EF'T Wilson coefficient.

Computing the UV wavefunction. In order to compute the Wilson coefficients, we can first compute
the wavefunction coefficient for the UV theory and expand the wavefunction coefficient in the low-energy
limit. Since this expression needs to match the wavefunction coefficient computed from the EFT, we can
read off the Wilson coefficients. In the UV theory, the leading contribution to the two-point wavefunction

coefficient is the following graph:

(7.4.32)

This graph corresponds to the integral,

(7.4.33)

1
wTdJUV:g/ .
P WT+2\/p2 +M2

which is computed explicitly using a hard cut-off. The full result is:

2A
wrhuy = —— |2A(A — wr) + M? + (w3 — 2M?) log (M)

1672
. 2M — wp 1
[ A2 2 . (] -
+ 2wy /4M wf. arcsin ( 1 > +0 ( )] . (7.4.34)

Finding the EFT Wilson coefficients. Notice that this particular ¥yyv depends only on the energies
of the external lines, not their spatial momenta. Consequently, it can be matched using an EFT in which
time derivatives are treated as much larger than spatial derivatives. Concretely, we consider the following

EFT interactions,

Tty 1 )
Sprr[®;t.] = [ _ dt / d*x 5;%(—@)%2 (7.4.35)
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which corresponds to a low-energy two-point wavefunction,
WIYEFT = > VoW - (7.4.36)
n=0

The UV model (7.4.31) is one possible UV completion of this EFT, in which the first few Wilson coefficients
v, appearing in (7.4.36) are fixed to be,

Yo = J (2A2—|-Z\42 — 2M?1og (?\?))

1672
"= 1697# (—2A + M)
= 1612 (_1 +log (?\2))
g = 1697T2 (_SLM) (7.4.37)

so that ¥gpr coincides with ¥yy at low values of wy,.

Notice that we have only regularized the theory, with an arbitrary cutoff, but we have not carried out
renormalization. We will verify our sum rules at finite but arbitrary A: since if our rules hold for any value
of the regulator, they will also hold for any renormalization scheme which is consistently implemented in
both the EFT and the UV.

Checking the UV/IR sum rules. Applying the dispersion relation, the Wilson coeflicients appearing
in (7.4.35) are given by,

Yo = 18%3_:00 (7.4.38)

where II(JJX,) are defined in 7.2.5 using the two-point ¥Yyv.
One could take the discontinuity of (7.4.34) directly to compute the integrals Igy,), but a quicker route

is to take the discontinuity of the original integrand,

1
disc(wryuy) = g/ disc
P wr + 24/ p2 + M?

= _2%/ dp p? 2mid(wy + 24/p? + M?2). (7.4.39)
™ Jo

Since p is real, for wr > —2M there is no solution to wr + 24/p? + M2 = 0. Therefore, the discontinuity
is proportional to a step function:

disc(wrpuy) = fg;Tz Vw2 — AM2 270 © (—wy — 2M) . (7.4.40)

Substituting (7.4.40) into 7.2.5, and again using a hard cut-off to tame any divergences, we find that in

this UV model:
/2M g wvw?—4M?

dw
_9A 1672 whN+1

(7.4.41)
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These can be evaluated straightforwardly, and give,
2A
T om0 = —2— (202 + M2 — 2M2log ==
ovlzo = o (200 %\
1) __9
Tivleazo = g5 (220 + M)
g

- 11 log (22
= 1672 6\ M1

IO = Y (_L) 7.4.42
ovleso = 50 (T5n (7.4.42)

in agreement with the sum rules (7.4.38).
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Chapter 8

Conclusion and outlook

In this thesis we studied various constraints on the cosmological wavefunction from different physical
principles. In particular, we focused on the constraints from unitary time evolution, which give rise to
a set of consistency relations between different wavefunction coefficients. We explored the case of parity
odd trispectrum for massless scalars, where we see that the bootstrap requires the trispecturm to vanish
at tree level. However, by explicit computation, we find the one loop parity odd trispectrum is generally
nonvanishing, and their signal is suppressed relative to a parity even tree level trispectrum provided the
instrumental noise is the same.

We also studied the analytic structure of the wavefunction in great detail. We first showed that non-
perturbatively, the wavefunction coefficients are always analytic in the lower half complex plane of its
external energies. We moved on to perturbation theory, where we showed that singularities arises when
energy entering a sub-diagram of a Feynman diagram vanishes, and we argued for its existence both
heuristically and through Landau analysis. We developed the amplitude representation of the wavefunc-
tion, where we classified singularities of the wavefunction into two classes: amplitude-type singularities and
wavefunction-type singularities, and we argued that wavefunction-type singularities should vanish when
we compute an in-in correlator. In the end we developed the dispersion relation for a wavefunction, and
leveraged it to obtain UV/IR sum rules for an effective field theory.

There are many interesting future directions. For the perturbative cosmological bootstrap, these in-

clude:

e Understanding how to simplify the loop level cutting rules. Our current cutting rules for loop level
wavefunction includes summing over all cuts, and for more complicated diagrams it give rise to
many terms. One possibility is to try and understand how to properly flip the internal energies by
analytical continuation of external energies (for instance through the procedure given in 3.5), which

could cut down the number of terms in the loop level cutting rules a lot.

A potentially interesting application of having a simpler loop level cutting rule is that we may be
able to replicate the procedure in [134]. There unitarity is used to glue two tree level 13 together
to form an exchange 4. If we can show the contact COT hypothesis described in 3.5 holds, we can
extend this procedure to glue any 1PI 13 to form an exchange 4. More generally, this means that in
order to understand loop level wavefunction, we simply need to focus the 1PI wavefunctions, similar
to the story of 1PI effective action described in usual QFT textbooks.
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e Understanding how to extend the cosmological optical theorem beyond perturbation theory, at least
in dS. A potential direction is to use holography: this has been described in 3.5. Once again the
main difficulty lies in our lack of knowledge of the boundary CFT of dS: we still need to properly
understand various elementary properties of the boundary CFT. Most importantly for our purpose,
we need to understand how to properly encode the physical properties of inflation into the conformal
bootstrap. At this point it is not clear what the implications of our cosmological bootstrap (such as
the COT and manifest locality) means for the boundary CFT even at a perturbative level, and it

would be interesting to explore this further.

e One implicit assumption we made in our discussion of unitarity is that the size of the Hilbert space
never changes. Throughout our discussion we have completely ignored the fact that dS have a
cosmological horizon: as the universe expands, the horizon shrinks, and long wavelength modes exit
the cosmological horizon and become inaccessible in the physical Hilbert space of an observer. This
is another way where unitarity can be broken in the context of inflation, and it would be highly
interesting to understand this. On the theoretical side, it would be interesting to see if this give rise
to some sort of information paradox similar to the famous black hole information paradox [171]. On
the observational side, since we do not have access to the full information of the future conformal
boundary of dS (i.e. all information at the end of inflation), it would be nice to see if this leaves
any interesting imprints in the correlators, in particular whether the cosmological optical theorem is

broken as a result.
In addition, for the analytic wavefunction, interesting future directions include:

e Understanding how the energy conservation condition extends to general cosmological spacetime, in
particular dS. One way to proceed is to write the wavefunction for the cosmological spacetime as
an operator acting on the flat space wavefunction. If the operator is simply a differential operator
then things are simple: the differentiation does not introduce new singularities so the cosmological
wavefunction inherits the analytic structure of the flat space wavefunction. However if the operator
is an integral operator then things are less straightforward. For example, it has been proposed

that the wavefunction for any FLRW spacetime can be written in terms of an integral of the flat

space wavefunction [30]. Such a representation is written down for the recursion representation
of the wavefunction, where it can be computed by using intersection theory [172] or differential
equations [73, 173]. This representation also allow us to study the space of functions which appear

in the wavefunction using the symbol technology, and this is studied extensively in de Sitter [174].
Therefore, when we try and study the singularity structure of the wavefunction by Landau analysis,
we need to include the endpoint singularities of these extra integrals as well as any singularities

(especially branch points) coming from the integration kernel.

e Understanding the wavefunction-type singularities. While it is clear for one loop diagrams that
wavefunction-type singularities are always total energy branch points, this is less clear for general
diagrams. It would be nice to have a systematic understanding of wavefunction-type singularities
for general diagram. This would potentially tell us whether the cosmological KLN theorem can be
used to remove all wavefunction-type singularities for in-in correlators at all order. In addition it
would be nice to see whether this cancellation works for in-in correlators for general cosmological

spacetime as well.
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e Understanding the wavefunction in terms of master integrals. It is known that any one loop amplitude
can be written in terms of a few master integrals [175,176]. It would be useful to understand if this
is also true for wavefunction using the amplitude representation of the wavefunction. Naively such a
statement should also be true for wavefunctions as well: we can first decompose the amplitude-like
part of the wavefunction (6.1.11) into master integrals, and then fix the energies using the energy-
fixing kernel. If the amplitude-like part has no new poles in terms of internal energies s, then the

wavefunction can easily be written in terms of master integrals as well.

e Understanding how different physical principles (for example unitarity) are encoded in the complex
plane of external energy. For example, the discontinuity of an amplitude in the complex s—plane
must be larger than zero by unitarity. Combined with the UV/IR sum rules this allow us to con-
struct positivity bounds for amplitudes. For wavefunction this is a lot less clear: the cosmological
optical theorem is a relation between the Disc of the wavefunction, and the Disc operator is not a
regular discontinuity. In fact, the Disc operator analytically continues all of the external energies
(and in some cases internal energy as well). In order to understand how the cosmological optical
theorem manifests itself in the language of the analytic wavefunction, we may need to understand
the analyticity of the wavefunction when we simultaneously analytically continue multiple external

energies.

These are some of the future directions in a technical standpoint. But there is a larger question which
the cosmological bootstrap community should address: whether we as a community should be focusing on
bootstrapping the wavefunction. The main advantage of working with the wavefunction is that it is simpler
to work with in perturbation theory (as the number of diagrams do not proliferate with the number of
verticies of the Feynman diagram), its connection to holography [121] as well as positive geometry (see [30—

,84,85,163,177]). However, generalizing the results of the cosmological bootstrap beyond perturbation
theory from the wavefunction perspective proved to be difficult: due to the difficulties described in 3.5 the
holography perspective has not given us much progress. And while the connection to positive geometry
is nice from a purely theoretical standpoint, it is not immediately apparent that it offers a significant
advantage in imposing bounds on a practical level.

Working with in-in correlators have given us some success (example includes [122,123] which give some
non-perturbative results for unitarity). In particular, under some simple assumptions it is possible to write
in-in correlators in terms of in-out correlators [105]. In those cases the number of Feynman diagrams no
longer increase exponentially since we are working with in-out correlators, and many new results (such
as cutting rules for correlators) have been found. In addition this give us hope in defining some sort of
S-matrix for dS in the Poincare patch '. Even though we do not measure this S-matrix directly, for the
purpose of constructing positivity bounds these objects may be simpler to work with, as it may be easier
to import technology from the S-matrix bootstrap to these objects instead.

Because of these recent developments, it may be worth considering whether the community should
focus more effort in bootstrapping the wavefunction, or try to work with in-in correlators or some form
of S-matrix. One of the main goals of the cosmological bootstrap is to come up with concrete tests for
inflations. If we are unable to connect to cosmological observations, that defeats the whole purpose of this

program.

IThere have been a few other proposals of S-matrix in dS, see [79, 178-180]
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Appendix A

Time derivatives

When the interaction is allowed to involve time derivatives this introduces derivatives on the Green’s
function that potentially alter the analysis as it is no longer immediately possible to exploit the result

from (3.1.24). Instead it is necessary to understand the behaviour of terms like
Im [0} 0} Gy(n,n')] - (A.0.1)

This generalisation is simpler than it might seem as the energies are the only complex variables and
therefore complex conjugation commutes with the time derivatives and so derivatives of K and G will

remain Hermitian analytic,
(00 K k()] = 0 K- (n) = O Ki(n) , (A.0.2)
[ONOMG_pe ()] = 0Y 0N G o (n.m') = DY DY Gp(n, ). (A.0.3)
Likewise, we can explore the imaginary part of G for real p,

Im [9,7 0, Gy(n,n")] = 07 85/ Tm [Gy (1, 1) (A.0.4)
= 2P,Im 0} K,(n) Im 0,/ K, (1) - (A.0.5)

From this it is apparent that we can cut lines involving time derivatives in exactly the same way as non-
derivative interactions, except each of the diagrams must include the derivatives previously associated with
the bulk-to-bulk propagator on the the external lines that are introduced. We can further clarify this by

looking at the full wavefunction coefficient,

1% n I
nl08): (0): 0 = (H d??AFA(k)> (H K,iiv”')> (H G;,Wm) | (A06)
A a

m

Where we have introduced the notation

K™ (n) = 0 K(n) (A.0.7)
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whilst suppressing the n dependence. This has an imaginary discontinuity arising from cutting the internal

line with momentum S given by
DiSCS i’l/)n—‘rm({k};pla R 57 -5 DI {k})

|4 n+m I .
([ (T ) (T o s [e])
A 1

a

1% n+m I
s [ (Mmoo ) (TF ) (I ) (s - 07) (s - )
A

a

l
= 77;PS DiSCS [i”l/fn+1 (klv LR kﬂa S? {p}v {k})] DiSCS [id)m—&-l (Sa kla LR km7 {p}, {k})} . (Aog)

This is the same as the expression with non time-derivative interactions except the propagators are now
allowed to have derivatives. Therefore, the single-cut rules derived in the previous section apply to any
derivative interactions as well. The generalization to time derivatives for spinning fields proceeds similarly

as the modefunctions remain Hermitian analtyic and the vertex terms are time independent.
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Appendix B

WKB solution to the Klein Gordon
equation for flat FLRW spacetime

As a demonstration of the Hermitian analyticity of the bulk-to-boundary propagator with Bunch-Davies
initial conditions, we consider the case p(k,n) = 2%/ and g(k,n) = 2(n)k* + m?, i.e. the case where ¢
satisfy the Klein Gordon equation in an arbitrary flat FLRW spacetime. (One can also carry out the same
procedure for the Mukhanov Sasaki equation by replacing the scale factor with z = %) The equation we
have is: ,

¢”+2%¢’+ (k% + m2a2)¢ = 0. (B.0.1)

Re-writing this in terms of f = a¢, we find
1
"+ <c§k2 +m?a® — C;) f=o. (B.0.2)
For solutions of the form f = Ce**?(*) this becomes

(2 —o") + 3.U" + 1 m2a® — a’ =0. (B.0.3)
s k k2 a

Since we are interested in the case where the mode function approaches ¢?*7 in the far past, we make the

following ansatz:

o(k,n) = xoo(n) + %01(77) + %@(7}) + %O’g(ﬁ) + %04(77) +..., (B.0.4)
where )
ool = [ dne.(a) (8.05)

We will focus on the solution with + sign for now, though the negative solution can be easily obtained by

complex conjugation.

At O(k~1) (B.0.3) tells us that

2¢s
; o) = 0. (B.0.6)
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This means that o is constant unless ¢, vanishes somewhere in the bulk. This constant can be absorbed
into the normalization of the mode function, so we will ignore its contribution.
At O(k2) we have:

—2cs(n)oh + (m2a2 - C;N) =0, (B.0.7)
o3 oty - 58)

Since everything within the integral is real, we expect o2 to be real as well.
At O(k~3) we have:

—2c¢50% + 0y =0, (B.0.9)
e

S L. (0 B.0.10

°T 2 [w cs(1) ( )

Since everything within the integral is real, o3 is pure imaginary. In general we have the following:

rmMm 1 _ _ _
e B (RS SEAUTAT)) (B0.11)
- Cs <n) m-+n=r
By induction, we see that o, must be real for even r and pure imaginary for odd r. Therefore, as long as
this series expansion converges, we conclude that o(k, n) is Hermitian analytic.

Since K (k,n) = fj((f’?;’o)), in terms of the function f(k,n) this is simply

a(no)eik‘”(’“’”)

K(k,n) = a(y)etkor ()

(B.0.12)

Now since the scale factor is real, and o is Hermitian analytic, the bulk-to-boundary propagator is Her-
mitian analytic.

As an example of how this WKB expansion gives us the mode function, let us consider the case of a

massless scalar in de Sitter space with ¢; = 1. For de Sitter, a = ﬁ? therefore ’%ﬁ = 772—2 Since m? = 0,

1 (7 , =2 1
Taking this result, we can obtain the other o, order by order:
i (" " i 2 —i
= — d / — = — d / _— = —
7 2/_00 ! (n) 2/_00 ! (n3> 202’
1 (7 ;. =31 1 -1
ey [ o ]
With the help of combinatorics and using induction, we can see that:

N e N =039

we have:

(B.0.14)
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Therefore, we have:

i)

iko(k,m) = iky — ik > (7’—(1_)
r=2

nrflkr

Setting C' = —ik/v2k3, and remembering that ¢ = f/a, we have

0= —— (1~ ikn)e*,

H
vV 2k3

which is the usual de Sitter mode function of a massless scalar.
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Appendix C

Tensor structure

The I tensors that result from the single-field loop integral are totally symmetric and can only depend
on the vector s, so they take the form of sums of products of s; and §;;. The momentum integrals are
computed in dimensional regularisation; when the integrand is not a scalar, this makes it more difficult
to compute the integral. In this appendix, we determined the coeflicients of the products of s; and d;; in

terms of contractions of the I tensors with other powers of s; and 6;;.

Three indicies As a first example consider:

_ 73 (S 55 Sk (3) 8i85 Sk
Lij = I (;%’k + ?51‘1@ + ?(51']') + I3 5 (C.0.1)

To find I{S) and I?()?’)7 we contract I;;; with d;; and s;. The calculation is straightforward and give:

5
Ty o= 225 = 51 4 1Y) (C.0.2)
5SSk 3 3
Ty = =5 Ly = 317 + I, (C.0.3)
Therefore, we have:
T —T =31 + 5T:
L 1 = SRR (C.0.4)

While it is entirely possible to carry out the same calculation for tensor structure with more indicies
with brute force, it is beneficial to introduce a diagrammatic way of representing the contractions [3]. The
diagrammatic rules are summarised below. Diagrams will be drawn in two columns, with tensors on the

left representing those contracted into the factors in I on the right.

o % —x =1
S
i — —O0— =
J

Since I is totally symmetric, the symmetry factor for each diagram corresponds to the number of distinct

ways of assigning labels (indices) to the internal lines whilst preserving the index structure on the left—i.e.
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the indices that meet at any vertex there. For example, the following diagram, which appears in %si(Sjinj k>

has symmetry factor 2:

i i
labelling j k
—
k J

The calculation for the three indicies tensor structure can be represented in the following diagrammatic

way:
¥—X
S; 3
;6jk.[ijk = Il( )|: + 2 j|
o X X
+ 15" (<:
$i815k *————X *————X

8—3[ijk = 11(3) -3

+IP e i
O S

Four indices The diagrammatic method simplifies calculation of the I tensors with more indices. The
diagrams themselves are omitted here for brevity.
With four indices,

L = 16" (83300 + 2 perms) + 15 (2525 + 5 perms) + 1 2232, (C.0.5)

Using T}, to denote a trace with n *ts, then,
Ty = 60w = 15180 + 100 + 1V | (C.0.6)
T, = Ssjj Salijr = 5150 + 8189 + 19| (C.0.7)
Ty = R g = 3150 + 61 + 1Y, (C.0.8)

so that

Y = % (T — 2T, + Ty) | (C.0.9)
= é (=Tp + 6T, — 5Ty) , (C.0.10)
M= é (3T — 30T, + 35T%) . (C.0.11)

Five indices At this point, the number of terms starts to become large, and the diagrammatic approach
begins to pay off.

(5) 70 70

Lijkim = 1? (5:0,k01m + 14 perms) + ST (5:8j8K01m + 9 perms) + 555 $i8;SkSISm- (C.0.12)
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Using the notation established above,

Ty =351 41418 + 1),
Ty =211 + 121" + 1{”)
Ty = 1517 + 101 + 1.

This yields

1
IO =2 -2+ Ty)

8
1

19 = g (73Th + 1075 — 7T3) .
1

1 = g (1571 = T0T; + 63T5)..

Six indices Now,

I
Lijkimn = 1(26) (0ij0k10mn + 14 perms) + 2— (5i80k10mn + 44 perms) +

70
s

The required traces are

(©)
2
7

4 (5:8j8KS10mn + 14 perms) + z—sisjskslsm.

6

Ty = 10518% + 10518 + 2118 + 189,

Ty = 32189 4+ 771}

9 41919 4+ 1%,

Thus,

1

1§ = = (Ty 3Ty + 3Ty~ Ty)
1

{9 = e (—=5Tp + 72Ty — 129Ty + 62T5) ,
1

19 = =5 (To = 60T + 1557 — 96T5) ,  and
1

19 = 755 (5To + 840T> — 28357 + 2142T,)

Ty = 21189 + 57189 41719 + 119,
To = 15189 + 45189 4+ 1519 + 19
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Appendix D

Explicit computations for one loop

wavefunctions

In this appendix we describe how to compute the one loop wavefunctions by doing the momentum integrals

explicitly.

D.1 Classifying complexity

The majority of the loop integrals that we encounter below cannot be written in terms of elementary
functions. It will be useful, therefore, to introduce a taxonomy for the various kinds of special functions

which can arise in a given ,,. In particular, whenever an integral can be written in the following form,

S +1 +1

R _

I:/ dp dzy .. | dzr (P21, 27-1) , (D.L.1)
1 -1 -1 POIY2g+2(p7217.~7ZT—1)

where R is a rational function of its arguments and Poly 5 represents a polynomial which is at most order
N in any one of its arguments, then we say that Z has a degree of transcendentality T and a genus G.
Roughly speaking, 7 counts the number of integrals and G counts the number of independent square roots
appearing in the integrand. The lower each of these numbers, the closer the integral will be to familiar
elementary functions.

In Fig. D.1(a) we give some examples of special functions with different 7 and G. In particular, for
genus G = 0, an integral with degree of transcendentality 7 can possess polylogarithmic-type branch cuts
of a polylog Liy, where T determines the weight of the polylogarithm. For 7 = 1, (D.1.1) represents
the so-called “hyperelliptic integrals”, where the degree 2G + 2 polynomial in the denominator is called
“hyperlliptic curve of genus G”.

When both 7 > 1 and G > 0 much less is known about integrals of the form (D.1.1), and the labels T
and G give a useful measure of “how complicated” each integral is. For instance, we will show below that
the three-point wavefunction coefficient at one-loop, 31)'1001[’, generically has T =3 and G =3 ind = 3
spatial dimensions, so in principle would require knowledge of the special functions which correspond to
three iterated integrals over a hyperelliptic curve of genus 3. A dedicated study of the properties of such

functions would certainly be interesting (particularly in light of the myriad connections between amplitude
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T=1 T=2 T

G=0 Logarithm Dilogarithm . Polylogarithm
N log(z) Lis(z) Lizr(2)
Elliptic integral Integral of elliptic integral Integrals of elliptic integral
g=1 dz dz1T-1
I(2) J 1) [ 2] 1G)

G = 2 | Hyperelliptic integral | Integral of hyperelliptic integral

Table D.1: To organise the special functions which arise when performing the loop integrals, we introduce
a degree of transcendentality, 7, and a genus, G, as in (D.1.1). Above we give some simple examples
of functions in each class, and in Table D.2 we summarise how the first three wavefunction coefficients
1, 12,%3 (and their various massless and soft limits) populate these classes.

Feynman integrals and pure mathematics), but here we will restrict our attention to integrals that can be
written in terms of G = 0 or 7 = 1 functions only. In the case of ¥2'°°" in d = 3 dimensions, we will
see that taking a combination of soft and massless limits can reduce (7,G) to (2,0), and we can therefore

give an explicit expression in terms of dilogarithms (see (D.4.19)).

D.2 One internal edge

For loop diagrams with only a single internal edge (of mass M), the integrand depends on the loop
momenta through only a single Q,, = \/p? + M?2. Since this is a function of p = |p| only, the d — 1 angular

components of the loop integration can be performed immediately, giving,

d o0
/(‘;Tl;i 1(Qy) = (S;T)Z/O dpp™ ' 1(S), (D-2.1)

where Sg4_1 is the surface area of a (d — 1)-dimensional unit sphere,

d/2
Sq—1 = e (D.2.2)

r(3)

which takes the usual value of S5 = 47 in d = 3 spatial dimensions.
For instance, consider the contribution from the one-loop diagram given in (5.3.11).
S, 0 d—1

1-loop _ d—1 d p D.2.3
Wy (w) (27T)d/0 pw+2§2p ( )

This integral has G(11'°°?) = 0 and T ()}"°°?) = 1 in any d, The single square root in the denominator

can be removed by a change of variables, and the resulting integral can be straightforwardly performed in
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ORI (b) w3

T=3
G=0
G=1
G=2
G=1

(c) 37"
Table D.2: The degree of transcendentality 7 and genus G of the different one-loop diagrams computed

in App. D. A dashed internal line denotes a massless field, and a dot-dashed external line denotes a soft
limit in which that field carries zero spatial momentum.
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1

)

any integer d with a hard cut-off, [~ dp — fOA dp. For instance, in d = 3 dimensions

w1 P (W)]a=s
1 2A 2M —
= 15 2A(A — w) + (w? — 2M?) log (M) + 2w\/4M? — w2arcsin ( 4M“’> +M?*| , (D.2.5)
and in d = 1 dimensions,
9 : ( 2M7w>
P )y = - 1o (24) - Y T ) (D.2.6)
! T A M VAM? — w?
In any number of dimensions, wz/z}'l(mp is an analytic function of w except for branch points at w = —2M
and w = —oo, which can be connected by a cut along the negative real axis. In particular, note that (D.2.5)
and (D.2.6) are analytic at w = +2M, since v/2M — w arcsin ( 2%\2“) = Zj(QMfw)j for positive integer

powers j.

D.3 Two internal edge

For a one-loop diagram with two vertices, the integrand depends on a single loop momentum through two
independent combinations, namely the energies associated with the momenta {q;, g} of the internal lines,

where momentum conservation fixes their difference to be equal to the external momentum, q; — q, = k,

d d
/ m (D1, ) 2m) %5 () — q — k) . (D-3.1)

Note that €, and €, are only independent in d > 1 spatial dimensions.

D.3.1 Generalities

Integration variables. Integrals of the form (D.3.1) can be simplified by choosing an appropriate set of
integration variables. When d > 2, it is possible to choose the two lengths {q1, ¢2} (together with a further
d — 2 angular co-ordinates on which the integrand does not depend). Given the momentum conservation
constraint, the three lengths {q1, g2, k} must correspond to the edges of a triangle, as shown in Fig. D.1.
The domain of integration for {¢1,¢2} can then be determined by the condition that such a triangle exists,

namely that the three triangle inequalities are satisfied?,

at+e>k, at+k>q@, @+k>q. (D.3.2)

ISymbolic manipulation packages like Mathematica will often return a sum of arctan functions, which can be simplified
using trigonometric relations like,

. ( 2M + w ) ¢ ( w ) . 2M —w (D.2.4)

arctan | ——— ) — arctan [ ——— | = arcsin 2.
VAaM? — 2 VAM? =2 aM

in order to make the non-analyticity at w = —2M manifest.

2Given three positive numbers {q1,q2,k}, (D.3.2) is a necessary and sufficient condition for a triangle with these edge
lengths to exist. It can also be written as a single non-linear condition, namely that the area of the formed triangle is positive,
cf. (D.4.3).
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q2

Figure D.1: The one-loop contribution to ;'IOOP with two internal lines is described by three momenta

which, as vectors, form the edges of a triangle due to momentum conservation.

Note that these inequalities are only saturated when the triangle degenerates into a line.

To change from {q;,q,} to these variables, we can parametrise the two internal momenta as,

(p—k), (D.3.3)

DN | =

<p+k) 9 q2:

| =

q; =

and then align one of our co-ordinate axes along k, adopting the polar parametrisation,

K k 4 cos? D.3.4
S\ o4, ) P= V@& — k2sindpy_y | (D-34)

where p,;_; is a unit vector in the (d — 1) directions orthogonal to k and 04—; = (0,...,0) is the vector
of (d — 1) zeroes. Integrating over the undetermined loop momentum p is then equivalent to integrating

over {Q+,197f)d71}a where
4+ =q +q2, kcost =q — qo, (D.3.5)

and so surfaces of constant ¢4 correspond to ellipses (with foci separated by k) and ¥ is the eccentric
anomaly of a point on each ellipse. We will often use the notation ¢ = ¢; — g2 in place of the angular
kcos®.

In practice, this allows us to write integrals of the form (D.3.1) as an integral over two scalars®,

dp Sy o [% g
/(zﬂ)d Z(Qq,,80,) = 7(277)d~/k dq, /—k o8 4 %2 T (g, Q) | (D.3.7)

1
a=5(q++q-)’

1
2=5(q+—q-)

where the integration region has been determined using the triangle inequalities, (D.3.2).
Finally, when considering massive fields it is often convenient to replace ¢+ with the total/relative

energy, £, + €2, which we denote by,

Op = /gt + M7 % \/g3 + M3 (D.3.8)

30ne simple way to find this Jacobian is to first express ddq1 in terms of spherical polars about the k axis (i.e. set
q; -k = gikcosf), and then use the explicit change of variables,

G+ =q *+ \/kQ + qf —2q1kcosf , (D.3.6)
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The Jacobian between the two is straightforward,
(62 — ¢%) dgy dg— = (22 — Q%) dQy dQ_ . (D.3.9)

To find the integration region, we write q; in polar co-ordinates about the k axis (as in (D.3.6)),

1 QL Q- + k%2 + M2 - M?
qlzf\/(Q++Q_)274M12, cos ) = — = TN H 0 L (D.3.10)
2 k/(Qy + Q)2 —4M?
which makes it clear that,
(0 +00)2 > 4M? and [0 + k% + MZ — M?| < ky/ (@ + Q)2 — aME (D.3.11)
and similarly for M; <+ Ms. We can therefore write the allowed integration region as,
oo k +k8k(24)
dq— R (824 dQ_
/ dq+/ A / 0 / Q2 -0?), (D.3.12)
k kK Qe k Sk (Qy)
where,
Qe = VE2 + (M, + My)? ,
QQ — k2 — (Ml — M2)2 QQ — Q2 ) M2 _ M2
5k () = \/ * > \/ P ] ! 2| (D.3.13)
07 — k2 ko QF —k?
In the case of equal masses, these simplify to,
/O3 -2
O = VEZ+4M? | 0, (Q4) = (D.3.14)

Joz -k

To keep the following explicit expressions as succinct as possible, for the remainder of this subsection we

are going to work with the rescaled variables,

Wa - k . m A Q4
7 e S S R — S — D.3.15
VEZ 1 4M2 VEZ 1 402 NZE YN ey v e ( )

Note that 0 < k < 1is bounded in these variables, and since 4M? = 1— k2 we can choose to write functions

in terms of k or M as convenient. Altogether, (D.3.1) can therefore be written as,

dip Q Sd +koR(Qy) R A -
/Wz(gql,m 2/ / Q- (02 - 02) ¢ 7T (2, ) |,

EoR ()
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Master integrals. It is useful to define a small number of master integrals from which other, more

1-loop

complicated, integrals can be constructed. For 1, , we define two such building blocks,

+koR(Qy) 1
/ a0, / A0~ ,
kor(924) Q.+ B

w +k5k(9+) a 1 ( )
B) / d$) / D.3.17
" 6k (Q24) QL+ Q-+ AL +B)

Other integrals can then be written straightforwardly in terms of these using partial fractions. For instance,

consider,

+k5k(9+) a a2 _ 02
T(A; By, By) / dm/ . . S . (D.3.18)
k5k(Q+) (Q+ + Q_ + A)(Q+ + B])(Q+ + BQ)

Expanding the numerator in terms of the factors appearing in the denominator,

Bl - A Bg A
A(A=2B)) A(A - 232)
immediately gives,
. B — A By— A A(A=2By) . A(A = 2B,) _
I(Aa B17BQ) 31 sz (Bl)+ﬂjk(32) ﬂjk(AvBl)'i_ﬂjk(AwBQ) .

(D.3.20)

The apparent poles at By = Bj are spurious: the only singularities in Z(A; By, B2) come from the master
integrals Ji(B;) and Ji(A; B;). This is because the residue at By = By vanishes.
For simplicity let us focus on the case where M; = My = M. The wavefunction can be computed from

the following integral:

1 1 1
1-loop __
w + . D.3.21

1203 /p (w1 + Qg + Qg,) (w2 + Qgy) [wi2 +20g, w2+ QQqJ ( )

The full computation is rather long, and interested readers can refer to [2] for details. Here I will quote

1-loop

the main results. The integral for v, can be written as,

~ w j Wo) — W j w Wi ~ . R Wig ~
2Tk + 22 (@2) 2k (1) — ﬁjk(wl%wl)_ 12
w1 — W2 k

1- loop
“iz¥y = g

where Jj, is a simple logarithmic divergence given by

Ji. = log <A/>> . (D.3.23)
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| Te(@1) | Ti(W12;@01) | Ti(én2;02)

Finite mass (0 < k < 1) -1 -1
Massless (k — 1) -1 -1, —Q9, —Wy—2 | —Wg, —wy—2
Soft limit (% — 0) -1 1, —@p—1 g — 1

Table D.3: The location of singular points in the complex w; plane of the three integrals from which
1-loop

5 is constructed. The branch point at w12 = —2 which develops in the massless limit is shown in red
to indicate that it cancels out in the full 1/1%"1001’. The singularity at &1 = —1 (i.e. w; = —vVk2 + 4M?)
predicted by the heuristic argument is present in all cases, and in the massless and soft limits there is also

the singularity at w2 = —2M predicted from the simpler one-edge loop.

Jix(B) is an elliptic integral given by,

~ 21 ~ 1 ~ w+1 1
=" |(@-1F ,— ) +o1 i S 0@, D.3.24
Tk (@) % {(w ) <\/Oék ai) + <\/O¢k an(@—1) ai)] + O (@) ( )
where we have discarded terms that are linear in w (since these do not contribute to 13 °°?) and introduced
the ratio,
1—k
ap=—r . (D.3.25)
1+k
Ji(A; B) is an integral of an elliptic integral given by:
. R 4M2(2}1(,52 ijk(wl) 4M2 2y kZ—k jk(2+,k)
0oy Tie(W12,01) = — - R - > =5 - oo -
(@3 1) (6F — B20(wa)?) @8 — R20(wn)? Vil — P (L~ Dok — 1) 220 —
AM? AR (2
+ S ' o’ TulZk) g gy (D.3.26)
VWi, —4m?2 (22 ), — )(z-k —@1) 22 — W12
where the four z are (minus) the roots of the Dy polynomial,
Di(Qy,612) = (g + 200) (g + 2 1) (0 + 24 0)(Q +2- 1) (D.3.27)

and can be written explicitly as,

~ ~2 R R ~2 R
Zy k(W12) = % + \/wf + k2 + ky/ % — M2, (D.3.28)

The singularities of (D.3.22) can be summarized in table D.3.

There are two limits where all of the master integrals give elementary functions: the massless limit and
the soft limit.
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D.3.2 Massless limit

In this limit the master integrals in (D.3.17) can be evaluated immediately in terms of polylogarithms®,

[\ “+1 1 A
B)= | dg dg_ — 9log | -
J1(B) /1 q*/,l B, %\ Br1

o0 +1 1 B-—A+1 B-—A-1
A:B) = | dg di_ - o, (228 g, (222
J1(4; B) /1 q*/_l AT+ B+ 12( B+1 ) 12( B+1 )

(D.3.30)

Both have a logarithmic branch point at B = —1, and J;(A; B) has further dilogarithmic branch points
at A=0and A= —-2.

In this limit, Jj(w12;@1) retains the singularity at & = —1,
lim. Jy (@12, @1) ~ log?(@; 4 1) near @ = —1, (D.3.31)
—
identified above for finite masses, but now it also acquires branch points at w; = —@Ws and @1 = —wy — 2,

where the dilogarithms are finite but not smooth. These non-analyticities are due to the J;(Z) terms in

(D.3.26), since in the massless limit the four roots become,
lllHll 2((2112) = {71,71 +(Z)12,]. +(2)12,1} 5 (D332)
—

and are now linear in wy. However, note while Jj (@12, 02) was previously analytic in w; (at fixed finite
mass), now this integral also develops branch points at &1 = —@y and &1 = —@ — 2. In particular, the
residue of the w; = —&y — 1 branch points are equal and opposite, so that overall the sum of Ji(&12;@1) +

Ji(@12; we) is actually analytic there. Concretely, the terms which are non-analytic at &y = —@s — 2,

AN N . w +1 . Wy +1
jk(wlg;wl) + jk(wlg;w’g) D L12 (—w; T 1) + L12 <—@j T 1> (D333)

partially cancel due to the dilogarithm identity,

. . 1 1 2 7T2
Lig(2) 4+ Lia [ - | = —3 log®(—2) — 3 for z > 1, (D.3.34)
z

Altogether, substituting (D.3.30) into (D.3.21) and using the identity (D.3.34), the final result for

1-loop ;  ,1: o
5 °°P in this massless limit is,

log (witk) _ ) log (w2tk
w12t (o1 s, k) 1 lwz og (k) — w; log (42tk)

87(2 w1 — Wa

wig (1 2 w1 +k 2 . k — wo . k—wq
— — | =1 — + L L . (D.3.
2k (2 o8 <w2+k)+ 6 2 \hre ) T (D-3.35)

4This follows immediately from the indefinite integral,

/ _ dQ+AdQ— _ = Lis (m) . (D.3.29)
(A+d4+ +4-)(B+d+) B+ ¢+
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D.3.3 Soft limit

The soft limit & — 0 is another limiting case in which the master integrals (D.3.17) become elementary,
N o 1 2 arcsin (v —w
Fo@) = [ s 2oV d).
@ )@ ) VRS
- 40 2/ -1
Jo(@12,01) = */ +
1

Oy (Q4 +012)(Qy + )

1 24/1 — @? 24/1 — @3
(Aﬂ + @ arccos(d}n) + Aiwl arccos(@1)> ) (D-3~36)
w12 w12 w1

"o
Again we see that the only branch point in Jy(®) is at the two-particle threshold & = —1, and it is of the
square-root form established by our method of regions analysis above. The Jy(d12;@;) integral, on the
other hand, has both a branch point at @; = —1 and also an additional one at @12 = —1 (the apparent
poles at wy = 0, w1 = 0 and Wy = 0 are all removable singularities with zero residue). The analogous
Jo(dn12;@2) also has a branch point at w2 = —1. These additional branch points are due to the jk(é)

terms in (D.3.26), since in this limit the roots again become linear in wy,

lim 2((,:)12) = {QJ12, w12, 0, 0} . (D337)
k—0
This branch point does not cancel out, but since w12 = —1 corresponds to w1z = —2m in the soft limit we

recognise this as the threshold from the simple one-edge diagram.

D.4 Three internal edge

For a one-loop diagram with three vertices, the integrand will depend on the loop momenta through three
independent combinations, namely the energies associated with the momenta (q;s, a3, ;) of the internal

lines, where momentum conservation fixes their differences,

A2 —d31 = ki, dog —di2o=ka, a3 —qQy3 =ks, (D.4.1)

and also sets ky + kg + ks = 0 (so only two of the three equalities in (D.4.1) are independent). Given this
constraint, the magnitudes of the internal momenta can be viewed as three edge lengths of a tetrahedron,

whose triangular base is fixed by the external momenta (ki, ks, ks). This is shown in Fig. D.2.

D.4.1 GGeneralities

Let us first consider d > 3 spatial dimensions. As in the two vertex case, it would seem prudent to use the
edge lengths (g12, g23, ¢31) as our integration variables. The domain of integration is then determined by the
condition that there exists a tetrahedron with these edge lengths. Clearly each of the four triangular faces

of the tetrahedron lead to triangle inequalities between the internal and external momenta, for instance,

lgr2 — gz1| < k1 < 12+ ¢ga1 - (D.4.2)
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Figure D.2: The one-loop contribution to wé'l‘mp with three internal lines is described by six momenta

which, due to momentum conservation, form the edges of a tetrahedron.

However, while (D.4.2) and its permutations are certainly necessary conditions, they are not sufficient.

There is one further condition which must be satisfied: the volume V of the tetrahedron must be positive,

11 1 1
0 K KK
k% 0 Q%z (I§1 >0, (D-4~3)
k3 a0 g3
k3 g3 g3 O

288V2 =

e i =)

where this bound is saturated only for degenerate tetrahedra (for which all four faces lie in the same
plane). Taken together, (D.4.3) and (D.4.2) (together with its permutations) are a necessary and sufficient
condition® for the lengths {q12, ¢23,¢31} to form a tetrahedron with triangular base {k1, ks, k3} as shown
in D.2; and they therefore define the domain of loop integration. Note that (D.4.3) is generally a fourth
order polynomial in any single g,p, and so this condition defines a rather involved integration boundary.
The only situation in which this nested square root simplifies are the degenerate cases with either k3 = 0
or when k1 = ko = 0.

Concretely, we can orient one co-ordinate axis along k; and adopt the same polar parametrisation for

d;, and q3; as in the two-vertex case, namely,

1 1
a2 = 5 (ki +p) , a5 =5 (ki —p), (D.4.4)
with p = (g4 cos ¥, \/q% — kisind py_,), where now,
g+ =q2+ g3, kicosd =qi2—gs, (D.4.5)
and we will often also write ¢_ = ¢q12—¢31. Momentum conservation then fixes the third internal momentum
as,
1
Q23 = 5 (P +ki+2ks) . (D.4.6)

5Note that an equivalent condition is that the areas of the four tetrahedral faces obey A1 + As + Az > Ay for all four
distinct permutations of {1, 2, 3,4}, which is the direct analogue of the triangle inequalities. The face areas are related to their
side lengths {a, b, c} by the Cayley-Menger determinant analogous to (D.4.3), 1642 = (a+b+c)(—a+b+c)(a—b-+c)(a+b—c).
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If we then adopt the an analogous polar parametrisation of this external momenta,

K cos
k) + 2k, = X , (D.4.7)
k' sinxk, 4

we see that the only angular component of p;_; on which our integrand can depend is,

~/
Py kg =cosp. (D.4.8)

So overall, integrating over the undetermined loop momenta corresponds to integration over {q, 9, v}
and the remaining d — 3 angular variables in p;_; on which the integrand does not depend.

In practice, this allows us to write the loop integration as,

d’p Sq-3 [~ 1 dcosy [ B
/ (271-)d I(Qq317Qq127Qq23) = 7(27r)d /k1 dgy /_1 5 /0 dy qil2 2(]31 I(qu,anma Qq23) |

1
q12=§(q++k1 cos®) ’

1
q31:§(q+7k1 cos ¥)
923=q23(q+,9,¢)

(D.4.9)

where,

1
G23(qs, 0, 0) = 2\/(]3_ + k2 — k2sin® 9 + 2q4. k' cos x cos ¥ + 2k’ /g% — k%sinysindcosgp.  (D.4.10)

Since sin ¥ = /1 — cos? ¥, (D.4.10) represents a nested square root: this generally leads to elliptic functions
from integrals of the form (D.4.9).
In lower dimensions, d < 3, we must instead integrate over only degenerate tetrahedra (confined to a

plane in d = 2 or a line in d = 1), which can be parameterised by using {¢q;, 9} or simply {g12}.

D.4.2 Reducing the complexity

Consider the correction to 1/)%"100}) from a loop with three internal lines, which is given by,

6
. 1 1

-loop __
w1237 = / :
° P (wl + qu + qu)(w? + thz + qus)(w?) + QQ23 + qu) p;. (w123 + 2521112)((")23 + qu + QQSI)
(D.4.11)

Transforming to the {q4, 9, ¢} variables described above, a naive counting of the number of integrals and
the number of square roots which cannot be removed from the integrand gives (7,G) = (3,4). In more

detail, we count G as follows.

e There is one square root for each of the internal lines (Q,, = /¢2 + M2) assuming the masses are

unequal,
e Changing variables from ¢ to cos ¢ introduces a square-root from the /1 — cos? ¢ Jacobian,

e There are three square roots inside goz (from sind = v/1 — cos? ¥, qi — k2 and the overall square

root).
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e There is the freedom to perform an Euler substitution in each of the integration variables, which can

remove three of these square roots.

It seems that very little is known about special functions with (7,G) = (3,4). So rather than analyse this

integral any further, we will look for limits which reduce this complexity.

Massless limit. In the massless limit,

6
1 1
1-loop 2 :
w < = .
12393 /p (w1 + qi2 + g31) (W2 + q12 + q23) (W3 + q23 + g31) (w123 + 2q12) (W23 + q12 + g31)

perm.
(D.4.12)

Focusing on just one of these permutations, partial fractions can be used to linearise the denominator in

one of the internal momenta, say go3. Schematically, this produces integrals of the form,

e’} —+1 27
/ dq+/ dcosﬁ/ dop— R(gy, cos )
k -1 0 G23(q+,9, @) + q+ + k1 cos VP + wo

[e%e] —+1
= / qur / dcos v R(q+v COS 19) II (qu + kl COS'ﬂapQS(an? 7‘97 O)aﬁQS(qu? 7‘97 7T)) ) (D413)
k -1

where R(x,y) represents a rational function of {z,y} and II(z,y, z) represents a combination of elliptic
integrals whose arguments are rational functions of {x,y,z} (note that a rational dependence on the
external {w,} is implicit in both of these functions). Performing the remaining two integrals will produce
special functions with (7,G) = (3,1).

Soft limit. Note that if we further take one of the external edges to be soft, e.g. k3 — 0, then integration
variables can be chosen so that the integrand no longer depends on ¢. This leads to an integral with
(T,G) = (2,0), which is the same complexity as the massless 13 °°” integral computed in (D.3.35) above.
We will focus on this limit, in which all three external lines are massless and one external line carries zero
spatial momentum, for the remainder of the subsection, since in this case we are able to give closed form

expressions for 31)_1001) using (at most) dilogarithms.

D.4.3 Soft limit

Taking the soft limit k3 — 0 removes the need to integrate over ¢, since the tetrahedron of momenta
degenerates into a triangle and we can proceed as in the two-edge case of Sec. D.3. Explicitly, there is
now only one independent external momenta which we write as k; = —ky = k, and the three internal

momenta are now constrained by,

o3 =431, dip —d3 =k. (D.4.14)
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This limit therefore lowers both the transcendentality and the genus of the loop integral, which can be

written in terms of ¢+ = q12 + ¢31,

oo — / 1 1 < Lo, )
w
12 pwi+ag) (w2 +agr)(ws+aqr —q-) |wiz+qr +q- \wiz+q4  waz+aqy

1 1 1 2
+ ( + + ) :
w123 + ¢+ —q— \Wi3 +q¢+ was+¢q+ wiz+ g4 —q-
(D.4.15)

To express (D.4.15) compactly, it will be useful to generalise (D.3.20) to an arbitrary number of factors

in the denominator, defining

0o +1 (ﬁ_ _ (jQ
T(A: By, ... B, :/ di / di- ¢ = D.A4.16
(4 By )=, e ) (G++d- + DTy (G+ + B)) ( )

(D.4.17)

Using partial fractions, integrals of this kind can be written in terms of the two master integrals (D.3.17)
of Sec. D.3,

" A(A-2B)) - B — A

I(A; By, ..., By) :Z;mjl (A; B)) +Z i

=g 5B (D.4.18)
'L;é]( )

where in the massless limit the J; are given in (D.3.30) in terms of logs and dilogs. Note that the apparent
poles when two of the B; coincide are spurious—the only branch points are at each B; = —1 and at A =0
or A=-2.

In terms of these (D.4.18) integrals, the three-point coefficient (D.4.15) is given by,

ldloop _ 1 w12 w12
w1233 21 (w3,w1,w2,w137w3 + — )+ I W123; W1, Wa, w13, w3 + —(—

2 2 2
1 1 12
+:7 (wg,wl,wg,w23,w3 + ) + -7 (W1237w1,w27w23,w3 + 7)
2 2 2 2
1 1
+ —7 (w3 wy, w2, w13) — —7I (wi23; Wi, w2, wi3) (D.4.19)
w12 w12
1
+ —7 (ws3; w1, wa,wa3) — —IL (w123; Wi, W2, was)
w12 w12
27 (ws; w1, wa) n 27 (wizg;wi,wa) 27 (wig;wy, wa)
w12(w12 - w3) w3wi2 w3 (w12 - w3)

The apparent poles at w1z = 0, w; = 0 and w2 = 0 are all spurious. Only some of the branch points have

non-zero residues. In the complex wy plane (at fixed we, ws), there are four physical singularities,
(i) @ =-1,
(ii) w2 =0,
(iif) @iz = —1,

(iV) w123 = 0,
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which agree with the energy-conservation condition of Sec. 5.3. There are three spurious branch points,

(v) w2 = —2. This singularity is spurious since the only term with a possible branch point there is the

T(wia;wr,ws), but this is precisely the ¢2"°P(wy, wo, k) integral analysed above.

(vi) wi23 = —2. This branch point occurs in every term separately, but cancels out of the total sum.

(vii) @5+ “42 = —1. It is only the first line of (D.4.15) that could contain such a branch point, and when
we compare the prefactors in (D.4.18) (in particular the 1/(B; — B;) product), we find that they are
proportional to,

1 1

(w:;—!—%) — w13 (w3—|—%)—w23

=0, (D.4.20)

and consequently the branch point at ws + wi2/2 has zero residue and is spurious.

The complex wy plane is analogous, since (D.4.19) is symmetric in w; <> we. In the complex w3 plane

(at fixed wy,ws), there are five physical singularities,

(i) ws =0,
(ii) w3 = -2,
(iii) @3 = —1,
(iv) Wes = —1,

(V) w123 = 0

which again agree with the energy-conservation condition of Sec. 5.3. There are two spurious branch

points, at w23 = —2 and w3 + % = —1, which have vanishing residue for the reasons described above.
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Appendix E

Discontinuity for loop diagrams

Let us consider a simple example of a one loop diagram: the two site loop (see figure 6.4). The amplitude
representation is given by (6.2.8).

Now we make use of the following fact:
Disc(f(w)g(w)h(w)) = [Discf(w)]lg(w)h(w) + f*(-w)[Discg(w)]h(w) + f*(-w)g" (-w)[Disch(w)]. (E.0.1)

In addition, we have:

Discf(w) = 2f(w) = —f*(—w) = f(w). (E.0.2)
Then we get:
Discipy = %% [(Disc[)l)[)2 T Df(—wl)(Discf)Q)} / . _1912)1 . _1%
+ [ bicabicen | ot
[ e / _—
dsi d - 1
%%( ~Dy)tm / —02,
;ljrlz ‘21;221)11)21111/ —02 53— 92 '

Once again we only need to take the imaginary part for the amplitude part of the wavefunction. However
in general the disc of a loop diagram is not so simple: for example, if we consider an n site loop (where n
is an odd number) we will also need the disc of the energy-fixing kernel. As an example consider the one

site loop (fig. 3.5.3). The amplitude representation of this diagram is given by:

o =/2sz ~/S2 a2 (E.0.3)

where the energy-fixing kernel is:

" 1 2 1
D= - + : (E.0.4)

w+2s—1€ w—1i€ w—28—1€
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The disc of 9 is:

- 1 ds - 1
Discy; = /—Dls D/ +/2—;Dlm/ 2o
P P

— D[ (2 - 0%).
/QMD/SQ Q2 /2m / mid(s* »))

’UNA

Doing the s integral gives:

p 29, |w+ 20,

This is the usual result from the cutting rules.
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iscpy = | —— . - [ - Disc———.
Discty / [ w— QQJ / 20, 5w+t 20,

(E.0.5)
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