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Abstract

We discuss several aspects concerning the asymptotic dynamics of discrete-
time semigroups associated with a quantum channel. By using an explicit
expression of the asymptotic map, which describes the action of the quantum
channel on its attractor manifold, we investigate the role of permutations in
the asymptotic dynamics. We show that, in general, they make the asymptotic
evolution non-unitary, and they are related to the divisibility of the quantum
channel. Also, we derive several results about the asymptotics of faithful and
non-faithful channels, and we establish a constructive unfolding theorem for
the asymptotic dynamics.
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1. Introduction

Modeling a quantum computer or, more generally, any complex quantum hardware by a
sequence of unitary gates is no longer sufficient to obtain efficient devices. Indeed, the unavoid-
able effects of noise and decoherence due to the coupling of the system with its environment
is known to be a key obstacle for quantum information processing [1].

In this respect, dissipation processes can be harnessed in order to protect quantum informa-
tion in the manifold of steady states of dissipative systems. In particular, the asymptotic dynam-
ics of open quantum systems can be exploited for the realization of unitary operations inside
subspaces protected from noise and decoherence [2, 3]. Also, the system evolution at large
times may be used in reservoir engineering [4, 5], namely the preparation of a target state by
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relaxation of a system suitably coupled to the environment, or in phase-locking and synchron-
ization of quantum systems [6]. A non-degenerate attractor manifold, i.e. consisting of a unique
stationary state towards which the evolution converges, is often not enough in all these applic-
ations. Therefore, it is crucial to study the dynamics of dissipative systems at large times under
less restrictive assumptions, as it was done in [8§—14] for finite-dimensional systems, and [15]
for infinite-dimensional ones. In particular, many efforts were devoted to the asymptotics of
Markovian continuous dynamics [16-20], described by quantum dynamical semigroups. They
were completely characterized by Gorini, Kossakowski, Lindblad and Sudarshan (GKLS) [7,
21], and the manifold of their steady states was analyzed in the following years [22-25].

In this Article we will investigate the asymptotic structure of a quantum channel. The start-
ing point of our analysis is the direct sum decomposition of the attractor manifold, where the
asymptotic dynamics takes place, and the action of a quantum channel onto it (theorem 2.2),
as obtained by Wolf and Perez-Garcia [10, 11, theorem 2.1]. In spite of the importance of this
result and its use in previous works [26, 27], its consequences have not been fully investigated
yet in the literature.

In particular, the presence of permutations between the factors of the decomposition gener-
ally implies the lack of unitarity of the asymptotic dynamics. For a better understanding of the
role of permutations, we will find a sufficient condition and a characterization of their absence,
from which the connection with the Markovianity and divisibility of the channel emerges.

Also, we will construct a quantum channel with a given asymptotic dynamics, namely with a
fixed attractor subspace and dynamics onto it (theorem 4.1), proving a converse of theorem 2.2.
This is an example of extension theorem for quantum channels, in the trail of similar results
obtained in the literature [28, 29].

Moreover, we will prove an alternative structure theorem of the asymptotic map (the-
orem 3.2), which provides a decomposition in terms of unitary and irreducible channels.
It yields an alternative decomposition of the asymptotic manifold which may be obtained
from [30]. Interestingly, it turns out that the irreducible part represents a classical dynam-
ics which emerges in the asymptotic limit. Also, the unitary part, that encodes the quantum
contribution to the asymptotic dynamics, can be used to circumvent decoherence in quantum
information tasks [31]. Finally, previous results on the asymptotics of quantum dynamics by
Novotny et al [8, 9] will be discussed in connection with the structure theorems for a non-
faithful channel.

The paper is organized as follows. First, we will recall some general properties of quantum
channels (section 2.1) and of infinitely divisible channels (section 2.2), and then we give the
structure theorem of the asymptotic map in section 2.3. Afterwards, in section 3 we prove a
decomposition of the asymptotic map in terms of unitary and irreducible channels, while in
section 4 we will construct a quantum channel unfolding the asymptotic map. Then, in section 5
we will explore in detail the role of permutations in the asymptotic dynamics, characterize
their absence, and link them to the infinite divisibility and primitivity of the channel. Finally,
in section 6 we discuss several results on the asymptotics of quantum channels and their
consistency with the structure theorems. After the concluding remarks (section 7), we prove
in the appendices some results needed in the main part of the paper.

2. Asymptotics of open quantum systems

In this section we will set up the notation and recall some known results about the asymptotic
dynamics of finite-dimensional open quantum systems.
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2.1. Quantum channels

The state of an open quantum system is given by a density operator p, i.e. a positive semidefinite
operator of unit trace on H, with H the system Hilbert space, that in the following will be
assumed to have a finite dimension d. Let S(#) be the set of density operators on H. The
evolution of the state p in the unit time is given by a quantum channel ®, that is a completely
positive trace-preserving map on B(H), the algebra of bounded operators on H [32]. The
adjoint map ®' of the channel ® is defined with respect to the Hilbert—Schmidt scalar product
(A|B)us = tr(ATB) via
(A|@(B))us = (®"(4) [B)us, A.B € B(H). ()

®T is a completely positive unital map on B(H), describing the evolution of system observ-
ables, i.e. the dynamics in the Heisenberg picture.

Working in the Schrodinger picture, given a quantum channel @, the evolution at time
t = n € N will be given by the n-fold composition ®” of ®, so we obtain a discrete-time semig-
roup (") ,ex

The spectrum spect(®) of a quantum channel & in finite dimensions is the set of its eigen-
values, and it satisfies the following three properties

e 1 €spect(®),
e ) € spect(P) = A\ € spect(D),
o spect(®) C{A e C||A| < 1}.

Incidentally, these properties still hold for the larger class of positive and trace-preserving
maps [11]. In particular, the peripheral spectrum spectp(®) of the channel ® is defined as the
set of eigenvalues with unit modulus, namely

spectp(®) = {\ € spect(®) ||A| = 1}. )

The asymptotic dynamics, obtained in the limit n — oo, takes place inside the asymprotic,
peripheral, or attractor subspace of ®, defined as

Atr(@)= @ Ker(® — Mpgy), 3)
A€spect, (P)

since the peripheral eigenvalues are semisimple [11]. Equivalently,
Attr(®) = span{X | ®(X) = AX for some \ € spect,(P)}, “4)

i.e. the space spanned by the eigenvectors corresponding to the peripheral eigenvalues.
Physically, the attractor subspace is the space of recurrences Y of the map ®, namely [11]

Ve>03n e Ns.t. ||D"(Y) — Y||us < e 5)
Some of its elements are limit cycles

®"(Y) =Y for somen € N, (6)
and, in particular, fixed points

Fix(®) = {Y|®(Y) =1}. @)

Now, let us introduce the spectral decomposition of a quantum channel ®

o= Z (MePr+ N, ®)
k=1
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where P, and N; are the eigenprojections and eigenilpotents of ® corresponding to the kth
eigenvalue \¢, k =1,...,N [33]. In particular, let us denote by P the eigenprojection onto the
fixed point space Fix(®), corresponding to the eigenvalue A = 1. Also, define the peripheral
projection by

Pr= Y P 9)
ArEspect, (P)

Evidently, its range is the attractor subspace Attr(®). Both projections P and Pp can be written
in terms of the channel ® as

) 1 n k
P jm 1 o
Pp = lim ®", (11)
11— 00

for some increasing subsequence (n;);cn. From equations (10) and (11) it is clear that both P
and Pp are quantum channels. We can also introduce the peripheral channel ®p of :

op=Ppl=0Pp= > NP (12)
AxEspect, (P)

Note that in equation (12) the eigenilpotents do not appear, since the peripheral eigenvalues
are semisimple.
Interestingly, one gets

Fix(®) C 0® B(Ho), (13)

where Ho = suppP(I) = RanP(I). Here, suppA and RanA denote the support and the range
of the operator A, and 0 acts on ’HOL, the orthogonal complement of H. Therefore

X eFix(®?) = suppX, RanXC H,, (14)

and, in particular, P(I) is a maximum-rank fixed point of ®. By applying [11, proposition 6.9]
to Pp, we obtain

Attr(®) C 0@ B(Hy), (15)

where H{ = suppPp(I) = RanPp(I) D H,. In fact, as proved in appendices A. and B., it turns
out that

Ho = H,, (16)
even though, in general,
Po(I) £ P(1). (17

However, notice that Pp(I) = P(I) for unital channels, i.e. ®(I) = I, or channels with trivial
peripheral spectrum, viz. spect,(®) = {1}, such as primitive maps (see definition 3.1).

2.2. Infinitely divisible channels

We now introduce the important class of infinitely divisible quantum channels which in the
following will be proved to exhibit a special asymptotic behavior.

Let (®;),cr+ be a one-parameter family of channels with ®y = 13, the identity channel.
If the semigroup property ®,, ,,, = @, ®,, is satisfied for all 1,7, € RT, the family is called a
quantum dynamical semigroup, and it is of the form

o, =e*, teRT. (18)
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Here, £ is a GKLS generator and has the following structure [7, 21]:

-1

LX) =—i[HX]+ ) (AkXA; - ;{AiAk,x}> =Lu(X)+Lp(X),  (19)
k=1

for X € B(H). The square (curly) brackets denote the (anti)commutator, H = H' is the system
Hamiltonian, and the noise operators A; are arbitrary operators on a d-dimensional Hilbert
space. Moreover, Ly and Lp stand for the Hamiltonian and dissipative parts of the generator
L, respectively.

A quantum channel ® = ¢“, with £ of the form (19), is said to be Markovian. Note that
a Markovian channel @ is invertible (as a linear map), which is equivalent to say that 0 ¢
spect(D).

Another relevant class of channels are the idempotent channels, satisfying the condition
®? = ®. A paradigmatic example is the contraction channel

O(X)=tr(X)p, peS(H), XeB(H). (20)

Unlike Markovian channels, idempotent channels are not invertible, except for the trivial iden-
tity channel 15(3). However, both classes of channels share the following more general prop-
erty, called infinite divisibility.

Definition 2.1. Let ® be a quantum channel. Then @ is said to be infinitely divisible iff for all
positive n € N,

o= P, @1
for some quantum channel ®,,, called an nth root of ®.

While Markovian and idempotent channels are infinitely divisible, there are examples of
infinitely divisible channels which are neither Markovian nor idempotent. Nevertheless, it can
be proved that @ is infinitely divisible iff

d = Qe~, (22)

where Q is an idempotent channel, £ an GKLS generator, and QL = QLQ [34, 35].

2.3. The structure of the asymptotic map

One may ask whether there exists a finer structure for the asymptotic manifold Attr(®) and
for the action of the asymptotic map

(i)p = (I)‘Am(.:p) = <I)P|Altr(<1>) (23)

of a quantum channel ®. The answer is given by the following structure theorem of Wolf and
Perez-Garcia [10, theorem 8].

Theorem 2.2 (Asymptotic map). Let ® be a quantum channel on B(H), and P its eigenpro-
Jjection corresponding to X = 1.
There exists a decomposition of the Hilbert space H

M
H="Hy &P Hi1 ®Heo, (24)
k=1
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with Ho = suppP(L), Hy,; being Hilbert spaces (k=1,...,M and i = 1,2), and there exist
positive definite density operators py on Hy o such that

M
Attr(®) = 0& P B(He1) @ Cpr. (25)
k=1

Therefore every X € Attr(®) can be written as

M

X=00Pxe p (26)
k=1

for some operators x; € B(Hy,1).
Moreover, there exist unitaries Uy on Hy and a permutation T on the set {1,... M} such
that the asymptotic map of the quantum channel ® reads

M
ép(X) :OEB@kaW(k)U,]:@pk, 27
k=1

with X € Attr(®) in the form (26).

Remark 1. The permutation 7 acts on subsets of {1,..., M}, so that the corresponding Hilbert
spaces must have the same dimension, i.e.

dey=dy, k=1,....M, (28)
with di = dim(#y,1), consistently with the fact that Attr(®) is an invariant subspace for ¢
DALttr(D) = Attr(D). (29)

Remark 2. ([36]). If ® is faithful, i.e. it has a full-rank fixed state, then dim(?—lé‘) =0, so that
the zero term in (25) disappears. Consequently,

M

Pr(X) =Y tria(PXPL) @ pi (30)
k=1

where Py is the projection onto Hy | ® Hy > and try » denotes the partial trace over Hy ».
Moreover, it can be shown that Attr(®1) is a unital x-algebra [37] with the following struc-
ture [15, theorem 1]

Attr(®T) = @ B(Hi1) @ Cl 2, GDh

M
k=1

where I » is the identity on Hy ».
Attr(®) is an algebra with respect to the x-product [38, 39]

AxB:=APp(I)"'B € Attr(®), A,B € Attr(®). (32)

This can be immediately seen if we observe that (30) implies that
M
Pe(l) = P midics @ pr (33)
k=1

where I | is the identity on Hy ; and my = dim(Hy2).

6
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Remark 3. As a consequence of (27), every maximum-rank fixed state o has the form

1 M
o 34
o ZkM_ltr(Uk)< @@O’k@ﬂk)v (34

k=1
with o > 0 such that

UkU‘rr(k)U;IZUk, k=1,...,M. (35)

3. Cyclic structure of the asymptotic map

In this section, we are going to exhibit an interesting alternative form for the asymptotic map
dpofa quantum channel ®. In particular, we are going to show that, in each disjoint cycle of
the permutation 7, the channel can be written as the tensor product between a unitary channel
and an irreducible one, being a permutation between the density matrices py in the decompos-
ition (25) of the asymptotic manifold. First, let us recall the notion of irreducible and primitive
channels [11].

Definition 3.1. Let ® be a quantum channel. Then

e O is irreducible if it has a unique full-rank fixed state o, i.e. ®(¢) = o, with0 < o € S(H);
o & is called primitive if it is irreducible and it has trivial peripheral spectrum, namely

spectp(®) = {1}.

Now, we aim at rewriting the map (27) in a form where in each cycle all the unitaries
Uy are the same. According to theorem 2.2, given the Hilbert space decomposition (24) and
an element X € Attr(®) in the form (26), the action of the asymptotic map ®p on X is in the
form (27). Notice that local unitary transformations (i.e. local basis changes) V : Hy; — ”H,,Ql,
with k=1,...,M, induce a unitary map V: H — H', where

M
H = 'HOL ©® @’H;;l ® Hi,2 (36)
k=1
has exactly the same structure of 7{. We will use this freedom in order to simplify the expres-

sion of the asymptotic map dp.
Any operator of the asymptotic manifold X € Attr(®) is transformed by V into

X' =vxvt :O@égx;@vpk, (37)
k=1
where
x| = Vix Vi (38)
Correspondingly, the action of the asymptotic map on X’ becomes
) (X") = VOp(X)VI = Vop(VIX' V)V, (39)
that is
=0 EB ViUV )% (Veo UIVD) @ pr =0 @ka,r(k)uk @ pr- (40)

k=1
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As aresult, changing the local basis will change the operators Uy as

Uy Ul = VU VE 1)

(O
In general a permutation 7 is the product of disjoint cycles. Assume first that 7 =
(k1,...,kuy) is a cyclic permutation of length M, that is

71'(/(]') = kj+l mod M. (42)
In such a case all Hilbert spaces are isomorphic,
Hll,1:7'l2/,1’:“":7'[1(/1,1:%1» (43)
and we can write
M
' =Hy & PH1 @ Hia (44)
k=1

Now, we require that the unitaries U} be all equal:

U,=U,=-=U, =U, (45)
which means that

U=VyUy V], modM. (46)
By writing Vj,_, in terms of V},, one gets

Vi, = (UN"Vi, (U Uy, -+~ Us,,), 47)
or explicitly

U= Vi,(UqUs, - Ug,,) MV (48)

Therefore, up to a local unitary Vi, on Hy, 1 ~ Hi, the transformed unitary U turns out to be
a geometric mean of the original unitaries Uy, j = 1,...,M, along the cycle.

Thus, by changing basis and dropping the primes in (40), the expression (27) for the asymp-
totic map becomes

M

(bp(X) :0@@wa(k)UT®pk. (49)
k=1

Moreover, we can decompose the Hilbert space H as

M M
H=Hy oPHI@Hia=Hy GHi® (@Hk,2>. (50)

k=1 k=1

With respect to the decomposition (50), the attractor subspace Attr(P) becomes
M
Attr((I)) :O@B(H1)® (@Cpk> , D
k=1
and the action of ®p on an element X € Attr(®),

M
X=08» %® p, (52)
k=1
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with oy = (0006 --- B ®0F--- §0), is given by
M M

Op(X) =00  UrryU' @ o =00 UnU' @ priny. (53)
k=1 k=1

Now, it is easy to check that one gets pr—1() = ®r(px), where @, is the channel on
B(ED, Hx,2) acting as

M M
. (2) = @tr(Qﬂ'(k)Z)plﬁ zZeb (@ Hm) ; (54

k=1 k=1

with Oy being the projection onto Hy».
Therefore, the asymptotic map can be written as

Pp(X) =08 (PR D,)(Xo), X=0®X, < Attr(d), (55)
with
dy(Y)=UYU', YeB(H)), (56)

being a unitary channel.

The above decomposition, obtained for a permutation consisting of a single M-cycle, gener-
alizes in a natural way to an arbitrary permutation with L disjoint cycles m = mjom0---o7my.
We have thus proved the following structure theorem for the asymptotic dynamics, which is
the main result of this section.

Theorem 3.2 (Cyclic decomposition). Let ® be a quantum channel on B(H).
Then, there exists a decomposition of the Hilbert space H,

L my
H=H; o P (Hi” ® (@%,ﬁ@)), (57)
=1 k=1
such that the asymptotic manifold of ® has the form

L myg
Attr(®) = 0& (P (B(HE‘)) ® (EB <cp§“> ) : (58)
=1 k=1
(

with pke) being positive definite density operators.
The asymptotic map of ®, p : Attr(®) — Attr(®) is given by

L
Op(X) =00 P (Py, ® Tr,)(Xo), X=08X) € Attr(®), (59)
(=1
where
oy, (V) =U U, veBH), (60)
are unitary channels, and
my mg
[ ¢ [
®r, (2) = P02, zeB (6]9 H ) : ©1)
k=1 k=1

are irreducible channels with w, being an my-cycle, and Q,(f) being the projection onto 7—[,&2,
fort=1,... L



J. Phys. A: Math. Theor. 56 (2023) 265304 D Amato et al

Observe that the decomposition (59) can also be obtained from [30, theorem 2]. In partic-

ular, the map ®,, corresponds to the peripheral channel of the irreducible map &, appearing
mp

there, up to the identification of Attr(Ey) with ;% (Cp,(f), and 7, with the permutation appear-
ing in the expression (27) for the asymptotic map of &;.
Thus, the attractor subspace reads

L
Aur(®) =00 P BH|") ® Attr(Dy, ). (62)
/=1

Notice that, in the absence of permutations 7 = id, (62) reduces to the decomposition (27). A
sufficient condition and a characterization for 7 = id will be discussed in section 5.

Armed with this new expression for the asymptotic map dp, we can decompose the fixed
point space Fix(®) of & as

L
Fix(®) = 0@ @D Fix(®y,) ® Cpe. (63)
=1
Here
o= @0 (64)
e = ‘

is the unique (full-rank) fixed point of the irreducible channel ¢, and
Fix(®y,) = {Us}' = {xe BH") : [X,U)] =0}, (65)

where the square brackets denote the commutator. Note that (63) is the Schrodinger analogue
of the structure of the fixed points discussed in [15, theorem 2] for faithful quantum channels
on the space of trace-class operators T (H).

In addition, as already observed in [14, section 5.3], we can obtain from (59) the structure of
the peripheral eigenvalues and eigenvectors of ®. In particular, the structure of the peripheral
spectrum is consistent with [10, theorem 9].

As discussed above, theorem 3.2 implies that the asymptotic map of any quantum channel
can be decomposed in terms of unitary and irreducible channels. Physically, the former ones
represent a coherent quantum evolution undergoing at large times after the dissipation took
place, whereas the latter ones are related to a (somewhat surprising) residual classical dynamics
in the asymptotic limit. As a result, the decomposition (59) of the asymptotic map allows one
to factorize the classical and quantum contributions to the large-time evolution of an open
quantum system.

4. Unfolding an asymptotic map

In section 2.3, we discussed the expression of the asymptotic map dpofa quantum channel @,
that describes the asymptotic dynamics of the quantum system under investigation. An altern-
ative decomposition (58) of the attractor manifold Attr(®) and its corresponding asymptotic
map (59) was then given in section 3.

A fundamental question to be addressed is whether, given an arbitrary subspace X decom-
posed as in (25) and an arbitrary map P of the form (27) acting on it, there always exists a
quantum channel on the whole algebra B(#H) whose attractor subspace is X and whose asymp-
totic map is ®x. The answer is affirmative, as shown in the following theorem.

10
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Theorem 4.1 (Unfolding an asymptotic dynamics). Let H be a d-dimensional Hilbert space
of the form

M
”HZ'H&‘@HO, HQZ@HM ® Hi 2, (66)
k=1
with dimHy | = d. Let py be full-rank density operators over Hy o, k =1,...,M, and consider
the subspace IC C B(H) given by

M

/CZOEB@B(Hk,l)®Cpk. (67)

k=1
Let m be a permutation of {1,...,M} such that di = dr(), and Uy be unitaries in B(Hy,1).
Consider the map @k : K — K given by

M M

X=0&Px® p— 0 (X) =08 P Uty U} @ pi. (68)
k=1 k=1

Then, there exists a quantum channel ®g on B(H) such that

I Attr(<I>E) =K,
ii. (Bp)p = Bilx = B

Remark 4. This result is along the lines of a series of extension theorems of completely pos-
itive maps [40], such as the classic result by Arveson [28] and the more recent theorem by
Jencova [29]. It is worth mentioning that the proof of theorem 4.1 is constructive and provides
an explicit form for the quantum channel ®x which unfolds the given asymptotic dynamics.

Proof. We will prove the statement by providing an explicit example of a quantum channel
® satisfying the conditions i. and ii.. First, let us define the pinching channel

M
Ppinch : B(H) — B(Hy) @ @B(?{m ® He2)s
k=1
M
Zr 020" & P Pz,
k=1

(69)

where Py are the projections onto Hy 1 @ Hy >, while O+ is the projection onto ”HOL. Clearly,
®@pinch is a quantum channel.
Let us post-compose Ppinch With the sum of two maps. The first one is a variant of the
one-state contraction channel
M
(I)Ol : B(’HOL) ® @B(Hk,l ®@Hio) = 08 B(Ho),
k=1

" (70)

ZoP @Zk — O@tl‘(ZQ)(L
k=1

with o € S(H,). It is immediate to check that ®7 is a nilpotent completely positive map of
degree 2. [More generally, we could replace tr(Zy)o with ©(Z), with © : B(Hg) — B(Ho)
being an arbitrary quantum channel].

1
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The second map has the form

M M
®y: B(Hy) @ @B('HM @ Hip) = 0D @B('Hm ® Hi2),

k=1 k=1
y iy 71
Zo® @Zk —~ 0 @ Uktrﬂ(k),z(zﬂ(k))U,i & pr;
k=1 k=1
where trr () 2 is the partial trace over H () 2-
We claim that the map
O = (Po + Py) Ppinch, (72)

is indeed the sought extension.

We need to check that ®g is a quantum channel, and that conditions i. and ii. hold. Clearly,
g is trace-preserving by construction. For what concerns complete positivity, we only need
to prove that ® satisfies this property. The proof is straightforward but lengthy, and it is given
in appendix C.

Furthermore, observe that

(Pe)"(B(H)) =K, Vn=2, (73)
implying Attr(®g) = K by (11). Condition ii. follows easily from the definition (72) of Pg. [

Remark 5. Observe that, if ”H,OL = 0, then we have CIJOL = 0 by (70) and the map (72) reduces
to the faithful channel ®g = Po®Ppinch, coinciding with its peripheral channel. Incidentally, this
channel appears in the proof of [10, theorem 9] in the particular case my; = 1, k=1,...,M, i.e.
Pk = 1.

Therefore, we can conclude that any evolution described by equation (68) and acting on
a subspace of the form (67) can always be regarded as the asymptotic dynamics of an open
quantum system. From a physical perspective, the explicit construction of the channel with
given asymptotic dynamics can be exploited in order to engineer specific quantum information
processing in decoherence-free subspaces, obtained as asymptotic manifolds of a quantum
channel.

5. On the role of permutations

One of the most intriguing features of the asymptotic dynamics (27) and (59) is the occurrence
of permutations between the factors of the decomposition (24) and (57), which in general
prevents the asymptotic map dptobea unitary channel and, indeed, Hilbert—Schmidt unitary.
For the sake of clarity, we give the following definition.

Definition 5.1. Let ® be a quantum channel. Then, we say that its asymptotic map

dp : Attr(D) — Attr(P) (74)
is unitary iff

dp(X) = UXUT, (75)
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with X € Attr(®), and U € B(H) being unitary, UUT = UTU = L.
Obviously,
r=id = &pX)=UXU" = &pd)=dLdp=1p, (76)

where 1p is the identity on Attr(®). When the last equality in (76) holds, we say that the
asymptotic map is Hilbert—Schmidt unitary. Here, the adjoint (DI, is defined via the Hilbert—
Schmidt inner product,

(X|p(Y))us = (®L(X)|us, X, Y € Attr(®), (77)

and can be easily shown to read

w(p; 1)
7;;”,;,(, X € Attr(®). (78)
k

M
ol _ T
@P(X) —0@@Uﬂ_,](k)xﬂ.q(k)l]ﬂ.—l(k)® tr(p

k=1
In words, the absence of permutations implies that the asymptotic map is unitary and thus
Hilbert—Schmidt unitary.
However, notice that the converse of the implications (76) does not hold in general. Indeed,
consider the qubit channel [14, section 3.1]:

1

®(X) = 5 (01 X1 + 03X03), X € B(C?), (79)
where o}, j = 1,2,3 are the Pauli matrices. The peripheral eigenvalues and eigenvectors read

M =0 =1, &(02)=P(02) = —02, (80)
so that

Attr(®) = {al+ oz | o, 8 € C}. (81)
In the basis in which o is diagonal, X € Attr(®) has the form

_f(a+B 0O

X= ( 0 o ﬂ) , (82)
and the action of the asymptotic map dp on it will be given by

- _(a—=p 0

L (83)

Thus, $p is just the flip of the two diagonal coefficients of X. However, dpisa unitary channel
and, in particular,

p(X) = 03X0o3, X € Attr(D). (84)
So, to sum up,

dp(X)=UXU"T % w=id, (85)
implying that

dL=>07' % rw=id (86)

We conclude that equation (75) and, consequently, the Hilbert—Schmidt unitarity of & are not
sufficient conditions for the absence of permutations. Instead, a characterization is given in the
following lemma.
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Lemma5.2. Let @ be a quantum channel, with asymptotic map dp. Then ®p has no permuta-
tions iff, for all positive n € N, ®p is the n-fold composition of the asymptotic map of some
quantum channel ®,. Explicitly

r=id iff ®p=(P,p)" VneN, n>0, (87)
where <i>,,7 p Is the asymptotic map of a quantum channel ®,, with attractor subspace Attr(®,) =
Attr(®).

Proof. The = implication is immediate, since we can simply set Vn > 1

M
b,p(X) =00 P U (U @ pr, X € Ar(D), (88)
k=1
which can be thought as the asymptotic maps of channels ®,, constructed through the extension
theorem 4.1. R
With regards to the other implication <=, we can explicitly write the maps ®,, p as

M
émp(X) =04 @ Uky,,xm(k) Ulin Rpr, n=1 (89)
k=1
for some unitaries Uy, and permutations 7, on {1,...,M}. Therefore, our assumption reads

UcnUr, iy - - - Uﬂ;’x—l(k)7nx7rz(k) Ujrﬁ_](k),n ... Ujrn(k),nUlt,n = UXr (i) U;E, (90)

fork=1,...,M,n > 1. In other words,

UknXmryUby = Xngy, k=1,... .M, n>1, 1)
where
n—1
UkJ? = ]I H UTI'L (k),n» 92)
1=0
with 79 = id.

We claim that this implies that
=T, 93)

for all n > 1. Indeed, by supposing that there exists some 72 > 1 such that m # 7 we will arrive
at a contradiction.
When M =2, we have two cases: 7 = id and 7 (k) = k+ 1 mod 2, i.e. the transposition,
and vice versa. In the first case condition (91) yields
ﬁ],ﬁx26T = X1,

- N; (94)
Us nx1 Uz,ﬁ = X3.

Since the elements x; and x, can be freely chosen in B(#;,;) and B(H, 1), respectively,
equation (94) cannot be satisfied in general (take for instance x; = 0 and x; # 0). In the second
case the system (91) is the same up to the exchange 1 <+ 2.

The generalization to M > 2 is straightforward. Indeed, suppose that (ko) # 7 (ko) for
some 71 > 1 and ko € {1,...,M}. Then, equation (91) becomes

ﬁko,ﬁxwg(ko) @0,;, = X (ko) - 95)
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Again, since xr (g, and X,z ) are arbitrary, the previous equation cannot be satisfied unless
(ko) = 72 (ko). Therefore, equation (91) becomes

Utz Uy, =Xy, k=1,...M, n>1. (96)

This means that Dky,, is an element of B(H,1) which commutes with all operators in B(H,1 ).
Since the commutant of B(Hy 1) is trivial, Uy , will be in the form

ﬁky,, = e"‘m*”ﬂk,l, for some ¢y , € R. 97)

By choosing 7 to be the least common multiple of 1,...,M, it will be a multiple of the lengths
of the cycles of the permutation 7, so that 7 = id. O

Now, we use the previous lemma to prove the main result of this section.

Theorem 5.3. Let ® be an infinitely divisible quantum channel. Then its asymptotic dynamics
has no permutations, m = id, and thus is unitary.

Proof. According to lemma 5.2 it is sufficient to prove that

Op= (0 p)", Vn>1, 98)
where @) = ®, as in definition 2.1. First, observe that

Attr(®) = Attr(D,), 99)

spect(®) = spect(®,)" = {\"| X € spect(®,)}, (100)

as it can be seen from the Jordan decompositions of ® and ®,, (see appendix D). So, if Pp , is
the peripheral projection of ®,, we can compute

p =Pp®), =Pra®, = (Pru®n)" = €} p, (101)

where we used [Pp ,, @,] = 0, by (11). The statement follows by restricting both sides of (101)
to the attractor subspace Attr(®) = Attr(®,). O

An immediate corollary to theorem 5.3 is the following [36].

Corollary 5.4. Let @ be a quantum channel with asymptotic map Pp.

(i) If ® = &%, with L being a GKLS generator (Markovian channel), then (i)p(X) = UXUT,
with U unitary, R
(ii) If &> = ® (idempotent channel), then ®p(X) = UXU', with U unitary.

The first implication is consistent with the dynamics at large times of quantum dynamical
semigroups [18, section IV], marking a difference with the discrete-time semigroups at the
level of the asymptotics (see also [12, section 5.2]). Ultimately, the absence of permutations
in the expression (27) for &p is linked to the divisibility of the channel.

The above results are also consistent with [36, section 4] where it was shown that the unit-
ary Tomita—Takesaki modular dynamics on the attractor subspace Attr(®) is the asymptotic
map of ®, with M denoting the least common multiple of the lengths of the cycles of the
permutation. In such way, the original discrete-time dynamics (®"),cn associated with ® was
coarse-grained, becoming ‘sufficiently’ Markovian for the disappearance of permutations.

There are other classes of channels ® for which no permutations appear in their asymptotic
dynamics $p. For example, this is clearly true for primitive channels, see definition 3.1.

15
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Proposition 5.5. Let ® be a quantum channel. If ® is primitive, then its asymptotic dynamics
has no permutations, m = id.

Remark 6. More generally, 7 = id also for quantum channels with one-dimensional attractor
subspace.

Note that the properties of primitivity and infinite divisibility are independent, although
both conditions guarantee m = id. More precisely,

® infinitely divisible = & primitive, (102)
as confirmed by the one-state contraction channel (20) with p non-invertible. Conversely,
® primitive # & infinitely divisible, (103)

as it may be proved by taking into account the indivisible unital qubit channel [35]
1
d(X) = g(XT—&—tr(X)H), X € B(C?), (104)

where X7 denotes the transpose of X. It has the non-degenerate eigenvalue A = 1 and no other
peripheral eigenvalues, namely it is primitive. Thus, from (102) and (103), we can conclude
that infinite divisibility and primitivity are not necessary conditions for 7 = id.

Now, after characterizing and interpreting the absence of permutations in equation (27), we
conclude this section with a last proposition which characterizes the unitarity and the Hilbert—
Schmidt unitarity of an asymptotic map Pp.

Proposition 5.6. Let ® be a quantum channel with asymptotic map dp of the form (27). Then,

(i) @;:CTD;I, namely ®p is Hilbert-Schmidt unitary iff I pellns = |l px i lus, for all
k=1,....M.

(i) Dp(X) = UXUT, X € Attr(®) iff pp= ViPr (k) V,t, k=1,...M for some unitaries Vj:
Hary,2 = Hip

The proof of the first characterization readily follows from the definition of Hilbert—
Schmidt unitarity (see also section 6), whereas the assertion (ii) with proof may be found
in [36, theorem 3].

Remark 7. From this result it is clear that m = id is not necessary for dp to be either a unitary
channel or Hilbert—Schmidt unitary, as already discussed previously, see the example of the
qubit channel (79).

Remark 8. As it can be seen by using theorem 4.1

lpxllis = lpn s 7 px= Viprwy Vi (105)
so that

bh=0,' A Op(X)=UxU", (106)

6. Asymptotics of faithful and non-faithful channels

The aim of this section is twofold. First, we will discuss several results of Novotny et al [8, 9]
by looking in detail at the non-faithful case. Then, we will connect them to the structure
theorems.

Let us start by recalling the following theorem, that expresses the irreversibility of a non-
unitary open-system dynamics.
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Theorem 6.1 ([11]). Let ® be a quantum channel on B(H). Then &1 = &~ iff ®(X) = UXU",
with U unitary, i.e. ® is a unitary channel.

Remark 9. As already discussed in the previous section (see equation (106)), this is not true
in general for the asymptotic map ®p.

More generally, given a quantum channel ® and a subset M C S(#), we can look for
another quantum channel &’ such that

P'P(X)=X, XeM. (107)

If such channel exists, then ® is said to be sufficient (or reversible) with respect to the sub-

set M, and @’ is called the recovery map of ® for M [41]. Interestingly, this concept finds

applications in quantum error correcting codes [42].

For instance, at least for faithful channels with full-rank fixed state o, it turns out that [9]

POH(X) = PTO(X) =X, X< Attr(D), (108)

where ®* is the adjoint map of ® with respect to the scalar product

(AIB)1 /2 = (Alo™"*Ba™"?)ys = tr(ATo ™2 Bo™"/?) = r(o/2AT6—!/2B) (109)

=tr(c'0'?ATo2B) = te(6c7'A*B), A,Be B(H),

i.e. a generalized Hilbert—Schmidt scalar product involving a modified adjoint operation on
B(H) defined by

Bt =o'/2Bt¢™1/2, BeB(H). (110)
The map ®* explicitly reads

N
Hx)=> oAl PXo T PA0' 2, X € B(H), (111)
k=1

with {A;}Y_, being a system of Kraus operators of ®. It is clear that ®* is a quantum channel.
Note that ®* is a particular example of Petz’s recovery map [43, 44].
Furthermore, it is worthwhile to observe that

Attr(®) = Attr(dF), (112)

as a consequence of a one-to-one correspondence between eigenspaces corresponding to peri-
pheral eigenvalues of ® and &' stated in the following proposition [9, section 4.3].

Proposition 6.2. Let ® be a faithful quantum channel with full-rank fixed state o. Then, if A
is a peripheral eigenvalue, i.e. |\| = 1,

Xy €Ker(®— Mp) & o 2Xao 2 eKer(®T — Mpay).  (113)

The following simple computation

N
di(Xy) = ZUI/ZAIJ_I/ZX)\J_I/ZA;CUVZ =o' 26712X, 60712612 = 2X,, (114)
k=1

thanks to proposition 6.2 and the Kraus representation of &7,

N
of(X) =Y AlXA, XeB(H), (115)
k=1
yields (112).
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Now, let us consider the extension of the result (108) to the non-faithful case that was
discugsed in [8]. See also [14]. We look at it in detail and consider the fine print. Consider the
map ® : B(Ho) — B(Ho) defined as

PX)=00P(X), X=00Xec 0 B(H,). (116)

Note that @ is a map between B(H,) and B(H,) because 0 @ B(H,) is invariant under ®.

It turns out that ® is a faithful quantum channel, which can be called the induced faithful
channel of ®. Incidentally, one can repeat the same procedure by considering the support of
any fixed state p. From (116) we have

Attr(®) = 0@ Attr(P), (117)

consistently with (15). Now, we can extend to the non-faithful case the definition of ®* by
inserting a maximum-rank fixed state o in (111) and intending o ~! as a generalized inverse of
o, satisfying

a—l\,{ol =0. (118)

The map ®* is a quantum operation, i.e. a trace non-increasing completely positive map, and,
again, we can define the induced faithful channel ®f of ®* via

PHX) = 0@ dH(X) =08 P*(X), X=0&Xec0dB(Ho), (119)

where the last step readily follows from the definitions. Ultimately, the attractor subspace reads

Attr(9F) = 0@ Attr(9F) = 0@ Attr(BF) = 0@ Attr(P) = Attr(®), (120)

and (108) can be generalized to arbitrary channels.

Now, let us turn our attention to the relation between the result (108) and the structure of
the asymptotic map given by theorem 2.2. To this purpose, let us define the double adjoint of
the asymptotic map ®p, @}L : Attr(®) — Attr(P) by

(A|®p(B))1/2 = (®H(A)[B)1)2, A,B € Aur(®), (121)
from which it is possible to obtain, using (27) and (35),
M
LX) =0e P UL, xr 10 U1y @1y X € Attr(®), (122)
k=1

Then, it is immediate to check that
PEdp = dpdl =1p. (123)

So we can conclude that the asymptotic map dpisa unitary operator on the attractor subspace
Attr(®) with respect to the modified scalar product (109), depending on the maximum-rank
fixed state o of P.

This is in line with the fact that ®p is not generally Hilbert—Schmidt unitary and, con-
sequently, a unitary channel, as explained in the previous section. In addition, by comparing
the expressions (78) and (122) for é; and <i>ff, respectively, we obtain the characterization (i)
of proposition 5.6.

Also, observe that

(@1)p = b}, (124)
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or, equivalently,
DHALr(®) = Attr(d), (125)

as a consequence of (120) and (29).
Now, let us prove that (123) is equivalent to (108). Suppose that (108) holds. Then

(@FR(X)|V)12 = (Bp(X)|Pp(Y))1/2 = (XIV)12, X, € Attr(), (126)

which gives (123), if one takes into account the invertibility of &p. The converse implication
follows immediately from (124)

DIP(X) = (B1)pdp(X) = DLDH(X) = X, X € Attr(D), (127)

and analogously for the other equality. To sum up, as anticipated, theorem 2.2 implies (108).
Moreover, from theorems 2.2 and 6.2, it follows that, in the faithful case,

M
Attr(@1) = 072 Attr(@)0 /2 = P B(Hin) @ Lk, (128)
k=1
as observed in remark 2.

Incidentally, notice that in the non-faithful case Attr(®7) is an algebra with respect to the
star product [45-47]

A%B=P}(AB), (129)

where 73;5 is the peripheral projection of ®f as a consequence of (11). The product (129)
reduces to the composition one if ® is faithful, as it can be readily seen by taking the adjoint
of (30). For related observations see [14, 38, 39, proposition 3].

Proposition 6.2 may be proved from theorem 2.2. The adjoint map ® of a faithful channel
® acts on its attractor subspace Attr(®1) as follows

M
X)) =P U xr10 Unr ) © Ty (130)
k=1

where X € Attr(®T) is of the form (31). Now, the eigenvalue equation for ®

d(X)=XX, [N=1, (131)
namely the condition

UrUl =M, k=1,...,M, (132)
is equivalent to require that

Ul 0l 0y Un iy = Aoy, o 2, k=1,..,M, (133)
thanks to (34). In conclusion, (133) is an explicit way of writing

ot (0712X071/?) = Ao/ 2X0™ /2, (134)

i.e. the statement. Finally, note that similar bijective mappings between the eigenspaces
Ker(® — M pg(3)) and Ker(®T — A1), established in [8, theorem 3.1] and [9, theorem 2]
(see also [48, lemma 3]), may be proved in the same way by means of theorem 2.2.
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7. Conclusions

In this Article we have explored several aspects of the asymptotic dynamics of quantum chan-
nels of finite-dimensional systems. The starting point of our findings is a structure theorem
that provides an expression for the asymptotic map. It is the restriction of the quantum chan-
nel generating the discrete-time dynamics to the attractor subspace, where the evolution takes
place at large times.

Four main goals were achieved in this paper. First, a structure theorem of the asymptotic
map in terms of disjoint cyclic permutations was given (section 3). Second, a quantum channel
unfolding a given asymptotic map was constructed, thus finding the converse to the structure
theorem (section 4). Third, the role of permutations in the asymptotic dynamics was under-
stood and characterized (section 5). Fourth, several properties of the asymptotics of quantum
channels were derived from the structure theorems of the asymptotic map (section 6).

Regarding the first goal, the structure theorem 3.2 provides a decomposition of any asymp-
totic evolution of an open system in terms of unitary and irreducible channels. Physically,
such building blocks respectively represent the purely quantum and classical contributions
to the large-time dynamics. Also, the decomposition (62) of the attractor subspace Attr(P)
clearly identifies the decoherence-free subspaces [2] of the dynamics, where a purely unitary
evolution occurs. For this reason, they can play a crucial role in quantum computing [31] and
quantum error correction [14] tasks.

Also, besides its mathematical interest, the unfolding theorem discussed in section 4 can be
useful for quantum information processing, by explicitly designing a quantum channel extend-
ing a given asymptotic map.

For what concerns the third goal, the asymptotic dynamics is not purely unitary, since partial
permutations between the factors of the attractor manifold may occur. However, the absence
of permutations does not characterize the unitarity of the asymptotic map, but a weaker divis-
ibility property, as stated in proposition 5.2. An almost immediate consequence of this result
is that the asymptotic dynamics of an infinitely divisible channel, such as a Markovian or an
idempotent channel, has no permutations. Again, understanding the presence/absence of per-
mutations in the large-time limit of a given quantum dynamics is relevant for applications in
quantum information processing.

Therefore, given a discrete-time semigroup ($"),cn associated with a quantum channel @,
the asymptotic map will be unitary if we look at the coarse-grained dynamics generated by
the quantum channel ®¥, with M being the least common multiple of the lengths of the cycles
of the permutation [36]. To conclude, the occurrence of permutations is related to long-term
non-Markovian effects, making the asymptotic dynamics generally non-unitary. Notice also
that permutations can take place only in the presence of a degenerate attractor subspace (see
remark 6). It is also worthwhile to observe that, as revealed by equation (123), permutations do
not even guarantee the Hilbert—Schmidt unitarity of the asymptotic map, physically implying
that the purity of the asymptotic states is not generally conserved under the dynamics.

These results shed light on the crucial role of the asymptotic dynamics of a quantum chan-
nel in quantum technology applications. With this respect it would be interesting to better
understand its relation with entanglement, a fundamental resource in quantum information
processes, and in particular its role in the class of eventually entanglement breaking [27] and
entanglement saving [26] channels. Such maps generalize entanglement breaking channels,
deeply studied in the last twenty years [49-51] because of their detrimental effects in quantum
communication protocols [52, 53].
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Appendix A. Proof of equation (16)

We want to prove that

RanPp(I) = supp Pp(I) = Ho. (A.1)
We start by proving that
0 Pp(I)Q- =0, (A.2)

where Q1 is the projection onto the orthogonal complement Hi of Ho. Since
Q1 Pp()Q+ > 0, it is sufficient to prove that

w(Q Pp()Q*) =0. (A3)
We know that, by using (10),
N AR
0Pt =0 < lim NQl ;@ 1)+ =0, (A4)

N—oo

which implies that

N
Jim_ %tr (Ql Zlé"(ﬁ)gl) =0. (A.5)
That being said, compute for angiven neN,
w(@e"H(1)Q") = u(QH2((Q+0M)P"(I)(Q+01))0h)
= tr(QT9(QP"(I)Q* + 0 ¥"()Q + 0" () Q1) Q") + tr(QH(QP"(1)Q) Q") (A.6)
<tr(QP"(DQL + 00" (1)Q) + tr(QLd" (1)) = tr(QH " (1) 01),

where the inequality arises from the fact that the map ®,. (X) = Q1tXQ*t is trace non-
increasing and 0 @ B(#Hy) is an invariant subspace for ® (see equation (116)). So we can write

n;

itr (QL Z @"(H)Ql> > nin,- w(QH " (1)Q*) =0, (A7)
n=1 i

for the increasing subsequence {n; };cy in (11), yielding (A.3) by squeeze theorem and, con-
sequently, (A.2). Finally, from equation (A.2) we have, for ¢ € H

(8|0 Pp()Q*|¢) = ||Pp(D)' /20" ¢||* =0, (A.8)

implying Pp(I)!/2Q+ = 0. Then, by post-composing with Pp(I)'/2, we get Pp(I)Q+ = 0, and,
by taking the Hermitian conjugate, Q+Pp(I) = 0, i.e. (A.1).
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Appendix B. Proof of equation (17)

By (8) it is straightforward to prove that the equality Pp(T) = P(I) is equivalent to
O(Pp(I)) = Pe(I), (A9)

which explicitly reads, in the faithful case,

M M

@mn(k)ﬂk,l & pk = @mkﬂk,l Qpp & meey=m, k=1,... M (A.10)
k=1 k=1

However, it is always possile to construct a channel for which (A.10) does not hold through
theorem 4.1.

Appendix C. Complete positivity of the map &, in (71)

By definition of complete positivity, let us consider a D-dimensional Hilbert space #H’, and
check that the map

Do @153y AQB(H') = CRB(H') (A.11)
is positive, with A and C denotlng the algebras
M
A=B(My) & @ B(Hi1 @ Heo), (A.12)
k=1
M
C =08 P B(Hw @ Heo). (A.13)
k=1

Let us take a positive operator Z over A® B(H'), and write it explicitly as

D

Z= Y Zag®la)(B, (A.14)
a, =1

with Z,5 € A and {]a)}2_, an orthonormal basis of H'. After expressing the vector state
|¢p) e HQH' as

D D M
0) = lda) @) = PloP) ®|a), (A.15)

a=1 a=1 k=0

for some |¢q) = EB;{VI:O |¢£§ )) € H, the positivity of Z reads

D
(#1ZIg) = ) (¢alZaslos) = Z Z (6120165 > (A.16)
a,B=1 =1 k=0
Analogously
D
(@(@o@153¢))(D)]0) = > ($al®0(Zap)|ds)
o (A.17)

M
> 00 Uitrrgy 2255V UL @ el 6).
a,B=1 k=1

Mu
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Now, let
pre=> AP 1ER) (e, (A.18)
my
60y =" |6l @) (A.19)

be the spectral decomposition of p; and the tensor product decomposition of |¢8‘ )) in terms
of the basis |[¢¥)) of eigenvectors of p;. Therefore, the generic term in the last sum in (A.17)
becomes

(o® \Ukmr(k) 2Z0 U @ oo

- Z (649 ® (W |Uytr, 0 2(Z (ﬂ(k)))UT®pk|¢Egkz),®€’(k)>

£,07=1
w (A.20)
SIS m(k k
=3 A G Uktrn o 2 (2 MUjlel))
=1
my
= 3" W er®IZED i @ e®),
£,07=1
with
[ws2) = VAP ULI80D). (A21)
Therefore,
my M D
(6l(®o @ 1(3¢1))( SN @8 ee®izE wE) @ e®) >0, (A.22)
£,0'=1k=1 a,f=1
as a consequence of (A.16).
Appendix D. Proof of equations (99)-(100)
Let us write the Jordan decompositions of ¢ and &,
N
= (MPe+ Ny, (A23)
k=1
N/
cbn = Z(Ak,npk,n +~/\/k,n)7 (A24)
k=1

where Py and Ny (Px,, and Ny ,,) are the eigenprojection and eigennilpotent of ® (®,,) corres-
ponding to the kth eigenvalue Ay (M ,). Since & = P, we obtain

N N’ n—1
S NPAN) =D ( Pt Y (Z) ka_"> . (A.25)
k=1 m=0

k=1

It is straightforward to prove that the right-hand side of (A.25) is an alternative Jordan decom-
position of @, so from the uniqueness of the Jordan decomposition, we have
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M= N (A.26)

Pp="Ppu, (A27)
implying equations (99) and (100) of the paper.
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