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Abstract

Symmetry plays an important role in hadron physics. The predictions of baryon (2~
and dibaryon 4* in the 1960s, which were confirmed by experiments, are based on the
dynamical symmetry of quark systems. In this pedagogical article, the dynamical symmetry
of hadrons is explored. The multiplets of color, spin, and flavor symmetries of two- to
six-quark systems are discussed and the phase-consistent wave functions of these systems
are presented. Based on the dynamical symmetry of the system, the mass formulas for these
systems are constructed, which give a good description of the hadron spectra. Compared
with quark-antiquark mesons and three-quark baryons, multi-quark systems have richer
structures. It is expected that the symmetry can provide a good guide for exploring
multi-quark systems (exotic hadrons) systematically.

Keywords: dynamic symmetry; irreducible representation; phase consistent; wave function;
mass formula

1. Introduction

In 1962, Gell-Mann proposed the eightfold way to classify the hadrons [1]. In 1964,
Gell-Mann and Zweig independently proposed the quark model [2—4], which incorporates
eight baryons with spin parity % in an eight-dimensional irreducible representation (irrep)
of the SUj3 group based on the symmetry of flavor, and, by incorporating the nine baryons
with spin parity %+, discovered, in the experiment into a ten-dimensional representation,
the tenth baryon of | P = %+ (I =0,S = —-3M = 1680 MeV). The tenth baryon of
JP = %+, which is (37, had not yet been discovered but was predicted. Later, the successful
observation of Q™ (M = 1672.5 MeV) in the experiment in [5] marked a huge success for a
quark model based on symmetry.

With the improvement of experimental equipment and the increase in accuracy, people
have detected more and more particles. Since 2003, many new hadron states have been
reported, some of which cannot be explained with traditional meson g7 and baryon q4q9
pictures, and they are called “exotic” states. Various explanations are proposed, such
as multi-quark states, quark-gluon hybrids, hadronic molecules, etc. There are many
excellent review papers on exotic hadron states available [6-20]. This paper focused on
multi-quark states. Because of the requirement of color singlets, three-quark baryons and
quark-antiquark mesons have unique color structures. This uniqueness streamlines model
building but limits direct access to the full-color dynamics of quantum chromodynamics
(QCD), the fundamental theory of strong interaction. Multi-quark states admit diverse color
structures beyond the singlet, such as octet, sextet, or higher-dimensional representations
of SU3 symmetry in color space, so they can act as a “laboratory” for QCD-complementing
studies of conventional hadrons. Their rich color structures unlock a deeper understanding
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of QCD and make it indispensable for probing the strong interaction’s fundamental nature.
In this work, we try to emphasize the symmetry of systems from two body systems to six
body systems and discuss the phase-consistent wave functions of these systems in orbit,
color, spin, and flavor spaces.

In the past twenty years, major international experimental cooperation groups in
high-energy physics and nuclear physics have reported many discoveries about exotic
hadron states. What is an exotic hadron state? From the fundamental theory of strong
interaction, quantum chromodynamics (QCD), we can know that the basic building blocks
of strong-interacting matter are quarks and gluons. Starting from this point of view, we now
believe that all hadrons are composed of quarks (¢), antiquarks (7), and gluons (g), that is,
(4"g"g"). The usual hadrons—mesons and baryons—are composed of quark-antiquark
(qg) pairs and three quarks (4°), respectively. When the sum of quark and antiquark num-
bers is greater than three (1 +m > 3), or the number of gluons is not 0 (I # 0), the states can
be called exotic states. There have been abundant experimental discoveries of exotic states,
such as the tetraquark state named the “XYZ"” particle withn = m = 2 and | = 0[21-25],
where the total number of the quarks and antiquarks is 4, the number of gluons is 0, and
the hidden-charm pentaquarks (n +m = 5,1 = 0) are like the P, state discovered by
LHCb [26,27], as well as the dibaryon state, namely the hexaquark state (n +m = 6,1 = 0),
the most typical example of which is the deuteron, which is the only confirmed multi-quark
state in the world so far, although the hexaquark state d* was discovered in the WASA-at-
COSY experimental cooperation [28-33]. The A2 collaboration at MAMI also reported the
signatures of the d*(2380) hexaquark in d(v, pi) [34]; further experimental verification is
still needed. There are also signals of N() reported in experiments [35]. When the number
of gluons is not zero, the states are called hybrid (n or m # 0,1 # 0) [36]. Three possible
single-gluon light hybrid mesons, 711 (1400) [37], 711 (1600) [38], 771 (2015) [39], composed
of g7 and one gluon with I6JP¢ = 171~F were observed, as well as glueballs composed
entirely of gluons (n = m = 0,1 > 2) [40-42], which have at least two gluons due to the
constraint of color singlets.

As the only widely recognized multi-quark state, the mass of deuteron has been
listed as a physical constant in PDG [43], which is obviously separated into two sub-
clusters due to its large charge radius of 2.1 fm [44] and hence is a very loose structure
that can be described by the degrees of freedom of neutrons and protons. People are more
interested in the existence of spatially compact multi-quark state, where several quarks
stay closely together, and the compact multi-quark state may be a new form of material
existence. Recently, some people have discussed whether the dibaryon can be considered
as a candidate for dark matter [45-49] because once the dibaryon is combined stably, it may
have very weak interactions with other objects, making it a candidate for dark matter.

In quantum electrodynamics (QED), the combination of electrons and nucleus forms
an atom. With atoms, various molecules can form, which is QED chemistry. In QCD, quarks
can form hadrons; for example, quarks and anti-quarks pair (4q) to form mesons with
baryon number B = 0, and three quarks, qqq, form baryons with baryon number B = 1.
Therefore, whether there are four quark states (44qq, B = 0), five quark states (43, B = 1),
and six quark states (¢q®, B = 2) has attracted widespread interest. If they really exist, it
may lead to a new disciplinary branch, namely QCD chemistry, which is listed in Table 1.

In the 1960s, based on the SUs; symmetry, Gell-Mann and Zweig independently pro-
posed a new classification method for hadrons [2—4] and predicted the existence of the (2~
baryon with mass around 1680 MeV. This state was observed in experiments two years
later [5]. Another example occurred in 1964, shortly after the birth of the quark model,
when Dyson et al. proposed the possible existence of dibaryons (six-quark states) based on
the flavor-spin SUs symmetry within strong interactions. He predicted several possible
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dibaryon states, especially Dy3, whose isospin and spin quantum numbers are 0 and 3,
respectively, and the mass is assumed to be 2350 MeV [50]. In 2014, the WASA-at-COSY
experimental cooperation confirmed the existence of d* with M = 2380 MeV [28-33], which
is very close to the value under Dyson’s theoretical prediction. From these two examples, it
can be seen that the symmetry based on the quark model is very successful in describing
experimental data and predicting hadron states.

Table 1. Difference between QED and QCD.

QED QCD
nucleus + electron— atoms quarks — hadrons
molecules: di-atom meson: qq9 B=0
tri-atom baryon: q499 B=1
tetraquark: 9999 B=0
pentaquark: 7*q B=1
dibaryon: q° B=2
QED chemistry QCD chemistry?

At the beginning of establishing the quark model, people only assumed that there
were three kinds of quarks in nature, named u (up), d (down), and s (strange) quarks. In
1964,Bjorken and Glashow predicted the possible existence of the fourth type of quark and
named it as the charm quark [51]. In 1970, Glashow, lliopoulos and Maiani predicted charm
quark based on GIM mechanism [52]. Few years later, high-energy physics experimental
teams led by Ting and Richter independently discovered the charm quark [53,54]. In 1977,
Lederman discovered the fifth type of quark at Fermilab, known as the ‘bottom’ or ‘beauty’
quark [55,56]. In 1995, the sixth type of quark—the “top” quark—was also discovered at
Fermilab, which is the heaviest particle in the Standard Model [57,58].

2. The Symmetry of Hadrons

When it comes to symmetry, what we are familiar with is geometric symmetry in
fact, which means that the shape or structure of an object remains unchanged under
geometric operations (rotation, inversion, etc.). For example, benzene molecules have a
ring structure and form a regular hexagon in space, which has point group symmetry
Dgj,. There is a popular molecule called Cgp made of sixty carbon atoms, which has point
group symmetry [;. When studying crystals in solid physics, space groups are used
frequently. The symmetry group of crystals is composed of some rotations, inversions, and
spatial translations.

Geometric symmetry has a characteristic from the perspective of quantum mechan-
ics; the Hamiltonian of a system with geometric symmetry is commutative with every
element of its symmetry group. Geometric symmetry brings us a lot of convenience in
studying physical systems, allowing us to obtain many qualitative results without specific
quantitative calculations and also simplifying the calculation process.

For physical systems, there exists another type of symmetry—dynamical symmetry—
wherein the system’s Hamiltonian can be expressed as a function of specific operators.
These operators are termed Casimir operators in the context of continuous groups and class
operators in discrete groups, collectively characterized by the key property of commuting
with every element of their respective groups. A system is considered to possess dynamical
symmetry if its Hamiltonian can be formulated as a function of the class operators or
Casimir operators of a group G. A key distinction between dynamical symmetry and
geometric symmetry lies in the commutation relations of the Hamiltonian with group
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elements. For a system with dynamical symmetry, the Hamiltonian generally does not
commute with arbitrary elements of group G; instead, it commutes specifically with the
class operators or Casimir operators of G. Notably, the energy spectrum of the system can
be readily determined from the eigenvalues of these class operators or Casimir operators.

H=F(C,C,Cy ) =F(C,C(s))

[H,G] #£0, [H,C]=0, [H,C(s)]=0 1)

where C,Cq,C; - - - are the Casimir operators (class operators) of group chains G D G; D
GZ DEEEH

The dynamical symmetry has been widely used in physics [59], for example, in
molecular physics [60,61] and nuclear physics [62,63]. The present work focuses on the
quark model of particle physics; more applications of symmetry in particle physics can be
found in [64-69]. There are four types of degrees of freedom for quarks, coordinate (orbital),
color, flavor, and spin. The symmetries for color and spin are SU§ and SUS, respectively,
which are exact. The three color states are denoted by r,g,b (7, g,E for antiquarks, and
the same method is also applied to flavor) and two spin states are denoted by «, 8. Spin,
quarks, and antiquarks share the same notation due to the SU, symmetry. The quarks
involved in hadron physics are u, d, s, ¢, b. The t-quark has a lifetime that is too short to form
a bound state which is observable. The masses of ¢ and b quarks are too large compared to
the masses of u,d, s quarks. So the symmetry for flavor used in the present work is sud,
which is an approximate one because the s quark is a little heavier than u, d quarks. SUé(
symmetry breaking to SUJ x UJ is considered. T stands for isospin and Y for hypercharge;
B,S,C,B, T are baryon number, strangeness, charm, bottomness, and topness, respectively.
The definition of hypercharge is [43]

Y:B+S—7C_§+T, (2)

bythis definition, Y is % for u and d quarks, and 0 for other quarks, the diagram of light
quarks and antiquarks is shown in Figure 1.

Y
Y 5

WIN

1
d 3 u

/ I -
1
2

N—
N—

3 I3

Nl /

I
2y

QIN

Figure 1. The fundamental representation 3 and conjugate representation 3 of SUjs flavor group;
3=(u,d,s),3=(i,d53).

The symmetry for coordinate motion is generally taken as U7 to simplify the discussion.
To illustrate the extension, sometimes SUJ is also employed.

Three types of notations for the irreducible representation of groups Sy and SUj, are
used here: the partition [v1vy ... v¢] with vy +v2 +... +vf = f (v; is a integer), the Young
diagram, and the dimension of the irreducible representation (only for SU,). These three
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types of notations are equivalent, and the relations among them in the three particle cases
are shown in Table 2. The solution of irreducible representation dimensions for permutation
groups S and unitary groups SU, can be seen in [67,70].

Table 2. The notations for irreps of Sz and SU,,n = 2,3,6. P, Y, and D stand for partition, Young
diagram, and dimension of irrep, respectively. Number in [ ] represents partition, linked boxes is the
Young diagram and number in bold format stand for the dimension of the irrep.

S3 Su, Sus SUs,
P Y P Y D P Y D P Y D

S S O Y e ' A I A ™

[21] ‘ [21] ‘ 2 [21] ‘ 8 [21] ‘ 70

[111] - - - [111] 1 | [111] 20

In Young diagrams, one box represents a quark. For antiquarks, we use the concept
of Dirac; under SU, symmetry, the antiquark state is n — 1 quark state [1"~!] with the re-
quirement that n quarks form the vaccuum state [1"]. So, the antiquark with SU, symmetry
is denoted by [1] with dimension 2, the same as for the quark; with SUs, it is [11] with
dimension 3, and with SUp, it is [15 ]| with dimension 6 [67].

For f identical particle states, the symmetry group is Sf, and the total anti-
symmetrization of wave functions is required. For example, for the baryon states with the
three-light-quark state, the combined wave function of coordinate, color, flavor, and spin
must be totally anti-symmetrized under the exchange of any two quarks, and the total
symmetry is [13] in partition of group Ss.

For each degree of freedom, the symmetry can be deduced based on the Clebsch—
Gordan (CG) series of permutation group Sy. For the coordinate, the symmetry is [3] due
to the constraint of Uy. For the color, the color singlet states require that the symmetry is
[111]. Hence, the symmetry for flavor-spin is [3], and then the two combinations of flavor
and spin symmetries are possible: flavor [21] with spin [21] and flavor [3] with spin [3].

For g™3" states with m identical quarks and »n identical antiquarks, the total anti-
symmetrization requires that the total symmetry for quark is [1™] and for antiquarks is
[1"]. There is an additional requirement, a color singlet. The color symmetry for quarks [c]
coupled with the symmetry for antiquarks [c;] must give the color singlet [111] for the g4
and gqq states and [222] for the gq44, g*7 and g° states.

Combining four degrees of freedom, one arrives at a symmetry group chain for
quark systems. For a baryon composed of three light quarks in the ground state (in this
article, the u, d, s quarks are called light quarks), where all three quarks stay in the same
state in coordinate space (ground state), Uj is employed to describe the spatial symmetry.
Dibaryons in molecular structure are approximately divided into two sub-clusters, so there
are two ground states. We adopt SU5 to describe the spatial symmetry of the dibaryon
system in this case. For the intrinsic degrees of freedom of quarks, the color symmetry is
SUj, and the flavor of the light baryon system is approximately the SU3 symmetry, and the
spin symmetry is SU,, and the two group chains of the baryons (3) and dibaryons (4) can be
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obtained. In fact, the following group chains stand for any systems of quarks, tetraquarks,
pentaquarks, novem quarks, etc.:

St > Uf @ {su” > sus e [sul” > (suf > sus e uy) @ sug |} 3)

Sl > SU3 @ {SUL” > suse [sul” > (s o suseuf) esus]|} @

where Uy, SU; stand for the spatial (orbital) symmetry of the baryon and dibaryon re-
spectively, and SUS, Sllg ,and SUJ stand for the symmetry of color, flavor, and spin. The
total antisymmetrization requires that the symmetry of the total wave functions is [1/]. For
group chain Equation (3), the symmetry of S U;ga is [1/] because the symmetry of U7 is
symmetric [f]. The color singlet demands that the symmetry of SUY is [111] for triquarks;
[222] for tetraquarks, pentaquarks, and hexaquarks; and [333] for novem-quarks. The CG
series of S¢ tells us that the symmetry [u] for S Ug 7 is the conjugate of the symmetry of
color SUS, [3] or [33] or [333]. Similarly, the CG series of S¢ will give us the contents of
the symmetry of S Ug and SUJ in the symmetry [u]. For group chain Equation (4), the
same procedure will find the possible combinations of coordinate, color, flavor, and spin
symmetries for the dibaryon system.

Applying the dynamical symmetry to f-quark systems, i.e., the Hamiltonian of the
system is the function of the Casimir operators of involved groups.

f ,
csug) =y 3- %, o are Pauli matrices, the generators of SU; group, the familiar
]
operator in Hamiltonian is Z;; i—1 7i - ¢j, which is related to the Casimir operator by
! 3
Z O'i'U’]‘:Z(C(Sug)). (5)
Rl 4
j>i=1
The Casimir operator of SUJ is
c(suyg) = s2. (6)
whose eigenvalue is S(S + 1).
f .
C( SU;’f ) =Y % : %, A are Gell-Mann matrices, the generators of SUz group, the re-
]

lation between operator Zj; i—1 Ai - Aj, and the Casimir operator of SUj is

f 4
Yo A :2<C(su§'f)3f). )
j>i=1
of ! A A ; ay2
C(SUs") = X5 - 5, A are the generators of SUs group with Tr(A?)* =1, the rela-
L]
tion between Zj; i—1Ai - Ajoi - 0, and the Casimir operator of SUg is
f 1 of\  35f
EAZ"A]‘U’I"(T]‘ZE C(Su6)—7 . (8)

j>i=1
Then one has

H= F(C(sug),C(su‘gf),C(sug‘),C(sug),C(u{),C(su‘g)) ©)
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Because of the color singlet requirement, the contribution of operator C(SUS) is a
constant, as is the operator C(SUj. f ), and the spin—flavor symmetry is conjugate to the color
singlet for the ground states of the coordinate space due to the total anti-symmetrization.
The simplest realization of Equation (9) is the linear one, i.e.,

H = Hy + X;C(SUL) + X,C(SUF) + X3C(U)) + X, C(SUF). (10)

Considering the flavor symmetry Sllg breaking to SUZ x U}, at last one has the following
mass formula (Gursey—Radicati mass formula [71]):

2

M = My + X1C(SUL) + XoJ (] + 1) + XsY + Xy[I(1+1) — YZ}' (11)

It can be extended to the following expression in the heavy quark sector [72,73]:

2
M = My + X1C(SUL) + XoJ (J + 1) + X5Y + Xy[I(I+1) — YZ} + Y XN, (12

i=c,b

where C(S Ug ), J, Y, I, N: (Np) are the eigenvalues of the S U{ Casimir operator, spin,
hypercharge, isospin, number of charm (beauty) quarks, and antiquarks of a hadron. The
value of C(S Ué( ) can be calculated as:

1
C(SU) = 3 (v +pg+a* +3p+3), (13)

the symmetry (irreducible representations) of SUj is specified to [v1, 1, v3] = (p,q), with
p=vy—V3,4=V1 — V3.

Due to the Hamitonians of the systems being functions of Casimir operators of in-
volved groups, the wave functions of systems are irreducible bases, which are the eigen
functions of the Casimir operators of the groups.

In the configuration space, according to Theorem 7.1 on page 311 of [70], in the tensor
space Vrj,[ ,if ) belongs to the irrep (v) of one of four groups (unitary group in coordinate
space Uy, unitary group in state space Uy, coordinate permutation group Sy, and state
permutation group S¢), then (V) also belongs to the irrep(v) of any one of the other
three groups.

So, the irreducible basis of the permutation group Sy in the configuration space is
equivalent to the irreducible basis of SUj,, the irreducible bases of S £ can be easily obtained
with the group theory method. Generally, to obtain the irreducible bases of finite groups is
easier than those of continuous groups. So, in most cases, one prefers to find the irreducible
bases of Sy. The computational details can be found in many books. For example, in
Ref. [70], it can be easily extended from a two-body system to a multi-body system after we
write the calculation process into a program. In the following, we just quote the results.

Next, we will discuss the symmetry of multi-quark systems wit two to six bodies in
detail. This paper is organized as follows: Section 1 gives a brief introduction about the
motivation to study the symmetry of multi-quark systems. Section 2 discusses symmetry
of hadrons generally. In Sections 3-7, the symmetries of each degree of freedom and the
symmetries after coupling these degrees of freedom are discussed in detail; by solving the
irreducible basis in different configuration spaces, we have provided the necessary color,
spin, and flavor wave functions.
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3. Mesons

Meson spectroscopy encompasses phenomena across an enormous mass range, from
the relatively light pseudoscalar mesons with masses of just a few hundred MeV to the
substantially heavier bottomonia bb systems approaching the 10 GeV scale. This remarkably
broad energy span provides unique opportunities to investigate both perturbative and non-
perturbative aspects of quantum chromodynamics (QCD). The abundance of experimental
data from modern collider facilities and the deceptively simple structure of mesons have
established them as a nearly ideal place for exploring and elucidating the fundamental
properties and dynamics of QCD across different energy regimes. The systematic study of
meson spectra consequently serves as a powerful tool for testing theoretical predictions,
validating computational approaches like lattice QCD, and potentially revealing new
phenomena beyond our current understanding of strong interaction physics.

Systematic calculation of meson spectra can be seen in [74], where many theoreti-
cal methods like unquenched quark models, lattice QCD, etc., are used to distinguish
traditional meson pictures g4 and glueballs and hybrid or multi-quark states [75-78].

In the constraint of the ground state in coordinate space, there are 5 x 5 x 4 = 100
states, in which there are 36 light mesons, 48 light-heavy mesons, and 16 heavy mesons.

3.1. Color

Each quark has three possible colors, 7, g, b, which construct the three-dimensional
fundamental representation of SU:

Xi@)=|r|=r
B =[s]=g (14)

(g =] b=t

Additionally, the antiquark with colors, 7,g, b, constructs the anti-three-dimensional

—

representation. -
W= =Tt =,
X2 =— [ 11= i(br —rb) =g, (15)
b| V2
@= =g =bh
5] V2

Coupling representations of quark and antiquark, one arrives at

D@H = S (16)

33 = 841

The color singlet requirement picks up the representation [111]. By using the Clebsch—
Gordan (CG) coefficient of SU3, the wave function for mesons of the color singlet can be
written as

X([:111] (q9) = [r

N

(gb = bg) + g (br = )+ b=(rg — gr)]
(17)

N

(r7 + g + bb).

B
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3.2. Spin

Two particles with spin % can form a triplet state with spin 1 and a singlet state with
spin 0. In terms of the Young diagram and dimension notation, they are

el ] - DH@H (18)

202 = 341

By referring to the CG coefficients of SUy, the spin wave function x§ ;. of a two-particle
system can be written as

[o2] = [2], S =1:
Xi1=on
1
Xio= \ﬁ(aﬁ + pa) (19)
X({,fl = Bp
[2] = [11],S = 0:
Xfo = 5 (e — o) 20
3.3. Flavor

3.3.1. Light Mesons

For the light mesons, 97,9 = u,d, s, in the Sllg picture, they are classified as singlet

and octet.
D@H _ ol | 1)

3®3 = 841

By considering the group chain SU:{ O SUF ® UY, the flavor wave functions of g4 can be
written as

[fl=1[21], I=1:
X{l :ud_ (7T+IP+)
Yo = \E(dd' —uii) (7",p°) (22)
X{A = —di (t,07)
[fl=1[21], I=3
f _ us (K+,K*+)
X%% - Sd_ (_O,K*O) (23)
;o [ds (K, K*0)
M7\ —sn (x,k)
[fl=1[21], I=0:

1 _
)(50 = \/;(uﬁ +dd — 2s5) (ng, ws). (24)
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[f] = [111], I = 0:
Xgo = \/g(”ﬂerd_ﬂL s5) (11, w1)- (25)

Because the flavor su§ is broken, two Xgo states will be mixed up, resulting in the
physical 7 and 7, w and ¢ mesons

|17) = cos Bp|ng) +sinbp|n1),
|7") = —sinOp|ng) + cosOp|n1),

(26)
|w) = cosOy|wg) + sinby|ws),

|p) = — sinby|wg) + cos Oy |wy).

In obtaining the above wave functions, the isospin doublets for quark and antiquark

(!IM1> = %%>) (u> ( d’)
= or . (27)
v =130/ \a) \-a

In the light meson sector, sometimes the spin—-flavor symmetry Sllg i) Sllé[ ® SUY is

are used.

used, and then the mesons in the Sllg 7 scheme are

Lol J-[ [ lof |

(28)

606 =35®d1.

To extract the sug flavor and SUJ spin symmetry from the spin—flavor symmetry su’ 7,
the CG series of the permutation group can be employed, and one has

1= (1,1) — flavor singlet meson with J© =07, 11,
35=(8,1) @ (1,3) @ (8,3).
1 1 3
(K, mt,m8) w1 (p, K", ws)

(29)

The notation (D, 2S + 1) represents the symmetries of flavor su§ and spin SUY, the singlet
1 of Sllg 7 corresponds to an S = 0 flavor singlet meson, and multiplets 35 consist of an
S = 0 flavor octet, an S = 1 flavor octet, and an S = 1 flavor singlet [79].

The weight diagrams of octet and singlet mesons under SU{ are shown in Figures 2 and 3
with coupling process 3 ® 3 = 8 @ 1. A point represents a state, a circle is added to the
point if there is another state located at the same place, and so on.
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Figure 2. Pseudoscalar mesons of octet and singlet under SU; symmetry with J¥ = 0~.

Figure 3. Vector mesons of octet and singlet under SU{ symmetry with J© = 1-.

3.3.2. Light-Heavy Mesons

For the light-heavy mesons, the flavor symmetry is carried by one particle and no
coupling in the flavor part is needed. The wave functions are listed as follows.

fl=01= 3
— MQ (DO, D*O, B+/ B*+),

>
NI= SN

Nl—

(30)
dQ (D~,D*, B, B*).

[T N

NI—
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[fl=1],1=3

Xy, =Qd (D¥, D", B, B),

P e e (1)

X%,% = —Qu (D°,D*,B~,B*").

[fl=[1],1=0 .

Xoo =sQ (D5, D:™, BY, B°). (32)
[fl=01],I=0 . o

Xoo = Qs (DY, DI, B, BY). (33)

3.3.3. Heavy Mesons

For the heavy mesons, no flavor symmetry is applied. The wave functions are just the
product of the quark and antiquark states.

xhy = QQ" (ne,7/w, B, B, B, B, Y). (34)

Expanding the flavor symmetry to SUA{ by including ¢ quark, the meson states are
classified into a 15-plet and a singlet. Light and light-charm mesons are demonstrated in
Figure 4.

D ® = @ (35)

D~

(a) Pseudoscalar mesons with J°* =0~.  (b) Vector mesons with J© =1-.

Figure 4. Mesons under SU{ symmetry [43].

Adding the b quark to the flavor box, Sllg symmetry employed, and one has 25 flavor
states, which are classified into a 24-plet and a singlet.

e[ ]=[ [ Js[ ]

] ] (36)

505=2431.



Symmetry 2025, 17, 1486

13 of 95

The total wave function of the mesons can be obtained by multiplying the ones from
each degree of freedom. No further coupling is needed for the coordinate ground state.

A mass-squared formula for an SUg supermultiplet of mesons and a linear mass
formula of baryons is proposed in [80]. After the charm quark is introduced, the symmetry
of spin—flavor space is extended to sug 7> SU{ ® SUJ; similar to Equation (29), we have
the following composition:

88=63D1,

(37)
63 = (15,1) @ (1,3) & (15,3).

Mesons satisfy the Klein—-Gordan equation, and most of the literature gave a mass
squared formula for it [71,80]:

2
Mz:M%+X1](I+1)+X2[I(I+1)—YZ]. (38)

According to the Equation (38), one can get [80]:

K22 =K 2

39
D2 —]/y?*=D* -1 )

The application of Giirsey—Radicati (GR) mass formula in mesons can be seen in [81,82].
They construct a mass formula for the string-like properties of g7 mesons, and the result of
the mass formula offered a reference for them to distinguish mesons which are not g3 type
like a((980).

Here, due to the existence of heavy quarks and antiquarks in mesons, we perform a
little modification with formula Equation (12).

M= Mo+ X,C(SU) + XoJ T+ 1)+ XaI(I+ 1)+ Y XN, (40)

i=s,c,b

where N;, N;, N}, stand for the sum of the number of s/5, c/¢, b/b, respectively. Table 3
shows the result of some light mesons, light-heavy mesons, and heavy mesons in ground
orbit with formula Equation (40). A gross feature of the meson spectrum is obtained.

Table 3. The parameters and masses of ground mesons.

Parameter| My Xq X5 X3
51647 +£0.52 —10.282+0.076 221.17 £ 0.071 —133.68 +0.12
X X, X,
128.01 £0.23 1330.7 £0.28 44373 +0.37
Meson |Y I ] [f] Theo. Exp.[43] Ref.
(hypercharge) (isospin) (spin) (flavor) (MeV) (MeV) MeV)
7T 0 1 0 [21] 187.42 £1.18 139.57 146.4 [83]
K 1 % 0 [21] 482.53 +1.28 493.67 524.7 [83]
n 0 0 0 [21] 45478 +0.97 547.86 543.5 + 5.2 [84]
7' 0 0 0 [111] 77250+£097  957.78 986 + 35 [84]
0 0 1 1 [21] 629.76 +1.32 775.26 796 [85]
K* 1 % 1 [21] 924.87 +1.42 892.00 893 [85]
w 0 0 1 [21] 897.12+1.11 78266 691 [74]
¢ 0 0 1 [111] 1214.84 +£1.11 1019.46 1020 [74]
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Table 3. Cont.

D -1 3 0 [11] 171953 +1.08 1869.66 1883 [74]
Ds 2 0 0 [11] 1947.80 4123 1968.35 1998.2 [86]
D* -1 1 1 [11] 2161.87 +£1.22  2006.85 2010 [74]
D z 0 1 [11] 2390.144+1.37 211220  2086.5 [86]
e 0 0 0 [0] 3177954+1.08 2984.10  3022.8[83]
J/¢ 0 0 1 [0] 3620294122 309690 3121.1[83]
B -1 1 0 [11] 482610+ 1.16 5279.41 5281 [74]
Bs z 0 0 [11] 5054.37 +1.31 5366.93 5355 [74]
B* -1 3 1 [11] 526844 +1.30 5324.75 5321 [74]
B! 2 0 1 [11] 5496.714+1.45 541540 5400 [74]
i 0 0 0 [0] 9391.08 +1.24 9398.70 9454 [74]
Y 0 0 1 [0] 9833.43 +1.38  9460.40 9505 [74]
B. -2 0 0 [0] 628452 £1.16 627447 6277 [74]
4. Baryon

Baryons are the cornerstone of the matter that constitutes the visible universe. As
composite particles tightly bound by the strong interaction among three quarks, they are
the main form of ordinary matter in the universe. From protons and neutrons that make up
atomic nuclei to particles such as A and %, the baryon family has a rich variety of members,
and their properties and structures are directly related to the basic laws of the material
world. According to the differences in quark composition, baryons can be divided into
ordinary baryons containing light quarks (up, down, strange quarks) and heavy-flavored
baryons containing heavy quarks (charm, bottom quarks). Their ground states and excited
states together form a complex baryon spectrum.

The study of baryons is not only an important testing place for the non-perturbative
effects of QCD but also a key to uncovering the nature of the strong interaction and ex-
ploring the evolution of matter in the early universe. However, due to the complexity of
non-perturbative QCD and the difficulty in accurately describing multi-quark systems,
many mysteries about the internal structure and dynamic behavior of baryons remain
unsolved, driving physicists to continuously develop new theoretical models and experi-
mental techniques to explore deeper into the baryon world. Many ground baryons have
been identified. However, a large number of excited baryons predicted by theory have not
been observed in experiments, which is the well-known "missing state’” problem [43,87-89].
Searching for baryon missing states is an important direction in particle physics. The
baryon spectrum is a direct manifestation of the non-perturbative effects of QCD. The
discovery or exclusion of missing states can verify the accuracy of the theory in describing
strong interactions. By comparing the theoretical and experimental baryon spectra, we
can gain a deeper understanding of the interactions between quarks (such as spin—orbit
coupling and color charge interaction). Similar to mesons, baryons may also mix with
multi-quark states [90].

|Baryon) = |qqq) + |99999) + |99q8) + - -

) o ) (41)
|Meson) = |qq) + [9q49) + |98) + - - -

In quark models, a baryon is composed of three valence quarks. The dimension
of the configuration space for color is 3% = 27, and the color singlet picks up only one
state. The dimension of the flavor space is 5 X 5 x 5 = 125, in which there are 27 light
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states, 54 heavy-light-light states, 36 heavy-heavy-light states, and 8 full heavy states,
and the dimension for spin space is 8. However the total anti-symmetrization will reduce
the number of baryon states. For example, there are only 56 light ground state baryons,
8 baryons with spin 1, and 10 baryons with spin 3. The details of the baryon states are
listed below.

4.1. Color

The color symmetry is SUS, and the possible representations for a three-particle system
can be derived by the CG series of SUJ or the outer product of permutation group S3. One
has the following:

Y Y T N I P

— — (42)

3033 =105 B 8ps D8pa D1y.

The subscripts denote the permutation symmetry. S means the state is symmetric
under particle permutation, MS(MA) stands for the state being symmetric (antisymmetric)
only under the particle 1 and 2 exchange, A stands for total antisymmetry under particle
permutation. The physical state must be a color singlet, and the color symmetry of the
three-quark system can only be a color singlet 1.

By using CG coefficients of SU3, or according to Equations (15) and (17), the color
wave function of the baryon can be written as
[r

Xy (a99) = é(gb —bg)+ g\%(br —rb) + b\lﬁwg —gn)]

(43)

(rgb — rbg + gbr — grb + brg — bgr).

Sl- 5

4.2. Spin

According to (19), the spin of the first two particles can be 1 or 0, and then we can
couple the third particle.

1®1_)13
1.1 2 722
§®§—> 0®1—>1 . (44)
2 2

So for a baryon composed of three quarks, its total spin is % or % ; the CG series of SU, gives

el Jel JoL T [ Jo[ [ Jof ||

2®2®2:45@2M5@2MA.

(45)

The spin wave functions X?Ms (qqq) of three-quark system can be obtained with the
help of the CG coefficients of SUp. From the wave functions of two particles and one
particle, one gets 25 + 1 symmetric or anti-symmetric wave functions for different total
spin under the exchange of the first two particles.



Symmetry 2025, 17, 1486 16 of 95
[os] = 8], 5 =3
‘ég(qqq) ’1|2|3 oc|ct>:
X%%(’Mq) ’1|2|3 zx|zx|[3 >:\}§zxtxﬁ+aﬁa+ﬁmx)
1 (46)
K-y (0a0) = |[1]2]3] [« [B]B]) = =(app+pap -+ ppn),
x5 _s(an) = |[1]2]3][B[B]B]) = pBA
[os] = [21],5 = 3
‘;%(qqq) i 2 ‘£ x ‘> = \%(Zaaﬁaﬁzxﬁm),
X7, (qq9) = ; 3‘2 “‘>=\1/§(aﬁw—ﬁw),
T (47)
Xy, (ag9) iz‘gm>=%(wﬁ+ﬁwﬁ—2ﬁﬁa>,
o {3 |falp|\_ 1 _
Xy _1(q99) = B ‘ﬁ ‘>—ﬁ(fxﬁﬂ pap)-

For example, using the familiar CG coefficients, one gets

31 1 1 1 2 11
2= V3]s - 3) + 3] 33)
\/7%,8—#\/7\/7 (af + Ba)a (48)
\/7(1)4&/3 + afa + Baw).
Other spin wave functions can be obtained with the same procedures.

4.3. Flavor
4.3.1. qqq

In the exploration process of particle physics, the study of nucleons, Roper resonances,
and A has always been at the forefront and critical position, which greatly promotes our
in-depth understanding of the microstructure and fundamental interactions of matter.
The nucleus, as the fundamental unit of the atomic nucleus, is composed of protons and
neutrons, and its properties and interactions are the cornerstone of understanding the
structure and behavior of atomic nuclei. Roper resonance, as an excited state of nucleons,
has been a hot topic in particle physics research since its announcement in 1964 [91]. Its mass
is about 1440 MeV and its spin parity is 2 TIts unique properties are of great significance
for testing and improving the theory of strong interactions. However, due to the extremely
short lifetime of the Roper resonance state, precise detection and study of it in experiments
face many challenges. For many years, scientists have attempted to accurately measure
the various properties of Roper resonance through various experimental methods such as
electron nucleon scattering and 7r-meson nucleon scattering, in order to verify theoretical
predictions and reveal its internal structure.
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For a system composed of three light quarks, the flavor symmetry SU{ states can be
expressed as follows:

[ el Jol 1= DH@H ol |

:’ | | ‘@ ‘@ ‘@ , (49)

3®3®3:(6@3)@3:105@8M5@8MA@1A.

The weight diagrams of octet and decuplet baryons under Sllér are presented in
Figures 5 and 6. The coupling processes are also shown in the figures.

There are 27-flavor wave functions for baryons composed of three light quarks, which
can be obtained by using the CG coefficients of the SU3 group, or by finding the irreducible
bases of permutation group S3 in the configuration spaces, they are denoted by X{}] M, (999).
More theory about constructing octet baryons under the SU; group can be seen in [92].

Y Y
2\ ud
2
N
> ® I
S \ §
_% = Q= %
—1 »
=1 v
“o- 7%
Y Y
- AD AT ATT
ddd udd 1 uud T
*— *0 K4
X+ dds 0 .‘uds V. Uusy, 0=2
I3
Husszo Q=1
Q=-1 Q=0 L 0=0
o 1

Figure 5. J© = %+ octet baryons for the partition [21] of S Ug and J¥ = 3t

partition [3] of Sllé[; they come from [2]6, ® [1]3 = [21]g,,s @ [3]10,-

decuplet baryons for the
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Y Y
2 lu
3 Nd %
d'\iﬁv”
I3 ® I3
WA /
= - re=3
ZQ:_g”Q:%
4 Q=1
Y

.
«as

L 00

Figure 6. JP = %Jr octet baryons for the partition [21] of S Ug and flavor singlet [111] of SU; ; they
come from [11]3, ® [1]3 = [21]g,,, & [3]1,-

fl=BL1=3Y=1

X[é]slg(‘VM) ‘1|2|3Hu|u|u‘>:uuu,
Xj[r;]él(qq@: ‘1|2|3H“|”|d‘>=L(Mud+udu+duu),
22 3 -
Kiy-3 (099 = ‘1|2|3"”|d|d‘>:%(udd+dud+ddu),
x{;‘]g 1(q99) = ‘1|2|3Hd|d|d‘>:ddd‘

)([3}11(qqq) = ‘ 1 | 2 | 3 ‘ ‘ u | u | s ‘> = \%(uus—i—usuvLsuu),

x{%lo(qqq) = ‘ 1 | 2 | 3 ‘ ‘ u | d | s ‘> = \k(uds+usd+dus+dsu+sud+sdu),

Xy = |[1]2]3][d][d]s]) = \1[3(dds+dsd+sdd).

(51)
[fl=PBlLI1=3Y=-1
Xg]%%(qu = H 1 | 2 | 3 ‘ ‘ u | s | s ‘> = %(uss+sus+ssu), )
X{;]%,,%(WI) = H 1 | 2 | 3 ‘ ‘ d | s | s ‘> = %(dss+sds+ssd).
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[f} = [3]’IZOIY: -2
Kopolaqn) = |[1]2]3] [s [s s ) =sss. (53)
[f1=P1],1=3Y=1
f 1{2f|ufull_ 1 B B
X[él}% %(‘7‘1’1) 3 ‘ y ‘> = \/E(Zuud udu — duu),
12 d 1
X{Ql]l _y(aq9) : | ;‘ | > = %(udd + dud — 2ddu),
- (54)
f: T3 |ujul\_ 1 _
X[jl}% %(qqq) . | ; ‘> = ﬁ(udu duu)
1 d 1
x{;}l _1(999) 5 3] Z ‘> = 7 (udd — dud).
[fl=[21,I=1,Y=0
X (aa9) = |12 L fu]) - L(Zuus—um,l—suu),
- 3 V6
h = 2‘ d‘ :L2d+2d — usd — dsu — sud — sdu 55
X[21]10(qq‘7) 3 > \/ﬁ( uds us — us ), (55)
n 2]l a[a ]y - s — asd — saa).
Xpi1-1(999) . > \@( s — dsd — sdd)
f _ 3 ‘ u u‘ 1 _ suu)
X[21]11(‘1‘M) = - = \—ﬁ(usu suu),
d 1
7({221]10(‘1@@) = 3 ‘ 1: ‘ > = ﬁ(usd +dsu — sud — sdu), (56)
31/d|d 1
X1 (qq9) = | S ‘> = 5 (dsd —sid).
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f 112 uls 1
X[le]%,% (999) 3 ‘ - ‘ > = %(uss + sus — 2ssu),
f _lrf2fdls|\_ 1 B
XL %(‘VM) = 3 ‘ - ‘> = \@(dsersds 2ssd),
B (57)
f: _ 113 ||u|s 1
X[zzl]% %(’7‘7‘7) ~ 5 ‘ - ‘> = \—fz(uss — sus),
X (gq9) = | 3)la]s]) - L (dss — sds).
S AE V2
[f]=[1,I=0Y=0
fi _[1]2][u]s]\_ 1
X - = —=(usd — dsu + sud — sdu),
21]00(994) 3 ; > \/1( )
e (58)

1
7(][(221]00(‘7’7‘1) — 113 ‘ uis ‘ > = E(Zuds — 2dus + usd — dsu — sud + sdu).

There is a spin—flavor locking for ground state light baryons; flavor octets have 1/2
spin, and decuplets have 3/2 spin. By using the CG coefficients of S3, the wave functions
of the ground baryons (spin—flavor part) are as follows:

For the decuplet:

Kihtysnts (999) = X, (990) Xy 10, (999),

For the octet: (59)
14 1
Xivysms (999) = 7 {X?MS (999) X031 1, (799) + X (999 X311, (qqq)} ,

Coupling four degrees of freedom together, the total antisymmetrized wave functions
are obtained. For the ground state baryons, the coupling is illustrated in the following.

. I T[T [T T e[11T

17 = 1"21°®4% @10/,

- -
L T e[Je[ [ Te[ ],

(60)

1xcvf - 1* ®1C®20®8f.

The octet and decuplet baryons are shown in Figures 5 and 6. In the weight diagrams
of the %+ baryon and the %+ baryon states, the horizontal axis I3 represents the third
component of the isospin, and the vertical axis represents the hypercharge of the baryon
states. For the ground states, all quarks occupy the same state in the coordinate space; only
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56 baryon states are allowed because of the total anti-symmetrization. Based on the SU{™
symmetry and baryon, Dyson and Xuong predicted several possible non-strange dibaryon
states [50]; we will discuss the dibaryon in Section 7.

4.3.2. q9Q

For light-light-heavy baryons, the flavor symmetry analysis only applies to the light
quarks, the flavor structures of singly charmed baryons are shown in Figure 7.

[&[L[EBE}

33 =603.

(61)

The wave functions X{ M, (q9Q) are (Q = ¢, b)
fl=BLr-1y =%
X{Z]ll (qu) = uuQ,
1
Koy10(09Q) = 5 (ud +du)Q, (62)

xhy1(99Q) = ddQ.

f - 12 (63)
Xigy,—1(99Q) = —5(ds +5d)Q
A= 1=0y=—4
XJ[[Z]OO(‘MQ) = ssQ. 64)
1
X{n]l 1(79Q) = —=(us —su)Q,
272 2
f 1 (65)
Xl _%(WQ) = —z(ds —sd)Q
1
X{ll}OO(qu) 72(1/111 —du)Q. (66)
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For the ground state, the anti-symmetrization locks spin % to flavor [2], but spin % can
combine with flavors [2] and [11]. By using the CG coefficients of S3, the wave functions of
ground light-light-heavy baryons (spin—flavor part) are as follows:

Kivnsms (19Q) = X5 g (999)x Ly, (99Q)  (for sexctet),
X nsas (19Q) = Xt (qqq)x{zw, (99Q)  (for sextet), (67)

X(ITI{/IISMS (q9Q) = X?Ms (QW)X{H][MI (q9Q) (for anti-triplet).

0 >+ ¥+
ddc % uccic utic

Q=0

Figure 7. The weight diagrams of sextet and anti-triplet for single charm baryons. (Here we assume
the heavy quark to be a charm quark; if the heavy quark is a bottom quark, the graph will be exactly
the same, only the charge will be different.)

433.0Qq

The spectroscopy of doubly heavy baryons provides a unique window into strong inter-
action dynamics, establishing them as a focal point in contemporary hadron physics. Over
the past two decades, this field has witnessed significant advancements both theoretically
and experimentally. The SELEX collaboration’s 2002 report of the Z/.* baryon marked the
initial experimental endeavor, though its confirmation remained inconclusive [93]. A major
milestone was achieved with LHCb’s observation of E1" [94-96], now officially recognized
in the Particle Data Group (PDG) review [43]. The mass of 2} = ccu reported by LHCb
is 3621.40 4 0.72 MeV, which is close to the theoretical estimated value—3627 £+ 12 MeV,
the same methods were used to predict O, QF., Qpp, and Oy [97,98]. Subsequent efforts
have targeted other doubly heavy states, including ) and QY. [99]. It is believed that
double-bottom baryons &y, or (), can be detected in the near future [100,101].

For heavy-heavy-light baryons, the flavor symmetry is trivial, [f] = [1]. So the charm
and bottomness are used to characterize the states. The anti-symmetrization is applied to
the states with two identical heavy quarks.

The flavor wave functions of x7,; -5(QQq) are as follows:

1 _1 — —0-
I=Ly=1c=2B=0

X11,0(QQq) = ccu,

20(QQq) = ccd.

’

Nl— SN

NI

(68)
X

IR

_1
)
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I=0Y=-%C=2B=0
Xgo,zo(QQQ) = ccs. (69)
_ 1 _ 1 _ _
I=}y=1C=1B=-1
X1, (QQe) = cbu,
P 272 (70)
X1 1 171(QQQ) = cbd
272
I=0Y=-%C=1B=-1
Xho1_1(QQq) = cbs. (71)

X1, ,(QQ0) = bbu,
; 2/2/ -
X1 1, ,(QQq) = bbd.
2/ 727
[=0Y=-%C=0B=-2
Xgo,o—z(QQq ) = bbs. 73)
For the ground state, the anti-symmetrization requires that the C = 2 and B = -2

states can only combine with x§  (q99) or 7. (qq9), not with X7 (qqq). The wave
3Ms 3Ms 3Ms

functions of ground heavy-heavy-light baryons (spin—flavor part) are as follows:

X?}J\[/{LCB,SMS(QQ’]) = X%Ms (WQQ)X{MI,CB(QQQ)/ -
X?}J\[/{I,CB,SMS(QQ’]) = X?Ms (qu)X{MI,CB(QQQ)~

4.34. QQQ

The existence of numerous singly heavy baryons has been firmly established through
experimental studies conducted by the Belle, BABAR, CLEO, and LHCbD collaborations [43].
These observations have significantly enriched our understanding of their mass spectra
and decay properties. A major breakthrough was achieved in 2017 with the discovery of
the X" baryon (ccu) by LHCD [96], marking the first confirmed observation of a doubly
heavy baryon. To date, no triply heavy baryon (e.g., Qccc, Qupp, Qpeer Qi) has been
experimentally observed, leaving this sector of the baryon family unexplored. The ground
states, excited-state mass spectra, and decay properties of fully heavy baryons have been
extensively investigated within various theoretical frameworks like the constituent quark
model, QCD sum rules, Regge trajectories, etc. [102-113]. It is anticipated that experimental
detection of these fully heavy baryons will be achieved in the near future, thereby further
enriching the baryon family.

For fully heavy baryons, isospin is zero, and only the anti-symmetrization is applicable
when there are identical heavy quarks.

The wave functions Xé 5(QQQ) are as follows:

I=0Y=0,C=3B=0:

x5 (QQQ) = ccc (75)
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I=0Y=0C=2,B=-1

X3_1(0QQ) = ccb. (76)
[=0,Y=0C=1B=-2

X ,(QQQ) = bbc. (77)
I=0,Y=0C=0,B=-3

Xh_5(QQQ) = bbb. (78)

For the ground state, the anti-symmetrization requires that all the fully heavy baryon
states can only combine with x5 = (qq9) or 7., (499), not with X7~ (9qq). The wave
3 Ms 2 Ms 3 Ms

functions of ground fully heavy baryons (spin—flavor part) are as follows:
X sms (QQQ) = X5, (790)1L5(QQQ),

. f (79)
XCB SMS(QQQ) X%lMS (qu)XCB(QQQ)-

If the flavor symmetry is extended to Sllir or su{ , the flavor symmetry of the baryon
is as follows:

4044 =205D20ps D20pa D44,
5055 =235¢D40)5s D40p4 ©104.

(80)

Baryons in SUA{ flavor symmetry is demonstrated in Figure 8. Compared with light
baryons, there are additional states, Z.. If SU%: symmetry is a good one, then Z. and &/ will
not be mixed. It is well known that the Sllg symmetry is broken, so the mixing between
these two states is inevitable. So far, the mixing angle is not fixed experimentally, and
several methods have been proposed to determine the 5, — E] mixing [114-117]. A recent
work indicated that the QED contribution to &, — E/ mixing is smaller than the mass
difference between the strange and up/down quarks [118].

The 20,;-plet baryons. The 20g-plet baryons.

Figure 8. Ground baryons under SU{ flavor symmetry [43].

For the light quarks, the spin and flavor symmetry can be combined to form a group
Sllg 7, then, the light baryons with Sllg 7 flavor-spin symmetry are as follows [119,120]:

686X 6 ="565® 7004 D 70ys S 204. (81)
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The flavor-spin contents in Sllg 7 can be obtained by the S3 CG series (the first digit in
parentheses represents flavor symmetry, and the last digit represents spin symmetry).

565 = (10,4) & (8,2),
70p = (10,2) & (8,4) © (8,2) @ (1,2), (82)
204 = (8,2) @ (1,4).

The ground state baryons belong to 565. The excitation in coordinate space must be
involved for other representations. For example, if we put one quark in p-wave orbit
(L = 1), then one has states with negative parity. Now the symmetry in coordinate space
[21] ([3] is for the states with center of mass motion in p-wave), and its combining with [21]
symmetry in flavor-spin space gives symmetry [3] in coordinate-flavor-spin space. At last
the symmetry [3] combines with [111] in the color space and gives the symmetry [111] of
the system. To describe physical states, it is better to combine orbital angular momentum
with spin first, and then the following possible negative parity states can be obtained [67]:

1 13-
10,2) 2 ®1— = >
(10,2) S ®1—7 .5

3 1- 3~ 5-

(8,4) 5015 .5 >

70 1 1- 3- (83)

2) —@1 2 2
(82) ;@127 .3
1 1~ 3~
(L2) ;81— 5 2

Similarly, when c-quarks are introduced, spin and flavor symmetry can form SU{; 7
8®8®8 =1205 ® 16814 D 1685 © 56 4. (84)

The flavor-spin contents can be extracted by using the CG series of the permutation group
S3. The results are shown below [121].

1205 = (20,4) & (20,2),
168, = (20,2) © (20,4) © (20,2) © (4,2), (85)
56,4 = (4,2) & (20,4).

The results of the ground baryons from the light quark sector to the heavy quark sector
with mass formula Equation (4) are shown in Table 4. The mass formula gives us a rough
baryon spectrum. More precise calculations of the baryon spectrum with other theoretical
methods such as quark models [122-124], the Faddeev equation [125-127], the QCD sum
rule [128], Regge theory [129-131], and Lattice QCD [132] can be seen in the references.

The masses of both the radial excitations and the ground state masses of the baryons
are required to conform to the spacing rule. The Gell-Mann—-Okubo mass formula is
satisfied as follows [1,133-135].

For light baryons:

%[mN(uud) + mg(ssu)] = %L[Sm,\(uds) + my (uus)). (86)

For single heavy baryons:

mZQ + mQQ = ZmEQ.
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Here, with the help of CERN routine MINUIT, we try to fit the masses from N to &;
according to their well-established values from PDG [43]. With the determined parameters,
we calculate several other baryons without experimental values and compare them with
some theoretical predictions.

Diquarks are often used to simplify problems for systems composed of more than two
particles [136]. In the diquark model, two quarks are approximated to be a single particle,
which may have a lager size and a form factor [137]. The light diquarks, heavy-light
diquarks, and doubly heavy diquarks are investigated with Regge trajectories, and it is
expected that the Regge trajectory can provide an easier way to study baryons, tetraquarks,
and pentaquarks in p-mode excitations with diquark pictures [138-140].

Regarding color structure, a diquark in the color-antitriplet representation (g4)s is
regarded as “good” on account of its attractive confinement potential [141]. In contrast,
the color-sextet (44q)¢ (the so-called “bad” diquark) shows repulsive interactions. It is only
the color-singlet configurations that are physically acceptable. The color-sextet ()¢ and
color-antitriplet (¢q)5 is marked in Figure 9.

Table 4. The parameters and masses of ground state baryons.

Parameter |Mj Xq X3 X3

983.144+0.72  28.401 +0.11 1.5894 + 0.14 —215.51+£0.26

X X, Xy

525304022 1277.7+037  —4529.1+0.37
Baryon [Y I ] [f] Theo. Exp.[43] Refs.[142,143]

(hypercharge) (isospin) (spin) (flavor) (MeV) (MeV) (MeV)
N 1 3 3 [21] 965.49 + 1.86 939.00 936.25 4+ 0.22
A 0 0 3 [21] 1154.744+1.49  1116.00 1114.15+0.5
X 0 1 3 [21] 1259.80 +£1.94  1193.00 1169.18 4 0.15
= —1 3 3 [21] 1396.514+1.86 1315.00 1317.16 £0.13
A 1 3 3 [3] 129826 +3.62  1232.00 1234.82 +0.81
* 0 1 3 [3] 1434.97 +3.03  1385.00 1427.46 +0.35
= —1 3 3 [3] 1571.68 £2.96  1530.00 1565.26 +0.15
Q -2 0 3 [3] 1708.39 +3.33  1672.00 1676.20 £0.15
Ac z 0 3 [11] 218830+ 1.69 2286.00 2254.48+0.31
e z 1 3 2] 240696 +£2.53  2455.00 2474.41+0.25
B -1 3 3 [11]  244758+1.74 2471.00 2433.35+0.30
&, -1 3 3 [2] 2561.19+£219  2576.00 2574.37+0.23
Q, -3 0 3 [2] 2715414238  2695.00 2679.37 +0.20
o -3 0 3 [2] 272017 £2.81  2770.00 2755.37 + 0.24
Qe -2 0 3 [1] 375339 +£2.06 - 3738.20 + 0.20
QF -2 0 3 [1] 3758.15+249 - 3822.20 +0.22
I z 1 3 2] 2411.73+£2.96  2520.00 2551.43 +0.25
BE -3 3 3 [2] 2565.95 £2.61  2645.00 2648.38 +0.25
Ay 2 0 3 [11] 5439.67 +1.69  5620.00 5626.52 = 0.29
) z 1 3 [2] 5658.33 +2.53  5813.00 5856.56 & 0.27
o -3 3 1 [11] 5698.95+1.74 5797.00 5771.41+0.24
=/ -1 3 3 [2] 5812.56 £2.19  5935.00 5933.47 +0.24
o} -4 0 3 [2] 5966.78 +2.38  6046.00 6056.47 = 0.20
Q; -3 0 3 [2] 5971.55+2.81 - 6085.47 + 20
Qpp -3 0 3 [1] 10,256.13 +2.06 - 10,273.27 + 0.20
Q;, -3 0 3 [1] 10,260.90+2.49 - 10,308.27 4 0.21
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Table 4. Cont.
by Z 1 3 [2] 566310 £2.96  5832.00 5877.55+0.27
g -3 3 3 [2] 5817.32£2.61  5945.00 5960.47 +0.25
Qeee 0 0 3 [0] 482233 +236 - 4796.8 +0.18
Qeep 0 0 3 [0] 806893 +£1.94 - 8007.9 4 0.20
r, 0 0 3 [0] 8073.70 £2.36 - 8037.9 4 0.20
Qe 0 0 3 [0] 11,32030+1.94 - 11,195.9 +0.20
Qe 0 0 3 [0] 11,325.07 +2.36 - 11,229.8 40.20
Qi 0 0 3 [0] 1457644 +2.36 - 14,366.9 £ 0.20
Y Y
dd ud uu u
\ / / K
I3 I
ds us g LA Y
SS

Figure 9. The weight diagrams of scalar diquarks and vector diquarks.

5. Tetraquark

Tetraquark states are exotic states. Although they are predicted in Gell-Mann and
Zweig’s work [2], they are not confirmed experimentally so far. Since the Belle collaboration
reported their discovery about charmed X (3872) close to the DD*? threshold in 2003 [25],
the tetraquark has always been one of the focuses in hadron physics. About ten years after
the discovery of X(3872), another charmonium-like state, Z,(3900), was reported by two
independent collaborations (BESIII and Belle) and corresponds to the partner of Z;(10610)
in the charm quark sector [144-147], which lies near DOD** mass thresholds and may imply
the existence of a virtual DD* molecule-like structure [148-151]. Its true nature and internal
configuration continue to be debated [6,152,153]. BESIII also reported the Z.(4020) in the
7t h, mass spectrum corresponds to Z;(10650) in the charmed sector [144,154]. Besides
the molecular state structure, another possible explanation is the diquark-antidiquark
structure [155-157].

The LHCb collaboration’s recent detection of the doubly charmed T} (3875) state
close to the D** DV threshold in the D’D°7r* invariant mass distribution represents an
important breakthrough [158]. Subsequent analysis of the T (3875) state uncovers its cciid
quark content, establishing it as a tetraquark with a double-charm quark [159-162] instead
of a hidden-charm state (like X(3872)) with a c¢ pair. The nature of the T (3875) state
is theoretically ambiguous. Several theoretical interpretations exist, such as a compact
tetraquark [163-167], a hadronic molecule [168-173], and a virtual state [174-176].

The observed X(3872)(D°D*?), Z.(3900)(D°D*+), Z.(4020)(D*°D**), Z.s(D°D;+)
and T (3875)(D°D**) with diverse quark compositions all reside near two-meson thresh-
olds, in contrast to Z.(4430), Z.(4220), and X(6900), which lie significantly above the
threshold energies. This dichotomy implies observations of both threshold-proximate
hadronic molecules and compact tetraquark structures [177]. These phenomena of
tetraquarks offer a unique chance to investigate the non-perturbative aspects of strong
interaction dynamics by thoroughly examining their characteristics and configurations.
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In quark models, it is easy to construct tetraquark states. Because of the color-singlet
requirement, a tetraquark state must be two quarks and two antiquarks. The dimension of
the configuration space for color is 81, and the color singlet picks up only the state with
color symmetry [222]. The dimension of the flavor space is 5 x 5 x 5 x 5 = 625, in which
there are 81 light states, 216 heavy-light-light-light states, 216 heavy-heavy-light-light
states, 96 heavy—heavy-heavy-light states, and 16 full heavy states, and the dimension
for spin space is 16. However, the total anti-symmetrization will reduce the number of
tetraquark states.

For multi-quark systems with n +m > 3, there are at least two ways to construct
the wave functions; one is called the physical basis, and the other is called the symmetry
basis. The physical basis is constructed as follows (taking the tetraquark as an example):
first, one quark and one antiquark are coupled to form a meson; the remaining quark and
antiquark form another meson; secondly, two mesons are coupled to form the bases for the
tetraquark system; at last the antisymmetrization operator is applied to the bases if there
are identical particles. For the symmetry basis, first all quarks are coupled together, as are
antiquarks; secondly quark clusters and antiquark clusters are coupled to form the bases of
the tetraquark system. In this case, the anti-symmetrization operator is not needed because
the antisymmetrization requirement has been imposed (the irreducible representation of
four degrees of freedom is [1/]) in constructing the bases of the quark (antiquark) clusters.
Clearly, two bases are related by a unitary transformation. The transformations have been
given for pentaquark systems [178] and hexaquark systems [179], and the transformation
between physical bases ¥4 (94q7) and symmetry bases ®,x (7%4%) for tetraquark systems
are given below.

Yue(9997) = Y. Coi{CCC}y{CCC}siPux(4°F). (87)
oo fo

where 9j-coefficient re-coupling coefficients are among four representations.

1 €2  Cqg 11 12 Iqq jl j2 ]qq

ng = Cc3 C4 Cqg 13 14 Iqq j3 j4 ]1717 ’ (88)
Cq9 Cq5 € Iyg Igg I Jog Jag T
 vgleaalligg ) Ll U ol Yool

{CCChag = Cioyliey sl usltestins) Claa 4 sl 5510 i v v (89)
 vglealeas ) Ll Ui ol Varlan

{CCCYar = Chcallual vallcatinn) Clil ol sl ) Clfalvara Falvaty (90)

In the above equations, v;, ¢;, i, fi, Y;, I, j; are representations of the i-th particle in co-
ordinate, color, spin—flavor, flavor, hypercharge, isospin, and spin spaces. The coefficients in
Equations (89) and (90) are called isoscalar factors of group chain SU,,, D SU,, x SU, [70].
For the two-particle case, isoscalar factors are very simple, and they take values 0 or 1.

In the present article, the symmetry bases are used.
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5.1. Color

For a tetraquark system composed of two quarks and two antiquarks, the color
symmetries for two quarks are as follows:

[ el 1= DH@H,

303= 65®3,.

1)

Similarly, the color symmetries for two antiquatks are as follows:

0°0" o
— ©2)

Coupling two quarks and two antiquark together, one has

(DH@H)® N

_ [ e ol | lo 6 |
® [T e o o 93)
CESIENNER)

= ([2] & [11]) ® ([22] & [211])
= [42] @ [321] @ [222] @ [33] @ [321] @ [411] @ [321] @ [321] @ [222]
(6D3)®(6D3)=270801D10H8D10D8D8D 1.

(94)

The color singlet picks up [222], which comes from [2] ® [22] (65 ® 6g) and [11] @ [211]
(34 ® 34). The wave functions for two-quarks are as follows:

1 1
Xy (aq) =1t X(a0) = 5 0Han) Ky lan) = (b4 br)
1
X (19) = 88 Xpy(a9) = 7580+ b3) X5 (29) = bb (95)

1 c 1
Xﬁl] = ﬁ(rg - gr) X[fl] T(Tb b?’) Xﬁl] = \ﬁ(gb — bg)
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The similar expressions of wave functions for two antiquarks are as follows:

Xip (90) =77 X (00) = = =8 +87) X3 (90) = 5T +b7)
X (39) = 33 X2 (09) = == (80 +58)  X[3y(q0) = b (96)

The color wave functions for a tetraquark system can be obtained by consulting the
CG coefficients of SU3 and the above wave functions for two quarks and two antiquarks:
it reads

Xty () = 7= (X3 )8y (00) — X5 (90)05 (90 + 253 )3y 00
{3 (90X (30) — X3, (9003 (30) + X (90) (3, (30) ) 97)
X (9097) = \}3 (xﬁl] (39X 2111 (@7) — X1y (@)X 310y (9) + X3y (9D Xy, (675))-
The line or tilde over gq (77) means that the wave function is symmetric or antisymmetric

under the permutation of quarks (antiquarks).

5.2. Spin

For a tetraquark system composed of four quarks, its total spin is 2, 1, 0.

D@D@D@D

_ (m@HMDj@H), o

S N O A O = A I

Nelle1o1] =431 e [22]®[31] @ 31] ® [22] ©9)
2®2®202=5030103030D1L

The spin wave functions of 477 system can be setup from the wave functions of two
clusters according to Equation (19) and with the help of the CG coefficients of SU,. To save
space, only the wave functions x¢,, with component Mg = S are given below.

Xg%(ﬁ‘?q) :X({,l)C(lT’l = KOKK. (100)

lo4] = 31,5 = 1:

o 1
X171 (7999) =7 xT1xT0 — xT0x74]
1

v owc\lﬁ(txﬁ + Ba) — \k(zxﬁ + Bov)aw

:%(Maxﬁ + afa — afan — Panw).
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X5 (@aa) = x{1xto
= oax\%(aﬁ — Ba) = é(azmﬁ — anfu). (101)
X (qaqq) = X00X11
= \16(04% — Ba)an = é(aﬁmx — Baan).
(4] = [22],S =0:
01 (=== ]' g o g g a
Xo0(@997) = ﬁ [XT1x7, 1 = XToxT0 + X1 -1x11]
7 anpp — \[(aﬁ + pa) f(vcﬁ + pa) + Ppan
\1ﬁ [2aapp — aPapf — afpu — Banp — Pafu + 2pPax]. (102)
X06(4999) =x6,0X60
=5 (@p — ) = (wf — p)

=5 (apap — appa — paap + papa).

I\)\P—‘

The permutation symmetry with respect to quark exchange is symmetric for the
. 0| (—== 0] (=== 0y (— == 01 (—== . .
wave functlgls Xo5(9997), X1 (9999), x131(9999), x00(q999), antisymmetric fL)r wave fuﬂc—
tions 17} (4937) and x5 (7797), while the wave functions x5} (7937), X1} (797), A1} (4434),
Xoy(7999) are symmetric under the antiquark exchange and antisymmetric for wave func-
tions '} (7947) and X3(q977)-
5.3. Flavor

5.3.1. qq44

In the light quark sector, discriminating experimental signatures of authentic
tetraquark (gqgj) states from ordinary g§ mesons remains inherently difficult, and the
nature of light scalar mesons o/ f,(500), f5(980), x/K;(700) and a(980) remain unde-
termined in experiment and theory. The mass of a7(980) and f,(980) is close to the
threshold of KK; whether they are conventional two-quark g or exotic tetraquarks is
still controversial [180-187]. Investigating possible 4((980)(I = 1) and f,(980)(I = 0)
mixing would offer crucial insights for constraining hadronic models and optimizing
their parameter sets [188,189]. D — a((980)71 modes observed by BESIII in the decays
of D — ntn~n and Dt — 77 7% provided strong support that ay(980) can be well
explained with the tetraquark model a((980), which serves as an intermediate state in
the three-body D decays of D — a(980)P — P;P,P (where P represents a pseudoscalar
meson) [190,191].

Y (2175) was assumed to be a possible candidate with an s5s5 component in the light
quark sector with J’C = 17~. It was first reported by BaBar collaboration in e*e~ —
$(1020) fo(980) [192-195] and then confirmed by BESII [22], BESIII [196,197], and the Belle
group [198]. Y(2175) can be well explained as s5s5 by constructing tetraquark currents to
perform QCD sum rule analysis [199-201].
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For the light tetraquark system, the flavor symmetry Sllér classifies 81 states into the
following multiplets:

D®D®H®H
= I:I:‘@H b2 S3) ‘

L (103)
_ [ s ol | Jof [ [ 1]

® o @ o o

@[] [1]e[11] =([2]s @ [11]4) @ ([22]s @ [211]4)
=[42]ss @ [321]5s D [222]55 ® [411]54 D [321]54D (104)
[321] a5 @ [33] as ® [222] 44 D [321] 4.

30333 =2755D 855 P1LssP10sq D854 P8asDP104s BPLlpg D8apn. (105)

The subscripts in Equation (104) denote the permutation symmetry under the quark (an-
tiquark) exchanges. Generalized to the flavor symmetry SU,, the coupling is depicted in
Figure 10.

ai | by

2 Jai [bu]

5 | ba

‘;2 “5 ‘3 -
s

=
E

Figure 10. The coupling of 2g + 247 for SU,, symmetry [202].

The flavor multiplets for tetraquark system are shown in Figures 11-14. Several
multiplets appear more than once; we do not list all the possibilities. It is worth noting
that the tetraquark states labeled next to each point in the weight diagram Figures 11-14
only represent a possible quark compositions corresponding to that point. The authentic
flavor wave function is a linear combination of possible contents (e.g., uuds, uusd), and for
simplicity, we did not label the combination on the diagram because some combinations



Symmetry 2025, 17, 1486 33 of 95

are rather long. The specific flavor wave function is determined based on isospin and its
third component, as shown in Equations (108)—(119). For example, in Figure 11, 27-plet
states form the 27-dimensional representation of [42]; for states with I =1, M; =1,Y =2,
its quark content and flavor wave function are both uu33, corresponding to Equation (111).
For states with [ = %, M = %, Y =1, its flavor wave function is Equation (109), but we
only marked uu3d in Figure 11.

The wave functions of tetraquark systems can be obtained from the wave functions of
quark-quark clusters and antiquark-antiquark clusters by using the CG coefficients of SUs.
The nine wave functions )([f filli My, (qq) for gq cluster are as follows:

XJ[;]H("VI) = uu {}10(qq) T(Md—i—du) Xj[;]l—l(qq) = dd

Laan) = S=us+su) ayy () = =(ds+sd) acyla) = 55 (106)
X[Z]%r% M) = V2 Xm%,—% 79 V2 Xjo0\11) =

L) = —=(ud = du) |, ~ L us—s) o S e

Xpinyo(99) = = (ud —du) - xp,,11 1 (44) = ﬁ(us su) Xy, (09) = ﬁ(ds sd).

Similarly, one has the following nine wave functions )({ oM, () for g cluster:
2

X[ZZ]ll (17‘7) = d. X[zz]lo(qq) _72(12‘1_4' _ﬁ) [22]1 1(’7‘7) ui

N N N SNy A

Xiza)3,3 00 = —7(d5+sd3 Xy, (00) = 5 (85 +5) - i) (79) = 55 (107)
I S f 1 f N

X[211}Oo(qq) 72<ud - Ll) X[211]% %(‘M) ﬁ( 5= Sd_) X[211} 7% (‘7‘7) - _ﬁ(us - SM)

According to the flavor symmetry SLIéf , the quark pairs uii, dd, s3 will be mixed up.
But mixing in the existing hadrons is very small, so we do not give the wave functions
with S Ug symmetry; instead, the wave functions X{ My (3997) (M = 1) with SU7 x uy
symmetry are listed below.
I=2,M;=2Y=0

XJ2(12,O (qqq7) = Xj[[z]u (qQ)X{zz]n(qq) uudd. (108)
I=3,M=3Y=1
1, . _
X @70) = Ky (90X 1 4 (00) = == (uuds + uusd),
o ek V2 (109)
o f o IR ST
X331 @990) = Xy (DX (g3 1 (00) = 5 (uuds — uusd).
I: %/MI = %/Y: _]-
Xfl (9999) = f (99) f (3q9) = —(usd_d_—O— sudd)
%,%,71 9999 X[Z]%,% 99 X[ZZ]]l qq9 \[ ’
(110)
f: ~== __f f _ - -
X33, 097 = Xpy1,1 (99)X (2111 (90) = T(Mde — sudd).
[=1,M;=1Y=2
X{ll,Z(Wﬁ) = {]11(1151)?(/[[22]00( 7q) = uuss. (111)
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uu
ds
I
uu
o 7 )
=-3 Q=3
Q=-2
Y
ddss 2 | udss Uuss

=i
=i

uu

. 0.

Figure 11. The 27-plet states of tetraquarks for partition [42] and 8-plet states of tetraquarks for
partition [321], and singlet for partition [222]. They come from [2]s ® [22]s = [42]ss @ [321]ss @
[222] 55, and the corresponding dimension is 65 ® 65 = 2755 P 855 B 1ss.
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Figure 12. The 8-plet states of tetraquarks for partition [321] and 10-plet states of tetraquarks for
partition [411]. They come from [2]s ® [211] 4 = [321]g4 @ [411]54, and the corresponding dimension

is65®34 =854 ©10g4.

Y

wIN

AN
RN

Q=2 Q=1 Q=0 Q=1
Figure 13. The 10-plet states of tetraquarks for partition [33] and 8-plet states of tetraquarks for
partition [321]. They come from [11] 4 ® [22]5 = [33] 45 @ [321] 45, and the corresponding dimension

is34 ®6g5 =1045 P 845
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Y Y
u
3ld
[Litd % ttitu
I ® g S I3
5 - i s Cgo2
_2]|%s 5
3
Q= _% Q= % Q= _%
y U

LQ=-1 Q=0

Figure 14. The 8-plet states of tetraquarks for partition [321] and singlet state of tetraquarks for parti-
tion [222]. They come from [11]4 ® [211] 4 = [321] 44 D [222] 4 4, and the corresponding dimension is
34034 =844D1y4.

I=1,M=1Y=0

Xl o(7977) = \2 (1190 p2110(30) = X090 11 (30|
= —%(uuﬂd_—i- uudi + uddd + dudd),
b oT70) = 2y (000 00) = 75w — i),
X0 @70 = Xy 4 Dy 3 (07) = =5 s+ ussd + suds +susd), .
Xﬁ,o(Wq?T) = X{z]%,% (qq)xj[;ll]%,% (39) = %(usd_s? — ussd + suds — susd),
R0 = X1 4 DXy 4 (00) = =5 (s + ussd — suds —susd),
X{?,o(‘fqiq) = X{l”% %(W)X{zm%,% (q9) = %(usdﬁ — usdd — suds + susd),
X0 (GT0) = Xy1100(00 K g2 (77) = —= (uddd — dudd].

I=1,M;=1Y=-2

X0, -2 @078 = Xjoo (09 X oy () = ssdd. (113)
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Az — 2 f f - 1 f o (az
X11,(007) = \@x[z]ll(qq)x[zz]%_%(qq) - \@xm(qq)xm} (q9)
1

= —— (2uuiis + 2uusii + udds + udsd + duds + dusd),

12
o 00 = ) 2 00Ky 00— ooa0lyy ) @)
X%,%,l q9q9q) = 3?([2]11 99 X[le]%f% qq X210\99 X[ZU}%% qq
= L(Zuuus — 2uusil + udds — udsd + duds — dusd),
12 (114)
X (@) = 11 1 (00X (0) = (5SS + sus9)
b 213,499 X 2o 2 '
fo =y S P
X112 \0950) = X311 (99)X 3100 (90) = 75 (1555 — 5us5),
_ - 1
X512 070) = Xrajo0 (400X g 1 (37) = —5 (uddS + udsd — duds — dusd),
fo (= _ . f o 1
X3 3,1 9990) = Xiajo,0 (49 Xipynyy, 4 (99) = 5 (udds — udsd — duds + dusd).

T f fo(aa) — 1] 2 A S f .
@ = \ oy o) — 2y (0000

=75 (usiid + usdit + 2dsdd + suiid + sudii + 2sddd),
Xy @830 = Xy 1 (09X 1100(0)
11 q9499 23,1 99)X1211)0,0\949
%(usud — usdii + suiid — sudit),
f3 === _ . f f -
X1 1, 900 = Xioj00 (00X 51 1 (70)
= —\2(ssd_§ + ss3d),
11
X3ty @030) = Xago oADKy, (0) "
11 9999 20,0\79 211)3,1 q9
\1@(55(15 —ss8d),
O 1 _ 2 _
x’;%,_l(qqqq) = gxﬁl]%,%(qq)xf;mo(qq) - \ﬁxﬁl];_%(w)xﬂzpl( 17)
= —\/1172 (usiid + usdil + 2dsdd — suiid — sudii — 2sddd),
Xy 230 = Xy 3 GDX11j00(39)
Pin 3.4 90X g0 (99
%(usud — usdii — suiid + sudil).
[=0,M;=0,Y =2:
X002 (G970 = Xy1100(99) X100 (37) = 7<ud§s- — duss). (116)

I[=0,M;=0Y =0:
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__ 1 N - N
b 0 (7977 = \[3 (1100 g1 1 (30) = Xay10(00) oy 10(00) + Xy 1 (9011 (30) | (117)
112 (2uuiti + udid + uddi + duid + dudi + 2dddd),
Ja—— 10 5 f 77) — 1 f -
Xo0,0(7997) = \[2 [ X, DX 1 1 (00 = Xpyyy 1 (99)X 3 1 (qq)]
= 18 (usiis + ussit + dsds + dssd + suiis + susi + sdds + sdsd),
R L f N f -
Xoo,0(7997) =/ 5 [ X1, DX 11,1 D) = X1 1 @DX 11 4 (qq)}
= —is(usag — ussil + suils — susi + dsds — dssd + sdds — sdsd),

(@@ = - 118
00,0 F90) = X1100(99) X[22)00(79) = 5555, (118)
fs (== _ J11f f N f f __

X00,0(7999) = \[2 [x[n];,;(qq)xm];/;(qq) — x[n]%,,%(qq)xm}% ;(qq)}

1 _

(ustis — ussil + dsds — dssd — suiis + susii — sdds + sd3d),

V8
I o - ;o
Xj[(11]00(q‘7)7fj[(211]00(q‘7) = E(udud — uddii — duid + dudii).

>
o
S
=}
—
=
-
-
-
N~—
I

I=0M;=0Y=-2

b2 T70) = o0 (40X 1100(7) = 5 (ssiid — st (119)

If the ground state in the coordinate space is imposed, the allowed states are listed in
Table 5. We can also get the following decomposition in the flavor—spin space with Sllg 7
symmetry [203-206]:

[1] ® [1] ® [11111] ® [11111]

=[42222] & [422211] & [33222] & [332211] & 4 * [322221] & 2 * [222222], (120
606266 =405@2803280H189 @4 %3502+ 1. (121)
The flavor-spin contents in the given symmetry of Sllf 7 are as follows:
405 = (1,1) & (1,5) © (8,5) © 2(8,3) @ (27,1) & (8,1) ® (27,3) @ (10,3) & (10,3) & (27,5)
280 = (10,5) @ (8,5) @& (27,3) @ (10,3) ©2(8,3) & (10,1) & (10,1) & (8,1) & (1, 3)
280 = (10,5) & (8,5) © (27,3) & (10,3) ©2(8,3) & (10,1) & (10,1) & (8,1) & (1,3) (122)
189 = (8,5) ® (10,3) ¢ (27,1) ¢ (10,3) ©2(8,3) ® (8,1) & (1,1) & (1,5)
35 =(1,3) & (8,1) & (8,3)
1=(1,1)
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Table 5. The allowed ground states for given isospin and spin. The numbers ijk in parentheses are

. . . . i i k
the indices of color, spin, and flavor wave functions, x“, 7(2\45 and )({ MY

I 2 2 3 1 1 1 3 : 0 0 0
Y | 0 1 -1 2 o -2 1 -1 2 0o -2
S=2/ (211) (211) (211) (211) (116) (211) (116) (116) -  (116) -
(211) (211) (211) (117)
(213) (213) (213) (211)
(212)
(214)
S=1| (211) (132) (122) (211) (116) (211) (116) (116) (121) (116) (131)
(211) (211) (125) (124) (125) (231) (117) (221)
(222) (232) (127) (125) (132) (125)
(132) (132) (134) (133)
(134) (211) (211) (211)
(211) (213) (213) (212)
(213) (222) (222) (214)
(222) (234) (224) (223)
(224) (235)  (235) (235)
(235)
(237)
S=0| (121) (121) (121) (121) (116) (121) (116) (116) -  (116) -
(211) (211) (211) (211) (121) (211) (121) (121) (117)
(123) (123) (123) (121)
(211) (211) (211) (122)
(213) (213) (213) (124)
(226) (226)  (226) (211)
(212)
(214)
(226)
(227)

5.3.2. Qqgq

For the tetraquark system with one heavy quark, the flavor symmetry SUé[ classifies

27 states (as an example, the heavy quark is fixed to the first position here) into the

following multiplets:

D®H®H

[ e

(123)
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e 1) e 11 =[1) @ (22s @ 211],) -

=[32]_s ®[221] s ® [311]_4 ® [221]_4
303®3=15_sP3 sB6_4D3_4. (125)

The symbol “—" in the subscripts means that there is no permutation symmetry under
the quark exchanges. The weight diagram of Equation (125) is shown in Figures 15 and 16,
it should be noted that the flavor symmetry we used in this article is Sllér . In the multi-
quark diagram later, we did not mark heavy quarks. If we want to add heavy quarks,
corresponding changes need to be made to the charge and hypercharge.

For Qg cluster, the possible three wave functions X£ My, (Qq) are as follows:

X];% (Qq) = Qu,
XJ; _1(Qq) =Q4, (126)
Xoo(QQ)

Using CG coefficients of SU3, and combining Equations (126) and (107), the wave
functions of the Qg7 systems can be constructed and listed as follows.

3 3
I=3M=3y=-1

Xiy 1 (QaEl) = X} 4 (Q0)x{py, (99) = Qudd. (127)
I=1L,M=1Y=%:
Xﬁ/z(QQﬁ) :X{ l(QQ) 2L, 1(3q) = T(Quds + Qusd),
23 ) 272 272 (128)
Xiy3 (Q0) =] | Q0 (D) = —=(Quds — Qusd).
I=1L,M;=1Y=-%
x{l +(Qa77) = xOo(Qq) Xiaapr1(9) = Qsdd. (129)

(Q9)X110,0(77) = Quss. (130)

1 2
x’;% _1(Qaaq) = 4/3x ’;%(Qq)xmlo( 1) — gxf;_%(Qq)x{zz]l,l(W)
_ —%(Q id + Qudii + 2Qddd),
12 A f aa
X%’%,_%(Q‘WQ) = X%,%(QQ)X[QH]OO(‘W)
1 -
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f1 — _ |l foofan 2 f fooa
X%’%ﬁ%(Qqqq) = \/;X%’%(QQ)X[H}LO(‘M) - \/;X;,%(QQ)X[zzm(W) (131)

= ———(Quid + Qudii +2Qddd),

Il |
o
Ny
—
@)
wn
2y
W
|
Q0
w
W
_
\'_/

Il
N —

@)
=

=i

%]
+
@)
=

»

AN|
+ ~
@)
QU
S
+
@)
o
&

= (Js55
I=0,M;=0,Y=-}%
xéé{,% (Qd) = x4,0(Q0)Xly11100(70)
1 o (133)
= —(Qsiid — Qsdii).

V2

The constraint of ground state (the wave function of the antiquark pair is symmetric
in the coordinate space) only comes from the antiquark part. For example, in the spin 2 and
isospin 3/2 state with color symmetry [11], the anti-triplet is allowed. We do not list them
one by one here to save space.

5.3.3. 997Q

For the tetraquark system with one heavy antiquark, the flavor symmetry Sl,Iér classi-
fies 27 states (as an example, the heavy antiquark is fixed to the fourth position here) into
the following multiplets:
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Figure 15. The 15-plet states of tetraquarks for partition [32] and 3-plet states of tetraquarks for
partition [221]. They come from [1]_ ® [22]g = [32] _g & [221] _g, and the corresponding dimension is

3_.®65=15_5D®3_g.
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Figure 16. The 6-plet states of tetraquarks for partition [311] and 3-plet states of tetraquarks for
partition [221]. They come from [1]— ® [211] 4 = [311]_ 4 @ [221]_ 4, and the corresponding dimension

is3_®34 =6_4PB3_4.
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ele] (Dj@@ o]

LI T el e o (134)

3®3®3=155_®35_Pby_ B34_.

1 “u_m

The symbo in the subscripts also means that there is no permutation symmetry under
the antiquark exchanges,the diagram of Equation (134) is displayed in Figures 17 and 18.

For §Q cluster,the possible 3 wave functions XJIZ M (7Q) are as follows:
1

Yy, @Q) = dQ,
Xf%ﬁ% (4Q) = —1Q, (135)
Xo(7Q) =50

Using CG coefficients of SU3, combine Equations (135) and (106), and the wave
functions of the gq4Q systems can be constructed and listed as follows.

_ 3 _ 3 1
I_leI_QIY

= 3:
Xy @3Q) = Xy, (49)x] , (9Q) = undQ. (136)
I=1,M=1Y=-1%
= - 1 = =
X2 @1Q) = Xy 1 (40)x)  (0Q) = 5 (usdQ + 5udQ),
(137)
2 ~_~\ _ f foaAy 1 -~ -
X1p_2(q99Q) = X1 1 (q9)x1 1(9Q) = —=(usdQ — sudQ)
11, (11]3,5 2/2 2
I=1,M=1Y=3}
Xy 3 @7Q) = Ky, (10)cho(7Q) = wuse. (138)
I=3 M =3Y=-3
Xyy s @Q) = Koo (a0)x] , (4Q) = ssde. (139)

= 2 - -
Xy, @Q) = \@x{z]l,l (a9, _,(1Q) - ﬁxmmwmg ,@Q)
= - \}6 (2uuiic + udde + dudc),
A - 1, __
XA @aQ) = xly 1 (a9)xhp(aQ) =/ 5 (usse + suse), (140)
27273 [2]2'2 2
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- - 1,
X (§2aQ) = X][(ml L (90)x5,0(7Q) = 5 (us5C — susc),
2/273 2/2
fa s ! (30) = \/ X (udde — dude
X%/%%(‘MQQ) X[n}o,o(q@?f%/% (7Q) = E(” ¢ — dudc).
I=0,M;=0Y=-}%
. 1 . 1 __
Xoo 2 @9Q) =\ 3xlyy (40X, _,(aQ) - \ﬁx{zg _y(a)x} , (9Q)

- 1 -
(00 I ] 00 04D

XOO,% (@‘7@) = X{luoo(qq)xgo(qQ) = %(uds_f — dusc). (142)

The constraint of the ground state only comes from the quark part because 7 and Q
are not identical particles. We do not list them here to save space.

There have also been some discoveries about singly heavy tetraquarks in experiments.
The LHCDb detector collects data in proton—proton collisions to perform a combined am-
plitude analysis of the B — D°Df 7r~ and B¥ — D~ DJ 7+ decays. The neutral Dg 7t~
and the doubly charged D; 7t* resonance are reported, which marks the first observa-
tion of a doubly charged tetraquark T%,(2900) "+ ([c5ud]) and its neutral isospin partner
T,(2900)°([c511d]) with spin-parity of 0", the mass of T%;(2900) aligns with the open-
charm tetraquark X,(2900)° ([cs#id]) with 0" observed in D* K~ decays, though exhibiting
distinct widths and flavor configurations [207-210].

Under the framework of chiral quark models, S-wave 475Q (9 = u,d;Q = ¢, b)
tetraquarks with J© = 0%,1%,2% in iso-scalar (I = 0) and iso-vector (I = 1) sectors
were systematically investigated; several allowed narrow resonances for gj5c with energy
ranging from 2.4 to 3.4 GeV, and q§5b with energy ranging from 5.7 to 6.7 GeV was obtained
theoretically [211]. In the low-lying system Qgjj (g = u,d;Q = c¢,b), the real-scaling
method is utilized to identify authentic resonance states. For the single-channel analysis,
no bound states are found below the minimum threshold in either cq4j or bqgq systems.
However, upon coupling all channels, a bound cq47 (1] = %O*) state with binding energy
of 4 MeV emerged. In the bgjq systems, two bound states are identified with binding
energies of 5 MeV (IJ7 = J0*) and 2 MeV (IJ7 = J11), respectively [212].

5.3.4.QQ41, 99QQ, 9Q7Q

The systems with two heavy quarks, QQgg, or two heavy antiquarks, ggQQ, can be
obtained from the products of the wave functions of two light quarks (Equation (106))
or antiquarks (Equation (107)) and the wave functions of heavy quarks, cc, cb, bb (anti-
quarks, ¢¢, cb, bb). The weight diagram of tetraquark qgQQ is the same as that of the gq
diquark [213].
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Figure 17. The 15-plet states of tetraquarks for partition [31] and 3-plet states of tetraquarks for
partition [211]. They come from [2]¢, ® [11]3_ = [31]15,_ & [211]3, .
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Figure 18. The 6-plet states of tetraquarks for partition [22] and 3-plet states of tetraquarks for
partition [211]. They come from [11]3, ® [11]¢_ = [22]¢, @ [211]3,_.
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For the systems with one heavy quark and one heavy antiquark 4Q7Q, the wave
functions are the products of the light g7 mesons (Equations (22)-(26)) and QQ’, Q, Q" = ¢, b.
In the flavor space, we consider SU(3) symmetry, so the weight diagram of the tetraquark
gQqgQ is the same as that of the g3 meson, which can be seen in [206,214].

Since the LHCb collaboration’s discovery of T, = cctid in 2021 [158,215], the doubly
heavy tetraquarks QQiid (where Q = ¢, b) have been extensively studied [216-220]. This
exotic hadron is a resonance lying just below the D** D? threshold and exhibits a narrow
decay width into D°D?zr*. In later research, X(4140) has been established as a J/¢¢
resonance by several experiments, with quantum numbers J°¢ = 17+ [221-224]. The
exotic state X(4274) was subsequently observed in the J/¢¢ channel by both the CDF
and LHCb collaborations [225,226], sharing identical quantum numbers with X(4140).
These states are theoretically consistent as partner states within the compact cscs tetraquark
picture [227,228].

5.3.5.9Q0QQ, Q70

For the systems with three heavy quarks/antiquarks, the wave functions can be con-
structed easily; they are just the products of the wave functions of four quarks/antiquarks.
For example, ucbb, sccb, etc.

Singly, doubly, and fully heavy tetraquarks have corresponding candidates such
as Ts(2000) - Tec(3875), and X (6900) reported by the LHCb collaboration, but triply heavy
tetraquarks remain experimentally unobserved. A systematic theoretical investigation on
triply heavy tetraquarks QQ4Q(q = u,d, s; Q = ¢, b) with spin-parity J” = 0*,1%,2% and
isospin 0 and % was performed in a constituent quark model with the Gaussian expansion
method (GEM) combined with the complex scaling method (CSM). Triple-charm tetraquark
ceqe and bottom tetraquark bbgb resonances are obtained in 5.6-5.9 GeV and 15.3-15.7 GeV,
respectively [229]. With similar methods, a series of resonant states with mass ranging from
5.6-15.8 Gev were obtained in ccéq/35, bbbg/s, ccbj/s, bbeg/s, cbbg/s, beeq/s systems, but
there is no bound state [230]. There are no stable triply heavy tetraquarks in a modified
chromomagnetic interaction model either [231]. More study on triply heavy tetraquark
spectroscopy can be seen in [232].

5.3.6. Q000

For the fully heavy tetraquark system, the flavor wave functions x{: p are simple, the
products of four singlet particle states. The allowed states can be picked up according to
the symmetry requirement. For example, for ccet ground state with spin x5} (7997)(J = 2)

and x71(7997)(] = 1), the color wave function must be )(([3522] (9979)- For ccee ground state
€1

with ] = 0, two allowed states are x|, (5747) x‘[fzzm] (9449) and XI[EZZJ (9949) X?zlzz] (9999)-
Fully heavy tetraquarks consist of four heavy quarks/antiquarks and offer an excel-
lent platform for investigating the dynamics of multi-quark states within nonrelativistic
limits. With more and more experimental discoveries, we also have richer data in the
region of fully heavy tetraquarks. The stability of the tetraquark cccc (Ty.) and bbbb (Tyy,)
states has always been a concern for people. If the ccce(Ty.) or bbbb(Ty,) states have rel-
atively low masses, falling below the thresholds of heavy charmonium or bottomonium
pairs, they could potentially be considered “stable”. This is due to the fact that direct
decays into heavy quarkonium pairs via quark rearrangements would not be energetically
permitted [233-237]. The mass differences in the 17~ and 0" states for T are found to be
small enough, only a few MeV [238]. In addition, ccc¢ has been discovered in experiments,
and other fully heavy tetrquarks were also predicted in many works [239-242]. The Giirsey—
Radicati mass formula has also been used to investigate tetarquark systems [206,243]. Here
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we choose some states to see if the mass formula can give a rough description of tetraquarks.
The result is listed in Table 6.

Table 6. The parameters and masses of group-state tetraquarks.

Parameter|Mj X1 X3 X3
750.46 +0.29 546 +£0.06  110.19 £0.07 141.14 £0.26
Xy X5 X
—16.93 £0.451388.9+0.19 3200.0 +0.14
states Y I ] [f] Theo. Exp. Ref.
(hypercharge) (isospin) (spin) (flavor) (MeV) MeV) (MeV)
fo 0 0 0 [222] 750.46 £0.28  600.00
f2 0 0 2 [222] 1411.57 £0.71 1430.00
hy 0 0 1 [222] 970.83+0.43 1170.00
ag 0 1 0 [321] 1065.49 £1.16  980.00
by 0 1 1 [321] 1285.86 £1.30 1235.00
Kj 1 % 0 [321] 872.15+1.28  800.00
Kj 1 % 1 [321] 1092.52 £1.42 1270.00
K3 1 % 2 [321] 153326 £1.71 1430.00
gegqe 0 1 1 [21] 4063.65 +£1.68 - Zc(4200) [244]
gcsc 1 0 2 [21] 4311.04 +£2.10 - 4135 [206]
ccee 0 0 2 [0] 6967.14 +1.47 - X(6900) [24]

In 2020, the LHCb collaboration first reported fully charmed resonances in the di-J /1
channel. Among them, there was a resonance with a narrow structure, designated as
X(6900), and another with a broad structure situated in the mass range of 6.2-6.8 GeV [24].
Later, experiments conducted by the CMS and ATLAS collaborations not only verified the
presence of X(6900) but also discovered and reported two additional resonances, namely
X(6600) and X(7300) [245,246]. One possible theoretical explanation of X (6600), X(6900),
and X (7300) indicated that they may be different excitations of [cc][c¢] [247].

For tetraquarks composed of charm and bottom quarks, the lifetime of TZ is found
to be rather short, 0.1-0.3 x 10712 s, with the operator product expansion rooted in heavy
quark expansion. The golden channels, such as T% — B~ KB, for the charm quark decay
and T — B~ D~ for the bottom quark decay, have been collected, and these results may
offer some help in the search of fully heavy tetraquarks in future experiments [248]. It is
still in debate whether the bcbc tetraquark state lies above or below the BZ B.~ dissociation
threshold [249-254].

6. Pentaquarks

Pentaqaurk states are also exotic states. The color-singlet requirement dictates that the
system is composed by four quarks (antiquarks) and one antiquark (quark). In SU3 sym-
metry, the anti-particle is represented by the anti-symmetric combination of two particles.
So, the color symmetry of the pentaquark must be the [222] color singlet. The dimension
of the spin space is 2° = 32 and the dimension of the flavor space is 5° = 3125. The
anti-symmetrization for the identical particles will reduce the number of pentaquark states.
A more comprehensive review of pentaquarks can be seen in [12,15].
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6.1. Color

Due to the requirement for color singlets, the color symmetry of one antiquark is [11],
and the CG series of SUj3 states require that the color symmetry of the four-quark part is
[211]. To save space, we use partitions to denote the symmetry of the states instead of
Young diagrams. Using the Littlewood rule for the four-quark states, one has

Nellel]lel] = (2e[11]) ® (2] ®[11]) = [4] 3 [31] @2 [22] ® 3 [211],

_ (143)
303®3R3=1503%1502%6®3%3.

Only the symmetry [211] combined with [11] gives color singlet [222]. The color wave
functions for the four-quark part are listed in Table 7, which are obtained by finding the irre-
ducible representation of permutation group S4 in the configuration space rrgb, rggb, rgbb
(The detail of finding irreps of S4 in configuration space abbc is presented in Appendix A).

Table 7. The color wave function with symmetry [211] of four quarks. Xféll]j =Y aﬁ-‘j goj.‘ .
go’l‘ rrgb rrbg  rgrb  rgbr rbrg vbgr grrb  grbr  gbrr brrg brgr bgrr
szlll]l 2 A S S A U 0 i i 0
c2 0 0 3 -1 -3 1 -3 1 2 3 _1 __2
X1 Va8 Va8 Va3 Va8 V48 Va8 VA Va3 V48 Vas
c3 0 0 0 1 0 _ 1 0 _ 1 1 0 1 1
Aun V6 V6 Ve Ve N
@5 rggb rgbg rbgg grgb grbg ggrb ggbr gbrg gbgr brgg bgrg  bggr
szlll]z i 1 0 S S i 1 0 i i
c2 3 _1 2 __3 1 0 0 1 3 2 1 3
Xon2 Vs~ Vas VA V45 Vas Vi§ V48 48 Va8 V48
3 1 1 1 1 1 1
g 0 % o~ 9 - 0 0 0 R - O
@5 rgbb rbgb rbbg grbb gbrb gbbr brgb brbg bgrb bgbr bbrg bbgr
s 0+ -+ o -1 1 1 -F -F 1 1 -
c2 2 1 -3 -2 _1 3 _1 3 1 __3 0 0
Xpnjs Vas  Vas  vas VA Vs Va8 VA Va8 V& Vs
<3 L XL 9o -L L 0o X 0 -L 0 0 0
Xpujp V6~ e /6 6 /6 NG

The color wave functions of pentaquarks are obtained by using the CG coefficients of
the SUj3 group.

. B 1 . B . _ . _ .
Xfﬁzz] (‘745/) = % (Xfén]lr + Xfén]zg + Xfﬁn]g,b)/ i=1,23. (144)

6.2. Spin

For a pentaquark system composed of five quarks, its total spin is %, %, %

Mellelel]le[1]=(4e331]e222])® 1]
= [5] +4[41] + 5[32] (145)
20202R2Q02=604%x4D5x%2.

For the wave functions, first the four-quark part is constructed by finding the irreps of
S4 in the configuration space aaaw, xanf, axfp and then it couples to the wave function of
the antiquark to obtain the spin wave functions of the pentaquark system (the permutation
symmetry for the four-part [0y] is attached to each wave function. To save space, the

coupling between the four-quark part and antiquark part is given only for [04] = [4]).
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[0’4] [4}, S4q =2
Xglz(q4) = aoon,
1 (146)
Xz 1 (g = ﬂ(aazxﬁ + anfu + aBfan + Paaw).
23— 3
X5 500 = 1550 )xyy = aanae. (147)
2®%—3
_ 1
xgg(q%n:=y[spxgéﬁf)x;;-—X?ﬁ@f)x%Q
:\/E [Zaaaaﬁ 7 (e + aafo + afan + Puan ) (148)
1
=—— (4danaaf — eanfa — aafoan — afaon — Poonn
g (dwaap — anp — aepan — s — fanaa)
[o4] = [31]:
X%, = L(?)zxouxﬁuc —anfoan — afann — Paann),
23 V12
1
03 - = 2 _ _
X33 \/6( anfon — afaon — Baonn),
1
04 - = _
X%% \/E(aﬁzxmx Bawan),
X; ! = \/L(?)mzxﬁﬁ —aaPaf — aPaaf — Baaaf — aafPa — aPfaPu (149)

+aBBan — PanBa + BaPan + BPanx),
x(i | = 2(4110([304,3 2aBanf —2Baxaf — 2aa PP + afaPu — afPux
+,Bow<ﬁac — BaPan + 2BPann),

X2, = (sz,Boaxﬁ 2Baanf — afaPfu — afPan + PanPu + PaPuac).

1
X%/%'_ V12 (150)

6.3. Flavor

In total, there are 5° = 3125 flavor states. According to the number of heavy quarks,
these states can be classified into 10 categories, with 243 full light pentaquarks; 162 pen-
taquarks with four light quarks and one heavy antiquark; 648 states with three light quarks,
one heavy quark, and one light antiquark; 648 states with two light quarks, two heavy
quarks, and one light antiquark; 432 states with three light quarks, one heavy quark, and
one heavy antiquark; 288 states with one light quark, three heavy quarks, and one light
antiquark; 432 states with two light quarks, two heavy quarks, and one heavy antiquark;
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48 states with four heavy quarks and one light antiquark; 192 states with one light quark,
three heavy quarks, and one heavy antiquark; and 32 full heavy pentaquarks.

6.3.1. Pentaquarks with Four Light Quarks and One Heavy Antiquark

In this case, one does not need to consider permutation symmetry with respect to the
exchange between the four-quark part and the antiquark. For the four-quark part, one has

1] ®[1] ® [1] ® [1] = [4] & 3[31] & 2[22] & 3[211],

_ (151)
3333 =1503%x15P2x6P3*3.

To obtain the flavor wave functions of the four quarks, one can find the irreps of 54
in the configuration spaces uuuu, uuud, uuus, ..., ssss. The results are shown below. To
construct the totally antisymmetrized wave functions, the flavor symmetry of the four-
quark part is added to the subscript of the wave functions, X{A]

IMY"
[=2,M;=2Y=%:
fi (7*) = uuuu (152)
X[zqzzg q :
I:%,MI:%,Y:%
Xfl 331 (q4) = L(uuus + uusu + usuu + suuu),
4333 4
sz 451 (0h) = i(C-’muus — UUSU — USUU — SUULL),
Bl33.3 12
f 1 (153)
3 4
= — 2 _— —_— ,
Xa33 (7°) %( UUSY — USUL — SUULL)
Xf4 331 (‘74) = L(usuu — suuiL).
B335 2
I=1,M=1Y=3
f (7 = L(3uuud — uudu — uduu — duuu)
X[sun,% q 12 ,
1
X{;un (g4 = %(Zuudu — uduu — duuu), (154)
f3 4y i B
X4 (q%) = 5 (uduu — duuu).
I=1,M=1Y=-3
1
X][Z}l 2 (44) N (uuss + usus + ussu + suus + susu + ssuu),
3
fa o 1 B B B
X[31}11,—§(q ) 6(uuss + uUsus — ussu + Suus — Susu — ssuit),
1
XJ[[;”H _2 (4%) = —= (2uuss — usus + ussu — suus + susu — 2ssu),
h v (155)
Xﬁﬂn _2 (‘74) = E(usus + ussu — suus — susi),

&
N
—
)

S
SN—

I

N —
—
=
wn
=
%

\
=
1)
@«
<

\
[
=
=
wn
+
wn
=
)
=
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I=LM=L1y=1
1
)({311]%%,% (g4 = Jis (2uusd — udsu + 2usud — usdu — dusu — dsuu (156)
+ 2suud — sudu — sduu),
1
sz 111 (q*) = — (6uuds + 2uusd — 3udus — udsu — usud + Susdu
31]5 3.3 12
— 3duus — dusu — 4dsuu — suud + Ssudu — 4sduu),
)({;1]%% %(q‘l) = \/14?8(3udus + 3udsu + usud + usdu — 3duus — 3dusu
— 2dsuu — suud — sudu + 2sduu),
)({;2]%% %(q‘l) = \/1274(2uuds + 2uusd — udus — udsu — usud — usdu
— duus — dusu + 2dsuu — suud — sudu + 2sduu), (157)
1
Xj[(sz]%% %(q‘*) = %(udus — udsu + usud — usdu — duus + dusu
— suud + sudu),
Xf6 111 (7% = 1(2uuds — 2uusd — udus + udsu + usud — usdu
211]33,3 4
— duus + dusu + suud — sudu),
Xf7 111 (q%) = L(3udus — udsu — 3usud + usdu — 3duus 4 dusu
11]332/3 48
+ 2dsuu + 3suud — sudu — 2sduu),
X[f;n]%% %(q4) = \k(udsu — usdu — dusu + dsuu + sudu — sduu).
1 _1 _ _5
I[=3M=3Y=-3
f1 4 1
Xiapi11 _5(q°) = —=(usss 4 suss + ssus + sssu),
B1)z2.-3 4
f2 4 1
Xia11 5(q°) = —=(usss + suss 4 ssus — 3sssu),
Blz2.-3 12 (158)
Xf?’ (g*) = L(usss + suss — 2ssus),
B1133,-3 V6
4 1
7({3”%%’7% (7% = —Z(usss — Suss).
I=0,M; =0Y=3
Xj[;lz]oo,g (q4) = M%(Zuudd ~ udud — uddu — duud — dudu + 2dduu), -

2 1
X{zz]oo,% () = E(udud —uddu — duud + dudu).
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I=0,M;=0Y=-%
f1 oy L esd - _ _
X[sl]oo,—g(q ) = \@(ussd dssu + susd — sdsu + ssud — ssdu), (160)
f2 g1 _ _
X[m]oo,—% (%) = \/ATS(BuSdS + ussd — 3dsus — dssu + 3suds + suds
— 3sdus — sdsu — 2ssud + 2ssdu), (161)
Xj[?l]oo,% (g4 = %(Zudss + usds + ussd — 2duss — dsus — dssu
— suds — suds + sdus + sdsu),
7({2411]00,_% (g") = i(usds — ussd — dsus + dssu + suds — susd
— sdus + sdus + 2ssud — 2ssdu),
Xj[cz511]00,7§ (4% = \/14>8(2udss — usds + 3ussd + 2duss + dsus — 3dssu
+ suds — 3susd — sdus + 3sdsu),
Xj[fz611]oo,7§ (4% = \%(udss — usds — duss + dsus + suds — sdus).
I=0,M =0Y=-%
1
i3 (a%) = ssss. (162

Multiplying the antiquark state by the above wave functions, one can obtain the

flavor wave functions for pentaquarks as follows: X{;/[,,y(q4Q) = )({ ;] M yQ. Due to the

color symmetry of four-quark part [211], the allowed states of the pentaquarks are those
satisfying the following rule:

[x4] ® [fa] = [31] @ [o4], (163)

where [x4] denotes the permutation symmetry of orbital wave functions of the four quarks.
For the ground state, [x4] = [4], the rule simplifies to the following:

[fa] ® [04] = [31]. (164)
The possible spin—flavor combinations [f1] ® [04] are as follows:

fil@loa] = [4]®[31],[31] ® [4],[31] ® [31], [31] ® [22], [22] ® [31],
211] ® [31], [211] ® [22] (165)

The total wavefucntions of pentaquark states can be arrived by using the CG coeffi-
cients of S4. As an example, the wave functions lp]M],IMI,y(q‘LQ) forthe I = %,] = %, Y= %
pentaquark are given below,here,we need to use the wavefunction of antiquark with
Equation (15).
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¥33331(4*Q)
2272273
A B @R | = xR @A | AR DA }Q 1
5 X X535 1 = Koo' A5G 1 + X Dagaagy 1 | Gy
¥35531(4*Q)
227223
1 Co (= 1 0w A 1 o f 1 o fh 1 o s |A
= @ |- ey - Jatid - i - 75t Gy
1 1 1 1 _ (166)
2 Cy /= % f - f 0: f U f
- @ |~ ey~ Zerind U3 — 7t 9
c a2 o f L o f T o f > 3
@ [ 5y~ it~ veiidha Qma s f

The flavor SUz multiplets of the four-quark part are shown in Figures 19-21. Mul-
tiplying by heavy antiquark state Q, which is not attached in the figures, gives the pen-
taquark multiplets. If the heavy antiquark Q is added to the figures,the charge Q and
hypercharge Y need to change.

Y

uudd uuud uuuu

SN

dddd uddd

uuus

I

0- -4

Figure 19. The 15-plet states of pentaquark for partition [4] of Sllg .

6.3.2. Full Light Pentaquark

Experimental investigations of light pentaquark candidates have been pursued for
multiple decades, but no unambiguous detection with statistical significance has been
achieved to date. The LEPS collaboration announced a state @(M@ = 154 £0.01 GeV,
I'e < 25MeV)in 2003. This state may be interpreted either as a meson-baryon molecular
resonance or as an exotic pentaquark configuration (uudds) decaying into K*n [255]. Its
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properties align with the predicted lightest member of the antidecuplet in the chiral soliton
model [256]. More details about the search for and discussion of ® can be seen in [257-259].
Y

I

Figure 20. The 15-plet states of pentaquark for partition [31] of SUB[ .

Y

uu ud uu
ds

K - I3 k - Iz
. \, i N4 :
0 . 55 - ",

E
N

nRR
[}

Q-4 Q--1 0-12 Q-1 o-1?

Figure 21. The 6-plet states of pentaquark for partition [22] and 3-plet states for partition [211] of S Ug .

Multiplying the flavor symmetries, Equation (151), of the four-quark part by an
antiquark, one can obtain the flavor symmetries of the full light pentaquarks.

M@l e1]e1]e11] = [51] @ 3[42] ® 4[411] & 2[33] @ 8[321] & 3[222], 167)
33333 =3503%x27P4*x10P2*x10P8*8P3x1.

The flavor multiplets of full light pentaquark are shown in Figures 22-28.
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dddd uddd 3 | uudd unud iy Y

[SN1N)
s

I3

Wi

oo 1
oo %
Y
dddds uddds 2 | uudds uuuds uuuus
“o ddddd . udddd| . uwddd . uuudd
_ ~._dddss ~._uddss . uudss ~_ UUUSS P
ddddii ) @ ® ®  uuuud

dddsd

= 5

. ddssd
ddssii @dssss

udddi uuddi unuudii UUUUTL

uddsiil ' uudsii / UUUSTT 13 0=2

udssii

Q=1

Figure 22. The 10-plet states of pentaquarks for partition [411] and 35-plet states of pentaquarks for
partition [51]. They come from [4]15 ® [11]3 = [51]35 @ [411]10.
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udd

[SFS

d [
Ztu u

@I
s

ddd o udd . uud i
s g S S

uddg ;‘“dg Zuug

=-2

Figure 23. The 8-plet states of pentaquarks for partition [321], 10-plet states of pentaquarks
for partition [411], and 27-plet states of pentaquarks for partition [42]. They come from
[31]15 & [11}3 = [321]8 ©® [411]10 ©® [42]27.

The flavor wave functions of pentaquarks are obtained by coupling the four-quark
states to antiquark state using CG coefficients of SUs.

i 4 - IM i 4 =
X{Mhy(q q) = A; CI41VL—MITJiMITX{;MhMli,H(q )XIiM[i,Yi(q)’ (168)
i
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1.1 _1 = —1, Xy 2 = 5. For example, the flavor wave functions for
273 73
e
_ 1 /1 _
uvuu(—i) + 5 1(uuud + uudu + uduu + duuu)d,
(unus + uusu + usuu + suuu)s,
(Buuus — uusu — usuu — suuu)s,
2
(2uusu — usuu — suuu)s,
(169)
(usuu — suuu)s,
> (Buuud — uudu — uduu — duuu)d,
(2uudu — uduu — duuu)d,
(uduu — duuu)d
Y
314
uu
ds
I3 ® I
Ny
uu ST 3
3 |
Q=3 Q=3
o= o=-1  o-} M
I
lllld_
.88
élsllﬁ B .
@=-1 Q=0 0- 2 0= 1 0-0 0-1

Figure 24. The 8-plet states of pentaquarks for partition [321] and 10-plet states of pentaquarks for
partition [321]. They come from [22]¢ ® [11]3 = [321]s & [33]10.
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Y Y
d uu 2 5‘
u 1 3
3 4 \
; ; I ® I
4 ng ¢
4 tT3
295 . .
3"
Q=-1% o=1
Y -,
Q= _% Q= % U
@ o g
I3 s
0-1

fQ=-1 Q=0

Figure 25. The 8-plet states of pentaquarks for partition [321] and singlet state of pentaquark for
partition [222]. They come from [211]3 ® [11]3 = [321]g & [222]4.

6.3.3. qq9Q9

For pentaquarks with one heavy quark, the flavor symmetry is as follows:

Nel]el]e11] = ([111]®2[21] @ [3]) ® [11]
= [41] ©2[32] @ 3[311] @ 3[221], (170)
3030303=2402+15G3+6®3%3.

© g
|

I3

=i

QJ\\W

RN
S

© s

0--2 o-

@I

@IN
s

d L;\. u b

Figure 26. The 3-plet states of pentaquarks for partition [221]. They come from [111}; ® [11]3 = [221]3.
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Figure 27. The 6-plet states of pentaquarks for partition [311], 3-plet states of pentaquarks

for partition [221], and 15-plet states of pentaquarks for partition [32].

[21]s @ [11]3 = [311]6 & [221]3 & [32]15.

They come from
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ddd udd 1 uud [ Y

©
I
|
WIN
©
Il
Q=

uudil

WIN

uddii uuui

=
QA
[
)
Wi

uuds

dddm

0= -3 Q-2

Figure 28. The 6-plet states of pentaquarks for partition [311] and 24-plet states of pentaquarks for
partition [41]. They come from [3]19 ® [11]3 = [311]6 & [41]24.
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6.3.4. 9QQ

In this case, the flavor symmetry is the same as that of the gqq baryon, and the wave
functions can be obtained by multiplying QQ by the baryon wave functions. The weight
diagram is also the same with that of the gqq baryon, which can be seen in [73,260], so we
do not repeat it here.

6.3.5. 9QQ7

The flavor symmetries in this case are as follows:

1] ®[1] ® [11] = [31] @ [22] @ 2[211],

_ i (171)
30303=156G602x3.

The flavor wave functions of the pentaquarks with two heavy quarks are obtained by
multiplying the QQ state by the diquark states and coupling, resulting in the four-quark
states of the antiquark state using the CG coefficients of SUs.

IM _
x,Ml (99QQ7) = MZ CLM, - My, 1M, x’;M, My, v, (19QQ)X My vy (7). (172)
i
For example, the flavor wave functions for I = %, M; = %, Y = % are

XQ%%(WQQQ) = \FuuQQ(—ﬂ)— ;\E(udQQeruQQ)

Xy, 1 (09QQ) = 7<udQQ AuQQ)d,

P 1 (99Q07) = —=(usQQ +suQQ)s, (173)
22’3 \/7

fa o~ 1 _ -

X%%,%(‘MQQ‘?) = ﬁ<“5QQ suQQ)s,

Xpy 1 (09QQ1) = $5QQd

6.3.6. Triply Heavy Pentaquark

For g9QQQ (9QQQ7) systems, the flavor wave function can be written as the product
of two parts; the first part is for diquarks, Equation (106) or mesons, Equations (22)—(26)),
and the second part is for the heavy quark, the product of the wave functions of three heavy
quarks. The weight diagrams of pentaquark 4QQQ7 are the same as that of the g7 nonet
meson [214]. To save space, the expressions are not given here explicitly.

6.3.7. Four Heavy Pentaquarks and Fully Heavy Pentaquark

The wave functions are just the products of those of each quark. It is not necessary to
list them here.

The phenomenological model based on the Gursey-Radicati mass formula for hadrons [71]
has also been extended to predict the masses of the pentaquark states with or without heavy
quarks [72,261-270], the results are presented in Table 8.
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Table 8. The parameters and masses of group-state Pentaquarks.
Parameter|M X1 Xo X3
1510.0 £0.33 —56.081 =0.05 34.4+0.13 610.12 £ 0.67
Xs X Xy
248.95+0.27 1355.8 £0.22 3200.0£0.14
states I J [f] Theo. Exp. Ref.
(isospin) (spin) (flavor) (MeV) (MeV) (MeV)
qqqsc i I Bl 3000.00 +1.97 -
99959 0 % [22] 141090 £1.04 A(1405) 1401 [271]
q99s9 0 % [22] 1514.10 £1.43 A(1520) 1518 [271]
gqscc 0 % [02] 4346.90 +1.27 P.(4338) 4303 [272]
qqscc 0 % [02] 4450.10 £ 1.66  P.s(4459) 4419 [272]
qqqce 3 I 21 4368.60 +1.67 P.(4312) 4308 [273]
9999¢ 3 3 [21] 4471.80 £1.67 P.(4457) 4450 [273]
qsssq 0 % [22] 2012.00 +2.06 (2012) 2035 [274]

When flavor-spin symmetry S llgg is used, one has the following CG series of the

Sl,lg 7 group or the series of the outer product of permutation group So.

11 ®[1]®[1]®[11111]

=[51111] @ 4 [411111] & 3 [42111] @ 8 [321111]

@2 [33111] @ 3 [32211] & 4 [222111] & [22221],

6R6R6R6®6
=700D4 %56 D3 +1134 D 8* 70D 2 560 D 3+ 540 O 4 * 20  70.

(174)

The flavor—spin contents in the given symmetry of sug 7 are listed below.

700

8,2)d (8,

35,4) @ (35,6),

1134

560

10,6) &
1,2) @ (1,

540

1,2) &

70

1
1

0,2)®
,2) @ (8,

(1,4) ®3(8,2) ©3(8,4) &

(27,2) @ (27,4) @ (35,2),
4)® (1,6) ©3(8,2) @ 3(8,

(10,4) ©2(27,2) & (27,4)
2) @ (8,4) @ (10,2).

(8,6) ©2(10,2) ©2(10,4) &
10,2) & (10,4) ©2(27,2) ¢ 2(27,4) ® (27,6) D (35,2) & (35,4

(10
(35,4),
10,

4) @ (10,2) ® (10,4) @ (10,6) & (10,2) & (27,2) @ (27,4)D

/6)®

9 (175)

4)® (8,6) ® (10,2) ® (10,4)®

=(
(
(
(
(1,4) ©2(8,2) 9 2(8,4) @ (8,6) & (10,2) & (10,4) & (10,2) & (
(
(
(
(
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7. Dibaryons
As mentioned in Section 4, based on the 56 ground baryons, several possible dibaryon
states were predicted by Dyson and Xuong [50]. According to SUy theory, dibaryons can
be classified as follows:
3] @ [3] = [6] @ [51] & [42] & [33],
56 ® 56 = 462 ® 1050 © 1134 D 490.

(176)

The constituents of dibaryons are fermions; only the two anti-symmetric multiplets
exist in nature when the symmetry in the coordinate space is limited to be [6] and to-
tally symmetric.

[u] = [51], [33] (1050,490). 177)

They can be decomposed following Sllg ® SUY multiplets:

1050 = [28,5] © [35,3 0527 @ 27,193 ® 5] @ [10,3] © [10,3® 5] © 8,13 3],

178
490 = [28,1] @ [35,3] © (27,12 5] @ [10,3© 7] © [10,3] & [8,3 ® 5] & [1,1]. (178)

For the case of hypercharge Y = 2, there is no s quark; the sug 7 symmetry reduces

to SU7:
1050 — 140 = [7,5| @ [5,3®5® 7| ® [3,193® 5] @ [1,3], 179)
490 — 50 = [7,1] & [5,3] & 3,165 @ [1,3 7).

The reported dibaryon d*(2380) is in the multiplet [1, 7] [50].

7.1. Color

Dibaryons consist of six quarks, and the color symmetry is as follows.
Nellelel]el]ol]

=(2leM]) @ (2o 1)) @ (2] @ [11])
=[6] ®5 [51] ®9 [42] ® 10 [411] & 5 [33] ® 16 [321] & 5 [222], (180)

3R303XR3IX3IX3
=28 DP5*%x3509%x27P10x10DB5«10P 16 %8P 5% 1.

Due to the requirement of color-singlet states, the color symmetry of a dibaryon system
can only be taken as 1; the corresponding partition is [222]. We need to find the irreducible
bases of [222] in the rrggbb configuration space.

o _11]2 o _|11]3 o3 | 112
Xoo = Xoo = Xoo =
0,0 4 0,0 >4 0,0 3
6 516 416
(181)

gy 1 3 05
Xoo = Xoo =
WonTs " 2T

416 3|16
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Xfizz] (qé) = [rgbrgb — rgbrbg + rgbgbr — rgbgrb + rgbbrg — rgbbgr

8-

36
—rbgrgb +rbgrbg — rbggbr + rbggrb — rbgbrg + rbgbgr
+ gbrrgb — gbrrbg 4 gbrgbr — gbrgrb + gbrbrg — gbrbgr
— grbrgb + grbrbg — grbgbr + grbgrb — grbbrg + grbbgr
+ brgrgb — brgrbg + brggbr — brggrb + brgbrg — brgbgr
— bgrrgb + bgrrbg — bgrgbr + bgrgrb — bgrbrg + bgrbgr],

)(En] (7°) = [2rqrgbb — rgrbgb — rgrbbg — 2rgqrbb + rggbrb + rggbbr

2~
(o)}

+ rgbrgb + rgbrbg — rgbgrb — rgbgbr — rbrggb — rbrgbg

+ 2rbrbgg + rbgrgb + rbgrbg — rbgbrg — rbgbgr — 2rbbrgg
+rbbgrg + rbbggr — 2grrgbb + grrbgb + grrbbg + 2grgrbb
— grgbrb — grgbbr — grbrgb — grbrbg + grbgrb + grbgbr

+ gbrgrb + gbrgbr — gbrbrg — gbrbgr — gbgrrb — gbgrbr

+ 2gbgbrr + gbbrrg + gbbrgr — 2gbbgrr + brrggb + brrgbg
— 2brrbgg — brgrgb — brgrbg + brgbrg + brgbrg + 2brbrgg
— brbgrg — brbggr — bgrgrb — bgrgbr + bgrbrg + bgrbgr

+ bggrrb + bggrbr — 2bggbrr — bgbrrg — bgbrgr + 2bgbgrr],

1
ngzz] (qé) :7*288 [3rgrbgb — 3rgrbbg — 3rggbrb + 3rggbbr — rgbrgb + rgbrbg

+ rgbgrb — rgbgbr + 2rgbbrg — 2rgbbgr — 3rbrggb 4 3rbrgbg
+ rbgrgb — rbgrbg 4 2rbggrb — 2rbggbr 4+ rbgbrg — rbgbgr

— 3rbbgrg + 3rbbggr — 3grrbgb + 3grrbbg + 3grgbrb — 3grgbbr
+ grbrgb — grbrbg — grbgrb + grbgbr — 2grbbrg + 2grbbgr

+ 2gbrrgb — 2gbrrbg + gbrgrb — gbrgbr — gbrbrg + gbrbgr

— 3gbgrrb + 3gbgrbr + 3gbbrrg — 3gbbrgr + 3brrggb — 3brrgbg
— brgrgb + brgrbg — 2brggrb + 2brggbr — brgbrg + brgbgr

+ 3brbgrg — 3brbggr — 2bgrrgb + 2bgrrbg — bgrgrb + bgrgbr

+ bgrbrg — bgrbgr + 3bggrrb — 3bgqrbr — 3bgbrrg + 3bgbrgr],

c 1
)([;22] (4°) :ﬁ [2rrgbgb — 2rrgbbg — 2rrbggb + 2rrbgbg — rgrbgb + rgrbbg

— rggbrb + rggbbr + rgbrgh — rgbrbg + rgbgrb — rgbgbr

+ rbrggb — rbrgbg — rbgrgb + rbgrbg + rbgbrg — rbgbgr

— rbbgrg + rbbggr — grrbgb + grrbbg — grgbrb + grgbbr

+ grbrgb — grbrbg + grbgrb — grbgbr 4 2ggrbrb — 2ggrbbr

— 2ggbrrb + 2ggbrbr — gbrgrb + gbrgbr — gbrbrg + gbrbgr

+ gbgrrb — gbgrbr 4 gbbrrg — gbbrgr + brrggb — brrgbg

— brgrgb + brgrbg + brgbrg — brgbgr — brbgrg + brbggr

— bgrgrb + bgrgbr — bgrbrg 4 bgrbgr 4+ bggrrb — bggrbr

+ bgbrrg — bgbrgr + 2bbrgrg — 2bbrggr — 2bbgrrg + 2bbgrgr],

(182)

(183)

(184)
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1

c 6y —
X[Sﬂ] (q ) - \/@
— 2rgrgbb 4 rqrbgb + rgrbbg — 2rggrbb + rggbrb 4 rggbbr

[4rrggbb — 2rrgbgb — 2rrgbbg — 2rrbggb — 2rrbgbg + 4rrbbgg  (185)

+rgbrgb +rgbrbg + rgbgrb + rgbgbr — 2rgbbrg — 2rgbbgr
+rbrggb + rbrgbg — 2rbrbgg + rbgrgb + rbgrbg — 2rbggrb

— 2rbggbr + rbgbrg + rbgbgr — 2rbbrgg + rbbgrg 4 rbbggr

— 2grrgbb + grrbgb + grrbbg — 2grgrbb + grgbrb 4 grgbbr

+ grbrgb + grbrbg + grbgrb + grbgbr — 2grbbrg — 2grbbgr
+4ggrrbb — 2ggrbrb — 2ggrbbr — 2¢gbrrb — 2¢gbrbr 4 4ggbbrr
— 2gbrrgh — 2gbrrbg + gbrgrb + gbrgbr + gbrbrg + gbrbgr

+ gbgrrb 4 gbgrbr — 2¢bgbrr + gbbrrg 4 gbbrgr — 2gbbgrr

+ brrggb + brrgbg — 2brrbgg + brgrgb + brgrbg — 2brggrb

— 2brggbr + brgbrg + brgbgr — 2brbrgg + brbgrg + brbggr

— 2bgrrgh — 2bgrrbg + bgrgrb + bgrgbr + bgrbrg + bgrbgr

+ bggrrb + bggrbr — 2bggbrr + bgbrrg 4 bgbrgr — 2bgbgrr

+ 4bbrrgg — 2bbrgrg — 2bbrggr — 2bbgrrg — 2bbgrgr + 4bbggrr|.

7.2. Spin

The spin symmetry is SUj for a dibaryon composed of six quarks, and its total spins
are 3,2,1,and 0.

Meijelel]el]ol] =[6]©5x[51] ©9*[42] &5+ [33],

(186)
20202020202 =T®5+x5H9*%3@5x1.

For the spin wave functions of a six-body system that is constructed by finding the
irreps of S¢ in the configuration spaces ananan, aananf, aoanxfp, ..., BBBBBPB, they are
called symmetry bases, or one can use the wave functions of baryons in Section 4.2 and
the CG coefficients of SU,. To get the spin wave functions of dibaryons which are physical
bases, here we give the specific expression in symmetry bases when Mg = S.

loe] = 33,5 = 0:
o (11213 o [112]4] o [1]3
XL = X7 = X =
W56l "™ 3506 "™ 20506
gy 1 2 5 05 1 3 5
0= 0 = . (187)
W3 Tale [ "™ 2026
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%%:VEWMMM+M%MM—M$Mﬁ—&mﬂm+ﬂﬁmﬁ—@wmﬁ

+ Papaap — aPappal,
o [1

Xoo = \/;[Zazxﬁﬁﬁzx — BaafPx + 2BPanPr — 2BPBaan — xPPuPa 4 afPrnf
— 2aafpap — PaPaPu + afaPaf + Panpap + Papaap — afuappal,

ngo = \/Z[szﬁﬁﬁtm — 2BapPan + PaafPr — 2BaanPP + 2aPfan B — afPaPu
— afBanf + BaPapa — aPapuap + Paafuap + Papanf — aPapPal,

)(gjlo = \/E[Zucﬁﬁﬁmx —20aBBPa + 2PafPan + BaaBPx — 2Paaa BB — 4PPufax
+ 2BBaafa + 2BPann — 2aPanfp — aBfPafu — afPfanf + danfufp
— 2aappap — PapaPu + afapap + Panpap — Bapanp + afappa],

ng‘o = \/3[3,3/3[304040( — aBpPan + anpPPu + 3anafBB — PapPan + PanpPu

— BaanBp — BPaPan — PPaxPu + BPBaaxP — aPfanfp — afPaPu
+ afBanf — anPafp — anfPaf — PaPfaPu — afaPuf — faaPuaf
+ BaPanp + afapPal. (188)

lo6] = [42),S = 1:

i =[LPRTEL a3 T5] - [A2]4]5]

o _|1]3]4]5] o _[1]2]3]6] o _[1]2]4]6

M T M TS MRS

o _|1]3]4]6] o _[1]2]5]6] o _[1]2]5]6]
=T A Y (1%)
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7(‘17,11 =1/ ﬁ [2BBaann + 2BaPace + 2PanPfan — 3panafu — 3paannp + 20pPfunn
+ 2apaPoan — 3aPanfa — 3uPanaf + 2uaffan — SuafuPa — Snafan
— Baanfaf — 3aaafaf + 120aaapp),
(%} 1
X1a =1/ T [2BBaann + 2BaPace — 2PanPan + Paaafa — 3Pananp + 2apPaan
—2aBaPan + afxafu — 3afaonf — 2aaBPoan + axPufu — 3aaPaxf
— BaaafPa + nnnpuap),
o \/T
X1 =\l [2BBanan — BaPane + Panfan + PaaaPfu — 3Pananf — apPfann
+ afaPoan + afoanPu — 3afanaf — 2aafPun — 2anfoafu + 6anpunp],

)((f*l = \/Z[,BOC‘BLK%OC + BaaPan + BaanPa — 3Pannaf — apPana — xPaPon

(190)
— aBanfa + 3upanap],
7(‘17,51 =4/ 11—8 [BBanan + Bafane — PaaPan — BanaPfu + afPuan — aPaPun
— afanPa — anfPux — anfaPu + SuanfPal,
)(‘17,61 =1/ 3176 [2BBanon — BaPann + PaaPan — 2PanaPu — afPana + afafan
— 2aBanfo — 2oafPfoan + danfuful
X1h =1/ % [BaPace + Baafan —2Panafu — afPann — afafun + 20 punpu]
1
X‘lff‘l =1/ 0 [2BPanan — BaPann — PanParx — aPfPacn — afaPfoun + 20upfon]
1
)(‘17,91 = \/;[/Bzxﬁoax(x — BaaPfan — aPPann + afaPon],
[06] = [51],5 = 2:
6 5 4
=l L]2[4]5]6] o _[1]3]4]5]6] (191)
3 2
?Cg,lz = \/g[&xmmaﬁ — aaanfa — aeaPax — aaPuan — xfacnn — Panonn],
)(222 = \/;[Mmmﬁzx — oo foan — aaPoce — afocen — Brawnn],
xZ?z = \/E[&wéaﬁvax — anPonn — aPocen — Prannn], (192)
1
)(gfz = \/;[Zoaxﬁtxuax — aPacan — Panenn],
1
Xon = \/;[acﬁ(xoaxoc — Baaann],
[06] = [6], 5 = 3:
Xé',l3=’1|2|3|4|5|6\:amam. (193)
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7.3. Flavor
7.3.1. q°

We adopted S Ug flavor symmetry in the flavor space. The coupling of the Young
diagrams is the same as that in the SU5 space Equation (180), and the flavor symmetry of a
dibaryon consisting of six quarks is as follows.

Hellelel]el]e[1]
=[6] @5 [51] ®9* [42] ® 10+ [411] B 5 [33] © 16 x [321] ® 5 * [222],
3®3®3%3%3®3
=28B5%x3509%x27P10+x10B5%x105 16«8 B 5*1.

(194)

The multiplets of dibaryons under SUé[ flavor symmetry is shown in Figures 29-34.

Y

dddddd uddddd uudddd ddduuu uuuudd unuuud

uuuuuu

ddddds udddds'u_.“ uuddds'u.“ o ‘uuudds : .‘uuuuds

uddd;éw__ uuddss K o uuudss

=) 0~ T,

ddddss

g litidsss

g lidssss
21

=2

Figure 29. The 28-plet states of dibaryons for the partition [6].

In order to get the flavor wave functions of the six quarks, we can find the irreps of
Se in the configuration spaces, uuuuuu, uuuuud, uuuudd, uuuuus, uuudds, ..., ssssss. The
expression in uuuuuu, uuuuud, uuuudd, ..., uuuddd has been given in Section 7.2 (just
replace & with u, 8 by d), so here we only give the flavor wave function in uuudds space
with symmetry [321].
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udddd uuddd
d d

ddddd
5

uuudd uuuud
d d

uuuud
uuuus
d

guudd
. uuuds

uudds  uuuds
uudss suuss

e
d

Uuuuu
S

1

®

0= 2

0 3

Figure 30. The 35-plet states of dibaryons for the partition [51].

uudd
dd

Y

uvud uuuL
dd

uuuu
SS

I3

Q=2

0= 1 0=0

Figure 31. The 27-plet states of dibaryons for the partition [42].

I
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I

ddd

§SS

uuu
SSS

Q=-2 Q=-1 Q=0 Q=1
Figure 32. The 10-plet states of dibaryons for the partition [33].

o

Figure 33. The 10-plet states of dibaryons for the partition [411].
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uu
SS

I

-1 Q=0

Figure 34. The 8-plet states of dibaryons for the partition [321] and singlet for irrep [222].

[fl=[021],I=3M =} Y=1

X{;Zl]%%,l (4°) :\/;[&tuudsd — 12uuudds + 6uuusdd + 2udsuud — udsudu (195)
— udsduu + 2usduud — usdudu — usdduu — sduduu
— sduudu + 2sduuud — sudduu — sududu + 2suduud
— dusduu — dusudu + 2dusuud — dsuduu — dsuudu
+ 2dsuuud — 2suuudd — 2suudud + 4dsuuddu — 2usuudd
— 2usudud + 4usuddu — 2uusudd — 2uusdud + 4uusddu
— 2uudsdu — 2uuddsu + 4uuddus + 4uududs — 2uudusd
— 2uudsud — 2udusud — 2udusdu — 2ududsu + 4ududus
— 2uduusd + 4uduuds — 2duusud — 2duusdu — 2duudsu
+ 4duuuds — 2duuusd + 4duudus + 2uddsuu + 2uddusu
— 4udduus + 2ddusuu + 2dduusu — 4dduuus + 2dudsuu
+ 2dudusu — 4duduus],

XJ[C;ZH%%J (4°) —\/g[&ldsuuu — 3dsduuu — 3sdduuu — 4udsuud — 7udsudu  (196)
+ 5udsduu — 4usduud + 11usdudu — 4usdduu — sduduu
— 4sduudu + 8sduuud — 4sudduu + 11sududu — 4suduud
+ 5dusduu — 7dusudu — 4dusuud — dsuduu — 4dsuudu
+ 8dsuuud — 8suuudd + 4suudud + suuddu — 8usuudd
+ 4dusudud + usuddu + 16uusudd — 8uusdud — 2uusddu
+ 10uudsdu — 8uuddsu + 16uuddus — 32uududs + 16uudusd
— 8uudsud + 4udusud — Sudusdu + 4ududsu — 8ududus
— 8uduusd + 16uduuds + 4duusud — Sduusdu + 4duudsu
+ 16duuuds — 8duuusd — 8duudus — uddsuu — 4uddusu
+ 8udduus + 2ddusuu + 8dduusu — 16dduuus — dudsuu
— 4dudusu + 8duduus),
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fs
X [321]3 11

fa
X[321]%%

fs
Xemjha

o
X[321]%%,1

(qé) =1/ 1414 [Bsdduuu — 3dsduuu + 4udsuud — Sudsudu + udsduu

+ 4usduud + usdudu — 2usdduu + 3sduduu — 6sduudu
+ 2sudduu — sududu — 4suduud — dusduu + 5dusudu

— 4dusuud — 3dsuduu + 6dsuudu + 8suuudd — dsuudud
— suuddu — 8usuudd + 4usudud + usuddu + 4udusud

— Sudusdu + 4ududsu — Sududus — 8uduusd + 16uduuds
— 4duusud + 5duusdu — 4duudsu — 16duuuds + 8duuusd
+ 8duudus + uddsuu + 4uddusu — 8udduus — dudsuu

— 4dudusu + 8duduus],

(4°) =4/ 1414 [6ddsuuu — 3dsduuu — 3sdduuu — 4udsuud + udsudu

— Budsduu — 4usduud + usdudu + 6usdduu — 3sduduu

— 2sduudu + 8sduuud + 6sudduu + sududu — 4suduud

— 3dusduu + dusudu — 4dusuud — 3dsuduu — 2dsuudu
+ 8dsuuud — 4suudud + suuddu — 4usudus + usuddu

+ 8uusdud — 2uusddu — 2uudsdu + 4uuddsu — 16uuddus
+ 8uudsud — 4udusud + udusdu — 2ududsu + Sududus

— 4duusud + duusdu — 2duudsu + 8duudus — Suddsuu

— 2uddusu + 8udduus + 6ddusuu + 4dduusu — 16dduuus
— 3dudsuu — 2dudusu + 8duduus],

(%) =1/ 4;0 [3sdduuu — 3dsduuu + 4udsuud — udsudu — 3udsduu

+ 4usduud — usdudu — 3sduduu + sududu — 4suduud
+ 3dusduu + dusudu — 4dusuud + 3dsuduu + 4suudud
— suuddu — 4usudud + usuddu — 4udusud + udusdu

— 2ududsu + 8ududus + 4duusud — duusdu + 2duudsu
— 8duudus + 3uddsuu + 2uddusu — 8udduus — 3dudsuu
— 2dudusu + 8duduus],

(4°) =4/ 513 [6uuudsd — 6unusdd — udsudu + udsduu — usdudu

+ usdduu + sduduu — sduudu + sudduu — sududu

+ dusduu — dusudu + dsuduu — dsuudu + 2suuudd

— 2suudud + 2usuudd — 2usudud + 2uusudd — 2uusdud
+ 2uudsdu — 2uuddsu — 2uudusd + 2uudsud + 2udusud
+ 2udusdu — 2ududsu — 2uduusd + 2duusud + 2duusdu
— 2duudsu — 2duuusd — 2uddsuu + 2uddusu — 2ddusuu
+ 2dduusu — 2dudsuu + 2dudusu],

(197)

(198)

(199)

(200)
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fr 6\ _ _ _ —
Xz} l(q) \/144 [6ddsuuu — 3dsduuu — 3sdduuu — 6udsuud — Sudsudu ~ (201)

1

2
+ 5udsduu + 6usduud + usdudu — 4usdduu — sduduu
+ 4dsduudu — 4sudduu + sududu + 6suduud + 5dusduu
— 5dusudu — 6dusuud — dsuduu + 4dsuudu — 8suuudd
~+ 2suudud + 3suuddu — 8usuudd + 2usudud + 3usuddu
+ 16uusudd — 4uusdud — 6uusddu — 2uudsdu + 8uuddsu
— l6uudusd + 4uudsud — 2udusud + udusdu — 4ududsu
+ 8uduusd — 2duusud + duusdu — 4duudsu + 8duuusd
— uddsuu + 4uddusu + 2ddusuu — 8dduusu — dudsuu
+ 4dudusul),

st 11 (g% =1/ —==[3dsduuu — 3sdduuu + 2udsuud — udsudu — udsduu (202)
[321]5 31 48

— 2usduud — 3usdudu + 2usdduu — 3sduduu + 2sduudu
+ 4sduuud — 2sudduu + 3sududu + 2suduud + dusduu
+ dusudu — 2dusuud + 3dsuduu — 2dsuudu — 4dsuuud
— 8suuudd + 2suudud + 3suuddu + 8usuudd — 2usudud
— 3usuddu + 2udusud — udusdu + 4ududsu — 8uduusd
— 2duusud + duusdu — 4duudsu + 8duuusd — uddsuu

+ 4uddusu + dudsuu — 4dudusul],

ng L1 (0%) =4 1 [2ddsuuu — dsduuu — sdduuu — 2udsuud + udsudu (203)
(321]7 2,1 96

1

2
— udsduu + 2usduud — usdudu + sduduu — sududu
+ 2suduud — dusduu + dusudu — 2dusuud + dsuduu
— 2suudud + suuddu — 2usudud + usuddu + 4uusdud
— 2uusddu + 2uudsdu — 4uudsud + 2udusud — udusdu
+ 2duusud — duusdu + uddsuu — 2ddusuu + dudsuu],

X (4°) = ! ——[3sdduuu — 3dsduuu — 2udsuud + udsudu + udsduu (204)
[321]31,1 \ 288

1
2
+ 2usduud — usdudu + 2usdduu — sduduu + 2sduudu
— 4sduuud — 2sudduu + sududu — 2suduud — dusduu
— dusudu + 2dusuud + dsuduu — 2dsuudu + 4dsuuud
+ 6suudud — 3suuddu — 6usudud + Susuddu + 6udusud
— Budusdu — 6duusud + 3duusdu — 3uddsuu + 3dudsuu],

¥/ L1 (g% =1/ i[udsudu — 2udsuud + udsduu + 2usduud — usdudu (205)
[321]5 51 36

—usdduu — sduduu — sduudu + 2sduuud + sudduu
+ sududu — 2suduud — dusduu — dusudu + 2dusuud
+ dsuduu + dsuudu — 2dsuuud],



Symmetry 2025, 17, 1486 74 of 95

x{;;]%%’l (4°) :\/;[dsduuu — 2ddsuuu + sdduuu + udsudu + udsduu (206)

+ usdudu — 2usdduu + sduduu — 2sduudu — 2sudduu

+ sududu + dusduu + dusudu + dsuduu — 2dsuudu

+ suuddu + usuddu — 2uusddu — 2uudsdu + 4uuddsu

+ udusdu — 2ududsu + duusdu — 2duudsu + uddsuu

— 2uddusu — 2ddusuu + 4dduusu + dudsuu — 2dudusu],
)({31_31}%%’1 (4°) —\/;;[sdduuu — dsduuu + udsudu — udsduu + usdudu (207)

— sduduu — sududu + dusduu — dusudu + dsuduu

+ suuddu — usuddu — udusdu + 2ududsu + duusdu

— 2duudsu + uddsuu — 2uddusu — dudsuu + 2dudusu),
X{;;]%%,l (4°) :\/g[dsduuu — 2ddsuuu + sdduuu + udsudu + udsduu (208)

— usdudu — sduduu — sududu + dusduu + dusudu

— dsuduu + suuddu + usuddu — 2uusddu + 2uudsdu

— udusdu — duusdu — uddsuu + 2ddusuu — dudsuu],
X{;;l}%%,l (4°) —\/1[3sdduuu — 3dsduuu — udsudu + udsduu + usdudu (209)

+ 2usdduu — sduduu — 2sduudu — 2sudduu — sududu

— dusduu + dusudu + dsuduu + 2dsuudu + 3suuddu

— Busuddu + 3udusdu — 3duusdu — 3uddsuu + 3dudsuu],
X{;;l}%%,l (4°) —\/E[udsudu — udsduu — usdudu + usdduu + sduduu (210)

— sduudu — sudduu + sududu + dusduu — dusudu
— dsuduu + dsuudu].

Here, we suppose the six quarks are located in ground states in coordinate space,
which means the orbital symmetry is [x4] = 6, and the color symmetry of the six quark is
assumed to be [222]; hence, the allowed states of the dibaryon states should adhere to the
following rule:

[06] @ [f6] = [33]. (211)

After referring to the CG series of S¢ [275], there are the following several possible spin—
flavor combinations:

[os] @ [fo] = [51] @ [42], [51] ® [321], (212)
[42] ® [411], [42] ® [33], [42] ® [321],
33] @ [6], [6] ® [33]. (213)
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7.3.2. 99999Q
Helel]e]e[1]
=(2Je 1)) e (2] [11]) ® [1]
=[[4] @ 3[31] @ 2[22] ® 3[211]] ® [1] (214)
—[5] @ [41] @ 3[[41] & [32] & [311]] @ 2[[32] & [221]] & 3[[221] & [311]]
=[5] @ 4[41] & 5[32] & 6[311] & 5[221],
303®3R®3®3=2194%x24B5%x1506x63D5x*3. (215)

For singly heavy dibaryons, the color symmetry of a heavy quark is [1], so the sym-
metry of the remaining five quarks is [221] in the color space. The total symmetry of
the five light quarks in orbit-spin—flavor space should be [32], which is the conjugate of
[221]. Similar to the previous section, we still rely on tables in the book [275]. The possible
spin-flavor combinations of five light quarks are as follows.

[os] @ [f5] =[41] @ [41], [41] © [32], [41] ® [311],

(216)
32] @ [33], [32] ® [221], [32] ® [311], [32] ® [5], [5] @ [32).

Here, we give the wave functions in the uudss configuration with symmetry [5] and
[41] as examples.

o] 1(qs):“1|2|3|4|5Hu|u|al|s|s\> 217)

533,

/1
=\/30 [uudss + uusds + uussd + uduss + udsus + udssu

+ usuds + ususd + usdus + usdsu + ussud + ussdu
+ duuss + dusus + dussu + dsuus + dsusu + dssuu
+ suuds + suusd + sudus + sudsu + susud + susdu

+ sduus + sdusu + sdsuu + ssuud + ssudu + ssduul], (218)
fi sy | 1]2]3]4]||ufuld]s]

=1/ == 18 [Buudss + 3uusds — 2uussd + 3uduss + 3udsus — 2udssu

+ 3usuds — 2ususd + 3usdus — 2usdsu — 2ussud — 2ussdu
+ 3duuss + 3dusus — 2dussu + 3dsuus — 2dsusu — 2dssuu
+ 3suuds — 2suusd + 3sudus — 2sudsu — 2susud — 2susdu
+ 3sduus — 2sdusu — 2sdsuu — 2ssuud — 2ssudu — 2ssduu],  (219)

Xf?i1%1<q5>=| 112[3]4] [« u|s|s\>

5 d

/1
=\ 3¢ [2uussd — udssu + 2ususd — usdsu + 2ussud — ussdu

— dussu — dsusu — dssuu + 2suusd — sudsu + 2susud

— susdu — sdusu — sdsuu + 2ssuud — ssudu — ssduu], (220)
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fs sy | 1]2]3]5]||ufuld]s]
X[41] 331 (47) 4 s
1
=4/ 108 [Buudss — uusds + 2uussd + 3uduss — udsus + 2udssu
— usuds + 2ususd — usdus + 2usdsu — 2ussud — 2ussdu
+ 3duuss — dusus + 2dussu — dsuus + 2dsusu — 2dssuu
— suuds + 2suusd — sudus + 2sudsu — 2susud — 2susdu
— sduus + 2sdusu — 2sdsuu — 2ssuud — 2ssudu — 2ssduul, (221)
fa 5\ _ 12|3|5‘uu|s|s‘
X[‘*U%%rl (4°) 4 d
1
=1/ 510 [8uusds + 2uussd — dudsus — udssu + 8usuds + 2ususd
— dusdus — usdsu — 2ussud + 7ussdu — 4dusus — dussu
— 4dsuus — dsusu — 5dssuu + 8suuds + 2suusd — 4sudus
— sudsu — 2susud + 7susdu — 4sduus — sdusu — 5sdsuu
— 2ssuud + 7ssudu — 5ssduu], (222)
fs sy_[1]2]4]|5]|[u]uld]s]
XHH%%J (47) 3 s
1
=1/ 5 [2uusds + 2uussd + 2udsus + 2udssu — usuds — ususd
— usdus — usdsu + ussud + ussdu + 2dusus + 2dussu
— dsuus — dsusu + dssuu — suuds — suusd — sudus
— sudsu + susud + susdu — sduus — sdusu + sdsuu
— 2ssuud — 2ssudu — 2ssduu, (223)
fo sy_ | 1]2]4]5][u]uls]s]
X[‘ﬂ]%%rl (47) 3 d
=1/ 2170 [6uudss + 2uusds + 2uussd — 3uduss — udsus — udssu
— usuds — ususd + Susdus + Susdsu + ussud + ussdu
— 3duuss — dusus — dussu — 4dsuus — 4dsusu — 2dssuu
— suuds — suusd + 5sudus + 5sudsu + susud + susdu
— 4sduus — 4sdusu — 2sdsuu — 2ssuud — 2ssudu + 4ssduu],  (224)

22

33 1(5]5) =

1 3|4|5\ u
2 s

u|d|5\>

1
1/ 18 [usuds + ususd + usdus + usdsu + ussud + ussdu

+ dsuus + dsusu + dssuu — suuds — suusd — sudus

— sudsu — susud — susdu — sduus — sdusu — sdsuu,

(225)
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Xﬁul;l(qs): ; 3|4|5‘ Z M|S|S‘>

=4/ % [Buduss + 3udsus + 3udssu + usuds + ususd + usdus

+ usdsu + ussud + ussdu — 3duuss — 3dusus — 3dussu
— 2dsuus — 2dsusu — 2dssuu — suuds — suusd — sudus

— sudsu — susud — susdu + 2sduus + 2sdusu + 2sdsuu)]. (226)

The flavor multiplets of dibaryons with one heavy quark is illustrated in Figures 35-38.
In these figures the heavy quark is not shown to simplify the presentation.

Y

ddddd ddddu ddduu dduuu duuuu uuuuu

dddus.. ddus-, . dunus
. q .

dduss-. " duuss
o 9

udsss "q

Figure 35. The 21-plet states of dibaryons for the partition [5].

Y

uddd uudd uuud uunL
d d d d

Figure 36. The 24-plet states of the pentaquark for partition [41] of SUéI . The heavy quark is not shown.
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uuu
58

Q=-3 Q--2 Q-1

Llilud ‘Litl/lll uu
a

o
Il
W=
©
Il
|
wIN
©
Il
W=

Figure 38. The 6-plet states of the pentaquark for [311] and 3-plet for [221] of Sllg . The heavy quark
is not shown.

7.3.3. 94q99QQ

e Mool =(2e11) (2 e11]) =43 [31]e2 22 &3 [211],

(227)
3030303=15@3%1502%603x3.

For doubly heavy dibaryons, the wave function of the four light quark is the same as
that in Section 6.3.1. We can couple formula Equations (152)—(162) with two heavy quarks
so that we can get the flavor wave function of the doubly heavy dibaryons.

Note that if two heavy quarks are the same, we need to consider the symmetry of the
light-quark sector and heavy-quark sector at the same time. For example, if the state is
qq99qcc, due to the constraint of the color singlet, the color symmetry of 4* ® Q?> must be
[22] ® [2] or [211] ® [11]. We list the allowed states in Table 9. If the two heavy quarks are b
and ¢, then we do not need to consider the symmetry of the two heavy quarks.
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Table 9. Allowed states of q4 Q2.

q* Q?
orbit [4] 2]
color [22] 2]
[211] [11]
spin [4],[31], [22] [2],[11]
flavor [4], [31], [22] 2]
allowed states [22].[22],[4] f [2]c[11])¢[2] f
[22][31][31] ¢
[22][22]7[22] ¢
[22]c[4],[22]
[211][31]c[4] ¢ [11]c[2]0[2]f
[211].[31],[31 f

[le]c [4}0[31]f

There are no signals of doubly heavy dibaryons reported so far. However, several
possible states are predicted. £/ E with resonance mass 5081 MeV and decay width 0.3 MeV
and the E.5; state with the mass 5213 MeV and decay width 19.8 MeV were predicted
in the AQ) scattering channel, which may be two promising dibaryon candidates to be

searched for in future experiments [276].

7.3.4. q99QQQ and 99QQQQ

For dibaryon qq9QQQ, consisting of three light quarks and three heavy quarks, the
flavor wave functions can be obtained from the product of the light part and the heavy part.
The light part can be found in Section 4.3; the heavy part is just the product of the wave
functions of three quarks.

For dibaryon g9QQQQ, with two light quarks and four heavy quarks, the flavor wave
functions are the product of the wave functions of the light diquarks and the wave functions
of the heavy quarks, we still need to consider the symmetry of both the light-quark and
heavy-quark sectors together. For example, the wave function for the ggqQQQ state with
quantum numbers Y =0, =1,M;=1,C=2,B = —11is

1
X6[11/2,,1 = \/;[uus + usu + suulccb. (228)

7.3.5.4QQQQQ and QQQQQQ

In these cases, the flavor wave functions are just the product of the wave functions
of each quark. There is no report about fully heavy dibaryons so far, but many theoretical
predictions have been made, and it is believed that Q¢ Qeee and Oy Qppp can form bound
states [277,278].

The Giirsey—Radicati mass formula has also been applied to predict the mass of
dibaryon states, the results are listed in Table 10. Although there is no sufficient experimen-
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tal information on these dibaryons, the results still have a certain guiding significance for
our future research on six-quark systems [279-281].

Table 10. The parameters and masses of group-state dibaryons.

parameter My X3 Xo X3
2534.2+0.70 —6.8206 +0.03 61.780 + 0.07 —303.62 £0.21
X X, X,
65.882 +£0.11 1180.3 +0.18 —4392.0£0.18
dibaryon Y I ] [f] Theo. Exp. Ref.
(hypercharge) (isospin) (spin) (flavor) (MeV) (MeV) (MeV)
Doy 2.0 0 1 [33] 1902.834+1.79 1875.6[43] 1876 [282]
D1o 2.0 1 0 [42] 1883754177 - 1883 [282]
Dos 2.0 0 3 [33]  2520.6342.54 2380 [28-33] 2400 + 200 [283]
Dso 2.0 3 0 [6]  2406.16 & 3.57 - 2430 [284]
D1, 2.0 1 2 [42] 225443 +£2.22 - 2168 [282]
Dy 2.0 2 1 [51]  2216.28 +2.64 - 2179.8 [282]
NQ ~1.0 1 2 [321] 320055+ 1.62 - 2590 + 170 [285]
Q0 —40 0 0 [6]  3239.64+321 3282 [286]
H 0 0 0 [222] 2534.24 +0.7 - 2225 «~ 2234 [287]
AcAe 4 0 0 [0]  4460.80 +1.39 - -
Ay % 0 0 [0] 10,884.22 +1.39 - -
NQeee 1.0 ! 2 [21]  613431+£2.16 - 5992.5 [288]
NQyp 1.0 ! 2 21]  15,769.45 4+ 2.16 - 16,010.9 [288] -
QeceQce 0.0 0 0 [0]  9616.23+1.79 - 9684.8 [289]
Qs Qi 0.0 0 0 [0] 28,886.51 +1.79 - 28,680.7 [289]
Qeee Qi 0.0 0 0 [0] 19,251.37 4 1.79 - 19,090.4 [289]

For the system of double-photon Dy, which is a system composed of a neutron and
a proton, its isospin and spin quantum numbers are 0 and 1, respectively, and its mass
is 1907 MeV. This is the deuteron, and the experimental value of the deuteron is 1876 MeV.
Dy is a system composed of two neutrons, and it is generally believed that there may be a
zero-energy resonant state formed by two neutrons. The mass formula provides a mass that
is slightly higher than the threshold. The calculated mass of D3 is 2310 MeV, corresponding
to the d* currently found in the experiments. With a mass of 2380 MeV, our previous work
indicated that the d*(Dy3) was a tightly bound six-quark system instead of a loosely bound
deuteron-like system of two As [290-296]. The mass of D3 is expected to be 2418 MeV, but
this state is difficult to observe in experiments because of its large decay width. A recent
study revealed that vector meson exchange interactions played a dominant role between
the u/d quarks in the light dibaryons like NN, D3, Doz [297]. The preliminary experiment
gave negative results [298], possibly due to the large width (I' > 200 MeV) [299].

The mass of Dy is near the threshold, which is 2159 MeV. This state has been reported
in experiments, with a mass of 2144-2148 MeV [300,301]. The energy of Dj; is larger than
that of D1 (NA with IJP = 127); the same conclusion is also obtained with the analysis of
the matrix elements within the color magnetic interaction, so it is harder for D5 to form a
bound stated than Dy, [282].

Research on NQ) can be traced back to 1987. The relativistic quark model calcu-
lations by Goldman et al. indicated that the NQ) dibaryon with quantum numbers
S5=-31= %, J = 2 could appear as a narrow resonance [302]. Oka predicted several
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JP = 2% dibaryon resonances with a quark cluster model, and the result showed that
there is no quark exchange contribution within the NQ) system, and coupling of other
channels like AE*, ZE*, £*E is crucial [303]. A similar result was obtained with a chiral
quark model and quark delocalization color screening model. The two models also show
that there is no dibaryon resonance in the channels composed of octet—octet baryons, but
dibaryon resonance appears in the channels composed of octet-decuplet and decuplet—
decuplet baryons [304]. Possible NQ)-like dibaryons with heavy quarks were also predicted
in the two models [288]. Lattice QCD simulations employing (2 + 1) quark flavors con-
ducted by the HAL QCD collaboration demonstrated N() to be a bound state at different
pion mass [305,306]. The experimental search of N() has been conducted by the STAR
Cooperation at the Relativistic Heavy Ion Collider (RHIC) in Au +Au collisions. The mea-
surement of the p() correlation function demonstrated positive scattering length for the pQ)
interaction and supported the possible existence of a bound p() state [35]. Theoretically,
femtoscopic correlation functions can be used to probe the strong interactions within exotic
hadrons [13,307]. Very recently, the result of the energy spectrum, scattering phase shifts,
and correlation functions indicated that p() may be a bound state [308].

The masses obtained by the formula are generally lower for the states with strangeness,
especially for H particles, which are below the corresponding threshold. However, this
state has not been found in experiments to this day [309-315]. This may be due to the fact
that the flavor symmetry of SUj3 is not a good symmetry, and the introduction of isospin
and supercharge terms in the formula considering breaking is still insufficient. Additionally,
we assume that the system is in the orbital ground state, and all orbital space effects are
replaced by constants, which is a strong approximation.Nowadays, H baryon is usually
considered as a bound state [313,316-318]. More information about dibaryons can be seen
in [319-324].

8. Summary

In this article, dynamical symmetry in hadron physics is investigated, and the mass
formulas for hadrons are derived. These formulas exhibit excellent descriptive power for the
ground states of hadrons and are notably model-independent, enabling robust predictive
capabilities that have achieved significant success in describing baryons and dibaryons.

The non-perturbative dynamics of QCD in the low-energy regime remain analytically
challenging, yet multi-quark systems provide a unique platform to probe quark confine-
ment, chiral symmetry breaking, and other non-perturbative phenomena. By studying these
systems, we aim to elucidate the fundamental hadron formation mechanisms—including
distinguishing between compact multi-quark states and molecular states—thereby tran-
scending the traditional 44§ meson and gqq baryon frameworks predicted by constituent
quark models.

To enable detailed hadron characterization, we present wave functions for two- to
six-quark systems across various degrees of freedom. These wave functions are constructed
based on underlying symmetry principles, with strict adherence to phase consistency.
Specifically, a consistent phase convention is adopted throughout the construction, follow-
ing the methodology outlined in Ref. [70]. For brevity, not all configuration-specific wave
functions are explicitly listed here; they can be derived using the methods described in this
work or obtained directly from the authors upon request.
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Appendix A. Finding the Irreducible Representation Bases of S; in the
abbc Configuration

As an appendix, we gave a simple example to show how to find irreducible represen-
tations of the 5S4 group based on the eigen function method (EFM) in Ref. [70], which is a
general one to find the irreducible representation of various groups.

For the representation space with the abbc configuration of S4, the dimension of the
space is 12, and the 12 bases are listed in Table Al.

Table Al. The index of bases and the effect of permutation operators on the bases.

P1 P2 ?3 P4 Ps5 P6 P7 (4] P9 P10 P11 P12
abbc abcb acbb babc bacb bbac bbca bcab bcba cabb cbab cbba
(12) P4 95 P10 1 $2 Pe P7 P11 P12 93 P8 P9
(1B) | 9 9u ¢ e 90 ¢ P2 P3P 95 ¢ 97
(14) | 912 97 P9 P10 ¢s P11 P2 P8 ¢3 P4 Pe ¢1
28) | o1 @3 92 9 @5 91 99 @5 @7 P P P
(24)

(34)

@3 ¢2 @2 Pe @8 P4 @5 P6 P4 P12 P11 P10
$2 ¢3 P2 Pe ¢8 P4 Pe P9 ¢8 ¢10 P12 P11

In the EFM, the irreducible representation bases can be obtained by finding the eigen
functions of some operators. So the first step is to find the CSCO-I, the complete set of
commuting operators in the class space of the group. The class space is spanned by class
operators, which are sums of group elements belong to the same class. Collecting all the
CSCO-Is of the group and its subgroups forms the CSCO-II of the group if the group chain
is a canonical one. Sy D Sg 1 D ... D 53 is the canonical group chain. If some irreducible
representations appear more than once, new operators are needed. In the configuration
space, the operators come from the state permutation group and its subgroups. In this
example, the operators needed are the following:

C = (12)4(13) +(23) + (14) + (24) + (34),
Csq = (12)+4(13) + (23), (A1)
Cs2 (12),

Cs = (irip) + (i1i3) + (i2i3),

where i1 = a,ip = b,i3 = b,iy = ¢. The CSCO-I of S, is the same as CSCO-I of 5S4, and
S, does not exist. The set of operators in Equation (A1) is the CSCO in the configuration
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space. The matrices of the operators can be read from Tables Al and A2. Solving the eigen

equations of these operators,

C v
Ca k my k
sz l/Jr(iyl),mz = m2 IIJI(;Z/R,le (Az)
Cs k
12
1/77(:1),]7(112 = Zai(pi/ (A3)
i=1

the simultaneous eigenfunctions lp,%)f:@ of these operators are the irreducible representation

bases of S in the configuration space. v, my,mjy, k denote the eigenvalues of operators
C'/ CSlI CSZ/ CS'

Table A2. The effect of state permutation operators on the bases.

c

P1 P2 P3 Pa
abbc abcb acbb babc
Cs P4+ Q6+ @1 @5+ @7+ @2 @8+ @9 + @3 Q1+ @6 + 4
% P6 7 ]
bacb bbac bbca bcab
Cs $2+ @7+ 5 $1+ @1+ @6 $2+ @5+ @7 ®3+ @9 + @3
P9 P10 P11 P12
bcba cabb cbab cbba
Cs @3+ Ps+ @9 P11+ P12 + P10 @10 + P12 + P11 P10+ ¢11 + P12
6)3
o = |[i]2]8]4][a]0]0]c])
1
= \/E(§01+(P2+<P3+<P4+§05+§06+(P7+<P8+(P9+§010+§011+§012),
s _ |[1]2]3][a]b]0]
Y31 = 1
c
1
= 6(3(’)1 — @2 — 3+ 3¢5 — ¢5+ 396 — 7 — P8 — P9 — P10 — P11 — P12),
@3 _ |[1]2]4][a]b]0]
= |5
C
1
= 4/ E(Z(Pz — @3+ 295 +2¢7 — @3 — P9 — P10 — P11 — P12),
@3 _ |[1]3]4][a]b]b]
wh o= |5

AN =

(93 + @8+ @9 — P10 — P11 — P12),
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20— 1]2]3][a]b]c]
! 4 b
1
=\ 75(P2+ @3+ @5 =297+ 95 = 209 + @10 + P11 — 2912),
@0 12|4‘ab|c‘
lPO,l -
3 b
1
= 15 G0+ @2+ 493 + 394 + 95 — 696 — 297 — 5¢5 + P9 + 410 — 5P11 + ¢12),
Sy 13|4‘ab|c‘
0,—1 > b
1
=\ 231 392295 — 391 — 3¢5 — @5 — 99 — 2910 + P11 + P12), (A4)
(0)0 _ 12 alb
for AE
1
=\ 52 (P1 T 92 =293+ ¢4+ 95 — 296 — 297 + ¢5 + §9 — 2910 + 911 + P12),
(0)0 _ 12 al|b
Yoo l AEE
1
= \/g((l’l*(P2*904+<P5+<P8*<P9*(P11+<P12),
1]2][a]0]
-2)0
i = B[ )
4 c
1
= (91— 92 91— 95 =206 +2¢7 + 95 — 99 + 911 — 912),
1][3]]a]b]
-2)0
wo = 2] 2] >
4 c
1
=\ 25BP1— 92 =293 =391+ ¢5 — 95 + 3¢9 + 2910 + 911 — 3¢912),
1]4]|a]b]
-2)0
vt = |[2] [2] >
3 c

—_

= \ﬁ(@z 93— 95T s+ ¢10— Pn)-

References

1.  Gell-Mann, M. Symmetries of baryons and mesons. Phys. Rev. 1962, 125, 1067-1084. [CrossRef]

2. Gell-Mann, M. A Schematic Model of Baryons and Mesons. Phys. Lett. 1964, 8, 214-215. [CrossRef]

3. Zweig, G. An SU(3) Model for Strong Interaction Symmetry and Its Breaking. Version 1. preprint. 1964. Available online:
https://cds.cern.ch/record /570209 /files/ CERN-TH-412.pdf (accessed on 15 May 2025).

4. Zweig, G. An SU(3) model for strong interaction symmetry and its breaking. Version 2. In Developments in the Quark Theory
of Hadrons. Vol. 1. 1964-1978; Lichtenberg, D.B., Rosen, S.P., Eds.; Hadronic Press: Nonantum, MA, USA, 1980; pp. 22-101.
[CrossRef]

5. Barnes, V.E,; Connolly, P.L.; Crennell, D.]J.; Culwick, B.B.; Fowler, W.B.; Goz, B.; Hart, E.L.; Horwitz, N.; Hough, PV.C.; Kopp, ] K.;
et al. Confirmation of the existence of the Q)™ hyperon. Phys. Lett. 1964, 12, 134-136. [CrossRef]


http://doi.org/10.1103/PhysRev.125.1067
http://dx.doi.org/10.1016/S0031-9163(64)92001-3
https://cds.cern.ch/record/570209/files/CERN-TH-412.pdf
http://dx.doi.org/10.17181/CERN-TH-412
http://dx.doi.org/10.1016/0031-9163(64)91137-0

Symmetry 2025, 17, 1486 85 of 95

10.

11.
12.

13.
14.
15.
16.
17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Olsen, S.L.; Skwarnicki, T.; Zieminska, D. Nonstandard heavy mesons and baryons: Experimental evidence. Rev. Mod. Phys.
2018, 90, 015003. [CrossRef]

Chen, H.X.; Chen, W,; Liu, X;; Liu, Y.R,; Zhu, S.L. A review of the open charm and open bottom systems. Rep. Prog. Phys. 2017,
80, 076201. [CrossRef] [PubMed]

Chen, H.X.; Chen, W,; Liu, X,; Liu, Y.R.; Zhu, S.L. An updated review of the new hadron states. Rep. Prog. Phys. 2023, 86, 026201.
[CrossRef]

Dong, Y.; Shen, P; Zhang, Z. d*(2380) in a chiral constituent quark model. Prog. Part. Nucl. Phys. 2023, 131, 104045. [CrossRef]
Liu, Y.R,; Chen, HX,; Chen, W,; Liu, X.; Zhu, S.L. Pentaquark and Tetraquark states. Prog. Part. Nucl. Phys. 2019, 107, 237-320.
[CrossRef]

Bicudo, P. Tetraquarks and pentaquarks in lattice QCD with light and heavy quarks. Phys. Rep. 2023, 1039, 1-49. [CrossRef]
Huang, H.; Deng, C.; Liu, X; Tan, Y.; Ping, J. Tetraquarks and Pentaquarks from Quark Model Perspective. Symmetry 2023,
15, 1298. [CrossRef]

Liu, M.Z,; Pan, YW.,; Liu, ZW.; Wu, TW,; Ly, ].X,; Geng, L.S. Three ways to decipher the nature of exotic hadrons: Multiplets,
three-body hadronic molecules, and correlation functions. Phys. Rep. 2025, 1108, 1-108. [CrossRef]

Wang, Z.G. Review of the QCD sum rules for exotic states. arXiv 2025, arXiv:2502.11351.

Zhu, S.L. Pentaquarks. Int. ]. Mod. Phys. A 2004, 19, 3439-3469. [CrossRef]

Greenberg, O.W. QUARKS. Ann. Rev. Nucl. Part. Sci. 1978, 28, 327-386. [CrossRef]

Brodsky, S.J.; de Téramond, G.F,; Dosch, H.G.; Lorcé, C. Meson/Baryon/Tetraquark Supersymmetry from Superconformal
Algebra and Light-Front Holography. Int. J. Mod. Phys. A 2016, 31, 1630029. [CrossRef]

Klempt, E.; Richard, ].M. Baryon spectroscopy. Rev. Mod. Phys. 2010, 82, 1095-1153. [CrossRef]

Zhu, F; Bauer, G.; Yi, K. Experimental Road to a Charming Family of Tetraquarks ... and Beyond. Chin. Phys. Lett. 2024,
41,111201. [CrossRef]

Brambilla, N.; Eidelman, S.; Hanhart, C.; Nefediev, A.; Shen, C.P.; Thomas, C.E.; Vairo, A.; Yuan, C.Z. The XYZ states:
Experimental and theoretical status and perspectives. Phys. Rept. 2020, 873, 1-154. [CrossRef]

Abazov, V.M.; Abbott, B.; Abolins, M.; Acharya, B.S.; Adams, D.L.; Adams, M.; Adams, T.; Agelou, M.; Agram, J.-L.; Ahmed, S.N,;
et al. Observation and properties of the X (3872) decaying to J /7t 71~ in pp collisions at \/s = 1.96 TeV. Phys. Rev. Lett. 2004,
93, 162002. [CrossRef] [PubMed]

Ablikim, M.; Bai, J.Z.; Bai, Y;; Ban, Y.; Cai, X.; Chen, H.F,; Chen, H.S.; Chen, H.X.; Chen, J.C.; Chen, J.; et al. Observation of Y(2175)
in J/psi — eta phi £(0)(980). Phys. Rev. Lett. 2008, 100, 102003. [CrossRef] [PubMed]

Ablikim, M.; Achasov, M.N.; Ai, X.C.; Albayrak, O.; Ambrose, D.J.; An, EF; An, Q.; Bai, J].Z.; Ferroli, R.B.; Ban, Y.; et al.
Observation of a Charged Charmoniumlike Structure in ete™ — 7wt 7w~ [/ at /s = 4.26 GeV. Phys. Rev. Lett. 2013, 110, 252001.
Phys. Rev. Lett. 2013, 110, 252001. [CrossRef]

LHCb Collaboration. Observation of structure in the J/-pair mass spectrum. Sci. Bull. 2020, 65, 1983-1993. Sci. Bull. 2020,
65, 1983-1993. [CrossRef]

Choi, S.-K,; Olsen, S.L.; Abe, K.; Abe, T.; Adachi, I.; Ahn, B.S.; Aihara, H.; Akai, K.; Akatsu, M.; Akemoto, M.; et al. Observation of
a narrow charmonium-like state in exclusive B* — K* 7+~ ] /¢ decays. Phys. Rev. Lett. 2003, 91,262001. Phys. Rev. Lett. 2003,
91, 262001. [CrossRef]

Aaij, R.; Adeva, B.; Adinolfi, M.; Affolder, A.; Ajaltouni, Z.; Akar, S.; Albrecht, J.; Alessio, F.; Alexander, M.; Ali, S.; et al.
Observation of J/p Resonances Consistent with Pentaquark States in Ag — J/$K™ p Decays. Phys. Rev. Lett. 2015, 115, 072001.
Phys. Rev. Lett. 2015, 115, 072001. [CrossRef]

Aaij, R.; Beteta, C.A.; Adeva, B.; Adinolfi, M.; Aidala, C.A.; Ajaltouni, Z.; Akar, S.; Albicocco, P.; Albrecht, J.; Alessio, E; et al.
Observation of a narrow pentaquark state, P;(4312)", and of two-peak structure of the P.(4450)%. Phys. Rev. Lett. 2019,
122,222001. [CrossRef] [PubMed]

Bashkanov, M.; Bargholtz, C.; Berfowski, M.; Bogoslawsky, D.; Calén, H.; Clement, H.; Demiroers, L.; Doroshkevich, E.; Duniec,
D.; Ekstrom, C.; et al. Double-Pionic Fusion of Nuclear Systems and the ABC Effect: Aproaching a Puzzle by Exclusive and
Kinematically Complete Measurements. Phys. Rev. Lett. 2009, 102, 052301. [CrossRef]

Adlarson, P; Adolph, C.; Augustyniak, W.; Baru, V.; Bashkanov, M.; Bednarski, T.; Bergmann, ES.; Berfowski, M.; Bhatt, H.;
Brinkmann, K.-T.; et al. ABC Effect in Basic Double-Pionic Fusion—Observation of a new resonance? Phys. Rev. Lett. 2011,
106, 242302. [CrossRef] [PubMed]

Adlarson, P.; Augustyniak, W.; Bardan, W.; Bashkanov, M.; Bergmann, ES.; Berlowski, M.; Bhatt, H.; Bondar, A.; Biischer, M.;
Calén, H.; et al. Measurement of the 7;} — dn®7° reaction with polarized beam in the region of the d*(2380) resonance. Eur.
Phys. J. A 2016, 52, 147. [CrossRef]

Adlarson, P.; Augustyniak, W.; Bardan, W.; Bashkanov, M.; Bergmann, ES.; Bertowski, M.; Bhatt, H.; Biischer, M.; Calén, H.;
Ciepal, L; et al. Neutron-proton scattering in the context of the d* (2380) resonance. Phys. Rev. C 2014, 90, 035204. [CrossRef]


http://dx.doi.org/10.1103/RevModPhys.90.015003
http://dx.doi.org/10.1088/1361-6633/aa6420
http://www.ncbi.nlm.nih.gov/pubmed/28252448
http://dx.doi.org/10.1088/1361-6633/aca3b6
http://dx.doi.org/10.1016/j.ppnp.2023.104045
http://dx.doi.org/10.1016/j.ppnp.2019.04.003
http://dx.doi.org/10.1016/j.physrep.2023.10.001
http://dx.doi.org/10.3390/sym15071298
http://dx.doi.org/10.1016/j.physrep.2024.12.001
http://dx.doi.org/10.1142/S0217751X04019676
http://dx.doi.org/10.1146/annurev.ns.28.120178.001551
http://dx.doi.org/10.1142/S0217751X16300295
http://dx.doi.org/10.1103/RevModPhys.82.1095
http://dx.doi.org/10.1088/0256-307X/41/11/111201
http://dx.doi.org/10.1016/j.physrep.2020.05.001
http://dx.doi.org/10.1103/PhysRevLett.93.162002
http://www.ncbi.nlm.nih.gov/pubmed/15524981
http://dx.doi.org/10.1103/PhysRevLett.100.102003
http://www.ncbi.nlm.nih.gov/pubmed/18352176
http://dx.doi.org/10.1103/PhysRevLett.110.252001
http://dx.doi.org/10.1016/j.scib.2020.08.032
http://dx.doi.org/10.1103/PhysRevLett.91.262001
http://dx.doi.org/10.1103/PhysRevLett.115.072001
http://dx.doi.org/10.1103/PhysRevLett.122.222001
http://www.ncbi.nlm.nih.gov/pubmed/31283265
http://dx.doi.org/10.1103/PhysRevLett.102.052301
http://dx.doi.org/10.1103/PhysRevLett.106.242302
http://www.ncbi.nlm.nih.gov/pubmed/21770567
http://dx.doi.org/10.1140/epja/i2016-16147-5
http://dx.doi.org/10.1103/PhysRevC.90.035204

Symmetry 2025, 17, 1486 86 of 95

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.
43.

44.

45.
46.

47.

48.
49.

50.

51.

52.

53.

54.

55.

56.

57.

Adlarson, P.; Augustyniak, W.; Bardan, W.; Bashkanov, M.; Bergmann, ES.; Bertowski, M.; Bhatt, H.; Biischer, M.; Calén, H.;
Ciepat, I; et al. Evidence for a New Resonance from Polarized Neutron-Proton Scattering. Phys. Rev. Lett. 2014, 112, 202301.
[CrossRef]

PAdlarson; Augustyniak, W.; Bardan, W.; Bashkanov, M.; Bergmann, E.S.; Bertowski, M.; Bhatt, H.; Bondar, A.; Biischer, M.; Calén,
H.; et al. Measurement of the np — npr®7® Reaction in Search for the Recently Observed d*(2380) Resonance. Phys. Lett. B
2015, 743, 325-332. [CrossRef]

Bashkanov, M.; Watts, D.P,; Kay, S.].D.; Abt, S.; Achenbach, P.; Adlarson, P.; Afzal, F.; Ahmed, Z.; Akondi, C.S.; Annand, ] RM.;
et al. Signatures of the d*(2380) Hexaquark in d(y, pi#). Phys. Rev. Lett. 2020, 124, 132001. [CrossRef]

Adam, J.; Adamczyk, L.; Adams, ].R.; Adkins, ].K.; Agakishiev, G.; Aggarwal, M.M.; Ahammed, Z.; Ajitanand, N.N.; Alekseev,
L; Anderson, D.M,; et al. The Proton-Q) correlation function in Au + Au collisions at \/syy = 200 GeV. Phys. Lett. B 2019,
790, 490-497. [CrossRef]

Barnes, T.; Close, FE. A Light Exotic q anti-q g Hermaphrodite Meson? Phys. Lett. B 1982, 116, 365-368. [CrossRef]

Alde, D.; Binon, EG.; Boutemeur, M.; Bricman, C.; Donskov, S.V.; Gouanére, M.; Inyakin, A.V.; Kachanov, V.A.; Kakauridze, D.B.;
Khaustov, G.V,; et al. Evidence for a 1~1 Exotic Meson. Phys. Lett. B 1988, 205, 397. [CrossRef]

Adams, G.S.; Adams, T.; Bar-Yam, Z.; Bishop, ].M.; Bodyagin, V.A.; Brabson, B.B.; Brown, D.S.; Cason, N.M.; Chung, S.U.;
Crittenden, R.R; et al. Observation of a new J(PC) = 1~ exotic state in the reaction pi~ p — pit pi~ pi~ p at 18-GeV/c. Phys.
Rev. Lett. 1998, 81, 5760-5763. [CrossRef]

Kuhn, J.; Adams, G.S.; Adams, T.; Bar-Yam, Z.; Bishop, ].M.; Bodyagin, V.A.; Brown, D.S.; Cason, N.M.; Chung, S.U.; Cummings,
J.P; et al. Exotic meson production in the f(1)(1285) pi~ system observed in the reaction pi~ p — eta pi™ pi~ pi~ p at 18-GeV /c.
Phys. Lett. B 2004, 595, 109-117. [CrossRef]

Asner, D.M.; Barnes, T.; Bian, ].M.; Bigi, L1; Brambilla, N.; Boyko, L.R.; Bytev, V.; Chao, K.T.; Charles, J.; Chen, H.X,; et al. Physics
at BES-III. Int. . Mod. Phys. A 2009, 24, S1-794. [CrossRef]

Fritzsch, H.; Gell-Mann, M.; Leutwyler, H. Advantages of the Color Octet Gluon Picture. Phys. Lett. B 1973, 47, 365-368.
[CrossRef]

Fritzsch, H.; Minkowski, P. Psi Resonances, Gluons and the Zweig Rule. Nuovo C. A 1975, 30, 393. [CrossRef]

Navas, S.; Amsler, C.; Gutsche, T.; Hanhart, C.; Herndndez-Rey, J.J.; Lourengo, C.; Masoni, A.; Mikhasenko, M.; Mitchell, RE,;
Anderson, |.; et al. Review of particle physics. Phys. Rev. D 2024, 110, 030001. [CrossRef]

De Vries, H.; De Jager, C.W.; De Vries, C. Nuclear charge and magnetization density distribution parameters from elastic electron
scattering. Atom. Data Nucl. Data Tables 1987, 36, 495-536. [CrossRef]

Bashkanov, M.; Watts, D.P. A new possibility for light-quark Dark Matter. J. Phys. G 2020, 47, 03LT01. [CrossRef]

Vidana, I.; Bashkanov, M.; Watts, D.P,; Pastore, A. The d*(2380) in neutron stars—A new degree of freedom? Phys. Lett. B 2018,
781, 112-116. [CrossRef]

Celi, M.O.; Bashkanov, M.; Mariani, M.; Orsaria, M.G.; Pastore, A.; Ranea-Sandoval, L.F.; Weber, F. Destabilization of high-mass
neutron stars by the emergence of d*-hexaquarks. Phys. Rev. D 2024, 109, 023004. [CrossRef]

Beck, G. Indirect detection prospects for d*(2380) dark matter. J. Cosmol. Astropart. Phys. 2021, 02, 007. [CrossRef]

Chan, M.H. The Decaying and Scattering Properties of the 4*(2380) Hexaquark Bose-Einstein Condensate Dark Matter. Astrophys.
J. 2020, 898, 132. [CrossRef]

Dyson, F.; Xuong, N.H. Y =2 States in Su(6) Theory. Phys. Rev. Lett. 1964, 13, 815-817. [CrossRef]

Bjorken, ].D.; Glashow, S.L. Elementary Particles and SU(4). Phys. Lett. 1964, 11, 255-257. [CrossRef]

Glashow, S.L.; Iliopoulos, J.; Maiani, L. Weak Interactions with Lepton-Hadron Symmetry. Phys. Rev. D 1970, 2, 1285-1292.
[CrossRef]

Aubert, ].].; Becker, U.; Biggs, PJ.; Burger, J.; Chen, M.; Everhart, G.; Goldhagen, P.; Leong, J.; McCorriston, T.; Rhoades, T.G.; et al.
Experimental Observation of a Heavy Particle. J. Phys. Rev. Lett. 1974, 33, 1404-1406. [CrossRef]

Augustin, J.-E.; Boyarski, A.M.; Breidenbach, M.; Bulos, F.; Dakin, ].T.; Feldman, G.J.; Fischer, G.E.; Fryberger, D.; Hanson, G;
Jean-Marie, B.; et al. Discovery of a Narrow Resonance in e*e™ Annihilation. Phys. Rev. Lett. 1974, 33, 1406-1408. [CrossRef]
Herb, SW.; Hom, D.C.; Lederman, L.M.; Sens, ].C.; Snyder, H.D.; Yoh, ] K.; Appel, J.A.; Brown, B.C.; Brown, C.N.; Innes, WR;
et al. Observation of a Dimuon Resonance at 9.5-GeV in 400-GeV Proton-Nucleus Collisions. Phys. Rev. Lett. 1977, 39, 252-255.
Phys. Rev. Lett. 1977, 39, 252-255. [CrossRef]

Innes, WR.; Appel, J.A.; Brown, B.C.; Brown, C.N.; Ueno, K.; Yamanouchi, T.; Herb, S.W.; Hom, D.C.; Lederman, L.M.; Sens, J.C.;
et al. Observation of Structure in the Y Region. Phys. Rev. Lett. 1977, 39, 1240-1242; Erratum in Phys. Rev. Lett. 1977, 39, 1640.
[CrossRef]

Abe, F; Akimoto, H.; Akopian, A.; Albrow, M.G.; Amendolia, S.R.; Amidei, D.; Antos, J.; Anway-Wiese, C.; Aota, S.; Apollinari,
G.; et al. Observation of top quark production in pp collisions with the Collider Detector at Fermila. Phys. Rev. Lett. 1995,
74,2626-2631. [CrossRef]


http://dx.doi.org/10.1103/PhysRevLett.112.202301
http://dx.doi.org/10.1016/j.physletb.2015.02.067
http://dx.doi.org/10.1103/PhysRevLett.124.132001
http://dx.doi.org/10.1016/j.physletb.2019.01.055
http://dx.doi.org/10.1016/0370-2693(82)90301-X
http://dx.doi.org/10.1016/0370-2693(88)91686-3
http://dx.doi.org/10.1103/PhysRevLett.81.5760
http://dx.doi.org/10.1016/j.physletb.2004.05.032
http://dx.doi.org/10.1142/s0217751x09046412
http://dx.doi.org/10.1016/0370-2693(73)90625-4
http://dx.doi.org/10.1007/BF02730295
http://dx.doi.org/10.1103/PhysRevD.110.030001
http://dx.doi.org/10.1016/0092-640X(87)90013-1
http://dx.doi.org/10.1088/1361-6471/ab67e8
http://dx.doi.org/10.1016/j.physletb.2018.03.052
http://dx.doi.org/10.1103/PhysRevD.109.023004
http://dx.doi.org/10.1088/1475-7516/2021/02/007
http://dx.doi.org/10.3847/1538-4357/ab9df6
http://dx.doi.org/10.1103/PhysRevLett.13.815
http://dx.doi.org/10.1016/0031-9163(64)90433-0
http://dx.doi.org/10.1103/PhysRevD.2.1285
http://dx.doi.org/10.1103/PhysRevLett.33.1404
http://dx.doi.org/10.1103/PhysRevLett.33.1406
http://dx.doi.org/10.1103/PhysRevLett.39.252
http://dx.doi.org/10.1103/PhysRevLett.39.1240
http://dx.doi.org/10.1103/PhysRevLett.74.2626

Symmetry 2025, 17, 1486 87 of 95

58.
59.
60.
61.
62.
63.
64.

65.
66.

67.
68.
69.
70.
71.
72.

73.
74.

75.
76.

77.
78.

79.
80.

81.

82.

83.

84.

85.

86.

87.
88.

89.

90.
91.

Abachi, S.; Abbott, B.; Abolins, M.; Acharya, B.S.; Adam, I.; Adams, D.L.; Adams, M.; Ahn, S.; Aihara, H.; Alitti, J.; et al.
Observation of the top quark. Phys. Rev. Lett. 1995, 74, 2632-2637. [CrossRef] [PubMed]

Wulfman, C.E. Dynamical Symmetry; World Scientific Publising Company: Singapore, 2010.

Iachello, E; Levine, R.D. Algebraic Theory of Molecules; Oxford University Press: Oxford, UK, 1995.

Ping, J.; Chen, ].Q. Partial dynamic symmetry in molecules. Ann. Phys. 1997, 255, 75-96. [CrossRef]

lIachello, E; Arima, A. The Interacting Boson Model; Cambridge Monographs on Mathematical Physics; Cambridge University
Press: Cambridge, UK, 2006. [CrossRef]

Wu, C.L.; Feng, D.H.; Chen, X.G.; Chen, ].Q.; Guidry, M.W. Fermion dynamical symmetry model of nuclei: Basis, Hamiltonian,
and symmetries. Phys. Rev. C 1987, 36, 1157-1180. [CrossRef]

de Swart, J.J. The Octet model and its Clebsch-Gordan coefficients. Rev. Mod. Phys. 1963, 35, 916-939; Erratum in Rev. Mod. Phys.
1965, 37, 326-326. [CrossRef]

Cougoulic, F; Peigné, S. 27 ® 27. arXiv 2025, arXiv:2504.11362.

Aerts, A. T.M.; Mulders, P].G.; de Swart, ].]. Multi-Baryon States in the Bag Model. Phys. Rev. D 1978, 17, 260. Phys. Rev. D 1978,
17, 260. [CrossRef]

Close, EE. An Introduction to Quarks and Partons; Academic Press: London, UK; New York, NY, USA, 1979.

Itzykson, C.; Nauenberg, M. Unitary Groups: Representation and Decompositions. Rev. Mod. Phys. 1966, 38, 95-120. [CrossRef]
De Rujula, A.; Georgi, H.; Glashow, S.L. Hadron Masses in a Gauge Theory. Phys. Rev. D 1975, 12, 147-162. [CrossRef]

Chen, J.Q.; Ping, ].; Wang, F. Group Representation Theory for Physicists, 2nd ed.; World Scientific: Singapore, 2002. [CrossRef]
Gursey, F; Radicati, L.A. Spin and unitary spin independence of strong interactions. Phys. Rev. Lett. 1964, 13, 173-175. [CrossRef]
Holma, P.; Ohlsson, T. Phenomenological predictions for pentaquark masses from fits to baryon masses. Phys. Lett. B 2020,
800, 135108. [CrossRef]

Santopinto, E.; Giachino, A. Compact pentaquark structures. Phys. Rev. D 2017, 96, 014014. [CrossRef]

Vijande, ].; Fernandez, E; Valcarce, A. Constituent quark model study of the meson spectra. |. Phys. G 2005, 31, 481. ]. Phys. G
2005, 31, 481. [CrossRef]

Ni, RH.; Deng, Q.; Wu, J.J.; Zhong, X.H. Bottomonia in an unquenched quark model. Phys. Rev. D 2025, 111, 114027. [CrossRef]
Ni, RH.; Wu, ].].; Zhong, X.H. Unified unquenched quark model for heavy-light mesons with chiral dynamics. Phys. Rev. D 2024,
109, 116006. [CrossRef]

Meyer, C.; Swanson, E. Hybrid mesons. Prog. Part. Nucl. Phys. 2015, 82, 21-58. [CrossRef]

Klempt, E.; Zaitsev, A. Glueballs, Hybrids, Multiquarks. Experimental facts versus QCD inspired concepts. Phys. Rep. 2007,
454,1-202. [CrossRef]

LeYaovanc, A. Hadron Transitions in the Quark Model; Gordon and Breach Science Publishers Inc.: New York, NY, USA, 1988.
Moffat, J.W. SU(4) and SU(8) mass splitting and the possible existence of new hadrons. Phys. Rev. D Part. Fields 1975, 12, 288-290.
[CrossRef]

Iachello, F.; Mukhopadhyay, N.C.; Zhang, L. Spectrum generating algebra for string like mesons. 1. Mass formula for q anti-q
mesons. Phys. Rev. D 1991, 44, 898-914. [CrossRef]

Iachello, F.; Mukhopadhyay, N.C.; Zhang, L. Spectrum generating algebra for string—Like hadrons: Mass formula for mesons.
Phys. Lett. B 1991, 256, 295-300. [CrossRef]

Lyu, Y;; Doi, T.; Hatsuda, T.; Sugiura, T. Nucleon-charmonium interactions from lattice QCD. Phys. Lett. B 2025, 860, 139178.
[CrossRef]

Verplanke, WE.A_; Fodor, Z.; Gerardin, A.; Guenther, ].N.; Lellouch, L.; Szabo, K.K.; Toth, B.C.; Varnhorst, L. Lattice QCD
calculation of the 77 and #” meson masses at the physical point using rooted staggered fermions. Phys. Rev. D 2025, 111, 094506.
[CrossRef]

Boyle, P; Erben, E; Giilpers, V.; Hansen, M.T.; Joswig, F.; Marshall, M.; Lachini, N.P; Portelli, A. Physical-mass calculation of
0(770) and K*(892) resonance parameters via 717t and K7 scattering amplitudes from lattice QCD. Phys. Rev. D 2025, 111, 054510.
[CrossRef]

Meng, Y.; Dang, J.L.; Liu, C.; Liu, Z.; Shen, T.; Yan, H.; Zhang, K.L. Lattice QCD calculation of the Ds* radiative decay with
(2+1)-flavor Wilson-clover ensembles. Phys. Rev. D 2024, 109, 074511. [CrossRef]

Isgur, N.; Karl, G. P Wave Baryons in the Quark Model. Phys. Rev. D 1978, 18, 4187. [CrossRef]

Gonzalez, P,; Vijande, J.; Valcarce, A.; Garcilazo, H. Spectral patterns in the nonstrange baryon spectrum. Eur. Phys. ]. A 2006,
29, 235. [CrossRef]

Vijande, J.; Gonzalez, P; Garcilazo, H.; Valcarce, A. Screened potential and the baryon spectrum. Phys. Rev. D 2004, 69, 074019.
[CrossRef]

Ping, ]. Unquenched quark model for mesons. AIP Conf. Proc. 2020, 2249, 030030. [CrossRef]

Roper, L.D. Evidence for a Pj; Pion-Nucleon Resonance at 556 MeV. Phys. Rev. Lett. 1964, 12, 340-342. [CrossRef]


http://dx.doi.org/10.1103/PhysRevLett.74.2632
http://www.ncbi.nlm.nih.gov/pubmed/10057979
http://dx.doi.org/10.1006/aphy.1996.5644
http://dx.doi.org/10.1017/CBO9780511895517
http://dx.doi.org/10.1103/PhysRevC.36.1157
http://dx.doi.org/10.1103/RevModPhys.35.916
http://dx.doi.org/10.1103/PhysRevD.17.260
http://dx.doi.org/10.1103/RevModPhys.38.95
http://dx.doi.org/10.1103/PhysRevD.12.147
http://dx.doi.org/10.1142/5019
http://dx.doi.org/10.1103/PhysRevLett.13.173
http://dx.doi.org/10.1016/j.physletb.2019.135108
http://dx.doi.org/10.1103/PhysRevD.96.014014
http://dx.doi.org/10.1088/0954-3899/31/5/017
http://dx.doi.org/10.1103/6x3t-x15s
http://dx.doi.org/10.1103/PhysRevD.109.116006
http://dx.doi.org/10.1016/j.ppnp.2015.03.001
http://dx.doi.org/10.1016/j.physrep.2007.07.006
http://dx.doi.org/10.1103/PhysRevD.12.288
http://dx.doi.org/10.1103/PhysRevD.44.898
http://dx.doi.org/10.1016/0370-2693(91)91764-M
http://dx.doi.org/10.1016/j.physletb.2024.139178
http://dx.doi.org/10.1103/PhysRevD.111.094506
http://dx.doi.org/10.1103/PhysRevD.111.054510
http://dx.doi.org/10.1103/PhysRevD.109.074511
http://dx.doi.org/10.1103/PhysRevD.18.4187
http://dx.doi.org/10.1140/epja/i2006-10081-1
http://dx.doi.org/10.1103/PhysRevD.69.074019
http://dx.doi.org/10.1063/5.0008563
http://dx.doi.org/10.1103/PhysRevLett.12.340

Symmetry 2025, 17, 1486 88 of 95

92.

93.

94.

95.

96.

97.

98.
99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.
110.

111.

112.

113.

114.
115.

116.
117.

118.
119.
120.
121.

122.

Rathore, A.K.; Sharma, VK.; Chanyal, B.C. Complex octonion-based SU(3) flavor symmetry with the concept of octet representa-
tion for quark composite particles. Eur. Phys. |. Plus 2024, 139, 210. [CrossRef]

Mattson, M.; Alkhazov, G.; Atamantchouk, A.G.; Balatz, M.Y.; Bondar, N.F,; Cooper, P.S.; Dauwe, L.]J.; Davidenko, G.V.; Dersch,
U.; Dolgolenko, A.G.; et al. First Observation of the Doubly Charmed Baryon 1. Phys. Rev. Lett. 2002, 89, 112001. [CrossRef]
Aaij, R,; Adeva, B.; Adinolfi, M.; Aidala, C.A.; Ajaltouni, Z.; Akar, S.; Albicocco, P.; Albrecht, J.; Alessio, F.; Alexander, M.; et al.
First Observation of the Doubly Charmed Baryon Decay Ef+ — Ef 1. Phys. Rev. Lett. 2018, 121, 162002. [CrossRef]

Aaij, R.; Beteta, C.A.; Ackernley, T.; Adeva, B.; Adinolfi, M.; Afsharnia, H.; Aidala, C.A.; Aiola, S.; Ajaltouni, Z.; Akar, S.; et al.
Measurement of Zf." production in pp collisions at /s = 13 TeV. Chin. Phys. C 2020, 44, 022001. [CrossRef]

Aaij, R.; Adeva, B.; Adinolfi, M.; Ajaltouni, Z.; Akar, S.; Albrecht, J.; Alessio, F.; Alexander, M.; Alfonso Albero, A.; Ali, S.; et al.
Observation of the Doubly Charmed Baryon E}". Phys. Rev. Lett. 2017, 119, 112001. [CrossRef] [PubMed]

Karliner, M.; Rosner, J.L. Baryons with two heavy quarks: Masses, production, decays, and detection. Phys. Rev. D 2014,
90, 094007. [CrossRef]

Karliner, M.; Rosner, J.L. Strange baryons with two heavy quarks. Phys. Rev. D 2018, 97, 094006. [CrossRef]

Aaij, R.; Beteta, C.A.; Ackernley, T.; Adeva, B.; Adinolfi, M.; Afsharnia, H.; Aidala, C.A ; Aiola, S.; Ajaltouni, Z.; Akar, S.; et al.
Search for the doubly heavy baryons Qg . and B9 . decaying to Af 71~ and Ef 71~ Chin. Phys. C 2021, 45, 093002. [CrossRef]

Ali, A.; Qin, Q.; Wang, W. Discovery potential of stable and near-threshold doubly heavy tetraquarks at the LHC. Phys. Lett. B
2018, 785, 605-609. [CrossRef]

Ali, A.; Parkhomenko, A.Y.; Qin, Q.; Wang, W. Prospects of discovering stable double-heavy tetraquarks at a Tera-Z factory. Phys.
Lett. B 2018, 782, 412-420. [CrossRef]

Yu, G.L; Li, Z.Y,; Wang, Z.G.; Zhou, Z. Systematic analysis of the mass spectra of triply heavy baryons. Eur. Phys. ]. C 2025,
85, 543. [CrossRef]

Ortiz-Pacheco, E.; Bijker, R. Strong decay widths of S- and P-wave singly-, doubly- and triply-heavy charm and bottom baryons.
arXiv 2024, arXiv:2410.09622.

Najjar, Z.R.; Azizi, K.; Moshfegh, H.R. Semileptonic decay of the triply heavy Q). to the observed T state. Phys. Rev. D 2025,
111, 014016. [CrossRef]

Xie, J.Q.; Song, H.; Chen, ].K. Regge trajectories for the triply heavy bottom-charm baryons in the diquark picture. Eur. Phys. |. C
2024, 84, 1048. [CrossRef]

Zhou, J.; Bitaghsir Fadafan, K.; Chen, X. The potential of QQQ in the anisotropic background. Eur. Phys. ]. C 2024, 84, 762.
[CrossRef]

Najjar, Z.R.; Azizi, K.; Moshfegh, H.R. Properties of the ground and excited states of triply heavy spin-1/2 baryons. Eur. Phys. ].
C 2024, 84, 612. [CrossRef]

Lu, E; Ke, HW.; Liu, X.H. Weak decays of the triply heavy baryons in the three-quark picture with the light-front quark model.
Eur. Phys. J. C 2024, 84, 452. [CrossRef]

Zhao, J.; Shi, S. Triply heavy baryons QQQ in vacuum and in a hot QCD medium. Phys. Rev. C 2024, 109, 024901. [CrossRef]
Liu, M.S,; Li, Q.F; Zhong, X.H. Triply charmed and bottom baryons in a constituent quark model. Phys. Rev. D 2020, 101, 074031.
[CrossRef]

Ortiz-Pacheco, E.; Bijker, R. Masses and radiative decay widths of S- and P-wave singly, doubly, and triply heavy charm and
bottom baryons. Phys. Rev. D 2023, 108, 054014. [CrossRef]

Jiang, J.J.; Chen, X.; Qin, J.; Martin Contreras, M.A. String-breaking of the triply heavy baryon at finite temperature and chemical
potential. Phys. Rev. D 2023, 108, 126002. [CrossRef]

Salehi, N. A novel approach for spectroscopic study of (). baryon in the hypercentral constituent Quark model. Mod. Phys. Lett.
A 2025, 40, 2450220. [CrossRef]

Liu, H.; Wang, W.; Zhang, Q.A. Improved method to determine the & — Elc mixing. Phys. Rev. D 2024, 109, 036037. [CrossRef]
Liu, H; Liu, L.; Sun, P; Sun, W,; Tan, ].X.; Wang, W.; Yang, Y.B.; Zhang, Q.A. &, — E/C mixing from lattice QCD. Phys. Lett. B 2023,
841,137941. [CrossRef]

Sun, X.Y.; Zhang, EW.; Shi, YJ.; Zhao, Z.X. Revisiting Eq — E’Q mixing in QCD sum rules. Eur. Phys. |. C 2023, 83, 961. [CrossRef]

Ke, H.W,; Fang, G.Y,; Shi, Y.L. Study on the mixing of E and &, by the transition &, — ). Phys. Rev. D 2024, 109, 073006.
[CrossRef]

Deng, Z.F; Shi, Y.J.; Wang, W.; Zeng, ]. QED contributions to Ef — o mixing. Phys. Rev. D 2024, 109, 036014. [CrossRef]
Eichmann, G. Theory Introduction to Baryon Spectroscopy. Few Body Syst. 2022, 63, 57. [CrossRef]

Thiel, A.; Afzal, F.; Wunderlich, Y. Light Baryon Spectroscopy. Prog. Part. Nucl. Phys. 2022, 125, 103949. [CrossRef]

Dahiya, H.; Dutt, S.; Kumar, A.; Randhawa, M. Axial-vector charges of the spin %Jr and spin %+ light and charmed baryons in
the SU(4) chiral quark constituent model. Eur. Phys. ]. Plus 2023, 138, 441. [CrossRef]

Yang, G.; Ping, J.; Ortega, P.G.; Segovia, J. Triply heavy baryons in the constituent quark model. Chin. Phys. C 2020, 44, 023102.
[CrossRef]


http://dx.doi.org/10.1140/epjp/s13360-024-05021-5
http://dx.doi.org/10.1103/PhysRevLett.89.112001
http://dx.doi.org/10.1103/PhysRevLett.121.162002
http://dx.doi.org/10.1088/1674-1137/44/2/022001
http://dx.doi.org/10.1103/PhysRevLett.119.112001
http://www.ncbi.nlm.nih.gov/pubmed/28949228
http://dx.doi.org/10.1103/PhysRevD.90.094007
http://dx.doi.org/10.1103/PhysRevD.97.094006
http://dx.doi.org/10.1088/1674-1137/ac0c70
http://dx.doi.org/10.1016/j.physletb.2018.09.018
http://dx.doi.org/10.1016/j.physletb.2018.05.055
http://dx.doi.org/10.1140/epjc/s10052-025-14261-3
http://dx.doi.org/10.1103/PhysRevD.111.014016
http://dx.doi.org/10.1140/epjc/s10052-024-13438-6
http://dx.doi.org/10.1140/epjc/s10052-024-13142-5
http://dx.doi.org/10.1140/epjc/s10052-024-12960-x
http://dx.doi.org/10.1140/epjc/s10052-024-12732-7
http://dx.doi.org/10.1103/PhysRevC.109.024901
http://dx.doi.org/10.1103/PhysRevD.101.074031
http://dx.doi.org/10.1103/PhysRevD.108.054014
http://dx.doi.org/10.1103/PhysRevD.108.126002
http://dx.doi.org/10.1142/S0217732324502201
http://dx.doi.org/10.1103/PhysRevD.109.036037
http://dx.doi.org/10.1016/j.physletb.2023.137941
http://dx.doi.org/10.1140/epjc/s10052-023-12042-4
http://dx.doi.org/10.1103/PhysRevD.109.073006
http://dx.doi.org/10.1103/PhysRevD.109.036014
http://dx.doi.org/10.1007/s00601-022-01756-y
http://dx.doi.org/10.1016/j.ppnp.2022.103949
http://dx.doi.org/10.1140/epjp/s13360-023-04058-2
http://dx.doi.org/10.1088/1674-1137/44/2/023102

Symmetry 2025, 17, 1486 89 of 95

123.

124.

125.
126.

127.

128.
129.

130.

131.

132.

133.

134.
135.

136.
137.
138.
139.
140.
141.
142.
143.

144.

145.

146.

147.

148.

149.

150.

151.
152.

153.

Yang, G.; Ping, J.; Segovia, ]. The S- and P-Wave Low-Lying Baryons in the Chiral Quark Model. Few Body Syst. 2018, 59, 113.
[CrossRef]

Yang, Y.; Deng, C.; Huang, H.; Ping, ]. Dynamical study of heavy-baryon spectroscopy. Mod. Phys. Lett. A 2008, 23, 1819-1828.
[CrossRef]

Qin, S.X; Roberts, C.D.; Schmidt, S.M. Spectrum of light- and heavy-baryons. Few Body Syst. 2019, 60, 26. [CrossRef]
Sanchis-Alepuz, H.; Alkofer, R.; Eichmann, G.; Williams, R. Model Comparison of Delta and Omega Masses in a Covariant
Faddeev Approach. PoS 2011, QCD-TNT-II, 041. [CrossRef]

Radin, M.; Babaghodrat, S.; Monemzadeh, M. Estimation of heavy baryon masses Q;f and Oy, by solving the Faddeev equation
in a three-dimensional approach. Phys. Rev. D 2014, 90, 047701. [CrossRef]

Zhang, ].R.; Huang, M.Q. Deciphering triply heavy baryons in terms of QCD sum rules. Phys. Lett. B 2009, 674, 28-35. [CrossRef]
Li, Z.Y,; Yu, G.L.; Wang, Z.G.; Gu, ].Z.; Shen, H.T. Mass spectra of bottom-charm baryons. Int. . Mod. Phys. A 2023, 38, 2350095.
[CrossRef]

Yu, G.L.; Li, Z.Y.; Wang, Z.G.; Lu, J.; Yan, M. Systematic analysis of single heavy baryons AQ, 2Q and QQ. Nucl. Phys. B 2023,
990, 116183. [CrossRef]

Wei, KW.; Chen, B; Liu, N.; Wang, Q.Q.; Guo, X.H. Spectroscopy of singly, doubly, and triply bottom baryons. Phys. Rev. D 2017,
95, 116005. [CrossRef]

Can, K.U,; Erkol, G.; Oka, M.; Takahashi, T.T. Look inside charmed-strange baryons from lattice QCD. Phys. Rev. D 2015,
92, 114515. [CrossRef]

Gutiérrez-Guerrero, L.X.; Raya, A.; Albino, L.; Hernandez-Pinto, R.J. First radial excitations of baryons in a contact interaction:
Mass spectrum. Phys. Rev. D 2024, 110, 074015. [CrossRef]

Okubo, S. Note on unitary symmetry in strong interactions. Prog. Theor. Phys. 1962, 27, 949-966. [CrossRef]

Ebert, D.; Faustov, R.N.; Galkin, V.O. Masses of heavy baryons in the relativistic quark model. Phys. Rev. D 2005, 72, 034026.
[CrossRef]

Barabanov, M.Y.; Bedolla, M.A.; Brooks, W.K_; Cates, G.D.; Chen, C.; Chen, Y,; Cisbani, E.; Ding, M.; Eichmann, G.; Ent, R; et al.
Diquark correlations in hadron physics: Origin, impact and evidence. Prog. Part. Nucl. Phys. 2021, 116, 103835. [CrossRef]
Anselmino, M.; Predazzi, E.; Ekelin, S.; Fredriksson, S.; Lichtenberg, D.B. Diquarks. Rev. Mod. Phys. 1993, 65, 1199-1234.
[CrossRef]

Feng, X.; Chen, ] K; Xie, ].Q. Regge trajectories for the doubly heavy diquarks. Phys. Rev. D 2023, 108, 034022. [CrossRef]
Chen, ] K.; Feng, X.; Xie, ].Q. Regge trajectories for the heavy-light diquarks. J. High Energy Phys. 2023, 10, 052. [CrossRef]
Chen, ] K;; Xie, ].Q.; Feng, X.; Song, H. Regge trajectories for the light diquarks. Eur. Phys. J. C 2023, 83, 1133. [CrossRef]

Jaffe, R.L. Exotica. Phys. Rep. 2005, 409, 1-45. [CrossRef]

Brown, Z.S.; Detmold, W.; Meinel, S.; Orginos, K. Charmed bottom baryon spectroscopy from lattice QCD. Phys. Rev. D 2014,
90, 094507. [CrossRef]

Durr, S.; Fodor, Z.; Frison, J.; Hoelbling, C.; Hoffmann, R.; Katz, S.D.; Krieg, S.; Kurth, T.; Lellouch, L.; Lippert, T.; et al. Ab-Initio
Determination of Light Hadron Masses. Science 2008, 322, 1224-1227. [CrossRef]

Ablikim, M.; Achasov, M.N.; Albayrak, O.; Ambrose, D.J.; An, EF,; An, Q.; Bai, ].Z.; Ferroli, R.B.; Ban, Y.; Becker, J.; et al.
Observation of a Charged Charmoniumlike Structure Z(4020) and Search for the Z;(3900) in e*e™ — 7wt 7w~ h,. Phys. Rev. Lett.
2013, 111, 242001. [CrossRef]

Liu, Z.Q.; Shen, C.P; Yuan, C.Z.; Adachi, I; Aihara, H.; Asner, D.M.; Aulchenko, V.; Aushev, T.; Aziz, T.; Bakich, A.M.; et al. Study
of ete™ — 71t 71~ J /¢ and Observation of a Charged Charmoniumlike State at Belle. Phys. Rev. Lett. 2013, 110, 252002; Erratum
in Phys. Rev. Lett. 2013, 111, 019901. [CrossRef]

Xiao, T.; Dobbs, S.; Tomaradze, A.; Seth, K.K. Observation of the Charged Hadron Z}(3900) and Evidence for the Neutral
79(3900) inete™ — 7]/ at /s = 4170 MeV. Phys. Lett. B 2013, 727, 366-370. [CrossRef]

Ablikim, M.; Achasov, M.N.; Albayrak, O.; Ambrose, D.J.; An, EE; An, Q.; Bai, ].Z.; Baldini Ferroli, R.; Ban, Y.; Becker, J.; et al.
Observation of a Charged (Dﬁ*)jE Mass Peak in ete~ — 7DD at /s = 4.26 GeV. Phys. Rev. Lett. 2014, 112, 022001. [CrossRef]
[PubMed]

Voloshin, M.B. Z(3900)—What is inside? Phys. Rev. D 2013, 87, 091501. [CrossRef]

Zhang, J.R. Improved QCD sum rule study of Z.(3900) as a DD* molecular state. Phys. Rev. D 2013, 87, 116004. [CrossRef]
Guo, EK.; Hidalgo-Duque, C.; Nieves, ].; Pavén Valderrama, M. Consequences of heavy-quark symmetries for hadronic molecules.
Phys. Rev. D 2013, 88, 054007. [CrossRef]

Wang, Q.; Hanhart, C.; Zhao, Q. Decoding the riddle of Y (4260) and Z.(3900). Phys. Rev. Lett. 2013, 111, 132003. [CrossRef]
Wang, FL.; Yang, X.D.; Chen, R,; Liu, X. Correlation of the hidden-charm molecular tetraquarks and the charmoniumlike
structures existing in the B — XY Z + K process. Phys. Rev. D 2021, 104, 094010. [CrossRef]

Richard, ].M. Exotic hadrons: Review and perspectives. Few Body Syst. 2016, 57, 1185-1212. [CrossRef]


http://dx.doi.org/10.1007/s00601-018-1433-4
http://dx.doi.org/10.1142/S0217732308027102
http://dx.doi.org/10.1007/s00601-019-1488-x
http://dx.doi.org/10.22323/1.136.0041
http://dx.doi.org/10.1103/PhysRevD.90.047701
http://dx.doi.org/10.1016/j.physletb.2009.02.056
http://dx.doi.org/10.1142/S0217751X23500951
http://dx.doi.org/10.1016/j.nuclphysb.2023.116183
http://dx.doi.org/10.1103/PhysRevD.95.116005
http://dx.doi.org/10.1103/PhysRevD.92.114515
http://dx.doi.org/10.1103/PhysRevD.110.074015
http://dx.doi.org/10.1143/PTP.27.949
http://dx.doi.org/10.1103/PhysRevD.72.034026
http://dx.doi.org/10.1016/j.ppnp.2020.103835
http://dx.doi.org/10.1103/RevModPhys.65.1199
http://dx.doi.org/10.1103/PhysRevD.108.034022
http://dx.doi.org/10.1007/JHEP10(2023)052
http://dx.doi.org/10.1140/epjc/s10052-023-12329-6
http://dx.doi.org/10.1016/j.physrep.2004.11.005
http://dx.doi.org/10.1103/PhysRevD.90.094507
http://dx.doi.org/10.1126/science.1163233
http://dx.doi.org/10.1103/PhysRevLett.111.242001
http://dx.doi.org/10.1103/PhysRevLett.110.252002
http://dx.doi.org/10.1016/j.physletb.2013.10.041
http://dx.doi.org/10.1103/PhysRevLett.112.022001
http://www.ncbi.nlm.nih.gov/pubmed/24484002
http://dx.doi.org/10.1103/PhysRevD.87.091501
http://dx.doi.org/10.1103/PhysRevD.87.116004
http://dx.doi.org/10.1103/PhysRevD.88.054007
http://dx.doi.org/10.1103/PhysRevLett.111.132003
http://dx.doi.org/10.1103/PhysRevD.104.094010
http://dx.doi.org/10.1007/s00601-016-1159-0

Symmetry 2025, 17, 1486 90 of 95

154.

155.

156.

157.

158.

159.

160.
161.

162.

163.

164.
165.

166.

167.

168.

169.

170.

171.

172.

173.

174.

175.

176.

177.
178.

179.

180.
181.
182.
183.

Ablikim, M.; Achasov, M.N.; Albayrak, O.; Ambrose, D.J.; An, EE; An, Q.; Bai, J.Z.; Ferroli, R.B.; Ban, Y.; Becker, J.; et al.
Observation of a charged charmoniumlike structure in e*e~ — (D*D*)* 7 at \/s = 4.26 GeV. Phys. Rev. Lett. 2014, 112, 132001.
[CrossRef]

Maiani, L.; Riquer, V.; Faccini, R.; Piccinini, E; Pilloni, A.; Polosa, A.D. | PG — q1++ charged resonance in the Y (4260) — atn ]/ P
decay? Phys. Rev. D 2013, 87, 111102. [CrossRef]

Karliner, M.; Nussinov, S. The doubly heavies: QQgq and QQgq tetraquarks and QQq baryons. J. High Energy Phys. 2013, 07, 153.
[CrossRef]

Ali, A.; Hambrock, C.; Wang, W. Tetraquark interpretation of the charged bottomonium-like states Z;t (10610) and Zif (10650)
and implications. Phys. Rev. D 2012, 85, 054011. [CrossRef]

Aaij, R.; Abdelmotteleb, A.S.W.; Beteta, C.A.; Gallego, FJ.A.; Ackernley, T.; Adeva, B.; Adinolfi, M.; Afsharnia, H.; Agapopoulou,
C.; Aidala, C.A,; et al. Observation of an exotic narrow doubly charmed tetraquark. Nat. Phys. 2022, 18, 751-754. [CrossRef]
Nieves, J.; Albadalejo, M.; Montesinos, V.; Tolos, L. Charge-conjugation asymmetry and molecular content: The T, (3875) and
D},(2317) in nuclear matter. PoS 2025, QNP2024, 077. [CrossRef]

Lin, Y.Y.; Wang, ].Y.; Zhang, A. Mass spectra of doubly charmed tetraquarks Te.. Phys. Rev. D 2025, 111, 014015. [CrossRef]
Dong, W.C.; Wang, Z.G. Hunting for the prospective T, family based on the diquark-antidiquark configuration. Nucl. Phys. B
2025, 1012, 116828. [CrossRef]

Dai, L.R; Oset, E.; Song, ]. Comparison of molecular and compact states for the T cc (3875) and X (3872). PoS 2025, QNP2024, 054.
[CrossRef]

Meng, Q.; Hiyama, E.; Oka, M.; Hosaka, A.; Xu, C. Doubly heavy tetraquarks including one-pion exchange potential. Phys. Lett.
B 2023, 846, 138221. [CrossRef]

Noh, S.; Park, W. Nonrelativistic quark model analysis of Tc.. Phys. Rev. D 2023, 108, 014004. [CrossRef]

Park, D.; Lee, S.H. An Al-Inspired Numerical Method in the Quark Model: Application to Finding the Wave Functions for Heavy
Tetraquark States. arXiv 2024, arXiv:2406.00756. [CrossRef]

Wang, D.; Song, K.R.; Wang, W.L.; Huang, F. Spectrum of S- and P-wave ccqql G, q'/ = i, d, 5) systems in a chiral SU(3) quark
model. Phys. Rev. D 2024, 109, 074026. [CrossRef]

Li, S.Y; Liu, YR,; Man, Z.L.; Si, Z.G.; Wu, ]J. Doubly heavy tetraquark states in a mass splitting model. Phys. Rev. D 2024,
110, 094044. [CrossRef]

Asanuma, T.; Yamaguchi, Y.; Harada, M. Analysis of DD* and D(*ES ) molecule by one boson exchange model based on heavy
quark symmetry. Phys. Rev. D 2024, 110, 074030. [CrossRef]

Ma, Y;; Meng, L.; Chen, Y.K,; Zhu, S.L. Doubly heavy tetraquark states in the constituent quark model using diffusion Monte Carlo
method. Phys. Rev. D 2024, 109, 074001. [CrossRef]

Qiu, L.; Gong, C.; Zhao, Q. Coupled-channel description of charmed heavy hadronic molecules within the meson-exchange
model and its implication. Phys. Rev. D 2024, 109, 076016. [CrossRef]

Sakai, M.; Yamaguchi, Y. Analysis of Tcc and Tbb based on the hadronic molecular model and their spin multiplets. Phys. Rev. D
2024, 109, 054016. [CrossRef]

Zhao, M.].; Wang, Z.Y.; Wang, C.; Guo, X.H. Investigation of the possible DD*/BB* and DD*/BB* bound states. Phys. Rev. D
2022, 105, 096016. [CrossRef]

Ke, HW.,; Liu, X.H.; Li, X.Q. Possible molecular states of D) D) and B®) B(*) within the Bethe—Salpeter framework. Eur. Phys.
J. C 2022, 82, 144. [CrossRef]

Padmanath, M.; Prelovsek, S. Signature of a Doubly Charm Tetraquark Pole in DD* Scattering on the Lattice. Phys. Rev. Lett.
2022, 129, 032002. [CrossRef]

Lyu, Y,; Aoki, S.; Doi, T.; Hatsuda, T.; Ikeda, Y.; Meng, J. Doubly Charmed Tetraquark T from Lattice QCD near Physical Point.
Phys. Rev. Lett. 2023, 131, 161901. [CrossRef]

Dai, L.Y,; Sun, X.; Kang, X.W.; Szczepaniak, A.P; Yu, ].S. Pole analysis on the doubly charmed meson in DyDjy 7T mass spectrum.
Phys. Rev. D 2022, 105, L051507. [CrossRef]

Yuan, C.Z. Tetraquarks. PoS 2025, EXA-LEAP2024, 040. [CrossRef]

Ping, J.; Huang, H.; Deng, C.; Wang, F.; Goldman, T. Systematic study of multiquark states: qqq-q4 configuration. Phys. Rev. C
2009, 79, 065203. [CrossRef]

Wang, F.; Ping, J.-1.; Goldman, ].T. An Extension of the fractional parentage expansion to nonrelativistic and relativistic SU-f(3)
dibaryon calculations. Phys. Rev. C 1995, 51, 1648-1665. [CrossRef]

Jaffe, R.L. Multi-Quark Hadrons. 1. The Phenomenology of (2 Quark 2 anti-Quark) Mesons. Phys. Rev. D 1977, 15, 267. [CrossRef]
Jaffe, R.L. Multi-Quark Hadrons. 2. Methods. Phys. Rev. D 1977, 15, 281. [CrossRef]

Weinstein, J.D.; Isgur, N. The q q anti-q anti-q System in a Potential Model. Phys. Rev. D 1983, 27, 588. [CrossRef]

Godfrey, S.; Isgur, N. Mesons in a Relativized Quark Model with Chromodynamics. Phys. Rev. D 1985, 32, 189-231. [CrossRef]


http://dx.doi.org/10.1103/PhysRevLett.112.132001
http://dx.doi.org/10.1103/PhysRevD.87.111102
http://dx.doi.org/10.1007/JHEP07(2013)153
http://dx.doi.org/10.1103/PhysRevD.85.054011
http://dx.doi.org/10.1038/s41567-022-01614-y
http://dx.doi.org/10.22323/1.465.0077
http://dx.doi.org/10.1103/PhysRevD.111.014015
http://dx.doi.org/10.1016/j.nuclphysb.2025.116828
http://dx.doi.org/10.22323/1.465.0054
http://dx.doi.org/10.1016/j.physletb.2023.138221
http://dx.doi.org/10.1103/PhysRevD.108.014004
http://dx.doi.org/10.48550/arXiv.2406.00756
http://dx.doi.org/10.1103/PhysRevD.109.074026
http://dx.doi.org/10.1103/PhysRevD.110.094044
http://dx.doi.org/10.1103/PhysRevD.110.074030
http://dx.doi.org/10.1103/PhysRevD.109.074001
http://dx.doi.org/10.1103/PhysRevD.109.076016
http://dx.doi.org/10.1103/PhysRevD.109.054016
http://dx.doi.org/10.1103/PhysRevD.105.096016
http://dx.doi.org/10.1140/epjc/s10052-022-10092-8
http://dx.doi.org/10.1103/PhysRevLett.129.032002
http://dx.doi.org/10.1103/PhysRevLett.131.161901
http://dx.doi.org/10.1103/PhysRevD.105.L051507
http://dx.doi.org/10.22323/1.480.0040
http://dx.doi.org/10.1103/PhysRevC.79.065203
http://dx.doi.org/10.1103/PhysRevC.51.1648
http://dx.doi.org/10.1103/PhysRevD.15.267
http://dx.doi.org/10.1103/PhysRevD.15.281
http://dx.doi.org/10.1103/PhysRevD.27.588
http://dx.doi.org/10.1103/PhysRevD.32.189

Symmetry 2025, 17, 1486 91 of 95

184.

185.

186.

187.

188.

189.

190.

191.

192.

193.

194.

195.

196.

197.

198.

199.

200.

201.

202.

203.
204.

205.
206.

207.

208.

209.

210.

211.

Guo, FK,; Hanhart, C.; Meifiner, U.G.; Wang, Q.; Zhao, Q.; Zou, B.S. Hadronic molecules. Rev. Mod. Phys. 2018, 90, 015004;
Erratum in Rev. Mod. Phys. 2022, 94, 029901. [CrossRef]

van Beveren, E.; Bugg, D.V.; Kleefeld, F.; Rupp, G. The Nature of sigma, kappa, a(0)(980) and f(0)(980). Phys. Lett. B 2006,
641, 265-271. [CrossRef]

Oller, J.A.; Oset, E. Chiral symmetry amplitudes in the S wave isoscalar and isovector channels and the ¢, £y(980), ap(980) scalar
mesons. Nucl. Phys. A 1997, 620, 438-456; Erratum in Nucl. Phys. A 1999, 652, 407-409. [CrossRef]

Weinstein, J.D.; Isgur, N. K anti-K Molecules. Phys. Rev. D 1990, 41, 2236. [CrossRef]

Bayar, M.; Debastiani, V.R. 40(980)"f0(980) mixing in x.1 decay. EP] Web Conf. 2019, 199, 04009. [CrossRef]

Wu, J.J.; Zou, B.S. Study a0(0)(980) — £(0)(980) mixing from a0(0)(980) — £(0)(980) transition. Phys. Rev. D 2008, 78, 074017.
[CrossRef]

Ablikim, M.; Achasov, M.N.; Adlarson, P.; Afedulidis, O.; Ai, X.C.; Aliberti, R.; Amoroso, A.; An, Q.; Bai, Y.; Bakina, O.; et al.
Observation of D — a¢(980)7 in the decays D° — 71¥ 7t~ and D+ — 7t 7%. Phys. Rev. D 2024, 110, L111102. [CrossRef]
Cheng, H.Y.; Chiang, C.W.; Xu, F. Tetraquark nature of the 29(980) meson in hadronic D decays. Phys. Rev. D 2024, 110, 094052.
[CrossRef]

Aubert, B.; Bona, M.; Boutigny, D.; Couderc, F.; Karyotakis, Y.; Lees, ].P,; Poireau, V.; Tisserand, V.; Zghiche, A.; Grauges, E.; et al.
A Structure at 2175-MeV in eTe™ — ¢ f0(980) Observed via Initial-State Radiation. Phys. Rev. D 2006, 74, 091103. [CrossRef]
Lees, ].P.; Poireau, V.; Prencipe, E.; Tisserand, V.; Tico, ].G.; Grauges, E.; Martinelli, M.; Milanes, D.A.; Palano, A.; Pappagallo,
M.; et al. Cross Sections for the Reactions eTe™ — K*K~ 7t 7r~, Kt K~ 7%, and K* K~ K* K~ Measured Using Initial-State
Radiation Events. Phys. Rev. D 2012, 86, 012008. [CrossRef]

Aubert, B.; Bona, M.; Boutign, D.; Karyotakis, Y.; Lees, ].P; Poireau, V.; Prudent, X,; Tisserand, V.; Zghiche, A_; Tico, ].G.; et al.
Measurements of e~ — KT K~#, KTK~71° and KYK* 7rF cross- sections using initial state radiation events. Phys. Rev. D 2008,
77,092002. [CrossRef]

Aubert, B.; Bona, M.; Boutigny, D.; Karyotakis, Y.; Lees, ].P; Poireau, V.; Prudent, X.; Tisserand, V.; Zghiche, A.; Tico, ].G.; et al.
Theete™ — KKt n~, KT K~ 7%, and K¥ K~ KK~ cross-sections measured with initial-state radiation. Phys. Rev. D 2007,
76,012008. [CrossRef]

Ablikim, M.; Achasov, M.N.; Ai, X.C.; Albayrak, O.; Albrecht, M.; Ambrose, D.J.; Amoroso, A.; An, EE; An, Q.; Bai, ].Z.; et al.
Study of J/¢ — n¢mt 7~ at BESIIL Phys. Rev. D 2015, 91, 052017 [CrossRef]

Ablikim, M.; Achasov, M.N.; Ahmed, S.; Ai, X.C.; Albayrak, O.; Albrecht, M.; Ambrose, D.J.; Amoroso, A.; An, EF,; An, Q.; et al.
Observation of eTe™ — 7Y (2175) at center-of-mass energies above 3.7 GeV. Phys. Rev. D 2019, 99, 012014. [CrossRef]

Shen, C.P; Yuan, C.Z.; Wang, P.; Wang, X.L.; Adachi, I.; Aihara, H.; Arinstein, K.; Aulchenko, V.; Bakich, A.M.; Barberio, E.; et al.
Observation of the ¢(1680) and the Y (2175) inete™ — ¢t 71~. Phys. Rev. D 2009, 80, 031101. [CrossRef]

Cui, E.L.; Yang, H.M.; Chen, H.X.; Chen, W.; Shen, C.P. QCD sum rule studies of ss55 tetraquark states with | PC — 1+~ Eur. Phys.
J. C 2019, 79, 232. [CrossRef]

Chen, H.X,; Shen, C.P; Zhu, S.L. A possible partner state of the Y (2175). Phys. Rev. D 2018, 98, 014011. [CrossRef]

Chen, H.X,; Liu, X.; Hosaka, A.; Zhu, S.L. The Y(2175) State in the QCD Sum Rule. Phys. Rev. D 2008, 78, 034012. [CrossRef]
Alcock-Zeilinger, ]. M. Symmetry Implications for Wilson Line Correlators in QCD at High Energies. Ph.D. Thesis, University of
Cape Town, Cape Town, South Africa, 2017.

Santopinto, E.; Galata, G. Spectroscopy of tetraquark states. Phys. Rev. C 2007, 75, 045206. [CrossRef]

Santopinto, E.; Galata, G. Spectroscopy of tetraquark mesons. In Proceedings of the 26th International Colloquium on Group
Theoretical Methods in Physics, New York, NY, USA, 26-30 June 2006.

Santopinto, E.; Galata, G. Tetraquark Spectroscopy. eConf 2007, C070910, 163.

Sharma, A.; Upadhyay, A. An analysis of Gursey-Radicati mass formula for tetraquark systems. Phys. Scr. 2023, 98, 095308.
[CrossRef]

Aaij, R.; Abdelmotteleb, A.S.W.; Beteta, C.A.; Abudinén, F; Ackernley, T.; Adeva, B.; Adinolfi, M.; Adlarson, P.; Afsharnia, H.;
Agapopoulou, C.; et al. First Observation of a Doubly Charged Tetraquark and Its Neutral Partner. Phys. Rev. Lett. 2023,
131, 041902. [CrossRef]

Aaij, R.; Abdelmotteleb, A.S.W.; Beteta, C.A.; Abudinén, F; Ackernley, T.; Adeva, B.; Adinolfi, M.; Adlarson, P.; Afsharnia, H.;
Agapopoulou, C.; et al. Amplitude analysis of B — DD 7~ and BT — D~ DJ 7+ decays. Phys. Rev. D 2023, 108, 012017.
[CrossRef]

Aaij, R.; Abellan Beteta, C.; Ackernley, T.; Adeva, B.; Adinolfi, M.; Afsharnia, H.; Aidala, C.A.; Aiola, S.; Ajaltouni, Z.; Akar, S.;
et al. Model-Independent Study of Structure in B¥ — DD~ K™ Decays. Phys. Rev. Lett. 2020, 125, 242001. [CrossRef]

Aaij, R.; Abellan Beteta, C.; Ackernley, T.; Adeva, B.; Adinolfi, M.; Afsharnia, H.; Aidala, C.A.; Aiola, S.; Ajaltouni, Z.; Akar, S.;
et al. Amplitude analysis of the B* — DTD~K™" decay. Phys. Rev. D 2020, 102, 112003. [CrossRef]

Yang, G.; Ping, J.; Segovia, ]. The tetraquark system in a chiral quark model. Chin. Phys. C 2024, 48, 073106. [CrossRef]


http://dx.doi.org/10.1103/RevModPhys.90.015004
http://dx.doi.org/10.1016/j.physletb.2006.08.051
http://dx.doi.org/10.1016/S0375-9474(97)00160-7
http://dx.doi.org/10.1103/PhysRevD.41.2236
http://dx.doi.org/10.1051/epjconf/201919904009
http://dx.doi.org/10.1103/PhysRevD.78.074017
http://dx.doi.org/10.1103/PhysRevD.110.L111102
http://dx.doi.org/10.1103/PhysRevD.110.094052
http://dx.doi.org/10.1103/PhysRevD.74.091103
http://dx.doi.org/10.1103/PhysRevD.86.012008
http://dx.doi.org/10.1103/PhysRevD.77.092002
http://dx.doi.org/10.1103/PhysRevD.76.012008
http://dx.doi.org/10.1103/PhysRevD.91.052017
http://dx.doi.org/10.1103/PhysRevD.99.012014
http://dx.doi.org/10.1103/PhysRevD.80.031101
http://dx.doi.org/10.1140/epjc/s10052-019-6755-y
http://dx.doi.org/10.1103/PhysRevD.98.014011
http://dx.doi.org/10.1103/PhysRevD.78.034012
http://dx.doi.org/10.1103/PhysRevC.75.045206
http://dx.doi.org/10.1088/1402-4896/acf0f3
http://dx.doi.org/10.1103/PhysRevLett.131.041902
http://dx.doi.org/10.1103/PhysRevD.108.012017
http://dx.doi.org/10.1103/PhysRevLett.125.242001
http://dx.doi.org/10.1103/PhysRevD.102.112003
http://dx.doi.org/10.1088/1674-1137/ad39cd

Symmetry 2025, 17, 1486 92 of 95

212.

213.

214.

215.

216.

217.

218.

219.

220.

221.

222.

223.

224.

225.

226.

227.

228.

229.

230.

231.

232.
233.

234.
235.
236.

237.
238.

239.

Wu, Y,; Yan, Y; Tan, Y.; Huang, H.; Ping, J.; Zhu, X. Exotic Qg47 states in the chiral quark model. Phys. Rev. D 2024, 109, 096005.
[CrossRef]

Maiani, L.; Polosa, A.D.; Riquer, V. The new resonances Zcs(3985) and Zcs(4003) (almost) fill two tetraquark nonets of broken
SUB)f. Sci. Bull. 2021, 66, 1616-1619. [CrossRef] [PubMed]

Ferretti, J.; Santopinto, E. The new Pcs(4459), Zcs(3985), Zcs(4000) and Zs(4220) and the possible emergence of flavor pentaquark
octets and tetraquark nonets. Sci. Bull. 2022, 67, 1209. [CrossRef]

Aaij, R.; Abdelmotteleb, A.S.W.; Beteta, C.A.; Gallego, FJ.A.; Ackernley, T.; Adeva, B.; Adinolfi, M.; Afsharnia, H.; Agapopoulou,
C.; Aidala, C.A; et al. Study of the doubly charmed tetraquark T,;. Nat. Commun. 2022, 13, 3351. [CrossRef]

Prelovsek, S.; Ortiz-Pacheco, E.; Collins, S.; Leskovec, L.; Padmanath, M.; Vujmilovic, I. Doubly heavy tetraquarks from lattice
QCD: Incorporating diquark-antidiquark operators and the left-hand cut. Phys. Rev. D 2025, 112, 014507. [CrossRef]

Meng, L.; Ortiz-Pacheco, E.; Baru, V.; Epelbaum, E.; Padmanath, M.; Prelovsek, S. Doubly charm tetraquark channel with isospin
1 from lattice QCD. Phys. Rev. D 2025, 111, 034509. [CrossRef]

Jiang, L.J.; An, C.S,; Deng, C.R.; Li, G.; Xie, ].J]. Theoretical study on low-lying hidden-bottom and double-bottom tetraquark
states. Eur. Phys. J. C 2024, 84, 1214. [CrossRef]

Tripathy, B.S.; Mathur, N.; Padmanath, M. bbiid and bsiid tetraquarks from lattice QCD using two-meson and diquark-antidiquark
variational basis. Phys. Rev. D 2025, 111, 114504. [CrossRef]

Colquhoun, B.; Francis, A.; Hudspith, R.].; Lewis, R.; Maltman, K.; Parrott, W.G. Improved analysis of strong-interaction-stable
doubly bottom tetraquarks on the lattice. Phys. Rev. D 2024, 110, 094503. [CrossRef]

Abazov, VM.; Abbott, B.; Acharya, B.S.; Adams, M.; Adams, T.; Agnew, J.P,; Alexeev, G.D.; Alkhazov, G.; Alton, A.; Askew, A;
et al. Search for the X(4140) state in BT — J/¢p¢pK*+ decays with the DO detector. Phys. Rev. D 2014, 89, 012004. [CrossRef]
Abazov, VM.; Abbott, B.; Acharya, B.S.; Adams, M.; Adams, T.; Agnew, ].P,; Alexeev, G.D.; Alkhazov, G.; Alton, A.; Askew, A;
et al. Inclusive Production of the X(4140) State in pp Collisions at DO. Phys. Rev. Lett. 2015, 115, 232001. [CrossRef]

Aaij, R.; Adeva, B.; Adinolfi, M.; Ajaltouni, Z.; Akar, S.; Albrecht, J.; Alessio, F; Alexander, M.; Ali, S.; Alkhazov, G.; et al.
Amplitude analysis of BT — J/p¢K™' decays. Phys. Rev. D 2017, 95,012002. [CrossRef]

Chatrchyan, S.; Khachatryan, V.; Sirunyan, A.M.; Tumasyan, A.; Adam, W.; Bergauer, T.; Dragicevic, M.; Erd, J.; Fabjan, C.; Fried]l,
M.; et al. Observation of a Peaking Structure in the /¢ Mass Spectrum from B* — J/y¢K* Decays. Phys. Lett. B 2014,
734,261-281. [CrossRef]

Aaltonen, T.; Adelman, J.; Akimoto, T.; Alvarez Gonzélez, B.; Amerio, S.; Amidei, D.; Anastassov, A.; Annovi, A.; Antos, ],
Apollinari, G.; et al. Evidence for a Narrow Near-Threshold Structure in the ] /¢ Mass Spectrum in BT — J/¢$pK™ Decays.
Phys. Rev. Lett. 2009, 102, 242002. [CrossRef] [PubMed]

Aaij, R.; Adeva, B.; Adinolfi, M.; Ajaltouni, Z.; Akar, S.; Albrecht, J.; Alessio, F.; Alexander, M.; Ali, S.; Alkhazov, G.; et al.
Observation of [/ ¢ Structures Consistent with Exotic States from Amplitude Analysis of B* — J/¢¢pK*+ Decays. Phys. Rev.
Lett. 2017, 118, 022003. [CrossRef] [PubMed]

Stancu, F. Can Y(4140) be a c anti-c s anti-s tetraquark? ]. Phys. G 2010, 37, 075017; Erratum in J. Phys. G 2019, 46, 019501.
[CrossRef]

Wu, J.; Liu, Y.R.; Chen, K;; Liu, X.; Zhu, S.L. X(4140), X(4270), X(4500) and X(4700) and their cscs tetraquark partners. Phys.
Rev. D 2016, 94, 094031. [CrossRef]

Yang, G.; Ping, J.; Segovia, J. Triply charm and bottom tetraquarks in a constituent quark model. Phys. Rev. D 2024, 110, 054036.
[CrossRef]

Yang, HM.; Ma, Y.; Wu, W.L.; Zhu, S.L. Triply heavy tetraquark states with different flavors. Phys. Rev. D 2025, 111, 074040.
[CrossRef]

Li, S.Y,; Liu, Y.R.; Man, Z.L.; Shu, C.R;; Si, Z.G.; W, ]. Triply Heavy Tetraquark States in a Mass-Splitting Model. Symmetry 2025,
17,170. [CrossRef]

Galkin, V.O.; Savchenko, E.M. Triply Heavy Tetraquark Spectroscopy. Phys. Atom. Nucl. 2025, 88, 124-129. [CrossRef]

Anwar, M.N,; Ferretti, J.; Guo, EK.; Santopinto, E.; Zou, B.S. Spectroscopy and decays of the fully-heavy tetraquarks. Eur. Phys. ].
C 2018, 78, 647. [CrossRef]

Debastiani, V.R.; Navarra, ES. A non-relativistic model for the [cc][¢¢] tetraquark. Chin. Phys. C 2019, 43, 013105. [CrossRef]
Wang, Z.G. Analysis of the QQQQ tetraquark states with QCD sum rules. Eur. Phys. ]. C 2017, 77, 432. [CrossRef]

Wang, Z.G.; Di, Z.Y. Analysis of the vector and axialvector QQQQ tetraquark states with QCD sum rules. Acta Phys. Polon. B
2019, 50, 1335. [CrossRef]

Heller, L.; Tjon, J.A. Bound states of heavy Q?Q ™ 2 systems. Phys. Rev. D 1985, 32, 755-763. [CrossRef]

Sar1 Ferah, S. Study of T, and Hidden Charmonium 17~ and 0"+ Tetraquarks in QCD Sum Rules. Ph.D. Thesis, Middle East
Technical University, Ankara, Turkey, 2025.

Liu, M.S;; Liu, EX.; Zhong, X.H.; Zhao, Q. Fully heavy tetraquark states and their evidences in LHC observations. Phys. Rev. D
2024, 109, 076017. [CrossRef]


http://dx.doi.org/10.1103/PhysRevD.109.096005
http://dx.doi.org/10.1016/j.scib.2021.04.040
http://www.ncbi.nlm.nih.gov/pubmed/36654294
http://dx.doi.org/10.1016/j.scib.2022.04.010
http://dx.doi.org/10.1038/s41467-022-30206-w
http://dx.doi.org/10.1103/rlgp-c9tb
http://dx.doi.org/10.1103/PhysRevD.111.034509
http://dx.doi.org/10.1140/epjc/s10052-024-13588-7
http://dx.doi.org/10.1103/PhysRevD.111.114504
http://dx.doi.org/10.1103/PhysRevD.110.094503
http://dx.doi.org/10.1103/PhysRevD.89.012004
http://dx.doi.org/10.1103/PhysRevLett.115.232001
http://dx.doi.org/10.1103/PhysRevD.95.012002
http://dx.doi.org/10.1016/j.physletb.2014.05.055
http://dx.doi.org/10.1103/PhysRevLett.102.242002
http://www.ncbi.nlm.nih.gov/pubmed/19658999
http://dx.doi.org/10.1103/PhysRevLett.118.022003
http://www.ncbi.nlm.nih.gov/pubmed/28128595
http://dx.doi.org/10.1088/0954-3899/37/7/075017
http://dx.doi.org/10.1103/PhysRevD.94.094031
http://dx.doi.org/10.1103/PhysRevD.110.054036
http://dx.doi.org/10.1103/PhysRevD.111.074040
http://dx.doi.org/10.3390/sym17020170
http://dx.doi.org/10.1134/S1063778825700061
http://dx.doi.org/10.1140/epjc/s10052-018-6073-9
http://dx.doi.org/10.1088/1674-1137/43/1/013105
http://dx.doi.org/10.1140/epjc/s10052-017-4997-0
http://dx.doi.org/10.5506/APhysPolB.50.1335
http://dx.doi.org/10.1103/PhysRevD.32.755
http://dx.doi.org/10.1103/PhysRevD.109.076017

Symmetry 2025, 17, 1486 93 of 95

240.
241.

242.
243.
244.

245.

246.

247.

248.

249.

250.

251.

252.

253.

254.

255.

256.
257.
258.
259.
260.
261.

262.
263.

264.

265.
266.

267.
268.

269.
270.

271.

272.

Esposito, A.; Polosa, A.D. A bbbb di-bottomonium at the LHC? Eur. Phys. J. C 2018, 78, 782. [CrossRef] [PubMed]

Mutuk, H. Spectrum of ccbb, becé, and bebb tetraquark states in the dynamical diquark model. Phys. Lett. B 2022, 834, 137404.
[CrossRef]

Karliner, M.; Nussinov, S.; Rosner, J.L. QQQQ states: Masses, production, and decays. Phys. Rev. D 2017, 95, 034011. [CrossRef]
Sharma, A.; Upadhyay, A. Tetraquark Masses by using extension of Gursey-Radicati Mass Formula. arXiv 2022, arXiv:2207.02456.
Chen, W.; Steele, T.G.; Chen, H.X.; Zhu, S.L. Z, (4200)+ decay width as a charmonium-like tetraquark state. Eur. Phys. |. C 2015,
75, 358. [CrossRef]

Hayrapetyan, A.; Tumasyan, A.; Adam, W.; Andrejkovic, ].W.; Bergauer, T.; Chatterjee, S.; Damanakis, K.; Dragicevic, M.;
Escalante Del Valle, A.; Hussain, P.S.; et al. New Structures in the J/¢]/1p Mass Spectrum in Proton-Proton Collisions at
/s =13 TeV. Phys. Rev. Lett. 2024, 132, 111901. [CrossRef]

Aad, G.; Abbott, B.; Abeling, K.; Abicht, N.J.; Abidi, S.H.; Aboulhorma, A.; Abramowicz, H.; Abreu, H.; Abulaiti, Y.; Hoffman, A ;
et al. Observation of an Excess of Dicharmonium Events in the Four-Muon Final State with the ATLAS Detector. Phys. Rev. Lett.
2023, 131, 151902. [CrossRef] [PubMed]

Lin, Y.Y.; Wang, J.Y.; Zhang, A. Mass spectrum of fully charmed [cc][¢¢] tetraquarks. Eur. Phys. J. Plus 2024, 139, 707. [CrossRef]
Li, G.; Wang, X.F; Xing, Y. Fully heavy tetraquark bbcc: Lifetimes and weak decays. Eur. Phys. J. C 2019, 79, 645. [CrossRef]
Agaev, S.S.; Azizi, K.; Sundu, H. Properties of the tensor state bebe. Phys. Rev. D 2025, 111, 074025. [CrossRef]

Yang, Z.H.; Wang, Q.N.; Chen, W.; Chen, H.X. Investigation of the stability for fully-heavy bcbe tetraquark states. Phys. Rev. D
2021, 104, 014003 [CrossRef]

Faustov, R.N.; Galkin, V.O.; Savchenko, E.M. Fully Heavy Tetraquark Spectroscopy in the Relativistic Quark Model. Symmetry
2022, 14, 2504. [CrossRef]

Wu, J; Liu, Y.R,; Chen, K;; Liu, X.; Zhu, S.L. Heavy-flavored tetraquark states with the Q000 configuration. Phys. Rev. D 2018,
97,094015. [CrossRef]

Ortega, P.G.; Entem, D.R.; Fernandez, F,; Segovia, ]. Constituent-quark-model based coupled-channels calculation of the bbcc and
bcbe tetraquark systems. arXiv 2025, arXiv:2505.05312.

Liu, W.Y,; Chen, H.X. Fully-heavy hadronic molecules Bg*)+BE*)7 bound by fully-heavy mesons. Eur. Phys. ]. C 2025, 85, 636.
[CrossRef]

Nakano, T.; Ahn, D.S.; Ahn, ].K.; Akimune, H.; Asano, Y.; Chang, W.C.; Daté, S.; Ejiri, H.; Fujimura, H.; Fujiwara, M.; et al.
Evidence for a narrow S = +1 baryon resonance in photoproduction from the neutron. Phys. Rev. Lett. 2003, 91, 012002. [CrossRef]
[PubMed]

Diakonov, D.; Petrov, V.; Polyakov, M.V. Exotic anti-decuplet of baryons: Prediction from chiral solitons. Z. Phys. A 1997,
359, 305-314. [CrossRef]

Amaryan, M. 20 Years of Light Pentaquark Searches. arXiv 2025, arXiv:2503.21545. [CrossRef]

Praszalowicz, M. Odyssey of the elusive @ . arXiv 2024, arXiv:2411.08429. [CrossRef]

Jaffe, R.L.; Wilczek, F. Diquarks and exotic spectroscopy. Phys. Rev. Lett. 2003, 91, 232003. [CrossRef]

Giachino, A. Multiquark States and Exotic Spectroscopy. Ph.D. Thesis, University of Genoa, Genova, Italy, 2020. [CrossRef]
Sharma, A.; Upadhyay, A. Phenomenological analysis of triply heavy pentaquarks with configurations ggQQQ and gqQQQ. Eur.
Phys. ]. A 2024, 60, 231. [CrossRef]

Rashmi; Upadhyay, A. Spectroscopic Analysis of Fully Heavy Pentaquarks. arXiv 2024, arXiv:2410.00633. [CrossRef]

Sharma, A.; Upadhyay, A. Spectroscopic Analysis of Singly Heavy Pentaquarks in the Symmetric 15-Plet Representation Using
Phenomenological Models. arXiv 2024, arXiv:2408.12881. [CrossRef]

Sharma, A.; Upadhyay, A. Hidden-bottom pentaquarks: Mass spectrum, magnetic moments and partial widths. Eur. Phys. J. Plus
2024, 139, 860. [CrossRef]

Sharma, A.; Upadhyay, A. Masses and Magnetic Moments of Singly Heavy Pentaquarks. arXiv 2024, arXiv:2401.02146. [CrossRef]
Sharma, A.; Rashmi.; Upadhyay, A. Singly heavy pentaquark masses using the extension of Gursey-Radicati mass formula. DAE
Symp. Nucl. Phys. 2024, 67, 897-898.

Sharma, A.; Upadhyay, A. Spectroscopic analysis of hidden-charm pentaquarks. J. Phys. G 2024, 51, 035003. [CrossRef]
Sharma, A.; Garg, R.; Upadhyay, A. Hidden-Charm Pentaquark masses using the Extension of Gursey-Radicati mass Formula.
DAE Symp. Nucl. Phys. 2023, 66, 849-850.

Bijker, R.; Giannini, M.M.; Santopinto, E. Spectroscopy of pentaquark states. Eur. Phys. ]. A 2004, 22, 319-329. [CrossRef]
Sharma, A.; Upadhyay, A. Study of Fully heavy Pentaquarks using extended Gursey-Radicati formalism. arXiv 2025,
arXiv:2504.04546. [CrossRef]

Qin, L,; Tan, Y,; Hu, X,; Ping, J. Investigation of gqqsj pentaquarks in a chiral quark model. Phys. Rev. C 2021, 103, 015203.
[CrossRef]

Yang, G.; Ping, ].; Segovia, J. Hidden-Charm Pentaquarks with Strangeness in a Chiral Quark Model. Symmetry 2024, 16, 354.
[CrossRef]


http://dx.doi.org/10.1140/epjc/s10052-018-6269-z
http://www.ncbi.nlm.nih.gov/pubmed/30416373
http://dx.doi.org/10.1016/j.physletb.2022.137404
http://dx.doi.org/10.1103/PhysRevD.95.034011
http://dx.doi.org/10.1140/epjc/s10052-015-3578-3
http://dx.doi.org/10.1103/PhysRevLett.132.111901
http://dx.doi.org/10.1103/PhysRevLett.131.151902
http://www.ncbi.nlm.nih.gov/pubmed/37897770
http://dx.doi.org/10.1140/epjp/s13360-024-05480-w
http://dx.doi.org/10.1140/epjc/s10052-019-7150-4
http://dx.doi.org/10.1103/PhysRevD.111.074025
http://dx.doi.org/10.1103/PhysRevD.104.014003
http://dx.doi.org/10.3390/sym14122504
http://dx.doi.org/10.1103/PhysRevD.97.094015
http://dx.doi.org/10.1140/epjc/s10052-025-14364-x
http://dx.doi.org/10.1103/PhysRevLett.91.012002
http://www.ncbi.nlm.nih.gov/pubmed/12906534
http://dx.doi.org/10.1007/s002180050406
http://dx.doi.org/10.5506/APhysPolB.56.3-A9
http://dx.doi.org/10.48550/arXiv.2411.08429
http://dx.doi.org/10.1103/PhysRevLett.91.232003
http://dx.doi.org/10.15167/giachino-alessandro_phd2020-03-18
http://dx.doi.org/10.1140/epja/s10050-024-01449-6
http://dx.doi.org/10.48550/arXiv.2410.00633
http://dx.doi.org/10.1140/epjp/s13360-025-06328-7
http://dx.doi.org/10.1140/epjp/s13360-024-05640-y
http://dx.doi.org/10.48550/arXiv.2401.02146
http://dx.doi.org/10.1088/1361-6471/ad1eb8
http://dx.doi.org/10.1140/epja/i2003-10232-x
http://dx.doi.org/10.48550/arXiv.2504.04546
http://dx.doi.org/10.1103/PhysRevC.103.015203
http://dx.doi.org/10.3390/sym16030354

Symmetry 2025, 17, 1486 94 of 95

273.

274.
275.

276.

277.
278.

279.

280.

281.

282.

283.

284.
285.

286.

287.

288.

289.

290.

291.

292.

293.

294.

295.

296.
297.

298.

299.

300.
301.

302.

303.
304.

Zhu, X.; Wu, Y;; Huang, H.; Ping, J.; Yang, Y. Study of Hidden-Charm and Hidden-Bottom Pentaquark Resonances in the Quark
Model. Universe 2023, 9, 265. [CrossRef]

Hu, X,; Ping, J. Analysis of (3(2012) as a molecule in the chiral quark model. Phys. Rev. D 2022, 106, 054028. [CrossRef]

Chen, J.Q.; Wu, X.B.; Gao, M.J. Tubles of the Su(Mn) D Su(M) ® Su(N) Coefficients of Fractional Parentage; World Scientific:
Singapore, 1991.

Cui, Y,; Wu, Y,; Zhu, X.; Huang, H.; Ping, J. Search for doubly charmed dibaryons in baryon-baryon scattering. arXiv 2025,
arXiv:2503.18014. [CrossRef]

Huang, H.; Ping, J.; Zhu, X.; Wang, F. Fully heavy dibaryons. Eur. Phys. J. C 2022, 82, 805. [CrossRef]

Martin-Higueras, P.; Entem, D.R.; Ortega, P.G.; Segovia, J.; Ferndndez, F. Study of the QcccQccc and QbbbObbb dibaryons in a
constituent quark model. Phys. Rev. D 2025, 111, 054002. [CrossRef]

Shiri, N.; Tazimi, N. Mass spectrum of hexaquarks in the Giirsey-Radicati mass formula. Phys. Scr. 2024, 99, 055301. [CrossRef]
Shiri, N.; Tazimi, N. Investigation on the mass of open-charm dibaryons as hexaquarks. Pramana 2024, 98, 49. [CrossRef]
Beiming, C.; Gronroos, J.; Ohlsson, T. Phenomenological mass model for exotic hadrons and predictions for masses of non-strange
dibaryons as hexaquarks. Nucl. Phys. B 2022, 974, 115616. [CrossRef]

Huang, H.; Zhu, X.; Ping, J.; Wang, F. Possible existence of a dibaryon candidate NA (Dy;). Phys. Rev. C 2018, 98, 034001.
[CrossRef]

Chen, H.X.; Cui, E.L.; Chen, W,; Steele, T.G.; Zhu, S.L. QCD sum rule study of the d*(2380). Phys. Rev. C 2015, 91, 025204.
[CrossRef]

Huang, H.; Ping, J.; Wang, F. Dynamical calculation of the AA dibaryon candidates. Phys. Rev. C 2014, 89, 034001. [CrossRef]
Chen, X.H.; Wang, Q.N.; Chen, W.; Chen, H.X. Mass spectra of NQ) dibaryons in the 3 Sq and 5 S, channels. Phys. Rev. D 2021, 103,
094011. [CrossRef]

Huang, H.; Zhu, X,; Ping, J. Reanalysis of the most strange dibaryon within constituent quark models. Phys. Rev. C 2020, 101,
034004. [CrossRef]

Shen, PN.; Zhang, Z.Y.; Yu, YW,; Yuan, X.Q.; Yang, S. H dihyperon in quark cluster model. |. Phys. G 1999, 25, 1807-1812.
[CrossRef]

Huang, H.; Ping, J.; Wang, F. Prediction of NQ-like dibaryons with heavy quarks. Phys. Rev. C 2020, 101, 015204. [CrossRef]
Weng, X.Z.; Zhu, S.L. Systematics of fully heavy dibaryons. Eur. Phys. ]. C 2024, 84, 126. [CrossRef]

Goldman, ].T.; Maltman, K.; Stephenson, G.J., Jr.; Schmidt, K.E.; Wang, E. An ‘inevitable’ nonstrange dibaryon. Phys. Rev. C 1989,
39, 1889-1895. [CrossRef]

Ping, J.L.; Wang, F.; Goldman, J.T. The d* dibaryon in the extended quark delocalization, color screening model. Phys. Rev. C
2002, 65, 044003. [CrossRef]

Ping, ].L.; Huang, H.X,; Pang, H.R.; Wang, F.; Wong, C.W. Quark models of dibaryon resonances in nucleon-nucleon scattering.
Phys. Rev. C 2009, 79, 024001. [CrossRef]

Pang, H.R.; Ping, ].L.; Wang, F; Goldman, ].T. Phenomenological study of hadron interaction models. Phys. Rev. C 2002,
65, 014003. [CrossRef]

Wang, F.; Wu, G.H,; Teng, L.].; Goldman, ].T. Quark delocalization, color screening, and nuclear intermediate range attraction.
Phys. Rev. Lett. 1992, 69, 2901-2904. [CrossRef]

Ping, ].L.; Wang, E; Goldman, ].T. Effective baryon baryon potentials in the quark delocalization and color screening model. Nucl.
Phys. A 1999, 657, 95-109. [CrossRef]

Pan, M.; Zhu, X; Ping, J. Is d*(2380) a compact hexaquark state? Eur. Phys. J. C 2023, 83, 645. [CrossRef]

Li, Q.F; Dong, Y.B; Shen, PN.; Zhang, Z.Y. Reveal short range interactions between u/d quarks in the NN, Dy3, and D3 systems.
Sci. China Phys. Mech. Astron. 2025, 68, 232011. [CrossRef]

The WASA-at-COSY Collaboration; Adlarson, P.; Augustyniak, W.; Bardan, W.; Bashkanov, M.; Bergmann, ES.; Bertowski, M.;
Bhatt, H.; Bondar, A.; Biischer, M.; et al. Search for an isospin I = 3 dibaryon. Phys. Lett. B 2016, 762, 455-461. [CrossRef]
Bashkanov, M.; Brodsky, S.J.; Clement, H. Novel Six-Quark Hidden-Color Dibaryon States in QCD. Phys. Lett. B 2013, 727, 438-442.
[CrossRef]

Hoshizaki, N. On 2+ dibaryon in pp and pi d scattering. Prog. Theor. Phys. 1993, 89, 251-255. [CrossRef]

Arndt, R.A.; Hyslop, J.S., III; Roper, L.D. Nucleon-Nucleon Partial Wave Analysis to 1100-MeV. Phys. Rev. D 1987, 35, 128.
[CrossRef] [PubMed]

Goldman, ].T.; Maltman, K.; Stephenson, G.J., Jr.; Schmidt, K.E.; Wang, F. Strangeness -3 Dibaryons. Phys. Rev. Lett. 1987, 59, 627.
[CrossRef]

Oka, M. Flavor Octet Dibaryons in the Quark Model. Phys. Rev. D 1988, 38, 298. [CrossRef] [PubMed]

Chen, M.; Huang, H.; Ping, J.; Wang, F. Quark model study of strange dibaryon resonances. Phys. Rev. C 2011, 83, 015202.
[CrossRef]


http://dx.doi.org/10.3390/universe9060265
http://dx.doi.org/10.1103/PhysRevD.106.054028
http://dx.doi.org/10.1103/3b8z-3d2t
http://dx.doi.org/10.1140/epjc/s10052-022-10749-4
http://dx.doi.org/10.1103/PhysRevD.111.054002
http://dx.doi.org/10.1088/1402-4896/ad3406
http://dx.doi.org/10.1007/s12043-024-02730-5
http://dx.doi.org/10.1016/j.nuclphysb.2021.115616
http://dx.doi.org/10.1103/PhysRevC.98.034001
http://dx.doi.org/10.1103/PhysRevC.91.025204
http://dx.doi.org/10.1103/PhysRevC.89.034001
http://dx.doi.org/10.1103/PhysRevD.103.094011
http://dx.doi.org/10.1103/PhysRevC.101.034004
http://dx.doi.org/10.1088/0954-3899/25/9/304
http://dx.doi.org/10.1103/PhysRevC.101.015204
http://dx.doi.org/10.1140/epjc/s10052-024-12395-4
http://dx.doi.org/10.1103/PhysRevC.39.1889
http://dx.doi.org/10.1103/PhysRevC.65.044003
http://dx.doi.org/10.1103/PhysRevC.79.024001
http://dx.doi.org/10.1103/PhysRevC.65.014003
http://dx.doi.org/10.1103/PhysRevLett.69.2901
http://dx.doi.org/10.1016/S0375-9474(99)00321-8
http://dx.doi.org/10.1140/epjc/s10052-023-11814-2
http://dx.doi.org/10.1007/s11433-024-2541-9
http://dx.doi.org/10.1016/j.physletb.2016.09.051
http://dx.doi.org/10.1016/j.physletb.2013.10.059
http://dx.doi.org/10.1143/ptp/89.1.251
http://dx.doi.org/10.1103/PhysRevD.35.128
http://www.ncbi.nlm.nih.gov/pubmed/9957499
http://dx.doi.org/10.1103/PhysRevLett.59.627
http://dx.doi.org/10.1103/PhysRevD.38.298
http://www.ncbi.nlm.nih.gov/pubmed/9959012
http://dx.doi.org/10.1103/PhysRevC.83.015202

Symmetry 2025, 17, 1486 95 of 95

305.

306.

307.

308.

309.

310.

311.
312.

313.

314.

315.

316.

317.

318.

319.

320.

321.

322.

323.

324.

Iritani, T.; Aoki, S.; Doi, T.; Etminan, E; Gongyo, S.; Hatsuda, T.; Ikeda, Y.; Inoue, T; Ishii, N.; Miyamoto, T.; et al. NQ) dibaryon
from lattice QCD near the physical point. Phys. Lett. B 2019, 792, 284-289. [CrossRef]

Etminan, F; Nemura, H.; Aoki, S.; Doi, T.; Hatsuda, T.; Ikeda, Y.; Inoue, T.; Ishii, N.; Murano, K.; Sasaki, K. Spin-2 NQ) dibaryon
from Lattice QCD. Nucl. Phys. A 2014, 928, 89-98. [CrossRef]

Fabbietti, L.; Mantovani Sarti, V.; Vazquez Doce, O. Study of the Strong Interaction Among Hadrons with Correlations at the
LHC. Ann. Rev. Nucl. Part. Sci. 2021, 71, 377-402. [CrossRef]

Yan, Y,; Huang, Q.; Yang, Y.; Huang, H.; Ping, ]. Investigating the p-() interactions and correlation functions. Sci. China Phys.
Mech. Astron. 2025, 68, 232012. [CrossRef]

Han, Y,; Ahn, ].K,; Bassalleck, B.; Guo, L.; Fujioka, H.; Hasegawa, S.; Hicks, K.; Honda, R.; Hwang, S.H.; Ichikawa, Y.; et al.
Searching for the H-Dibaryon in J-PARC with a Large Acceptance Hyperon Spectrometer. JPS Conf. Proc. 2015, 8, 021002.
[CrossRef]

Gal, A. Hypernuclear constraints on the existence and lifetime of a deeply bound H dibaryon. Phys. Lett. B 2024, 857, 138973.
[CrossRef]

Farrar, G.R.; Wintergerst, N. Wave function of the sexaquark or compact H-dibaryon. J. High Energy Phys. 2023, 12, 099. [CrossRef]
Madanagopalan, P; Bulava, J.; Green, ].R.; Hanlon, A.D.; Horz, B.; Junnarkar, P.; Morningstar, C.; Paul, S.; Wittig, H. H dibaryon
away from the SU(3)  symmetric point. PoS 2022, LATTICE2021, 459. [CrossRef]

Green, ].R.; Hanlon, A.D.; Junnarkar, PM.; Wittig, H. Weakly bound H dibaryon from SU(3)-flavor-symmetric QCD. Phys. Rev.
Lett. 2021, 127, 242003. [CrossRef]

Hanlon, A.; Francis, A.; Green, J.; Junnarkar, P.; Wittig, H. The H dibaryon from lattice QCD with SU(3) flavor symmetry. PoS
2018, LATTICE2018, 081. [CrossRef]

Francis, A.; Green, ].R,; Junnarkar, PM.; Miao, C.; Rae, T.D.; Wittig, H. Lattice QCD study of the H dibaryon using hexaquark and
two-baryon interpolators. Phys. Rev. D 2019, 99, 074505. [CrossRef]

Beane, S.R.; Chang, E.; Detmold, W.; Joo, B.; Lin, HW.; Luu, T.C.; Orginos, K.; Parrefio, A.; Savage, M.].; Torok, A.; et al. Evidence
for a Bound H-dibaryon from Lattice QCD. Phys. Rev. Lett. 2011, 106, 162001. [CrossRef]

Inoue, T.; Ishii, N.; Aoki, S.; Doi, T.; Hatsuda, T.; Ikeda, Y.; Murano, K.; Nemura, H.; Sasaki, K.; HAL QCD Collaboration. Bound
H-dibaryon in Flavor SU(3) Limit of Lattice QCD. Phys. Rev. Lett. 2011, 106, 162002. [CrossRef]

Carames, T.F,; Valcarce, A. Examination of the H dibaryon within a chiral constituent quark model. Phys. Rev. C 2012, 85, 045202.
[CrossRef]

Bashkanov, M.; Watts, D.P,; Clash, G.; Mocanu, M.; Nicol, M. Dibaryons and where to find them. ]. Phys. G 2024, 51, 045106.
[CrossRef]

Clement, H.; Skorodko, T. Dibaryons: Molecular versus Compact Hexaquarks. Chin. Phys. C 2021, 45, 022001. [CrossRef]
Clement, H. On the History of Dibaryons and their Final Observation. Prog. Part. Nucl. Phys. 2017, 93, 195. [CrossRef]
Bashkanov, M.; Clement, H.; Watts, D.P. Dibaryons at COSY. JPS Conf. Proc. 2016, 10, 021002. [CrossRef]

Bashkanov, M.; Skorodko, T.; Clement, H.; Watts, D.P. Shedding Light on Hexaquarks. Int. . Mod. Phys. Conf. Ser. 2018,
46, 1860033. [CrossRef]

Shimizu, K. Study of Baryon Baryon Interactions and Nuclear Properties in the Quark Cluster Model. Rept. Prog. Phys. 1989, 52,
1-56. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.physletb.2019.03.050
http://dx.doi.org/10.1016/j.nuclphysa.2014.05.014
http://dx.doi.org/10.1146/annurev-nucl-102419-034438
http://dx.doi.org/10.1007/s11433-024-2580-9
http://dx.doi.org/10.7566/JPSCP.8.021002
http://dx.doi.org/10.1016/j.physletb.2024.138973
http://dx.doi.org/10.1007/JHEP12(2023)099
http://dx.doi.org/10.22323/1.396.0459
http://dx.doi.org/10.1103/PhysRevLett.127.242003
http://dx.doi.org/10.22323/1.334.0081
http://dx.doi.org/10.1103/PhysRevD.99.074505
http://dx.doi.org/10.1103/PhysRevLett.106.162001
http://dx.doi.org/10.1103/PhysRevLett.106.162002
http://dx.doi.org/10.1103/PhysRevC.85.045202
http://dx.doi.org/10.1088/1361-6471/ad27e6
http://dx.doi.org/10.1088/1674-1137/abcd8e
http://dx.doi.org/10.1016/j.ppnp.2016.12.004
http://dx.doi.org/10.7566/JPSCP.10.021002
http://dx.doi.org/10.1142/S2010194518600339
http://dx.doi.org/10.1088/0034-4885/52/1/001

	Introduction 
	The Symmetry of Hadrons 
	Mesons 
	Color
	Spin
	Flavor
	Light Mesons
	Light–Heavy Mesons
	Heavy Mesons


	Baryon
	Color
	Spin
	Flavor
	qqq
	qqQ
	QQq
	QQQ


	Tetraquark 
	Color
	Spin
	Flavor
	qq
	Qq
	qq
	QQ, qq, qQ
	qQ, QQ
	QQ


	Pentaquarks 
	Color
	Spin
	Flavor
	Pentaquarks with Four Light Quarks and One Heavy Antiquark
	Full Light Pentaquark
	qqqQ
	qqqQ
	qqQQ
	Triply Heavy Pentaquark
	Four Heavy Pentaquarks and Fully Heavy Pentaquark


	Dibaryons
	Color
	Spin
	Flavor
	q6
	qqqqqQ
	qqqqQQ
	qqqQQQ and qqQQQQ
	qQQQQQ and QQQQQQ


	Summary
	Appendix A
	References

