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0 Introduction

Present and future high-energy physics accelerators constitute a demanding challenge.
They are the laboratories where high-energetic particles are brought to collision produc-
ing a multitude of (low-energetic) particles in the final state, which will be detected in the
experiments. Examples for such machines are the Large Electron Positron Collider (LEP)
at CERN, which operated up to centre-of-mass energies of 207 GeV until November 2000,
or, the Tevatron at Fermilab, where proton–antiproton collisions at an energy of 1.96 TeV
are still under investigation and corresponding data taking is under way. A new era will
be heralded with the Large Hadron Collider (LHC) designed to provide proton–proton
collisions at 14.0 TeV, the largest energy ever used in a particle-physics experiment. The
LHC is currently under construction at CERN; once operating, it will allow enter a new
energy, space and time domain, and is soon going to become the leading instrument in the
exploration of particle physics, and, even beyond, for the next 15 years. In particular with
this new machine physicists/mankind would like to gain insight into the present puzzle
of elementary particle physics: its Standard Model (SM) is seen to be incomplete. Theo-
retical reasons for this are given through the quest for the deep origin of the electroweak
symmetry breaking, the SM’s family and gauge structure, the quest to know whether or
not the hierarchy problem exists, and the fact that quantum gravity is outside the SM’s
applicability at all. Its incompleteness has been profoundly fortified by three compelling
experimental observations, namely neutrino mixing, dark matter, and the baryon asym-
metry of the Universe, all of which are unexplainable within the SM. Thus, progress will
unavoidably come with the expected start of the LHC in 2008, since its design will further
large production rates of SM particles (e.g. top–antitop pairs will emerge once per second,
bottom–antibottom pairs will appear copiously, 5 ·105/s) and exploring, for the first time,
the TeV energy scale, where new-physics effects and beyond-SM particles are expected to
show up. The collection and understanding of LHC data (which will be enormous con-
stituting a challenge on its own) will truly push forward confirm or rule out anticipated
new-physics scenarios, which have been worked out through the last decades to possibly
solve the problems left by the SM. In addition, the new era will strongly call for close
collaborations of particle theorists, experimentalists, astrophysicists and cosmologists.

However, the first tasks are outlined as having to understand the new detectors in detail
and rediscover known physics. These first signals have to be under control before the road
to new discoveries can be followed and the discussion of possible signal-to-background puz-
zles (as in Higgs production via vector-boson fusion etc.) attains paramount importance.
The hadronic intitial states of the LHC will invoke a presence of strong interactions and
related phenomena in any production process. Unavoidably, this will manifest itself in
jet and multihadron production [1, 2, 3]. With the large energies available at the LHC,
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complications emerge, amongst them the tremendously large phase space available for
such QCD (quantum chromodynamics) radiation. As a matter of fact, multijet events
will then be the standard and not the exception, and appear much more likely w.r.t.
the rates experienced by the Tevatron experiments. Together with the fact that the new
measurements will be much more precise than before, there is a strong need to improve
higher-order calculations in perturbative QCD and to provide advanced tools that ade-
quately describe jet production and evolution plus the subsequent hadronization.
For a plethora of reasons, a full quantum-mechanical treatment is out of reach: first,
fixed-order perturbative calculations are used to describe energetic scattering processes in
collider experiments; in the context of QCD, in particular, the production of hard partons
initiating the jets. This is in principle well understood, however the calculational costs
rapidly increase even at the lowest, the tree level where the number of contributing Feyn-
man diagrams already grows factorially with the number of particles involved. Moreover,
higher-order calculations including virtual corrections will culminate in the evaluation of
multileg loop integrals, which further complicates the task. Second, when it comes to
non-perturbative phenomena, only a limited understanding of QCD exists. The de- and
confinement of coloured partons off and into colourless hadrons, respectively, cannot be
precisely predicted yet. Therefore, phenomena related to resolving the partonic substruc-
ture of the incoming hadron or hadronization of the outgoing quarks and gluons imply a
need for phenomenological models.
Hence, a successful, even though in total approximate, description of the three “phases”
– jet production, evolution and hadronization – relies, first, on a factorization, which per-
mits the separation of the perturbative evolution from the non-perturbative development
of an event. Second, jet production will be handled best through calculations of hard
matrix elements, and, jet evolution manifests itself in subsequent multiple (softer) parton
emissions. These, again, cannot be accurately calculated through fixed-order methods,
however, the bulk of additional QCD activity emerges through factorizable collinear and
soft emissions off the coloured (primary) partons. Such emissions are connected to large
logarithms arising in the perturbative expansion to all orders of the strong coupling con-
stant. A reliable prediction can then be achieved through a resummation taking these
logarithms into account to all orders. This is best described by parton showers. By
exploiting universal QCD splitting functions, parton showers encode this radiation pat-
tern in a probabilistic fashion. They form a substantial part of and reside in Monte
Carlo event generators, which simulate exclusive hadronic final states for a given collision
process. Event generators deeply incorporate the – already indicated – principle of de-
composing the full scattering process into a sequence of phases characterized by different
energy scales. These phases can be modelled fairly independently of each other and un-
derlying assumptions on the phase-specific dynamics of particle interactions can be tested
or modified separately. Following this strategy, Monte Carlo generators have been very
successful in the past in describing a full wealth of data, they are an indispensable tool for
the accomplishment of the analyses of the currently running Tevatron experiments and
they will, unquestionable, play an important rôle at the LHC, to gain comprehension of
detector acceptances and data correction.
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0.1 New era of Monte Carlo event generation

In the past decades, QCD shower programs, such as PYTHIA [4, 5, 6, 7, 8], HERWIG [9, 10],
or ARIADNE [11] have been very successful in correctly describing, both qualitatively and
quantitatively, a large range of QCD related phenomena at different colliders, at different
energies, and with different initial states. Their success is based on good approxima-
tions in their treatment of logarithmically enhanced emission of QCD particles in soft
and/or collinear regions of phase space. In conventional parton showers such as the ones
in PYTHIA [12, 13, 14] and HERWIG [15], this is achieved by an expansion around the
collinear limit. This manifests itself in the ordering of subsequent emissions through vir-
tual masses supplemented with an explicit veto on increasing emission angles or through
an ordering by emission angles. Rather than in terms of parton splittings, perturbative
QCD cascades can also be formulated in a complementary way, namely in terms of colour
dipoles [16, 17, 18]. The shower in ARIADNE is based on this colour-dipole model, and the
splitting of the dipoles eventually is equivalent to an expansion around the soft limits of
the radiation process. It is realized through ordering the emissions in relative transverse
momenta of subsequent splittings. Furthermore such a dipole shower then quite naturally
seems to fulfil the requirement of quantum coherence [16], which, for the parton showers,
leads to the angular ordering, see e.g. [2].

In view of the upcoming LHC era, however, the parton-shower programs undergo an
intensive overhaul, leading essentially to complete rewrites of the codes [19, 20, 21] in
the modern, object-oriented programming language C++. Apart from issues related to
maintenance, a number of improvements concerning physics simulation motivated the
construction of new and better shower codes. First of all, the shower algorithms them-
selves have been improved: in PYTHIA, a k⊥ ordered parton shower has been introduced
[8, 22] in order to better account for coherence effects and for a dramatically extended
model of multiple parton interactions; in HERWIG, a new formulation of angular order-
ing [23] better embeds Lorentz invariance and provides an improved treatment of those
regions, where the original HERWIG parton-shower formulation over- or undercounted par-
ton emissions. In addition, a new parton-shower formulation has been developed based on
Catani–Seymour dipole factorization [24, 25, 26, 27], and first steps have been undertaken
in the development of yet another QCD shower formulation which uses antenna subtrac-
tion kernels [28]. A common denominator for all these recent developments was to put
more emphasis on the notion of a colour-connected partner of the splitting parton and
thus an obliteration of the difference between parton and dipole showers. Especially the
latter two, the showers based on either Catani–Seymour or antenna subtraction kernels
[29, 30], aim at an improved matching or merging with exact higher-order matrix ele-
ments. In fact, this systematic inclusion of higher orders in the perturbative expansion of
QCD has been a dramatic and recent improvement of the paradigm underlying building
and using Monte Carlo event generators, i.e. in view of the need for increasing precision,
the two approaches of matching and merging have been developed to directly incorporate
higher-order corrections into the framework of multipurpose event generators.

In the first approach, the exact next-to-leading order matrix element result is consistently
matched with the parton shower [31, 32, 33, 34] such that the overall result correctly
reproduces the corresponding NLO cross section and the first additional hard QCD emis-
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sion. This has been first implemented for specific processes in MC@NLO [35] on the basis of
the Frixione–Kunszt–Signer subtraction. Of course, this method depends to some extent
on the details of the parton shower, and it has some residual dependence on the process
in question. Moreover, with POWHEG an approach and a proposal have been given to com-
pletely circumvent the appearance of negative weights – which are present in the former
method – and to head towards a shower-independent matching solution [33, 34].
In alternative approaches, sequences of tree-level multileg matrix elements with increasing
final-state multiplicity are merged with the parton shower to yield a fully inclusive sample
with no double counting and correct at leading logarithmic accuracy. A first approach
has been presented, known as the CKKW merging approach, for the case of electron–
positron annihilations into jets [36]; later it has been extended to hadronic collisions [37]
and it has been reformulated to a merging procedure in conjunction with a dipole shower
(LCKKW) in [38]. A further method, the MLM method, has been developed also aiming
at a merging of matrix elements and parton showers, however, uses a different way in
generating the inclusive samples based on a geometric interpretation of the full radiation
pattern in terms of cone jets [39, 40]. In a number of works, these different algorithms
have been implemented in different variations on different levels of sophistication in con-
junction with various matrix-element generators or already in full-fledged event generators
[41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51]. Despite their differences they exhibit an assuring
level of agreement [52].

Clearly, recapitulating this enormous research activity, the field of jet physics has un-
dergone a multitude of improvements and refinements, most of which related to a better
description of hard jets and jet–jet correlations as well as jet rates. During the last decade
the understanding of simulating jets therefore has been considerably broadened, includ-
ing the understanding of how jets should be defined in an infrared-safe manner [53, 54].
Eventually, the clear distinction between matrix-elements computation and showering
gives way to a more intertwined treatment and combination of both matrix elements and
parton showers, i.e. jet production and evolution, respectively. In particular, the tremen-
dous progress in evaluating multileg tree-level squared amplitudes led to the advancements
in the description dedicated to jet production, and, certainly, they have left their marks
on the other side of simulating jet evolution. Therefore, it is no surprise that the progress
on the one side initiated refinements and progress on the other side. However, in the
prospect of the LHC approaching these new achievements will be of strong need.

0.2 The event generator SHERPA

The development of the Monte Carlo event generator SHERPA (Simulation of High Energy
Reactions of PArticles) [41], entirely written in the object-oriented programming language
C++ right from the beginning, has been pursued in tight connection with and contributed
to the improvements in jet and Monte Carlo physics outlined above. SHERPA constitutes a
new multipurpose event generator providing a complete description of hadronic final states
in high-energy lepton–lepton and hadron–hadron collisions. Its physics programme covers
particle production at tree level in the SM, the Minimal Supersymmetric Standard Model
(MSSM) and the ADD model of Large Extra Dimensions. The simulation of realistic
jet-physics scenarios can be achieved, since SHERPA in its key feature provides an im-
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Figure 1: Paradigm of Monte Carlo event generation: split the simulation in parts;
this constitutes the Monte Carlo ansatz to modelling full scattering processes. Here,
the case of a proton–proton collision is visualized.

plementation of the Catani–Krauss–Kuhn–Webber (CKKW) merging approach [36, 37],
yielding an improved description of multijet production through a consistent combination
of multiparton tree-level matrix elements with the QCD initial- and final-state parton
showers and the hadronization. SHERPA’s CKKW “machinery” is supplemented by a
multiple-interactions description, which respects the jet-production scales of the primary,
leading, process.
The idea underlying CKKW is to separate the kinematical range of parton emission by
a kT algorithm [53, 54, 55] into a regime of jet production, covered by the appropriate
matrix elements, and a regime of jet evolution, covered by the respective shower. Then,
the matrix elements are reweighted through Sudakov form factors and hard emissions
in the parton shower yielding another jet are vetoed such that there is only a residual
dependence on the jet-resolution cut.
The construction of SHERPA fully reflects the paradigm or separation ansatz of Monte
Carlo event generation of splitting the simulation into well-defined phases, cf. fig. 1. Ac-
cordingly, SHERPA provides physics modules each associated with a phase and in its own
initializes them and steers their interplay. The main phases and their realizations within
SHERPA are:

• Signal process (big red blob in fig. 1), provided by AMEGIC++; this is SHERPA’s
robust kernel [56] for internal matrix-element generation.

• Initial- and final-state parton showers (magenta and red parts in fig. 1), provided
by APACIC++ [57].

• Matrix-element parton-shower merging combining the two previous phases according
to CKKW [36, 37].
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• Multiple parton interactions (violet parts in in fig. 1), provided by AMISIC++, mainly
based on the ideas of [58], however an own model is under way [59].

• Hadronization or primary-hadron genesis (green parts in in fig. 1), will be provided
by AHADIC++, following the ideas given in [60].

• Decays of unstable hadrons, will be provided by HADRONS++ (darkgreen) and
PHOTONS++ (yellow parts in fig. 1).

Note that in its current version, version 1.0.10, SHERPA is still equipped with an interface
to PYTHIA’s string-fragmentation and hadron-decay routines.

0.3 Outline of this thesis

This thesis deals with a broad range of aspects that are deeply related to jet physics.
In particular, phenomenological work has been accomplished in validating the CKKW
merging approach, first, in a detailed comparison with other merging approaches using
the testbed of W+jets production at hadron colliders, and, second, through a study of
charged vector-boson pair production at Tevatron energies verifying SHERPA against a
calculation at next-to-leading order in the strong coupling constant and other Monte
Carlo generators. All of which is presented in ch. 1. Both studies led to a number of
internal refinements of SHERPA’s CKKW implementation, therefore, contributed to the
further improvement of the event generator SHERPA.

As outlined above, new shower formalisms in close relation to subtraction methods are
strongly motivated. Therefore, in ch. 2 the main project of this thesis is presented, dealing
with the definition and realization of a new QCD colour-dipole cascade. In particular
for the case of initial-state radiation, a completely orthogonal ansatz w.r.t. the Lund
colour-dipole model [11] has been pursued. In the new model dipoles are also spanned
with incoming partons and in turn treated fully perturbatively. At neither point of the
shower evolution the hadron remnants will be included, which is in striking contrast to
the Lund approach. All necessary steps to achieve a complete working shower algorithm
are documented in ch. 2 together with very encouraging first results corroborating the
feasibility of the approach.

Improvements in the description of jets not only touch their production through hard
matrix elements and evolution through showering, but also concern the investigation of
phenomenological hadronization models afresh. A new cluster-hadronization model is
presented in ch. 3. Its specific features are the incorporation of soft colour reconnection,
a more general treatment of diquarks including their spin and giving rise to clusters
with baryonic quantum numbers, and a dynamic separation of the regimes of clusters
and hadrons according to their masses and flavours. The distinction between the two
regions automatically leads to different cluster decay and transformation modes and their
extension w.r.t. previous versions of cluster fragmentation. The model presented here
and its preliminary realization eventually have served as the basis and the testbed for the
actual implementation of the AHADIC++ model in SHERPA.

The thesis closes with a summary given in ch. 4.



1 Multijets in hadronic collisions –
validating the CKKW merging of
SHERPA

1.1 Introduction

One of the most striking features of LHC final states will be the large number of events
with several hard jets. Final states with 6 jets from tt̄ decays will have a rate of almost
1 Hz, with 10-100 times more coming from prompt QCD processes. The immense amount
of available phase space, and the large acceptance of the detectors, with calorimeters
covering a region of almost 10 units of pseudo-rapidity (η), will lead to production and
identification of final states with 10 or more jets. These events will hide or strongly mod-
ify all possible signals of new physics, which involve the chain decay of heavy coloured
particles, such as squarks, gluinos or the heavier partners of the top, which appear in
little-Higgs models. Being able to predict their features is therefore essential.
To achieve this, our calculations need to describe as accurately as possible both the full
matrix elements for the underlying hard processes, as well as the subsequent development
of the hard partons into jets of hadrons. However, for the complex final-state topologies
one is interested in, no factorization theorem exists to rigorously separate these two com-
ponents. The main obstacle is the existence of several hard scales, like the jet transverse
energies and dijet invariant masses, which for a generic multijet event will span a wide
range. This makes it difficult to unambiguously separate the components of the event,
which belong to the “hard process” (to be calculated using a multiparton amplitude) from
those developing during its evolution (described by the parton shower). A given n + 1
jet event can be obtained in two ways: from the collinear/soft-radiation evolution of an
appropriate n+ 1 parton final state, or from an n parton configuration where hard, large-
angle emission during its evolution leads to the extra jet. A factorization prescription
(in this context it is often called a “matching scheme” or “merging scheme”) defines, on
an event-by-event basis, which of the two paths should be followed. The primary goal
of a merging scheme is therefore to avoid double counting (by preventing some events to
appear twice, once for each path), as well as dead regions (by ensuring that each config-
uration is generated by at least one of the allowed paths). Furthermore, a good merging
scheme will optimize the choice of the path, using the one, which guarantees the best
possible approximation to a given kinematics.

One such scheme is given by the CKKW merging algorithm, which has been proposed for
the first time in the realm of electron–positron annihilations into jets in [36]. Its extension
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Figure 1.1: First gluon emission in hadronic vector boson production as described
by the matrix element (left panel) or a parton shower (right panel).
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Figure 1.2: Schematic comparison of a naive merging of matrix elements and
parton showers with the CKKW merging by means of the pT distribution of W+

bosons produced at the LHC.

to hadronic processes has been discussed in [37] and the approach has been validated for
the former case [43, 57] and for the production of single vector bosons at the Fermilab
Tevatron [42] and the CERN LHC [61].
The issue of double counting of phase-space regions can be easily exemplified schematically
as in fig. 1.1. Considering this first QCD emission, it becomes apparent that a parton-
shower approach will account for terms that are also present in the matrix element. In the
CKKW method the general requirements on a merging scheme outlined above are obeyed
as follows: first, a separation scale is introduced dividing the phase space into production,
described by matrix elements, and evolution of multijets, described by parton showers.
Second, the matrix elements are reweighted by a combined αs coupling and Sudakov form
factor weight and parton-shower configurations that have been already included through
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the higher-order tree-level matrix elements are vetoed. This then removes double counting
as well as the problem of missing phase-space regions. Furthermore it almost eliminates
the “unphysical” dependence on the, in principle, “arbitrary” separation scale that regu-
larized the matrix elements, and, it preserves the accuracy of the original parton shower. 1

Any unavoidable residual dependence can then be used for tuning less singular terms to
obtain optimal agreement with data. Of course, for a successful and stable algorithm the
notion of a jet must be clear and the corresponding jet measure infrared safe reflecting
the characteristics of QCD dynamics. Fig. 1.2 schematically shows a comparison between
a naive “merging” and the sophisticated CKKW approach.

After characterizing the fundamentals of merging schemes, sec. 1.2, these key issues of
the CKKW merging and its implementation in SHERPA are reviewed in sec. 1.3 on a more
technical and detailed level. Also, in sec. 1.4, two different approaches to the problem,
namely the Lönnblad and the MLM schemes, are presented, such that in sec. 1.5 a first
W+multijet comparison of Tevatron/LHC predictions of the three approaches can be dis-
cussed, with some focus on an assessment of their systematic uncertainties. Finally, in
sec. 1.6 a CKKW study of charged-diboson+jets will be presented.

1.2 Fundamentals of merging procedures

In general, the different merging procedures follow a similar strategy:

1. A jet measure is defined and all relevant cross sections including jets are calcu-
lated for the process under consideration, i.e. for the production of a final state
X in pp collisions, the cross sections for the processes pp → X + n jets with
n = 0, 1, . . . , N = nmax are evaluated.

2. Hard parton samples are produced with a probability proportional to the respective
total cross section, in a corresponding kinematic configuration following the matrix
element.

3. The individual configurations are accepted or rejected with a dynamical, kinematics-
dependent probability that includes both effects of running coupling constants and
of Sudakov form factors. In case the event is rejected, step 2 is repeated, i.e. a new
parton sample is selected, possibly with a new number of jets.

4. The parton shower is invoked with suitable initial conditions for each of the legs. In
some cases, like, e.g. in the MLM procedure described below, this step is performed
together with the step before, i.e. the acceptance/rejection of the jet configuration.
In all cases the parton shower is constrained not to produce any extra jet; stated in
other words: configurations that would fall into the realm of matrix elements with
a higher jet multiplicity are vetoed in the parton shower step.

The merging procedures discussed below differ mainly

• in the jet definition used in the matrix elements;

1The cancellation of the dependence on the separation scale has been proven analytically in the e+e−

case up to next-to-leading logarithmic accuracy [36].
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• in the way the acceptance/rejection of jet configurations stemming from the matrix
element is performed;

• and in details concerning the starting conditions of and the jet vetoing inside the
parton showering.

1.3 The method of CKKW merging

The merging prescription proposed in [36, 37] is known as the CKKW scheme and has
been implemented in the event generator SHERPA [41] in full generality [43].
In this scheme

• the separation of the matrix-element and parton-shower domains for different mul-
tijet processes is achieved through a kT measure [53, 55, 54], where kT,0 denotes the
internal separation cut, also called the merging scale;

• the acceptance/rejection of jet configurations proceeds through a reweighting of the
matrix elements with analytical Sudakov form factors and factors due to different
scales in αs;

• the starting scale for the parton shower evolution of each parton is given by the
scale where it appeared first;

• a vetoed parton-shower algorithm is used to guarantee that no unwanted hard jets
are produced during jet evolution.

In the original paper dealing with e+e− annihilations into hadrons, [36], it has been shown
explicitly that in this approach the dependence on kT,0 cancels to NLL accuracy. This
can be achieved by combining the Sudakov reweigthed matrix elements with a vetoed
parton shower with angular ordering, subjected to appropriate starting conditions. The
algorithm for the case of hadron–hadron collisions has been constructed in analogy to the
e+e− case. However, it should be stressed that it has not been shown that the CKKW
algorithm is correct at any logarithmic order in this kind of process.
For hadron–hadron collisions, the internal jet identification of the SHERPA merging ap-
proach proceeds through a kT scheme, which defines two final-state particles to belong to
two different jets, if their relative transverse momentum squared

k
(ij) 2
T = 2 min

{
p

(i)
T , p

(j)
T

}2
[
cosh(η(i) − η(j))− cos(φ(i) − φ(j))

]

D2
(1.1)

is larger than the critical value k2
T,0. In addition, the transverse momentum of each jet

has to be larger than the merging scale kT,0. The magnitude D, which is of order 1, is a
parameter of the jet algorithm [62]. In order to completely rely on matrix elements for jet
production allowed by the external analysis, the internal D should be chosen less than or
equal to the D parameter or, in case of a cone jet algorithm, the R parameter employed
by the external analysis.
The weight attached to the generated matrix elements consists of two components, a
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strong coupling weight and an analytical Sudakov form factor weight. For their determina-
tion, a kT jet clustering algorithm guided by only physically allowed parton combinations
is applied on the initial matrix-element configurations. The identified nodal kT values
are taken as scales in the strong coupling constants and replace the predefined choice in
the initial generation. The Sudakov weight attached to the matrix elements accounts for
having no further radiation resolvable at kT,0. The NLL Sudakov form factors employed,
cf. [53], are defined by

∆q(Q,Q0) = exp



−

Q∫

Q0

dq Γq(Q, q)



 ,

∆g(Q,Q0) = exp



−

Q∫

Q0

dq [Γg(Q, q) + Γf(q)]



 , (1.2)

where Γq,g,f are the integrated splitting functions q → qg, g → gg and g → qq̄, which are
given through

Γq(Q, q) =
2CF
π

αs(q)

q

(
ln
Q

q
− 3

4

)
, (1.3)

Γg(Q, q) =
2CA
π

αs(q)

q

(
ln
Q

q
− 11

12

)
, (1.4)

Γf(q) =
Nf

3π

αs(q)

q
. (1.5)

They contain the running coupling constant and the two leading, logarithmically enhanced
terms in the limit Q0 � Q. The single logarithmic terms −3/4 and −11/12 may spoil an
interpretation of the NLL Sudakov form factor as a non-branching probability. Therefore,
Γ(Q, q) is cut off at zero, such that ∆q,g(Q,Q0) retains its property to define the proba-
bility for having no emission resolvable at scale Q0 during the evolution from Q to Q0.
These factors are used to reweight in accordance to the appearance of external parton
lines. A ratio of two Sudakov form factors ∆(Q,Q0)/∆(q, Q0) accounts for the probabil-
ity of having no emission resolvable at Q0 during the evolution from Q to q. Hence, it is
employed for the reweighting according to internal parton lines. The lower limit is taken
to be Q0 = kT,0 or Q0 = DkT,0 for partons that are clustered to a beam or to another
final state parton, respectively.
The sequence of clusterings, stopped after the eventual identification of a 2 → 2 config-
uration (the core process), is used to reweight the matrix element. Moreover, this also
gives a shower history, whereas the 2→ 2 core process defines the starting conditions for
the vetoed shower. For the example of an identified pure QCD 2 → 2 core process, the
four parton lines left as a result of the completed clustering will start their evolution at
the corresponding hard scale. Subsequently, additional radiation is emitted from each leg
by evolving under the constraint that any emission harder than the separation cut kT,0 is
vetoed. The starting scale of each leg is given by the invariant mass of the mother parton
belonging to the identified QCD splitting, through which the considered parton has been
initially formed.
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Finally, it should be noted that the algorithm implemented in SHERPA does the merging
of the sequence of processes pp→ X + n jets with n = 0, 1, . . . , N fully automatically –
the user is not required to generate the samples separately and mix them by hand.

1.4 Other merging approaches

1.4.1 The dipole cascade and CKKW merging

The merging prescription developed for the dipole cascade in the ARIADNE program [11]
is similar to CKKW, but differs in the way the shower history is constructed, and in
the way the Sudakov form factors are calculated. Also, since the ARIADNE cascade is
ordered in transverse momentum the treatment of starting scales is simplified. Before
going into details of the merging prescription, it is useful to describe some details of the
dipole cascade, since it is quite different from conventional parton showers.
The dipole model [16, 63] as implemented in the ARIADNE program is based around
iterating 2 → 3 partonic splittings instead of the usual 1 → 2 partonic splittings in
a conventional parton shower. Gluon emission is modelled as coherent radiation from
colour–anticolour charged parton pairs. This has the advantage of e.g. including first
order corrections to the matrix elements for e+e− → qq̄ in a natural way and it also
automatically includes the coherence effects modelled by angular ordering in conventional
showers. The process of quark–antiquark production does not come in as naturally, but
can be added [64]. The emissions in the dipole cascade are ordered according to an
invariant transverse momentum defined as

p2
⊥ =

s12 s23

s123

, (1.6)

sij is the squared invariant mass of parton i and j, with the offspring having index 2.
When applied to hadronic collisions, the dipole model does not separate between initial-
and final-state gluon radiation. Instead all gluon emissions are treated as coming from
final-state dipoles [65, 66]. To be able to extend the dipole model to hadron collisions, spa-
tially extended coloured objects are introduced to model the hadron remnants. Dipoles in-
volving hadron remnants are treated in a similar manner to the normal final-state dipoles.
However, since the hadron remnant is considered to be an extended object, emissions with
small wavelength are suppressed. This is modelled by only allowing a fraction of the rem-
nant to take part in the emission. The fraction that is resolved during the emission is
given by

a(p⊥) =

(
µ

p⊥

)α
, (1.7)

where µ is the inverse size of the remnant and α is the dimensionality. These are semi-
classical parameters, which have no correspondence in conventional parton cascades,
where instead a suppression is obtained by ratios of quark densities in the backward
evolution. The main effect is that the dipole cascade allows for harder gluon emissions in
the beam directions, enabling it to describe properly e.g. forward jet rates measured at
HERA (see e.g. [67]).
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There are two additional forms of emissions, which need to be included in the case of
hadronic collisions. One corresponds to an initial state g → qq̄ [68]. This does not come
in naturally in the dipole model, but is added by hand in a way similar to that of a
conventional initial-state parton showers [68]. The other corresponds to the initial-state
q → gq (with the gluon entering into the hard subprocess), which could be added in a
similar way, but this has not yet been implemented in ARIADNE.
When implementing CKKW for the dipole cascade [38, 44], the procedure is slightly dif-
ferent from what has been described above. Rather than using the standard kT algorithm
to cluster the state produced by the matrix-element generator, a complete set of inter-
mediate partonic states, Si, and the corresponding emission scales, p⊥,i are constructed,
which correspond to a complete dipole shower history. Hence, for each state produced by
the matrix-element generator, basically the question how would ARIADNE have generated
this state is answered. Note, however, that this means that only coloured particles are
clustered, which differs from e.g. SHERPA, where also the W and its decay products are
involved in the clustering.
The Sudakov form factors are then introduced using the Sudakov veto algorithm. The
idea is to reproduce the Sudakov form factors used in ARIADNE. This is done by perform-
ing a trial emission starting from each intermediate state Si with p⊥,i as a starting scale.
If the emitted parton has a p⊥ higher than p⊥,i+1 the state is rejected. This correspond to
keeping the state according to the no-emission probability in ARIADNE, which is exactly
the Sudakov form factor.
It should be noted that for initial-state showers, there are two alternative ways of defining
the Sudakov form factor. The definition in eq. (1.2) is used in e.g. HERWIG [9], while e.g.
PYTHIA [6, 8] uses a form, which explicitly includes ratios of parton densities. Although
formally equivalent to leading logarithmic accuracy, only the latter corresponds exactly
to a no-emission probability, and this is the one generated by the Sudakov veto algorithm.
This, however, also means that the constructed emissions in this case need not only be
reweighted by the running αs as in the standard CKKW procedure above, but also with
ratios of parton densities, which in the case of gluon emissions correspond to the suppres-
sion due to the extended remnants in eq. (1.7) as explained in more detail in [44], where
the complete algorithm is presented.

1.4.2 The MLM matching algorithm

1. The first step is the generation of parton-level configurations for all final-state parton
multiplicities n up to a given N (W +N partons). They are defined by the following
kinematical cuts:

ppartT > pminT , |ηpart| < ηmax , ∆Rjj > Rmin , (1.8)

where ppart
T

and ηpart are the transverse momentum and pseudo-rapidity of the final-
state partons, and ∆Rjj is their minimal separation in the (η, φ) plane. The param-
eters pmin

T
, ηmax and Rmin are called generation parameters, and are the same for all

n = 1, . . . , N .

2. The renormalization scale is set according to the CKKW prescription. The neces-
sary tree branching structure is defined for each event, allowing however only for
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branchings, which are consistent with the colour structure of the event, which in
ALPGEN is extracted from the matrix-element calculation [69]. For a pair of final-
state partons i and j, a kT measure is used defined by

kT = ∆Rij min(pTi, pTj) (1.9)

where ∆R =
√

∆η2 + ∆φ2, while for a pair of initial/final-state partons k2
T = p2

T is
taken, i.e. the pT of the final-state one.

3. The kT value at each vertex is used as a scale for the relative power of αs. The
factorization scale for the parton densities is given by the hard scale of the process,
Q2

0 = M2
W +p2

T,W . It may happen that the clustering process stops before the lowest-
order configuration is reached. This is the case, e.g., for an event like uū→ Wcs̄g.
Flavour conservation allows only the gluon to be clustered, since uū → Wcs̄ is a
LO process, first appearing at O(α2

s). In such cases, the hard scale Q0 is adopted
for all powers of αs corresponding to the non-merged clusters.

4. Events are then showered, using PYTHIA or HERWIG. The evolution for each parton
starts at the scale determined by the default PYTHIA and HERWIG algorithms on
the basis of the kinematics and colour connections of the event. The upper veto
cutoff to the shower evolution is given by the hard scale of the process, Q0. After
evolution, a jet cone algorithm is applied to the partons produced in the perturbative
phase of the shower. Jets are defined by a cone size Rclus, a minimum transverse
energy Eclus

T and a maximum pseudo-rapidity ηclus
max. These parameters are called

matching parameters, and should be kept the same for all samples n = 0, 1, . . . , N .
These jets provide the starting point for the matching procedure, described in the
next item. In the default implementation, Rclus = Rmin is taken, ηclus

max = ηmax
and Eclus

T = pmin
T

+ max(5 GeV, 0.2 × pmin
T

), but these can be varied as part of the
systematics assessment. To ensure a complete coverage of phase space, however, it
is necessary that Rclus ≥ Rmin, ηclus

max ≤ ηmax and Eclus
T ≥ pmin

T
.

5. Starting from the hardest parton, the jet, which is closest to it in (η, φ) is selected.
If the distance between the parton and the jet centroid is smaller than 1.5× Rclus,
the parton and the jet match. The matched jet is removed from the list of jets, and
the matching test for subsequent partons is performed. The event is fully matched
if each parton matches to a jet. Events, which do not match, are rejected. A typical
example is when two partons are so close that they cannot generate independent
jets, and therefore cannot match. Another example is when a parton is too soft to
generate its own jet, again failing matching.

6. Events from the parton samples with n < N , which survive matching, are then
required not to have extra jets. If they do, they are rejected, a suppression, which
replaces the Sudakov reweighting used in the CKKW approach. This prevents the
double counting of events, which will be present in, and more accurately described
by, the n+ 1 sample. In the case of n = N , events with extra jets can be kept since
they will not be generated by samples with higher n. Nevertheless, to avoid double
counting, it is required that their transverse momentum be smaller than that of the
softest of the matched jets.
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When all the resulting samples from n = 0, . . . , N are combined, an inclusive W+jets
sample is obtained. The harder the threshold for the energy of the jets used in the
matching, Eclus

T , the fewer the events rejected by the extra-jet veto (i.e. smaller Sudakov
suppression), with a bigger rôle given to the shower approximation in the production of
jets. Using lower thresholds would instead enhance the rôle of the matrix elements even at
lower ET , and lead to larger Sudakov suppression, reducing the rôle played by the shower
in generating jets. The matching/rejection algorithm ensures that these two components
balance each other. This algorithm is encoded in the ALPGEN generator [39, 46], where
evolution with both HERWIG and PYTHIA are enabled. However, in the framework of this
study, the parton-shower evolution has been performed by HERWIG.

1.5 Comparative study of various merging algorithms

In the following a first direct comparison is presented of the three approaches, proposed so
far and outlined above. In terms of implementations predictions are compared that have
been obtained from five different codes, namely ALPGEN, ARIADNE, HELAC, MADEVENT

and SHERPA. Here, the discussion will concentrate on ALPGEN, ARIADNE and SHERPA, all
of which representing the unambiguous and direct implementations of the three merging
approaches under consideration. The testbed of W+jets production at hadron colliders
has been chosen, which is one of the most studied final states because of its important
rôle as a background to top quark studies at the Tevatron. At the LHC, W+jets, as well
as the similar Z+jets processes, will provide the main irreducible backgrounds to signals
such as multijet plus missing transverse energy, typical of Supersymmetry and of other
manifestations of new physics. The understanding of W+multijet production is therefore
an essential step towards the validation and tuning of the tools discussed here, in partic-
ular, prior to their utilization at the LHC.
For each of the codes, a large set of observables has been considered, addressing inclusive
properties of the events (transverse-momentum spectrum of the W boson and of leading
jets) as well as geometric correlations between the jets. After the specifications of the
analysis for the study, the following two subsections will present a subset of the results of
the study for the Tevatron (pp̄ collisions at 1.96 TeV) and for the LHC (pp at 14.0 TeV).
This collection of observables will illustrate the main features of the comparison between
the different methods.
Confronting the predictions of different merging schemes with each other provides a great
opportunity to critically assess the systematic uncertainties of multijet calculations. As
already mentioned such schemes in their character constitute more sophisticated factor-
ization prescriptions of combining calculations related to harder scales with those from
softer ones, thereby avoiding the double counting and the dead regions. Although follow-
ing these principles, the different merging schemes use different ways in finally distributing
the calculation between the matrix-element and the shower evolution. As in any factor-
ization scheme, the physics is independent of the separation between phases only if com-
plete control over the perturbative expansion is guaranteed. Otherwise a residual scheme
dependence is left. Its impact can be studied for any scheme on its own by varying the pa-
rameters specifying the details of the merging algorithms, or, even better, in conjunction
with other schemes as it is accomplished here. Therefore, an assessment of the systematic
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uncertainties underlying the different methods and, hence, codes has been carried out
and will also be presented here. Moreover, the intrinsic merging parameters present an
opportunity to tune each code so as to best describe the data. This tuning should be seen
as a prerequisite for a quantitative study of the overall theoretical systematics: after the
tuning is performed on a given set of final states (e.g. the W+jets considered here), the
systematics for other observables or for the extrapolation to the LHC can be obtained by
comparing the difference in extrapolation between the various approaches.

1.5.1 Properties of the event generation for the study

The elements of the analysis common to all codes are the following.

• Event samples. Tevatron results refer to the combination of W+ and W− bosons,
while at the LHC only W+ are considered. All codes have generated parton-level
samples according to matrix elements with up to 4 final-state partons. Partons are
restricted to the light-flavour sector and are taken to be massless. The Yukawa
couplings of the quarks are neglected. The PDF set CTEQ6L has been used
with αs(MZ) = 0.118. Further standard-model parameters used were: mW =
80.419 GeV, ΓW = 2.048 GeV, mZ = 91.188 GeV, ΓZ = 2.446 GeV, the Fermi
constant Gµ = 1.16639 · 10−2 GeV−2, sin2 θW = 0.2222 and αEM = 1/132.51.

• Jet definitions. Jets were defined using Paige’s GETJET cone clustering algorithm,
with a calorimeter segmentation of (∆η, ∆φ) = (0.1,6◦) extended over the range
|η| < 2.5 (|η| < 5), and cone size of 0.7 (0.4) for the Tevatron (LHC). At the Tevatron
(LHC) jets are required with ET > 10 (20) GeV, and pseudo-rapidity |η| < 2 (4.5).
For the analysis of the differential jet rates denoted as di, the Tevatron Run II kT
algorithm [62] was applied to all final-state particles fulfilling |η| < 2.5 (5).

In all cases, except the di plots (see below), the analysis is done at the hadron level, but
without including the underlying event. For all codes, the systematic uncertainties are
investigated by varying the merging scale and by varying the scale in αs and, for some
codes, in the parton density functions. For ALPGEN, the scale in αs has been varied only
in the αs-reweighting of the matrix elements, while for the others the scale was also varied
in the parton cascade. Note that varying the scale in the final-state parton showers will
spoil the tuning done to LEP data for the cascades. A consistent way of testing the scale
variations would require retuning of hadronization parameters. However, observables
considered here are not expected to feature a strong dependence on the hadronization
parameters, hence, no attempt has been made to retune them.

The parameter choices specific to the individual codes are as follows:

• ALPGEN: The parton-level matrix elements were generated with ALPGEN [39, 46]
and the subsequent evolution used the HERWIG parton shower according to the
MLM procedure. Version 6.510 of HERWIG was used, with its default shower and
hadronization parameters. The default results for the Tevatron (LHC) were obtained
using parton-level cuts, see eq. (1.8), of pmin

T
= 8 (15) GeV, ηmax = 2.5 (5), Rmin =

0.7 (0.4) and matching defined by Eclus
T = 10 (20) GeV, ηclus

max = ηmax and Rclus =
Rmin. The variations used in the assessment of the systematics cover:
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– different thresholds for the definition of jets used in the matching: Eclus
T = 20

and 30 GeV for the Tevatron, and Eclus
T = 30 and 40 GeV for the LHC. These

thresholds were applied to the partonic samples produced with the default gen-
eration cuts, as well as to partonic samples produced with higher pminT values.
No difference was observed in the results, aside from an obviously better gen-
eration efficiency in the latter case. In the following studies of the systematics,
the two threshold settings will be referred to as ALPGEN parameter sets ALptX,
where X labels the value of the threshold. Studies with different values of Rclus

and Rmin were also performed, leading to marginal changes, which will not be
documented here.

– different renormalization scales at the vertices of the clustering tree: µ = µ0/2
and µ = 2µ0, where µ0 is the default kT value. In the following studies of the
systematics, these two settings will be referred to as ALPGEN parameter sets
ALscL (for “Low”) and ALscH (for “High”).

The publicly available version V2.10 of the code was used to generate the ALPGEN

results.

• ARIADNE: The parton-level matrix elements were generated with MADEVENT and
the subsequent evolution used the dipole shower in ARIADNE according to the pro-
cedure outlined in sec. 1.4.1. Hadronization was performed by PYTHIA.
For the default results at the Tevatron (LHC), the parton-level cuts were pTmin =
10 (20), Rjj < 0.5 (0.4) and, in addition, a cut on the maximum pseudo-rapidity
of jets, ηj,max = 2.5 (5.0). The variations used in the assessment of the systematics
cover:

– different values of the merging scales p⊥,min = 20 and 30 GeV for the Tevatron
(30 and 40 GeV for the LHC). In the following studies of the systematics, these
two settings will be referred to as ARIADNE parameter sets ARptX.

– a change of the soft suppression parameters in eq. (1.7) from the default values
of µ = 0.6 GeV and α = 1, to µ = 0.6 GeV and α = 1.5 (taken from a tuning
to HERA data [70]). This setting will be referred to as ARs.

– different values of the scale in αs: µ = µ0/2 and µ = 2µ0 were used (ARscL
and ARscH).

• SHERPA: The parton-level matrix elements used within SHERPA have been obtained
from the internal matrix-element generator AMEGIC++ [56]. Parton showering has
been conducted by APACIC++ [71, 57] whereas the combination of the matrix el-
ements with this parton shower has been accomplished according to the CKKW
procedure. 2 The hadronization of the shower configurations has been performed by
PYTHIA 6.214, which has been made available through an internal interface.
For the default Tevatron (LHC) predictions, the value of the merging scale has been
chosen to kT,0 = 10 (20) GeV. All SHERPA predictions for the Tevatron (LHC) have
been obtained by setting the internally used parameter D, cf. eq. (1.1) in sec. 1.3,

2Beyond the comparison presented here, SHERPA predictions for W+multijets have already been val-
idated and studied for Tevatron and LHC energies in [42, 61].
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through D = 0.7 (0.4). Note that, these two choices directly determine the gener-
ation of the matrix elements in SHERPA. The variations used in the assessment of
the systematics cover:

– different choices of the merging scale kT,0. Values of 20, 30, and 30, 40 GeV
have been used for the Tevatron and the LHC case, respectively. In the fol-
lowing studies of the systematics, these settings will be referred to as SHERPA

parameter sets SHktX where X labels the value of the internal jet scale.

– different values of the scales used in any evaluation of the αs and the parton
distribution functions. 3 Two cases have been considered, µ = µ0/2 and µ =
2µ0. The choice of the merging scale is as in the default run, where µ0 denotes
the corresponding kT values. In the subsequent studies of the systematics
these two cases are referred to as SHERPA parameter sets SHscL and SHscH.
It should be stressed that these scale variations have been applied in a very
comprehensive manner, i.e. in both the matrix-element and parton-showering
phase of the event generation.

All SHERPA results presented in this comparison have been obtained with the pub-
licly available version 1.0.10.

1.5.2 Tevatron studies

1.5.2.1 Event rates

The comparison among inclusive jet rates is presented. These are shown in tab. 1.1. For
each code, in addition to the default numbers, the results are stated of the various in-
dividual alternative choices used to assess the systematics uncertainty. In tab. 1.2 the
“additional jet fractions” are shown, namely the rates σ(W + n + 1 jets)/σ(W + n jets),
once again covering all systematic sets of all codes. Fig. 1.3, finally, illustrates graphically
the systematic ranges of cross sections: for each multiplicity, the rates are normalized to
the average of the default values of all the codes.
It should be noted that the scale changes in all codes lead to the largest rate variations.
This is reflected in the growing size of the uncertainty with larger multiplicities, a con-
sequence of the higher powers of αs. Furthermore, note that the systematic ranges of all
codes have regions of overlap.

1.5.2.2 Kinematical distributions

In fig. 1.4 the inclusive E⊥ spectra of the leading four jets are shown. The absolute rate
predicted by each code is used, in units of pb/GeV. The relative differences w.r.t. to
the ALPGEN results, in this figure and all other figures of this section, are shown in the
lower in-sets of each plot, where, for the code X, the quantity (σ(X)− σ0)/σ0 is plotted,
σ0 being the values of the ALPGEN curves. There is generally good agreement between
the codes, except for ARIADNE, which has a harder E⊥ spectra for the leading two jets.
SHERPA is found slightly harder than ALPGEN.

3For example, the analytical Sudakov form factors used in the matrix-element reweighting hence vary
owing to their intrinsic αs coupling dependence.
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Code σ[tot] σ[≥ 1 jet] σ[≥ 2 jet] σ[≥ 3 jet] σ[≥ 4 jet]
ALPGEN, def 1933 444 97.1 18.9 3.2
ALpt20 1988 482 87.2 15.5 2.8
ALpt30 2000 491 82.9 12.8 2.1
ALscL 2035 540 135 29.7 5.5
ALscH 1860 377 72.6 12.7 2.0
ARIADNE, def 2066 477 87.3 13.9 2.0
ARpt20 2038 459 76.6 12.8 1.9
ARpt30 2023 446 67.9 11.3 1.7
ARscL 2087 553 116 21.2 3.6
ARscH 2051 419 67.8 9.5 1.3
ARs 2073 372 80.6 13.2 2.0
SHERPA, def 1987 494 107 16.6 2.0
SHkt20 1968 465 85.1 12.4 1.5
SHkt30 1982 461 79.2 10.8 1.3
SHscL 1957 584 146 25.2 3.4
SHscH 2008 422 79.8 11.2 1.3

Table 1.1: Cross sections (in pb) for the inclusive jet rates at the Tevatron, ac-
cording to the default and alternative settings of the various codes.

Code σ[≥1]/σ[tot] σ[≥2]/σ[≥1] σ[≥3]/σ[≥2] σ[≥4]/σ[≥3]

ALPGEN, def 0.23 0.22 0.19 0.17
ALpt20 0.24 0.18 0.18 0.18
ALpt30 0.25 0.17 0.15 0.16
ALscL 0.27 0.25 0.22 0.19
ALscH 0.20 0.19 0.17 0.16
ARIADNE, def 0.23 0.18 0.16 0.15
ARpt20 0.23 0.17 0.17 0.15
ARpt30 0.22 0.15 0.16 0.16
ARscL 0.26 0.21 0.18 0.17
ARscH 0.20 0.16 0.14 0.14
ARs 0.18 0.22 0.16 0.15
SHERPA, def 0.25 0.22 0.16 0.12
SHkt20 0.24 0.18 0.15 0.12
SHkt30 0.23 0.17 0.14 0.12
SHscL 0.30 0.25 0.17 0.13
SHscH 0.21 0.19 0.14 0.12

Table 1.2: Cross-section ratios for (n + 1)/n inclusive jet rates at the Tevatron,
according to the default and alternative settings of the various codes.
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Figure 1.3: Range of variation for the Tevatron cross-section rates of the codes,
normalized to the average value of the default settings for all codes in each multi-
plicity bin.

Fig. 1.5 shows the inclusive η spectra of the leading four jets, all normalized to unit area.
ARIADNE and SHERPA spectra appear to be broader than ALPGEN, in particular for the
subleading jets. This broadening is expected for ARIADNE since the gluon emissions there
are essentially unordered in rapidity, which means that the Sudakov form factors applied
to the matrix-element generated states include also a ln(1/x) resummation absent in the
other programs.
Fig. 1.6a shows the inclusive p⊥ distribution of the W boson, with absolute normalization
in pb/GeV. This distribution reflects in part the behaviour observed for the spectrum of
the leading jet, with ARIADNE harder than SHERPA, which, in turn, is slightly harder than
ALPGEN. The region of low momenta, p⊥,W < 50 GeV, is expanded in fig. 1.6b. Fig. 1.6c
shows the η distribution of the leading jet, when its transverse momentum is larger than
50 GeV. The curves are absolutely normalized, so that the rate can be read off, which is
predicted by each code to survive this harder jet cut. The |η| separation between the W
and the leading jet of the event above 30 GeV is shown in fig. 1.6d, normalized to unit
area. ARIADNE has a broader correlation than ALPGEN and SHERPA.
Finally, in fig. 1.7, the merging scales di as obtained from the kT algorithm are depicted,
where di is the scale in an event where i jets are clustered into i−1 jets. Here, parton-level
distributions are shown, which are especially sensitive to the behaviour of the merging
procedure close to the merging/matching scale. Note that in the plots showing the dif-
ference the wiggles stem from both the individual codes and from the ALPGEN reference.
Also shown in fig. 1.7 is the separation in ∆R =

√
∆η2 + ∆φ2 between successive jet

pairs ordered in hardness. The ∆R12 is dominated by the transversal-plane back-to-back
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Figure 1.4: Inclusive E⊥ spectra of the leading four jets at the Tevatron (pb/GeV).
In all cases the full line gives the ALPGEN results, the dashed line gives the ARIADNE

results and the “o” points give the SHERPA results, respectively.

peak at ∆R12 = π, while for larger ∆R in all cases the behaviour is more dictated by
the correlations in pseudo-rapidity. For these larger values, ARIADNE and SHERPA feature
a weaker correlation, which can be expected from their broader rapidity distributions
displayed in fig. 1.5.
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Figure 1.5: Inclusive η spectra of the four leading jets at the Tevatron. All curves
are normalized to unit area. Lines and points are as in fig. 1.4.
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Figure 1.6: (a) and (b) p⊥ spectrum of W± bosons at the Tevatron (pb/GeV). (c)

Inclusive η spectrum of the leading jet, for p
jet1
⊥ > 50 GeV; absolute normalization

(pb). (d) Pseudo-rapidity separation between the W and the leading jet, ∆η =

|ηW − ηjet1
|, for p

jet1
⊥ > 30 GeV, normalized to unit area. Lines as well as the points

are as in fig. 1.4.
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Figure 1.7: (a)–(c) di (i = 1, 2, 3) spectra, where di is the scale in a parton-level
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Figure 1.8: Range of variation for the LHC cross-section rates of the codes, nor-
malized to the average value of the default settings for all codes in each multiplicity
bin.

1.5.3 LHC studies

1.5.3.1 Event rates

The tables (tab. 1.3 and tab. 1.4) and figure (fig. 1.8) of this section parallel those shown
earlier for the Tevatron. The main feature of the LHC results is the significantly larger
rates predicted by ARIADNE (see also the discussion of its systematics, sec. 1.5.4.2), which
are outside the systematics ranges of the other codes. Aside from this and the fact that
SHERPA gives a smaller total cross section (see also the last part of the discussion of
the SHERPA systematics in sec. 1.5.4.3), the comparison among the other codes shows an
excellent consistency, with a pattern of the details similar to what seen for the Tevatron.

1.5.3.2 Kinematical distributions

Following the same sequence of the Tevatron study, fig. 1.9 shows the inclusive E⊥ spectra
of the leading four jets. The absolute rate predicted by each code is used, in units of
pb/GeV.
Except for ARIADNE, good agreement is found among the other two codes, with ARIADNE

having significantly harder leading jets, wile for subleading jets the increased rates noted
in fig. 1.8 mainly come from lower E⊥. Furthermore, SHERPA has consistently somewhat
harder jets than ALPGEN.
For the pseudo-rapidity spectra of the jets in fig. 1.10 it is clear that ARIADNE has a much
broader distribution in all cases. Also SHERPA has broader distributions, although not as
pronounced as ARIADNE.
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Code σ[tot] σ[≥ 1 jet] σ[≥ 2 jet] σ[≥ 3 jet] σ[≥ 4 jet]
ALPGEN, def 10170 2100 590 171 50
ALpt30 10290 2200 555 155 46
ALpt40 10280 2190 513 136 41
ALscL 10590 2520 790 252 79
ALscH 9870 1810 455 121 33
ARIADNE, def 10890 3840 1330 384 101
ARpt30 10340 3400 1124 327 88
ARpt40 10090 3180 958 292 83
ARscL 11250 4390 1635 507 154
ARscH 10620 3380 1071 275 69
ARs 11200 3440 1398 438 130
SHERPA, def 8800 2130 574 151 41
SHkt30 8970 2020 481 120 32
SHkt40 9200 1940 436 98.5 24
SHscL 7480 2150 675 205 58
SHscH 10110 2080 489 118 30

Table 1.3: Cross sections (in pb) for the inclusive jet rates at the LHC, according
to the default and alternative settings of the various codes.

Code σ[≥1]/σ[tot] σ[≥2]/σ[≥1] σ[≥3]/σ[≥2] σ[≥4]/σ[≥3]

ALPGEN, def 0.21 0.28 0.29 0.29
ALpt30 0.21 0.25 0.28 0.30
ALpt40 0.21 0.23 0.27 0.30
ALscL 0.24 0.31 0.32 0.31
ALscH 0.18 0.25 0.27 0.27
ARIADNE, def 0.35 0.35 0.29 0.26
ARpt30 0.33 0.33 0.29 0.27
ARpt40 0.32 0.30 0.30 0.28
ARscL 0.39 0.37 0.31 0.30
ARscH 0.32 0.32 0.26 0.24
ARs 0.31 0.41 0.31 0.30
SHERPA, def 0.24 0.27 0.26 0.27
SHkt30 0.23 0.24 0.25 0.27
SHkt40 0.21 0.22 0.23 0.24
SHscL 0.29 0.31 0.30 0.28
SHscH 0.21 0.24 0.24 0.25

Table 1.4: Cross-section ratios for (n+1)/n inclusive jet rates at the LHC, accord-
ing to the default and alternative settings of the various codes.
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Figure 1.9: Inclusive E⊥ spectra of the leading four jets at the LHC (pb/GeV). In
all cases the full line gives the ALPGEN results, the dashed line gives the ARIADNE

results and the “o” points give the SHERPA results, respectively.
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Figure 1.10: Inclusive η spectra of the four leading jets at the LHC. All curves are
normalized to unit area. Lines and points are as in fig. 1.9.

The p⊥ distribution of W+ bosons in fig. 1.11 follows the trend of the leading-jet E⊥
spectra. Increasing the transverse momentum of the leading jet in fig. 1.11a does not much
change the conclusion for its pseudo-rapidity distribution. Also the rapidity correlation
between the leading jet and the W+ follows the trend found for the Tevatron, but the
differences are larger, with a much weaker correlation for ARIADNE. Also SHERPA shows
a somewhat weaker correlation.
For the distribution in clustering scale in fig. 1.12, ARIADNE is by far the hardest. The
results given by the other codes are comparable, with the only exception that for the d1

distribution, SHERPA gives a somewhat harder prediction compared to ALPGEN.
For the ∆R distributions in fig. 1.12, the behaviour for the large values is consistent with
the broader rapidity distributions found for SHERPA and, in particular, for ARIADNE in
fig. 1.10. For lower values, ARIADNE and SHERPA are below ALPGEN.
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Figure 1.11: (a) and (b) p⊥ spectrum of W+ bosons at the LHC (pb/GeV). (c)

η spectrum of the leading jet, for p
jet1
⊥ > 100 GeV; absolute normalization (pb). (d)

Pseudo-rapidity separation between the W+ and the leading jet, ∆η = |ηW+−ηjet1
|,

for p
jet1
⊥ > 40 GeV, normalized to unit area. Lines and points are as in fig. 1.9.
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1.5.4 Systematic studies

In this section the systematic studies are presented of each of the codes separately for
both the Tevatron and the LHC, followed by some general comments on differences and
similarities between the codes.
In all a subset of the plots has been chosen shown in the previous sections: the transverse
momentum of the W , the pseudo-rapidity of the leading jet, the separation between the
leading and the subleading jet, and the di logarithmic spectra. As before, all spectra aside
from p⊥,W are normalized to unit integral over the displayed range.

1.5.4.1 ALPGEN systematics

The ALPGEN distributions for the Tevatron are shown in fig. 1.13. The pattern of vari-
ations is consistent with the expectations. In the case of the p⊥,W spectra, which are
plotted in absolute scales, the larger variations are due to the change of scale, with the
lower scale leading to a harder spectrum. The ±20% effect is consistent with the scale
variation of αs, which dominates the scale variation of the rate once p⊥,W is larger than
the Sudakov region. The change of matching scales only leads to a minor change in the
region 0 < p⊥,W < 40 GeV, confirming the stability of the merging prescription.
In the case of the rapidity spectrum, it is noticed that the scale change leaves the shape
of the distribution unaltered, while small changes appear at the edges of the η range. The
di distributions show agreement among the various options when di < 1. This is due to
the fact that the region di < 1 is dominated by the initial-state evolution of an n = i− 1
parton event, and both the matching and scale sensitivities are reduced. The matching
variation affects the region 1 < di < logEmin

T , but is reduced above that. This is because,
when the jet transverse energies are above a given matching scale, the sensitivity to lower
matching scales is suppressed (the event will match in all cases).
For the LHC, the ALPGEN systematics is shown in fig. 1.14. The comparison of the various
parameter choices is similar to what we encountered at the Tevatron, with variations in
the range of ±20% for the matching-scale systematics, and up to 40% for the scale system-
atics. The pattern of the glitches in the di spectra for the different matching thresholds
is also consistent with the explanation provided in the case of the Tevatron.

1.5.4.2 ARIADNE systematics

The ARIADNE systematics for the Tevatron is shown in fig. 1.15. Since the dipole cascade
by itself already includes a matrix-element correction for the first emission, no dependence
on the merging scale in the p⊥,W is seen, ηjet1

and d1 distributions, which are mainly
sensitive to leading-order corrections. For the other distributions, they become sensitive
to higher-order corrections, and here the pure dipole cascade underestimates the matrix
element and also tends to make the leading jets less back-to-back in azimuth. The first
effect is expected for all parton showers, but is somewhat enhanced in ARIADNE due to
the missing initial-state q → gq splitting, and is mostly visible in the d2 distribution just
below the merging scale. The second effect is clearly visible in the ∆R12 distribution,
which is dominated by low E⊥ jets.
The changing of the soft suppression parameter in ARs has the effect of reducing the
available phase space of gluon radiation, especially for large E⊥ and in the beam directions,
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Figure 1.13: ALPGEN systematics at the Tevatron. (a) and (b) p⊥ spectrum of the
W boson. (c) Pseudo-rapidity distribution of the leading jet. (d) ∆R separation
between the two leading jets. (e)–(g) Distribution in clustering scales as described
in fig. 1.7. The full line is the default settings of ALPGEN, the shaded area is the
range between ALscL and ALscH, while the points represent ALpt20 and ALpt30
as defined in sec. 1.5.1.
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Figure 1.14: ALPGEN systematics at the LHC. (a) and (b) show the p⊥ spectrum
of the W , (c) shows the pseudo-rapidity distribution of the leading jet, (d) shows
the ∆R separation between the two leading jets, and (e)–(g) show the distribution
in clustering scales as described in fig. 1.12. The full line is the default settings of
ALPGEN, the shaded area is the range between ALscL and ALscH, while the points
represent ALpt20 and ALpt30 as defined in sec. 1.5.1.
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Figure 1.15: ARIADNE systematics at the Tevatron. The plots are the same as in
fig. 1.13. The full line is the default settings of ARIADNE, the shaded area is the
range between ARscL and ARscH, while the points represent ARpt20, ARpt30 and
ARs as defined in sec. 1.5.1.
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Figure 1.16: ARIADNE systematics at the LHC. The plots are the same as in
fig. 1.14. The full line is the default settings of ARIADNE, the shaded area is the
range between ARscL and ARscH, while the points represent ARpt20, ARpt30 and
ARs as defined in sec. 1.5.1.
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an effect, which is mostly visible for the hardest emission and in the p⊥,W distribution.
As for ALPGEN, and also for the other codes, the change in scale mainly affects the
hardness of the jets, but not the ηjet1

and the ∆R12 distribution.
For the LHC, the ARIADNE systematics is shown in fig. 1.16. Qualitatively, the same
effects as in the Tevatron case are found. In particular, the strong dependence on the soft
suppression parameters in ARs can be noted, and it is clear that these have to be adjusted
to fit Tevatron (and HERA) data before any predictions for the LHC can be made. It
should be noted, however, that while e.g. the high p⊥,W tail in fig. 1.16a for ARs is shifted
down to be comparable to the other codes (cf. fig. 1.11a), the medium p⊥,W values are less
affected and here the differences compared to the other codes can be expected to remain
after a retuning.
This difference is mainly due to the fact that the dipole cascade in ARIADNE, contrary
to the other parton showers, is not based on standard DGLAP evolution, but also allows
for evolution, which is unordered in transverse momentum à la BFKL. 4 This means that
in ARIADNE there is also a resummation of logarithms of 1/x besides the standard lnQ2

resummation. This should not be a large effect at the Tevatron, and the differences there
can be tuned away by changing the soft suppression parameters in ARIADNE. However,
at the LHC there will be quite small x-values, x ∼ mW/

√
S < 0.01, which allow for a

much increased phase space for jets as compared to what is allowed by standard DGLAP
evolution. As a result one obtains larger inclusive jet rates as documented in tab. 1.3. The
same effect is found in DIS at HERA, where x is even smaller as are the typical scales,
Q2. And here, all DGLAP based parton showers fail to reproduce final-state properties,
especially forward jet rates, while ARIADNE does a fairly good job.
It would be interesting to compare the merging schemes presented here also to HERA
data to see if the DGLAP based showers would better reproduce data when merged with
higher-order matrix elements. This would also put the extrapolations to the LHC on safer
grounds. However, so far there exists one preliminary such study for the ARIADNE case
only [72].

1.5.4.3 SHERPA systematics

The systematics of the CKKW algorithm as implemented in SHERPA is presented in
fig. 1.17 for the Tevatron case. The effect of varying the scales in the PDF and strong
coupling evaluations by a factor of 0.5 (2.0) is that for the lower (higher) scale choice,
the W boson’s p⊥ spectrum becomes harder (softer). For this kind of observables, the
uncertainties given by scale variations dominate the ones emerging through variations
of the internal separation cut. This is mainly due to a reduced (enhanced) suppression
of hard-jet radiation through the αs rejection weights. The differential jet rates, d1,2,3,
shown in fig. 1.17e–g, have a more pronounced sensitivity on the choice of the merging
scale, leading to variations at the 20% level. In the CKKW approach this dependence can
be understood since the kT measure intrinsically serves as the discriminator to separate
the matrix-element and parton-shower regimes. Hence, the largest deviations from the
default typically appear at di ≈ kT,0. However, the results are remarkably smooth, which

4The dipole emission of gluons in ARIADNE are ordered in transverse momentum, but not in rapidity.
Translated into a conventional initial-state evolution, this corresponds to emissions ordered in rapidity
but unordered in transverse momentum.
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Figure 1.17: SHERPA systematics at the Tevatron. The plots are the same as in
fig. 1.13. The full line is the default settings of SHERPA, the shaded area is the
range between SHscL and SHscH, while the points represent SHkt20 and SHkt30 as
defined in sec. 1.5.1.
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Figure 1.18: SHERPA systematics at the LHC. The plots are the same as in fig. 1.14.
The full line is the default settings of SHERPA, the shaded area is the range between
SHscL and SHscH, while the points represent SHkt20 and SHkt30 as defined in
sec. 1.5.1.
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leads to the conclusion that the cancellation of the dominant logarithmic dependence on
the merging cut is well achieved. Moreover, considering the pseudo-rapidity of the lead-
ing jet and the cone separation of the two hardest jets, these distributions show a very
stable behaviour under the studied variations, since they are indirectly influenced by the
cut scale only. The somewhat more pronounced deviation at low ∆R12 is connected to
phase-space regions of jets becoming close together, which is affected by the choice of the
merging scale and therefore by its variation. Taken together, SHERPA produces consistent
results with relative differences of the order of or less than 20% at Tevatron energies.

The SHERPA studies of systematics for the LHC are displayed in fig. 1.18. Compared
to the Tevatron case, a similar pattern of variations is recognized. The p⊥ spectra of
the W+ boson show deviations under cut and scale variations that remain on the same
order of magnitude. However, a noticeable difference is an enhancement of uncertainties
in the predictions for low p⊥. This phase-space region is clearly dominated by the parton
shower evolution, which in the SHERPA treatment of estimating uncertainties undergoes
scale variations in the same manner as the matrix-element part. Therefore, the estimated
deviations from the default given for low p⊥ are very reasonable and reflect intrinsic uncer-
tainties underlying the parton showering. For the LHC case, the effect is larger, since the
evolution is dictated by steeply rising parton densities at x-values that are lower compared
to the Tevatron scenario. The pseudo-rapidity of the leading jet and the cone separation
of the two hardest jets show again a stable behaviour under the applied variations, the
only slight exception is the regions of high |ηjet1

| where, using a high kT cut, the devi-
ations are at the 20% level. The effect of varying the scales in the parton distributions
and strong couplings now dominates the uncertainties in the differential jet rates, d1,2,3,
which are presented in fig. 1.18e–g. This time, owing to the larger phase space, for the
low scale choice, µ = µ0/2, the spectra become up to 40% harder, whereas, for the high
scale choice, the spectra are up to 20% softer. The variation of the internal merging
scale does not induce bumps around the cut region, however it has to be noted that for
higher choices, e.g. kT,0 = 40 GeV, there is a tendency to predict softer distributions in
the tails compared to the default. To summarize, the extrapolation from Tevatron to
LHC energies does not yield significant changes in the predictions of uncertainties under
merging-cut and scale variations; for the LHC scenario, they have to be estimated slightly
larger, ranging up to 40%. The results are again consistent and exhibit a well controlled
behaviour when applying the CKKW approach implemented in SHERPA at LHC energies.

Giving a conservative, more reliable estimate, in SHERPA the strategy of varying the
scales in the strong coupling together with the scales in the parton densities has been cho-
sen to assess its systematics, for many more details, see app. A. So, to better estimate the
impact of the additional scale variation in the parton density functions, renormalization-
scale variations on its own have been studied as well. Their results show smaller deviations
w.r.t. the default in the observables of this study with the interpretation of potentially
underestimating the systematics of the merging approach. Also, then the total cross
sections vary less and become 9095 pb and 8597 pb for the low- and high-scale choice,
respectively. Note that, owing to the missing simultaneous factorization-scale variation,
their order is now reversed compared to SHscL and SHscH, whose values are given in
tab. 1.3. Moreover, by referring to tab. 1.4 the cross-section ratios for e.g. σ [≥1]/σ[tot] now
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read 0.26 and 0.22 for the low- and high-scale choice, respectively. This once more em-
phasizes that the approach’s uncertainty may be underestimated when relying on αs scale
variations only. From tab. 1.3 it also can be noted that the total inclusive cross section
given by the full high-scale prediction SHscH is – unlike SHERPA’s default – close to the
ALPGEN default. In contrast to MLM based approaches, which prefer the factorization
scale in the matrix-element evaluation set through the transverse mass of the weak bo-
son, the SHERPA approach makes the choice of employing the merging scale kT,0 instead.
This has been motivated in [37] and further discussed in [42]. Eventually, it is a good
result that compatibility is achieved under this additional PDF scale variation for the
total inclusive cross sections, however it also clearly stresses that there is a non-negligible
residual dependence on the choice of the factorization scale in the merging approaches.

1.5.4.4 Comparison of the systematics

Starting with the p⊥,W spectra, a trivial 20%− 40% effect of the scale changes is found,
with the lower scale leading to a harder spectrum. In the case of ALPGEN, this only affects
the spectrum above the matching scale, while for ARIADNE and SHERPA there is also an
effect below, as there the scale change is also implemented in the parton shower. For all
the codes, the change in merging/matching scale gives effects smaller than or of the order
of the change in the αs scale. For ARIADNE, the change in the soft suppression parameter
(ARs) gives a softer spectrum, which is expected as it directly reduces the phase space
for emitted gluons.
In the η1 and ∆R12 distributions the effects of changing the scale in αs are negligible.
In all cases, changing the merging/matching scale also has negligible effects on the ra-
pidity spectrum, while ∆R12 tends to become more peaked at small values for larger
merging/matching scales, and also slightly less peaked at ∆R12 ≈ π. This effect is con-
siderably larger for ARIADNE w.r.t. the other codes.
Finally, for the di distributions, wiggles are observed of varying sizes introduced by chang-
ing the merging scales.

1.5.5 Summary of the comparative study

In this study, a detailed comparison between three independent approaches to the prob-
lem of merging tree-level matrix elements and parton showers has been presented for
the “standard-candle” process W+jets at Tevatron and future LHC energies. The cor-
responding codes employed in this comparison, ALPGEN, ARIADNE and SHERPA, differ in
which matrix-element generator is used, which merging scheme (MLM or (L)CKKW) is
used and the details in the implementation of these schemes, as well as in which parton
shower is invoked to handle the intra-jet evolution at lower scales.
The corresponding merging algorithms have been discussed and although the three ap-
proaches (MLM, L- and CKKW) aim at a simulation based on the same idea, namely
describing jet production and evolution by matrix elements and the parton showers, re-
spectively, they have been found to be quite different. The main differences appear in the
way, in which the combination of Sudakov reweighting of the matrix elements interacts
with the vetoing of unwanted jet production inside the parton shower. In addition, the
lower-scale performance is dictated by different showering schemes, like virtuality order-
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ing with explicit angular vetoes as in SHERPA, p⊥ ordering as in ARIADNE, and angular
ordering as in ALPGEN (through its interface to HERWIG). Despite these differences, here,
in this work, no attempt has been made to compare the three approaches analytically
and to formalize the respective level of their logarithmic dependence. However, in con-
sideration of the primary features, all results presented in this study show a reasonably
good agreement, which gives rather firm evidence that the sources of the differences are of
subleading order only. In particular, it can be concluded that the variety of methods for
merging matrix elements and parton showers can be employed with confidence in vector
boson plus jet production.
The comparison also points to differences, in absolute rates as well as in the shape of
individual distributions, which underscore the existence of an underlying systematic un-
certainty. Most of these differences have been found on a level, which can be expected
from merging tree-level matrix elements with leading-log parton showers, in the sense that
they are smaller than, or of the order of differences found by making a standard change
of scale in αs. In most cases the differences within each code have been as large as the
differences between the codes. Importantly, the extrapolation towards LHC energies has
been proven to proceed fairly similarly between the three approaches, which yield LHC
predictions that feature the same level of deviation compared to those obtained at the
Tevatron. Furthermore, as the systematics at the Tevatron resembles that at the LHC,
it is conceivable that all the codes can be tuned to Tevatron data to give consistent pre-
dictions for the LHC. The latter findings are very encouraging, and, interestingly, also
demonstrate a good agreement of complicated and involved numerical calculations. It
remains to be seen whether the broadening in the jet pseudo-rapidity and the hardening
in the vector-boson transverse-momentum spectra found for ARIADNE at LHC energies
will be confirmed by data taken at the LHC.

1.6 CKKW study of diboson production at Tevatron
energies

In this study, the validation of the CKKW merging prescription will be continued by in-
vestigating a somewhat more complicated scenario w.r.t. the vector boson plus jet studies
accomplished so far. Here, it will be applied to W pair production simulated for Tevatron
Run II energies, and both W bosons decaying leptonically, i.e. pp̄ → W+W− + X →
e+µ−νeν̄µ +X. 5

The production of W pairs at collider experiments, possibly in association with jets,
represents a background to a number of relevant other processes, such as the produc-
tion of top quarks, the production of a Higgs boson with a mass above roughly 135
GeV, or the production of supersymmetric particles, such as charginos or neutralinos
[73, 74]. Furthermore, this process offers a great possibility for tests of the gauge sector of
the Standard Model, that has been extensively investigated by the LEP2 collaborations
[75, 76, 77, 78, 79]. Tests in this channel are quite sensitive, because there is a destruc-
tive interference of two contributions: a t-channel contribution, where both W bosons

5Singly resonant diagrams contributing to the parton-level processes of pp̄→ e+µ−νeν̄µ+X have been
included.
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couple to incoming fermions, and an s-channel contribution, where the W bosons emerge
through a triple gauge coupling, either γW+W− or ZW+W−. New physics beyond the
Standard Model could easily manifest itself, either through new particles propagating in
the s-channel, like, for instance, a Z ′ particle in L-R symmetric models [80, 81, 82, 83],
or through anomalous triple gauge couplings, which could be loop-induced, mediated by
heavy virtual particles running in the loop. In [84, 85, 86] the most general form of an
effective Lagrangian for such interactions has been developed and discussed. Such tests
of anomalous triple gauge couplings have been performed both at LEP2 [87, 88, 89, 90]
and at Tevatron, Run I [91, 92, 93, 94] and at Run II [95]. Both scenarios could clearly
modify the total cross section or, at least, lead to different distributions of the final state
particles.
Accordingly, there are a number of calculations and programs dealing with this process.
At next-to-leading order (NLO) in the strong coupling constant W pair production has
been calculated in [96, 97, 98]. In addition, a number of programs have been made avail-
able, allowing the user to implement phase-space cuts and to generate single events. First
of all, there are fixed order calculations. At leading order (LO), i.e. at tree-level, they are
usually performed through automated tools – the matrix-element or parton-level genera-
tors. Examples for such programs include COMPHEP [99], MADGRAPH/MADEVENT [47, 48],
ALPGEN [46], and AMEGIC++ [56]. At NLO, the program MCFM [100] provides cross sec-
tions and distributions for this process. Moreover, multipurpose event generators such as
PYTHIA [6, 7] or HERWIG [9, 10] play a major rôle in the experimental analyses of collider
experiments. Also, MC@NLO can be used, which has been implemented in conjunction with
HERWIG [101] and matches the corresponding NLO calculation with this parton shower,
for the process of producing pairs of vector bosons see [31].

The presentation of the study is organized as follows:
After some consistency – including scale variation – checks of the merging algorithm in
sec. 1.6.1, the results obtained with SHERPA will be confronted with those from an NLO
calculation provided by MCFM, cf. sec. 1.6.2. Then, in sec. 1.6.3 some exemplary results
of SHERPA are compared with those obtained from other event generators, in particular
with those from PYTHIA and MC@NLO.
Input parameters used in this analysis and the specifics, how the SHERPA runs have been
obtained, are listed in the appendix, see app. B.1 and app. B.3.

1.6.1 Consistency checks

In this section some sanity checks of the merging algorithm for the case of W pair pro-
duction are presented. For this, first, the dependence of different observables on the key
parameters of the merging procedure, namely the internal matrix-element parton-shower
separation scale Qcut and the highest multiplicity nmax of included tree-level matrix ele-
ments, is examined. Secondly, the sensitivity of the results with respect to changes in the
renormalization scale µR and the factorization scale µF will be discussed.
All distributions shown in this section are inclusive results at the hadron level, where
restrictive jet and lepton cuts have been applied, for details on the cuts cf. app. B.3. In
all cases, the distributions are normalized to one using the respective total cross section
as delivered by the merging algorithm.
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1.6.1.1 Impact of the phase-space separation cut

First of all, the impact of varying the jet resolution cut Qcut is studied. SHERPA results
have been obtained with an inclusive 2jet production sample, i.e. tree-level matrix ele-
ments up to two additional QCD emissions have been combined and merged with the
parton shower. In all figures presented here the black solid line shows the total inclusive
result as obtained by SHERPA for the respective resolution cut Qcut. The reference curve
drawn as a black dashed line has been obtained as the mean of five different runs, where
the resolution cut has been gradually increased, Qcut = 10, 15, 30, 50 and 80 GeV. The
coloured curves represent the contributions stemming from the different matrix-element
final-state multiplicities. Results are shown for three different resolution cuts, namely
Qcut = 15, 30 and 80 GeV. It should be noted that the change of the rate predicted by
the merging procedure under Qcut variation has been found to be very small, although it
is a leading order prediction only. Nevertheless, by varying the separation cut between
10 and 80 GeV, the deviation of the total rate amounts to 2.4% only.
As a first result, consider the pT distribution of the W+ boson, presented in fig. 1.19.
The distributions become slightly softer for increasing cuts. However, this observable is
very stable under variation of Qcut with maximal deviations on the ±5% level only. The
shape of the W+ boson’s pT is already described at LO (using a parton shower only). As
it can be seen from the figure, this LO dominance is nicely kept by the SHERPA approach
under Qcut variation. There the 1jet (green line) and 2jet (blue line) contributions are
reasonably – for the 80 GeV run, even strongly – suppressed with respect to the leading
contribution.
In fig. 1.20 the transverse momentum spectrum of the W+W− system is depicted. Here,
deviations show up, but they do not amount to more than ±20%. Thus, the QCD radi-
ation pattern depends only mildly on Qcut (indicated by a vertical dashed-dotted line),
which at the same time has been varied by nearly one order of magnitude. For Qcut = 15
GeV the matrix element domain is enhanced with respect to the reference resulting in a
harder pT tail. In contrast by using Qcut = 80 GeV the hard tail of the diboson trans-
verse momentum is underestimated with respect to the reference, since the parton shower
attached only to the lowest order matrix element starts to fail in the description of high
pT QCD radiation at pT ≈ 30 GeV. At Qcut = 80 GeV a smooth transition is required.
The higher order matrix elements then stop the decrease in the pT prediction.
In previous publications it turned out that differential jet rates most accurately probe the
merging algorithm, since they most suitably reflect the interplay of the matrix elements
and the parton shower in describing QCD radiation below and above the jet resolution
cut. Results obtained with the Run II kT algorithm using R = 1 are shown for the 1→ 0,
2 → 1 and 3 → 2 transition in the left, middle and right panels of fig. 1.21, respectively.
The value for the internal cut increases from Qcut = 15 GeV (top) to Qcut = 80 GeV
(bottom). Compared with the pWW

T spectra, similar characteristics of deviations from the
reference curve appear. However, here, they are moderately larger reaching up to ±30%.
The dashed dotted vertical line again marks the position of Qcut, which also pictures the
separation of the njet from the n + 1jet contribution. Small holes visible around the
respective separation cuts are due to a mismatch of matrix element and parton shower
kinematics. For Qcut = 80 GeV these holes are much more pronounced, reflecting the
failure of the parton shower in filling the hard pT emission phase space appropriately.
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Figure 1.19: The pT distribution of the W+ boson and its dependence on Qcut,
chosen to be 15, 30 and 80 GeV (from top to bottom). The black solid line shows
the SHERPA prediction obtained with nmax = 2, the black dashed one is the ref-
erence obtained as the mean of different Qcut runs and the coloured lines indicate
the different multiplicity contributions. The lower part of the plots exhibits the nor-
malized difference of the prediction with respect to the reference. Cuts and input
parameters are specified in the appendices.
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Figure 1.20: The pT distribution of the W+W− system under merging scale vari-
ation. The cut indicated through a vertical dashed-dotted line has been chosen as
Qcut = 15, 30 and 80 GeV (from top to bottom). The black solid line shows the
SHERPA prediction obtained with nmax = 2, the black dashed one is the reference
obtained as the mean of different Qcut runs and the coloured lines indicate the dif-
ferent multiplicity contributions. The lower part of the plots exhibits the normalized
difference of the prediction with respect to the reference. Cuts and input parameters
are specified in the appendices.
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Figure 1.21: Differential 1 → 0 jet rate Q1, 2 → 1 jet rate Q2 and 3 → 2 jet rate
Q3 (left to right) for the SHERPA nmax = 2 configuration. The cut has been chosen
to be 15, 30 and 80 GeV (from top to bottom). The black solid line shows the total
result, the black dashed one is the reference obtained as the mean of different Qcut

runs and the coloured lines indicate the different multiplicity contributions. The
vertical dashed dotted line indicates the separation cut position. The lower part
in all plots pictures the normalized difference of the corresponding prediction with
respect to the reference. For input parameters and cuts, see apps. B.1 and B.3.
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Figure 1.22: The pT distribution of the W+ boson in dependence on the variation
of the maximal jet number. The comparison is to a (black dashed) reference curve
obtained with nref

max = nmax − 1. The cut has been chosen to be 15 GeV. In both
plots the black solid line shows the total result obtained with SHERPA. The coloured
lines indicate the different multiplicity contributions. The lower part in both plots
visualizes the normalized difference of the corresponding prediction with respect to
the reference. For input parameters and cuts, see apps. B.1 and B.3.

Taken together, the deviations found are very moderate; however, in certain phase-space
regions they may reach up to 30%. This is satisfactory, since the merging algorithm
guarantees Qcut independence on the leading logarithmic accuracy only. The residual
dependence of the results on Qcut may be exploited to tune the perturbative part of the
Monte Carlo event generator.

1.6.1.2 Impact of the maximal number of included matrix elements

The approach of varying the maximal jet number nmax can be exploited to further scruti-
nize the merging procedure. In all cases considered here, Qcut has been fixed to Qcut = 15
GeV. This maximizes the impact of higher order matrix elements. In spite of this, for
very inclusive observables, the rates differ very mildly, the change is less than 2%.
In fig. 1.22, once more the transverse momentum distribution of the W+ gauge boson is
presented, illustrating that the treatment of the highest multiplicity matrix elements (for
more details cf. [42, 43]) completely compensates for the missing 2jet matrix element in
the nmax = 1 case. The behaviour is almost unaltered when changing from the nmax = 1 to
the nmax = 2 prediction (cf. the right panel). In contrast, nmax = 0 yields a considerably
softer distribution (cf. the left panel).
Lepton pT spectra show similar characteristics like the W+ distribution. However, there
are a number of observables, which turned out to be rather stable under the variation of
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Figure 1.23: The HT distribution and its dependence on the variation of the max-
imal jet number. The separation cut has been chosen to be 15 GeV. The green solid
line shows the SHERPA prediction obtained with nmax = 1, the lighter dashed and
the grey dotted one stand for the nmax = 2 and nmax = 3 prediction, respectively;
the darkgreen dashed-dotted curve pictures the pure shower performance of SHERPA

starting off with the lowest order matrix element. The lower part of the plot shows
the normalized differences with respect to the nmax = 1 case. For input parameters
and cuts, see apps. B.1 and B.3.

nmax, such as the pseudo-rapidity spectra of the W+ boson, the positron and muon or cor-
relations between the leptons, e.g. the ∆φ or ∆R distribution. In these cases, deviations
turn out to be smaller than ±5% in total, i.e. when considering the change between the
pure shower and the inclusive 3jet production performance of SHERPA. Even the pseudo-
rapidity spectra of the resolved jets are rather unaffected.
In contrast, three more observables are presented showing a sizeable (< ±30%) or even
strong (≈ ±100%) dependence on the variation of the maximal jet number. The HT dis-
tribution is depicted in fig. 1.23, where throughout this work HT is defined as the scalar
sum of all lepton and jet transverse momenta. The inclusive pT spectra of associated jets
are exhibited in fig. 1.24, where the left and right panel of fig. 1.24 show the spectra of
the hardest and the second hardest jet, respectively. Owing to the nature of these three
observables to be sensitive on extra jet emissions, predictions – as expected – become
harder with the increase of nmax. However, a stabilization of the predictions is clearly
found with the inclusion of more higher order matrix elements, which describe real QCD
emissions.
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Figure 1.24: SHERPA predictions of the inclusive pT of the associated jets con-
sidered in dependence on the variation of the maximal jet number. The spectra of
the hardest and the second hardest jet are depicted in the left and the right panel,
respectively. The jet resolution cut has been taken to be 15 GeV. The green solid
line shows the result of the nmax = 1 sample, the brighter dashed and the grey
dotted one stand for the nmax = 2 and nmax = 3 sample, respectively; the darkgreen
dashed-dotted curve depicts the pure shower performance. The lower part of the
plot shows the normalized differences with respect to the nmax = 1 case. For the jet
definition, the Run II kT algorithm with R = 0.7 and pjet

T > 15 GeV has been used.
For more details, see apps. B.1 and B.3.

1.6.1.3 Effects of renormalization and factorization scale variations

In the following the impact of renormalization and factorization scale variations is dis-
cussed. For the SHERPA merging approach, this variation (also cf. [61]) is performed by
multiplying all scales with a constant factor in all coupling constants and PDFs, which
are relevant for the matrix element evaluation, the Sudakov weights and for the parton
shower evolution.
For this study, the SHERPA samples are produced with nmax = 1 and Qcut = 15 GeV.
In all figures the green solid line represents SHERPA’s default scale choices, whereas the
black dashed and the black dotted curve show the outcome for scale multiplications by
0.5 and 2.0, respectively. The total rate as provided by the merging algorithm is again
remarkably stable, varying with respect to the default only by ±4.2%, thereby increasing
for smaller scales.
The transverse momentum distribution of the W+ boson is investigated in fig. 1.25. Scale
variations slightly distort the shape, shifting it towards harder pT for smaller scales and
vice versa. The effect is more pronounced in the HT distribution, shown in fig. 1.26, and
in the transverse momentum distribution of the diboson system, depicted in fig. 1.27.
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Figure 1.25: The pT distribution of the W+ boson under scale variations. All
predictions stem from SHERPA with nmax = 1 and Qcut = 15 GeV. The green solid
line shows the prediction under default scale choices for the merging procedure. For
the black dashed and the black dotted curve, all scales for the coupling constants
and PDFs have been multiplied by 0.5 and 2.0, respectively. The lower part of the
plot presents the normalized differences with respect to the default choice. Input
parameters and cuts are given in apps. B.1 and B.3.

However, the deviations maximally found reach up to ±30%. In contrast to the findings
stated so far, jet transverse momentum spectra do not feature shape distortions under
scale variations.
The pattern found from these investigations can be explained as follows. The single ma-
trix element contributions – here the 0jet and 1jet contribution – have their own rate and
shape dependencies under scale variations. In their interplay these differences transfer
to changing the admixture of the single contributions. Hence, shape modifications can
appear as soon as different phase-space regions are dominated by a single contribution.
This also explains the behaviour found for jet pT s. In the case studied here, they are
solely described by the 1jet matrix element with the parton shower attached, thus, their
different rates cancel out due to normalization and their shapes are not affected.
Taken together, the dependencies found here, together with the ones on Qcut and nmax,
yield an estimate for the uncertainty related to the SHERPA predictions.
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Figure 1.26: The HT distribution and its dependence on the variation of µR and
µF in the merging prescription. Fixing nmax = 1 and Qcut = 15 GeV, the green
solid line shows the prediction under default scale choices. For the black dashed
and the black dotted curve, all scales for the coupling constants and PDFs have
been multiplied by 0.5 and 2.0, respectively. The lower part of the plot presents
the normalized differences with respect to the default choice. Input parameters and
analysis cuts are given in apps. B.1 and B.3.

1.6.2 SHERPA comparison with MCFM

In this section, the focus shifts from internal sanity checks to comparisons with a full NLO
calculation. For this, the MCFM program [100] has been used. In both, MCFM and SHERPA

the CKM matrix has been taken diagonal, and no b quarks are considered in the partonic
initial state of the hard process. If not stated otherwise, in MCFM the renormalization and
factorization scale have been chosen as µR = µF = MW , according to the choice made in
[100]. For more details on the input parameters and setups, see apps. B.1 and B.2. In the
following the results of MCFM are confronted with those of SHERPA (using Qcut = 15 GeV)
obtained at the parton shower level. Furthermore, for this analysis, realistic experimental
cuts (cf. app. B.3) have been applied and all distributions have been normalized to one.
First the HT distribution, depicted in fig. 1.28, is considered. Clearly, higher order cor-
rections affect the HT shape. This is due to two reasons. First of all, the additional QCD
radiation may manifest itself as jet(s), which thus contribute to HT . Otherwise the addi-
tional partons still form a system against which the W pair may recoil. Quantitatively,
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Figure 1.27: The pT distribution of the W pair under variation of µR and µF.
Fixing nmax = 1 and Qcut = 15 GeV, the green solid line shows the prediction under
default scale choices. The black dashed and the black dotted curve is generated when
all scales used for the coupling constants and PDFs have been multiplied by 0.5 and
2.0, respectively. The lower part of the plot presents the normalized differences with
respect to the default choice. Input parameters (including a primordial kT smearing)
and cuts are given in apps. B.1 and B.3.

the inclusion of NLO results in a shift of the HT distribution at harder values by up to
20%; in SHERPA this trend is amplified by roughly the same amount. The differences be-
tween MCFM and SHERPA, however, are due to the different scale choices in both codes. In
MCFM all scales have been fixed to µ = MW , whereas, forced by the merging procedure, in
SHERPA the scales are set dynamically. In view of the scale variation results discussed in
the previous section for HT (cf. fig. 1.26) deviations of this magnitude owing to different
scale choices are possible.
The impact of scale variations on the shape of the same observable is quantified in fig. 1.29.
This time, however, the SHERPA result with nmax = 1 is compared to NLO results ob-
tained from MCFM with scale choices in the range µR = µF = MW . . . 4MW and with a
LO result taken at µR = µF = 2MW . Obviously, the smaller choice of scale results in the
MCFM outcome to be closer to the one of SHERPA. As expected, in comparison to the scale
variation results found for SHERPA, the shape uncertainties of the full NLO prediction due
to varying the scales are smaller.
In fig. 1.30, HT is depicted again, this time for the case of exclusive pp̄ → e+µ−νeν̄µ
production. There, the real part of the NLO correction in MCFM is constrained such that it



1.6 CKKW study of diboson production at Tevatron energies 59

50 100 150 200 250 300 350 400 450 500
HT    [GeV]

1e-06

1e-05

0.0001

0.001

0.01
(1

/σ
)  

dσ
 / 

dH
T
   

 [1
/G

eV
]

LO (µ=MW)
MCFM NLO (µ=MW)
Sherpa 1jet
Sherpa 2jet

W+W- --> e+µ-νeνµ  production @ Tevatron Run II

50 100 150 200 250 300 350 400 450 500

-0.4

-0.2

0

0.2

0.4

PDF: cteq6l
Cuts: pT

lep > 20 GeV, |ηlep| < 1.0,
pT

jet > 15 GeV, |ηjet| < 2.0,
∆Rll > 0.2, ∆Rlj > 0.4

Figure 1.28: Normalized HT distribution. SHERPA results are shown for nmax = 1
(green solid line) and nmax = 2 (green dashed line) and compared to the QCD
NLO result of MCFM (black solid line). The LO result with the same scale choice is
depicted as a thin black dashed line. A difference plot with the MCFM NLO prediction
as reference is given within the figure.
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Figure 1.29: Normalized HT distribution. Here both, the renormalization and
factorization scale of the NLO calculation have been varied in the range µR = µF =
MW . . . 4MW , indicated by the shaded area. These MCFM results are compared with
the leading order result at µR = µF = 2MW (thin black dashed line) and with the
result of SHERPA where nmax = 1 (green solid line). The lower part of the plot shows
the normalized differences with respect to the SHERPA result.
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Figure 1.30: Normalized HT distribution in exclusive pp̄→ e+µ−νeν̄µ production.
The SHERPA result (green solid line) is obtained with nmax = 0 and a parton shower
constrained not to produce any extra jets. This result is compared with the MCFM

result at NLO in αs (black solid line) and with the LO result (thin black dashed
line). The latter two are taken for the default scale choices. The lower part of the
plot shows the normalized differences w.r.t. the NLO result obtained from MCFM.
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Figure 1.31: Normalized pT distribution of the W pair. The MCFM result at µR =
µF = MW (black line) is contrasted with the predictions made by SHERPA both at
the matrix element level (blue line) and at the parton shower level with nmax = 0
(darkgreen dotted line) and nmax = 1 (green solid line). A primordial kT smearing
has been used to obtain the SHERPA shower results.
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Figure 1.32: Normalized ∆Φ?
WW distribution of the W boson system. The MCFM

result (black line) is contrasted with results from SHERPA at the parton shower level
with nmax = 0 (darkgreen dotted line), nmax = 1 (green solid line) and nmax = 2
(green dashed line). Again a primordial kT smearing has been used. Additionally,
the blue dashed curve represents a prediction obtained with MC@NLO. The lower part
of the plot shows the normalized differences with respect to the result of MCFM.

does not produce an extra jet (for jet definition, see app. B.3). In SHERPA the 0jet matrix
element with the parton shower attached is considered exclusively, i.e. the parton shower
is now forced not to produce any jet at all. In this case, the higher order corrections lead
to a softer HT distribution compared to the leading order prediction, and the results of
MCFM and SHERPA show the same deviations as before (cf. fig. 1.28).
The effect of QCD radiation is best observed in the pT distribution of the W pair, depicted
in fig. 1.31. Clearly, without any radiation, the pT of the W pair is exactly zero, and only
the emission of partons leads to a recoil of the diboson system. In the NLO calculation of
MCFM, however, the spectrum is therefore described at lowest order, in this particular case
taken at µR = µF = MW . In contrast, in the SHERPA matrix element result, subjected to
the explicit jet cut, Sudakov form factors and αs reweighting are applied with a variable
scale choice, explaining the differences between the two matrix-element type results in this
figure. Contrasting this with the parton shower approach, it is clear that parton emission
through the shower alone is not sufficient to generate sizeable pT of the W pair in the
hard region. For this, the corresponding matrix element has to be employed, leading to a
very good agreement with the MCFM outcome in the high pT tail of the distribution. In the
soft regime the result of the bare MCFM matrix element is unphysical. Due to the cascade
emission of soft and collinear partons, SHERPA accounts for resummation effects, which
clearly yield the depopulation of the softest pT region.
Another way to look at the effects of QCD radiation is to consider the relative angle
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Figure 1.33: Normalized transverse momentum distribution of the W + boson. The
results of SHERPA for nmax = 1 (green solid line) and for nmax = 2 (green dashed
line) are compared with the QCD NLO result obtained by MCFM (black solid line)
and with the LO result (thin black dashed line) for the default scale choices, i.e.
µR = µF = MW . Within the plot the normalized differences with respect to the
NLO result of MCFM are given.

between the two W bosons, 6 see fig. 1.32. Of course, when they decay into leptons plus
neutrinos this is not an experimental observable, on the generator level, however, it is very
nice to visualize the effect of QCD radiation in this way. Without any QCD radiation,
the two W s would be oriented back-to-back, at ∆Φ?

WW = π. Including QCD radiation,
this washes out, as depicted in the figure. Again, resummation effects alter the result of
the matrix element alone by decreasing the amount of softest radiation, this time corre-
sponding to the back-to-back region around ∆Φ? ≈ π. The effect of high pT radiation
can be clearly seen for small ∆Φ? by comparing the different nmax predictions of SHERPA.
The larger nmax is chosen, the harder the prediction for small ∆Φ?. On the other hand
to better value the influence of the parton shower a prediction made by MC@NLO (see app.
B.2) has been included. For a wide region of ∆Φ?, it well agrees with the SHERPA result
for nmax = 1.
Figs. 1.33 and 1.34 exhibit the transverse momentum distributions of the W+ and of the
e+ produced in its decay, respectively. Only mild deviations less than 10% between MCFM

and SHERPA are found, which again can be traced back to different scale choices in both
approaches. These differences recur as and, therefore, explain part of the deviations found
in the HT spectrum, cf. fig. 1.28. As expected, the inclusion of the 2jet contribution in
SHERPA gives no further alterations of the nmax = 1 result. Of course, the different radi-
ation patterns also have some minor effects on the η distribution of the W+ depicted in
fig. 1.35. In the ∆Reµ distribution presented in fig. 1.36, the NLO result of MCFM and the

6The angle is measured in the frame, where the W+W− system rests at the beam axis, i.e. the diboson
system is corrected on its initial ẑ boost.
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Figure 1.34: Normalized transverse momentum distribution of the e+ produced in
the decay of the W+. The results of SHERPA for nmax = 1 (green solid line) and for
nmax = 2 (green dashed line) are confronted with the QCD NLO result obtained by
MCFM (black solid line) and with the LO result (thin black dashed line). For the latter
two, the scales are again fixed according to the default choices, i.e. µR = µF = MW .
Within the plot the normalized differences w.r.t. the NLO result of MCFM are shown.
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Figure 1.35: Normalized η distribution of the W + boson. The SHERPA results for
nmax = 1 (green solid line) and nmax = 2 (green dashed line) are confronted with
those of MCFM (black solid line) and with the LO result (thin black dashed line).
Again, in the latter two the scales are chosen as µR = µF = MW . The normalized
differences with respect to the NLO result of MCFM are also shown.
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Figure 1.36: Normalized ∆R distribution between the two charged leptons, the
positron and the muon, emerging from the W decays. SHERPA results for nmax = 1
(green solid line) and nmax = 2 (green dashed line) are compared to those predicted
by MCFM (black solid line). The LO result with the same scale choice, is shown as a
black dashed line. The lower part of the plot shows the normalized differences with
respect to the NLO result of MCFM.

parton shower level results of SHERPA are in nearly perfect agreement with each other.
Higher order effects tend to change the shape of the LO prediction with respect to the
NLO one by roughly 10%. The interesting observation here is that this change is seem-
ingly not related to the transverse hardness of a jet system against which the W pair
recoils. This gives rise to the assumption that the change with respect to the LO result
is due to some altered spin structure in the 2→ 5 matrix element.

1.6.3 Comparison with other event generators

In this section a comparison of SHERPA with other hadron level event generators, in
particular PYTHIA and MC@NLO will be discussed. Details on how their respective samples
have been produced can be found in the apps. B.1 and B.2. The SHERPA samples have
been generated with nmax = 1 and Qcut = 15 GeV. The comparison is again on inclusive
distributions – normalized to one – under the influence of realistic experimental cuts, for
details see app. B.3.

1.6.3.1 Comparison of the QCD activity

As before, the starting point is the discussion of the radiation activity predicted by the
various codes. In fig. 1.37, results for the HT observable obtained from PYTHIA, MC@NLO
and SHERPA are displayed. The predictions of the former two codes nicely agree with each
other. Similar to the SHERPA MCFM comparison, SHERPA again predicts a slightly harder
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Figure 1.37: Normalized HT distribution obtained from PYTHIA (red dotted line),
MC@NLO (blue dashed line) and SHERPA (green solid line). For the generation of the
SHERPA sample, nmax = 1 and Qcut = 15 GeV have been chosen. The lower part of
the plot exhibits the normalized differences with respect to the SHERPA prediction.
Input parameters and the employed cuts are specified in the apps. B.1 and B.3.

spectrum, with relative deviations of up to 20%.
Closer inspection of the reason for the differences in the HT spectrum reveals that the
agreement of PYTHIA and MC@NLO is presumably a little bit accidental. A first hint into
that direction can be read off fig. 1.38, where the pT spectrum of the W pair is displayed.
In the region of low pT (up to 100 GeV), the results of MC@NLO and SHERPA are in fairly
good agreement, 7 and sizeable differences larger than 10% appear only for pT > 100
GeV. In contrast, the PYTHIA result for this observable shows a significant enhancement
of the low pT region and stays well below the other predictions for pT > 10 GeV. This
comparison of the three differential cross sections clearly underlines that the three codes
differ in their description of the QCD emissions.
Fig. 1.39 depicts the norm of the scalar difference of the transverse momenta of the W +

and W− gauge boson, |pW+

T − pW−T |. This observable is sensitive to higher order effects,
since at LO it merely has a delta peak at pT = 0 GeV. Again, the hardest prediction is
delivered by SHERPA with nmax = 1, results from MC@NLO, PYTHIA, and the pure shower
performance of SHERPA are increasingly softer. For |∆pT | > 60 GeV, this observable
seems to depend more and more on the quality of modelling the hardest emission, which

7Apart from the very soft region, where the difference is due to parton shower cutoff effects in HERWIG.
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Figure 1.38: Normalized pT distribution of the W+W− system. Results from
PYTHIA (red dotted line), MC@NLO (blue dashed line) and SHERPA (green solid line)
are compared. For the generation of the latter, nmax = 1 and Qcut = 15 GeV
have been chosen. The lower part of the plot presents the normalized differences
with respect to the SHERPA prediction. Input parameters (including a primordial
kT smearing) and the employed cuts are specified in the apps. B.1 and B.3.

is intrinsically better described by MC@NLO and by SHERPA with nmax = 1. The fact that
the PYTHIA shower performs better than the pure SHERPA shower for high pT differences
can be traced back to the choice of starting scale for the shower evolution, which is either
spp̄ (PYTHIA) or sWW (SHERPA).
In fact, differences appear in the pT distributions of the hardest two jets, see fig. 1.40.
The upper part of this figure depicts the transverse momentum spectrum of the hardest
jet. Surprisingly, although MC@NLO contains a matrix element for the emission of an extra
jet, its pT distribution is considerably softer (by up to 40%) than the result of SHERPA

generated with nmax = 1. This trend is greatly amplified when going to the spectrum of
the second hardest jet. There, clear shape differences of the order of a factor 2 between
the SHERPA 1jet sample and MC@NLO show up for pT ≈ 180 GeV. The surprise according to
this figure is that PYTHIA and SHERPA using nmax = 1 almost agree on the pT distribution
of the second jet, although they were different for the hardest jet. At that point it
should be noted that the second jet in both cases, PYTHIA and SHERPA with nmax = 1,
is produced by the parton shower only. Given the drastically larger shower start scale
of PYTHIA, it seems plausible to achieve to some extent a compensation for the intrinsic
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Figure 1.39: Difference of the scalar transverse momenta of the two W bosons,
|pW+

T − pW−T |. The predictions compared are: PYTHIA given as a red dotted curve,
MC@NLO depicted by the blue dashed line and SHERPA in inclusive 1jet production
at Qcut = 15 GeV drawn as a green solid line as well as SHERPA in pure shower
performance shown as a darkgreen solid line. The lower part of the plot shows the
normalized differences with respect to the SHERPA prediction with nmax = 1. Input
parameters and the employed cuts are summarized in the apps. B.1 and B.3.

parton shower deficiencies in filling the hard emission phase space. 8 However, in the
very moment, SHERPA events are generated with appropriate matrix elements, i.e. with
nmax = 2, this distribution is dramatically different for the three codes with deviations
larger than a factor 2 for pT ≈ 120 GeV.
Taken together, these findings hint that the three codes differ in their modelling of the
QCD activity, especially in those of the hardest QCD emission. For MC@NLO and SHERPA

the latter can be traced back to the different ansatz in including the matrix element for
this emission, where again different scale choices may trigger effects on the 20% level.

1.6.3.2 Comparison of lepton observables

Finally, the leptons in the final state as described by the three event generators PYTHIA,
MC@NLO and SHERPA will be investigated. There, some significant differences appear be-
tween SHERPA and PYTHIA on the one hand, and MC@NLO on the other hand. These

8PYTHIA’s ability to account for harder second jets with respect to MC@NLO is a hint for the similarity
of their HT predictions.
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Figure 1.40: Transverse momentum distributions of the associated jets, in the left
panel, the inclusive pT of the hardest jet is depicted, whereas in the right panel that
one of the second hardest jet is displayed. Again, results from PYTHIA are given by
the red dotted lines, MC@NLO results are represented as blue dashed lines and SHERPA

results are the green solid lines. For the generation of the latter, nmax = 1 andQcut =
15 GeV have been used. The lightgreen solid line in the right panel corresponds to
the SHERPA result obtained with nmax = 2. The lower part of both plots shows
the normalized differences with respect to the SHERPA nmax = 1 performance. The
input parameters and the employed cuts are summarized in the apps. B.1 and B.3.

differences are due to the fact that at the moment spin correlations of the W decay prod-
ucts are not implemented in MC@NLO. 9 To validate that effects are indeed due to the lack
of spin correlations, SHERPA samples have been prepared, where these correlations are
artificially switched off. Furthermore, in order to quantify these effects without any bias,
results have been obtained without the application of any lepton and jet cuts.
The impact of the lack of spin correlations already becomes visible in one-particle observ-
ables, such as the pT or the η spectrum of the positron produced in the W+ decay. These
are shown in figs. 1.41 and 1.42, respectively. Confronting the two methods with each
other, which correctly respect spin correlations, for the transverse momentum distribu-
tion of the e+, the following pattern is revealed. Due to the consistent inclusion of higher
order tree-level matrix elements, the SHERPA nmax = 1 setup produces a considerably
harder spectrum than PYTHIA. In contrast, the distributions with no spin correlations
both result in an even harder high pT tail. They agree quite well up to pT = 60 GeV,
hence, this coincidence may be assigned to the lack of spin correlations in the gauge boson
decays. Above that region, the MC@NLO spectrum again becomes softer with respect to
the SHERPA prediction where the spin correlations have been eliminated. The fact that

9Meanwhile, this weakness has been cured by the authors of MC@NLO who have prepared new versions
of their code including spin correlations [35].
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Figure 1.41: Normalized pT spectrum of the positron. Results of PYTHIA (red
dotted line) and SHERPA (green solid line) including spin correlations are confronted
with those obtained from MC@NLO (blue dashed line) and with results from SHERPA,
where spin correlations have been switched off (green dashed line). All predictions
are generated without the use of cuts. The vertical dashed-dotted line is added to
indicate the position of the usually employed lepton pT cut. For input parameters,
see app. B.1. The lower part of the plot shows the normalized differences with
respect to the SHERPA prediction including spin correlations.

all four predicted distributions alter in their shape is not solely triggered by the differ-
ent spin correlation treatments, again, the different descriptions of QCD radiation clearly
contribute to the deviations found.
In contrast, a simpler pattern is found for the aforementioned η distribution of the e+.
The results of PYTHIA and SHERPA with spin correlations on the one hand and of MC@NLO
and SHERPA without spin correlations on the other hand show perfect agreement. Differ-
ences between the two spin correlation treatments may, thereby, easily reach up to 40%.
The influence of spin correlations can also be seen in observables based on two particle
correlations. As two illustrative examples take the ∆φ and the ∆R distribution of the e+

and the µ− produced in the decay of the two W bosons. Again, the corresponding spectra,
which have been exhibited in figs. 1.43 and 1.44, differ significantly in shape depending
on whether spin correlations are taken into account or not.
The discussion of the impact of spin correlations is completed by exploring the influence
of the application of experimental cuts (cf. app. B.3) on the shape of certain spectra. It
is clear that superimposing specific jet and lepton cuts strongly affects the event sample.
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Figure 1.42: Normalized η spectrum of the positron. Results of PYTHIA (red
dotted line) and SHERPA (green solid line) including spin correlations are compared
with those obtained from MC@NLO (blue dashed line) and with results from SHERPA,
where spin correlations have been switched off (green dashed line). All predictions
are generated without any restriction. The vertical dashed-dotted lines are added to
indicate the position of the usually employed lepton η cuts. For input parameters,
see app. B.1. The lower part of the plot shows the normalized differences with
respect to the SHERPA prediction including spin correlations.

Here, the cuts are mainly on the η and the pT of the leptons. In turn their distributions
alter. The characteristics found for the cutfree case are not substantially changed by the
applied cuts and by the renormalization of the spectra according to these given cuts in-
dicated by the vertical lines in the figs. 1.41 and 1.42. More interestingly, however, these
distributions drive alterations to secondary observables. In the two-particle correlations
mentioned before, the effects already present without applying cuts are enforced. The
slopes of the ∆φ distributions increase, amplifying the difference between both sets of
predictions, the ones with and without spin correlations. The main change in the ∆R
spectrum is an additional deviation between 0.2 (the cut) and 2.0, such that now the
no-spin-correlation results are roughly 20% above the other ones. The case is different for
the pseudo-rapidity distribution of the W+ boson. Without the application of cuts one
starts off distributions that agree on the 10% level. This is severely changed by the intro-
duction of the cuts, see the bottom panel of fig. 1.45. In contrast to the aforementioned
two-particle correlations, here the predictions without spin correlations are well separated
from the other ones only after the application of the cuts. As a last example, consider the
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Figure 1.43: Normalized ∆φeµ distribution. Results of PYTHIA (red dotted line)
and SHERPA (green solid line) including spin correlations are compared with those
obtained from MC@NLO (blue dashed line) and with results from SHERPA, where spin
correlations have been switched off (green dashed line). All predictions are obtained
without the use of cuts. For input parameters, see app. B.1. The lower part of
the plot shows the normalized differences with respect to the SHERPA prediction
including spin correlations.

transverse momentum distribution of the W+ boson. Both types of predictions stemming
from uncutted (top left panel) and from samples analysed with cuts (top right) are pic-
tured in fig. 1.45. The inclusion of cuts apparently brings MC@NLO and SHERPA including
the full correlations into good agreement, but this clearly happened accidentally.
To summarize, the examples shown here, clearly hint that the superposition of spin cor-
relations (or their absence) together with cuts triggers sizeable effects in both types of
observables, such that have already shown deviations in the absence of cuts and, more
crucially, such that have not. In specific cases, such as the pT spectrum of the W+, this
may possibly lead to misinterpretations of the results.

1.6.4 Summary of the study

In this work, the merging procedure of combining multiparticle tree-level matrix elements
with the parton showers as implemented in SHERPA has been further validated; this time,
the case of W pair production at Tevatron energies has been considered. First, it has
been shown that the results obtained with SHERPA are widely independent of specific
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Figure 1.44: Normalized ∆Reµ distribution. Results of PYTHIA (red dotted line)
and SHERPA (green solid line) including spin correlations are compared with those
obtained from MC@NLO (blue dashed line) and with results from SHERPA, where spin
correlations have been eliminated (green dashed line). All predictions are obtained
without the use of cuts. For input parameters, see app. B.1. The lower part of
the plot shows the normalized differences with respect to the SHERPA prediction
including spin correlations.

merging-procedure details such as the choice of the merging scale and, for sufficiently
inclusive observables, the number of extra jets covered by the tree-level matrix elements.
In addition, it has been shown that the specific form of the spectra produced by SHERPA

is nearly independent – with deviations less than 20% – of the choice of the factorization
and renormalization scale.
Having established the self-consistency of the SHERPA results, they have been compared
to those from an NLO calculation provided through MCFM. There, good agreement of
the two codes has been found, again on the 20% level. Thus it is fair to state that
the SHERPA results for the shapes are within theoretical errors consistent with an NLO
calculation. The inclusion of the parton shower connected with specific scale choices in
SHERPA, however, produces a surplus of QCD radiation with respect to the single parton
emission in the real part of the NLO correction in MCFM.
Finally, the results of SHERPA have been compared with those of other hadron-level event
generators, namely with PYTHIA and MC@NLO. There, it turned out that SHERPA predicts
a significant increase of QCD radiation with respect to the other two codes. For the
pT spectra of jets accompanying the two W bosons, the differences are dramatic in the



1.6 CKKW study of diboson production at Tevatron energies 73

SHERPA

WW @ Tevatron Run II

=15.0 GeVcutQ Sherpa 1jet
Sherpa 1jet no spin
MC@NLO
PYTHIA

)+
(Wη

/dσ
) dσ

(1
/

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

)+(Wη

-0.4
-0.2

0
0.2
0.4
0.6
0.8

1

)+(Wη
-5 -4 -3 -2 -1 0 1 2 3 4 5

SHERPA

WW @ Tevatron Run II

=15.0 GeVcutQ Sherpa 1jet
Sherpa 1jet no spin
MC@NLO
PYTHIA) [

1/
G

eV
]

+
(W

T 
/d

p
σ

) dσ
(1

/

-410

-310

-210

) [GeV]+(WT p

-0.15
-0.1

-0.05
0

0.05
0.1

0.15

) [GeV]+(WT p
0 20 40 60 80 100 120 140 160 180 200

SHERPA

WW @ Tevatron Run II

=15.0 GeVcutQ Sherpa 1jet
Sherpa 1jet no spin
MC@NLO
PYTHIA) [

1/
G

eV
]

+
(W

T 
/d

p
σ

) dσ
(1

/

-410

-310

-210

) [GeV]+(WT p

-0.15
-0.1

-0.05
0

0.05
0.1

0.15

) [GeV]+(WT p
0 20 40 60 80 100 120 140 160 180 200

Figure 1.45: In the top left and right panel the pT spectrum of the W+ before and
after the application of cuts is depicted, respectively. The bottom panel exhibits the
η distribution of theW+ under the influence of these cuts. The predictions compared
are: PYTHIA (red dotted line), SHERPA (green solid line), MC@NLO (blue dashed line)
and SHERPA without correlations in the boson decays (green dashed line). For
input parameters, see app. B.1. The lower part of the plots shows the normalized
differences with respect to the SHERPA prediction including spin correlations.
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high pT tails. In addition, the impact of spin correlations has been quantified. In the
observables considered here, it reaches 20% − 50%. This may be even larger than the
impact of higher order corrections.

1.7 Conclusions

In this chapter two phenomenological studies have been presented with the goal of, first,
delivering predictions for realistic hadron-collision scenarios, and, second, further validat-
ing SHERPA’s CKKW implementation. The first study exhibits the comparison between
the Lönnblad, MLM and CKKW schemes, where some emphasis has been put on esti-
mating the underlying systematics of these different procedures and their implementations
for combining fixed-order tree-level matrix elements with parton showers. Concerning the
second study, the impact of the CKKW prescription on describing the QCD activity
accompanying the production of charged dibosons has been investigated in detail, sup-
plemented by a consideration of the effect of spin correlations in the leptonic decays of
the W bosons. The more detailed conclusions of the two studies have been already given
in their respective summaries, sec. 1.5.5 and sec. 1.6.4. For both cases, however, SHERPA

predictions obtained from the consistent merging of parton showers and tree-level matrix
elements for the production of multijet final states have been very reasonable. This once
more justifies that the CKKW implementation in its present form constitutes a major
cornerstone of the event generator SHERPA.



2 QCD dipole shower for hadronic
collisions

2.1 Introduction

As outlined in the Introduction of this thesis, conventional parton showers preferably ac-
count for the logarithmically enhanced emission of soft and/or collinear QCD particles by
an expansion around the collinear limit. In contrast, the shower in ARIADNE [11] is based
on the Colour Dipole Model (CDM) [16, 17, 18], which formulates QCD evolution in terms
of splitting parton dipoles rather than in terms of parton splittings. This is equivalent to
an expansion around the soft limit of the radiation process and realized through an or-
dering in relative transverse momenta of subsequent splittings. In [16] it has been argued
that such a dipole shower then quite naturally fulfils the requirement of quantum coher-
ence, which, for the parton showers, led to the angular ordering. However, in the CDM,
initial-state radiation (ISR), i.e. parton emission off incoming partons is not explicitly
treated but taken into account by redefining ISR as final-state radiation (FSR) off hadron
remnants [65]. To correctly model ISR in this picture, some non-perturbative corrections
have to be applied, cf. sec. 2.2. Nevertheless, it has been an interesting feature of ARIADNE

that its shower formulation yields results, which show a similar or even better agreement
with data from electron–positron annihilations into hadrons [102, 103, 104, 105, 106]. In
addition, ARIADNE equipped with this non-perturbative component in its modelling of
radiation that is associated with the initial state also succeeded in describing a wealth of
DIS data in a very reassuring way [107]. To some extent, the reason for this performance
is subject of speculation, including a suspected better treatment of small-x effects, which
are assumed to be an issue of greater importance for the forthcoming LHC. Equally well,
it could be just the effect of a careful tuning of the additional non-perturbative parameters
in the case of DIS, or an improved simulation of single, potentially non-global, potentially
large logarithms stemming from the soft corner of the emission phase space. The latter
appears as a consequence of the fact that the leading 1/NC terms of such contributions
are better accounted for if the description of the radiation is based on the dipole struc-
ture in both matrix element and phase space [108]. This blurred picture of on the one
hand delivering overwhelming agreement with data of various measurements and on the
other hand lacking an unambiguous determination of the source of the success is enough
motivation to try out an alternative path in modelling ISR in terms of colour dipoles.
The latest developments in the field of QCD event generators all aim at a systematic
and exact inclusion of higher orders in the calculation of jets additionally arising from
some leading-order process involving strong particles. As already discussed there have
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been two directions of improvements, namely the matching of corresponding NLO QCD
matrix elements with the parton shower, such that the total cross section and the first
extra QCD emission are correctly described at NLO, see the Introduction of the thesis,
and, the other direction, the merging of tree-level multi-leg matrix elements with the par-
ton shower to generate a fully inclusive sample correct at leading logarithmic accuracy,
which avoids double-counting phase-space regions covered by both matrix elements and
the parton shower, see again the overall Introduction, also cf. ch. 1. Concerning matching,
a CDM seems to be the more natural partner to the matrix-element bit of the calculation
based on a subtraction method using antenna factorization [29]. Concerning merging,
the dipole-shower maxim of leaving all particles involved in the splitting on their mass
shells may lead to an alleviation of combining matrix-element and shower kinematics.
However concerning both, it can be anticipated that a model relying on some additional
non-perturbative input may hinder straightforwardly approaching the task.

In this thesis, therefore, an extension of the “perturbative” dipole shower [17] as imple-
mented in ARIADNE [11] to true initial-state radiation is proposed. This is in striking
contrast to the original ISR Lund CDM, where initial-state radiation is modelled as final-
state radiation, involving the beam remnant particle [18, 109].
Hence, the goal is to formulate the QCD evolution of a hard process initiated through a
hadronic collision as a sequence of colour-dipole emissions in an entirely perturbative de-
scription. In particular, emissions associated to the initial state are treated as to directly
emerge from colour dipoles spanned by the incoming parton lines. The beam remnants
are kept completely outside the perturbative evolution, their connection to the evolved
cascade is left to the hadronization to deal with. As a direct consequence three types
of dipoles and, hence, of associated radiation contribute to the full development of the
final cascade, namely emissions from initial–initial (II), final–initial (FI) and vice versa
(IF), and final–final (FF) dipoles. Consequently, the emissions are denoted as initial-,
final–initial- and final-state radiation (ISR, FISR, FSR), respectively. Unquestionable,
in order to model ISR and FISR in the fully perturbative version of the CDM proposed
here, a backward evolution of the initial-state related radiation pattern of the shower be-
comes mandatory and automatically with it the inclusion of parton distribution functions
(PDFs) to the Monte Carlo approach.
Accordingly, the cornerstones of the construction of the “perturbative” dipole shower
proposed here can be identified and the shower will be based on:

• the generalization to the case of ISR and FISR of the kinematics setup including
the evolution variables used in the original CDM and ARIADNE.

• the backward-evolution description of radiation that is related to incoming partons,
consequently, the emergence of PDFs in the shower algorithm similar to conventional
parton showers.

• the construction of on-shell kinematics for the new momenta of the splitting on an
emission-by-emission basis, which in turn allows just stop and restart the cascading
after any emission.

• factorization of the emission phase space and matrix element in the soft limit; the
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Figure 2.1: The Lund CDM approach to initial-state radiation in Drell–Yan pro-
cesses (left panel) vs. the direct, perturbative approach as suggested by the new
dipole-shower model (right panel). The treatment in modelling a first gluon emis-
sion is illustrated.

radiation pattern has to be factorized in terms of 2 → 3 splittings, which have to
be derived for II and FI dipoles.

• the large NC limit of the radiation pattern, considering only the leading terms, i.e.
the leading dipoles, of this expansion.

• the probabilistic interpretation of emissions as encoded in the Sudakov form fac-
tor, which will be obtained from the exponentiation of minus the single-emission
differential cross section.

Issues that are not covered here, instead left for future work, are:

• the potential splitting of gluons present in the final and/or initial state while evolving
the dipole cascade, i.e. in this work it is dealt with the generalization of gluon
emissions only,

• and, the consideration of finite non-zero quark masses, i.e. currently all quarks are
treated as massless.

Consider Drell–Yan processes; in the Lund approach a first gluon emerges from the start-
ing dipole spanned between the two hadron remnants, see fig. 2.1. In ARIADNE the emis-
sion is corrected for the exact matrix element for boson plus gluon production, and, the
gluon’s recoil is transferred to the vector boson, such that it acquires a suitable amount
of tranverse momentum [110].
In contrast, in the dipole picture suggested here it is started off a q̄iq

′
i primary dipole,

directly formed by the two incoming quarks, and, the emission will be calculated from the
competition between gluon (see fig. 2.1), quark and antiquark bremsstrahlung. The real-
emission matrix-element information will directly enter, since the corresponding dipole
splitting functions can be corrected for it, as in the FF counterpart of emitting a first
gluon off the qq̄ dipole. Then, no additional correction has to be imposed, the demand
to provide for distinct new initial-state momenta oriented along the beam direction will
generate the boson’s transverse momentum naturally, and, in case of an actual gluon
emission, a system of colour-connected successor dipoles emerges, an IF dipole q̄igf and
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Figure 2.2: Modelling a second emission, emerging off the successor II dipole
after a first radiation of a quark. The right panel depicts this gluon emission in a
simplified manner, whereas the other two panels show the two contributions to the
full description of this gluon emission.

an FI dipole gfqi. A further gluon radiated into the final state will then create a first
FF dipole, hence, the QCD evolution of the LO Drell–Yan pair production process will
involve all possible dipole types. In fig. 2.2 a first gluon emission is illustrated in case of
the very primary one appeared as a release of a quark into the final state.

Finally, the outline of this chapter is as follows: In sec. 2.2 the basics of the dipole-shower
model as implemented in ARIADNE and as employed as a starting point of the new model
presented here will briefly be introduced. In addition, the treatment of ISR through final-
state dipole splittings involving the beam remnants will be discussed. In the next section,
sec. 2.3, the kinematics of all dipole splittings in various configurations of initial- and
final-state partons will be presented, starting with the generalization of the kinematical
framework and of the evolution variables. Before the new types will be dealt with, this is
first applied to the case of dipoles consisting of final-state partons only, the case indeed
implemented in ARIADNE. Then, in sec. 2.4 all single-splitting cross sections employed
by the new model for the various dipole configurations will be highlighted. The complete
shower algorithm will be presented in sec. 2.5 and its performance for various physics
processes will be exposed in sec. 2.6. The conclusions will finalize the discussion of the
dipole shower.

2.2 The Colour Dipole Model

2.2.1 Physical background of the CDM

The Lund colour dipole model (CDM) has strong connections to the semiclassical method
of virtual quanta [111, 112, 113], which equates the electromagnetic energy flux associated
with the fields emitted by fast moving charges with an energy flux of equivalent photons.
Owing to the large Lorentz boosts of the charged emitter, the corresponding electric and
magnetic fields are orthogonal to each other and they populate a plane orthogonal to
the direction of motion of the emitter only. This amounts to a pulse of electromagnetic
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energy, given by

dI(ω, b) ' ~α dω
2π b db

π2
, (2.1)

where b denotes the impact parameter, i.e. the distance w.r.t. the emitter and ω is the
frequency, which is bound from above such that ω < p/mb, where p and m are the
momentum and rest mass of the emitter, respectively. Equating this energy pulse I with
a number of equivalent quanta n,

dI = ~ω dω , (2.2)

and replacing the impact parameter with transverse momentum yields

dn ' α

π

dk2
⊥

k2
⊥

dω

ω
. (2.3)

A similar result emerges when considering bremsstrahlung off a charged particle, changing
its otherwise straight direction of motion through a sudden “kick”, or connected with the
pair production of charged particles. Then, in the Breit-frame of the former process, or
in the centre-of-mass frame of the latter, a rapidity y can be defined w.r.t. the axis of
motion of the charged particle(s). A short calculation based on a full quantum-mechanical
treatment shows that, neglecting spin effects, the number of bremsstrahlung-photons is
well approximated by

dn =
2α

π

dω

ω
dy , (2.4)

cf. [3]. Here, the rapidity must satisfy

|y| < |y0| , (2.5)

and y0 is the rapidity of the emitter(s). Rewriting energy through transverse momentum,

k⊥ =
ω

cosh y
, (2.6)

then leads to

dn =
α

π

dk2
⊥

k2
⊥
dy . (2.7)

Although this equation is somewhat obscured, it is important to stress that because of its
equivalence to eq. (2.4), it exhibits the dominance of soft radiation in the semi-classical
limit. In this context it is worth noting that the same limit is used in eikonal-type
factorization of matrix elements employed, for instance, in antenna subtraction methods
[29, 114] for the calculation of perturbative higher-order corrections to scattering cross
sections in QCD.
The simple formula for the semi-classical limit of photon radiation off a charged dipole,
eq. (2.7), can be refined through a full quantum-mechanical treatment, including spin
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effects, see also sec. 2.4. However, the dominant features of the radiation pattern are
already fixed by the simple formula, which in turn denotes the starting point for a shower
simulation based on individual dipole emissions. The differential cross section dP =
dσ/dσ0 for such an emission to occur in an interval dp2

⊥ and dy is given by

dP ' αs
π

dp2
⊥

p2
⊥
dy . (2.8)

Here p⊥ denotes a transverse momentum, which in the CDM is constructed out of Lorentz
invariant quantities. Numbering the momenta of the particles after emission such that
the newly emitted particle is labelled with “2”, and, denoting the momenta before and
after the emission with p̃i and pi, respectively, the emission can be symbolized as

p̃1 + p̃3 = p1 + p2 + p3 . (2.9)

The squared invariant masses of sets of momenta are denoted as

sij... = (pi + pj + . . .)2 and s̃ij... = (p̃i + p̃j + . . .)2 . (2.10)

Then, the Lorentz invariant transverse momentum is defined as

p2
⊥ =

s12 s23

s123
=

s12 s23

s̃13
, (2.11)

in agreement with [17, 3] and the implementation in ARIADNE. The rapidity can then be
computed through

y =
1

2
ln
s12

s23
. (2.12)

This Lorentz invariant choice guarantees a frame-independent description of the dipole
splitting process. Using p⊥ as the ordering parameter for subsequent emissions, a Sudakov
form factor encodes the non-emission probability between two scales p2

⊥,high and p2
⊥,low in

analogy to conventional parton showers:

∆(p2
⊥,high, p

2
⊥,low) = exp




−

p2
⊥,high∫

p2
⊥,low

dp2
⊥

y+(p2
⊥)∫

y−(p2
⊥)

dy
dP

dp2
⊥dy




. (2.13)

In this form, the leading logarithms are resummed to all orders.
The Sudakov form factor constitutes the basis of the simulation of parton emission also
in the framework of the CDM. In contrast to ordinary parton showers, however, here the
relevant objects are colour dipoles, which emerge naturally when considering the large
NC limit. In this limit, colour charges in the fundamental representation (quarks and
antiquarks) have one colour partner, and colour charges in the adjoint representation
(gluons) have two colour partners. The dipoles are built from such colour partners, and
the emission of a gluon off such a dipole effectively amounts to splitting the dipole into
two. In this way single colour lines are associated to the dipole spanned between colour-
connected partons. The gluon then arises from the connecting colour line (acting as a
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radiating antenna). In case the dipole contains a gluon leg, the evolution can also proceed
through a gluon splitting, which separates the connecting line from one that accompanies
it only due to the double-line character of gluons in the limit of large NC. The emission
pattern of accompanied lines is taken care of by the neighbouring dipole(s) carrying it
actively. Hence, subsequent radiation is understood to only emerge from the currently
present leading NC dipoles.
This self-similar process of dipole splitting, described in a probabilistic fashion is easily
encoded as a Markovian process in form of a computer program. Adding in the leading
logarithmic behaviour and colour coherence as a dominant feature of QCD emissions
results in a strict ordering of subsequent emissions such that the actual p⊥ of a dipole
splitting sets the maximal p⊥ for the splittings of the two resulting dipoles.

2.2.2 Initial-state radiation in the original CDM

In ARIADNE, the so far only CDM implementation, initial state radiation off incoming
partons is not explicitly taken into account. Instead, initial-state radiation is redefined
as final-state radiation, where dipoles are spanned between potential final-state partons
and the outgoing hadron remnants [65, 115, 116, 110]. Considering DIS of leptons on
hadrons, it can be argued that, as the hadron is in a bound state, all radiation comes
from the colour dipole between the struck pointlike quark and the hadron remnant –
being an extended object composed of individual valence quarks and sea partons. Thus,
an extended “antenna” is formed and from the electro-magnetic (semi-classical) analogy
it follows that radiation of wavelengths smaller than the extension of the antenna is
suppressed. Therefore, the original CDM was modified such that only a p⊥ dependent
fraction a(p⊥) of the remnant enters the dipole splitting process [65]:

a(p⊥) =

(
µ

p⊥

)α
, (2.14)

where µ parametrizes the inverse size of the remnant and α refers to the dimensionality
of the emitter, both being parameters to be tuned to data. In e+e− annihilation the
(“triangle”) phase-space boundaries are approximated by |y| < ln(M/p⊥), which now are
supplemented by the extra condition y < ln(Mµ/p2

⊥). This obviously limits the range of
accessible p⊥ values in the splitting of the dipole of mass M . The strategy of sharing the
recoil in such cases was inspired by the Lund string model, where an extra kink on the
string (hadron) is interpreted as an extra gluon. This led to the introduction of recoil
gluons compensating for the recoil dedicated to the part of the hadron partaking in the
emission. 1 Moreover, in cases where a sea quark is hit, the picture is slightly modified
further. Taken together, through all these assumptions a good fraction of phenomenolog-
ical, non-perturbative modelling enters the Lund CDM for ISR.
Consider again Drell–Yan processes; as already exemplified in the introduction, sec. 2.1,
there, a quark–antiquark pair annihilates to produce a lepton pair. In conventional par-
ton showers, the two incoming quarks would emit secondary partons, typically simulated
in a backward evolution algorithm [12, 15]. The recoil of these emissions is transferred

1For the C++ rewrite of ARIADNE the possibility of completely discarding recoil gluons is under con-
sideration.
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to colour partners and the final-state leptons. In contrast, in ARIADNE the incoming
quarks do not radiate but rather the two beam remnants, which are the only two coloured
final-state objects before radiation. Then, the recoil of the first emission is compensated
for by the final-state leptons [110, 44], for all further dipole emissions, additional recoil
gluons are added, if the emission occurred significantly away in phase space from the
vector boson [110]. A further obvious refinement is the correction of the first emission
to the correct matrix-element expression, where available. Then, the sharp phase-space
cutoff is replaced by a softer suppression function, in order to describe the high transverse-
momentum spectrum of the vector boson. The two way of modelling ISR, in the Lund
CDM and in the new proposal, are pictorially represented in fig. 2.1, respectively.

2.3 Dipole single-emission phase space and kinematics

In sec. 2.2 the general form of the dipole splittings has been presented, cf. eq. (2.8), which
constitutes the limiting case of soft emissions, i.e. the case, where the energy of the emitted
gluon approaches zero. In this section all ingredients are discussed, which are necessary to
construct the kinematics of three-parton final states emerging from splitting the original
two-parton configurations. The corresponding dipole splitting matrix elements, which
depend on the particles involved, will be specified in the next section, sec. 2.4. In both
cases, only massless partons are considered, an extension to massive partons is tedious
but straightforward and will be left for future consideration.
The derivation of the splitting kinematics for each dipole type (FF, II, and FI/IF) will be
pursued in four steps:

• First, the evolution variables p⊥ and y are identified.

• Then, limits of the emission phase space are discussed. They guarantee that the
evolution takes place within the physical region of phase space. These limitations
are imposed through constraints on the evolution variables and, thus, determine the
actual computation of the Sudakov form factor, see eq. (2.13) and sec. 2.5.

• Furthermore, together with the strict limits, approximate ones are stated, which
eventually enable the direct evaluation of the Sudakov form factors according to a
veto algorithm, see e.g. [7].

• Finally the kinematics of the splittings characterized by p⊥ and y are constructed,
i.e. the three new momenta are determined.

To begin with, the kinematic framework for all sorts of dipole splittings is introduced in
parallel with the nomenclature employed throughout this paper. This procedure amounts
to an universal definition of the evolution variables for all dipole types. After that, as the
first specific instance, the traditional FF dipole case originally realized within ARIADNE

will be briefly reviewed. This is followed by the consideration of the new cases, namely
those of II and FI/IF dipoles.
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QCD dipoles, k̃ ˜̀

II dipoles IF dipoles FI dipoles FF dipoles

ı̄′ i ı̄ f̄ f i f f̄ ′

q̄′iqi q̄′i q̄f qfq
′
i qf q̄

′
f

giqi giq̄f qfgi qfgf

q̄igi q̄igf gfqi gf q̄f

gigi gigf gfgi gfgf

Table 2.1: All dipole types appearing in QCD (the supplemental indices i or f
label whether the parton is in the initial or final state, respectively; if clear from
the context, the index f will be left out). The primes indicate that different quark
flavours may constitute the dipole.

2.3.1 Towards generalized evolution variables

The occurrence of new dipoles and corresponding splittings is an immediate consequence
of the suggested new CDM approach. A list summarizing allowed dipoles in QCD is shown
in tab. 2.1. The extension of the original perturbative CDM, relying on FF dipoles only, to
a framework explicitly including initial-state partons is governed by three principles: the
crossing symmetry of the splitting amplitudes of the CDM, the symmetry of Quantum
Chromodynamics under charge conjugation and the concept of working in the limit of
large NC. The first arises naturally from the crossing symmetry of the 1 → 3 real-gluon
production matrix elements underlying the various 2 → 3 splitting cross sections in the
original CDM. Its implications will be discussed in more detail in sec. 2.4. According to
the second principle only three dipole types have to be distinguished. They differ in their
partons’ association to the initial or final state, and thus there are FF, II and FI dipoles.
According to the third principle, dipoles consist of two colour-connected partons where
one carries a colour (triplet) and the other one the respective anticolour (antitriplet). In
this picture, of course, each gluon belongs to two dipoles and hence plays a dual rôle.
Dipoles are then labelled by k̃ ˜̀, so that in the most general way a splitting triggered by
the emission of a (new) gluon g is expressed as

k̃ ˜̀ → k g ` . (2.15)

The notation is chosen such that the flavour and colour flow of all particles is outgoing,
and is, therefore, independent of the partons being in the initial or final state. Specifically,
the generalization of the CDM leads to three types of gluon emission related to each other
by crossing symmetry; any such splitting, however, will leave the number of initial-state
partons constant:

k̃ ˜̀ →





k̃ gf
˜̀ : gluon emission ,

q gi
˜̀ : quark emission, provided that k̃ = q̄i ,

k̃ gi q̄ : antiquark emission, provided that ˜̀= qi .

(2.16)
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Here, the subscripts indicate whether the gluon emerges in the initial or final state. In the
former case, this hence requires to replace the initial (anti)quark of the original dipole by
the initial gluon and emit the corresponding antiquark (quark) in the final state; see the
last two splitting types above. However, since the last channel just exhibits the charge-
conjugated process of the quark emission, only the first two processes – although linked by
crossing – are generic, and, hence, will be dealt with on a case-by-case basis throughout
this work.

Having clarified the notations used for the dipoles and their splittings, the kinematic ob-
jects will be introduced. First of all, the momenta are defined as incoming/outgoing if
they are associated with the physical initial/final state. Those before and after the emis-
sion are denoted by p̃m̃ and pm, respectively, such that, expressed through the momenta
alone the dipole splitting process can be written as

ς̃k̃ p̃k̃ + ς̃˜̀ p̃˜̀ −→ ςk pk + ςg pg + ς` p` . (2.17)

Here and in the following the signature factors ς̃m̃ = ±1 and ςm = ±1 for partons in the
final (+) and initial (−) state. The before- and after-emission total momenta p̃0 and p0

then read

−ς0 p̃0 = ς̃k̃ p̃k̃ + ς̃˜̀ p̃˜̀ , (2.18)

−ς0 p0 = ςk pk + ςg pg + ς` p` , (2.19)

with the requirement that p̃2
0 = p2

0. Furthermore ς̃0 ≡ ς0, and the signature factor ς0,
i.e. the assignment of the total momenta to the initial or final state is chosen such that
the after-emission constellation exhibits a production (ς0 = −1, FF dipoles), scattering
(ς0 = −1, FI dipoles), or annihilation (ς0 = 1, II dipoles) process. Consequently, the four-
vector p̃0 then corresponds to the four-momentum of the decaying parent dipole having
mass |M | such that

p̃2
0 = M2 ≡ −Q2 = p2

0 , (2.20)

with Q2 arranged to be positive definite for FI dipole emissions. Accordingly, Lorentz
invariant energy fractions w.r.t. p0 are defined through 2

xm =
2 pmp0

p2
0

. (2.21)

The squared invariant masses of two- and three-parton systems are denoted by

smn = (ςm pm + ςn pn)2 and smnr = (ςm pm + ςn pn + ςr pr)
2 (2.22)

where the inclusion of p0 and the expressions related to the momenta before the emission
are understood. Concerning all gluon emissions considered here, the identity

M2 = skg + sg` + sk` = skg` = −Q2 , (2.23)

2The notion “energy fraction” is clear in the centre-of-mass frame of a parent FF dipole, where
xm = 2Em/M .
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generically holds, since the partons are consistently treated as massless.

Next, suitably generalized dipole evolution variables must be found, in order to retrieve
an universal and consistent CDM-like evolution treatment that naturally embeds the
new dipole types and their emissions on equal level besides those invoked by sole final-
state cascading. These variables should have the property of leaving the well-established
FSR treatment unchanged and they should satisfy the constraint that all splitting cross
sections, i.e. those involving initial-state partons as well, will follow the approximate form
given in eq. (2.8). This is just another manifestation of the universal feature of soft QCD
radiation reproducing eikonal distributions in emissions off initial and final states. In the
soft limit the spin of the emitting (hard) partons is irrelevant and the gluon radiation is
described through the eikonal factor

−1

2

(
pk
pkpg

− p`
pgp`

)2

=
2 sk`
skg sg`

, (2.24)

which factorizes off the squared matrix elements. The right-hand-side expression explicitly
assumes massless partons. Following eq. (2.11), the factor 2/p2

⊥ becomes identical to the
eikonal factor in the soft limit, and the collinear limits manifest themselves in the two-
parton squared masses appearing in this p2

⊥ definition. Then, a generalization should
show the same limiting behaviour and reflect that the kinematic regimes of the different
dipole types are linked by crossing. Therefore, a generalized transverse momentum and
rapidity are proposed, given by

p2
⊥ =

∣∣∣∣
skg sg`
skg`

∣∣∣∣ , (2.25)

and

y =
1

2
ln

∣∣∣∣
sg`
skg

∣∣∣∣ , (2.26)

where the invariant masses smn(r) are calculated including the signature factors ςm,n,r, i.e.
through eqs. (2.22). Clearly, for FF dipole cascading, all invariant masses are positive
and hence the original CDM evolution variables of eqs. (2.11) and (2.12) are trivially
recovered. For the other cases, owing to the crossing symmetry the generalized form
suggested here is merely a minimal extension keeping the feature of Lorentz invariance
that will assure a frame-independent evolution and setup of the three-parton kinematics
similar to the Lund CDM. Moreover, these shower variables enable an overall ordering of
all emissions, since defined in this way they arise from the same principle regardless of
the considered kinematic regime (FF, II or FI). Given these generalized definitions, the
identities

|skg| = |M | p⊥e−y and |sg`| = |M | p⊥e+y (2.27)

are found, indeed showing the similarities to the original Lund CDM. Finally, rescaled p⊥
variables are defined,

x⊥ =
p⊥√
s
. (2.28)
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This rescaling is performed w.r.t. a reference invariant-mass quantity s, which has to be
specified for every generic dipole splitting, and the findings for the approximate phase-
space limits will dictate its choice; but, typically, it will be given as a function of |M 2|.

2.3.2 Final–final dipoles

As a first instance, the kinematical details of emissions emerging from FF dipoles are
considered. This is the case already dealt with in the original version of the CDM, which
is implemented in ARIADNE. The dipole splitting process can be specified by

f(k̃) f̄ ′(˜̀) → f(k) g f̄ ′(`) . (2.29)

Apart from ς0 = −1, all other signature factors equal one. Moreover, since the recoil
of the emission will be completely shared between the three new partons, momentum
conservation,

p̃0 = p̃f + p̃f̄ ′ = pf + pg + pf̄ ′ = p0 , (2.30)

is realized between the momenta present before and after the emission. Neglecting parton
masses, the relations

0 ≤ smn = s0r = M2(1− xr) ≤ M2 , m 6= n 6= r ∈ {f, g, f̄ ′} , (2.31)

and the identity

M2 = sfg + sgf̄ ′ + sff̄ ′ , also expressed by 2 = xf + xg + xf̄ ′ (2.32)

are obtained. All energy fractions fall into the range 0 ≤ xr ≤ 1, and, hence, the physics
constraints imposed on the kinematic invariants smn are satisfied. Following the steps
outlined in the introduction of this section, the (p2

⊥, y) phase-space parametrization can
be specified:

• The two Lorentz invariant dipole evolution variables are p2
⊥, which in this case reads

p2
⊥ =

sfg sgf̄ ′

M2
= M2(1− xf̄ ′)(1− xf ) , (2.33)

cf. eqs. (2.11) and (2.25), and the associated rapidity y, which is given by

y =
1

2
ln
sgf̄ ′

sfg
=

1

2
ln

1− xf
1− xf̄ ′

, (2.34)

cf. eqs. (2.12) and (2.26). Therefore, the invariant masses can be re-expressed
through them,

sgf̄ ′ = Mp⊥e
+y ,

sfg = Mp⊥e
−y ,

sff̄ ′ = M2 − 2Mp⊥ cosh y , (2.35)

cf. eqs. (2.27). As expected, the dominant phase-space regions are characterized by
p⊥ → 0, which fortifies p⊥’s utilization to order and steer the development of the
FF colour-dipole part of the cascade.
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• The kinematical phase-space boundaries given through the relations in eqs. (2.31)
determine the (maximal) integration limits p2

⊥,high and y± stated in eq. (2.13). For
example, simple rapidity bounds are easily obtained from sfg, sgf̄ ′ ≤M2, however, a
more precise determination of the boundaries beyond this rough estimate, requires
to analyze

sfg + sgf̄ ′ = M2 − sff̄ ′ ≤ M2 . (2.36)

This yields symmetric rapidity limits,

|y| ≤ arcosh

√
s

2 p⊥
= arcosh

1

2 x⊥
= ln

(
M

2p⊥
+

√
M2

4p2
⊥
− 1

)
. (2.37)

The largest possible value for p2
⊥ can also be read off these bounds,

p2
⊥,max =

s

4
, where s = M2 , (2.38)

and the choice of s is clarified in the next item.

• Concerning the approximate limits, as mentioned sfg, sgf̄ ′ ≤ M2 has to be inter-
preted instead of eq. (2.36); this leads to

ln x⊥ = − ln
M

p⊥
≤ y ≤ ln

M

p⊥
= − ln x⊥ , (2.39)

which is nothing but the (y, z = ln x⊥) “triangle” commonly used to illustrate the
dipole emission phase space. Thus, the quantity s that appears in eq. (2.28) is fixed
by the squared mass of the parent FF dipole. The effect of the sharper bounds
now becomes apparent: they sizeably reduce the “triangle” area particularly in the
central rapidity region.

• Splitting kinematics: once the evolution variables have been obtained, they serve
as the central variables from which the on-shell three-parton kinematics is generated.
Physically motivated recoil strategies and four-momentum conservation fix leftover
degrees of freedom. Advantageously, the latter can be accomplished locally among
the partons participating in the splitting only.
In the case considered here the optimal frame to actually set up the new momenta
is given through the centre-of-mass system of the parent FF dipole. Light-cone
momenta 3 w.r.t. the back-to-back axis of the two partons that constitute the dipole
can then be used to express all momenta conveniently:

p̃0 =
(
M, M, ~0

)
→ p0 =

(
M, M, ~0

)
,

p̃f =
(
M, 0, ~0

)
→ pf =

(
f⊥ e

yf , f⊥ e
−yf , ~f⊥

)
,

p̃f̄ ′ =
(

0, M, ~0
)
→ pf̄ ′ =

(
f ′⊥ e

y′f , f ′⊥ e
−y′f , ~f ′⊥

)
,

pg = p0 − pf − pf̄ ′ . (2.40)

3In this work, light-cone momenta are defined as follows: q = (q+, q−, ~q⊥) where q± = Eq±q‖; on-shell
conditions can be intrinsically satisfied, if q = (m⊥ez,m⊥e−z, ~q⊥) is chosen, using m2

⊥ = q2 + q2
⊥ and

z = ln(q+/q−)/2 such that Eq = m⊥ cosh z and q‖ = m⊥ sinh z.
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The further specification of the ~f
(′)
⊥ and y

(′)
f is only achieved under incorporation of

the particular recoil strategies. This will not be demonstrated here, however, the
implementation used in this model closely follows the suggestions of the Lund CDM,
see e.g. [11]. Note that, if the recoil of the emitted gluon is only compensated by

one of the dipole partons, then the corresponding ~f
(′)
⊥ ≡ ~0 and y

(′)
f ≡ ±∞; one of

the products f
(′)
⊥ e
±y′f however will be finite and the other one be identical to zero.

This for example becomes relevant when strategies similar to the Kleiss trick [117]
are implemented.

2.3.3 Initial–initial dipoles

The first case, which goes beyond the original CDM, is radiation off an initial-state dipole
ı̄′i of mass M . Two generic splittings based on gluon emission are now available, namely

ı̄′(k̃) i(˜̀) → ı̄′(k) g i(`) and q̄i(k̃) i(˜̀) → q(k) gi i(`) . (2.41)

As discussed in sec. 2.3.1, the case of antiquark emission is closely to that of quark
emission. Restating eqs. (2.18) and (2.19) for the II dipole scenario, i.e. setting ς0 =
ςg/q = 1 and all other signature factors equal to −1, yields

p̃ı̄′/q̄i + p̃i = p̃0 and pı̄′/gi
+ pi = p0 + pg/q , with p2

0 = p̃2
0 = M2 .

(2.42)

Contrary to the previously presented case, p̃0 6= p0 (unless it is worked in the ı̄′i dipole’s
rest frame), since the recoil of the emitted parton pg/q cannot be absorbed by pı̄′/gi

and pi
while keeping them fixed on their respective beam axis. In addition, initial-state radiation
typically is related to an increase of the “Bjørken-x” and hence of the energy of at least
one of the incoming partons. The kinematics of the emission process here corresponds to
that of a 2→ 2 scattering process. Therefore, Mandelstam variables are defined, reading

ŝ = (p0 + pg/q)
2 = (pı̄′/gi

+ pi)
2 = M2(1 + xg/q) ≥ M2 ≡ ŝ0 ,

t̂ = (p0 − pi)2 = (pı̄′/gi
− pg/q)2 = M2(1− xi) ≤ 0 ,

û = (p0 − pı̄′/gi
)2 = (pi − pg/q)2 = M2(1− xı̄′/gi

) ≤ 0 , (2.43)

where, again for massless partons, the bounds on ŝ, t̂ and û together with their parametriza-
tions in terms of energy fractions are simple, and, furthermore,

ŝ+ t̂ + û = M2 as well as xı̄′/gi
+ xi = 2 + xg/q . (2.44)

As already indicated, the emission of a parton here requires an increase in ŝ against ŝ0.
This is in contrast to the FF case, where the system’s centre-of-mass energy remains
constant. In view of further considerations, a generic parametrization is introduced that
relates the maximal partonic centre-of-mass squared energy to the squared mass of the
parent dipole,

ŝmax = aM2 ≥ ŝ , so that 1 ≤ ŝ/M 2 ≤ a ≤ S/M2 , (2.45)
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where
√
S is the centre-of-mass energy of the colliding hadrons. The limits on the invari-

ants, detailed in eqs. (2.43) and (2.45), clearly differ from the ones of the FF scenario, cf.
sec. 2.3.2. This implies that the II dipole splittings arise in phase-space regions distinct
from the FF case and thus with a different kinematics. Consequently, the energy fractions
populate new ranges compared to the FF splittings, namely

0 ≤ xg/q ≤ a− 1 ,

1 ≤ xı̄′/gi
, xi ≤ 1 + xg/q ,

2 ≤ xı̄′/gi
+ xi ≤ 1 + a . (2.46)

2.3.3.1 Gluon emission phase space of initial–initial dipoles

The phase-space parametrization is better worked out separately for both relevant II
dipole splitting channels. First, the case of final-state gluon (gf) emission, i.e. ı̄′i → ı̄′gi,
is discussed:

• The evolution variables are taken as suggested by the generalization of eqs. (2.25)
and (2.26). Recalling eqs. (2.43), for the emission type considered here, the Lorentz
invariant p2

⊥ reads

p2
⊥ =

∣∣∣∣
sı̄′g sgi
sı̄′gi

∣∣∣∣ =
t̂ û

M2
= M2(1− xi)(1− xı̄′) , (2.47)

and the Lorentz invariant y is given by

y =
1

2
ln

∣∣∣∣
sgi
sı̄′g

∣∣∣∣ =
1

2
ln
û

t̂
=

1

2
ln

1− xı̄′
1− xi

, (2.48)

such that the kinematic invariants can be re-written as

ŝ = s0g = sı̄′i = M2 + 2M p⊥ cosh y ≥ M2 ,

t̂ = s0i = sı̄′g = −M p⊥e
−y ≤ 0 ,

û = s0ı̄′ = sgi = −M p⊥e
+y ≤ 0 . (2.49)

• The bounds on the Mandelstam variables – or equally well – on the invariant energy
fractions translate, of course, into bounds on the evolution variables that have to
be respected during the emission’s computation. As for FF dipoles emitting gluons,
the sharp requirement is obtained from

(a− 1)M2 = ŝmax −M2 ≥ ŝ−M2 = −û− t̂ = 2M p⊥ cosh y . (2.50)

Hence, the allowed phase space is described through

|y| ≤ arcosh

√
s

2 p⊥
= arcosh

1

2 x⊥
, (2.51)
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and

p2
⊥,max =

(ŝmax −M2)2

4M2
=

s

4
, (2.52)

where this time the quantity s, used to set down the rescaled p⊥, is defined through

s =

(
ŝmax −M2

M

)2

= (a− 1)2M2 . (2.53)

Again, this setting is justified in the next item discussing the less accurate phase-
space bounds. The above statement about p2

⊥,max is gained from eq. (2.50) with
y = 0 resulting from (cosh y)min = 1. On the other hand, the maximal rapidity
range, is determined by the overall cut-off on p⊥ and the equation ŝmax −M2 =
2M p⊥,cutcosh |y|max.

• Loose constraints are obtained from

ŝmax −M2 ≥ ŝ−M2 ≥ −û,−t̂ (2.54)

and, as in the FF case, they result in symmetric rapidity limits,

|y| ≤ ln
ŝmax −M2

M p⊥
= ln

√
s

p⊥
= − ln x⊥ . (2.55)

These estimates lead to the above definition of s, once they ought to be described
by minus the logarithm of the rescaled transverse momentum, hence they again are
visualized by a “triangle” in the (y, z = ln x⊥) plane.

• The splitting kinematics concerning the new momenta will be detailed in sec. 2.3.3.3
together with the quark-emission process.

Taken together, when the results for the strict and loose rapidity bounds are compared to
the FF case, they are found to be form-invariant apart from the differences in the definition
of the scale s. Moreover, a new issue appears, which is absent for FF splittings, namely
that the choice of the maximal partonic centre-of-mass scale regulates the maximal size of
the allowed emission phase space. This will be discussed in more detail when presenting
the shower algorithm within sec. 2.5.

2.3.3.2 Quark emission phase space of initial–initial dipoles

Along the lines of the previous section, the phase-space parametrization and its conse-
quences are now discussed for gluon emission into the initial state (gi), or, equivalently,
(massless) quark emission into the final state, i.e. q̄ii→ qgii. Here, the associated (mass-
less) parton can be thought of a spectator, similar to the FF gluon splitting into quarks.
The details of the steps outlined in this section’s introduction are given below:

• In regard to eqs. (2.43) and according to the comments of sec. 2.3.1, the Lorentz
invariant evolution variables expressed through the Mandelstam variables read

p2
⊥ =

∣∣∣∣
sqgi

sgii

sqgii

∣∣∣∣ = − t̂ ŝ

M2
= M2(xi − 1)(1 + xq) (2.56)
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for the squared transverse momentum, and

y =
1

2
ln

∣∣∣∣
sgii

sqgi

∣∣∣∣ =
1

2
ln

ŝ

−t̂ =
1

2
ln

1 + xq
xi − 1

(2.57)

for the rapidity. This allows re-writing the kinematic invariants as

ŝ = s0q = sgii = +M p⊥e
+y ≥ M2 ,

t̂ = s0i = sqgi
= −M p⊥e

−y ≤ 0 ,

û = s0gi
= sqi = M2 − 2M p⊥ sinh y ≤ 0 , (2.58)

implying, compared to the case of gf emission, a different shape of the valid (p⊥, y)
phase space covered by this type of emission.

• The accessible rapidity range is

ln

(
M

2p⊥
+

√
M2

4p2
⊥

+ 1

)
= arsinh

M

2 p⊥
≤ y ≤ ln

aM

p⊥
, (2.59)

where the left and right bounds result from û ≤ 0 and ŝ ≤ ŝmax, cf. eq. (2.45),
respectively. This is well visualized in the (y, z = ln p⊥

aM
) plane as a “strip” that

emerges in the point (ymin, zmax = −ymin) and is confined between z = −y − ln a
and z = −y. The equations ymin = arsinh M

2 p⊥,max
and ŝmax = M p⊥,max e

ymin yield

ymin =
1

2
ln

ŝmax

ŝmax −M2
=

1

2
ln

a

a− 1
, (2.60)

and

p2
⊥,max = (ŝmax −M2)

ŝmax

M2
= a(a− 1)M 2 = s . (2.61)

• The scale s is again taken from a suitable overestimation of the exact rapidity
range. In fact, the “strip” is safely covered by a “half-triangle” described through
ymin ≤ y ≤ −z. Accordingly, ∆y = −z − ymin = ln(p2

⊥,max/p
2
⊥)/2, such that s

is read off easily: s = p2
⊥,max, as already indicated in the above item. This s

identification is in analogy to the previous cases featuring a full triangle whereas
∆y = ln x−2

⊥ = ln(s/p2
⊥). Finally, notice that, as before, in both cases of strict and

approximate limits, the maximally available emission phase space is defined through
the value, which ŝmax has been appointed to, see sec. 2.5.

• The splitting kinematics is presented in the next subsection.

2.3.3.3 Construction of the splitting kinematics

Once the evolution variables have been generated for a particular emission, the full kine-
matics of the splitting can be deduced. Remaining degrees of freedom are fixed with a
few additional assumptions, i.e. through a splitting-specific recoil strategy. The Lorentz
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invariant definition of the evolution variables guarantees the frame-independence of the
actual construction. However, any construction method is unavoidably affected by the
constraint that in the lab-frame the momenta of the incoming partons eventually point
along the beam axis, which is a consequence of the collinear approximation in the factor-
ization theorem. In the model presented here the initial–initial dipole kinematics qualified
below is directly constructed in the lab-frame. Particularly, to handle the recoils for the
case of q̄′iqi dipoles, the strategy according to Kleiss [117, 118] has been implemented.

Lab-frame kinematics: the preset orientation of the incoming partons simplifies specifi-
cation of the 2→ 1 and 2→ 2 like momentum balances of eqs. (2.42). Thus, the emitted
parton’s recoil will directly be transferred to the entire final-state system, i.e. to all QCD
and non-QCD final-state particles that are present before the emission takes place. As
an example, consider the first emission in a Drell–Yan process, where the corresponding
recoil is compensated for by the lepton pair. This recoil transfer results in p̃0 6= p0, and,
therefore, a Lorentz transformation T is necessary, which is defined through p0 = T p̃0 and
will be applied on all particles (whose vectors are summed up in p̃0). For the construction
of the momenta, a light-cone decomposition w.r.t. the beam axis is well suited, such that,
for massless partons, the situation without and with the emission is summarized as 4

p̃i =
(
x̃+

√
S, 0, ~0

)
→ pi =

(
x+

√
S, 0, ~0

)
,

p̃ı̄′/q̄i =
(

0, x̃−
√
S, ~0

)
→ pı̄′/gi

=
(

0, x−
√
S, ~0

)
,

p̃0 =
(
M eỹ0 , M e−ỹ0, ~0

)
→ p0 =

(
M⊥ e

y0 , M⊥ e
−y0 , −~̀⊥

)
,

pg/q =
(
`⊥ e

ye , `⊥ e
−ye, ~̀⊥

)
. (2.62)

Further definitions are: ŝ0 = x̃+x̃−S = M2 and ỹ0 = ỹcm = ln(x̃+/x̃−)/2 with ỹcm

denoting the centre-of-mass rapidity of the collider system. The x̃±, here functions of
M , S and ỹcm, parametrize the momentum fractions of the partons w.r.t their respective
hadron. Employing M 2

⊥ = M2 + `2
⊥, after the emission they read

x± =
`⊥ e±ye +M⊥ e±y0

√
S

≥ x̃± . (2.63)

Clearly, emissions leading to x± > 1 must be rejected. The vector ~̀⊥ = (`⊥ cosϕ, `⊥ sinϕ)
and the quantity ye denote the transverse momentum and the rapidity of the emitted
parton w.r.t. the beam axis, respectively. In terms of the Mandelstam variables, cf.
eq. (2.43), they are:

`2
⊥ =

t̂ û

ŝ
and eye =

ey0

M⊥`⊥
(−t̂− `2

⊥) . (2.64)

The azimuthal angle ϕ can in first approximation be assumed to be uniformly distributed,
and unquestionably ŝ, t̂, û are determined by the evolution parameters p2

⊥ and y through

4The ± labelling is arbitrarily chosen and does not refer to some actual beam assignment of the partons
contained by the original dipoles ı̄′i or q̄ii.
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eqs. (2.49) and eqs. (2.58) for gf and gi emissions, respectively. Below the squared lab-
frame transverse momenta are exemplified as functions of p⊥ and y. For gluon emission
into the final state,

`2
⊥ =

M2 p2
⊥

ŝ
=

p2
⊥

2 p⊥M−1 cosh y + 1
, (2.65)

whereas for quark emission,

`2
⊥ =

M2 p2
⊥

ŝ
− (M2 + |t̂|) |t̂|

ŝ
= (Me−y)2 (2 p⊥M

−1 sinh y − 1) . (2.66)

When comparing both equations for the same ratio p2
⊥/ŝ, it becomes apparent that in the

lab-frame the emissions of quarks yield smaller physical transverse momenta than those
of gluons.
To fix the last degree of freedom, an additional assumption is necessary, which is to
preserve the rapidity of the system of outgoing particles, y0 = ỹ0 = ỹcm. 5 Having the
complete emission at hand, ŝ = x+x−S and ycm = ln(x+/x−)/2 = ln(û/t̂)/2 + ye . 6 In
more detail,

ycm = ỹcm +
1

2
ln
û

t̂
+ ln


 −t̂ (ŝ+ û)√

M2 ŝ t̂ û+ (t̂ û)2


 = ỹcm +

1

2
ln
M2 − t̂
ŝ+ t̂

, (2.67)

which exposes the impact of the y0 = ỹcm choice and shows that during splitting the
system undergoes a rapidity shift. In addition, the new momentum fractions x± can be
written down,

x± = e±y0

√
ŝ

S

(
M2 − t̂
ŝ+ t̂

)±1

. (2.68)

Finally the momenta, p̃
(j)
0 , of all final-state particles, numbered by j, have to be trans-

formed in order to account for the non-trivial change of p̃0 → p0. Here, the Lorentz trans-
formation T is specified as follows: the particles are boosted into the original dipole’s
centre-of-mass frame, afterwards the boost that forms p0 out of (M,~0) is applied on them

likewise. Altogether p
(j)
0 = B(−~p0/p

0
0)B(~̃p0/p̃

0
0) p̃

(j)
0 = T p̃(j)

0 is computed. This finalizes
the construction of the on-shell kinematics of an individual emission.

Improved description of lepton–hadron correlations (Kleiss trick): when analyzing
eqs. (2.62) again, it is noticed that, apart from the azimuthal angle ϕ, which eventually

fixes the vector ~̀⊥, all unknown variables are determined by Lorentz invariants plus the

5If ycm = ỹcm was naively exploited, the ratio of momentum fractions would remain constant,
x+/x− = x̃+/x̃−, which constitutes a rather strange behaviour, since, for instance, very asymmetric
starting configurations would persist to the end of the shower evolution.

6Particularly, for gluon emissions into the final state, ycm−ye = y. This simply expresses that rapidity
differences are invariant under boosts along the beam axis.
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additional assumption y0 = ycm. 7 In a first approximation, the choice is to uniformly dis-
tribute in azimuth w.r.t. the lab-frame, but more sophisticated schemes can be introduced
correcting this simple ansatz. One such scheme can be derived from the work presented in
[117] where it has been shown how to exactly factorize the first order tree-level corrections
to the electroweak production of quarks. The corresponding Monte Carlo algorithm in
fact is employed within the Lund CDM to arrange the splitting kinematics of qf q̄

′
f dipoles.

In [118] this factorization was proven for scattering and annihilation processes involv-
ing initial states and corresponding algorithms were developed. Accordingly, for the q̄ ′iqi

dipoles of this model, the suggestion of [118] has been employed to improve their splitting
kinematics: the new momenta are constructed in the original dipole’s rest frame in a dis-
tinct way, then they are transformed to the lab-frame such that the 0-particle’s rapidity
is preserved. The essence is that the primitive ϕ choice is substituted by a prescription,
which e.g. in Drell–Yan processes correctly accounts for correlations between the radiated
parton and the leptons. As before, the particles associated to the parent II dipole have to
be transformed, however they now undergo a more complicated series of transformations
out of the (before-emission) lab-frame, i.e. precisely

p
(j)
0 = B‖

(
β3 =

p0,+ − e2y0p0,−
p0,+ + e2y0p0,−

∣∣∣∣
ẑ-align.f.

)
Rẑ Balign


 ~pı̄′/gi

+ ~pi

p0
ı̄′/gi

+ p0
i

∣∣∣∣∣
dip.rf.


B‖

(
~̃p0

p̃0
0

)
p̃

(j)
0 ,

(2.69)

where starting from the right, one applies to a momentum: the longitudinal boost into
the dipole’s rest frame, the alignment boost followed by the rotation that brings the newly
incoming partons onto the light-cone axis maintaining the initial ± assignments, and the
final longitudinal boost to satisfy that y0 stays the same as it was before the emission,
i.e. y0 = ỹ0.

2.3.4 Final–initial/initial–final dipoles

Owing to the QCD symmetry under charge conjugation, the discussion here concentrates
on FI dipoles and the results can be easily transferred to IF dipoles. 8

The branching of an FI dipole, fi, caused by a gluon may occur again in two ways, first,
by releasing it to the final state, and, second, by putting it to the initial state, releasing
an antiquark instead:

f(k̃) i(˜̀)→ f(k) g i(`) and f(k̃) qi(˜̀)→ f(k) gi q̄(`) . (2.70)

In deep inelastic scattering, the evolution of the QCD part can be considered completely
separated from the leptonic part, therefore, not only the squared momentum transfer
−Q2 is a constant while emitting a QCD particle, but also its vector can be assumed
fixed. This is used as the paradigm for the construction of the FI dipole kinematics in
this model. Hence, as for FF dipoles, the subsystem kinematically fully decouples from

7Therefore, when neglecting the angle ϕ, it makes no difference whether the kinematics is arranged in
the parent dipole’s rest frame or in the lab-frame.

8The change is to reverse the colour flow, ı̄f̄ 7→ fi, and simply map the momenta.
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the rest of the cascade. This implies that in contrast to the case of II dipoles only the
partons directly involved in the splitting process need to be considered. Therefore,

p̃0 ≡ p0 (2.71)

and

p̃0 + p̃i/qi = p̃f , p0 + pi/gi
= pf + pg/q̄ , with p̃2

0 = M2 ≡ −Q2 < 0 ,

(2.72)

such that Q may be interpreted as the “mass” of the parent dipole. In correspondence to
eqs. (2.18) and (2.19) the signature factors are ς̃f = ςf = ςg/q̄ = 1, all other ones equal −1.
The underlying 2→ 2 character of the process then allows to define kinematic invariants
for radiating FI dipoles:

ŝ = (p0 + pi/gi
)2 = (pf + pg/q̄)

2 = −Q2(1 + xi/gi
) ≥ 0 ≡ ŝ0 ,

t̂ = (p0 − pf)2 = (pg/q̄ − pi/gi
)2 = −Q2(1− xf ) ≤ 0 ,

û = (p0 − pg/q̄)2 = (pf − pi/gi
)2 = −Q2(1− xg/q̄) ≤ 0 , (2.73)

and the identification of the energy-fraction expressions and the bounds are again for
massless partons. The Mandelstam variables then satisfy

ŝ+ t̂ + û+ Q2 = 0 such that 2 + xi/gi
= xf + xg/q̄ . (2.74)

In analogy to the case of II dipoles, the maximal ŝ is parametrized in terms of Q2 as

ŝmax = aQ2 implying that 0 ≤ ŝ ≤ ŝmax ≤ S . (2.75)

Here, the quantity S = (p0 +P )2 plays the rôle, which the squared collider energy S does
for II dipoles, namely to function as the strict upper bound. The use of p0 = p̃0 and the
rigorous definition of the Bjørken-x variable,

xB =
Q2

2 p̃0P
, (2.76)

where P labels the momentum of the incoming hadron, lead to

S = Q2

(
1

xB
− 1

)
. (2.77)

This signifies that the Bjørken-x determines the maximal range for the parameter a,
namely 0 ≤ a ≤ 1/xB − 1. Since parton masses are neglected, ŝ0 = (p̃0 + p̃i/qi)

2 = 0 and
the Bjørken-x is the momentum fraction x̃ of the original incoming parton, p̃i/qi = xBP .
Employing pi/gi

= xP , it is found that xB ≤ x = −xi/gi
xB ≤ (a+1) xB ≤ 1 and the limits

on xi/gi
are clear:

−1− a ≤ xi/gi
≤ −1 ,

1 + xi/gi
≤ xf , xg/q̄ ≤ 1 ,

1− a ≤ xf + xg/q̄ ≤ 1 . (2.78)

The various other bounds then follow from eqs. (2.73) and (2.74).
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2.3.4.1 Gluon emission phase space of final–initial dipoles

First, FI dipole gluon emissions emerging into the final state, fi→ fgi, are discussed in
more detail, again, according to the steps outlined in the introduction of this section:

• The evolution variables are identified as before by particularizing eqs. (2.25) and
(2.26) for the considered case. They read

p2
⊥ =

∣∣∣∣
sfg sgi
sfgi

∣∣∣∣ =
ŝ t̂

−Q2
= Q2(|xi| − 1)(1− xf ) , (2.79)

and

y =
1

2
ln

∣∣∣∣
sgi
sfg

∣∣∣∣ =
1

2
ln
−t̂
ŝ

=
1

2
ln

1− xf
|xi| − 1

, (2.80)

where eqs. (2.73) have been invoked to find the connection to the Mandelstam
variables, which, hence, can be re-written as

ŝ = s0i = sfg = +Qp⊥e
−y ≥ 0 ,

t̂ = s0f = sgi = −Qp⊥e+y ≤ 0 ,

û = s0g = sfi = −Q2 + 2Qp⊥ sinh y ≤ 0 . (2.81)

Obviously, the rightmost relations for ŝ and t̂ are trivially fulfilled.

• The largest available phase space is found from ŝ ≤ ŝmax, cf. eq. (2.75), and û ≤ 0,
such that it can be characterized by

− ln
aQ

p⊥
≤ y ≤ arsinh

Q

2 p⊥
. (2.82)

In the (y, z = ln p⊥
aQ

) plane these bounds manifest themselves in a deformed “trian-
gle”, whose right side is curved to the inside diverging for y → 0 while approaching
z = −y − ln a for y →∞. The left side of the “triangle” is described by z ≤ y and
the intersection is at (y = zmax, zmax = ln

√
1 + 1/a ), suggesting that

p2
⊥,max = a (a+ 1)Q2 = (ŝmax +Q2)

ŝmax

Q2
= s . (2.83)

This statement is nicely confirmed as follows: for a given p⊥, the ŝ expression in
eqs. (2.81) becomes smallest by taking the rapidity according to its right bound, i.e.
ŝmin(p⊥) = Qp⊥ exp(−arsinh Q

2 p⊥
). This function is however monotonically rising

with p⊥. Therefore ŝmin(p⊥,max) ≡ ŝmax must hold true and the analysis of this
equation leads to eq. (2.83).

• The exact rapidity interval is overestimated through the “triangle” bounds that read
z ≤ y ≤ −z + 2 zmax, resulting in ∆y = ln(p2

⊥,max/p
2
⊥). Again the scale s is easily

discovered applying the reasoning given under the similar item in sec. 2.3.3.2. Note
that the final setting for s has been already indicated in eq. (2.83).
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• Again, the actual construction of the momenta is separately detailed, see sec. 2.3.4.3.

To round off, the maximum size of the emission phase space is dictated – similar to II
dipole splittings – by the choice of ŝmax, see eq. (2.75). This dependence is understandable,
since, again in contrast to the FF case, the emission involving incoming partons implies
a new initial state with a larger momentum fraction taken off the corresponding hadron.

2.3.4.2 Antiquark emission phase space of final–initial dipoles

In this subsection, the details concerning the phase-space parametrization are given for
initial-state gluon emission involving massless (anti)quarks, fqi → fgiq̄. They are:

• According to eqs. (2.25), (2.26) and (2.73) the assignments that are present in this
case imply that

p2
⊥ =

∣∣∣∣
sfgi

sgiq̄

sfgiq̄

∣∣∣∣ =
û t̂

Q2
= Q2(1− xq̄)(1− xf ) , (2.84)

and

y =
1

2
ln

∣∣∣∣
sgiq̄

sfgi

∣∣∣∣ =
1

2
ln
t̂

û
=

1

2
ln

1− xf
1− xq̄

, (2.85)

both of which being Lorentz invariants as usual. The Mandelstam variables can
then be cast into the form

ŝ = s0gi
= sfq̄ = 2Qp⊥ cosh y −Q2 ≥ 0 ,

t̂ = s0f = sgiq̄ = −Qp⊥e+y ≤ 0 ,

û = s0q̄ = sfgi
= −Qp⊥e−y ≤ 0 , (2.86)

where the inequalities for t̂ and û are satisfied by construction.

• The requirement 0 ≤ ŝ ≤ ŝmax = aQ2 in conjunction with eqs. (2.86) leads to

arcosh
Q

2 p⊥
≤ |y| ≤ arcosh

ŝmax +Q2

2Qp⊥
= arcosh

(a + 1)Q

2 p⊥
, (2.87)

where the inner and outer bounds follow from the lower and upper limits of the
accessible ŝ interval, respectively. Concerning the former the central rapidity region
becomes unaccessible for emissions of p⊥ < Q/2. In the latter case the similarities to
gf emissions off II dipoles, cf. sec. 2.3.3.1, are fairly obvious, such that the definition
of the scale s already becomes apparent for the antiquark emissions discussed here:

s =

(
ŝmax +Q2

Q

)2

= (a+ 1)2 Q2 , (2.88)

and the outer bounds therefore read

|y| ≤ arcosh

√
s

2 p⊥
. (2.89)



98 2 QCD dipole shower for hadronic collisions

If the available squared energy ŝmax completely goes into the generation of the
transverse momentum then cosh y ≡ 1 and the maximal p⊥ is reached, given by

p2
⊥,max =

(ŝmax +Q2)2

4Q2
=

1

4
(a+ 1)2 Q2 =

s

4
. (2.90)

As in all cases involving initial-state partons, the adjustment of the size of the
phase space is triggered by the choice of ŝmax, which will be discussed within the
presentation of the full shower algorithm in sec. 2.5.

• Loose constraints stem from ŝmax +Q2 ≥ −t̂,−û and yield an increased phase space
w.r.t. the precise one discussed above:

|y| ≤ ln
ŝmax +Q2

Qp⊥
= ln

(a + 1)Q

p⊥
= ln

√
s

p⊥
. (2.91)

This invokes the usual “triangle” interpretation in the (y, z = ln x⊥) plane. More-
over, it justifies the anticipated definition of the rescaling quantity s that has been
already given under the previous item.

• The splitting kinematics will be discussed in the next subsection.

2.3.4.3 Construction of the emission momenta

The basic construction principles mentioned in secs. 2.3.1 and 2.3.3.3 are, of course, taken
over when explicitly establishing the FI splitting kinematics. The kinematical decoupling,
p0 ≡ p̃0, alleviates the task, since potential Lorentz transformations only touch the local
splitting. Thus, including the fact that the squared dipole momentum p̃2

0 = (p̃f− p̃i/qi)2 =
−Q2, the original dipole’s Breit-frame constitutes the optimal frame to set up the three
new four-momenta. Using light-cone notation again, in this frame the momenta read

p̃0 =
(
−Q, Q, ~0

)
→ p0 =

(
−Q, Q, ~0

)
,

p̃i/qi =
(
Q, 0, ~0

)
→ pi/gi

=
(
−xi/gi

Q, 0, ~0
)
,

p̃f =
(

0, Q, ~0
)
→ pf =

(
(1− xf )(−xi/gi

− 1)

|xi/gi
| Q,

xf − xi/gi
− 1

|xi/gi
| Q, ~b⊥

)
,

pg/q̄ = p0 + pi/gi
− pf . (2.92)

The Breit-frame transverse momentum is given through ~b⊥ = (b⊥ cosϕ, b⊥ sinϕ), where

b⊥ =

√
ŝ t̂ û

ŝ+Q2
=
√

(1− xf )(−xi/gi
− 1)(xf − xi/gi

− 1)
Q

|xi/gi
| . (2.93)

Note that, e.g. for gf emissions, it doubtlessly can become zero for û → 0 (in this limit
the rapidity value associated to this emission then coincides with the y+ bound, cf.
sec. 2.3.4.1). This, however, happens independently of the actual value for the evolu-
tion variable p⊥, therefore, ordering the emissions in p⊥ does not impose any ordering in
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b⊥. Finally, the new Breit-frame momenta are transformed into the lab-frame. 9

From eqs. (2.92) the recoil strategy can directly be read off: before and after the split-
ting the initial-state parton is fixed to the + direction of the light-cone decomposition,
therefore to the beam axis 10, leaving the recoil to be completely compensated for by
the final-state particle. Of course, more sophisticated recoil strategies following the ones
of the Lund model and/or the Kleiss idea are possible. Especially the prescription for
quark scattering processes given in [118] seems very attractive, since it includes correla-
tions between leptons and partons associated to the lowest-order DIS process and the first
emission. However, in the framework of this thesis, it is refrained from considering such
improvements.

2.4 Dipole splitting cross sections for QCD radiation

This section is to display the characteristics of partonic radiation emerging from QCD
colour dipoles as employed throughout this model, i.e. the point has come to concretize
the approximate form of the splitting cross sections given in eq. (2.8). As the major result
all gluon-emission types of 2→ 3 splitting functions are compiled. The details are worked
out for the new types of I/FI dipoles that may appear in the initial state and their ability
to either emit a gluon or a/an quark/antiquark. 11

First, however, it is worthwhile to briefly review according to the Lund CDM [16, 17,
18, 11] the refinement of the eikonal splitting cross sections, in particular for the gluon
arising from a qf q̄

′
f dipole. This serves as preparation before those splitting functions are

specified that will be taken for dipole configurations that include at least one incoming
parton, i.e. for ı̄′i and fi/ı̄f̄ dipoles, cf. the first three columns in tab. 2.1. Accordingly,
the second part of this section is used to explicitly demonstrate the factorization that
is applied to separate the emission from the first-order real matrix element. Having
revealed the general structure of I/FI dipole branchings, in the third part the exploitation
of crossing relations is presented to incorporate corrections, which go beyond the eikonal
approximation. In turn things have been prepared to eventually derive the I/FI 2 → 3
dipole splitting functions.

2.4.1 Final-state colour dipoles

The 2 → 3 splitting qq̄′ → qgq̄′ is worked out from the comparison of the real-emission
process V → qq̄′g to the Born contribution for the vector-boson decay V → qq̄ ′. The
lower-order expression in fact can be factored out the real emission, and, for massless
partons, one finds the differential dipole splitting cross section,

dσqq̄′→qgq̄′

dxqdxq̄′
= dσ0

CFαs
2π

x2
q + x2

q̄′

(1− xq)(1− xq̄′)
, (2.94)

9This is done by inverting the transformations that (1) align the lab-frame momenta p̃i/qi and p̃f and
(2) rotate them afterwards onto the ẑ axis.

10The choice pi/gi
= −xi/gi

p̃i/qi = (−xi/gi
xB
√
S, 0,~0)

∣∣
lab-f. constitutes a Lorentz invariant choice.

11The splitting of gluons potentially contained by the I/FI dipole has not yet been considered in full
detail, this is left for future consideration.
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in terms of the Lorentz invariant energy fractions defined in eq. (2.21). CF is the colour
factor of this emission. Re-expressed through the corresponding dipole evolution variables
invoking the Jacobian read off M 2 dxqdxq̄′ = dp2

⊥dy, the exact differential splitting cross
section and its eikonal (soft-gluon/no-spin-correlation 12) approximation become

dσqq̄′→qgq̄′

dp2
⊥dy

= dσ0
CFαs

2π

(1− p⊥
M
e+y)2 + (1− p⊥

M
e−y)2

p2
⊥

= dσ0
CFαs

2π

x2
1 + x2

3

p2
⊥

= dσ0
CFαs

2π

x2
q(p⊥, y) + x2

q̄′(p⊥, y)

p2
⊥

(2.95)

and

dσapprox
qq̄′→qgq̄′

dp2
⊥dy

= dσ0
CFαs

2π

2

p2
⊥
, (2.96)

respectively. In regard of xq,q̄′ ≤ 1, the latter expression can be easily revealed from the
former. Because of their positive definiteness, they can be folded into Sudakov exponen-
tials that yield the all-orders expressions of emitting no parton between two evolution
scales. Its probabilistic interpretation forms the basis of determining the cascading, i.e.
the set of evolution variables that characterizes the next emission. The phase-space limits
discussed in sec. 2.3.2 qualify the Sudakov computation of these variables.
Similar reasoning yields the splitting cross sections for quark–gluon and gluon–gluon
dipoles [119] and the results read

dσqg→qgg
dp2
⊥dy

= dσ0
CAαs

4π

(1− p⊥
M
e+y)2 + (1− p⊥

M
e−y)3

p2
⊥

= dσ0
CAαs

4π

x2
1 + x3

3

p2
⊥

,

dσgg→ggg
dp2
⊥dy

= dσ0
CAαs

4π

(1− p⊥
M
e+y)3 + (1− p⊥

M
e−y)3

p2
⊥

= dσ0
CAαs

4π

x3
1 + x3

3

p2
⊥

.

(2.97)

Note that a factor of 1
2

has entered these differential cross sections, since gluons are
always shared among two dipoles. Introducing an additional factor, ξ, for the Lund FF
dipoles that contain a gluon, it is specified by ξ = 1

2
, otherwise by ξ = 1. The eikonal

approximations or, equally well, overestimated cross sections are then given as

dσapprox
qg→qgg
dp2
⊥dy

=
dσapprox

gg→ggg
dp2
⊥dy

= dσ0
CAαs

4π

2

p2
⊥
. (2.98)

Kinematic structure of the single emission

Making use of the factorization, the information of the kinematic structure of the singled-
out emission can be solely associated with a function K universally defined through

Kk̃ ˜̀→kg`(skg`, skg, sg`) =
1

8π Cαs

|M0→kg`|2
|M0→k̃˜̀|2

, (2.99)

where owing to energy-momentum conservation and zero parton masses, cf. eq. (2.23), the
set of two-parton scalars, which the function depends on, is arbitrarily interchangeable

12The overestimated cross section just corresponds to the soft-gluon/no-spin-correlation approximation.
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between skg, sg` and skg, sk` and sk`, sg`. The colour factor labelled C has been introduced
explicitly and can be one of the following, C = CF = 4

3
for gluons emitted off quarks,

C = CA = 3 for gluons emitted off gluons, or C = TR = 1
2

for gluon splittings, assuming
NC = 3 for the number of colours.
If applied to gluon emission off a qf q̄f dipole (C = CF , skg` = sqgq̄ = M2), one may use
the colour-summed, spin-averaged matrix element squared for the process γ∗ → qq̄g [120],
which is written as

|Mγ∗→qq̄g|2 = 32e2e2
q 4παs

x2
q + x2

q̄

(1− xq)(1− xq̄)
(2.100)

and, for the before-emission state γ∗ → qq̄, one may utilize

|Mγ∗→qq̄|2 = 24e2e2
q p̃qp̃q̄ = 12e2e2

q M
2 . (2.101)

Accordingly, eq. (2.94) can be re-written for equal quark flavours using the kinematic
function Kqq̄→qgq̄(M2, sqg → xq̄, sgq̄ → xq), where the notation for colour-summing spin-
averaging has been adopted,

dσqq̄→qgq̄
dxqdxq̄

= dσ0
CFαs

2π
M2 Kqq̄→qgq̄(M2, sqg, sgq̄) . (2.102)

Similar equations hold for the other FF kinematic functions connecting them to the respec-
tive differential dipole splitting cross sections, see eqs. (2.97). Importantly, the kinematic
functions obey crossing symmetry. Hence, later on this fact can be exploited: the kine-
matic structure of, e.g. the 2 → 3 splitting q̄iqi → q̄igqi can be straightly related to that
of the FF splitting qq̄ → qgq̄.

2.4.2 Identifying the generic structure of 2→ 3 dipole splittings
involving initial states

In the dipole picture one is interested in a description of the emission as coherently shared
between the two partons that establish the dipole. Therefore, as a basis in finding 2→ 3
splitting cross sections, it is advantageous to use tree-level matrix elements that exhibit
the real-emission process and to relate them to the Born level ones, which correspond
to the before-emission state represented by the parent dipole. It is to explore under
which approximations the desired factorization of the emission off the Born process can
be achieved. In this way, the final-state partons radiated off the I/FI dipoles potentially
inherit the characteristics one obtains from calculating real-gluon/(anti)quark emission on
the partonic level. Accordingly, first-order real corrections may already be encoded in the
splitting formulae, automatically finding their way into the calculation of the emission.

Initial–initial dipole splittings

For the class of dipoles exclusively made up of colour-connected incoming partons, cf.
first column in tab. 2.1, the extraction of dipole splitting cross sections has to be done
on the level of hadronic cross sections to correctly account for PDF effects and possible
phase-space (suppression) factors. The ı̄′i dipole’s situation before the emission (indexed
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Figure 2.3: Relevant Feynman diagrams contributing to vector boson production
in association with a gluon, the t̂ and û channel contributions are shown on the left
and right part of the figure, respectively. The modification of the colour flow due to
the emission is illustrated by the thick lines accompanying the particle ones.

by 0) can be expressed by the 2→ 1 Born term of creating a gauge boson V (if considering
a q̄iq

′
i dipole) or off-shell parton of mass M through the matrix element M0, where the

momentum balance is given in eq. (2.42). According to the factorization theorem, the
hadronic Born differential cross section is

dσ0 = fı̄′(x̃±, µ̃F) fi(x̃∓, µ̃F)
π

S

|M0|2
M2

dỹcm , (2.103)

and the definitions are as introduced in sec. 2.3.3.3. At leading order the fk(x̃±, µ̃F) are
the PDFs describing how likely parton k escapes from the nucleon moving along the beam
direction; µ̃F names the factorization scale (here defined in squared energy units).
Re-doing the exercise for the radiative correction, which is described through a 2 → 2
matrix element and corresponds to the after-emission state (indexed by 1), one obtains

dσ1 = fı̄′(g)(x±, µF) fi(x∓, µF)
1

S

|M1|2
16πŝ2

1

dŝ1 dt̂1 dycm , (2.104)

where for the partonic differential cross section dσ̂1/dt̂1 = |M1|2/(64πŝ1p
2
cm) has been

employed, with the incoming partons taken on their mass shell, p2
cm = ŝ1/4. The Mandel-

stam variables here carrying the additional index 1 are taken according to eqs. (2.43).

Specifically, if one considers the first QCD-type emission in vector boson production (real-
gluon bremsstrahlung or QCD Compton), this corresponds to the coherent emission of a
gluon or a(n) (anti)quark off the primary q̄iq

′
i dipole or, correspondingly, off its associated

colour line (cf. fig. 2.1). For gluon bremsstrahlung q̄q ′ → V g (index gf), the amplitude
can be obtained from the Feynman diagrams depicted in fig. 2.3. The partonic squared
matrix element |M1|2, whose colour and spin indices are averaged (summed) over initial
(final) states, can then be expressed in terms of the Born amplitude squared,

|Mgf
1 |2 = 4

8

3
παs
|M0|2
M2

M4 + ŝ2
1 − 2û1t̂1

û1t̂1
, (2.105)
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such that, exploiting eqs. (2.103) and (2.104), it yields the differential hadronic cross
section

dσgf
1 =

(
dσ0

dycm

dỹcm

)
fq̄(x±, µF) fq′(x∓, µF)

fq̄(x̃±, µ̃F) fq′(x̃∓, µ̃F)

M4

ŝ2
1

2αs
3π

M4 + ŝ2
1 − 2û1t̂1

M4 û1t̂1
dŝ1 dt̂1 .

(2.106)

Clearly, the factorization dσ1 = dσ0 dFq̄iq′i→q̄igq′i
dycm

dỹcm
is unambiguous, if, by imposing a

suitable recoil strategy, the rapidity derivative becomes identical to 1. The best instance
is to introduce a shift on ỹcm through some function ŷ that exclusively depends on the
variables associated to the emission,

ycm = ỹcm + ŷ(M2, ŝ1, t̂1) . (2.107)

This is in fact the case for the recoil strategies presented in sec. 2.3.3.3, where eq. (2.67)
is exactly of the suggested form. Assuming, for the moment, that recoil strategies of that
kind can be found generally, then, for the desired splitting q̄iq

′
i → q̄igq

′
i, one hence arrives

at the differential splitting cross section

1

dσ0

dσq̄iq′i→q̄igq′i
dŝdt̂

=

[
fq̄(x±, µF) fq′(x∓, µF)

fq̄(x̃±, µ̃F) fq′(x̃∓, µ̃F)

] [
M4

ŝ2

]
CFαs

2π

f(M2, û, t̂)

M4 ût̂
, (2.108)

where the function f can be written as

f(M2, û, t̂) = M4 + ŝ2 − 2ût̂ = û2 + t̂2 + 2ŝM2 = (M2 − û)2 + (M2 − t̂ )2 . (2.109)

and the subscript labelling the after-emission state is now omitted. If compared to the gf

emission process of FF dipoles, cf. eq. (2.94), which – using M 4 dxqdxq̄′ = dsqgdsgq̄′ – is
re-expressed by

1

dσ0

dσqq̄′→qgq̄′

dsqgdsgq̄′
=

CFαs
2π

(M2 − sqg)2 + (M2 − sgq̄′)2

M4 sqgsgq̄′
≤ CFαs

2π

2

sqgsgq̄′
, (2.110)

additional factors are recognized for the II scenario, namely a ratio of PDFs or a PDF
weight, WPDF (first term in squared brackets), and a phase-space weight, WPSP (second
term in squared brackets). As in the FF case, full first-order real corrections will be
present in the emission’s computation, since the parton-level matrix-element structure
appears in the last part of eq. (2.108). The maximum of the function f is M 4 + ŝ2, which,
if divided by ŝ2, can be safely overestimated by a factor of 2. Thus, the approximate
differential cross section can be noted down,

1

dσ0

dσapprox
q̄iq
′
i→q̄igq′i

dŝdt̂
= NPDF

CFαs
2π

2

ût̂
, (2.111)

where the constant NPDF is used to estimate the upper bound of the PDF weight.

For quark 13 emission gq′ → V q (index gi), the amplitude can be worked out using the
Feynman diagrams illustrated in fig. 2.4. In the dipole-shower picture this process al-
ternatively can be viewed as an initial-gluon emission off a q̄iq

′
i dipole, while turning the
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Figure 2.4: Relevant Feynman diagrams contributing to vector boson production
in association with a quark, the t̂ and ŝ channel contributions are shown on the
left and right side of the figure, respectively. The modification of the colour flow
due to the emission again is illustrated by the thick lines. Consider e.g. gq ′ → Wq
production; starting from the q̄iq

′
i dipole, an FI dipole qfgi and a successor II dipole

giq
′
i will be generated with a dual rôle played by the gluon gi.

previously incoming antiquark into a final-state offspring. The partonic squared matrix
element can again be written in terms of the Born amplitude squared,

|Mgi
1 |2 = 4 παs

|M0|2
M2

M4 + û2
1 − 2ŝ1t̂1

−ŝ1t̂1
. (2.112)

One then proceeds along the same lines to derive the differential branching cross section,
which for quark emission eventually reads (omitting the index 1 again)

1

dσ0

dσq̄iq′i→qgiq
′
i

dŝdt̂
=

[
fg(x±, µF) fq′(x∓, µF)

fq̄(x̃±, µ̃F) fq′(x̃∓, µ̃F)

] [
M4

ŝ2

]
TRαs
2π

f(M2, ŝ, t̂)

−M4 ŝt̂
, (2.113)

with the function f this time defined as

f(M2, ŝ, t̂) = M4 + û2 − 2ŝt̂ = ŝ2 + t̂2 + 2ûM2 = (M2 − ŝ)2 + (M2 − t̂ )2 . (2.114)

Certainly, since ŝ −M 2 ≤ ŝ and M2 − t̂ = ŝ + û ≤ ŝ, the maximum of the function f
is given by 2ŝ2. Using again NPDF to denote an estimate for the upper limit of the PDF
weight, the approximation of the differential cross section hence is

1

dσ0

dσapprox
q̄iq
′
i→qgiq

′
i

dŝdt̂
= NPDF

TRαs
2π

2

−ŝt̂ . (2.115)

In fact, the details of the factorization only have been demonstrated for gluon and
(anti)quark emission off a q̄iq

′
i dipole by means of the factorization properties of the

underlying 2 → 2 annihilation-plus-gluon, q̄q′ → V g, and QCD Compton processes,

13Antiquark emission is straightforwardly deduced from the symmetry.
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gq′(q̄g) → V q(V q̄′), respectively. It can be assumed that for all other II dipoles the fac-
torization can be shown similarly, so that initial–initial dipole splitting cross sections may
in general be written as

dσı̄′i(q̄ii)→ı̄′gi(qgii) =

[
dσ0

dycm

dỹcm

]
fı̄′(g)(x±, µF) fi(x∓, µF)

fı̄′(q̄)(x̃±, µ̃F) fi(x̃∓, µ̃F)

M2

s2
ı̄′i(gii)

ξ
Cαs
2π

× Kı̄′i(q̄ii)→ı̄′gi(qgii)(M
2, sı̄′i(gii), sı̄′g(qgi)) dsı̄′i(gii) dsı̄′g(qgi)

(2.116)

where in the parentheses the case of quark emission is signified. Furthermore, the function
Kı̄′i(q̄ii)→ı̄′gi(qgii) is revealed, which on more general grounds has been already introduced
in sec. 2.4.1, see eq. (2.99).

Kı̄′i(q̄ii)→ı̄′gi(qgii)(M
2, sı̄′i(gii), sı̄′g(qgi)) =

1

8π Cαs

|Mı̄′i(gi)→0g(0q)|2
|Mı̄′i(q̄i)→0|2

, (2.117)

and carries as before the sole kinematic information of the emission. In the next section
its connection to the FF kinematic functions is clarified. In the discussed examples the
colour factor is C = CF and C = TR for final- and initial-gluon emissions, respectively.
Note that also the gluon-sharing factor ξ has been introduced in the general formula,
respecting a potential sharing of gluons with other dipoles.

Final–initial dipole splittings

The generic structure of final–initial dipole splitting cross sections for gluon (antiquark)
emissions into the final state is written 14 (in the limit of zero quark masses)

dσfi(fqi)→fgi(fgiq̄)

dσ0

=
fi(g)(−xi/gi

xB, µF)

fi(q)(xB, µ̃F)

Q2

(sfg(fq̄) +Q2)2
ξ
Cαs
2π

× Kfi(fqi)→fgi(fgiq̄)(−Q2, sfg(fq̄), sgi(giq̄)) dsfg(fq̄) dsgi(giq̄) ,

(2.118)

where the appearing two-parton squared masses are related to the Mandelstam variables
stated in eqs. (2.73), sfg(fq̄) = ŝ and sgi(giq̄) = t̂, see also sec. 2.3.4. The kinematic function
Kfi(fqi)→fgi(fgiq̄) is defined according to eq. (2.99) as

Kfi(fqi)→fgi(fgi q̄)(−Q2, sfg(fq̄), sgi(giq̄)) =
1

8π Cαs

|M0i(0g)→fg(fq̄)|2
|M0i(0q)→f |2

. (2.119)

These formulae have been acquired in the same manner as those of II dipoles, namely by
comparing the (differential) hadronic cross sections before and after the emission. They
again rest upon a factorization theorem, which this time is appropriate to cope with scat-
tering scenarios. Note that the first two terms on the right-hand side of eq. (2.118) show,
as for emissions off II dipoles, the additional PDF and phase-space weights, respectively,
which enter the calculation here but are absent in the generation of FF dipole radiation,
cf. e.g. eq. (2.102).

14The cross sections of initial–final dipoles are understood using the mapping outlined in sec. 2.3.4.
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The remaining task is the calculation of the associated kinematic functions to eventually
achieve explicit factorized splitting cross sections. Hereby it is essential that a matrix-
element factorization be available, which can be resorted to. For qq ′i dipoles emitting
gluons, the ratios between the first and zeroth order QCD matrix elements 15 can be
formed by starting off the two typical real-correction processes to leading order DIS,
namely the QCD Compton and the boson–gluon fusion process. Those are compared to
the sole scattering of a quark caused by a space-like vector boson. In this way the dipole’s
gluon emission will again be treated as coherently arising from the colour line that couples
the incoming and the outgoing quark. Utilizing the corresponding colour-summed, spin-
averaged matrix elements given e.g. in [120], factorization is indeed achieved rendering

Kqq′i→qgq′i(−Q
2, ŝ, t̂) =

1

Q2

ŝ2 + t̂2 − 2ûQ2

−ŝt̂ = −
x2
q′i

+ x2
q

Q2(1 + xq′i)(1− xq)
(2.120)

for gf radiation off an qq′i dipole using C = CF , and

Kqq′i→qgiq̄′(−Q2, ŝ, t̂) =
1

Q2

û2 + t̂2 − 2ŝQ2

ût̂
=

x2
q̄′ + x2

q

Q2(1− xq̄′)(1− xq)
(2.121)

for gi radiation off an qq′i dipole where C = TR. For the definitions of the Mandelstam
variables and their total sum, see eqs. (2.73) and eq. (2.74), respectively. The latter
instance determines the production of an FI–IF dipole (sub)system, qgi–giq̄

′, whereas
the former to finish up with the configuration qgf–gfq

′
i, which constitutes a local FF–FI

system. Finally, the generic structure from above has to be combined with these specific
results of the matrix-element factorization to yield the differential FI dipole splitting cross
sections. In sec. 2.4.5 they will be transformed to readily exhibit their dependence on the
evolution variables.

2.4.3 2→ 3 colour-dipole splittings from crossing relations

Given the general structure of initial–initial and final–initial dipole splitting cross sections
through eqs. (2.116) and (2.118), for those containing a gluon leg, it only remains to
identify their kinematic functions K and to appropriately adapt their colour factors. The
first can be achieved exploiting the crossing symmetry of invariant squared amplitudes,
which allows to transform the kinematic structure of an interaction process to hold under
a different constellation involving the same particles. 16 In this way cross-section results
for I/FI dipoles can be derived from the FF dipole ones given through and utilized in the
Lund colour-dipole model.
Schematically, it is summarized as follows,

• extract the kinematic function from the corresponding Lund FF dipole splitting
cross section according to eq. (2.102);

15To which extent correlations are included depends on the matrix elements selected to characterize the
emission process. In principle, it is possible to go beyond the simple choice made here and additionally
take the leptons into account that constitute the scattering boson, as it has been done in [118].

16In other words, the crossing symmetry relates different analytic regions of the S matrix to each other
in a non-trivial way.
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• employ the crossing symmetry to relate KFF ↔ KI/FI;

• fix the colour factor C according to the generic (large NC) colour structure of the
emission.

Importantly, in a first step, the kinematic structures of the fully derived splitting cross
sections of the previous section have to be cross-checked whether they are identical to those
provided by the scheme. This is outlined below already in the manner of (re-)deriving
the I/FI expressions from the FF ones, i.e. KI/FI = crossKFF, as it will be applied in the
next two sections.

II antiquark–quark dipoles: the three ways of appropriately crossing the final–final pro-
cess q(k̃)q̄′(˜̀)→ q(k)gq̄′(`) yield the eligible processes relevant for emissions off q̄iq

′
i dipoles,

namely the quark-induced process q̄(k)q′(`)→ q̄(k̃)q′(˜̀)g, and the two gluon-induced pro-
cesses, which are, first, gq′(`) → q̄(k̃)q′(˜̀)q(k) and, second, q̄(k)g → q̄(k̃)q′(˜̀)q̄′(`). The
latter is not generic, in fact just the charge-conjugated process of the former eventually
handled by a trivial interchange k̃, k ↔ ˜̀, `. The kinematic structure of all these processes
is gained by applying the crossing symmetry transformation onto

Kqq̄′→qgq̄′ =
x2
q + x2

q̄′

sqgq̄′(1− xq)(1− xq̄′)
(2.122)

(cf. eq. (2.102) of sec. 2.4.1) delivering the following results:

Kq̄iq′i→q̄igq′i =
x2
q̄i

+ x2
q′i

M2(1− xq̄i)(1− xq′i)
=

(M2 − û)2 + (M2 − t̂)2

M2 ût̂
, (2.123)

Kq̄iq′i→qgiq
′
i

= −
x2
q + x2

q′i

M2(1 + xq)(1− xq′i)
=

(M2 − ŝ)2 + (M2 − t̂)2

−M2 ŝt̂
, (2.124)

where the xm are now understood according to II kinematics, see sec. 2.3.3, the Mandel-
stam variables are taken according to eqs. (2.43) and in both cases skg` has been replaced
using skg` = (∓pk ± pg − p`)2 = (−p0)2 = p̃2

0 = M2.

FI quark–quark dipoles: starting again from the FF expression, for the desired final-
state gluon emission off a qq′i dipole, the antiquarks labelled ˜̀and ` have to be crossed with
each other, resulting in q(k̃)q′(`) → q′(˜̀)q(k)g; whereas for initial-state gluon emissions,
crossing is applied on the g instead of the q̄′(`), leaving q(k̃)g → q′(˜̀)q(k)q̄′(`). This corre-
sponds to QCD Compton V (0)q′(`)→ q(k)g and boson–gluon fusion V (0)g → q(k)q̄ ′(`),
respectively. Without surprise, when the symmetry transformations on eq. (2.122) are
carried out accordingly (including skgl = p2

0 = −Q2), it precisely unfolds the energy-
fraction results stated in eqs. (2.120) and (2.121).

Clearly, for both dipole types q̄iq
′
i and qq′i, the colour factor for the gf emissions is CF ;

however, if the radiated gluon is assigned to the initial state, it actually is incoming and
splits into a qq̄ pair with one of the quarks entering the hard process. Therefore, it has
to be TR for both.
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Thus, as expected, all findings and allocations confirm those of the previous section. For
qq′i dipoles the same kinematic functions are recovered. For q̄iq

′
i dipoles, the cross sections

given in eqs. (2.108) and (2.113) for quark- and gluon-induced radiation, respectively,
are regained in regard of eq. (2.116) using the actual kinematic functions stated in this
section.

2.4.4 Initial-state colour dipoles

The proposed crossing-relation approach is used to reveal the missing structures of the
splitting cross sections for initial–initial dipoles containing gluons. They are inferred ac-
cording to KII = crossKFF from the Lund splitting cross sections of the corresponding
final–final dipoles, cf. eqs. (2.97). This is briefly discussed.
For q̄igi dipoles, the kinematic functions for the two gluon-emission processes are achieved
by crossing the associated FF function Kqg→qgg for q(k̃)g(˜̀) → q∗(0) → q(k)gg(`). The
processes then read q̄(k)g(`)→ q̄(k̃)g(˜̀)g (gf emission) and gg(`)→ q̄(k̃)g(˜̀)q(k) (gi emis-
sion). The Kqg→qgg function differs from that in eq. (2.122) only in the numerator, which
now reads x2

k + x3
` . The case of giqi dipoles can be referred to that of q̄igi dipoles. Gluon

dipoles gigi only emit final-state gluons because of the indistinguishability of identical
particles. Crossing symmetry of Kgg→ggg, its numerator reading x3

k + x3
` , is deployed to

describe g(k)g(`)→ g(k̃)g(˜̀)g.
The colour-factor issue is unproblematic for the latter dipole type, here C = CA unam-
biguously, however problematic for the ones that consist of a(n) (anti)quark and a gluon.
This (known) problem is already present at the FF dipole level. If the gluon is consid-
ered emitted while approaching a collinear limit either with the parent quark or with the
parent gluon, where the radiation is governed by CF or CA, respectively, then, literally
taken, the different colour-factor regimes have to be respected. Currently, however, the
following choices are made for II dipoles with a single gluon leg: final-state gluons are
emitted adopting the Lund CDM choice of C = CA (and ξ = 0.5); for initial-state ones,
C = TR (and hence ξ = 1) is selected adopting the result from the calculation for q̄iq

′
i

dipoles. The gi emission cross section is based on the coherent superposition of the t̂
channel and ŝ channel diagrams, see fig. 2.5, however, since ŝ ≥ M 2 > 0, the latter is
non-singular. 17 Therefore, the selection C = TR at least ensures the correct behaviour in
the singular limit t̂→ 0 of gi emissions.
Taken it all together, thereby making use of eq. (2.116) under the assumption that the
extra Jacobian of dycm

dỹcm
is trivial, all differential II dipole splitting cross sections can now

be formulated in terms of the evolution variables. The coordinate transformation from
the (sı̄′i(gii), sı̄′g(qgi)) set to the (p2

⊥, y) set requires the evaluation of a Jacobian. In all cases
dsı̄′i(gii)dsı̄′g(qgi) = M2 dp2

⊥dy, and it can be straightly concluded that the exact differential
splitting cross sections for gf emission read

dσı̄′i→ı̄′gi
dσ0 dp

2
⊥dy

=
fı̄′(x±, µF) fi(x∓, µF)

fı̄′(x̃±, µ̃F) fi(x̃∓, µ̃F)

M4

ŝ2(p⊥, y)
ξ{FA}

C{FA}αs
2π

x
nı̄′
ı̄′ (p⊥, y) + xnii (p⊥, y)

p2
⊥

,

(2.125)

17Parton showers relying on 1→ 2 branchings do not account for a configuration as given through the
ŝ channel.
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Figure 2.5: Left panel: contributing diagrams (t̂ and ŝ channel) for initial-state
gluon emission originating from a q̄igi dipole. Right panel: Feynman diagrams for
final-state gluon; only the t̂ and û channels contribute, the ŝ channel describes an
emission, which is associated with the accompanying colour flow, an emission, thus,
taken care of by the neighbouring dipole, i.e. the IF dipole gif̄ . The FF-domain
equivalent is an emission that escapes from the incoming off-shell quark ready to
decay, i.e. also from an accompanied colour line. Therefore it is not considered too.

where ŝ(p⊥, y) = M2 + 2M p⊥ cosh y, as given in sec. 2.3.3.1,

xı̄′,i(p⊥, y) = 1 +
p⊥
M

e±y (2.126)

and nq = nq̄ = 2 and ng = 3. Furthermore ξF = 1 and ξA = 0.5 since a gluon links two

dipoles. The curly bracket encodes that
{
... for q̄′iqi
... else

}
; note that the partonic momentum

fractions in the PDFs are then given as functions depending on p⊥, y and ỹcm. The
singularity structure is entirely contained in the p−2

⊥ term, which becomes infinite in
either of the collinear limits that the gluon can have with the parent partons, i.e. the t̂ or
û variables turn separately to zero, or in the soft limit where xg → 0 and therefore t̂ and
û collectively approach the limit at zero.
Similarly, the differential splitting cross sections for gluons radiated into the initial state
can be summarized,

dσq̄ii→qgii

dσ0 dp
2
⊥dy

=
fg(x±, µF) fi(x∓, µF)

fq̄(x̃±, µ̃F) fi(x̃∓, µ̃F)

M4

ŝ2(p⊥, y)

TRαs
2π

x2
q(p⊥, y) + xnii (p⊥, y)

p2
⊥

, (2.127)

where ŝ(p⊥, y) = M p⊥ey, as stated in sec. 2.3.3.2, and

xq,i(p⊥, y) = ∓1 +
p⊥
M

e±y . (2.128)

The singularities again will be entirely mapped out by the transverse momentum tending
to zero. For gi emissions, their structure is however not as rich as for gf emissions off
II dipoles, since ŝ is bounded to stay well above zero due to the parent dipole’s mass.
So, it only is critical if the emitted quark becomes soft or collinear with the incoming
splitting gluon gi. No other radiating dipole contributes to this singularity, therefore
ξ ≡ 1, consequently being omitted in the formula above.
For the proposed model, the 2→ 3 splitting cross sections given in eqs. (2.125) and (2.127)
constitute the building blocks out of which the full radiation pattern in II configurations
will be generated. In regard of the kinematic phase-space bounds discussed throughout
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sec. 2.3.3, the overestimations – finally constituting an eikonal approximation – for the
cross sections of eqs. (2.125) and (2.127) can be stated by

dσapprox
ı̄′i→ı̄′gi

dσ0 dp2
⊥dy

= NPDF ξ{FA}
C{FA}αs

2π

{
2
a+1

}

p2
⊥

, (2.129)

and

dσapprox
q̄ii→qgii

dσ0 dp
2
⊥dy

= NPDF
TRαs
2π

{
2

a+1

}

p2
⊥

. (2.130)

They exactly hold the same singularity structure as the exact cross sections do, thus, they
are ready to be utilized in the Sudakov veto algorithm, see sec. 2.5.2. The meaning of the
curly bracket is as before. The quantity a has been introduced in sec. 2.3.3.

2.4.5 Dipoles from final–initial colour flows

All missing kinematic functions are calculated as before under exploitation of the crossing
symmetry of the appropriate FF dipole kinematic function taken from the Lund CDM.
In the cases where there are different particles in the final state, there are more than one
possible crossing and, therefore, more than one corresponding kinematic function. For
example, taking q(k̃)g(˜̀)→ q(k)gg(`), the quark or one of the gluons can be crossed into
the initial state. However, there is freedom, which of the initial partons, either q(k̃) or
g(˜̀), can be transferred. Finally the chosen partition is q(k̃)g(`)→ g(˜̀)q(k)g describing gf

emission off a qgi dipole, g(˜̀)q̄(k)→ q̄(k̃)gg(`) and g(˜̀)g → q̄(k̃)q(k)g(`) describing gf and
gi emission off a q̄ig dipole, respectively. It reflects that FI/IF dipoles already containing
an initial gluon do not contribute to (anti)quark emissions. For the other dipole types,
it is proceeded analogously and the kinematic functions that are obtained by crossing
resemble the ones given in eqs. (2.120) and (2.121) for gf and gi radiation, respectively,
up to differences in the numerator.
The reasoning concerning the choice of colour factors applies here on equal footing. There
are the same ambiguities for final-state gluon emission arising from a quark–gluon dipole.
This has been already discussed in the previous section. Finally, the choices made are
as for II dipoles. For antiquark radiation, the same problem appears, this time in full
analogy to the former case, since the splitting is now singular when both the emitted
antiquark (t̂ → 0) or the other parton (û → 0) in the final state become collinear with
the initial-state gluon, cf. eqs. (2.73). This is in contrast to the situation of II dipoles
where a collinear divergence cannot emerge between the incoming gluon and the other
initial-state parton. The ambiguity occurs when the mentioned “other” final-state parton
corresponds to a gluon, apparently resulting in a collinear splitting governed by CA rather
than TR, which despite of this circumstance is picked throughout to describe the extra
occurrence of antiquarks or – for IF dipoles – quarks in the final state.
If all findings are assembled, eq. (2.118) can be re-formulated in detail for the accessi-
ble emission channels of all types of FI dipoles (and hence IF dipoles) that are made
up of massless partons. Using the evolution variables introduced in the corresponding
subsections of sec. 2.3.4, the common Jacobian required to calculate is given through
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dŝdt̂ = Q2 dp2
⊥dy. Then the final result of the differential FI dipole splitting cross section

controlling gf emissions is

dσfi→fgi
dσ0 dp

2
⊥dy

=
fi(−xixB, µF)

fi(xB, µ̃F)

ξ{FA}
x2
i (p⊥, y)

C{FA}αs
2π

|xf(p⊥, y)|nf + |xi(p⊥, y)|ni
p2
⊥

,

(2.131)

where the modulus is used to keep the terms in the rightmost numerator positive definite.
All quantities denoted by x have been introduced in sec. 2.3.4 with xB being the Bjørken-x
variable and the energy fractions as functions of p⊥ and y read

xf,i(p⊥, y) = ±1− p⊥
Q
e±y . (2.132)

The meanings of n, ξ and the curly brackets are as in the previous section, µ̃F and µF are
the factorization scales before and after the emission, respectively, their choices will be
discussed in sec. 2.5.3. Concerning the divergencies it is as before, they are accumulated
in the p−2

⊥ term, so that the singular regions are approached while the invariant transverse
momentum is vanishing. This fact once more renders its usage as the ordering variable
steering dipole splittings. Collinear/soft limits (t̂ → 0 or/and ŝ → 0) appear 18 in the
same manner compared to the II dipole gf emissions, see previous section.
Applying the same manipulations in the instance of antiquark emissions, they are even-
tually described by

dσfqi→fgiq̄

dσ0 dp2
⊥dy

=
fgi

(−xgi
xB, µF)

fqi(xB, µ̃F)

1

x2
gi

(p⊥, y)

TRαs
2π

|xf(p⊥, y)|nf + x2
q̄(p⊥, y)

p2
⊥

, (2.133)

and the employed invariant energy fractions in terms of the evolution variables are

xf,q̄(p⊥, y) = 1− p⊥
Q
e±y , such that xgi

(p⊥, y) = −2 p⊥
Q

cosh y . (2.134)

As already mentioned in the discussion of the choice of the colour factor for this type of
radiation, the incoming gluon may split collinearly and, therefore, in singular domains
w.r.t. both the antiquark and the second final-state parton associated to the emission.
The gluon gi cannot become soft, since it is coupled to the initial state, therefore, the
soft limit only comes about when the antiquark is emitted accordingly, with the singular
effect only entering through t̂ → 0 (the disappearance of ŝ is non-singular). Generally t̂
and û cannot vanish at the same time, which is clear from eqs. (2.78).
Next the overestimated splitting cross sections are displayed. They are deduced under
incorporation of the kinematic phase-space limits presented in sec. 2.3.4, and, again form
eikonal approximations of the exact cross sections. Thus, eq. (2.131) is constrained from
above through

dσapprox
fi→fgi

dσ0 dp2
⊥dy

= NPDF ξ{FA}
C{FA}αs

2π

{
2

2(a+1)

}

p2
⊥

, (2.135)

18Note that the collinear singularities for gluons only fully appear when including the contributions of
the neighbouring dipoles.
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and the expression given in eq. (2.133) is overestimated through

dσapprox
fqi→fgiq̄

dσ0 dp
2
⊥dy

= NPDF
TRαs
2π

{
1

max{2, a+1}

}

p2
⊥

. (2.136)

Again, the PDF ratio has to be under control requiring NPDF to be a reasonable over-
estimation of the true ratio. Only if guaranteed, the expressions are at hand that will
enter the Sudakov veto algorithm as the crude (primary) splitting cross sections allowing
hit-or-miss techniques to be applied.

2.4.6 Dipole splitting functions

In analogy to conventional parton showers the notion of splitting function is introduced
for the dipole shower. These functions will be employed in the definitions of the Sudakov
form factor(s), in sec. 2.5, hence they are stated here.
The differential decay cross section for a k̃ ˜̀ dipole to develop into a kg` colour-connected
state can be denoted as

dPk̃ ˜̀→kg` ≡
dσk̃ ˜̀→kg`
dσ0

=
αs
2π

Dk̃ ˜̀→kg`(p⊥, y)
dp2
⊥

p2
⊥
dy , (2.137)

which, hence, defines the dipole splitting function Dk̃ ˜̀→kg` for a k̃ ˜̀→ kg` transition.
This is applied to all cases discussed throughout this work, where the definitions nq =
nq̄ = 2 and ng = 3, ξF = 1 and ξA = 0.5, and

{
... for quark dipoles
... else

}
are generic to all dipole

splitting functions detailed below; they are:

• Final–final dipoles:
According to the Lund CDM [16, 17, 18, 11] they are found as

Dff̄ ′→fgf̄ ′(p⊥, y) = ξ{FA}C{FA}
[
x
nf
f (p⊥, y) + x

nf̄ ′
f̄ ′ (p⊥, y)

]

≤ 2 ξ{FA}C{FA} ,
(2.138)

with the invariant energy fractions given through

xf,f̄ ′ = 1− p⊥
M

e±y . (2.139)

As indicated, all those dipole splitting functions can be easily approximated, and
these Dapprox

ff̄ ′→fgf̄ ′ give upper bounds to any of the splitting functions noted above.

• Initial–initial dipoles:
Here the definition yields, for gluons that are radiated into the final state,

Dı̄′i→ı̄′gi(p⊥, y) =
fı̄′(x±, µF) fi(x∓, µF)

fı̄′(x̃±, µ̃F) fi(x̃∓, µ̃F)
ξ{FA}C{FA}

x
nı̄′
ı̄′ (p⊥, y) + xnii (p⊥, y)

[xı̄′(p⊥, y) + xi(p⊥, y)− 1]2
,

(2.140)
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with the energy fractions given in eq. (2.126), and, for those that are radiated into
the initial state

Dq̄ii→qgii(p⊥, y) =
fg(x±, µF) fi(x∓, µF)

fq̄(x̃±, µ̃F) fi(x̃∓, µ̃F)
TR

x2
q(p⊥, y) + xnii (p⊥, y)

[1 + xq(p⊥, y)]2
, (2.141)

with the energy fractions of eq. (2.128). With the above definition the PDF ratios
have been formally included into the splitting functions, hence, a redefinition of the
Sudakov form factor (cf. sec. 2.5.1) later on will not be required.

• Final–initial dipoles:
Their splitting functions are written

Dfi→fgi(p⊥, y) =
fi(−xixB, µF)

fi(xB, µ̃F)
ξ{FA}C{FA}

|xf(p⊥, y)|nf + |xi(p⊥, y)|ni
x2
i (p⊥, y)

,

(2.142)

whereas the corresponding energy fractions are stated in eq. (2.132), and

Dfqi→fgiq̄(p⊥, y) =
fgi

(−xgi
xB, µF)

fqi(xB, µ̃F)
TR
|xf (p⊥, y)|nf + x2

q̄(p⊥, y)

x2
gi

(p⊥, y)
, (2.143)

with the energy fractions here taken from eqs. (2.134). As before, the PDF term is
included per definition and will therefore directly occur in the Sudakov form factor.

2.4.7 Remarks

Some comments are in order here:

• All results in this work are for massless quarks only.

• In [17, 119] the Lund differential cross sections have been shown to obey the correct
QCD behaviour in the soft and/or collinear (Altarelli–Parisi) limit. Strictly, this
has been demonstrated without considering the colour factor, therefore, in the strict
sense, the reasoning rather applies to the kinematic functions. Moreover, since
crossing symmetry has been invoked to obtain the kinematic functions of the new
cases, these can be assumed with some confidence to work correctly in the singular
domains of QCD too.

• As discussed, the ambiguity in the assignment of the colour factors for quark–
gluon dipoles does not allow pinpoint the order of logarithms taken into account.
There is no proof of the resummation to be correct at a well-defined order and
the Sudakov exponentiation only proceeds upon analogy to existing parton-shower
models, following the rule of the thumb that one obtains the all-orders expression
by exponentiating the single-emission cross section. A proof cannot be provided at
this stage of the project, however evidence can be given, as will be done in sec. 2.6,
by presenting detailed results and predictions of observables that are known to be
discriminatory for certain issues, e.g. the correct modelling of colour coherence.
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• It should also be kept in mind that the splitting functions for quark dipoles were
obtained from the consideration of vector boson decays, therefore intrinsically carry
their spin structure. It needs to be investigated whether this has consequences for
the description of e.g. b-quark associated Higgs production owing to the scalar spin
structure of the Higgs.

• The kinematic functions of this approach allow direct comparison with the tree-level
antenna functions of [30, 121]. Thus, the use of antenna functions, instead of the
Lund kinematic functions, constitutes a very attractive alternative, with the clear
advantage of constructing a dipole shower, based upon a subtraction method – the
antenna subtraction method. Furthermore, antenna functions seem to be better
suited to enable a decomposition into subantennæ, such that singularities falling
under different colour factor regimes can be separated and individually treated.
Using partitioning, the colour-factor ambiguity might be resolved.

2.5 The complete shower algorithm

The dipole-shower algorithm is presented handling QCD radiation of initial-, final–initial
and final-state colour-dipoles in equal measure. The construction of the radiation pattern
occurs through a Markovian process, which effectively is invoked to resum LL effects by
generating exclusive final states of partons. In analogy to conventional parton showers
the Sudakov form factor is introduced constituting the central probabilistic quantity that
regulates the full development of the cascade. The concept of “time” is realized through
the leading evolution variable p⊥ and an imposed ordering of the emissions according to
its magnitude. The evaluation of a set of evolution variables (p⊥, y) qualifying a single
emission is briefly demonstrated before the complete algorithm is fixed by specifying
the iteration loop that produces the emissions and necessary scales occurring during the
evolution.

2.5.1 The Sudakov form factor

As discussed at various places throughout this write-up the evolution variables are given
as an invariant transverse momentum p⊥ and an invariant rapidity y playing the rôle of
the associated variable. It has been shown that the divergent behaviour of each emission
cross section can be always fully folded into a p−2

⊥ term in a consistent manner. This
earmarks the usage of p⊥ w.r.t. y to operate as the leading variable responsible for the
ordering of the emissions. Contrary it tells that the dipole splitting functions D(p⊥, y)
do not at all contribute to the singular structure of the emissions. So, in conclusion,
all 2 → 3 dipole splitting cross sections independent of their assignment to a certain
kinematic region follow the generic pattern primarily triggered by an accentuation of the
soft limit of QCD radiation. This nice feature supplemented by the fact that without
exception the definition of the evolution variables consistently succeeds as anticipated
through eqs. (2.25) and (2.26) allows to treat all emissions on equal footing enabling a
simultaneous competition between them. Hence, the differential decay cross section of a
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certain dipole k̃ ˜̀ to branch can be universally given by

dPk̃ ˜̀ ≡ dσk̃ ˜̀

dσ0
=

αs
2π

∑

{kg`}
Dk̃ ˜̀→kg`(p⊥, y)

dp2
⊥

p2
⊥
dy , (2.144)

where the sum runs over the set of channels available for this dipole to split. The all-
orders expression is gained from the exponentiation of minus the corresponding differential
single-emission cross section dσ/dσ0

dp2
⊥dy

. Following the general understanding, it is interpreted

as the no-branching probability through which the two divergent contributions of virtual
and unresolvable real emission are summed up to give a finite result. Consequently, for
the dipole splittings employed by this model, the Sudakov form factor is just defined
according to this “rule”:

∆(p2
⊥,stt, p

2
⊥) = exp




−

p2
⊥,stt∫

p2
⊥

dp̃2
⊥

p̃2
⊥
I(p̃2

⊥)




, (2.145)

which becomes equivalent to eq. (2.13) of the Lund CDM if reduced to describe FF dipole
evolution solely. As given in the equation above it quantifies how likely a state consisting
of a number of dipoles will not emit any further resolvable parton between the start scale
p2
⊥,stt and a lower scale p2

⊥. Accordingly, the function I(p2
⊥) names the sum of the rapidity

integrals of the splitting functions over all contributing dipole-emission channels denoted
by {k̃ ˜̀→ kg`},

I(p2
⊥) =

αs(µR)

2π

∑

{k̃ ˜̀→kg`}

y+(p⊥, a)∫

y−(p⊥, a)

dy Dk̃ ˜̀→kg`(p⊥, y) . (2.146)

The fact to pick the sum of real-emission cross sections as the kernel of the all-orders
expression has the direct consequence that the PDF ratios present in the I/FI splitting
functions emerge in the Sudakov computation. To this extent the ansatz followed here
resembles that one of PYTHIA, where the splitting kernels feature a ratio of parton densities
ensuring that the parton composition of the hadron is properly reflected [12]. Moreover,
µR denotes the renormalization scale in squared energy units for the evaluation of the
strong coupling, which better be running to enable the inclusion of higher-order virtual
contributions beyond the LL approximation. Note that the rapidity limits y± in its
functional form also depend on the certain selection of emission channel. This is omitted
in the notation of the limits, but it is clear in view of eq. (2.37), eqs. (2.51), (2.59) and
(2.82), (2.87), and requires to sum up the rapidity integrals and not vice versa, in order
to respect the most general case. Moreover, common to these bounds is their dependence
in y+ and/or y− on the choice of the maximal available phase space most easily expressed
through the scaling quantity a relating the phase-space choice to the actual squared mass
of the dipole, cf. eqs. (2.45) and (2.75). As mentioned in sec. 2.3, this is in contrast to the
case of FF dipoles, which is unaffected by this choice, cf. eq. (2.37). The implications in
opening/restricting the phase space to the emissions will be further discussed in sec. 2.5.3.
Hence, the actual probability that some branching occurs at p2

⊥ then manifests itself by

d∆(p2
⊥,stt, p

2
⊥)

dp2
⊥

=
I(p2

⊥)

p2
⊥

∆(p2
⊥,stt, p

2
⊥) , (2.147)
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and subsequent emissions are ordered in p⊥ to generate a Markov chain. Accordingly the
start scale p2

⊥,stt has to be chosen, however concerning the very first emission an initializing
scale p2

⊥,ini has to be carefully selected that then specifies the value taken for the starting
scale of the Sudakov computation. This is detailed in sec. 2.5.3.

2.5.2 Generation of the emission’s Sudakov variables

The techniques are briefly documented, which are employed to generate a valid set of
evolution variables characterizing an emission.
First, strict p⊥ ordering makes it possible to analyze any dipole individually per emission
channel. Therefore the answer obtained through eq. (2.147) can be equally achieved by
picking the emission of highest p⊥ from the ensemble of trial emissions each of it generated
according to its associated probability density reading

dF

dp2
⊥

=
αs(µR(p⊥))

2π p2
⊥

y+(p⊥, a)∫

y−(p⊥, a)

dyDk̃ ˜̀→kg`(p⊥, y)

× exp




−

p2
⊥,stt∫

p2
⊥

dp̃2
⊥

p̃2
⊥

αs(µR(p̃⊥))

2π

y+(p̃⊥, a)∫

y−(p̃⊥, a)

dy Dk̃ ˜̀→kg`(p̃⊥, y)




.

(2.148)

Notice that µR denotes the renormalization scale as some function of p2
⊥(p̃2

⊥).
Second, the standard Monte Carlo technique of the veto algorithm [7] is used to select a
valid trial set (p⊥, y) from a single-channel distribution. According to the method the set is
actually computed from a sufficiently simpler density with its kernel overshooting the exact
one everywhere and for which the equation R = ∆(p2

⊥,stt, p
2
⊥) can be inverted analytically

invoking a random number R ∈ [0, 1]. The approximate splitting cross sections gathered
throughout sec. 2.4 fulfil these requirements implying that

dF approx

dp2
⊥

=

Y+(p⊥, a)∫

Y−(p⊥, a)

dy
dσapprox

k̃ ˜̀→kg`
dσ0 dp2

⊥dy
exp




−

p2
⊥,stt∫

p2
⊥

dp̃2
⊥

Y+(p̃⊥, a)∫

Y−(p̃⊥, a)

dy
dσapprox

k̃ ˜̀→kg`
dσ0 dp̃2

⊥dy




, (2.149)

where Y± are the loose rapidity bounds, overestimating the sharp ones. The trial p⊥
generation can be analytically solved for this distribution and the associated rapidity
is randomly taken from the exact interval [y−, y+]. Then, the correction for the actual
distribution basically is accomplished by only accepting the suggested branching, if the
ratio of exact vs. approximate Sudakov kernel is larger than a second random number.
Otherwise, as long as the cut-off scale has not been reached, it is tested for a new branching
with p2

⊥,stt set by the rejected scale.
The full procedure generates correction weights of the form

W =
WPDF

NPDF

αs(µR)

αmax
s

WPSPWME

NPSP+ME

∆y(p⊥, a)

∆Y (p⊥, a)
. (2.150)
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The individual W... and N... factors can be easily identified by inspecting the exact and
approximate differential splitting cross sections presented throughout sec. 2.4. For in-
stance, the numerators of the p−2

⊥ terms of the overestimated cross sections constitute
the NPSP+ME factors. Apart from the trivial FF dipole PDF factors, the NPDF, approxi-
mating the exact ratio(s) in WPDF, are taken from a dynamical self-adapting tabulation
to improve the efficiency in generating a valid branching. The last term of above equa-
tion exhibits the correction for the exact rapidity interval, where ∆y = y+ − y− and
∆Y = Y+− Y−. Note that violated kinematical constraints, such as the demand for valid
momentum fractions x′± ≤ 1 in II dipole evolution, see sec. 2.3.3.3, also force the rejection
of a trial emission with the implication to start over again from the rejected scale.

2.5.3 Scale choices, starting conditions and iteration principles

All necessary ingredients are at hand to compute a particular emission. Thus, it remains
to specify the cascade-generating algorithm dealing with the multitude of emissions, i.e.
various decisions have to be drawn that concern the preparation of the next step and the
interplay with the hard process and the hadronization. This is tightly connected with the
task of carefully choosing and processing the scales before and while the shower evolves.
All of which is commented below with focus on the choices used for the production of the
results presented in the next section.

Renormalization scale: various choices have been tried out, finally the results have been
obtained employing the p2

⊥ of the emission:

µR

∣∣∣
FF

=
p2
⊥
2

and µR

∣∣∣∣ I/FI
= 2 z (1− z) p2

⊥ =
p2
⊥

1 + cosh(2y)
≤ p2

⊥
2

(2.151)

are used for the argument of the running strong coupling. The z variable defined by

z =
|skg|

|skg|+ |sg`|
=

1

1 + e2y
(2.152)

is introduced as a fraction of squared two-particle masses of the partons partaking in the
emission. An offset of the order of 1 GeV is added ensuring the evolution to proceed well
above the Landau pole ΛQCD.

Factorization scale: the evolution variable p2
⊥ apparently increases faster with the hard-

ness of an emission than its true squared transverse momentum in the lab-frame. Recalling
that M2/ŝ ≤ 1, this fact is evident from e.g. eq. (2.65), which is valid for gf emissions off
II dipoles. Therefore, based on eq. (2.65) the scale k2

⊥ is defined invariantly,

k2
⊥ =

|skg sg`|
|skg`|+ |skg|+ |sg`|

=
|M | p2

⊥
|M | + 2 p⊥ cosh y

, (2.153)

intended to function as a more natural scale for the argument of the parton densities,
since it better compares to the lab-frame squared transverse momentum. However, this
is done at the prize of violating strict ordering from time to time, which particularly may
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happen if an emission of large rapidity is followed by one of rather small rapidity.
Secondly, in the case of II dipoles µF has to be set in both PDFs at the same time. In
first line this can be done as in a cross-section calculation assigning the new k2

⊥ to both
PDF scales, however it is found that better performances are achieved by using

µF = (4 k2
⊥)d/2 µ̃F

1−d/2 (2.154)

with d = 1 and d = 2 for II and FI/IF dipoles, respectively. This choice particularly
has been found by analyzing the frequency to have at least one parton emission in the
inclusive production of Drell–Yan lepton pairs. If, in contrast to the proposed choice,
d = 2 is used throughout, the non-emission probability, i.e. the rate of longitudinal lepton
pairs, becomes somewhat large, easily seen in a reduction of the peaks of the corresponding
pseudo-rapidity distribution.
The µF scales are eventually calculated from the new (trial) emission using its k2

⊥, whereas
the respective values present before the emission are kept in the µ̃F scales.

Initializing scales: first, in a hadronic environment, the primary factorization scales
µ̃F,ini have to be adopted from the hard process.
Second, it has to be clarified which p2

⊥ scale should initialize the showering off the lowest-
order process. In the general case the scale related to this process has to be used to set
the hardest scale of the subsequent cascade, since the shower description is valid strictly
for soft and collinear emission only. As argued in the last item, the p2

⊥ variable is not
a direct transverse-momentum scale in the usual sense, and, therefore, the initializing
scale p2

⊥,ini has to be identified carefully. For the considerations here, three scenarios are
distinguished, namely starting from a single qq̄ dipole as in e+e− collisions, from a single
q̄iq
′
i dipole as in Drell–Yan processes, and, from a multi-dipole state as in pure QCD

jet production. For the first, a good choice is the squared mass of the parent dipole,
p2
⊥,ini = ŝ0 = M2. In the Drell–Yan case, in principle, it can be done similarly, however,

taking p⊥ ordering into account and referring to eq. (2.153), which corresponds to the true
squared transverse momentum `⊥ of the final-state gluon emitted from the q̄iq

′
i dipole, the

maximum `⊥ can never exceed `⊥ = M/
√

3, which is somewhat low. So, a better p⊥,ini

estimate is gained by inverting eq. (2.153) for y = 0, which yields

p⊥,ini

∣∣∣
DY

= k⊥,max


k⊥,max

M
+

√
k2
⊥,max

M2
+ 1


 , (2.155)

and gives p⊥,ini

∣∣
DY = (1 +

√
2)M , provided that k2

⊥,max = `2
⊥,max = ŝ0 = M2. However,

seriously taking into account that in this model the first emission off a q̄iq
′
i dipole is

matrix-element corrected per construction, it is possible to discard the restricted scale,
instead allow the shower to evolve freely. In this case the initializing scale can be chosen
as large as the kinematically allowed scale, i.e. p⊥,ini

∣∣
DY = p⊥,max, see next item.

The multi-dipole start configurations of the shower actually signal the need for a backward-
clustering procedure, basically answering the question what was the last emission coupled
to which p2

⊥ that produced the present multi-dipole state. Without such an algorithm
one can however try to emulate it by simply calculating all possible combinations for the
fraction |skg sg`|/|skg`| using the strong particles provided by the hard process; choosing
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the lowest scale out of those combinations should be sufficient to have a good estimate in
hand for the initializing scale. Applied to QCD jet production, the minimal numerator
of the fraction mentioned above is given by min{ût̂, ŝt̂, ŝû} employing the Mandelstam
variables of the initiating 2→ 2 QCD process. There is also a problem, namely that the
denominators are all identical to zero if quarks are considered to be massless. So, instead
a squared mass |skg`| has to be “invented”, and some simple mean-value choice e.g. reads
(ŝ+ |t̂|+ |û|)/3. Taken together,

p2
⊥,ini

∣∣∣
Jets

=
3 min{û t̂, ŝ t̂, ŝ û}

ŝ+ |t̂|+ |û| . (2.156)

Alternatively, a scale often used in conjunction with 2 → 2 QCD scattering processes
could be consulted,

p2
⊥,ini

∣∣∣
Jets

= µQCD =
2 ŝ t̂ û

ŝ2 + t̂2 + û2
. (2.157)

A third idea follows from considerations similar to the Drell–Yan case, i.e. the case of a
primary II dipole, and leads to

p2
⊥,ini

∣∣∣
Jets

= (1 +
√

2)2 `2
⊥,max ≡ (1 +

√
2)2 û t̂

ŝ
. (2.158)

This scale is enhanced w.r.t. the other suggestions, since already the sole ratio term is of
the order of magnitude of the other scales.
Related to multi-dipole initial states, there is a second issue of assigning large NC colour
flows to the set of dipoles. This is accomplished by analyzing the present 2 → 2 QCD
subprocess together with its actual intrinsic kinematic configuration.

Maximal phase space: in sec. 2.3 it has been argued that for II and FI dipole regimes
the size of the available phase space for a single emission is adjusted through the choices
of the ŝmax parameters, cf. eqs. (2.45) and (2.75). Accordingly the limits on the evolution
variables vary with these choices restricting the phase space for decreasing ŝmax values.
This in turn has two effects, firstly, the kinematic upper bound p2

⊥,max prohibits start
scales p2

⊥,stt, in particular initializing scales p2
⊥,ini, that exceed this bound. Therefore, if

sufficiently small, p2
⊥,max acts as a restricting scale. However, as discussed above, the

initializing scales are carefully chosen, and hence, does not need further reduction.
Secondly, it has to be noticed that the valid range for the rapidities ∆y increases, see
eqs. (2.51), (2.59) and (2.82), (2.87), if the reverse scenario is discussed of assigning more
and more phase space to the emission. This permits the generation of either very large or
very small y values for a single emission, such that in particular the two-parton invariant
masses taken between the incoming and the offspring particle are affected. Hence, extreme
sets of |skg| = |M | p⊥e−y and |sg`| = |M | p⊥e+y (cf. sec. 2.3.1) may arise more frequently
even though p⊥ and |M | is bounded (e.g. for II dipoles, M 2 ' ŝ0 � ŝ ' ŝmax). This should
lead to an increase in the appearance of very (potentially hard) collinear emissions, which
will populate the forward region of the detector. Thus, the enhancement of the single-
emission phase space while keeping the same initializing scale should manifest itself in an
enhanced production of forward and larger separated emissions (jets).



120 2 QCD dipole shower for hadronic collisions

Concerning the actual choice of the ŝmax values, the default predictions of this work
are obtained by allowing the full collision phase space to be available, i.e. ŝmax

∣∣
II = S

(see sec. 2.3.3) and ŝmax

∣∣
FI = S (see sec. 2.3.4). 19 By all means, this is consistent with

a Markovian ansatz, since no further assumptions are required except for the sensible
selection of the initializing scale p2

⊥,ini. The impact of reducing the default ŝmax values
will be discussed in the next section.

Cascading: each chain (colour-singlet), once appeared, is independently evolved. The
only disturbance that may occur being the recoil transfer in the case of II dipole radiation.
It, however, does not spoil the further evolution of the corrected chain owing to the
Lorentz invariance of the applied correction and of the shower formulation. Starting off
p2
⊥,ini consecutive emissions are decreasingly ordered in p2

⊥ within a chain. This is achieved
by iterating over all dipoles comparing their trial-emission p⊥’s allowing that one to be
finalized in its kinematics that gave the largest transverse momentum. For the next
evolution step, it is used as the new start scale in the Sudakov form factors responsible
for the next round of trial emissions. The procedure continues that way as long as the
corresponding cut-off has not been reached, see next item.

Cut-off and hadronization aspects: under all circumstances owing to the ordering in
p2
⊥ the cut-off is always taken on p2

⊥, hence denoted by p2
⊥,cut. It can, in principle, be

chosen as small as possible, since the setting of the renormalization scale is safe and the
Sudakov suppression quenches the appearing soft and collinear divergencies. Furthermore,
different cut-offs related to the three dipole regimes are provided all of the order of 1 GeV.
After the finalization of the cascade triggered by the certain cut-off(s), the interface to
the hadronization, currently describable through phenomenological models only, does not
require any special treatment apart from the usual one that also appears for conventional
parton cascades. The shower’s final state consists of a number of colour-singlet subsets of
colour-ordered partons in the limit of large NC. The assignment of an intrinsic transverse
momentum to the hard process can be viewed as a hadronization correction, which is
applied after the showering phase, and, therefore, irrelevant for the shower kinematics.

2.6 First results

Unquestionably, the newly developed dipole shower has to be validated in its capability
of describing QCD dynamics. Therefore, a number of comparisons to data and other
calculations has been carried out for various physics processes, namely

• the electroweak production of vector bosons and their subsequent hadronic decays
at LEP1 energies,

• the inclusive production of Drell–Yan electron–positron pairs at Tevatron and future
LHC energies,

• and, the inclusive production of QCD jets at Tevatron energies.

19Owing to hadronization issues, it can be argued that they should be taken such that the two-parton
squared masses cannot fall below magnitudes of the order of 1 GeV.
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All of which is highlighted in the next three subsections. Note that, for the first case only
of dealing with a pure final-state cascade, the splitting of gluons into quark–antiquark
pairs has been included, and occurs almost along the lines of the treatment proposed in
the Lund CDM.

2.6.1 Hadron production in electron–positron collisions

A very suitable testbed to exclusively validate the performance of the sole final-state piece
of the dipole-shower model is provided by the process e+e− → Z0/γ∗ → hadrons, where
the qq̄ pair produced in the hard process will initiate the cascade. It allows comparison
of the QCD Monte Carlo predictions with large sets of data, which, for example, are
available from the LEP1 measurements of hadronic final states produced at the Z0 pole
and precisely tested the QCD dynamics of these final states. However, although given
at scales of the order of 1 GeV, the shower predictions cannot be used directly, since
they lack non-perturbative corrections appearing through the inevitable confinement of
partons into hadrons. Therefore, the final states generated by the dipole shower need to be
hadronized, which currently can be achieved through phenomenological models only, since
QCD confinement is not yet solved rigorously. For more details concerning hadronization
and their modelling, cf. ch. 3.
The shower model presented here has been implemented into the event generator SHERPA,
and supplemented by an interface to the Lund string fragmentation routines of PYTHIA

6.2 [7], which are provided by the SHERPA framework. Similarly, the evaluation of the hard
process is accomplished within SHERPA and used to initiate the dipole-shower evolution.
The comparison to the experimental Z0 pole data can then be pursued together with a
tuning by hand of the parameters of the shower and the hadronization model. In detail
this means to specify the value taken for the strong coupling at MZ , adjust the FF cut-
off p2

⊥,cut

∣∣
FF of the dipole shower and find suitable values for the Lund string model

parameters a (PARP(41)), b (PARP(42)) and σq (PARP(21)). This approach is very simple
and does not allow comparison to the effort of delicate Monte Carlo tuning procedures as
presented in [123] and foreseen in [124] in order to automatize the procedure. However
this minimalist method is sufficient to yield first significant results, which are presented
in the following.
The tuned parameters read:

αs(MZ) = 0.1254 ,

p2
⊥,cut

∣∣∣
FF

= 0.54 GeV2 ,

a = 0.29 ,

b = 0.76 GeV−2 ,

σq = 0.36 GeV ,

(2.159)

and by running the dipole shower at S = M 2
Z a mean parton multiplicity of 〈Nparton〉 =

9.24 and a mean charged-particle multiplicity of 〈Nch〉 = 20.47 are found, where the lat-
ter is somewhat below the experimentally detected value of 〈Nch〉 = 20.92 ± 0.24 [105].
Note that, since massless quarks are not handled yet, the dipole shower entirely has been
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Figure 2.6: Durham differential jet rates as a function of the jet-resolution param-
eter ycut, dipole-shower prediction vs. DELPHI data taken from [122].

started off massless qq̄ pairs.
Figs. 2.6–2.8 show a selection of distributions, which have been obtained with the dipole
shower and are compared to DELPHI data taken at

√
S = 91.2 GeV during the LEP1 run.

The lower part in all plots visualizes the difference per bin normalized to data between
the Monte Carlo prediction and the data. The light-coloured band represents the sum of
the statistical and systematic error of the respective measurement.
First, in fig. 2.6 Durham differential jet rates, Yn→n+1, are presented up to Y5→6. They
characterize at which ycut values an n+1 jet event is merged into an n jet event according
to the Durham jet clustering scheme [53]. The agreement with the data taken by the
DELPHI experiment [122] is very good, there is the tendency in all predictions to be below
the bin means for low and high values of the jet-resolution parameter ycut, but very rarely
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Figure 2.7: The dipole-shower predictions for the event shapes 1−thrust, spheric-
ity, thrust major and thrust minor vs. DELPHI data [105].

the prediction is outside the uncertainty band, see e.g. Y2→3. The peak positions are
however very well described in all distributions.
Second, event shape variables are considered, which probe the pattern of QCD radiation
for both soft and hard emissions arising from the primary qq̄ dipole. In fig. 2.7 the distri-
butions of 1−thrust, 1 − T , thrust major, Tmajor, and thrust minor, Tminor are displayed
together with the sphericity, S, placed in the top right corner of the figure. The former are
all obtained from a linear momentum tensor, whereas the latter, as well as the planarity
depicted in fig. 2.8, stems from a quadratic one, therefore, puts more emphasis on high
momenta. All dipole-shower results are compared, once again, to DELPHI data [105]. It is
noticed that the low-value parts, which are sensitive to soft emissions, are all quite well
described, except for larger deviations in thrust major and minor, which, for instance, also
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Figure 2.8: Dipole-shower predictions vs. DELPHI data [105] for the planarity and
aplanarity distributions and for the C and D parameter.

appear, even somewhat larger, for the new shower of HERWIG++ [19] and the new shower
presented in [27] based on Catani–Seymour dipole factorization. Although the soft parts
of these distributions are all affected by hadronization corrections and the careful tuning
of their underlying model, the good behaviour of the dipole shower in describing soft
emissions can be understood as a consequence of exponentiating the eikonal rather than
the collinear limit of QCD radiation. The predictions for hard emissions agree somewhat
worse with the data. The last two bins of the 1−thrust distribution are overestimated
signalling a slight excess of spherical events, whereas thrust minor is underestimated for
high values. Switching to fig. 2.8, which depicts the planarity, P , the aplanarity, A, the
C and D parameter, the trend spotted above is preserved. The latter two observables are
sensitive to three- and four-jet-like events. Considering the whole set of event shape vari-
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ables given here, it becomes apparent that thrust minor, aplanarity and the D parameter
are worse described compared to the other distributions. 20 This to some extent reflects
that the gluon emergence from the qq̄ pair is handled as in a corresponding matrix-element
calculation owing to the improvement of the dipole splitting function beyond the eikonal
approximation. There is however no such correction related to the description of a fourth
jet, which could be the source for undershooting the data in the tails of the Tminor, P and
D distributions.
Taken together, the agreement with data is satisfactory in all observables, hence, it can
be concluded that the final-state piece of the dipole shower sufficiently is under control
and continued to tackle the more complicated cases appearing in the scope of hadron
colliders.

2.6.2 Inclusive production of Drell–Yan lepton pairs at hadron
colliders

Naturally in a next step the performance of the dipole shower should be tested for deep
inelastic scattering as measured at HERA. This would allow more exclusive verification
whether the final–initial dipole evolution proceeds reasonably. This however is not con-
sidered here. For further validation of the dipole shower, its capability of simulating
additional QCD radiation is scrutinized for the Drell–Yan production of lepton pairs,
specifically, for the processes pp(pp̄)→ Z0/γ∗ → e+e−. In the scope of hadronic collisions
they constitute the most simple and clean cases and form the initial–initial dipole coun-
terpart of the qq̄ evolution discussed above.
All predictions that will be presented in the following have been obtained by using the
CTEQ6L set of PDFs [125]. In accordance with the choice in the PDF, the strong coupling
constant has been fixed through αs(MZ) = 0.118 and its running is taken at the two-loop
level. Only light-quark flavours are considered and the quarks are considered as massless.
Furthermore the dipole-shower cut-offs related to FI and II dipole evolution are both set
to 1 GeV, i.e. p2

⊥,cut

∣∣
FI = p2

⊥,cut

∣∣
II = 1 GeV2, in contrast to p2

⊥,cut

∣∣
FF = 0.54 GeV2. The

hard processes are again provided by the internal matrix-element generation of SHERPA.
In cases where hadron-level results are referred to, hadronization has been accomplished,
as before, through an interface to the Lund string routines of PYTHIA. The Lund param-
eter settings found in the previous section are, of course, kept.
The discussion of the dipole-shower predictions starts with the consideration of the trans-
verse-momentum distribution of the bosons (decaying into e+e− pairs) in comparison to
data taken during Run I at the Fermilab Tevatron. Then various predictions at Run II
energies of

√
S = 1.96 TeV will be exposed followed by those obtained at LHC ener-

gies of
√
S = 14.0 TeV. In cases where data are not available, the comparison occurs to

various SHERPA predictions that have been validated in many other comparative studies
[42, 61, 126, 52] or even to data [127]. Thus, both the APACIC++ parton shower of SHERPA

will be used and SHERPA’s CKKW method will be invoked of merging tree-level matrix
elements and parton showers. To this end, inclusive samples combining matrix elements

20There is also a difference in quality of describing the pin
T and pout

T spectra – with better performances
found for the first – present in the larger set of observables prepared for this study. They are calculated
w.r.t. the plane defined by the T and Tmajor axes, and, they are related to the planar and non-planar
structure of the event, respectively.
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Figure 2.9: Boson transverse-momentum distribution in e+e− + X as predicted
by the dipole shower for two different choices concerning the initializing scale. The
Monte Carlo calculations are compared with CDF data [128] taken during Run I.
The right panel depicts the very soft region of the distribution only.

for no extra and extra emissions of final-state partons have been generated using SHERPA

version 1.0.10, the variable nME thereby denotes the maximal number of QCD particles
in the final state that have been obtained through a matrix-element description.

Tevatron Run I predictions

In fig. 2.9 the transverse-momentum distribution of the lepton pair is shown, where its
mass is constrained to fall into the range of 66 GeV < Mee < 116 GeV. The spectrum is
heavily influenced by additional QCD radiation arising in both soft and hard phase-space
domains and has been measured with high precision by the Tevatron experiments. The
hadron-level predictions acquired with the dipole shower and normalized to the inclusive
cross section found by the experiment are presented in fig. 2.9. They are confronted with
data from a CDF measurement [128]. The right part of the figure contains a closer view
of the peak region on a linear scale; as before the lower panel in each plot shows the ratio
(MC−data)/data and the bright band illustrates the uncertainty of the measurement.
The turn on of the distribution is well described by the dipole shower. Around the peak,
which appears to be narrower in data, a slight excess is found, which is followed by
an underestimation compared to data for the region above 12 GeV. For very low pT , an
intrinsic transverse-momentum smearing according to a Gaussian having mean of 0.3 GeV
and width of 0.4 GeV has been additionally employed. This slightly has improved the
shower outcome, since it led to a small shift to the right of the peak of the untouched
prediction. Moreover, having used the low pT data for tuning these parameters, again by
hand only, they will be kept fixed for the upcoming investigations. The two dipole-shower
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predictions differ in their choice of the initializing scale, using, first, p⊥,ini = (1 +
√

2)Mee

and, second, p⊥,ini = p⊥,max; the ŝmax values however have been chosen as large as possible,
i.e. ŝmax

∣∣
II = 1.8 TeV and ŝmax

∣∣
FI = S, cf. the discussion in sec. 2.5.3. Hence, in the

latter case the shower runs totally unconstrained, which as argued before, can be allowed,
since the first emission is matrix-element corrected by construction, and, therefore in
principle may appear at a scale exceeding M 2

ee. This in turn will set the highest scale for
all subsequent emissions. As a result of this treatment, the prediction for large pT is in
good agreement with the data. In contrast, the dipole shower for the case of the restricted
initializing scale starts gradually losing hardness above 60 GeV before it dies off rapidly
above 80 GeV. Both of which is a consequence of adjusting the scale according to the lab-
frame transverse-momentum characteristics of gluon rather than quark emissions, which
generate less transverse `⊥ in the lab-frame for the same invariant evolution p⊥. Coming
back to the soft part of the distribution, this is however almost identically described by
both dipole-shower predictions.

Tevatron Run II predictions

Having passed the first crucial test, a more extensive study has been carried out using
a large set of observables and their predictions, which on the one hand have been ob-
tained from different SHERPA CKKW samples, namely for nME = 1 and nME = 2, and
on the other hand from the unconstrained as well as the p⊥,ini restricted dipole shower.
In the plots the former dipole-shower case will be denoted by “Dipole shower, max”; the
latter case however is actually considered as the default, since the reasoning concerning
matrix-element corrected first emissions does not apply beyond Drell–Yan processes. In
the general case such higher-order corrections can only be included by matrix-element
parton-shower merging techniques or a matching with NLO calculations.
Some of the observables presented here directly probe the jet structure of the events, so,
a jet definition is required, and has been attained according to the Run II kT algorithm
[54, 62] using the parameter D = 1. The jet pT threshold is set to 15 GeV, i.e. pT,jet > 15
GeV, the jet η range is however not constrained to allow better validation of the predic-
tions at large rapidities. In addition, the Drell–Yan lepton-pair mass has been narrowed
down w.r.t. the previous study, 71 GeV < Mee < 111 GeV.
Since the comparison is not to data anymore, here and in the following the respective lower
panels depict the ratio (MC−ref)/ref, where the reference prediction (ref) is indicated in
the plots. Secondly, all distributions are normalized to unit area, allowing for a direct
comparison of the shapes of the distributions. Owing to the intrinsic first-order matrix-
element correction present in the dipole shower, the performance of the unconstrained
shower can be directly compared with that of CKKW for nME = 1, and, therefore, crit-
ically tested against a well validated inclusive vector boson plus one-jet description. To
estimate the impact of also describing the second extra parton emission by matrix ele-
ments, all plots are supplemented by the respective CKKW prediction for nME = 2.
In fig. 2.10 two ηee spectra and the pT,ee distribution are shown, the latter this time on
a double-logarithmic scale to provide good insight to both soft and hard pT domains.
Concerning the two dipole-shower predictions the findings are as above. In the hard tail
the shower result is 20% below the CKKW reference, the difference in the low pT part
amounts up to 40% and the region of 1 GeV < pT < 10 GeV is preferred by the shower
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Figure 2.10: SHERPA and dipole-shower predictions for pseudo-rapidity spectra and
the transverse-momentum distribution (bottom panel) of the lepton pair in inclusive
gauge boson production. For the ηee distribution in the top right panel, the pT of the
leading jet was required to be larger than 40 GeV. The grey solid, the black dashed,
the green dashed and the red solid lines give the SHERPA CKKW nME = 1, CKKW
nME = 2, the default and unconstrained dipole-shower predictions, respectively.

w.r.t. the CKKW merging. The peak positions are slightly differently predicted with the
lower value given by the dipole shower. In first place, these deviations can be traced back,
for the very soft part, to different choices in the parameter settings for the fragmentation
of the partons (including the intrinsic kT smearing), for the range 1 GeV < pT < 15 GeV,
to different radiation patterns generated by the dipole shower and the shower used by
the CKKW merging, APACIC++, and, for the high pT tail, to differences in choosing and
processing the scales in both approaches, which in the case of CKKW is a tricky and
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Figure 2.11: Rapidity spectrum of the vector boson (top left panel) as predicted
by SHERPA and the dipole shower in comparison to recent DØ data [129], SHERPA

and dipole-shower predictions for the rapidity spectrum of the boson plus hardest-
jet system (top right panel) and for the scalar sum of lepton and jet transverse
momenta, HT , (bottom panel); all of which shown for the inclusive production of
Z0/γ∗ bosons at

√
S = 1.96 TeV. Labelling is as in fig. 2.10.

to some extent the heart of the business. Concerning the second point, APACIC++ is a
virtuality-ordered parton shower in the traditional sense resumming large logarithms in
the collinear rather than the soft limit of QCD radiation, thus, varying results can be ex-
pected. However, taking all these differences into account, deviations at the 40% level are
not unusual, on the contrary they are typical, and, hence, the agreement can be judged
to be satisfactory. Inspecting the CKKW prediction for nME = 2, a further enhancement
of the high pT tail of up to 40% is found.
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Turning to the pseudo-rapidity distributions of fig. 2.10, these leptonic observables are
largely determined by the additional QCD emissions, especially by the hardest one. They
reflect the way the Drell–Yan lepton pair recoils against all other final-state particles. As
for the transverse-momentum distribution they are first defined beyond the leading order
Drell–Yan process. The figure’s top left panel shows ηee where no further constraints
have been applied. All predictions are in rather good agreement, the maxima and the
central rapidity region of the distribution are slightly more and less pronounced by the
dipole shower, respectively. Furthermore, as it can be read off the plot, an extended
capability in describing hard emissions results in an enhanced vector boson appearance
in the central η range. This becomes even more apparent in the second pseudo-rapidity
distribution, where the additional requirement of the hardest jet having pT,1 > 40 GeV
has been imposed. As expected the default dipole-shower prediction shows the largest
deviations w.r.t. that of CKKW nME = 1, surprisingly the unconstrained result matches
well with that of CKKW nME = 2.
Before the focus of the discussion turns to jet observables, a second set of inclusive ob-
servables is presented in fig. 2.11, displaying the rapidity distribution of the vector boson
and vector boson plus hardest-jet system, as well as the HT distribution, where HT is the
scalar sum of the transverse momenta of all leptons and jets in the event. The Monte
Carlo predictions are very different in their description of the tail of this distribution,
but eventually they are as expected and again the unconstrained dipole shower is only
20% below the CKKW reference. The rapid fall at HT ≈ 90 GeV and the little bump
at HT ≈ 110 GeV emerge due to the small width of the Z0 boson allowing a maximal
leptonic pT sum of about 90 GeV and the requirement on the pT of a jet to be above
15 GeV. Switching to the left panel, there is hardly any shape difference visible for the
boson rapidity between the various Monte Carlo predictions. Concerning dipole-shower
validation, this nicely confirms the good choice made in II dipole kinematics of preserving
the rapidity of the final-state particles, cf. sec. 2.3.3.3. Further support is given through
the excellent agreement found for the yee1 predictions shown in the top right part of the
figure. However, when confronted with data from a recent DØ boson-rapidity measure-
ment [129], the Monte Carlo shapes are somewhat wider with an excess of up to 20% for
large rapidities; a better agreement over the full rapidity range is only achieved by the
NNLO QCD predictions of [130].
Fig. 2.12 contains the jet pseudo-rapidity, ηi, and transverse-momentum, pT,i, distribu-
tions of the first three jets. For the former, the dipole-shower predictions are quite similar
and in all cases narrower w.r.t. the CKKW SHERPA predictions. For the latter the pattern
found is as expected, the default shower is not capable of filling the high pT phase space.
The predictions of the unconstrained dipole evolution agree quite well with the respective
ones of SHERPA CKKW nME = 1, again on a 20%–40% level. It tells that the cascade also
reasonably evolves after the hardest emission and the scale setting by the first (uncon-
strained) emission is meaningful. The hardness of the predictions of the inclusive two-jet
sample are of course out of reach for the dipole shower, signalling that for the description
of high pT jets, matrix-element parton-shower merging strategies are indispensable.
The same reasoning holds for jet–jet correlations, which are correctly included in the re-
spective matrix elements only. Therefore, the dipole shower cannot be expected to be
capable of their description. However, an estimate of the level of deviation can be gained.
As an example the ∆Rij =

√
(ηi − ηj)2 + (φi − φj)2 separations of jets are shown in the
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Figure 2.12: Pseudo-rapidity (left column) and transverse-momentum (right col-
umn) distributions of the first three jets in inclusive lepton-pair production. Dipole-
shower results are shown in comparison to those obtained by the CKKW method of
SHERPA. Labelling is as in fig. 2.10.
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right column of fig. 2.13. In all plots the differences amount to ±20% at most, and the
shower predictions, insignificantly deviating from each other, have the tendency to be
distorted towards smaller ∆R values w.r.t. the SHERPA CKKW predictions. For the case
of ∆R12, the shower can be validated against the CKKW nME = 2 calculation, which
has the full correlation, with the result that the shower underestimates the peak around
∆R = π, and overshoots for small separations. Also shown in fig. 2.13, in its left col-
umn there are the kT differential jet rates, which give good insight to the details of the
full radiation pattern in both soft and hard emission phase-space domains. Thereby the
cluster scale di denotes the kT value at which the i-th additional parton gets resolved as
a jet from the respective i − 1 jet configuration. Concerning the comparison, for large
values, they mostly reflect the behaviour already found in the pT spectra of the jets, but
they also allow better judgement of the bulk-of-radiation part and there the agreement is
remarkably similar between the Monte Carlo predictions. Of course, the region and the
differences below 1 GeV are determined by the hadronization procedure.

In addition to the comprehensive comparison, three special cases have been considered,
dealing with shower-specific issues. For these considerations, the unconstrained dipole
shower has been used and all predictions are obtained without hadronizing the partons.
The details are below:

• All dipole vs. II dipole evolution:

This is briefly exemplified in fig. 2.14, showing the pT distribution of the hardest and
the jet in inclusive and exclusive Z0/γ∗+jet production, respectively. The II dipole
evolution preferably stops after one emission, since the more probable gluon emission
leaves two final–initial dipoles. Considering the inclusive case, both dipole-shower
predictions agree, simply showing the dominance of the first emission in describing
the inclusive spectrum. This also applies to the pT of the vector boson. Referring
to the exclusive case, the two shower setups of course perform very differently, the
enhancement of the distribution for II dipole evolution is just a consequence of the
artificial stop of the full evolution.

• Impact of scale variations in the dipole shower:

A rough estimate for the uncertainty of the shower predictions can be gained from
varying the values taken for the µF and µR scales within the shower algorithm. To do
so, they are multiplied/divided by 4. The µF scale enters through the PDF weight,
and µR as the scale of the running strong coupling in the splitting cross sections,
cf. sec. 2.5.2. The outcome of this study is exemplified in fig. 2.15, presenting the
uncertainties for a few distributions, namely HT , η2, ηee and pT,e. The SHERPA

reference (nME = 1) is kept in the plots to indicate whether it is contained in
the shower’s uncertainty band, which is not the case for η2 that shows the least
dependence on the µF,µR manipulation. In contrast the uncertainty is largest for
HT varying on the level of ±40% in the tail of the distribution.

• Impact of the improved recoil strategy for II antiquark–quark dipoles:

Lastly, validating the impact of the Kleiss trick for q̄ ′iqi dipoles, single-lepton spectra,
correlations between the leptons of the Drell–Yan pair, and between the lepton and
the first jet are considered. First, the performance of the shower stopped after the
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Figure 2.13: The kT differential jet rates d1,2,3 (left column) and ∆Rij separations
between the first three jets (right column) in inclusive Drell–Yan e+e− production
at Tevatron Run II. Results obtained with SHERPA CKKW and the dipole shower
are confronted with each other. Labelling is as before, see fig. 2.10.
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Figure 2.14: Fully evolved cascade vs. pure II dipole cascade: the transverse
momentum of the hardest jet in inclusive gauge boson production and of the single
jet in exclusive gauge boson plus jet production. The dashed blue line represents the
result from the exclusive II dipole evolution, the other lines are as before. Shown
are shower-level predictions, denoted by SL.

first emission can be checked against a fixed-order calculation for the production
of a jet (extra parton) accompanying the Drell–Yan pair. For this comparison, the
strong coupling is kept fixed and a cut on the pT of the jet of the order of 40 GeV is
employed, in order to avoid large Sudakov suppression. Under these circumstances,
perfect agreement is found between the fixed-order and the shower result; clear
differences arise in the observables outlined above in the very moment the Kleiss
improvement will be switched off.
Second, under full Monte Carlo simulation, there are deviations between SHERPA

CKKW nME = 1, which accounts for the full correlation via the employed matrix ele-
ment, and the dipole shower of the order of the already discussed scale uncertainties.
It just reflects that the treatment of subsequent emissions after the accomplishment
of the first differs in both approaches. However, the differences sizeably increase (get
doubled), once the Kleiss corrections are not considered within the dipole shower-
ing. All of the second comparison is shown in fig. 2.16, where the plots in the right
column are obtained under the additional requirement of pT,1 > 40 GeV, in order
to project out the deviations more clearly. The effects are exemplified by means of
the distributions of pT,e, ∆ηe,e = ηe− − ηe+, pT,e1 (the pT of the electron-hardest-jet
system) and ∆Re,1.

LHC predictions

Having studied the performance of the dipole shower for Tevatron energies, it will be ver-
ified for increased energies. Therefore, the analysis used in the latter case will be applied
to LHC energies, giving a good testbed to check whether the energy extrapolation yields
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Figure 2.15: Impact of scale variations on the shower evolution exemplified by
means of the HT , η2, ηee and pT,e distribution. The blue lines give the uncertainty
of the default prediction for the unconstrained shower.

reasonable results for the dipole shower. Thus it is concentrated on studying the perfor-
mance of the unconstrained dipole shower as before w.r.t. SHERPA CKKW predictions,
this time for nME = 1, 2, 3 and, additionally, the prediction of the pure SHERPA intrinsic
shower, namely APACIC++. The only change in the setup of the analysis is to use a higher
jet pT threshold, namely pT,jet > 20 GeV. Moreover, the under LHC conditions consider-
ably larger phase space, which is available for additional QCD radiation leading to the
copious production of jets, provides an excellent means to cross-check the ŝmax settings
used so far and study the effect of changing their defaults.
Figs. 2.17–2.19 show the results of the hadron-level comparison. The trend found in the
Tevatron study is followed, which is a very satisfactory result, since it proves reason-
able extrapolation towards higher energies. In fig. 2.17, instead of the SHERPA CKKW
nME = 3, the APACIC++ result is presented for ηee, featuring a considerably larger dip
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Figure 2.16: Impact of Kleiss trick: first row, transverse-momentum distributions
of the electron, second row, pseudo-rapidity differences between the electron and
positron ∆ηe,e, third row, pT distribution of the electron-hardest-jet system and
∆R separation between the electron and the leading jet, ∆Re,1. The plots of the
right column are obtained under the requirement that the hardest-jet pT exceeded 40
GeV. The red solid, the blue dashed and the grey dotted lines denote the shower-level
predictions of the unconstrained dipole shower with and without Kleiss corrections
and the SHERPA CKKW nME = 1 merging, respectively.
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in the central pseudo-rapidity region than the other predictions. This is a consequence
of lacking sufficiently hard emissions, since this shower cannot be trustworthy applied
beyond the collinear and soft phase-space regions, therefore being constrained from above
through the invariant mass of the Drell–Yan lepton pair. To the dipole shower this means,
that it has improved capability in predicting this distribution w.r.t. APACIC++. An pre-
diction of APACIC++ is also shown for the vector boson rapidity spectrum, which has
been obtained under the additional requirement that the first and the second jet appear
well separated in rapidity, namely according to y1y2 < −2. There APACIC++ predicts –
very differently compared to the other codes – a much higher tendency of the boson to
accompany one of the jets. On the contrary, the other codes give flat spectra for central
rapidities and very nicely the dipole-shower prediction agrees remarkably well with that
of SHERPA CKKW nME = 2.
Three more observables are added to the discussion: they are displayed in fig. 2.20. The
pT distribution of the electron-hardest-jet system is shown in the top left panel of the fig-
ure. It documents a nice agreement between the dipole shower and the nME = 1 SHERPA

CKKW results. The other CKKW samples being of higher order predict a rise of the
pT tail of about 50%, which comes about their improved qualification in describing the
hard emission domain. The top right plot depicts the |∆ηee,1| = |ηee − η1| distribution.
APACIC++ describes a suppression of the region of low values, which is in contrast to
the answers of the other methods. The dipole shower almost follows the CKKW curves,
which are more reliable in describing this observable due to their higher-order contri-
butions. This tellingly signifies that the improvements of the dipole splitting functions
beyond eikonal approximation are very significant. Accordingly, the radiation pattern
has been further investigated by looking at the angle θ13 between the first and third jet,
whereas this angle is measured in the rest frame of the first and second jet. Interestingly,
the tendency of the dipole shower is to rather agree with the beyond-first-order CKKW
predictions than with that of nME = 1, as read off the bottom plot of fig. 2.20.
So far all comparisons centered around discussing the shape of distributions. Therefore,
tab. 2.2 provides some insight to the predictions concerning the total rate, inclusive and
exclusive jet rates. Remarkably, the results given by the unconstrained dipole shower lie
between those of SHERPA CKKW nME = 1 and nME = 2, which is further verification that
the shower evolution proceeds sensibly after the first – the matrix-element-like emission. 21

A last issue again closely related to shower internals concerns the study of the effects of
the ŝmax reduction. The findings are summarized under the item below.

• Impact of maximal phase space:

This is best discussed by means of tab. 2.2 and fig. 2.21, which confront with each
other the predictions of the unconstrained, the default and the dipole shower where
the ŝmax have been given through p2

⊥,max = p2
⊥,ini = (1 +

√
2)2M2

ee (cf. e.g. eq. (2.52)
in sec. 2.3.3.1), which constitutes a dynamic choice, and is therefore denoted by
“dyn”. As mentioned before, the former two have the full phase space available with

21It is more meaningful to compare according to values normalized to the total cross; for the inclusive
1, 2, 3-jet rate, they read 0.30, 0.08, 0.017 for CKKW nME = 1; 0.34, 0.11, 0.025 for CKKW nME = 2;
and 0.29, 0.08, 0.023 for the unconstrained dipole shower, respectively.
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Figure 2.17: Pseudo-rapidity spectrum (top left), pT distribution (top right), ra-
pidity (left middle) and rapidity for y1y2 < −2 (right middle) of the lepton pair in
Z0/γ∗+jets production at the LHC. The HT distribution is shown at the bottom.
The comparison is done at the hadron level between the unconstrained dipole shower
(green solid lines) and various SHERPA results, namely CKKW nME = 1 (grey solid
lines), taken as the reference curve, CKKW nME = 2 (black dashed lines), CKKW
nME = 3 (red dotted lines) and APACIC++ (blue dot-dashed lines).
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Figure 2.18: Pseudo-rapidity (left column) and transverse-momentum (right col-
umn) distributions of the first three jets in inclusive lepton-pair production simulated
for LHC energies. Dipole-shower results are shown in comparison to those obtained
by the CKKW method of SHERPA. Labelling is as in fig. 2.17.
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Figure 2.19: The kT differential jet rates d1,2,3 (left column) and ∆Rij separations
between the first three jets (right column) in inclusive Drell–Yan e+e− production
at the LHC. Shown are results obtained with SHERPA CKKW and the dipole shower.
Labelling is as in fig. 2.17.
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Figure 2.20: The transverse momentum of the electron-hardest-jet system (top
left), modulus of the pseudo-rapidity difference between the vector boson and the
leading jet (top right) and (bottom) cosine of the angle between the first and the
third jet determined in the rest system of the first and second jet. All of which is
simulated for inclusive Drell–Yan e+e− production at the LHC. The dipole-shower
outcome is compared to those received from various SHERPA runs. Labelling is as
introduced in fig. 2.17.

the constraint imposed on the default shower to start from p2
⊥,ini = (1 +

√
2)2M2

ee.
Between these two variants the differences are as expected in both the table and the
figure. The default shower does not account for hard emissions, hence, the rates of
tab. 2.2 are somewhat smaller w.r.t. those of the unconstrained shower. In the figure
larger deviations appear only for the dijet mass m12 of the first and second jet. More
importantly, the default shower has to be compared to the “dyn” variant, in order
to quantify the impact of maximal phase space. The rates get further decreased
and except for the case of rapidity-separated first two jets they resemble those of
APACIC++. However, the dramatic fall of σ for y1y2 < −2 confirms what has been
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Monte Carlo σtot σ≥1jet σ≥2jet σ≥3jet σ=1jet σ
∣∣∣y1y2 < −2

CKKW nME = 1 1281 389 105 21.9 284 20.3

CKKW nME = 2 1349 459 146 34.1 312 22.3

CKKW nME = 3 1366 476 163 46.0 313 25.2

APACIC++ 1484 345 71 9.8 233 15.1

Dipole shower, max 1484 431 124 33.7 307 18.1

Dipole shower, max (SL) 1484 440 129 35.9 311 19.2

Dipole shower (SL) 1485 396 101 23.3 295 15.7

Dipole shower, dyn (SL) 1485 362 77 12.8 286 4.2

Table 2.2: Cross sections (in pb) as obtained from the various Monte Carlo ap-
proaches for inclusive and exclusive (hadron- and shower-level “SL”) jet rates at
LHC energies. Jets are defined according to the Run II kT algorithm [54, 62] and
required to have pT,jet > 20 GeV.

anticipated in sec. 2.5.3, namely that the production of forward jets will decrease
once ŝmax is reduced. As a consequence the yee spectrum under rapidity separation
for the first two jets emerges very differently for the “dyn” shower. Also, jets
are described less separated, shown through the distortion towards smaller values
of the ∆R12 distribution plotted in fig. 2.21. Furthermore large dijet masses are
considerably suppressed and the third jet appears significantly less collinear w.r.t.
the first and second jet, as it can be read off the cos θ13 distribution in fig. 2.21.

Thus, recalling the good comparisons to the CKKW results, it can be concluded that
apart from the unconstrained shower the default shower constitutes the better variant in
describing inclusive Drell–Yan lepton pair production, i.e. evidently taking ŝmax

∣∣
II = S

and ŝmax

∣∣
FI = S is a good choice. The testbed of inclusive QCD jet production will

definitely probe whether this clear choice is the most reliable one. Notice that it can be
also read off tab. 2.2 that the default dipole shower predicts much more soft jets compared
to APACIC++, the default shower of SHERPA.

2.6.3 Inclusive jet production at hadron colliders

The QCD production of jets at hadron colliders is for sure the most obvious scenario,
however, from a theoretical point of view, the task of calculating and/or simulating these
processes at higher order in the strong coupling is more complicated and rather involved.
Also, for the dipole shower, the further evolution of jet-production processes down to the
hadronization scale clearly constitutes a challenge that goes beyond the tasks handled
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Figure 2.21: Impact of the choice of ŝmax on the ∆R12, dijet mass m12, yee for
y1y2 < −2 and cos θ13 distributions as predicted by the unconstrained (solid green
curves), the default (dashed blue curves) and the dipole shower where ŝmax is set
dynamically (dotted red curves).

so far. There are several reasons for this. In contrast to the previously discussed cases,
the primary state is given through a multi-dipole configuration formed by 2 → 2 hard
QCD processes and their (large NC) colour connections, which now are also possible
between initial- and final-state partons right from the beginning. In addition, these dipoles
may all be linked to form only one colour singlet or even a gluonic ring. This in turn
requires a careful choice of the initializing scale, as it has been argued in sec. 2.5.3,
and clearly forbids an unconstrained setting of it, since reliable intrinsic matrix-element
corrections for the first emission in jet production are not present in the dipole splitting
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functions. Hence, QCD jet production severely tests the entire shower algorithm, and
in a first item the issue of finding a suitable initializing scale will be discussed. For
convenience, all jet-production simulations have been accomplished on the shower level
only, but hadronization corrections can be expected to be fairly small.

Dijet azimuthal decorrelations at Tevatron Run II energies

The dijet-decorrelation observable measured in the transverse plane between the two
hardest jets, ∆φdijet = |φ1 − φ2|, provides good insight when validating the occurrence of
additional soft and hard radiation. Advantageously, there is no necessity to reconstruct
further jets, and, furthermore, fully correlated this observable is pinned down through
∆φdijet = π, which signifies the initial presence of two “jet candidates” in the hard process,
which are oriented back-to-back. The strength of the decorrelation rises in dependence
on the hardness of the emissions. Clearly, the validity of the shower description is given
in the soft and collinear limits of QCD emission only and has to be guaranteed through
the correct choice of the initializing scale. Therefore, the dijet decorrelation can be used
to verify any choice taken, culminating in finding the most suitable one.
The observable was subject of a recent measurement by DØ at Tevatron Run II with the
data taken in different pT,1 = pT,max windows of the leading jet [131]. The details of the
analysis are:

• Reconstruct cone jets for R = 0.7,

• require pT,2 > 40 GeV,

• and, require central jet rapidities, |y1,2| < 0.5.

Fig. 2.22 shows the data overlaid with different predictions obtained from the default
dipole shower but varied in its choice of the initializing scale: the scale denoted by “II
sc.” is taken according to eq. (2.158), this one denoted by “QCD sc.” corresponds to
p2
⊥,ini = 3µQCD, cf. eq. (2.157), and those of the default follow from eq. (2.156), the

low one directly and the plain one from the multiplication of the low one with a factor
of three. Obviously the dipole shower initiated through the low default scale does not
account for enough hard emissions. The other predictions are quite similar, with the “II
sc.” and “QCD sc.” variants giving slightly harder and softer results w.r.t. the default
case, respectively. The default performs best, and, therefore, will be employed in all what
follows, hence, it can be fixed:

p2
⊥,ini

∣∣∣
Jets

=
9 min{û t̂, ŝ t̂, ŝ û}

ŝ+ |t̂|+ |û| , (2.160)

using the Mandelstam variables of the core process. Still, the default predictions show the
tendency to undershoot the data around ∆φdijet = 2.8 in all pT,max windows of the leading
jet, however, keeping in mind that gluon splitting processes have not been taken into
account yet, the agreement is satisfactory and gives evidence that, besides the initializing
scale, other model-intrinsic scales, such as µ̃F, µF and µR, have been chosen reasonably.
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Figure 2.22: The dijet azimuthal decorrelations in different pT,max ranges. Dipole-
shower results for different choices of the initializing scale are overlaid on the data
taken by DØ during Tevatron Run II [131].

Dijet mass spectrum at Tevatron Run II energies

With the p⊥,ini finding in hand, a first further check is to confront the dipole-shower
prediction for the dijet mass spectrum with data measured during Run I by the DØ
collaboration [132]. The analysis requires:

• reconstruction of jets by using a cone algorithm with R = 0.7,

• jet transverse energies above 30 GeV,

• and, the dijet candidates to satisfy |η1,2| < 1.0.
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The result of the dipole shower (normalized to the cross section observed in the experi-
ment) versus data can be seen in the top left corner of fig. 2.23 and the agreement is very
encouraging.

Test of colour coherence at Tevatron Run I energies

An interesting measurement and analysis was carried out by the CDF collaboration during
Tevatron Run I, searching for evidence for colour coherence in pp̄ collisions at

√
S = 1.8

TeV [133]. Discriminatory observables have been found for three-jet events featuring a
hard leading jet and a rather soft third jet. They have been shown to be sensitive to the
correct treatment of QCD colour coherence in parton shower simulations, where indeed
the models taking into account these effects properly, as for example the HERWIG Monte
Carlo does, have the agreement with data. Here, this testbed will be used to verify whether
the proposed dipole shower is capable of describing the characteristics found in the data.
Often, it is just said that evolving in terms of colour dipoles – as done in ARIADNE –
automatically accounts for soft colour coherence, which on the one hand can be expected
owing to the eikonal structure of the dipole splitting cross sections, however on the other
hand the colour factor mismatch for quark–gluon dipoles (discussed in sec. 2.4) requires
more serious investigation in this direction. The comparison with the CDF data, therefore,
constitutes a good opportunity of doing a first step.
The requirements of the CDF study are:

• Jets are defined through a cone algorithm, using R = 0.7,

• the two leading jets are constrained to |η1,2| < 0.7,

• they have to be oriented back-to-back within 20 degrees, i.e. |φ1 − φ2| > 2.79,

• jet ET thresholds have to be respected for the 1st jet and the jets beyond the 1st
one of 110 and 10 GeV, respectively,

• and, for the α angle only, a cut on ∆R23 =
√

(η2 − η3)2 + (φ2 − φ3)2 has to be
imposed, namely 1.1 < ∆R23 < π.

• The angle α is defined through

tanα =
sign(η2)(η3 − η2)

|φ3 − φ2|
. (2.161)

Apart from the top-left-corner plot, in fig. 2.23 the comparison between detector-level data
and dipole-shower predictions obtained at the shower level is shown by means of the ∆R23,
η3 and angle α distributions. If colour-coherence effects are modelled correctly, ∆R23

should appear sufficiently broader, η3 should be broadened too and feature the significant
dip for central values, and, the α spectrum should be minimal for small |α| followed by
a clear rise towards larger positive angles. The dipole shower predicts the significant
features for the latter two observables, yet fails in describing the spectrum of ∆R23, since
its prediction is too steep. However, first, recall that the data are uncorrected for detector
effects, and, second, as pointed out in [133], the ∆R23 observable is known to receive the
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Figure 2.23: The dijet mass spectrum (top left panel) as measured by DØ during
Tevatron Run I [132] compared with the prediction of the dipole shower.
Colour-coherence tests in inclusive three-jet production at Tevatron Run I energies
according to a CDF study presented in [133]: (top right panel) spatial separation
in (η, φ) space of the second and third jet, (bottom left panel) pseudo-rapidity dis-
tribution of the third jet and (bottom right panel) the angle α (definition is in the
text). Experimental errors are statistical only, histograms are normalized to their
respective binwidth. For the latter three observables, dipole-shower (shower-level)
predictions under full (blue solid lines) and restricted (black dashed lines) emission
phase space are shown in comparison with the (detector-level) data of the CDF
measurement [133].
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largest uncertainties concerning this issue, whereas the other two are quite unaffected. In
regard of these uncertainties it hence can be concluded that there is fairly good evidence
that the dipole shower reasonably models colour-coherence effects. Notice that, together
with the default, a prediction has been added to the figure, where the available emission
phase space has been considerably reduced. Then, obviously, the agreement with data
starts to deteriorate. This again is evidence that assigning the full phase space is not only
the natural but also more correct choice.

Dipole shower vs. SHERPA predictions: shape comparisons

These comparisons have been done closely to those in the Drell–Yan case. Tevatron Run
II energies are used for all simulations. Again, the dipole-shower performance will be con-
fronted with predictions obtained from SHERPA version 1.0.10, more exactly, a CKKW
nME = 3 merging sample 22 and APACIC++ on its own (in CKKW scale-scheme mode)
have been employed. Jets are defined as before according to the kT algorithm with the
jet threshold pT,jet > 20 GeV and the parameter D = 1.
Fig. 2.24 exemplifies jet pseudo-rapidity and transverse-momentum spectra for the first
two additional jets, the third and the fourth jet, together with kT differential jet rates.
Again, the jet ηi spectra predicted by the dipole shower are steeper w.r.t. those of SHERPA.
Furthermore, they seem fairly independent of the choice of the initializing scale. The pT,i
spectra strongly resemble each other for all predictions, whereas the differential jet rates
show sizeably larger differences, in particular the default choice for the initializing scale
triggers much more radiation above 10 GeV. Hence, the differential jet rates feature a
relatively strong sensitivity under variation of the initializing scale.
In fig. 2.25 the |∆η12,3| spectrum is shown and appears much more flat w.r.t. that of the
LHC Drell–Yan case depicted in fig. 2.20. The dipole shower predicts smaller pseudo-
rapidity separations compared to the SHERPA predictions, nevertheless it is closer to
SHERPA CKKW than APACIC++. The shape of the cos θ13 distribution arises fairly
differently in comparison to both the Drell–Yan case, see again fig. 2.20, and between
SHERPA/APACIC++ and the dipole shower. The former signals a less surprising process
dependence, which can be expected, whereas the latter indicates that for the dipole shower
the third jet is much more often associated to the second jet in the rest frame of the two
hardest jets. This clearly points at differences in the details of the radiation pattern
between SHERPA and the dipole shower. The last distribution shown in this figure is a
histogram of the eikonal factor for the three hardest jets defined as

Eik132 = −1

2

(
p1

p1p3
− p2

p3p2

)2

. (2.162)

Interestingly, the dipole-shower predictions show an enhancement for the large values of
the eikonal factor, which mainly corresponds to approaching the soft limit. This nicely
reflects the dominance of this limit in dipole evolution.
Finally, fig. 2.26 illustrates the impact of the ŝmax restriction, this time for QCD jet pro-
duction. The effects are less discriminatory compared to the LHC Drell–Yan case. How-
ever, for example, in the trijet mass distribution for the three hardest jets the emphasis of

22For this, matrix elements of the QCD 2 → 2 core (lowest-order) processes have been combined
according to CKKW merging with those accounting for the emission of one extra parton.
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Figure 2.24: Jet pseudo-rapidity (top) and transverse-momentum (middle) spec-
tra, and kT differential jet rates (bottom) in inclusive jet production simulated for
Tevatron Run II energies. Predictions of SHERPA CKKW nME = 3 (grey solid lines),
APACIC++ (black dashed lines), and the dipole shower for default (blue solid lines)
and lowered initializing scale (red dashed lines) are compared with each other.
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Figure 2.25: Distribution of the modulus of the pseudo-rapidity separation between
the third jet and the system made up of the first two jets (top part of figure), cos θ13

distribution (bottom left) and distribution of the eikonal factor for the first three
jets (bottom right), all of which in inclusive QCD jet production at Tevatron Run
II. Labelling is as in fig. 2.24.

smaller masses can again be observed for the phase-space restricted dipole showers. This
compares quite nicely with the behaviour of the dijet mass distributions of fig. 2.21.

Exclusive three-jet final-state challenge

Recent CDF measurements have found an excess in data of exclusive three-jet events with
small ∆R23 [134]. So far this is not understood and available tools, such as PYTHIA (Tune
A), have problems in describing the data. Of course, this cannot be studied seriously
without taking into account the underlying event, nevertheless, to qualitatively get a first
impression, the following analysis has been applied:

• Require jet reconstruction according to the cone jet algorithm, use R = 0.4,
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Figure 2.26: Trijet mass distribution for the first three jets (top part of figure),
pT spectrum of the third jet (bottom left) and kT differential jet rate d3 (bottom
right) in inclusive pure jet production at Tevatron Run II energies. Various dipole
shower predictions are shown, the latter two of the legend are as labelled in fig. 2.24,
additionally the green solid lines and the black dotted lines exemplify predictions
for the dipole shower where ŝmax is set dynamically (cf. the LHC case in sec. 2.6.2)
and considerably reduced, respectively.

• use general cuts on jets of pT,i > 20 GeV and |ηi| < 2.5,

• additionally, use |η1| < 1.0 for the hardest jet,

• to consider the trigger-jet effect, demand pT,1 > 40 GeV.

The results are presented in fig. 2.27 and show the pseudo-rapidity spectrum of the third
jet together with the ∆R23 distribution under debate. Concerning the former, the dipole
shower is again found to generate steeper spectra and differences w.r.t. APACIC++ get
enlarged for pT,1 > 40 GeV. Inspecting the latter, the dipole shower that employs the lower
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initializing scale already highlights the region of small jet separations without the larger
hardest-jet pT threshold, interestingly, for pT,1 > 40 GeV, the effect becomes projected
out and strongly enhanced for both dipole shower variants, still with more significance
for the dipole shower of lower p⊥,ini. Also the APACIC++ prediction starts rising towards
smaller separations but stays below the dipole shower curves. Thus, it can be concluded
that the dipole shower gives fairly encouraging results showing such an excess at small
∆R23 qualitatively. Note that the low default shower may be even re-interpreted as a
default shower starting instead from a lower-scale 2 → 2 QCD process. In this regard
it may be speculated that the dipole shower, if taken to shower the softer 2 → 2 QCD
processes of the underlying event, would preferably populate the region of small ∆R23

separations.

2.7 Conclusions

Here, a new colour-dipole shower model, in particular for hadronic collisions, has been
presented in the spirit of the Lund Colour Dipole Model [17, 11]. In this context, great im-
portance has been attached to a novel, perturbative description of initial-state showering,
which introduces colour dipoles directly connected to incoming parton lines and leaves the
hadron remnants completely outside consideration. The colour-dipole ansatz, formulating
QCD emissions mainly in their soft limit, is not new, however the approach proposed here
is in clear contrast to the Lund CDM. In summary, throughout the new proposal no kind
of initial-state radiation is mapped onto radiation that instead is considered to escape
from a pure final-state dipole, none of the suggested dipoles contains an extended colour
source and, therefore, is subject to a semi-classically motivated suppression of high p⊥
emissions.
Gluon emissions have been generalized to all kinematic regions appearing in hadronic col-
lisions, including a Lorentz invariant generalization of the definition of the dipole evolution
variables. Splitting functions have been derived for dipoles that are spanned along incom-
ing parton lines as well as for such that connect incoming and outgoing ones. Together
with the well-known radiation pattern of pure final-state colour dipoles, their utilization
in a complete shower algorithm has been presented to describe soft and collinear multiple
parton emission. The feasibility of the approach has been shown through its application
to electron–positron annihilation into hadrons, inclusive Drell-Yan pair production and
inclusive QCD jet production at hadron colliders, all of which delivering first encouraging
results in good agreement with other models and with experimental data. It is worth to
mention that the feature of generating broader pseudo-rapidity spectra – often mentioned
in connection with colour-dipole evolution according to ARIADNE– has not been confirmed
by the results of this model, instead, in comparison with inclusive SHERPA CKKW sam-
ples for merging one extra jet, in all cases somewhat steeper pseudo-rapidity spectra have
been found. Note that, for the first time, results for the inclusive production of jets in
a hadronic environment have been obtained from a shower based on the colour-dipole
approach and they have been presented in this work.
With the compliance of all requirements for the construction of this shower detailed in the
introduction, sec. 2.1, an appealing picture of the cascading has been achieved, where the
entire evolution can be seen as a perturbative “explosion” starting from the core process’
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Figure 2.27: Pseudo-rapidity distribution of the third jet and spatial separation
between the second and third jet in exclusive three-jet final states for Tevatron Run II
energies. The plots at the bottom are obtained requiring a larger jet pT threshold for
the hardest jet to pass. The comparison is for SHERPA and dipole-shower predictions
with the labelling as introduced in fig. 2.24.

scale down to a common cut-off scale signalling the onset of hadronization effects. Future
work concerns the full incorporation of gluon splittings in the initial and final state, and,
the generalization to finite quark masses. In addition, a merging with multi-leg tree-level
matrix elements for additional QCD radiation will be addressed, furthermore, a matching
with full NLO QCD calculations can be anticipated.



3 A modified cluster-hadronization
model

3.1 Introduction

Because of the lack of a detailed understanding of non-perturbative QCD effects, i.e. how
confinement forces the coloured quarks and gluons to form colourless bound states, called
hadrons, phenomenological models have to be invoked, which parametrize this transition
of a coloured partonic system into colourless primary hadrons, which will be subject to
further hadron decays. Owing to their underlying principle, Monte Carlo event genera-
tors constitute a perfect environment to host hadronization models, which in turn will
use the parton-shower final states as their input for the continuation of the development
of the event towards lower energy scales as appearing in the real hadron measurements. 1

This exactly is the crucial point rendering hadronization models an important part of
the simulation of full scattering processes: experiments observe (jets of) (stable) hadrons
and measure their dynamics, but direct access to the underlying (hard) parton dynamics
is impossible. Therefore, although of phenomenological origin, (in the context of event
generators) hadronization models are mandatory to bridge the gap between experimental
data and predictions made by perturbation theory.
On general grounds, hadronization effects are expected giving rise to corrections propor-
tional to 1/En to quantities that are computable in perturbation theory, for example, in
the case of e+e− event shapes, the dominant non-perturbative effects have an 1/E de-
pendence on the hard-process energy scale E. Hence, soft hadronization mechanisms are
favoured, which involve only modest transfers of momentum and/or quantum numbers
between neighbouring regions of phase space.
For the intrinsically non-perturbative transition process from the perturbative partonic
state to the primary hadrons, different strategies exist and the corresponding Monte Carlo
schemes are either based on the Feynman–Field or independent fragmentation [135, 136],
on the Lund string [137, 3] (JETSET/PYTHIA) and UCLA [138, 139, 140] models, or on the
cluster-hadronization model (HERWIG). The latter concept, 2 initially proposed by Wol-
fram and Field [149, 150], and further advanced, among others [151, 152, 153], by Webber
and Marchesini [154, 155, 15, 156], explicitly rests upon the preconfinement property of
QCD [157, 158, 159] and the LPHD (local parton hadron duality) hypothesis [160]. Such
cluster models are usually formulated in terms of two phases: cluster formation accom-

1Once this primary-hadron genesis has been accomplished, all unstable hadrons have to be decayed,
and decay chains of various complexity may appear.

2Recent developments may be found, e.g. in [19, 141, 142, 143, 144, 145, 146, 147, 148].
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plished through the non-perturbative splitting of gluons left by the parton shower into
quark–antiquark pairs, and subsequent cluster decays leading to the additional creation of
light-flavour pairs. In the NC →∞ limit all these quarks and antiquarks can be uniquely
formed into colour-singlet clusters, which in their turn mostly undergo simple isotropic
decays into pairs of hadrons, chosen according to the density of states with appropriate
quantum numbers. Since the parton shower exhibits preconfinement, the mass spectrum
of the formed clusters is universal, strongly peaked at low mass and falls off rapidly. But
this does not necessarily exclude that clusters of large mass arise after the perturbative
phase. Isotropy is not a good approximation for the breakup of massive clusters. Thus,
in order to describe the experimental data, one first has to split the high-mass clusters
into lower-mass ones employing a longitudinal or string-like mechanism. In this context,
one may say that cluster-hadronization models have evolved somewhat in the direction of
the string-fragmentation approach.

Here, a modified phenomenological cluster-hadronization model is presented; the basic
features of the new model are the following.
Soft colour reconnection is accounted for in the formation and decay of clusters. The
flavour-dependent separation of the cluster regime from the region of hadron resonances
yields the selection of specific cluster-transition modes. The two regimes are distinguished
by comparing the mass of the cluster with the masses of the accessible hadrons match-
ing the cluster’s flavour structure. The method for flavour selection is arranged so that
the meson and baryon as well as the strangeness and non-strangeness sector can be in-
fluenced separately, and their corresponding ratios can be controlled by a baryon- and
a strangeness-suppression parameter, respectively. In addition, the set-up of the prob-
abilities of choosing distinct hadron species supports the approximate maintenance of
strong-isospin symmetry at the primary-hadron level.
As a case study, the new cluster scheme was implemented for electron–positron annihi-
lation, and, for simplicity, only the light-quark sector was considered. An extension to
heavy quarks, although being straightforward, is however not considered here.
The description of this cluster-hadronization model is organized as follows: first, differ-
ent aspects of cluster formation are discussed in sec. 3.2. Subsequently, in sec. 3.3, the
parametrization of light-flavour pair creation is presented. The model’s description is
concluded by exhibiting cluster transformation and fragmentation processes, which lead
to the emergence of primary hadrons, see sec. 3.4. The results, which were obtained with
the new hadronization scheme are shown in sec. 3.5 for the process e+e− → γ∗/Z0 →
dd̄, uū, ss̄→ hadrons.

3.2 Cluster formation

The parton shower describes multiple parton emission in a probabilistic fashion [2]. By
factorizing the full radiation pattern into individual emissions it employs the large NC

limit of QCD. This organizes a binary tree, i.e. a planar structure, of the partons. It
also ensures that, once the colour structure of the initial partons from the hard matrix
element has been fixed, the colour structure of the partons at the end of the parton shower
is unambiguously determined.
After the parton shower has terminated, phenomenological hadronization models set in.
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To test their impact on corresponding predictions at the hadron level, they should be
constructed such that they can be applied independently of the details of the perturbative
phase of event generation. Nevertheless, these details matter, since they influence the
optimal choice of parameters of the hadronization model. In the past this led to the
simultaneous tuning of perturbative and non-perturbative parameters of various Monte
Carlo models [105, 123].
In the proposed model, the non-perturbative transition of coloured partons into primary
hadronic matter, clusters, is accomplished by the following steps:

1. To guarantee the independence of the hadronization model from the quark masses
eventually used in the parton shower and to account for a gluon mass needed by
the model, all partons are brought to their constituent masses [154] of O(0.3 GeV),
O(0.3 GeV) and O(0.45 GeV) for u, d and s flavours, and O(1 GeV) for the gluon,
respectively. For this transition, a numerical method, involving several particles and
consisting of a series of boosts and scaling transformations, is employed. However,
these manipulations are applied only to parton-shower subsets that are in a colour-
singlet state.

2. Since in cluster-hadronization models the clusters consist of two constituents in a
colour-neutral state made up of a triplet–antitriplet, the gluons from the parton
shower must split (at least) into quark–antiquark pairs [150]. So, a – in principle
non-perturbative – transition, g → qq̄, DD, into a light quark–antiquark pair qq̄
or a light antidiquark–diquark pair DD (see sec. 3.3) is enforced for each gluon.
The respective flavour composition of the gluon’s decay products is obtained with
the same mechanism as used for cluster decays; see sec. 3.3. Quarks or diquarks
that cannot be produced owing to too high masses are discarded. The kinematical
distribution obeys axial symmetry; the energy fraction z of the quark (antidiquark)
with respect to the gluon is given by a density proportional to z2 + (1 − z)2, i.e.
the gluon splitting function. 3 The limits on z are fixed only after the flavour of the
decay products has been selected.

3. In contrast to the original Webber model of cluster fragmentation, this model
may also incorporate soft colour reconnection effects 4 by eventually rearranging
the colours of the partons forming the clusters. Starting with a simple cascade,
fig. 3.1 schematically shows the two options to arrange two colour neutral clusters
out of four quarks or diquarks. The first – direct – case corresponds to the usual
cluster formation and reflects the leading term in the 1/NC expansion. The second
– crossed – configuration keeps track of subleading terms. Motivated by the well-
known colour suppression of non-planar diagrams with respect to planar ones, the
relative suppression factor due to the colours is taken to be 1/N 2

C.
However, the results from the W mass reconstruction at LEP2 in e+e−→W+W−→
jets have indicated that the effects of reconnections are overestimated when the
suppression is taken according to colours merely. The locality assumption of clus-
ter hadronization stemming from space-time picture considerations contradicts pre-

3Obviously, for antidiquark–diquark pairs, this is a simplistic assumption, since it neglects, at least,
the different spin structure of diquark production.

4Other soft colour reconnection models are presented, e.g. in [9, 161, 162, 163, 164, 165, 166, 167, 168].
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Figure 3.1: Both options of cluster formation for a minimal qgq̄ →qq̄ ′q′q̄ cascade.
The zig-zag lines connecting the quark lines symbolize the soft exchange of colour
quantum numbers, which is responsible for the colour reconnection.

sumptions, which would enable colour reconnections over a large distance in phase
space. Relying on that, a sensible assumption would be that partons close in mo-
mentum space are more likely to be colour connected. Therefore, a kinematical
weight is applied additionally for each of the two possible cluster pairings. For a
pairing ij, kl this weight reads

Wij,kl =
t0

t0 + (wij + wkl)2
, (3.1)

where the quantity t0, of the order of 1 GeV2, denotes the scale where the parton-
shower evolution stops and hadronization sets in. As a measure, wij functions such
as the invariant mass

mij =
√

(pi + pj)2 (3.2)

of the parton pair (and therefore the cluster), or their relative transverse momentum,
similar to the Durham kT jet scheme [53],

p⊥ij =
√

2 min{E2
i , E

2
j }(1− cos θij) , (3.3)

might be used. The purely phenomenological ansatz in eq. (3.1) is in line with
the idea employed e.g. in the model of Lönnblad [163] where the string “length”
between colour-connected partners is minimized. Here a simple weight is chosen
ensuring 0 ≤ Wij,kl ≤ 1. It compares the hadron squared-mass scale t0, i.e. an
upper limit for this scale, with the squared sum of the measures for the two pairs.
If this value is well below that scale, weights greater than 1/2 are obtained, which
in the case of mij means that the two pairings have masses of the order of

√
t0 /2.
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Otherwise the configurations become more and more kinematically suppressed. In
essence, any measure, which encodes energy scales of hadronization for the preferred
configurations, is suitable for application.
The actual colour configuration of the considered four-parton set is then chosen
according to the combined colour and kinematical weight. For the entire system,
this reshuffling is iteratively applied to combinations of two successive colour-singlet
pairs of partons that have not yet been fixed in the colour-ordered chain.

4. Afterwards, the cluster formation is accomplished by merging two colour-connected
partons, quark or antidiquark and antiquark or diquark, into a colourless cluster.
In this way, four different cluster types may arise, mesonic (q1 q2 and D1 D2), bary-
onic (q1 D2), and antibaryonic (D1 q2) clusters. The total four-momentum of these
clusters is just given by the sum of their constituent four-momenta [150].

3.3 Parametrization of light-flavour pair production

In this model the gluon splitting at the beginning of the cluster-formation phase and
all cluster decays rely on the emergence of light-flavour pairs, see [150, 154]. During
hadronization, which typically sets in at a scale of 1 GeV, there is no possibility for
heavy-flavour pair generation [169, 170]. The appearance of baryonic structures is tied to
the creation of light diquark–antidiquark pairs. 5 In contrast to the Webber model, here
the total diquark spin S is explicitly considered. Thus, qq̄ and DSDS occur as the possible
pairs, where

q ∈ {d, u, s}
and

DS ∈ {dd1, ud0, ud1, uu1, sd0, sd1, su0, su1, ss1} .
Apart from their masses influencing their emergence, the created pair functions as a flavour
label only. Furthermore, pair generation is assumed to factorize, i.e. to be independent of
the initial flavour configuration. Therefore, interest lies in finding suitable pair-production
probabilities, i.e. flavour and spin symmetries should be correctly respected and reason-
able hadron multiplicities should be finally obtained in the hadron production.
In this model a phenomenological parametrization of light-flavour pair production is
achieved by employing hypotheses leading to a general “flavour dicing” scheme. This
scheme is applied to both regimes, cluster formation and decay. The hypotheses are:

1. The emergence of diquarks, which supports baryon generation, is suppressed through
a factor pB with 0 ≤ pB ≤ 1.

2. SU(3)F symmetry is applied, but is assumed to be broken. This is modelled by a
strangeness suppression parameter ps with 0 ≤ ps ≤ 1, whereas the production of d
and u flavours is taken equally likely (strong-isospin symmetry), hence

pd,u =
1− ps

2
, (3.4)

5This treatment of static diquark properties resembles to some extent the one employed in the original
Lund approach for baryon production [169, 170].



3.4 Cluster transitions into primary hadrons 159

and, as mentioned above, pc,b ≡ 0.

3. Spin and flavour weights: the spin-S diquark states (S = 0, 1) get a weight propor-
tional to 2S+1. Additionally, a combinatorial factor of 2 and 1 is applied, depending
on whether different or equal flavours constitute the diquark. But, under the as-
sumption of full SU(3)F symmetry, the fact that all states in the baryonic SU(3)F

octet and SU(3)F decuplet appear equally likely has to be reproduced. This gives
rise to extra weights on the individual diquark types. In particular, the combined
diquark weights wS

D read (neglecting the baryon suppression factor):

wS=0
D=ud,sd,su = pD , (3.5)

wS=1
D=ud,sd,su = 3 pD , (3.6)

wS=1
D=dd,uu,ss = 4 pD , (3.7)

where

pD =
p2−ns
d,u pnss

3p2
s − 2ps + 3

(3.8)

and ns denotes the number of strange quarks in the diquark.

3.4 Cluster transitions into primary hadrons

Once the clusters have been formed, their masses are distributed continuously and in-
dependently of the hard process with a peak at low mass. In contrast, the observable
hadrons have a discrete mass spectrum and, hence, the clusters must be converted. This
is achieved through binary cluster decays and through transformations of individual clus-
ters into single primary hadrons (which probably decay further handled by hadron-decay
models). To model the cluster transitions, the following assumptions are employed:

1. Cluster fragmentation is universal, i.e. independent of the hard process and of the
parton shower. Apart from the collapse of low-mass clusters into one single hadron,
clusters disintegrate locally without impact on other clusters.

2. Cluster transitions, i.e. decays as well as transformations, involve only low momen-
tum transfer, of the order of 1 GeV [154], since hadronization effects are supposed to
be sufficiently soft and hadronization corrections to parton-level event shapes such
as the mean thrust scale inversely with the centre-of-mass energy.

3. The regime of clusters is separated from the regime of hadrons according to the
flavours of the cluster constituents and the accessible hadron masses. Clusters are
supposed to be hadrons, if their mass is below a threshold mass. This bound is
given by the maximum of the mass associated to the heaviest hadron with identical
(valence) flavour content and the sum of the masses of the lightest possible hadron
pair emerging in the decay of those clusters.
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The last assumption has two consequences, namely that in a first step the newly formed
clusters that are already in the hadronic regime have to be transformed into hadrons; in
the subsequent binary decays of the remaining clusters, that also the daughter clusters,
which fall into the regime of hadron resonances, have to become hadrons immediately.
The cluster fragmentation into primary hadrons accordingly occurs in two phases: direct
cluster to hadron transitions and two-body cluster decays. In both cases, a definite hadron
species H has to be chosen if needed according to the flavour structure of the considered
cluster C. The details are given below.

3.4.1 Hadron selection

Respecting fixed particle properties, the choice is based on hadron wave functions moti-
vated by a non-relativistic quark model. The wave functions are factorized into a flavour-
and a spin-dependent part. In our model the flavour part is given for a two-component
system in terms of quarks and diquarks. The overlap of this flavour part with the flavour
content of the cluster gives rise to a flavour weight. In addition, since spin information
is washed out in the clusters [154], the total spin J of the hadron manifests itself as a
corresponding weight. The total spin is given through the coupling of the relative orbital
momentum L with the net spin S of the valence components. This can be written as
~J = ~L + ~S. The contributions of states with different orbital momentum L to the total-
spin sum are accounted for by some a-priori weights PL, which enter as model parameters.
Taken together, the total flavour-spin weight W for a single hadron reads

W
(
q1s1, q̄2s2 →HJ(q1s1, q̄2s2)

)
∼

∣∣〈ψF (HJ)|q1s1, q̄2s2〉
∣∣2

∑
Ĥ|Ĵ=J

∣∣〈ψF (ĤĴ)|q1s1, q̄2s2〉
∣∣2

×
∑′

L,S→J
∣∣〈S|s1s2〉

∣∣2 PL
∣∣〈J |LS〉

∣∣2
∑

Ĵ

∑′
L̂,Ŝ→Ĵ

∣∣〈Ŝ|s1s2〉
∣∣2 PL̂

∣∣〈Ĵ |L̂Ŝ〉
∣∣2 . (3.9)

In contrast to q1 denoting the quarks, q̄2 stands for antiquarks as well as diquarks. The
spins of the two cluster components 1 and 2 are given by s1 = s(q1) and s2 = s(q̄2),
respectively, and 〈ψF (HJ)| denotes the flavour part of the hadron wave function. 6 More-
over, |〈j|ls〉|2 = 2j + 1/(

∑
i=|l−s|,...,(l+s) 2i + 1) and

∑′
L,S→J is an abbreviation denoting

a summation over L = 0, 1, . . . and S = |s1 − s2|, . . . , (s1 + s2), considering the condition
that only those terms contribute, where |L−S| ≤ J ≤ (L+S) can be fulfilled. Finally, it
should be stressed that the second term of eq. (3.9) represents only a static model, which
accounts for the correct selection of hadrons according to their total spin.

3.4.2 Single cluster to hadron transitions

When the clusters are formed from colour-connected pairs of quarks and diquarks, some
of them, because of their comparably low mass, fall into the hadronic regime. Within this
framework these clusters are transformed into single hadrons immediately. In doing so,
however, some four-momentum is released and has to be absorbed by other clusters. By

6For mesons this also includes the possibility of singlet-octet mixing occurring in hadron multiplets.
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allowing hadrons with masses lower than the cluster mass only, the momentum transfer
is taken to be a mere energy transfer and, therefore, is time-like. This ensures that the
absorbing cluster becomes heavier. To fulfil the requirement of low momentum transfer,
the already outlined hadron-selection procedure according to the flavour-spin weights W
is modified through the inclusion of an additional – kinematic – weight,

Wkin. = exp

[
−
(
Q2

Q2
0

)2
]
. (3.10)

In this equation Q2 > 0 denotes the squared momentum (i.e. energy) transfer, and Q0 is
the scale related to the low momentum-transfer demand. The limit Q0, furthermore, de-
pends on the cluster mass and is also employed in the cluster decays; see below, eq. (3.12).
Note that in the original Webber model the clusters being too light to decay are identified
to be the lightest hadron with identical flavour structure. In comparison with the Webber
scheme, the major difference of this approach in the case of single-cluster transitions is
the expansion of the hadron-selection procedure, i.e. the selection is not restricted to the
lightest hadron anymore, instead all hadrons with masses lower than the cluster mass are
allowed to be selected.
The cluster compensating the residual four-momentum is selected such that it contains
the partner that emerged in the same non-perturbative gluon-splitting process as one of
the constituents of the transformed cluster. In turn, clusters, which fall into the hadron
regime and contain two leading quarks, are always split non-perturbatively into two clus-
ters containing only one leading constituent. In this context leading partons, however, are
only those quarks and antiquarks that directly originate from the perturbative phase, and
not from the non-perturbative gluon splitting or from the cluster decays. For the result-
ing single-leading clusters, then, the same considerations as for the direct transformation
to hadrons apply. In case a cluster in the hadron regime is made up of a diquark and
an antidiquark, which is, in principle, possible, it is forced to specifically decay into two
mesons. The kinematics details on both the forced double-leading cluster breakup and
the double-diquark cluster decay are the same as will be outlined below, see eq. (3.11).

3.4.3 Two-body cluster decays

Finally all remaining clusters – primary clusters as well as secondary clusters (daughters)
– have to be split. The mass categorization outlined above automatically yields one of the
modes C → C1C2, C → C1H2, C → H1C2, or C → H1H2. These modes involve the creation
of an extra flavour pair according to the ideas illustrated in sec. 3.3. Similarly to the
cluster-formation phase, then, two flavour configurations for the decay products emerge,
namely a direct one and a crossed one; see fig. 3.2. Again, the crossed configuration
is suppressed by the colour factor 1/N 2

C and the kinematical weight from eq. (3.1) using
identical measure functions w and replacing t0 by Q2

0, which again depends on the mass of
the decaying cluster. Furthermore, the mother-cluster fission kinematics, which makes use
of the scale Q0, is fixed to be anisotropic, and, as already discussed in the introduction,
this breaking mechanism is chosen to have string-like characteristics. Starting from a
mother cluster with constituent momenta pC1,2 and mass MC, the new momenta of the
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Figure 3.2: Direct and crossed flavour arrangement and colour flow guaranteeing
colour neutrality for each final-state configuration in cluster two-body decays.

constituents of the decay products read [154]

p1,2 =

(
1− Q0

MC

)
pC1,2 and pf̄ ,f =

Q0

MC
pC2,1 , (3.11)

where f and f̄ label the momenta of the newly created flavour pair. Hence, for the two
cluster arrangements (see fig. 3.2) the momenta are given by P Xdir. = p1 +pf̄ , P

Y
dir. = pf +p2

in the direct, and PXcross. = p1 + p2, P
Y
cross. = pf + pf̄ in the crossed case, respectively. The

underlying algorithm, i.e. the mass-categorization idea, for cluster decays implicates the
demand that the calculation of the daughter-cluster momenta must not break down for
any possible MC . To guarantee well-behaved four-momenta in this fission breaking, i.e.
to have well-defined Q0/MC fractions with Q0 < MC, this model uses a parametrization
of a running Q0 increasing monotonously with MC . This running depending on two
parameters, Q̂0 and M̂0, with the constraint Q̂0 < M̂0, can be formulated as

Q0(MC) =
Q̂0 MC

M̂0 +MC
< MC . (3.12)

The ansatz reflects that with increasing mother-cluster masses the momentum transfer
in the fission is allowed to be higher. But it also fulfils saturation for very massive
clusters, since the dominant scale for hadronization is the QCD scale ΛQCD. From this

consideration, the meaning of the two parameters can be found. Q̂0 gives an upper
limit on the hadronization-energy scale. In that, it takes over the rôle of the original Q0

fission constant of the Webber model [154]. The decline towards lower cluster masses can
be controlled by the value given to M̂0. Ultimately, both parameters are major tuning
parameters of this model, but they are quite natural in the sense that the range is known of
meaningful values, which can be given to them and which are of the order of hadronization
energies and peak masses of the cluster mass distribution for Q̂0 and M̂0, respectively.
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cluster direct case crossed case direct case crossed case

q1q̄2
q̄q−→ q1q̄ + qq̄2, q1q̄2 + qq̄

DD−→ q1D +Dq̄2, q1q̄2 +DD

q1D2
q̄q−→ q1q̄ + qD2, q1D2 + qq̄

DD−→ q1D +DD2, q1D2 +DD

D1D2
q̄q−→ D1q̄ + qD2, D1D2 + qq̄

DD−→ D1D +DD2, D1D2 +DD

D1D2 −→ q2q̄1 + q′2q̄
′
1 −→ q2q̄

′
1 + q′2q̄1

Table 3.1: Different cluster types emerging through cluster breakups. Decay
channels indicating a four-quark, i.e. two-diquark, system to become a hadron within
the modes C → C1H2, H1C2, H1H2 are vetoed. The four-quark cluster disintegration
into two mesons (see last row of the table) is only available for the mode C → H1H2.
The occurrence of the two disintegration possibilities is taken to be equally likely.

Having fixed the primary kinematics, via eq. (3.11), and the combination of flavours and
momenta to the new clusters, their masses can be deduced from the squares of their total
four-momenta. Then, as stated above, the different decay modes C → C1C2, C1H2, H1C2,
H1H2 are distinguished according to the resulting masses of the daughter clusters. All
possible decay channels within each mode are comprehensively summarized in tab. 3.1.

1. For the case of breakups involving clusters only, i.e. for C → C1C2, nothing has to
be done in addition.

2. If one of the daughter clusters falls into the hadronic regime, i.e. for C → C1H2

and C → H1C2, a suitable hadron has to be selected such that the hadron will be
lighter than the cluster. The selection procedure follows that outlined above for the
C → H transformation; the recoil is taken by the daughter system, which belongs
to the cluster regime.

3. If both new clusters fall into the hadron regime, i.e. for purely hadronic decays,
C → H1H2, more severe manipulations are applied. First of all, the newly created
flavour pair f f̄ is abandoned; instead, two hadrons are chosen directly. Then the
combined weight for the selection of such a hadron pair consists of three pieces.
The first part accounts for the two flavour-spin contents. The second one includes
the correct relation of direct to crossed decay configurations and, furthermore, rep-
resents the incorporation of the pair-production rates. The last part considers the
phase space of the decay, which is taken to be isotropic in the cluster’s rest frame
[150, 154]. The combination of the first two weights for the hadron pair is set up as if
only complete SU(3)F multiplets were accessible. Because of the superposition with
the phase-space factor, a hadron pair that cannot be produced in a cluster decay
owing to its large mass cannot contribute to the selection. 7 The other manipulation,

7The weight treatment for hadron selection in HERWIG was first modified by Kupčo [171]. By now,
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as indicated above, is that once the hadron species are chosen, the cluster decays
isotropically in its rest frame into these hadrons.
Two comments are in order here: first of all, this approach takes leading-particle
effects into account in the same manner as in Webber’s model. This treatment on
average enhances the anisotropy of leading-cluster breakups.
Secondly, when considering a cluster consisting of two diquarks, mesons can emerge
only by recombining the individual quarks and antiquarks that constitute the di-
quarks, see tab. 3.1. Since baryons appear in a decay of such clusters through the
creation of a quark pair, the diquark recombination is taken to be suppressed by a
factor of pB with respect to the baryon production, which appears with 1−pB in this
channel. The specific ordering of the quarks into mesons is then done in a fashion
similar to the one above, involving hadron pairs. The difference, however, lies in the
fact, that Clebsch-Gordan coefficients are additionally employed. These coefficients
account for the rearrangement of the product of the diquark and antidiquark spin-S
wave function into a double-mesonic basis, since after the breakup the (anti)diquark
cannot be regarded as an entity anymore. The treatment, therefore, gives additional
constraints on the spins of the emerging mesons. Given that these spins are denoted
SM and SN , one has to find the probabilities that their angular-momentum coupling
results in the four-quark cluster’s net spin, which is initially obtained from the spin
coupling of its diquark and antidiquark. Using two-particle spin states |SSz〉12, the
singlet and triplet vectors written in terms of single-particle spin functions are

∣∣00
〉

12
=

1√
2

(∣∣↑1↓2

〉
−
∣∣↓1↑2

〉)
, (3.13)

∣∣1−1
〉

12
=

∣∣↓1↓2

〉
, (3.14)

∣∣10
〉

12
=

1√
2

(∣∣↑1↓2

〉
+
∣∣↓1↑2

〉)
, (3.15)

∣∣11
〉

12
=

∣∣↑1↑2

〉
. (3.16)

Then, according to a q1q2q3q4 cluster, for the q3q1 + q4q2 combination, the, e.g. four-
quark cluster spin-vector |00〉12|00〉34 formulated in terms of (anti)diquarks can be
re-written as

∣∣00
〉

12

∣∣00
〉

34
=

1

2

(∣∣11
〉

13

∣∣1−1
〉

24
+
∣∣1−1

〉
13

∣∣11
〉

24
−

∣∣10
〉

13

∣∣10
〉

24
+
∣∣00
〉

13

∣∣00
〉

24

)
. (3.17)

This expression already allows to read off the Clebsch-Gordan-like probabilities:

C00,00 =
1

4
and C00,11 =

3

4
, (3.18)

where the notation CSDSD ,SMSN has been used. The other factors can be obtained
in a similar fashion as demonstrated above. Beneficially, up to some change in signs

the HERWIG++ group has developed a new, improved, approach [19].
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the rearrangement for the other configuration q3q2 + q4q1 yields the same results.
Ultimately, one ends up with:

C01,01 = C01,10 =
1

4
and C01,11 =

1

2
; (3.19)

C10,01 = C10,10 =
1

4
and C10,11 =

1

2
; (3.20)

C11,00 =
1

12
, C11,01 = C11,10 =

2

12
(3.21)

and

C11,11 =
7

12
. (3.22)

3.5 Preliminary results

The performance of the model introduced above is now illustrated by presenting some re-
sults for e+e− annihilation at the Z0 pole using only light quarks throughout the event’s
evolution. The outcomes were obtained with the parton shower of APACIC++ 1.0 [71], the
matrix elements were generated by AMEGIC++ 1.0 [56] and combined with this parton
shower [36], the primary hadronization was accomplished by the cluster model described
above, and the hadron decays were provided through interfacing the corresponding rou-
tines of PYTHIA 6.1 [6]. The resulting event generator is the combination of these mod-
ules. In the following it is referred to as SHERPAα. The results shown below were all
achieved with the same parameter set. Allowing the full colour-reconnection model, all
the cluster-model parameters were adjusted only manually through a comparison to the
corresponding PYTHIA 6.1 predictions. Tab. 3.2 summarizes the major parameters of
the cluster-hadronization model, where those indicated by a star are referred to as the
main tuning parameters of the model. The settings of the other module’s input variables
were mainly taken over from a Z0 pole tuning of APACIC++ 1.0, together with the full
hadronization of PYTHIA 6.1, where the major modification amounted to a change of the
parton-shower cut-off, tcut, from tcut = 0.5 GeV2 to tcut = 0.4225 GeV2. Since measure-
ments that specifically concentrate on the observation of light-quark characteristics are
rarely available, results are mainly compared with those gained from running PYTHIA 6.1
and HERWIG 6.1 [172] both restricted to u, d, s quarks. In doing so, either of the models
was run with its default parameter values.

3.5.1 Impact of the colour-reconnection model

In a first step model-internal results are considered. To begin with, the effects of the
colour-reconnection model on the cluster-mass distribution, and the statistics of the re-
connections in the cluster formation are briefly discussed. Fig. 3.3 illustrates the state-
ment that under the influence of the kinematically re-weighted colour-reconnection model
this cluster hadronization tends to produce less massive primary clusters than without
the full reconnection procedure. This is in contrast to other colour-reconnection models.
However, if one considers the kinematically unweighted model, which uses wij ≡ 0, the
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constituent masses
Md,u 0.30 GeV
Ms 0.45 GeV
Mud0 0.57933 GeV

Mdd1,ud1,uu1 0.77133 GeV
Msd0,su0 0.80473 GeV
Msd1,su1 0.92953 GeV
Mss1 1.09361 GeV

∗ Mg 1.20 GeV
reconnection squared-mass scale

t0 M2
g /4

strangeness production probability of pair creation
∗ ps 0.104

baryon production probability of pair creation
∗ pB 0.267

relative orbital-angular-momentum weights
PL=0...5, PL>5 1.55−L, 0

cluster-fission mass scale of Q0 running

∗ Q̂0 0.84 GeV
steepness regulator of Q0 running

∗ M̂0 2.10 GeV
gaussian smearing parameter for

leading-cluster breakups C` →HH
∗ σ0 0.00077

Table 3.2: Overview of the parameters and their values used in the cluster-
hadronization model of SHERPAα. Major tuning parameters are indicated by “∗”.

behaviour is completely reversed. Therewith one can conclude (1) that the decrease is es-
pecially caused by the kinematic factor, eq. (3.1), where wij = p⊥ij has been used, and (2)
that this factor has rather strong effects on the primary-cluster mass distribution. When
considering colour-reconnection sensitive observables, this then might favour the possibil-
ity of an isolated tuning of the kinematic factor, i.e. the choice of t0 given in eq. (3.1).
Right now t0 is set through the gluon constituent mass. For the full (kinematically
unweighted) colour-reconnection model in the cluster formation one gets approximately
0.742 (0.689) reconnections per event and, with a frequency of 47.7%, 35.2%, 13.0%, 3.3%
(50.3%, 34.5%, 11.8%, 2.8%), and 0.8% (0.6%), one finds 0, 1, 2, 3, and > 3 exchange(s),
respectively. Moreover, changing the option full colour reconnection while keeping the
parameters (adjusted under the full reconnection model) unchanged yields the follow-
ing qualitative modifications: for both other options, the number of daughter clusters
per event is increased, which results for the reconnection free and the kinematically un-
weighted model in an enlargement of the mean charged-particle multiplicity of roughly 0.2
and 1.0 charged tracks per event, respectively. In the free case the charged-pion produc-
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Figure 3.3: Primary cluster-mass distribution in e+e− annihilation events evolving
into light-quark and gluon jets at the Z0 pole. The SHERPAα results are shown
for three cluster-model cases, the model excluding colour reconnection at all (solid
line), the model including the kinematically unweighted colour-reconnection model,
i.e. the colour-reconnection model (CRM) without kinematic weight (KW) (dashed
line), and, the model including the full colour-reconnection model (dotted line).

tion rate increases, where this is even more enhanced for the kinematically unweighted
reconnection model. The charged-kaon rate and the (anti)proton rate decrease for the
free model. These two effects are reversed for the reconnection model without kinematic
weighting procedure. Furthermore, the charged-particle transverse-momentum distribu-
tions are lowered for high p

uds,in/out
⊥ , where the deviation is smaller for the model with

the reconnection option entirely switched off. Again, this is an example, where one may
recognize a complete reverse of the full model’s behaviour when the kinematic weigthing
procedure is not taken into account. In contrast to that, at the same time the scaled-
momentum distribution of charged tracks alters only marginally. However, this is not true
for the reconnection free model. In this circumstance the scaled-momentum distribution’s
bump at xudsp ≈ 0.5 enhances and the tail of the distribution tends to become harder (see
the discussion below and cf. fig. 3.8).

Briefly, the influence of exchanging the p⊥ij with the mij measure is discussed. In the
multiplicity, event-shape, jet-rate and momentum distributions differences are barely no-
ticeable. Modifications can only be reported from the primary-cluster mass distribution,
see fig. 3.4. There one may conclude that up to a small region around 10 GeV the mij

model predicts a slightly harder spectrum, however, the trend given by the kinematical
weighting is clearly retained. Also this does not seem to have great effects on hadron-
level distributions, differences can also be seen in the statistics of the reconnections, since
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Figure 3.4: Primary cluster-mass distribution in e+e− annihilation events that
evolve into light-quark and gluon jets at the Z 0 pole. The SHERPAα results are shown
for three cluster-model cases, the model excluding colour reconnection at all (solid
line), the p⊥ij model (KWp) (dashed line), and, the mij model (KWm) (dotted line),
both of which considering the complete treatment for colour reconnection. The lower
part of the plot shows the normalized difference where the colour-reconnection free
model is used as the reference.

in the cluster formation now one gets approximately 0.564 reconnections per event and,
with a frequency of 58.1%, 30.3%, 9.1%, 2.0%, and 0.5%, one finds 0, 1, 2, 3, and > 3
exchange(s), respectively. Hence, from the considerations done so far, one cannot judge,
which of the two measures is more suitable. In conclusion, the impact of the kinematical
weighting has been clearly seen to be very crucial. So, to shed more light on the effects
of the reconnection model one has to explore observables that are specifically sensitive to
colour reconnection. This then might favour the possibility of an isolated tuning of the
kinematic factor, i.e. the choice of t0 given in eq. (3.1). Right now t0 is set through 1/4
of the gluon constituent mass squared.
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Figure 3.5: Predicted multiplicity distribution of charged particles in e+e− anni-
hilation for light-quark and gluon jets at the Z 0 pole. The SHERPAα result is shown
together with the default PYTHIA 6.1(uds) and HERWIG 6.1(uds) predictions.

3.5.2 Model predictions

Now, in the second step, the preliminary predictions of this model under the inclusion of
the full colour-reconnection model are discussed. The overall charged-particle multiplicity
distribution is presented in fig. 3.5. The shift to higher multiplicities of the SHERPAα curve
with respect to the other curves indicates the higher mean value of the SHERPAα predic-
tion. Tab. 3.3 shows mean multiplicities 〈N uds

ch 〉 as provided by those three fragmentation
models in comparison with inclusive measurements. To exemplify the charged-hadron
rates, the mean multiplicities for the stable charged hadrons – π±, K± and p, p̄ – are
considered and compared with experimental uds results; see also tab. 3.3. To have a
comparison with experimental data on charged-particle multiplicity distributions, each
event is divided into hemispheres using the plane perpendicular to the thrust axis. The
charged tracks per hemisphere are summed for both hemispheres. Then, the average of
the two contributions is formed. This procedure yields the hemisphere multiplicity dis-
tribution of charged tracks, whereas the forward-backward asymmetry is not taken into
account. The resulting SHERPAα distribution is shown in fig. 3.6. There it is compared
with experimental data from the OPAL collaboration [178].
In a further test the SHERPAα predictions for the energy dependence of the 〈Nch〉 ob-
servable have been considered by using the Z0 pole adjusted parameters. To do so, the
corresponding 〈N uds

ch 〉 results have been corrected by employing an ansatz

〈Nch〉 = 〈N uds
ch 〉 + fc δc + fb δb , (3.23)

which has been quite similarly formulated in [179]. This ansatz exploits the QCD pre-
diction that the difference in charged-particle multiplicity, δc,b, between heavy- and light-
quark events is expected to be almost energy independent [180]. The fc,b are the fractions
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Figure 3.6: Predicted hemisphere multiplicity distribution of charged tracks in
electron–positron annihilation for the light-quark sector at the Z 0 pole. The hadron
level prediction of SHERPAα is shown in comparison to the corrected distribution
of charged-particle multiplicity obtained by OPAL [178]. The total uncertainties are
indicated by vertical lines. The lower part of the plot illustrates the normalized
difference between the simulation and the data.
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〈N uds
ch 〉 〈N uds

π± 〉 〈N uds
K± 〉 〈N uds

p,p̄ 〉

PYTHIA 6.1(uds) 19.84 16.72 2.010 0.856

HERWIG 6.1(uds) 18.86 15.37 1.693 1.568

SHERPAα 20.15 16.83 2.018 1.047

OPAL [173] 20.25± 0.39

DELPHI [174] 20.35± 0.19

DELPHI [175] 19.94± 0.34 16.84± 0.87 2.02± 0.07 1.07± 0.05

SLD [176] 20.21± 0.24

SLD [177] 20.048± 0.316 16.579± 0.304 2.000± 0.068 1.094± 0.043

Table 3.3: Overall mean charged-particle multiplicity, and production rates of
charged pions, charged kaons and (anti)protons in e+e− collisions. The values are
taken for uds events running at the Z0 peak centre-of-mass energy. The errors
indicated in the table are the total errors of the measurements. More JETSET and
HERWIG results on this topic can be found in [175].

of cc̄, bb̄ events, which can be obtained from APACIC++ 1.0 when dropping the uds quark
restriction. 8 To accomplish the calculation, a weighted average including results from low-
energy data, LEP1 and LEP2, δb = 3.05± 0.19 [179], has been chosen; δc = 1.7± 0.5 has
been taken from [180]. These resulting SHERPAα energy behaviour is shown in fig. 3.7,
where it is also compared with measurements from various e+e− experiments [181].
In view of these comparisons, the conclusion is that the SHERPAα multiplicity results are
in reasonable agreement with the PYTHIA 6.1(uds) predictions and with the data.

As examples for particle-momentum distributions, the scaled momentum defined as xudsp =
2|~puds|/Ecm and its negative logarithm ξudsp = − ln xudsp are considered. The xudsp distri-
bution obtained with SHERPAα is shown in fig. 3.8, together with the predictions of the
PYTHIA 6.1(uds) and HERWIG 6.1(uds) event generators. Furthermore, experimental re-
sults delivered by the OPAL [173] and SLD [177] collaborations on this differential cross
section have been included. Additionally, in fig. 3.9 DELPHI data [175] are compared with
the predictions of the fragmentation models under consideration. In order to enhance the
significance, a histogram structure being identical to that of the data has been used for

8In the calculation of the correction of the Monte Carlo result for 10 GeV, the b quark threshold has
been assumed to be above that energy, i.e. in this case fb has been set to zero.
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Figure 3.7: Energy dependence of the mean charged-particle multiplicity in
electron–positron annihilation. First predictions of SHERPAα employing a heavy-
quark correction are shown in comparison to experimental e+e− data [181]. The
total uncertainties of the measurements are indicated by vertical lines. The diame-
ter of the SHERPAα points specifies the error due to the correction procedure.

the calculation of the simulated xudsp values. The PYTHIA 6.1(uds) model is the most con-
sistent with the OPAL and DELPHI data, but it predicts a slightly softer spectrum. Both
cluster-hadronization models show quite similar behaviour concerning their deviation from
the PYTHIA 6.1(uds) prediction (cf. fig. 3.8). For xudsp < 0.7 they oscillate around this
prediction, where both have the tendency to overestimate the data at xudsp ≈ 0.5. For
xudsp > 0.8 they anticipate a steeper decline, which is quite different from that seen in the
OPAL and DELPHI data. In spite of these shortcomings, the agreement of SHERPAα with
the DELPHI data is encouraging at least up to xudsp values of 0.6 (cf. fig. 3.9). Moreover,
the recently published SLD results [177] already plotted in fig. 3.8 show a considerably
softer high-xudsp tail. To better judge the performance of the model according to the SLD
data, again a histogram structure being identical to the data binning has been used, see
fig. 3.10. The soft high-xudsp tail behaviour then can be described by the new cluster
model and by the HERWIG model as well, which is above the former prediction. Neverthe-
less, in the former case the onset of the rapid fall off is still at scaled-momentum values
that are too low. When going towards lower xudsp , the first bump is truly a deficiency of
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Figure 3.8: Scaled momentum distribution of charged particles for Ecm =
91.2 GeV in e+e− annihilation considering only the light-quark sector. The SHERPAα
prediction is compared with experimental light-quark data provided by the OPAL

[173] and SLD [177] collaborations. The total uncertainties are represented by verti-
cal error bars, whereas the horizontal lines attached to the OPAL data points indicate
the xudsp range for the corresponding measurement. Also shown are the outcomes
of PYTHIA 6.1(uds) and HERWIG 6.1(uds) in their default settings. Concerning the
mean value 〈xudsp 〉 of the distributions, only the HERWIG 6.1(uds) prediction is consis-

tent with the OPAL measurement of 〈xudsp 〉 = 0.0630± 0.0003 (stat.)± 0.0011 (syst.)
[173]. As before, the lower part of the plot represents the normalized difference,
however, the PYTHIA 6.1(uds) prediction is now used as the reference curve.
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Figure 3.9: Scaled momentum distribution of charged particles for Ecm =
91.2 GeV in electron–positron annihilation considering only the light-quark sector.
The SHERPAα prediction is compared with experimental light-quark data provided
by the DELPHI collaboration [175]. The total uncertainties are shown by vertical
lines. Also included are the predictions of default PYTHIA 6.1(uds) and default
HERWIG 6.1(uds). The lower part of the plot again represents the normalized differ-
ence between the Monte Carlo models and the data.

cluster approaches. In comparison with the HERWIG 6.1(uds) prediction (see fig. 3.9 and
fig. 3.10), the new model yields, however, a smaller bump, and the values for xudsp > 0.7
show a softer decline, i.e. do not fall off as rapidly as the HERWIG 6.1(uds) ones. 9 This
slightly better performance might be gained due to the mass-categorization treatment of
the cluster transitions, which has been introduced in the new model.

9Contrary to the old FORTRAN HERWIG, newly published HERWIG++ results on the topic show an
improved behaviour which is different to that of HERWIG 6.1(uds) [19].
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Figure 3.10: Scaled momentum distribution of charged particles for Ecm =
91.2 GeV in electron–positron annihilation considering only the light-quark sector.
The SHERPAα prediction is compared with experimental light-quark data provided
by the SLD collaboration [177]. The total uncertainties are shown by vertical lines.
Also included are the predictions of default PYTHIA 6.1(uds) and default HERWIG

6.1(uds). The lower part of the plot again represents the normalized difference
between the Monte Carlo models and the data.

All in all, the new model’s xudsp behaviour clearly reflects two symptomatic cluster-model
weaknesses, namely (1) that the necessary increase in cluster and, therefore, in hadron
multiplicity excessively results in a decrease of large three-momenta of primary clusters,
and (2) that the hadronization of events with a small number of primary clusters is not
sufficiently modelled yet. Both statements can be seized more properly. In the first case
this behaviour does not necessarily have to be wrong, but, surely, one has to carefully
tune, in interplay with the overall mean charged-particle multiplicity, the decline towards
higher xudsp . But, unfortunately, there is not only this enhanced decline. Truly a weak
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Figure 3.11: Scaled momentum distribution of charged particles for Ecm =
91.2 GeV in electron–positron annihilation considering only the light-quark sector.
The SHERPAα prediction is compared with the SHERPAα C → HH model prediction.
As the reference curve the result of default PYTHIA 6.1(uds) is included. Then,
the lower part of the plot represents the normalized difference between the PYTHIA

6.1(uds) model and the SHERPAα models.

point of the cluster model is the formation of bumps in the xudsp distribution. This is a
sign that the underlying fission kinematics is still not sufficiently adapted to the needs
of hadronization, at least when considering the light-quark sector only. To support this
statement two different scenarios have been compared and the xudsp distribution is plotted
in fig. 3.11 with the reference curve obtained from PYTHIA 6.1(uds). The pure case of
allowing only C → H1H2 breakups has been tested against the full SHERPAα model. One
gets exactly the expected behaviour, the C → H1H2 model is much lower in multiplicity
and shows a harder high-xudsp tail. But up to a small bump at very high xudsp , its cor-
responding distribution is free of bumps. This may lead to the conclusion that all the
change in the scaled-momentum distribution comes from the cluster-decay kinematics,
cf. eq. (3.11). Moreover, the formation of the hadron-level bumps may be explained as
follows. In our case of light quarks the leading term for the daughter-cluster masses is
the same, M2

X ,Y ∼ Q0MC−Q2
0. This then advantages the emergence of quite symmetrical
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Figure 3.12: Scaled momentum distribution of charged particles for Ecm =
91.2 GeV in electron–positron annihilation for the light-quark sector only. The
SHERPAα∗ prediction is compared with the SHERPAα∗ C → HH model prediction.
The “∗” indicates that, for this analysis, only events with a primary-cluster number
lower than 7 have been taken into account. The reference curve is given by the de-
fault PYTHIA 6.1(uds) outcome. The lower part of the plot represents the normalized
difference between the PYTHIA 6.1(uds) model and the SHERPAα∗ models.

mass configurations for the decay products and, in turn, the C → C1C2 and C → H1H2

breakups will appear very often. This furthermore translates into the effects that, firstly,
scaled-momentum ranges emerge where the kinematics prefers to place the new momenta
and, secondly, regions arise where non-purely hadronic decays are very suppressed and
therefore the xudsp behaviour tries to follow the one of the C → H1H2 model. This is
quite adequately illustrated in fig. 3.12 where, for the SHERPAα model, events with a
primary-cluster multiplicity lower than 7 have been explicitly considered. 10 The outcome
of this plot clearly puts emphasis on the second statement that especially for events with
a low multiplicity in primary clusters the cluster hadronization is still problematic. Taken
together, the main problem is the somewhat deficient interplay of the cluster-decay kine-
matics with the purely isotropic one taken to manage the C → H1H2 transitions. In

10This coincides with the peak position of the primary-cluster multiplicity distribution.
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Figure 3.13: ξudsp = ln(1/xudsp ) distribution of charged particles for Ecm =
91.2 GeV in electron–positron annihilation, considering the light-quark sector only.
The SHERPAα prediction is presented together with experimental uds data provided
by the OPAL collaboration [173], and with results from default PYTHIA 6.1(uds) and
default HERWIG 6.1(uds). The total uncertainties are shown by vertical error bars.
The lower part of the plot visualizes the normalized difference between the Monte
Carlo simulations and the data.

conclusion, the “decline problem” may be tuned away through carefully tuning the per-
turbative and non-perturbative parameters simultaneously, whereas the “bump problem”
implies to introduce corrections to the cluster-decay kinematics.
In contrast to the xudsp distribution, the ξudsp distribution emphasizes the soft momenta of
the spectrum. Fig. 3.13 illuminates the SHERPAα result together with those of the other
two QCD Monte Carlo models, and compares them with experimental measurements from
the OPAL collaboration [173]. PYTHIA 6.1(uds) describes the data over the full ξudsp region.
Except for the first three data points (the region of hard momenta), SHERPAα can also
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reasonably describe the data and is comparable to the PYTHIA 6.1(uds) prediction. It
slightly underestimates the region of 1.0 < ξudsp < 2.0. HERWIG 6.1(uds) is low (high) for
2.0 < ξudsp < 5.0 (0.4 < ξudsp < 1.0). The outcomes of the three Monte Carlo simulations

all reproduce a peak position of ξ∗,udsp,MC = 3.7 ± 0.1, which reasonably coincides with the

experimental inclusive measurements of the peak position, ξ∗,udsp = 3.76 ± 0.02 (DELPHI

[175]) and ξ∗,udsp = 3.74± 0.22 (OPAL [173]).

As an example for the group of event-shape observables, the 1− T uds distribution – with
T uds being the thrust – of the three aforementioned QCD Monte Carlo event genera-
tors with u, d, s quark restriction is presented in fig. 3.14 for light-quark and gluon jets.
HERWIG 6.1(uds) accounts on average for more spherical event shapes, which is indicated
by a softer decline of the spectrum towards higher values. The SHERPAα prediction, some-
what exceeding the PYTHIA 6.1(uds) result for 0.1 < 1− T uds < 0.3, rather resembles the
prediction of PYTHIA 6.1(uds), which, owing to the LPHD concept, might be due to the
fact that SHERPAα employs a PYTHIA like parton shower.

Lastly the Durham 3 → 2 differential jet rate is considered in fig. 3.15. Except for the
low-statistics region, the results for the event generators shown in the plot barely exhibit
any deviation from one another.
Taken together, the first experiences with the performance of SHERPAα are promising.
Reasonable agreement could be achieved in comparisons with PYTHIA 6.1 restricted onto
the light-quark sector and, where provided, with experimental data for electron–positron
annihilation into light-quark and gluon jets at the Z0 pole. Keeping in mind that the
model has not been extensively tuned, the outcomes have been very encouraging.

3.6 Conclusions

A modified cluster-hadronization model has been presented, modified w.r.t. the long-
standing Webber model; the extensions of this approach are the following.
Soft colour-reconnection effects have been included in the cluster formation as well as in
the cluster-decay processes. This yields an enhancement of the number of decay configura-
tions. The spin of diquarks has been explicitly accounted for throughout the model. The
number of basic cluster species has been enlarged, especially by a new mesonic-cluster
type, the four-quark cluster. The significant feature of this approach is the flavour-
dependent separation of the cluster and hadron regimes in terms of the mother cluster’s
mass. This categorization automatically selects the cluster-transition mode. Taken to-
gether, these aspects require the set-up of generically new cluster decay channels.
As a case study, this cluster-hadronization model was implemented as a C++ code. The
resulting version has been shown capable of describing electron–positron annihilation
e+e−→ γ∗/Z0→ dd̄, uū, ss̄ into light-quark and gluon jets. Some first tests were passed
(see previous section) and the agreement with PYTHIA 6.1(uds) and experimental data
is satisfactory. Some cluster-model shortcomings, such as the too low charged-particle
multiplicity, could be cured; and the spectrum of the scaled momentum could be im-
proved. The model serves as the starting point for and basis of a more complete model
including heavy-quark hadronization. This extended version will be used in the SHERPA

event generator.
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4 Summary

This thesis dealt with a number of different aspects as they appear in QCD jet physics
at high and low energy scales. QCD dynamics with its basic properties of asymptotic
freedom at high scales and multiple parton production and confinement at low scales de-
termines the production, evolution and hadronization of the jets, and different approaches
can be used to describe the main physics features in these different domains.
The phenomenological studies presented in the first chapter of this thesis all addressed
the aspect of jet production, in conjunction with an improved description of combining
it with the subsequent (softer) intra-jet evolution. With these studies the further val-
idation and verification of the CKKW merging procedure as implemented in the event
generator SHERPA have been accomplished. The procedure has proven to work success-
fully in comparison with a variety of predictions made by other merging schemes, as well
as, with analytic higher-order calculations and other Monte Carlo tools all aiming at the
simulation of additional QCD radiation to production processes that are and will be of
enormous relevance for the current and new hadron colliders. The CKKW algorithm
correctly merges tree-level matrix elements with the parton shower at leading logarith-
mic accuracy, with the former constituting the best means to calculate the production
of jets, and the latter to handle their evolution. However, in both descriptions the lead-
ing logarithms associated to each single emission are encountered and potentially double
counted when naively combining the two different calculations. This exactly is avoided
by the CKKW approach, such that the good features of both calculations will survive
and an improved (leading-order) description of hard multijet configurations together with
jet fragmentation is achieved. The studies for validating CKKW thereby triggered refine-
ments of the implementation of the algorithm in SHERPA. The outcomes of the analyses
for W+jets and WW+jets, accomplished in the framework of this thesis, clearly have
shown the importance of incorporating QCD corrections provided by real-emission ma-
trix elements and, thus, to account for high transverse momenta of jets and correct jet–jet
correlations. This cannot be achieved by the sole use of parton showers and, therefore, is
of large interest for the experimental analyses to better understand their data and gain
good handle of the QCD backgrounds present in all production processes. Therefore, it
is fair to conclude that the phenomenological studies of this thesis contributed to the
improvement of the event generator SHERPA, which, equipped with its implementation of
the CKKW approach, adds valuable contributions to the frontier of current research.
In the second part of this thesis proposals have been presented for new models in de-
scribing (1) multiple soft and collinear QCD emission and (2) the hadronization of jets,
phenomenologically. Moreover, in the context of Monte Carlo event generation, the models
not only have been suggested but also implemented and proven to yield very encouraging
results.
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The first model is a fully perturbative formulation of a colour-dipole shower in particular
for hadronic collisions. Certainly inspired by the colour-dipole model developed by the
Lund group, it handles QCD radiation in the initial state of scattering processes in a
completely different way, namely in a backward-evolution process involving the parton
density functions as in conventional parton showers. In this way, it needs no assumptions
of non-perturbative origin and constitutes an unambiguous and clear perturbative ap-
proach to multiparton emission in terms of colour dipoles. In contrast to the traditional
parton-shower models, which in first approximation resum the leading logarithms asso-
ciated to the collinear emergence of secondary partons, here, it is the soft limit of QCD
radiation that plays the major rôle in the exponentiation of single parton emissions and
therefore gives an interesting alternative in constructing the radiation pattern of QCD
bremsstrahlung. Owing to its clear formulation in terms of perturbative dipoles and their
associated dipole splittings functions, the model features characteristics close to the coun-
terterms used in antenna subtraction methods, it, therefore, seems to have potential in
constituting a natural partner to NLO QCD calculations, based on antenna factorization,
in the scope of matching them with Monte Carlo showers. The first results that have been
obtained with this dipole shower are in very good agreement with existing data of lepton
and hadron colliders, and also, predictions made by SHERPA. Additionally, the fact that
in this thesis for the first time inclusive QCD jet production at hadron colliders has been
simulated with a colour-dipole shower allows the emphasis of a very successful outcome
of this work.
The second model presented in this thesis is a phenomenological scheme for cluster
hadronization containing a good fraction of modifications w.r.t. the well-established Web-
ber model. It triggered a completely independent first implementation of the new ideas
within the event generator SHERPA for the case study of electroweakly produced hadron-
ically decaying vector bosons at the Z0 pole, certainly a very suitable testbed for the
validation of the hadronization corrections induced by the model to perturbative predic-
tions. The model has proven to yield reliable results, where the number of modifications
manifests itself in an improvement in the description of LEP data. Therefore, it has
been taken to form the basis for the construction of an independent cluster-hadronization
model for the event generator SHERPA.
Altogether the work of this thesis reflects the great progress recently achieved in jet
physics, addressing questions of current relevance concerning all phases in the description
of jets, in particular in the context of Monte Carlo event generation. With the crucial
assessment of the CKKW algorithm, the development of a new dipole shower and the
preparation of a modified cluster-hadronization model, the accomplishments here con-
tribute to the improvement and extension of the Monte Carlo event generator SHERPA,
more than ever rendering it a powerful tool capable of tackling the new challenges of the
upcoming experiments at the LHC.
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Appendix A LHC rates

Here, a number of tables has been collected presenting more results that have been
achieved during the comparative study on merging-, factorization- and renormalization-
scale variations, with the details in the respective captions of the tables.
The tables clearly show the impact of changing both factorization and renormalization
scale and, thus, hint at the necessity of varying both in order to obtain a conservative
estimate of the theoretical uncertainty. In particular this becomes important, since there
is a tendency of the two scales to work in opposite directions.

The tables, tabs. A.1–A.8, are given below.

Code σ[tot] σ[≥ 1 jet] σ[≥ 2 jet] σ[≥ 3 jet] σ[≥ 4 jet]
ALPGEN, def 10170 2100 590 171 50
ALpt30 10290 2200 555 155 46
ALpt40 10280 2190 513 136 41
ALpt60 10140 2030 403 93 28
ALscL 10590 2520 790 252 79
ALscH 9870 1810 455 121 33
SHERPA, def 8803 2130 574 151 41
SHkt15 8840 2260 642 175 45
SHkt30 8970 2020 481 120 32
SHkt40 9200 1940 436 98.5 24
SHkt60 9650 1990 431 86.8 19
SHscL 7480 2150 675 205 58
SHscH 10110 2080 489 118 30
SHasL 9095 2366 677 190 53.2
SHasH 8597 1924 486 122 32.1
SHinL 7208 1918 552 156 43.1
SHinH 10347 2310 584 148 39.3

Table A.1: Cross sections (in pb) for the inclusive jet rates at the LHC, according
to the default and alternative settings of the various codes. SHas gives the results
for varying in SHERPA the renormalization scales only, in contrast, SHin labels the
outcomes when doing a standard variation in the defaults taken for the PDF scales.
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Code σ[≥1]/σ[tot] σ[≥2]/σ[≥1] σ[≥3]/σ[≥2] σ[≥4]/σ[≥3]

ALPGEN, def 0.21 0.28 0.29 0.29
ALpt30 0.21 0.25 0.28 0.30
ALpt40 0.21 0.23 0.27 0.30
ALpt60 0.20 0.20 0.23 0.30
ALscL 0.24 0.31 0.32 0.31
ALscH 0.18 0.25 0.27 0.27
SHERPA, def 0.24 0.27 0.26 0.27
SHkt15 0.26 0.28 0.27 0.26
SHkt30 0.23 0.24 0.25 0.27
SHkt40 0.21 0.22 0.23 0.24
SHkt60 0.21 0.22 0.20 0.22
SHscL 0.29 0.31 0.30 0.28
SHscH 0.21 0.24 0.24 0.25
SHasL 0.260 0.286 0.281 0.280
SHasH 0.224 0.253 0.251 0.263
SHinL 0.266 0.288 0.283 0.276
SHinH 0.223 0.253 0.253 0.266

Table A.2: Cross-section ratios for (n + 1)/n inclusive jet rates at the LHC, ac-
cording to the default and alternative settings of the various codes. SHas gives
the results for varying in SHERPA the renormalization scales only, in contrast, SHin
labels the outcomes when doing a standard variation in the defaults taken for the
PDF scales.

W+ + n jets σn=0 [pb] σn=1 [pb] σn=2 [pb]
µF = µR = MW 11961.5± 12.2 3491.1± 15.7 1342.5± 36.8

µF = µR = M
(W )
T 11960.1± 12.3 3501.8± 16.3 1430.4± 33.1

µF = µR = MW/4 11122.9± 10.2 3947.3± 22.3 1969.7± 66.1

µF = µR = 2MW 12309.8± 13.4 3365.1± 13.0 1320.9± 35.1

µF = 2MW , µR = MW/4 12518.8± 17.0 4072.9± 23.3 1297.3± 25.0

Table A.3: Inclusive total cross sections for W ++0,1,2 jets at NLO at the LHC,
obtained with MCFM and different scale settings. In all cases, the CTEQ6M parton
distribution has been used, and jets have been defined through a kT algorithm with
kT,0 = 20 GeV and D = 1. Additional cuts: |ηj,`| < 5, Rj` = 0.4, p`T > 5 GeV.
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W+ + n jets σn=1/σn=0 σn=2/σn=1

µF = µR = MW 0.291 0.385

µF = µR = M
(W )
T 0.292 0.408

µF = µR = MW/4 0.355 0.499

µF = µR = 2MW 0.273 0.392

µF = 2MW , µR = MW/4 0.325 0.319

Table A.4: Ratios of inclusive total cross sections at NLO at the LHC, obtained
with MCFM and different scale settings. In all cases, the CTEQ6M parton dis-
tribution has been used, and jets have been defined through a kT algorithm with
kT,0 = 20 GeV and D = 1. Additional cuts: |ηj,`| < 5, Rj` = 0.4, p`T > 5 GeV.

W+ + n jets σn=0 [pb] σn=1 [pb] σn=2 [pb]
µF = µR = MW 11960.2± 12.3 3439.3± 15.3 1298.2± 35.6

µF = µR = M
(W )
T 11960.1± 12.3 3436.1± 19.1 1337.1± 36.6

µF = µR = MW/4 11123.0± 10.2 3892.4± 23.0 1498.5± 114.6

µF = µR = 2MW 12308.5± 13.4 3311.2± 15.6 1297.0± 41.3

µF = 2MW , µR = MW/4 12518.8± 17.0 3988.7± 29.0 1641.4± 80.4

Table A.5: Inclusive total cross sections for W ++0,1,2 jets at NLO at the LHC,
obtained with MCFM and different scale settings. In all cases, the CTEQ6M parton
distribution has been used, and jets have been defined through a cone algorithm
with ET,0 = 20 GeV and R = 0.4. Additional cuts: |ηj | < 4.5.

W+ + n jets σn=1/σn=0 σn=2/σn=1

µF = µR = MW 0.286 0.377

µF = µR = M
(W )
T 0.287 0.389

µF = µR = MW/4 0.350 0.385

µF = µR = 2MW 0.267 0.392

µF = 2MW , µR = MW/4 0.318 0.412

Table A.6: Ratios of inclusive total cross sections at NLO at the LHC, obtained
with MCFM and different scale settings. In all cases, the CTEQ6M parton distri-
bution has been used, and jets have been defined through a cone algorithm with
ET,0 = 20 GeV and R = 0.4. Additional cuts: |ηj | < 4.5.
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Scale choice (lin) σ[tot] jf σ[≥ 1 jet] σ[≥ 2 jet] σ[≥ 3 jet] σ[≥ 4 jet]

f = 1/4, r = 1/4 5949 kt1 2340 (0.393) 1087 (0.465) 416 (0.383) 88.0 (0.212)
[6049] kt.4 2113 924 350 87.4

cn1 2279 1026 379 76.7
cn.4 2030 851 310 74.4

f = 1/2, r = 1/2 7511 kt1 2527 (0.336) 996 (0.394) 334 (0.335) 74.9 (0.224)
[7631] kt.4 2076 746 246 61.7

cn1 2405 914 294 61.2
cn.4 1952 671 210 49.5

f = 1/2, r = 1 7289 kt1 2175 (0.298) 782 (0.360) 247 (0.316) 50.5 (0.204)
[7409] kt.4 1829 612 194 47.1

cn1 2090 728 221 42.6
cn.4 1735 556 168 38.1

f = 1/2, r = 2 7089 kt1 1904 (0.269) 638 (0.335) 193 (0.303) 36.7 (0.190)
[7207] kt.4 1630 516 158 35.5

cn1 1840 598 175 30.9
cn.4 1559 470 137 29.6

f = 1, r = 1/2 9261 kt1 2892 (0.312) 1051 (0.363) 332 (0.316) 69.8 (0.210)
[9411] kt.4 2346 774 241 59.0

cn1 2757 960 295 57.8
cn.4 2203 695 207 47.4

f = 1, r = 1 9019 kt1 2493 (0.276) 826 (0.331) 240 (0.291) 47.8 (0.199)
[9166] kt.4 2086 640 189 43.8

cn1 2400 768 217 40.8
cn.4 1975 582 163 35.0

f = 1, r = 2 8808 kt1 2201 (0.250) 672 (0.305) 187 (0.278) 32.8 (0.175)
[8956] kt.4 1871 539 153 33.0

cn1 2131 629 168 28.1
cn.4 1784 493 134 27.4

Table A.7: Cross sections (in pb) and ratios of inclusive jet rates at the LHC for
different scale choices (using the prefactors f and r for factorization and renormal-
ization scales, respectively). The CTEQ6M parton distribution has been used, jets
are either defined through a kT algorithm (kt) with kT,0 = 20 GeV and D = 1 or
D = 0.4, or through a cone algorithm (cn) with ET,0 = 20 GeV and R = 1 or
R = 0.4. Additional cuts have been applied: |ηj,e| < 5, Rj,e = 0.4, peT > 5 GeV. The
total cross section given in square brackets is without lepton cuts.
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Scale choice (lin) σ[tot] jf σ[≥ 1 jet] σ[≥ 2 jet] σ[≥ 3 jet] σ[≥ 4 jet]

f = 2, r = 1/4 11297 kt1 3602 (0.319) 1302 (0.361) 413 (0.317) 71.6 (0.173)
[11482] kt.4 3169 1082 345 71.2

cn1 3515 1240 380 61.3
cn.4 3030 996 304 58.6

f = 2, r = 1/2 10919 kt1 3202 (0.293) 1100 (0.344) 330 (0.300) 65.6 (0.199)
[11094] kt.4 2570 804 235 55.8

cn1 3057 1006 290 53.5
cn.4 2414 714 200 44.3

f = 2, r = 1 10644 kt1 2748 (0.258) 852 (0.310) 237 (0.278) 43.4 (0.183)
[10815] kt.4 2286 656 181 39.8

cn1 2644 794 211 36.6
cn.4 2160 595 156 32.2

f = 2, r = 2 10432 kt1 2423 (0.232) 689 (0.284) 181 (0.263) 31.2 (0.172)
[10606] kt.4 2047 550 148 29.9

cn1 2345 648 163 26.7
cn.4 1947 500 129 24.7

f = 4, r = 4 11704 kt1 2336 (0.200) 583 (0.250) 138 (0.237) 20.4 (0.148)
[11898] kt.4 1986 475 117 22.3

cn1 2275 550 125 17.9
cn.4 1903 436 102 18.0

Table A.8: Cross sections (in pb) and ratios of inclusive jet rates at the LHC for
different scale choices (using the prefactors f and r for factorization and renormal-
ization scales, respectively). The CTEQ6M parton distribution has been used, jets
are either defined through a kT algorithm (kt) with kT,0 = 20 GeV and D = 1 or
D = 0.4, or through a cone algorithm (cn) with ET,0 = 20 GeV and R = 1 or
R = 0.4. Additional cuts have been applied: |ηj,e| < 5, Rj,e = 0.4, peT > 5 GeV. The
total cross section given in square brackets is without lepton cuts.



Appendix B Parameters of the
diboson CKKW study

B.1 Input parameters of SHERPA

All SHERPA studies have been carried out with the CTEQ6L PDF set [125]. The value of
αs has been chosen according to the corresponding value of the selected PDF, namely αs =
0.118. The running of the strong coupling constant is determined by the corresponding
two-loop equation, except for the SHERPA MCFM comparison. There an one-loop running
has been employed for αs. Jets or initial partons are defined by gluons and all quarks
but the top quark; this one is allowed to appear within the matrix elements only through
the coupling of the W boson with the b quark. In the SHERPA MCFM comparison SHERPA

runs, however are restricted to the light-flavour sector, i.e. the g, d, u, s, c sector. In the
matrix element calculation the quarks are taken massless, only the shower will attach
current masses to them. The shower cut-offs applied are 2 GeV and 1 GeV for the initial
and the final state emissions, respectively. If explicitly stated a primordial kT Gaussian
smearing has been employed with both, mean and standard deviation being equal to 0.8
GeV. The Standard Model input parameters are:

mW = 80.419 GeV , ΓW = 2.06 GeV,

mZ = 91.188 GeV , ΓZ = 2.49 GeV,

Gµ = 1.16639× 10−5 GeV−2,

sin2 θW = 1−m2
W/m

2
Z ,

αs = 0.118. (B.1)

The electromagnetic coupling is derived from the Fermi constant Gµ according to

αem =

√
2GµM

2
W sin2 θW
π

. (B.2)

The constant widths of the electroweak gauge bosons are introduced through the fixed-
width scheme. The CKM matrix has been always taken diagonal.

B.2 Setups for MCFM, MC@NLO and PYTHIA

MCFM

The program version employed is MCFM v4.0. The process chosen is nproc=61. The
investigations have been restricted to the d, u, s, c quark sector. The PDF set used is
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CTEQ6L. The default scheme for defining the electroweak couplings has been used and
their input values have been adjusted with the corresponding parameter settings given
for SHERPA. The renormalization scale and the factorization scale are fixed and set to
µR = µF = MW .

MC@NLO

The program version used is MC@NLO 2.31. The process number is taken as IPROC=-12850,
so that the underlying event has not been taken into consideration. The two W boson
decays into leptons are steered by the two MODBOS variables being set to 2 and 3 for the
first and the second choice, respectively. The lepton pairs have been generated in a mass
window of

MW − 40 ΓW < mlν < MW + 40 ΓW . (B.3)

Again, the CTEQ6L PDF set as provided by MC@NLO’s own PDF library is used. The
weak gauge boson masses and widths are aligned to the settings used for the previous
codes. All other parameters have been left unchanged with respect to their defaults.

PYTHIA

The PYTHIA version used is version 6.214. The process pp̄ → W+W− + X is selected
through MSUB(25)=1. The specific decay modes of the two W ’s are picked by putting
MDME(206,1)=2 and MDME(207,1)=3, where all other available modes are set to zero. The
possibility of parton shower emissions right up to the limit, which has been proven to be
more convenient for jet production [182], is achieved with MSTP(68)=2. This increases
the IS shower start scale in PYTHIA to

√
s = 1960 GeV and accounts for a reasonably

higher amount of hard QCD radiation. For all comparisons here, the underlying event is
switched off, other parameters are left to their default.

B.3 Phase-space cuts

Two different analyses are used for the comparisons of the results obtained throughout
this publication. A simple analysis has been taken to verify the pure behaviour of the
considered programs. For this case, only jets are analysed utilizing the Run II kT clustering
algorithm defined in [62] with a pseudo-cone size of R = 1. The jet transverse momentum
has to be greater than 15 GeV.
For more realistic experimental scenarios, an analysis applying jet and lepton cuts has
been availed. Then, the pseudo-cone size of the jet algorithm has been set to R = 0.7, and
the jets have to fulfil the following constraints on the pseudo-rapidity and the transverse
momentum,

|ηjet| < 2.0 , pjet
T > 15 GeV . (B.4)

For the charged leptons the cuts on these observables are given by

|ηlep| < 1.0 , plep
T > 20 GeV , (B.5)
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however, a cut on the missing transverse energy has not been introduced. There is a final
selection criteria corresponding to the separation of the leptons from each other and from
the jets,

∆R`` > 0.2 , ∆R`j > 0.4 . (B.6)
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[68] L. Lönnblad Z. Phys. C65 (1995) 285–292.

[69] F. Caravaglios, M. L. Mangano, M. Moretti and R. Pittau Nucl. Phys. B539
(1999) 215–232 [hep-ph/9807570].

[70] N. Brook, R. G. Waugh, T. Carli, R. Mohr and M. Sutton. Prepared for Workshop
on Future Physics at HERA (Preceded by meetings 25-26 Sep 1995 and 7-9 Feb
1996 at DESY), Hamburg, Germany, 30-31 May 1996.

[71] R. Kuhn, F. Krauss, B. Ivanyi and G. Soff Comput. Phys. Commun. 134 (2001)
223–266 [hep-ph/0004270].
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4. T. Gleisberg, S. Höche, F. Krauss, A. Schälicke, S. Schumann, G. Soff and J. Winter,
“Predictions for multi-particle final states with SHERPA”,
Czech. J. Phys. 55 (2005) B529 (hep-ph/0409122).
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