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The physical significance of the dilatations 

X»' = QXV, [x = 0, 1,2, 3; Q r e a l a n d > 0 , (1) 

is still controversial and to a large extent 
unknown. Because this transformation group 
transforms a given value of a physical quan­
t i ty continuously into other values of the 
same quanti ty, the low energy nuclear phy­
sics with its discontinuous energy spectra for 
instance seems to be beyond the scope of the 
dilatations (1). 

Nevertheless it may be that the dilatations 
become essential when the continuous kinetic 
energies of atomic particles are so large that 
the rest masses and all other discontinuous 
energy states of the particles are negligible. 
If this hypothesis turns out to be right, then 
one would have an elegant and powerful met­
hod of describing, for instance, the asymptotic 
behaviour of scattering quantit ies at very 
high energies [11. 

This hypothesis of the asymptotic dilata­
tion invariance at very high energies has, 
among others, the following consequences. 

1. It can easily be seen that the conserved 
quanti ty D, which belongs to the continuous 
transformations ( 1 ) , for free particles has the 
form 

where r is the position of the particle at the 
-> 

t ime p its momentum and E its energy. 
In the wave picture D is the phase of the 

wave at the centre of the wave packet. Therefore 
we call D the «Central Phase» of the particle. 

-> ~> -> 

Since r = P IE 4 + &, one sees immediately 
that the quanti ty D is indeed a constant of 
motion at very high energies! 

In reaction processes, which are characteri­
zed by dilatation invariant interactions, the 
sum of the Central Phases of the particles, 
which are involved in the scattering reaction, 
should therefore be the same before and after 
the scattering. Combining this asymptotic 

conservation law with the Eisenbud — Wigner 
formulation of the particle retardation in scat­
tering processes by means of phase shifts [2], 
one gets for the phase shifts 6i (p) in relati­
v i s t s potential scattering: 

(3) 

This is in agreement with exact solutions of the 
Klein — Gordon and Dirac equations with 
Coulomb- and other potentials [31. 

2. We illustrate the consequences of the dila­
tations ( 1 ) for the relativistic scattering theory 
in the case of two scalar particles with equal 
masses, which are scattered elastically and have 
the four momenta pu p2 before and the four 
momenta pv p'2 after the scattering. The me­
thod used in this case may be applied also to 
inelastic processes, partial waves etc. 

The differential elastic cross section in the 
c. m. system is 

Further, let M be the largest rest mass, which 
has to be considered in the scattering pro­
cess — M is the rest mass of the scattered 
particles or the rest mass of an intermediate 
state. 

A four momentum p is transformed under 
the dilatations ( 1 ) at very high energies into 
Q~lp and the arguments of the relativistic 
scattering ampli tude F (s, t) therefore go over 
into Q" 2S and Q~H. The essential question now 
is, in which way F (s, t) itself is transformed. 
We discuss the following two cases: 

a) s > M 2 , —t<M2 (forward scattering). Our 
first assumption in this case is that an asymp­
totic expansion of F (s, t) in s exists with the 
leading term F0 (s, t). If the dilatations (1) 
are of importance for the scattering ampli tude 
at very high energies, then this must express 
itself in the structure of F0 (s, t) with regard 
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to its s-dependence. Nothing can be said 
about the /-dependence of F (s, t) since — 4 
is of the order of magnitude of the rest masses, 
for which there is generally no dilatation 
invariance. 

Now we make the following, somewhat for­
mal hypothesis, the validity of which has to 
be checked by experiment: As the physical 
quantities usually form an irreducible repre­
sentation of the symmetry group connected 
with them, we suppose that the structure of 
F0 (s, 0 is closely related to irreducible repre­
sentations of the dilatations: the homogeneous 
functions. Therefore we make the assumption 
that F0 (s, t) is an homogeneous function in s: 

F0(s, 0 = P(05 f l ( '>. (4) 

Obviously a and p may be functions of t but 
nothing can be said in the framework of the 
dilatations about their special /-dependence. 
a even may be independent of t. 

The asymptotic form (4) has been discussed 
in the past few years to a large extent in conne­
ction with the complex angular momenta [43. 
The group theoretical relation between these 
two aspects lies in the property that the spa­
tial rotations and the dilatations (1) commute 
and therefore may be diagonalized simultaneo­
usly. 

b) si — t > M 2 . In this case the same argu­
ments as above lead to the conclusion that the 
leading term F00 (s, t) in the asymptotic 
expansion of F (s, t) in s and t now is 
homogeneous in s and t: 

Foo(Q~% Q"*0 - Q ^ w & 0-

Because of our hypothesis that in the asympto­
tic region all rest masses and any other ele­
mentary length as, for example, coupling 
constants with a dimension of a length are 
unimportant s and t are therefore the only 
carriers of a dimension of a length and for 
that reason k must be equal to zero, since 
F (s, t) is dimensionless. 
We have therefore 

(5) 

From this it follows for fixed scattering angle 
u =£- 0, it that 

These examples show, how one may test 
experimentally, whether or not the dilatations 

(1) become essential at very high energies 
in the cases of strong, electromagnetic and 
weak interactions. 

In the framework of the Lagrange formalism 
only theories with dimensionless coupling con­
stants seem to be compatible with dilatation 
invariance at very high energies as, for example, 
Quantum Electrodynamics and the theory of 
weak interactions with the Intermediate Boson. 

Systematic experimental deviations from 
the above and similar consequences of the 
dilatations (1) would show that there are 
fixed length, which are essential even at very 
high energies and which therefore destroy the 
dilatation invariance. 

A rough estimation by means of the conser­
ved quanti ty D shows that the dilations should 
become essential at c. m. energies about 
50 times as large as the rest energies of the 
particles involved. The possibility of an expe­
rimental test of the above and similar conse­
quences is therefore at present most promising 
for electromagnetic interactions particularly 
for Colliding-Beam experiments. In the 
case of strong and weak interactions the acce­
lerator energies, which are available at pre­
sent, seem to be too low. The known, but 
rather inexact results of cosmic ray physics 
have not yet been analyzed with regard to 
the dilatation invariance. 
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DISCUSSION 

J . V i g i e r 

The q u a n i t y q w a s first i n t r o d u c e d b y W e y L T h i s 
a m o u n t s t o i n t r o d u c t i o n of tors ion in s p a c e - t i m e . 
N o w the p r o b l e m is w h e t h e r t h i s does not m o d i f y 
the i rreduc ib le r e p r e s e n t a t i o n s of t h e Lorentz g r o u p . 
S o your a s s u m p t i o n a bo ut a s y m p t o t i c b e h a v i o u r is 
o n l y an a s s u m p t i o n before y o u d e m o n s t r a t e t h i s . 
N o w can y o u e n l a r g e on t h a t ? 

H . A . K a s t r u p 

In contrary t o W e y l , w h o cons idered q as a space-
t i m e f u n c t i o n , our g is a c o n s t a n t and therefore , I 
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s u p p o s e t h e s e t r o u b l e s d o n o t o c c u r in t h i s w a y . B u t 
t h e r e are s o m e p r o b l e m s in c o n n e c t i o n w i t h t h i s q u e ­
s t i o n , w h i c h h a v e t o b e i n v e s t i g a t e d f u r t h e r . 

G. M a r x 
W h a t c a n b e s a i d a b o u t t h e a s y m p t o t i c b e h a v i o u r 

of t h e t o t a l c r o s s - s e c t i o n ? 
H . A . K a s t r u p 

A c c o r d i n g t o t h e o p t i c a l t h e o r e m o n e h a s 

T h e r e f o r e , t o m a k e p r e d i c t i o n s , o n e h a s t o k n o w t h e 
v a l u e of a (t = 0 ) . B u t , as I p o i n t e d o u t , in t h e fra­
m e w o r k of d i l a t a t i o n s y m m e t r y n o t h i n g c a n be s a i d 
a b o u t t h i s v a l u e . 

D . D . I v a n e n k o 
The question of the asympto t icd i la la t ion invariance is 

apparen t ly not quite clear if we do not analyze the extent of 
the nonanaly t ic dependence on some paramete r . It suffices to 
recall the case of Tusek 's g roup (y 5 ) or the gauge g roup in 

electrodynamics. The groups either exists or not. the invariance 

cannot vanish suddenly. 

H . A . K a s t r u p 
T h e m o r e m a t h e m a t i c a l f o r m of t h e p r o b l e m , 

w h i c h ar i s e s in c o n n e c t i o n w i t h d i l a t a t i o n i n v a r i a n c e 
is t h e f o l l o w i n g : let a p h y s i c a l q u a n t i t y /1 is g i v e n 
w i t h an e i g e n v a l u e s p e c t r u m , w h i c h c o n s i s t s of a 
d i s c o n t i n u o u s a n d a c o n t i n u o u s p a r t . If o n e t h e n 
d e f i n e s a g r o u p , w h i c h t r a n s f o r m s t h e e i g e n v a l u e s 
of t h e c o n t i n u o u s par t i.n t o o t h e r v a l u e s of t h i s p a r t , 
o n e h a s e x a c t l y t h e s i t u a t i o n w h i c h o c c u r s in t h e 
c a s e of t h e d i l a t a t i o n s . T h e q u e s t i o n is n o w : Is it 
p o s s i b l e b y m e a n s of t h a t t r a n s f o r m a t i o n g r o u p , t o 
d e r i v e a d d i t i o n a l p r o p e r t i e s for t h o s e q u a n t i t i e s 
w h i c h are f u n c t i o n s / (^4) of t h e q u a n t i t y . T h i s s h o u l d 
b e t h e c a s e at l e a s t in an a p p r o x i m a t e s e n s e . A s far 
as I k n o w t h i s p r o b l e m h a s n o t b e e n i n v e s t i g a t e d 
in a r i g o r o u s m a t h e m a t i c a l w a y . F r o m t h e p h y s i c a l 
p o i n t of v i e w o n e s h o u l d e x p e c t t h a t o n e c a n d e r i v e 
a d d i t i o n a l u s e f u l r e l a t i o n s , in t h e s a m e or s i m i l a r 
w a y as I h a v e d e m o n s t r a t e d in m y p a p e r . In t h a t 
c a s e , I t h i n k , an e x a c t d e f i n i t i o n is g i v e n , h o w t o 
d e f i n e d i l a t a t i o n i n v a r i a n c e in a n a s y m p t o t i c s e n s e . 
O n o t h e r c a s e s f u r t h e r i n v e s t i g a t i o n s are n e c e s s a r y . 
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