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Numerical solution of nonlinear
Schrodinger equation by a hybrid
pseudospectral-variational
quantum algorithm

Nikolas Kécher'™, Hendrik Rose?, Sachin S. Bharadwaj?, Jorg Schumacher®* &
Stefan Schumacher%>

The time-dependent one-dimensional nonlinear Schrédinger equation (NLSE) is solved numerically
by a hybrid pseudospectral-variational quantum algorithm that connects a pseudospectral step for
the Hamiltonian term with a variational step for the nonlinear term. The Hamiltonian term is treated
as an integrating factor by forward and backward Fourier transforms, which are here carried out
classically. This split allows us to avoid higher-order time integration schemes, to apply a first-order
explicit time stepping for the remaining nonlinear NLSE term in a variational algorithm block, and
thus to avoid numerical instabilities. We demonstrate that the analytical solution is reproduced with
a small root mean square error for a long time interval over which a nonlinear soliton propagates
significantly forward in space while keeping its shape. We analyze the accuracy and complexity of the
quantum algorithm, the expressibility of the ansatz circuit and compare it with classical approaches.
Furthermore, we investigate the influence of algorithm parameters on the accuracy of the results,
including the temporal step width and the depth of the quantum circuit.

The question on the application of quantum computing methods for the solution of linear and nonlinear
ordinary or partial differential equations has received substantial interest in the past years!™°. It is yet an
open point if the specific and unique properties of quantum algorithms in comparison to classical ones lead
to faster and more efficient numerical solution methods leaving aside the technological hurdles of present
noisy intermediate scale quantum (NISQ) devices’. This comprises their encoding capabilities, which grow
exponentially with the qubit number, and the unique parallelism and correlations due to the entanglement of
multiple qubits. The question has been approached from different methodological directions and problem tasks.
Fundamental nonlinear partial differential equations such as the nonlinear Schrédinger or Burgers equations
appear in many applications ranging from nonlinear optics®’, Bose-Einstein condensation'?, oceanography'! via
fluid turbulence!? to astrophysical jets'*. The one-dimensional time-dependent nonlinear Schrodinger equation
(NLSE) is thus often considered as a benchmark case for the application of quantum algorithms to solve a partial
differential equation.

Quantum algorithms for the solution of one-dimensional (nonlinear) equations comprise (i) a combination
of quantum linear systems algorithms (QLSA) with homotopy methods!*!>, (ii) linearization of nonlinear
problems!®~!8 by Carleman embedding!®, and (iii) quantum feature map encodings of nonlinearities® as in
kernel methods of machine learning?!. Some of the methods that we just mentioned, start from or go back to
a linear algorithm???3, such that the problem can be mapped on a quantum computer which follows the laws
of linear quantum mechanics. Variational quantum algorithms (VQA)?*-2 are inspired by variational quantum
eigenvalue solvers. The latter class of variational algorithms aim to find a ground state of a molecule or a many-
particle quantum system by minimizing an energy functional®” or perform an initialization of wave packets for
the nonadiabatic molecular quantum dynamics in chemical reactions®® . This is similar to the classical Rayleigh-
Ritz method for the approximate determination of eigenvalues?. The class of variational methods provides the
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motivation for the present study as it can be implemented for the solution of nonlinear dynamics, such as a
nonlinear Schrodinger equation (NLSE).

Here, we present a numerical solution method of the one-dimensional NLSE which applies a pseudospectral-
variational quantum algorithm. This algorithm combines a pseudospectral split-step method for the linear part
of the NLSE and a variational algorithm for the nonlinear part. The operator splitting neglects terms of order
O(At?) and is therefore first-order accurate. Variational algorithms typically rely so far on first-order schemes
for the time advancement?***3L, In case of the NLSE this causes numerical instabilities such that higher-order
time stepping methods have to be applied classically. The present split method overcomes this stability problem.
Our framework resembles approaches, which have been applied in past quantum simulations of the linear
Schrédinger equation, where kinetic and potential operators of the Hamiltonian have been treated separately™,
or in hybrid optimization procedures to prepare initial states?® or to obtain parametric circuits in quantum
optimal control problems™.

Furthermore, we investigate the dependence of the results on the degree of entanglement of the parametric
quantum circuit. This degree of entanglement depends on the depth of the quantum circuit which is the
dependence to be investigated. It is shown that the algorithm can solve the equation for a longer period of at
least up to 100 integration time steps, which is an exceptionally long integration period for a quantum algorithm.

The one-dimensional NLSE, which is also known as the Gross-Pitaevskii equation in the context of Bose-
Einstein condensation, for the complex wave function W(x, t) is given in dimensionless form by
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where the nonlinear coupling constant s describes the strength of the nonlinearity. The potential energy operator
is V. The case s > 0 gives rise to a focusing nonlinearity and bright soliton solutions; the case s < 0 leads to
defocusing nonlinearities and dark solitons. The NLSE is integrable in one dimension. For the case of V' = 0,
there exist several analytical solutions of (1). For x € R, s = 1, and the initial condition

Wo(z) = a sech (a(x — z0))e™ ™" (2)

one gets the following analytical solution
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U(x,t) = a sech (a(x — xo — vt , (3)
with constantsa > 0,v > 0,and zo € R. This solution corresponds to soliton propagation. We can furthermore
construct a solution Wy, (x, t) that satisfies periodic boundary conditions on a finite domain of length L,

U, (2, 1) = max({¥(x + kL) |k € Z}). (4)

This analytical solution will be used as the test case for the present algorithm. Throughout this manuscript
V' = 0. Figure 1 shows an illustrative simulation result obtained with the algorithm presented in this work.
Varijational quantum algorithms — hybrid quantum-classical algorithms — have been used to solve linear
and nonlinear partial differential equations in the past years. This includes linear one-dimensional advection-
diffusion equations for simple transport problems****-3¢, including Dirichlet and Neumann boundary
conditions® and heat equations in one and two dimensions®**3°. Nonlinear problems, which were addressed by
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Fig. 1. Ilustrative simulation result obtained with the quantum algorithm presented in this paper. Left: time
evolution of a wave packet in the linear Schrodinger equation; the quadratic dispersion leads to broadening
with increasing propagation distance. Right: time evolution of a bright soliton in the nonlinear Schrédinger
equation; the initial wave packet maintains its shape.
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VQA, include finding the ground state of the steady one-dimensional NLSE?* and the one-dimensional Burgers
equation for the nonlinear steepening of a sine wave*?¢4%, In refs.?®4% an alternative Feynman-Kitaev algorithm
is used which orders spatial and temporal qubits in one register and thus avoids the time stepping. However, this
enhances the number of qubits in the required quantum register and thus limits an application for current NISQ
devices to a few time steps only. Our detailed analysis presents a further use case of a time-dependent nonlinear
partial differential equation solved with this class of quantum algorithms.

Results

This section is composed of three parts. First, we will demonstrate the simulation results with the hybrid
algorithm and discuss its suitability and accuracy. Secondly, we will investigate the importance of algorithm
parameters, such as the width of the integration timestep and the depth of the parametric quantum circuit for
the performance. These points are connected to the expressibility of the quantum circuit. Finally, we will discuss
the complexity of the hybrid algorithm.

Simulation results and accuracy analysis

The hybrid pseudospectral-variational quantum algorithm proceeds in two steps, an implicit first step for the
linear Laplacian term in (1) and an explicit step for the nonlinearity. The latter step in this work is a simple
forward Euler step, which is 1st order in time. It is accomplished by the VQA. In the Methods section we describe
in detail the basic idea of the VQA and the pseudospectral split-step method. To this end, we discretize the
original wave function ¥(z,t) on the interval L in space and time, thus obtaining ¥num (2, tm ) with z; and
tm being integer multiples of a uniform grid spacing Ax and an equidistant time step At, respectively. The index
m=0,..., M — 1 with M = 2" and n the number of qubits. In the quantum algorithm, ¥,m (t) corresponds
to an n-qubit state vector [¢)(t)).

Using the split-step method has a central advantage over other methods in that it remains stable for long
temporal step widths At due to the absence of the second derivative in x. This is important considering the
limited number of time steps that can be done with a VQA, partially owed to the accumulating errors of the
optimization. An explicit stepping scheme would not be applicable to solve the NLSE by VQA with the same
amount of resources, since it requires a smaller At while the total amount of accurate VQA steps remains fixed.
Furthermore, all required steps can be mapped to a quantum circuit.

VQAs are hybrid quantum-classical algorithms where a parameterized cost function C is minimized by an
optimizer®. This cost function is evaluated by a parametric quantum circuit, which is composed of 1 qubits and
single- and two-qubit gates, the cost minimum search is performed classically in an N-dimensional parameter
space that contains a parameter vector A. This parameter vector A, which consists of the angles of the single-
qubit unitary rotation gates A = (A1, A2,...,An) € RY, is the input to the algorithm. For each time step,
the trial solutions for the NLSE Wyum (¢t + At), represented by normalized quantum state vectors |t)(\)) are
generated by the parametric quantum circuit

(X)) = U(N)]0)*" . (5)

Because the normalization of U, and |4p) differs, they are related by a constant factor, as further explained in
the Methods section.

Henceforth, we will use the parameters a = 2, o = —1, and v = 10 for the initial state (2) obtained from
the periodic solution ¥y, (x, 0) in Eq. (4), unless stated otherwise. We apply the quantum algorithm with n = 6
qubits, a circuit depth of d = 12( see Methods for an exact definition), a time step of At = 3-107%, and
ftol = 10~ to compute solutions for the linear case with s = 0 and the nonlinear case with s = 1, the latter
leading to soliton propagation. The simulation results are shown in Fig. 2. Both are obtained for a grid resolution
of M = 64 and 6 qubits. The simulation demonstrates that our proposed quantum algorithm describes the time
evolution correctly over a long propagation range. The analytical solution is visually identical to the numerical
solution, which is shown only for the last time step, to preserve clarity.

The accuracy of the quantum algorithm will be analyzed in the following by comparing the numerical result
for the soliton solution with the analytically exact solution given by Eq. (4). For a quantitative analysis we
introduce the root mean square error (RMSE), which is given by

2n—1

1 2
RMSE(m) - 27 Z ‘ |\Ijnum (xjy t‘"b)‘ - |\Ilp(xj7 t”l)l ’ (6)
7=0

where Wyum denotes the classical or quantum numerical results, as we detail in the following.

To make a more insightful comparison, we do not only investigate the quantum algorithm (Q), but also the
classical version of it (C), as well as the classical version where we manually normalize the solution after each
time step (NC), where classical version means that we use the classical algorithm given by Eqgs. (12) and (13).
The respective RMSE will be referred to as Q-RMSE, C-RMSE, and NC-RMSE. Figure 3 shows all three error
measures versus time ¢ for the same parameters as in Fig. 2. We see that all errors are on the same order of
magnitude. The Q-RMSE is smaller than the C-RMSE for most times ¢, which comes from the intrinsic norm
conservation in quantum algorithms, which the classical algorithm lacks. This becomes clear when comparing
the Q-RMSE against the NC-RMSE, where we note that the NC-RMSE is a lower bound for the Q-RMSE. Note
that due to the random initial conditions before the optimization, the Q-RMSE will depend on the random
numbers, but the general trend remains the same. Further simulations show that larger values for ftol are
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Fig. 2. Simulation results obtained from the quantum algorithm introduced in the methods section are shown
for selected time steps ¢, for (a) the linear Schrédinger equation s = 0 and (b) the NLSE for s = 1. The
results are obtained for a qubit number of n = 6 with the statevector simulator. The discrete output time steps
are denoted as m in the legend. Line styles given are for both panels. For s = 1, the analytical solution is shown
for the last time step.
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Fig. 3. Root mean square (RMS) errors versus time for the simulation shown in Fig. 2b together with the RMS
error obtained from the classical versions of the algorithm. (Q) stands for quantum, (C) for classical, and (NC)
normalized classical; see the text for further details.

sufficient, more precisely, a value of ftol = 10™? is sufficient to obtain a Q-RMSE smaller than the C-RMSE for
most times.

Dependence on algorithm parameters
In this subsection we analyze the impact of parameters, including the timestep width At and the quantum
circuit depth, on the accuracy of the numerical results.

We start by analyzing the dependence on At. Figure 4 shows the Q-RMSE for the last simulated time step at
t = 0.3 for multiple VQA runs, that only differ by the chosen temporal step width A¢ and thus, in the number
of simulated time steps, which are plotted on the x-axis. Figure 4 also depicts the C-RMSE and the NC-RMSE.
We observe that the Q-RMSE and the NC-RMSE are similar for a wide range of time steps while the latter is
always smaller, which is compatible with the result from the previous subsection. For larger numbers of time
steps, however, the Q-RMSE exceeds both, the NC-RMSE and the C-RMSE due to the accumulated errors in the
classical optimization. For small numbers of time steps, all algorithms produce large RMSE because they become
unstable for large At. In conclusion, one can identify a global minimum at which the Q-RMSE is minimized,
which corresponds to 80 steps for the fixed integration time interval of ¢ = 0.3.

Next, we will discuss the dependence of the Q-RMSE on the circuit depth d. The quantum circuit has
2n(d + 1) free parameters, while the state in Eq. (15) has 2" ! unknowns, which means that for n = 6, we have
more free parameters than unknowns if d > 10, i.e., the optimization is overdetermined and underdetermined
otherwise. Figure 5 shows the Q-RMSE error for 6 VQA runs using At = 1073, 2o = 0, and ftol = 10713
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Fig. 4. Root mean square error (RMSE) for a VQA simulation with the same parameters as the simulation
shown in Fig. 2b, but with different numbers of time steps used to span an interval of ¢ = 0.3 time units.
Only the RMS error at ¢ = 0.3 is shown and is compared with the classical version of the algorithm with and
without normalizing the state after every time step. The legend is the same as in Fig. 3.
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Fig. 5. The RMSE is shown for the classical version of the quantum algorithm and for the quantum algorithm
with different circuit depths of (a) d = 8,9, and 10 (b) d = 11,12, and 13. Qubit number is n = 6.

together with the respective C-RMSE. The simulations differ only in the depth d of the quantum circuit. We
see that the error converges for a depth of d’ = 11, as deeper circuits do not reduce the error significantly. This
behavior is expected, since the optimization is overdetermined for d > d'. In contrast, the Q-RMSE for d < 10
is large, since the optimization is underdetermined. Overparametrizations have been discussed for quantum
neural networks recently*!. In that case, the authors could derive an upper bound on the number of network
parameters by means of the dimension of the Lie algebra, the latter of which is formed by the infinitesimal
generators of the network unitary.

The expressibility of the parametric quantum circuit (PQC) can be quantified using a Kulback-Leibler
divergence D1, of two probability density functions (PDF)*, the distribution of fidelities 0 < F' < 1 of Haar
random states Praar (F) and the distribution of F resulting from the PQC, denoted as ppqc (F; A). Zyczkowski
and Sommers® obtained praar (F) = (N — 1)(1 — F)Y 2 with N = 2". Thus follows

1
_ . prqc (3 A)
Dxi1, = /0 prqc(F;A) log ( Prtaa (F) dF.

(7)
This measure quantifies the ability of a PQC to explore the Hilbert space through an entangled unitary circuit,
which is indicated by the closeness of the PDF generated by the PQC with that of the Haar distribution*>**. Thus,
the smaller the Dk, the higher the expressibility. The calculation of ppqc (F'; A) is done as follows: (1) we take
2 random parameter vectors A1 and A2 and apply the unitary PQC with these input parameter sets to [0)®";
(2) this procedure is repeated for M pairs of state vectors to obtain fidelities F' = |(2(A1)[10(A2))]* and the
corresponding PDE Figure 6 displays the results for Dx1, for the 6-qubit PQC as a function of the circuit depth
d. The number of quantum state pairs is given in the legend. It is seen that the Dx1, decays rapidly to almost zero
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Fig. 6. Expressibility of the chosen parametric quantum circuit as a function of the depth d which are
explained in the methods section. The legend displays the number of pairs M that have been generated.
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rotation gates.
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(thus maximizing expressibility) for d > 3 and saturates, similar to Chen et al.** in quantum circuit learning.
We have varied the number of pairs M from 2.6 x 10° up to 7.7 x 107, which did not change the result. This
indicates that the chosen ansatz attains maximum expressibility around d = 3 for n = 6.

Our analysis shows that this measure becomes insensitive for the circuit depths of d > 8 in the present case,
thus indicating a sufficient condition in depth required to attain maximum expressibility. We conclude that,
while expressibility can influence the accuracy of the algorithm, it may however not be a direct consequence.
This can be seen by the contrasting magnitude of influence that depth can have on RMSE and Dk, as shown
here, which is analogous to overfitting. The ability to tune expressibility however may improve the accuracy and
scalability of the algorithm, by removing barren plateaus and the corresponding vanishing gradients*, that are
endemic to variational methods as one explores larger n. Further insights would require an enhancement of
the qubit number and a repetition of the analysis, which is beyond the scope of the present analysis. A further
extension can consist of a detailed exploration of different variants of the ansatz circuit, see our configuration
in Fig. 7. For example, other schemes to entangle the qubits are possible and have been for example detailed in
ref.4°. Here, we stick with the present setup.

Complexity estimate of the VQA algorithm

The complexity of the present algorithm can be estimated by summation of the operations in the algorithm
for one integration step. One distinguishes depth complexity C'p, the number of successive circuit layers, gate
complexity Cq, the number of (single qubit) quantum gates, and the query complexity Cq, which is equal to the
number of shots on a quantum device run, NVs. The conservative definition of the time complexity is given by
Cr = Cg x Cq. The estimates are summarized in Table 1. While gate and depth complexities scale as &'(nd)
for the ansatz circuit and the quantum nonlinear processing unit (QNPU), the complexity of the first step in the
split-step method results in complexities of @ (n?). The query complexity C corresponds to the number of
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Algorithm module Cp Ce Cr
Ansatz circuit 2+ (n +2)d ~ O(nd) 2n + 3nd ~ O(nd) Ca x ae™?

QFTT XDy, XD QFT | 2 [7’“’";‘2)] +2+n2~ 603 |24 [7"“‘;2’} +2+4n~ 0% | Cg x ae?

QNPU incl. Hadamard test CPP™% 4 oG + 2 ~ O(nd) 30/ L 9na 4 3 ~ O(nd) Cg X ae™?

Table 1. Complexity estimates for the major building blocks of the quantum algorithm. We distinguish
between depth complexity Cp, gate complexity Cg, query complexity Cg, and time complexity Cr. The
orders of magnitude are also given in each entry. The numerical factor & ~ 10 denotes the average number
of single qubit gates that are necessary to establish 2-qubit or 3-qubit gates, such as CNOT and Toffoli. Here
& = N/Nnin = O(1) with N, the minimal required grid size to resolve the structures in the problem at
hand well and ¢~ the required accuracy from the Monte Carlo sampling of the ancilla qubit to estimate the
cost function.

shots, N. The measurement noise error is € ~ 1/ /N, and thus N, = ae 2. Following ref.24, this « depends
primarily on the size of the finite grid resolution (N) and more particularly on the ratio N/Nmin, where Niin (
and thus nmin qubits) is the minimum grid size needed to resolve the smallest features of the problem at hand.
However, noting that the error from finite grid resolution ¢, ~ (Az)? ~ N™2 ~ 477, i.e., decays exponentially
with 7, it suffices if N is only slightly greater than Nyin. This therefore requires an & = &/(1), thus making the
overall Ny = e ™2, which can be maintained at only nominal counts that do not grow exponentially with 7.

Discussion

In this work, we introduce a quantum algorithm that combines VQA and pseudospectral split-step methods and
demonstrate its suitability for solving the NLSE for sufficiently deep quantum circuits for a longer time period
in which a soliton solution propagates over a significant distance in space. The split-step method allowed us to
keep a first-order time integration scheme for the nonlinear terms of the NLSE while treating the linear part as
an integrating factor in combination with Fourier transforms. This keeps the quantum circuit implementation
feasible and allowed us to run the algorithm for longer time intervals than typically seen.

Variational quantum algorithms rely on the minimization of a cost function in a high-dimensional parameter
space. This is done in the classical part of the hybrid algorithm. A non-monotonicity of the root mean square
error (RMSE) versus time can result from such an optimization procedure, which was discussed for example
in ref.3%. Such behavior is also observed in the present work, see e.g. Fig. 3. This can become a critical point for
a VQA since the minimization of C'(A) is typically a non-convex optimization problem. In the absence of an
analytical or a classical numerical solution, a convergence criterion for the VQA is then difficult to formulate.
To the best of our knowledge, a solution to this problem can then only lie in either the comparison of different
classical optimization methods for the same problem or the construction of surrogate-based optimization steps
using local kernel-based approximations as suggested in ref.*”. The required classical optimization also restrains
the scalability for larger systems with more qubits by requiring a high-dimensional classical optimization, which
constitutes another challenge for this solution method. However, besides these potential limitations, such as
(i) barren plateaus, (ii) the scalability of the high-dimensional optimization problem and (iii) the difficulty
of finding a convergence criterion, our results demonstrate that the algorithm works robustly and generates
accurate results.

The present work should be considered as a proof-of-concept study. A continuation of the study along these
lines should imply possible future steps: (i) a switch to a full quantum simulation with realistic shot noise and
gate errors and, eventually (ii) an implementation on a NISQ device. Realizing this would typically be faced
with practical bottlenecks including decoherence of qubits, hardware and shot noise. Particularly, the interplay
between noise and barren-plateaus, which is endemic to VQA methods***, determines the overall performance.
The presence of noise can either worsen® or in certain cases can also alleviate* the problem of barren-plateaus,
which is determined by the type and magnitude of noise present. The specifics of these steps will be reported
elsewhere.

Methods

Pseudospectral split-step method

We consider the solution on a finite domain « € [—,7) and discretize the interval with M grid points
x; =—m+2mj/M(0 < j < M). We use periodic boundary conditions such that zas = zo. We introduce
the linear operator .# and the nonlinear operator .4/ as

fl/) = 7%8111[} and </V¢ = 73‘1#‘21&7 (8)

such that we can rewrite the NLSE (1) as

Oy = —i(ZL + N )Y, 9

with formal solution at ¢t + At
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Y(x,t + At) = exp(—iAL(L + A )Y (z, ). (10)
We apply the Baker-Campbell-Hausdorff formula®

At?

exp(—iAtAN) exp(—iAt.¥) = exp <—iAt($ +4) — T[JV,,?} + ﬁ’(AtS)) , (11)

and neglect all terms of order &(At?), such that the operators can be applied separately in a two-step process
that is first-order correct®™*2 For the solution of the linear Schrodinger equation with different potentials by a
spectral method we also refer to ref.>>. First, we compute an implicit substep for the linear Laplacian operator
using the exact solution in Fourier space, which implicitly includes the periodic boundary condition. The
wavenumbers of the Fourier modes are given by k; = j — M /2( (0 < j < M)). Then, we compute an explicit
step for the nonlinear operator by using an Euler step. The time-discretized stepping scheme from ¢ to ¢t + At
proceeds in two substeps which take the following form in a classical notation. The first implicit substep is given
by*»

Step 11 Wpum(zj,t) = exp(—iVAt)ﬁ_l (exp (—%k?At) F (\Ilnum(m]-,t))> . (12)

For the case of V' = 0 examined here, the exponential term exp(—iV At) is equal to the identity. Subsequently,
the second explicit (Euler) substep follows to

Step 2: Wnum(zj, t + At) = \i/num(:cj, t) + isAt|\i/num(:cj, t)|2\f1num(xj, t). (13)

The symbols .% and .% ~' stand for the discrete Fourier and inverse Fourier transforms, respectively.

In the next Methods subsection, we discuss the realization of this scheme with a quantum algorithm. Note
that the implicit step Eq. (12) requires two Fourier transforms and a multiplication by a phase. The latter can be
done with a circuit shown in ref.%?, while the former is realized by a straightforward application of the quantum
Fourier transform algorithm®*%°. The explicit step can be computed by VQA.

Evaluation of the cost function and circuit implementation
The cost function C'(A) is then also evaluated on the quantum device in a Hadamard test-like circuit?**°. In
detail, the cost function for the solution of a PDE is given by

O = lllp(\) = Fllp0)]lz = C1 = 2/ (N Flp(0))]], (14)

where F[|1(t))] is the (nonlinear) iteration from the past step ¢ in correspondence with the underlying partial
differential equation (PDE) and C' is a constant. The cost function is minimized by maximizing the scalar
product (or overlap) in the second term of Eq. (14). Note, that one can drop the constant term in the cost
function for the evaluation. Multiple repeated measurements of identically prepared quantum states per iteration
step evaluate the costs. These costs are minimized with a limited-memory Broyden-Fletcher-Goldfarb-Shanno
algorithm with constant lower and upper bounds for Ax( L-BFGS-B) which applies a quasi-Newton method for
solving unconstrained, nonlinear optimization problems>°. Thereby, the Hessian matrix of the cost function is
approximated by the evaluation of the gradients (or the approximated gradients) in order to find the descent
direction in the hyperparameter landscape. The optimal parameter set A* initializes the ansatz function such
that the solution of the given problem can be observed®. We use random initial parameters for the first time step
and the optimized parameters from the previous step for all subsequent steps.

We expand the state vector into the n-qubit basis, using the complex wave function as expansion coefficients

) = 3 50l = 1/ 52 3 aumles,115) (15)

Jj=0

where |7) denotes the n-qubit basis state corresponding to the binary representation of j with expansion
coefficients ¥;(t) = v/ Ax/(2a) ¥num(z;,t). Consequently, M = 2™ with a qubit number #n. Equation (15)

provides a construction for switching between the representations and satisfies the normalization constraints

(YD) =1, (16)
and
/OO | ¥ (z,t)|dz = 2a. (17)

Due to Eq. (17), we do not need an extra optimization parameter for the amplitude. The computed solution is
related to the solution of the NLSE by a constant factor. Note that the initial condition for the soliton at ¢ = 0 is
directly implemented in the cost function.
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We formulate a cost function for the operator F that describes the explicit step of Eq. (13). F is diagonal and
its elements f; ; have the form:

. 2a
fig =1+ lSAtﬂ|¢j(¢)|2~ (18)

Note that the factor 2a/Ax originates from the normalization conditions Egs. (16) and (17).
Substituting F into Eq. (14) and omitting constant terms yields the following cost function

COusnr) = m%m {((t + A1) [T () T O] (1) } — Re { ((t + A1)}, (19)

where |1)(¢)) is the quantum state vector after the implicit substep and |1 (¢ + At)) is a function of A¢4 ay.

To initialize the state |1 (2)) = U(X¢)|0)®™ and the trial state [1p(t + At)) = U(Aiya:)|0)®™ we use the
parameterized ansatz circuit shown in Fig. 7 consisting of multiple layers of single-qubit rotations and controlled
NOT gates, where we define the depth d of the quantum circuit as the number of layers of controlled NOT
(CNOT) gates, each followed by a layer of single qubit rotation gates R, and R., that are applied after the initial
layer of rotation gates. Note that we tested other ansatz circuits as well, however, the one presented here was the
most accurate one. For each time step, the state |¢)(t)) after the first substep is then obtained by additionally
applying the quantum Fourier transform (QFT)>*, multiplying by the appropriate phase for each k in Fourier
space, see Eq. (12), and applying the inverse QFT. This includes

() = U(A)[0)®", (20)
with
UA) = (QFT) X" DU X" D(QFT)U (). (21)

After applying the QFT, the zero frequency component of the state is shifted to the center of Fourier space by
applying an X gate to the most significant qubit and another X gate before the inverse QFT reverses this shift.
Figure 8 shows a diagram of the circuit corresponding to this substep. Following ref.3, Uy, can be constructed
using n? phase and controlled phase gates

n—1
Upn = ] P (22)
i,j=0
with
] POOET -2t ifi=j
Pij = { C Pl (42147 if i j (23)

where v = —At/2. P and CP denote the phase and controlled phase gate, respectively.

Using these circuits the second term in Eq. (19) can be computed using a Hadamard test, see e.g. ref. *° for
a detailed description. Figure 9 shows the circuit used to evaluate the nonlinearity, denoted as the quantum
nonlinear processing unit (QNPU), which evaluates

QNPU = Im { D vt + A, (1) (t)} - (24)

Jj=0

The QNPU is based on the circuits from refs.?*?* for evaluating functions .% of the form

o) = o@Dt |Um| T |QFT| UM

gy 28 I o B o N o O

Fig. 8. Circuit for initializing the trial state and computing the first substep of the split-step method.
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Fig. 9. Circuit for computing the nonlinear term in the cost function. Its value is obtained via a computational
basis measurement of the ancilla qubit.

F = f(l)* Hf(j)' (25)

j=1

To arrive at the circuit shown here we use 7 = 3, f() = f = 1/;(1?) and f® = ¢ (¢t + At) and add an ST
-gate to compute the imaginary part instead of the real part of the expression. The value of expression (24) is
then obtained as the expectation value of a Z-measurement performed on the ancilla (first) qubit. The unitary
U™ (A¢+a¢) initializes the complex conjugate of the state [t (¢ + At)) and is obtained by applying U (A¢+a¢)
but changing the sign of the angles of rotation of the R, and R. gates.

To reduce the computation time for evaluating the cost function, we do not directly compute the required
expectation values by performing full quantum simulations of the circuits presented in this section. We instead
obtain the trial state prepared by the Ansatz circuit using the quantum simulation software Qiskit®” and from
this directly compute the value of the cost function. The QFT algorithm is a well-established building block
of quantum algorithms and it would be straightforward to include in the present scheme. This has been done
in for example in the variational algorithm of Huang and co-workers*’. We verified that the results obtained
with our approach match the results obtained with ideal quantum simulations of the presented circuits. The
classical optimization of the quantum circuit is done with the Qiskit implementation of the L-BFGS-B optimizer
algorithm. A relevant parameter for the optimization algorithm is ftol which is an upper bound for the relative
error of two consecutive iteration steps that must be satisfied for the optimization to terminate.

Qiskit can be used in three different ways, (1) as an ideal simulator without quantum circuit noise monitoring
the complex quantum statevector (statevector simulator), (2) as an ideal simulator without quantum circuit
noise and with measurement noise (qasm simulator), and (3) as a simulator that emulates the NISQ devices with
quantum circuit and measurement noise. We will only use (1) throughout this work.

Data availability

A repository containing an example script of our quantum simulation program for the NLSE, which was used
for the present work, can be accessed via ref.?. The datasets generated for the current study are available from
the corresponding author on reasonable request.
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