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1 Introduction

Understanding the phases of gravity in an asymptotically negatively curved space is an
interesting and important conceptual problem in itself [1]. However, a new dimension
opens up when you consider this problem in conjunction with holography [2, 3], where
these phases get mapped to the thermal phases of quantum gauge theories [4].

Continuing this story, in the past decade we witnessed many interesting applications of
holography in condensed matter inspired systems. Ones which are of immediate relevance
to us, are a series of works [5-7], where it has been argued numerically that an Einstein-
Maxwell-Scalar (EMS) system in AdS goes through a second order phase transition, in
suitable parametric regimes, from a RN black hole to a hairy black hole. The resulting hairy
black hole has been identified with a superconducting state (with a non-zero condensate)
in the dual theory.

In these works the background considered was the Poincaré patch of the AdS geometry.
It is natural to ask what happens if we look at the phases of the EMS system in an
asymptotically global AdS spacetime. The aim of this paper is to investigate this question
in some detail. Unlike previous works in this direction (see [8-11] ), which considered



the problem in the fixed charge&mass ensemble, we consider this problem in the (grand)
canonical ensemble.!

Even without a scalar field, the phase structure of EMS system in global AdS is more
interesting than in the Poincaré patch. Unlike the Poincaré patch case where the dual
field theory lives in a flat space, here the dual theory lives on a sphere and has a mass
gap coming from the curvature of the sphere. Because of this, at any finite value of the
temperature 7" and chemical potential p there is only one phase in the Poincaré patch,
corresponding to the RN (or Schwarzschild, if © = 0) black hole. The situation changes in
global AdS and we have (generalizations of) the Hawking-Page transition [1, 12, 13].

When we add a scalar, in addition to global AdS and RN black hole, we have two new
hairy saddle points of gravity: one is called the boson star (see eg., [14, 15]) and the other
is the hairy black hole. Depending on the boundary chemical potential and temperature,
one of the four solutions dominates the free energy landscape, giving rise to an intricate
phase diagram. To have a quick idea about the phase diagram, the reader may consult
figures 5, 7. Our phase diagrams bears a rough similarity with the phase diagram of EMS
in another gapped geometry, the AdS soliton [16-18].

2 The setup

The action for a Maxwell field and a charged scalar coupled to gravity,? is given by [7]
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We will set G = 1 in what follows. We would like to work with a time independent ansatz,
which is also spherically symmetric. For the metric we pick

d 2
ds®> = —g(r)h(r)dt® + @ + 72 dQ2, (2.2)
g(r)
and for the Maxwell and scalar fields
A= ¢(r)dt, and p =(r). (2.3)

The scalar field can be taken to be real, using a gauge transformation that fixes this
phase [7]. We also work with the potential for the scalar field of the form V(|¢]) =

! Also, we work with a conformally coupled scalar field in AdS4, unlike the massless cases in AdSs
considered elsewhere.

2From now on we refer this system by EMS, i.e. Einstein-Maxwell-Scalar system. EM would stand for
a similar system without the scalar field.



—2M?)(r)?/L?. With the above ansatz, we get the equations of motion
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What we have to look for are solutions, with the asymptotic behaviour of global AdS. The
set of equations have the following scaling symmetries for the functions

e —ar, q— %, and L — aL. With this rescaling, one could set L = 1.

e h = h=a*h, ¢ > ¢ =uap, and t — ¢ = L, so that the time part of the metric
becomes

h _
—ghdt? = —g—dt*> = —ghdt>. 2.8
a2

Now, since we need the space to be asymptotically global AdS, we need to have?
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We will be looking at conformally coupled scalar, which sets M = 1. The asymptotic
expansion for such a scalar for any asymptotically- AdSy space has the falloff

lim () ~ ¢(1) Y(2)

r—00 2

+ cee (2.10)
We will consider the boundary conditions for the systems at » — oo of the following form,
g(r — 00) ~ 1+ 72 h(r — o) =1, Yy =0, and ¢(r — o) = 2p. (2.11)

(See footnote 4 for a discussion on the origin of the factor of 2 in the definition of u.)
Depending on whether we are looking for solutions with or without the horizon, we have
to specify the boundary condition at r = 0, if there is no horizon, or at r = r, which is the
location of the horizon. This boundary condition will be discussed separately, depending
on the solutions that we will be looking at.

We use the scaling symmetry to set L = 1, for all the numerical solutions in the
following.

3We will suppress the bar on h in what follows with the understanding that we are always using the
rescaled metric.



3 The different solutions

As we will see in the following discussion in detail, there exist four different (classes of)
solutions for the action in (2.1). Of them, global AdS and RNAdS are solutions where
the scalar is zero all throughout and will be discussed first. For non-trivial scalar profiles
the solutions are called boson star and the hairy black hole, which will be discussed in
more detail. The thermodynamic favourability of these four solutions are based on the free
energy of the respective solution.

3.1 Global AdS
The vacuum solution of the action in (2.1), is the global AdS, given by

,r.2

g(r) =1+ T2 h(r) =1, ¢'(r) =0, and ¥(r) = 0, (3.1)

We can choose ¢(r) = 2u, a constant. This solution exists for any chemical potential and
temperature, but it is not necessarily the global minimum of the free energy. At T =y =0
the only possible solution of (2.1) is global AdS.

3.2 RNAJS

With the scalar in (2.1) turned off, we impose the boundary conditions at the horizon for
the metric

g(rp) =0, and ¢(ry) =0, (3.2)

which is required to ensure the regularity of the gauge connection. This is enough to
completely fix the solution, which is given by
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The number of scaling symmetries in the case of global AdS is one less than that in the
Poincaré patch [7]. This means that one cannot set the horizon and L to be 1 at the same
time. This means that for different horizon radii, the solutions are different, for a given
value of L. The temperature for the metric ansatz that we have, by imposing that there is
no conical singularity after Wick rotation, is given by

1 g'(rn)
st (3.4)

For the RNAdS system, we get the temperature and chemical potential to be

1 /1 p*> 3, p
T:(—g—i—),andu:m. (3.5)

The free energy of the system can be computed by evaluating the classical action for the so-
lution (I = BF), and subtracting out the same of global AdS [4], for details see appendix A.
It can alternately be evaluated using the ADM mass and charge of the system, as

F=E-TS-pQ, (3.6)
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Figure 1. Phase diagram for RNAdS black hole.

where? Q = p/2. Both approaches lead to the free energy

_47"% + L?(p? — 47“,%)
167y,

F= (3.7)

for the RN black hole. From the free energy one may chart down the phase diagram.
The RNAAS black hole becomes the dominant phase when the free energy goes negative.
Imposing this condition, we can solve for 1" in terms of u or vice versa, which demarcates
the two phases. These two phases are separated by a line of first order transition know as
Hawking-Page transition [1] (see figure 1).

3.3 The different instabilities and hairy solutions

We will now look into the hairy solutions, by turning on the scalar field and finding the
instability of global AdS and RNAdS for forming scalar hair. The corresponding solutions
are boson star and hairy black hole respectively. Also, we will look into the properties of
the hairy solutions, and investigate the phase structure of the full system.

3.3.1 Boson star instability

As the chemical potential increases to a critical value, say p = .1, the scalar field will
develop a zero mode, i.e. we will have ¢) =0 (scalar condensate), without the formation
of a horizon. This configuration is called Boson star [14]. Here, boundary conditions at
r = 0 is given by ¢'(0) = 0,1/ (0) = 0,4/(0) = 0,¢'(0) = 0 which ensure that there is no
kink at » = 0. Also, we set g(0) = 1 and h(0) is set to an arbitrary value, as we will rescale
it to make sure that the asymptotic boundary conditions are satisfied.

*We are following the conventions of [13], except for the fact that we have an extra factor of 1/4 in the
Maxwell piece in the action as in [16]. This is the source of the extra factor of 2 between p and @, as well
as between ¢(r — o0) and .
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Figure 2. The profiles of ¥(r) and ¢(r) in the fully backreacted solution for boson star.

To understand the onset of the formation of the scalar zero mode, we look at the
equation of motion of scalar in global AdS. A probe computation is enough to specify the
instability because for very small scalar profile, the back-reaction is negligible. By a probe
computation here, we mean taking 1(r) — e (r) with e < 1. Now, looking only upto linear
order terms in €, the two equations coming from the Einstein equation and the Maxwell
equation decouple from the scalar, giving the RNAdS solution. The scalar equation of
motion then becomes a homogeneous equation in this background, and is given by

2 2 2M? 412>
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The solution of this equation with the above mentioned boundary conditions can be ana-

W(r) =0. (3.8)

lytically determined and is given by
sin(2qutan=!r)

vr) =C

where C' is arbitrary, and signifies the overall scaling freedom we get in the probe limit.

, where qu =n, n € Z, (3.9)
”

The quantization in n happens because AdS is like a box, as far as the scalar is considered.

We will look at the first non trivial solution, which is n = 1, for the boson star phase,
as there are no nodes in the scalar profile. For the n = 1 mode, we have the relation
g = 1, which gives the chemical potential (1) at which the global AdS phase goes to
the boson star phase, for a given ¢. It can be seen that for large ¢ the condensate can be
formed by a very small p and vice-versa.

As we move away from the probe case, the solutions can be found numerically.® Here
we have plotted the fully back reacted solution for ¢ = 10 and 2y = 0.3804, see figure 2.
Since it is the fully back-reacted solution, the relation gu = 1 doesn’t hold.

3.3.2 Hairy black hole instability

A similar analysis can be done in a RNAdS background, for a probe scalar for the formation
of a hair. The scalar equation of motion is solved in the RNAdS background, with the

SExcept for determining the point of onset of the instability, we do not use the probe computation
anywhere.
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Figure 3. Sample profiles of ¢(r) and ¢(r) in the fully backreacted solution for hairy black hole.

boundary conditions at the horizon r = rj, for the scalar given by v (r,) = 1o, and the
first derivative v/(ry,) fixed by the consistency of the series expansion of the equations of
motion around the horizon. For the asymptotic boundary, ¢(;) = 0. The scalar equation
of motion in the RNAdS background is given by,

1//’(74) . < p2(r —2rp) + 4drry, (27«3 + rf’l + ’I“h) n 2> w,(r)

r(r—ry) (drry (P2 +rrp+1r2 +1) —p2) 7

(3.10)

8r2 [2(]2p2 — MQTh(p2 — drrp (1 + 2 4+ rry, + T,QL))] b(r) = 0
(r—rp)(p? —drrp (L + 12+ rrp + 7",21))2 =R

For a given value of ¢ and 7, we take an arbitrary value for 1y (because the probe equation
is homogeneous, the solutions are rescalable) and find p such that the scalar develops a zero
mode ¢(;) = 0, by a numerical shooting method. This fully determines the RNAdS black
hole background as we know 7, and p = p/2ry, from which we can also find the temperature
T. Repeating this for different values of 7, keeping ¢ fixed will give the instability curve.®
This instability indicates a second order phase transition from the RNAdS to hairy black
hole phase. For a fixed ¢, and varying r;, we get a curve in the u—71 plane, which demarcates
the two phases. As in the case of the boson star, here too, the larger the value of ¢, the
lower the chemical potential u required to form a condensate.

We also can construct the fully back-reacted hairy solution numerically, see figure 3.

4 Phase diagram

The phase diagram of the Einstein-Maxwell-Scalar (EMS) system is more complicated than
the EM system. In EM system there are only two possible radially symmetric solutions [12],
i.e. global AdS and a charged BH. Whereas, as we discussed, EMS system has two more

SWhere this line features will be discussed while considering the full phase diagram.



types of solutions, which are boson stars and hairy black holes. Depending on the temper-
ature and the chemical potential, one of the four possible solutions becomes the dominant
phase (i.e. the phase with least free energy) of the theory. The intricateness of the phase
diagram depends on the value of q.

As we saw in the boson star instability discussion, the chemical potential that sets up
this instability is given by %. In figure 1, we can see that y = 1 for T' = 0, above which
the global AdS is not the stable solution. Since the boson star is a second order transition
from global AdS, it does not exist once the chemical potential required for this instability
is not within the global AdS phase, i.e. if u > 1, or in other words, when ¢ < 1. Hence,
there will be a qualitative difference in the phase diagram for ¢ > 1 and ¢ < 1, which we
will deal with separately.

oo > q > 1. In the case of ¢ > 1, the boson star instability happens at 4 < 1. The
schematic phase diagram is given in figure 4. These phase diagrams are found for a fixed
q, by a mixture of analytic and numerical methods where appropriate.

For sufficiently small u, which is less than required for the boson star instability (jsc1),
we will have global AdS and RNAdS as the phases in the theory, demarcated by a first
order phase transition, which is the Hawking-Page transition, given by the curve F-1 in
the figure. As we increase p, beyond p.1, there is a second order phase transition S-1,
from global AdS to boson star. These two phase boundaries are analytically tractable, as
we saw. The Hairy black hole instability happens at a larger value of pu, say pe, for any
given temperature. The two phases in the region p. < p < pe2, will be separated by a
first order transition, given by the curve F-2. We can find the curve F-2, semi-analytically,
as follows. First we numerically find the fully back-reacted boson star solutions, for some
value of ¥(0), above the line S-1. A given value of ¥ (0) corresponds to a unique boson
star solution, so that fixes its p and F'. It is now straightforward to analytically compute
the temperature T of the RNAdS black hole with this same p and F' and that gives us a
point on the F-2 curve in the 7' — u plane. Changing the value of ¢(0) and repeating the
process produces the full F-2.

As we keep increasing the value of p further, the RNAdS black hole is unstable towards
formation of scalar hair. The RNAdS and hairy black hole phases are separated by a second
order phase transition, given by the curve S-2. This curve is found numerically, by looking
at the hairy black hole instability, as discussed in the previous section, for different r,. Now,
the hairy black hole and boson star phases will also have a first order phase boundary given
by the curve F-3, which is again found numerically as we discuss presently.

The way in which the phase diagram is computed for the global AdS is slightly different
from the way in which it is done for the case of the Poincaré patch [16]. For the Poincaré
patch, since there is an additional coordinate rescaling freedom, what one does is take a
value of u, rescale all the solutions to have the same value of u, and then evaluate the free
energies for different 7', thus finding the phase boundaries. The lack of that rescaling in
global AdS does not become an issue while evaluating the curves F-1 and F-2 because they
are (semi-)analytic. Determining S-1,5-2 is also straightforward because they are probe
computations as we explained, which rely on the fact the phases with condensates have
lesser free energy than phases with condensate.
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Figure 4. Schematic phase diagram for co > ¢ > 1.

The curve F-8 is more difficult to find, precisely because of the missing coordinate
rescaling freedom, and the fact that both the phases to be compared are fully back-reacted
solutions, hence, completely numerical. What we do first is to find the free energy (F) of
the boson star for different values of u, and use a numerical fit to get F' as a function of
1. One useful fact to keep in mind for the hairy black hole solutions is that for a fixed rp,
as we increase the value of vy, the chemical potential and the temperature both increase,
the latter very slowly. Thus, to obtain the curve F-3, we take horizon radius slightly less
than that which corresponds to the black hole at the intersection of the curves F-2 and
S-1 (we will call this critical horizon radius, 7,22), and keep increasing v, simultaneously
evaluating p, T and the free energy. The curve F-3 is gotten by finding the (T, u) values
for which the free energies of the hairy black hole and the boson star match, by repeating
the process mentioned above for smaller and smaller values of r; compared to 9.

One thing to be noted is that for large u, the black hole is very big and the line of
hair-forming instability asymptotes to a linear curve = o7, where the parameter o is &
in the Poincaré patch-AdS, and is dependent on q.

The exact phase diagrams evaluated for ¢ = 5,3,1.2, are given in figure 5.

g < 1. At g=1, it can easily be seen from our analytic results that boson star instability
happens at 4 = 1. As the extremal RN black hole near ;4 = 1 has a radius approaching
zero, the geometry is almost identical to the global AdS. Hence it is no surprise that line of
hairy black hole instability and boson star instability coincides for T'=0,u =1 and ¢ =1
in figure 7(a).
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Figure 5. Phase diagram calculated for ¢ = 5, 3,1.2.

We now look at ¢ < 1, where, as we had discussed earlier, the boson star instability
happens at 4 > 1. The transition from global AdS to boson star is a second order transition.
So as we increase the chemical potential to p > 1, the system undergoes a first order
transition to RNAdS, the Hawking-Page transition (the curve F-1 in figure 6), before the
boson star instability could set in. Since the system is now in the black hole phase, the
possible second order transition is the one in which the RNAdS develops a hair. This

transition can be found as in the earlier case, numerically. The starting point of the

instability curve (named here also as S-2) is at the T = 0 axis.

~10 -
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The phase diagram in this case has only three different phases. The exact phase

diagrams for ¢ = 1,1/2 are given in figure 7. In the case of ¢ = 1, the boson star and
hairy black hole instability seem to happen at u = 1. Here too, the number of phases

remain three.
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A Chandrasekhar-like instability for AdS black holes was found in [8, 9] when the ¢
was below some bound. In our case, that bound corresponds to ¢ = 1. We have checked
that the for values of ¢ that are less than 1, the curvatures diverge at r = 0 as we increase
the condensate of the boson star. (But note that in our case, in this regime the boson star
is not the dominant phase anyway.)

It is interesting to note that in our case we form a hairy black hole for arbitrarily small
values of ¢ (see also, [19]). In the appendix B, we discuss the extremal case analytically.

4.1 Comments on condensate plots

In the case of the Poincaré patch, the condensate plots were made for different values
of ¢ alone, as there were two coordinate rescalings available. Here, however, one could
plot for various values of ¢ and for different values of r,. We have given the plot for
q = 10, for r;, = tan=1(0.9),tan"1(1) in figure 8. Here p. and T, are defined to be the
w, T for the smallest value of 9y considered — this is the onset of the phase transition
line (numerically in our computation it is ~ 107°). It can be seen that for larger 7 the
condensate decreases and the curve profile is slightly smaller. It should be noted that
because we have two dimensionful quantities available, we have some freedom in choosing
how to plot the condensate plots.

5 Concluding comments

In this paper we have investigated the phases of black holes in global AdS spacetime for
large and moderate values of the scalar charge q. We have not investigated the phase
structure for very small values of ¢ but we expect that it should not change qualitatively
from the behavior we found for ¢ < 1. It will be interesting to see if this expectation is
correct, by doing a more exhaustive scan of the low charge regime.

The instabilities/phases that we have uncovered are to be understood in the context
of phases of thermal partition functions in the dual gauge theory. Recently there has been
a lot of interest in various questions regarding non-linear dynamical instability of classical

- 12 —



gravity in AdS [20-26], which should be understood in the context of thermalization in the
gauge theory. It will be interesting to try and fit these two perspectives into a coherent
whole. Another obvious line of development is to consider, in analogy with the work on
Poncaré patch superfluids in [27-30], adding a spatial component to the gauge field to the
configurations considered here.

A Free energy computation by background subtraction

The free energy of a system can be computed by evaluating the classical action directly.
However, the classical energy computed this way is divergent, and has to be made finite
by using counter-terms or by using background subtraction, where we subtract out the
classical action of the global AdS solution after matching the temperatures of the two
configurations at the asymptotic region.

Let us take the equations of motion to be of the form R, — %gWR = TW. It can be
easily checked for our ansatz that

2

) Al
2sin2g # (A-1)

9 .
E_R:7T33:
T

1
Now using G, = R,y — =g R, and G, = —R, the classical action will simplify to the

following form, in the Euclidean signature

SEuc = —LQ Vols (/Oo drm— rg(r)\/h(r)

167 ro

> , (A.2)

where Volg = 4w 3. Also, rg = 0 for any solution without a horizon, namely global AdS and
boson star, and rg = rp, for the RNAdS black hole and the hairy black hole solutions. The
action calculated this way will be divergent and we can use holographic renormalization or
background subtraction to regularize the action. We will be using background subtraction
using global AdS to regularize and we get

TH—>00

Sreg = —%5 (/00 dr+/h(r) —rg(r)\/h(r)

0

) +50% (ro — 1 (1 +77))

=00

where 8 and 3y are the periodicities of the ¢ integrals of the geometry that we are interested
in and of global AdS, respectively. Now, we have to adjust 5y such that the geometry at
the hypersurface r = 1, of both the spaces are the same. This gives the relation

B g ) _\/1+r§
50_\/ gie(ry)  \ gu(rs)’ (A.4)

i R I TE R

TH—0O0

(A.5)
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One can check that the classical action computed using this equation matches with
that computed using (3.6) analytically for RNAdS black hole, and numerically for the hairy
solutions.

The evaluation of thermodynamic variables in the case of numerical hairy solutions is
done by fitting the curves of g(r), ¢(r) and we take E to be (—3) times the coefficient of
term of g(r), and chemical potential(u) and charge (Q) from the falloff of ¢(r), using the
2Q

relation ¢(r — oo) ~ 2u — =

B Extremal black hole instability

In the full set of possible solutions, there are two systems with zero temperature and scalar
condensate, boson star and extremal hairy black hole.

The near-horizon instability of the extremal black hole is analytically tractable. The
extremal RNAdS black hole has a charge, in terms of r, (with L = 1),

Q = £2rp,4/3r2 + 1. (B.1)

The chemical potential for the instability here is calculated as follows. We expand the
scalar equation of motion in the extremal RNAdS background, in the near-horizon region.
The leading order terms multiplying ¥ (r),’(r),¢" (r), together gives the equation of mo-
tion for a scalar in AdSs x S?, which is the near-horizon geometry of 4-d RNAdS. The
instability point for the 4-d extremal RNAdJS is taken to be the value of u that saturates
the Breitolehner-Freedman bound for the AdS,. This gives

1 A@p’(@* —1) | 20— 1)
— 2 2 = — =
M(2)L(2) 4 3(2u2 — 1)2 3212 — 1) (B.2)

We can solve for u for a given value of ¢ for which the instability sets in and it is given by

2¢? 3 Vit + ¢ +1
u:\/ d PR Sk My (B.3)

42 +1  2(4¢%2 +1) 4¢2 4+ 1

The sign in the inside square-root has been fixed by noting that u? = 5/2 when ¢ = 0,
which can be directly read off from the previous equation. For any value of ¢ (including
g = 0!) this shows that for sufficiently large u there is a near-horizon instability.

We can use the above expression to compare the values of p at which instability is
triggered in the extremal and the boson star cases (the latter happens at u = 1/q as
already noted). We can see that for large values of ¢, the boson star instability happens at
a smaller value of p than that of the extremal-RNAdS instability, and vice versa. We can
also evaluate the ¢ at which the two curves intersect and it is found to be around = 0.9.
We can think of the boson star instability as a proxy for the bulk instability of AdS black
holes when the black hole is small (this is sometimes called superradiant instability, [8, 9]).
It will be interesting to see if the interplay between these two types of instabilities leads to
a quantum critical phase transition for the hairy extremal solutions.
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