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Abstract

The studies of scattering amplitudes during recent years has uncovered many new features of
various theories that are invisible from the action point of view. One of the most interesting
features is the relation between gauge theories and gravity theories, known as double copy. The
most famous example is the relation between pure Yang-Mills theory and axion-dilaton gravity,
however over the years many more examples of this relation have been found. It is interesting
to understand what is special about these theories that can be related by double copy. Most
of the known examples of such theories have massless force carriers so a natural question is
can double copy be extended to massive theories? The work presented in this thesis suggests
that such massive theories must be strongly constrained since a naive attempt to double copy a
generic massive gauge theory leads to unphysical scattering amplitudes. In 4d the only known
examples are Kaluza-Klein theories of 5d massless gauge theories. However in 3d the situation is
different. The work of this thesis suggests that topologically massive gauge and gravity theories
are related by double copy. We observed this relation between scattering amplitudes (for 3,4
and 5 point tree level amplitudes) as well as between classical solutions. Also, we found a 3d
equivalent of Weyl double copy relating the Cotton tensor to a product of two gauge theory
field strength tensors.
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Conventions

Scattering Kinematics: We consider all particles to be ingoing, so that their four-momenta

satisfy > . p; = 0. In 4 particle scattering we define the Mandelstam variables to be

—(p +p2)27 t=—(p; +p3)2, u=—(p +p4)2, (1)

which are linearly dependent by s+t +u = > 4m?. Similarly Mandelstam variables for higher
point amplitudes are defined as s;; = —(p; + p;)*.

Metric Signature: The signature of the metric used in this work is mostly plus: (—, 4+, +, .., +).

Scattering Amplitude: Our definition of the n-particle scattering amplitude, A,,, is the

following:
(118 = i) = (2m)6 (2@) () @)

where |i) is the initial state, |f) is the final state, S is the S-matrix operator and p; are the

momenta of the particles.

Lie Algebra Generators of the Gauge Group: We use the following conventions for the

generators, T;:

Te[T,T}) = by (3)

These are related to the usual generators (for example in [1]) as 7, = v/2t,. We define the

structure constants, fup. as

[Taa Tb] = Z-fabcT‘cy (4)

which again are larger by a factor of v/2 than the structure constants in [I]. In terms of these

fave the field strength tensor F 1 1s written as:

a a a ]' C
FS, = 0,A; — 0,A% + 7 fabcAZA,, (5)
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Chapter 1

Introduction

During recent years, the study of scattering amplitudes has uncovered a number of new mathe-
matical structures. One of the most surprising features discovered is a highly nontrivial relation
between gauge theory and gravity scattering amplitudes, known as double copy. The fact that
these theories are related can be quite surprising since perturbative calculations in general
relativity seem to be much more complicated than those in gauge theories, at least by using
Feynman diagrams. In fact the perturbative expansion of the Einstein-Hilbert term produces
an infinite number of two derivative interaction terms, whereas Yang Mills action contains only
a finite number of such terms. On the other hand one can anticipate the existence of such rela-
tions between gauge theory of gravity if they both can be embedded into a more fundamental
unifying theory such as string theory. The most studied and understood example of double
copy is the relation between (super) Yang-Mills and (super) gravity theories (in particular there
has been a lot of studies of amplitude relations up to five loops between super Yang-Mills and
N > 4 supergravity theories [2, 3|, [4 Bl [6l [7, 8]), however by now there is a large number of
other theories related by double copy, including extensions with massive matter fields as well
and many more. At present it is not entirely clear what makes these theories special so that
they can be related by double copy (some work on this question has been undertaken in [9]).
In particular it is not obvious if double copy could be extended to theories with only massive

fields. Extension to the massive case is interesting for multiple reasons. First of all, massive



gravity is a very interesting subject on its own since it is far less understood compared to general
relativity due to more complicated nature of its interactions. A better analytic understanding
of classical solutions and the Vainshtein mechanism would be desirable for this theory to be
used as a model of cosmic acceleration. If a double copy construction for ghost-free massive
gravity existed, it could simplify various calculations just like the standard double copy is used
for gravitational wave calculations in general relativity and may lead to new insights in the
non-linear interactions. This was the initial motivation for looking at a massive double copy
in [I0] which will be outlined below. A careful treatment of higher point amplitudes lead us
to discover a problem with spurious polesﬂ that one generally encounters in trying to double
copy a generic massive theory. An example of a theory in which this problem occurs is massive
Yang-Mills, whose naive double copy as discussed below is observed to exhibit the spurious
poles explicitly in the 5 point amplitude [I0]. The search for a way of avoiding these spurious
poles has revealed that in four spacetime dimensions the only known examples of massive gauge
theories that can be double copied are Kaluza-Klein theories associated with massless gauge
theory in five dimensions [11]. Since we know that these theories can be double copied in five
dimensions, the spurious pole cancellation in Kaluza-Klein theory works the same way as in the
massless case. However in three spacetime dimensions there is another way of avoiding these
unphysical singularities, and an example of that is topologically massive theories that can be
related by double copy [12]. In the work described in this thesis we have checked the amplitude
relation between topologically massive theories only up to 5 point level but our further investi-
gations of classical double copy [I3] suggested that there might be all loop and all multiplicity
relations between the amplitudes of the two theories.

In the rest of this introduction chapter, I summarize the standard massless BCJ and classical
double copy formalism. Since a large part of this thesis will be about extending the double copy
formalism from massless to massive case, it is first necessary to understand the massless case.
I then introduce the relevant massive gauge and gravity theories which will play a significant

role in the remaining discussion.

ISpurious poles are poles in the scattering amplitude that are not associated with the exchange of physical
states.
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1.1 BCJ Double Copy

The Bern-Carrasco Johansson (BCJ) double-copy [2) 6] is a relation between the scattering
amplitudes of gauge and gravity theories. There are many different examples of this relation,
but the original and the most famous one is between (super) Yang-Mills and (super) gravity
[6]. Tt has been proven to hold for all n point tree level amplitudes and it is conjectured to
hold at loop level as well [I4] 15, 16, 17]. This particular example of double copy can be
understood from a string theory point view by considering relations between open and closed
string amplitudes, known as KLT relations [I8], and by looking at the low energy effective field
theories of these two string theories. However double copy was found to be more general, there
are known examples of double copy relations between two non-gravitational theories for example
the non-linear sigma models and DBI and special Galileon [19] 201 2], 22} 23] 24] 25, 26]. Also,
there are many examples of relations between super Yang-Mills and supergravity theories [27].
Recently double copy has been extended for gauge theories with massive matter fields [28|, 29].
The double copy procedure starts with writing the n point tree level gauge theory amplitude

in the following formf]
=gy = (1.1)
Z IL., Do,

where ¢; are colour factors, n; are kinematic factors containing products of momenta and
polarizations and D, are propagator factors. The sum ¢ runs over distinct Feynman graphs
with only (trivalent) cubic vertices. The kinematic factors are not unique since the colour
factors are related by Jacobi-type identities, ¢; +c¢; +c; = 0, which causes ambiguity in defining
n’s. To do double copy we need to fix this freedom by choosing n’s satisfying colour-kinematics

(CK) duality which states that the n’s have to satisfy the same algebraic relations as the ¢’s:

cit+cj+ep=0,—n;+n;+n,=0. (1.2)

2Note that we are using the amplitude definition given in (2]). All of our scattering amplitudes are given as
the momentum space delta function stripped amplitudes of <{k:f}|S —1|{ks}). i.e. we forgo the introduction of

aniasin S =1+4T.
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Then the colour factors can be replaced by kinematic factors, ¢; — n; (these can be kinematic
factors of a different gauge theory) and the coupling constant to gravitational coupling constant,

g — Kk/2, where k = V327G to get the double copy amplitude:

M, =i <g)n_gz% (1.3)

If we go in the opposite direction and replace n’s by ¢’s we obtained so called zeroth copy

amplitude:

A0 2§ GG 1.4
R =

corresponding to the amplitude of a bi-adjoint scalar theory, (the scalar field has indices of two

gauge group Lie algebras ¢®').

1.2 Classical Double Copy

Double copy relations go beyond scattering amplitudes. Many different classical solutions in
gauge and gravity theories have been found to be related by the so called classical double
copy. There are several different formulations of classical double copy, the most common one

is Kerr-Schild double copy. A metric in Kerr-Schild coordinates is of the following form

Guv = guu + /{kukugb 5 (15)

where g,, is the background metric and k* is a vector tangent to a null geodesic with the
respect to both g and g¢:
Gu kK" =0, K"V .k, =0, (1.6)

where V is the background covariant derivative and the indices are raised/lowered with g. In
these coordinates the Ricci tensor is linear in ¢ [30]. Similarly the Kerr-Schild form of the
gauge field is:

AP P = c"At = c"kFo (1.7)
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where ¢ is some constant colour factor. Again, this ansatz linearises the field strength tensor,
F7,, and the Yang-Mills equations of motion. Therefore, in both gravity and gauge theory the
equations of motion are linear relations between ¢ and the sources. For example, when g = 7
and we are in the vacuum, both Yang-Mills and gravity equations of motion are solved if ¢

satisfies O¢ = 0 i.e. the equation of motion of a scalar. This can be interpreted as the zeroth

copy - bi-adjoint scalar field given by

o = ()" g. (1.8)
Therefore we see that the classical Kerr-Schild double copy prescription is replacing c¢* by k,
in order to relate zeroth (&% = ¢%(¢')% ¢), single (AS = c*k,¢) and double copy (h,., = ¢k,k,)
solutions. In general when sources are present one needs to relate them in order to find double
copy relations. Note that the graviton field in Kerr-Schild coordinates is traceless and symmetric
so the axion and dilaton fields that appear in BCJ double copy are not present here which means
that Kerr-Schild double copy is a relation between gauge theory and pure Einstein gravity. As

an example consider Schwarzschild solution in Kerr-Schild coordinates:

2

%kukua (19)

I = N +

z?

where k* = (1, 7) and r? = z'z;. The graviton field (or double copy) in this case is hy, =

gTMrk#kl,. Then the single copy is obtained by replacing $k, M — gc*

A = 9Ky (1.10)

# Ay

This solves Yang-Mills equations which are Maxwell equations in this case (since the Kerr-Schild

ansatz linearises the equation of motion):

D Fom = Jo, (1.11)
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where J% is a static point source located at the origin:
J" = —gcv” 63 (x), (1.12)

where v* = (1,0,0,0). There are many other examples of Kerr-Schild double copy including
Kerr black holes, black branes, plane waves, shock waves [30] and (A)dS spaces [31].

A related but slightly different approach is to relate the Weyl curvature tensor to the field
strength tensor directly. This is known as Weyl double copy. At linearised order the Weyl
tensor can be related to the square of the YM field strength

lin. pplin.
| ] Flin. i
" flin.  _ — " p 4 .

prpX T 92 ez

(1.13)

This relationship is known to extend beyond linearised case for exact solutions of Petrov Type
D and Type N spacetimes when written in terms of spinors [32], 33]. Recently it has been
attempted to explained it from a twistor space perspective [34], 35, [36].

There is a wide range of applications of double copy. For example, double copy is used for UV
considerations of effective field theories [37, 38, 39, [40], efficient gravitational wave calculations
[41], 42, 143, 144, 145, [46] and relations between classical solutions in different theories [47) 30} 3T,
18, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 1, 62, 63, 64, 65, 66]. The double copy has
been studied for scattering amplitudes [67), [68] and correlation functions [69] [70] [71], [72] around

more general backgrounds.

1.3 Massive Yang-Mills

Now we review the theories that will play a role in understanding massive double copy. The
first theory which will be the starting point in attempting to do massive double copy is massive
Yang-Mills. It can be thought of as the low energy effective action of Yang-Mills - Higgs theory,
obtained by integrating out the Higgs field. We consider the case of gauge symmetry breaking

which gives all gauge bosons the same mass, m. The cut off scale of the resulting effective field
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theory (EFT) is then the Higgs mass. In unitary gauge the leading (in 1/cutoff) terms in the

effective Lagrangian are the following:
1 v 1 2
Loyy = —Ztr(FWF“ ) — 5m tr(A,A"), (1.14)

where ¢ is the coupling constant. This theory is not renormalizable and should be understood
as an EFT which contains an infinite number of interactions suppressed by the cutoff scale.
For example, we could add a quartic interaction tr(A4,A4*)? to (1.14). To better understand the
structure of this effective field theory we can reintroduce Stiickelberg fields (Goldstone modes)

by the following replacement

A, —

"

gV(x)_lDMV(m) (1.15)

where D, = 0, — %Au is the gauge covariant derivative and V(z) = exp [ﬁT “gzﬁa(x)] where

¢*(x) are the Stiickelberg fields, so that the Lagrangian with the restored gauge symmetry is
1
Loym = _Ztr<FquW) — A*tr(D, VD'V, (1.16)

where A = m/g. It is manifestly gauge invariant under D, — U(z)"*D,U(x) under which

V(x) transform as V(z) — U(z)™'V(z) where U(z) = exp [\/%AT‘T“(:E)] and £%(x) is the
gauge transformation parameter. The unitary gauge Lagrangian, (1.14]), is recovered by fixing

the gauge ¢* = 0.

The highest cutoff scale of the resulting EFT is A = m/g (Goldstone mode decay constant).
Additional operators in the effective action could lower the cutoff, but we assume that is not
the case so A is the controlling scale. This allows to take the following decoupling limit: g — 0,
m — 0 for fixed A. This results in a theory containing a free massless spin-1 field and an
interacting non-linear sigma model

1
Lpp=_lim Loyy=—7 > (0,45 — 9,A5)* — Ntx(9, Vo'V ). (1.17)

g—0,A fixed
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This illustrates the ‘Goldstone equivalence theorem’ which states that the leading interactions
for the helicity-0 modes of the massive spin-1 states are determined by the effective field theory
for the Goldsone modes described by . Note that adding additional unitary gauge inter-
actions, such as tr(A,A*)?, would result in the addition of further irrelevant operators to the
nonlinear sigma model Lagrangian in the decoupling limit, which have been considered in the
double copy context for example in [37, 38| 39, 40].

The reason why we choose unitary gauge is that it is well suited for the tree amplitude calcula-
tions. This is because the expressions for off-shell vertices in massive and massless Yang-Mills

are the same, so the only difference in calculating amplitudes is the massive propagator:

_iﬁull
_py 1.18
p2 + m2 ? ( )

where 7, = 1, + pup,/m?. Similarly to the massless case [6] we express the tree level n-point

scattering amplitude of massive Yang-Mills as:

CiTy;

. n—2
A =9 L ) (119)

where ¢; are colour factors which are products of the structure constants of the gauge group, n;
are the kinematic factors, ¢ labels distinct Feynman diagrams and «; labels internal propagators
in the Feynman diagram. This is the same expression for the amplitude as in massless case but
the massless propagators pii are replaced now by massive pii + m?. However, the expressions
of kinematic factors, n;, in terms of products of polarizations and momenta are not the same
as in the massless case since they contain information about the massive polarization states in
the massive propagator ), and also, the external momenta now satisfy p = —m? instead of

p? = 0. Therefore, it is not guaranteed that the colour-kinematics duality still holds.
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1.4 dRGT Massive Gravity

If massive Yang-Mills, described in the previous section, can be double copied it should give a
massive gravity theory. A natural candidate (for massive graviton interactions in the double
copy) is dRGT theory of massive gravity [73], since it is the highest cutoff effective field theory
for interacting massive spin-2 fields just like massive Yang-Mills is the highest cutoff effective
field theory for massive spin-1 fields. In this theory the diffeomorphism symmetry is broken by
introducing the non-dynamical reference metric, f,,, in the action making the graviton massive.
Generic interactions in massive gravity action would lead to a theory that breaks down at the
scale As = (m*Mp;)'/® due to appearance of Boulware-Deser ghost [74]. However, a specific
tuning of the interaction terms was found in [73, [75] which removes the ghost and raises the
cutoff scale to Az = (m?Mp;)'/3 where the perturbative unitarity breaks down. This theory is
known as de Rham, Gabadadze and Tolley (dRGT) massive gravity.

Massive gravity is interesting from both a theoretical and a phenomenological point of view.
It is a candidate effective theory for gravity at large scales because it can explain the late-time
accelerated expansion of the universe without the tuning of the cosmological constant, i.e. it
can provide a solution to the cosmological constant problem. There are two different ideas of
how this can be achieved. The first idea is to allow the cosmological constant to be large but
make gravity weaker at large distances, relevant to cosmology. Then the effect of large cosmo-
logical constant on the acceleration of the universe can be much smaller than that in general
relativity. This is known as degravitation and the corresponding massive gravity solutions are
known as screening solutions. The second idea is called self-acceleration. It turns out that in
massive gravity it is possible to have zero cosmological constant (perhaps due to some symme-
try or mechanism forcing the vacuum energy to be zero) and still find accelerating cosmological
solutions with the Hubble scale of the order of the graviton mass. This acceleration can be
thought as being sourced by a condensate of massive gravitons. These two mechanisms are
opposite of each other but both screening and self-accelerating solutions are expected to be
present in massive gravity. For more details see [76, [77].

There are other important differences between massive and massless gravity due to different
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number of degrees of freedom. For example, even in the massless limit the Newtonian poten-
tial in massive gravity is different due to the helicity-0 graviton exchange between interacting
objects. This effect is known as vDVZ discontinuity [78, [79] which seems to be in contradiction
with solar system observations. However there is a region in which this helicity-0 contribution
is suppressed as first noted by Vainshtein [80]. The linear theory in this region breaks down
and the non-linearities become important which recover the result of general relativity. This

will be explained in a bit more detail after the description of the decoupling limit.

In unitary gauge the action of dRGT massive gravity can be written in terms of the following

variable [73]
n

/Cﬁ(f,g)zé’;—( g”f) : (1.20)

v

where g, is the dynamical metric and f,, is the non-dynamical metric that breaks diffeomor-
phism invariance. This variable ¥ has a strange square root metric structure, which is required
in order to avoid having a ghost [73]. We will see in section that this square root metric

structure has a straightforward A3 decoupling limit. The 4d Lagrangian in unitary gauge is

[77]
M2 242 4
Loncn ==V =gR+ m V=9 > ralha [K). (1.21)
n=0
where Fl
U, = gm...un,,_Me”l""’""'”4101,‘11...Kﬁ:é{jﬁf...55;. (1.22)

When we expend the theory around a flat background g,, = 1, + h,, the Ko term gives rise
to a cosmological constant term and ; to a term linear in h,, i.e. a tadpole so if we want
flat space to be the solution of the vacuum equations of motion we set kg = k1 = 0. The
ko coefficient will appear in the kinetic Fierz-Pauli term in the action so ko can be fixed by

canonical normalization of h,,,. This corresponds to setting sy = 1. Explicitly the terms in the

3We use Euclidean conventions so that for flat spacetime €g123 = ghl2s

=1, i.e. in the Lorentzian €,,q03 =
—nwlnyylnaa/ngg/ef"”/alﬁl. As long as we are clear that we use one of them with all indices up and the other
with all indices down together with eil__jkik“_“ideil'““'jk*l“'jd = k!§7%197 with the generalized Kronecker

Tgt1...0q
delta expressed as a determinant of a matrix built out of §’s.
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potential are

Up(K) = 2 (IKJ? — [K?)) . (1.23)
Us(K) = [K]® — 3[K][K?) + 2[K?] | (1.24)
U, (K) = [KJ* = 6[K2][K)* + 8[K3[K] + 3K — 6K | (1.25)

where the squared brackets denote the trace. The free parameters are k3, k4 as well as the
graviton mass m?. We will set f,, to be Minkowski metric, 7,, for scattering amplitude
calculations in Minkowski spacetime. It can be shown that the terms in ([1.21)) are the only
allowed interactions for which the equations of motion for all 5 propagating degrees of freedom
are second order [81].

If we consider this theory as an effective field theory its cutoff is A3 = (m2Mp;)*/3. This is
the highest possible cutoff for Lorentz invariant interacting massive spin-2 theories 73] [75] in

4 dimensions. From this point of view the action ((1.21)) should be thought of as the leading

terms in the expansion in 1/A3 and the sub leading terms should be of the form

\V4
AL = Av/=9 Flgu, Ko, A—;‘ MpiR,p0) - (1.26)

where F' contains the sum of all diffeomorphism invariant scalar operatorEE| with dimensionless
Wilson coefficients.

Similarly to massive Yang-Mills we can restore the diffeomorphism symmetry with Stiickelberg
fields. Since the symmetry is broken by the non-dynamical metric f,, we can restore it by

making f,, transform as a tensor. This is achieved by the following replacement:
f;w — au(I)Aau(I)BnAB ) (1-27)

where the Latin indices A, B have the same range as Lorentz indices. If we shift the Stiickelberg
fields as ®4(x) = 2 + 74(z), then 7(x) is the analogue of the ¢?(x) in V() (1.16)), and the

unitary gauge is 74(z) = 0. The full derivation of A3 decoupling limit can be found in [82].

4All breaking of diffeomorphism invariance is captured by the tensor K, , so if K,, was transforming as a
tensor under diffeomorphism all terms in the Lagrangian would be diffeomorphism invariant.
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Unlike the massive Yang-Mills case where in the decoupling limit the helicity-1 is free and
the only interactions are the helicity-0 self interactions, in massive gravity decoupling limit
the helicity-1 - helicity-0 interactions are still present as well as mixing between helicity-2 and
helicity-0 modes. However the helicity-1 modes appear quadratically so it consistent to truncate
the theory by switching them off, since they will not be sourced by the other helicity modes.
Then the decoupling limit action for helicity-0 and helicity-2 modes, without helicity-0 and

helicity-2 kinetic mixing terms (which are removed by a local field redefinition of h) is [77]

5
1
_ ~ _ L (n) v
Lop= Tm - Lnor = W Eh, + Z; n L8 [7] + bhyy, X (IT) (1.28)
where
B E Ry = € g SL 20, PO, (1.29)
11, = 0,0,7, b is a constant, X is defined as
XHID) = ef) s 2P 2 TS (1.30)
and Egla)l are the Galileon terms
L9 [x] = 7, _, (I1). (1.31)

There is still a coupling between helicity-2 and helicity-0 given by the last term in . It
cannot be removed by a local field redefinition only by a non-local one of the form h,, —
By + 2bD,po XP7, where D = E71 is the graviton propagator. Therefore, we see that the
decoupling limit of massive gravity in terms of local operators is a scalar theory with self
interactions given by the Galileon terms (known as Galileon theory) coupled to a massless
spin-2 field.

From the decoupling limit we can see the origin of the vDVZ discontinuity [78, [79]. If we have

external matter minimally coupled to massive gravity through the energy-stress tensor 7, then
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in the decoupling limit we have two additional terms:
1
——h,, T" + ——aT". (1.32)

We see that for the sources where T/ is non-zero we get an additional contribution to the
force between them given by the exchange of 7 at linear level. As mentioned before this

gives rise to vDVZ discontinuity since the massless limit of massive gravity does not agree

with general relativity. For example the Newtonian potential in this limit is —‘f—RM rather
than —% as in linearized general relativity. However, the distance scale where the linearized

theory breaks down and non-linearities become important in massive gravity is different from
that of general relativity in which this distance scale for spherically symmetric solutions is the
Schwarzschild radius rg = 2G M. Instead, in A3 massive gravity this distance is the Vainshtein
radius ry = (fn—]\f)l/ °. Tnside the region r < ry we cannot trust the linearized theory and
it turns out non-linear interactions of m make its contribution to the Newtonian potential
suppressed relative to the h,, exchange [83] so the scalar "fifth” force is screened inside this
region. For astrophysical sources and small graviton mass 7y can be much larger compared to
rg so the solar systems tests (which would be in the region ry) should be probing the non-
linear regime of massive gravity theory. The full theory of massive gravity is quite complicated
[73] so it is hard to obtained exact classical solutions and check if they exhibit the Vainshtein
screening mechanism. However it is believed that these features of massive gravity are captured
by the Galileon theory in which the screening mechanism has been studied mostly numerically
due to difficulties in doing analytic calculations in non-linear regime [84] 85, [86, 87]. Thus
we see why the double copy construction of massive gravity could be beneficial - it might
simplify the analytic calculations (just like it simplifies graviational wave calculations in general
relativity) allowing us to better understand the Vainshtein screening mechanism. This would of
course require non-perturbative construction of massive gravity solutions (since the perturbative
methods used in general relativity such as post-Newtonian or post-Minkowskian expansion
would not help to probe the non-linear dynamics) perhaps given by classical double copy.

Also, a double copy construction of massive gravity might give a simpler way of calculating

gravitational waveforms in this theory that could be tested experimentally.
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1.5 Topologically Massive GGauge and Gravity Theories

in 3d

As will be described in the second chapter of this thesis, there are interesting examples of dou-
ble copy relations between topologically massive gauge and gravity theories in three spacetime
dimensions. This section contains a short introduction of these theories. We start with topo-
logically massive Yang-Mills theory (TMYM) which propagates one spin-1 degree of freedom
and is given by a standard Yang-Mills term supplemented with a Chern-Simons term. The

TMYM action is
3 1 124 m HAY AP 2 H AV AP
STMYM = d’r—| — Ztr [F ij] + E/U/PEtr ARV AP + §A AV A N (133)

where m is the mass of the gauge field and ¢ the coupling strength. The mass term is propor-
tional to the Chern-Simons level. Under gauge transformations, A, — U'A,U+U"19,U, the

TMYM is not fully invariant, instead it changes by two terms:

Stmym = Sty + 051 + 05, (1.34)
where
057 o /d%e’””atr[ﬁu (Aad,UUY)] (1.35)
and
65y o / Pz tr[0,UU 1 0,UU 1 0,UU . (1.36)

The first term, .51, is a total derivative and it vanishes if we only consider gauge transformations
such that U(x) goes to the identity at infinity. The second term, §Ss, does not vanish in the
non-Abelian case. Instead, it is equal to 87r29m2w(U ), where w(U) is the winding number of
the gauge transformation which is an integer. Since the partition function should be invariant

under gauge transformations, Z = [ DAe™ = fDAeiS+i87r2g%w(U) = Zeiswzg%w(U), 87r2g%w(U)
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must be an integer multiple of 27 so the mass of the gauge field must be quantized:

47r% = integer. (1.37)
Pure Yang-Mills theory in 3d describes a single massless spin-1 degree of freedom, while pure
Chern-Simons theory is topological, with no propagating degrees of freedom. However, when
combined together into topologically massive Yang-Mills theory they describe a singe mas-
sive spin-1 degree of freedom [88]. A massive spin-1 field in a Lorentz invariant (including
discrete transformations such as parity) 3d theory would have 2 degrees of freedom, but this
theory breaks parity due to the parity odd Chern-Simons term. Unlike 4d massive Yang-Mills
theory, topologically massive Yang-Mills is renormalizable (in fact it is UV finite or super-
renormalizable) [8§].
Pure Chern-Simons theory itself has some interesting properties even though it does not have
propagating degrees of freedom. The expectation value of a Wilson loop calculated along some
closed path in this theory can be related to the knot invariants of that path [89]. Also, it has
a connection to the 4d topological theta term Sy = [ My tr[F' A F] which is a total derivative
So = [y, dK, where K = tr[(AAdA+2ANANA)]. The 3d Chern-Simons term can be obtained
by considering Sy on a manifold M, with a boundary 0M,; = M; and using Stokes’ theorem:
Jo, AK = [op, K = [y, tr[ANdA+ZANANA][SS].

To see what effect Chern-Simons term has on the force mediated by A,, we can look at the

o
Abelian case, i.e. topologically massive electrodynamics (TME). The equation of motion with
the source J" is

0, F" + %e"aﬁFaﬁ = J (1.38)

This is solved by

1 1
L 24 = pra
A O+ m2 (77 + m€ 8a) J, + gauge dependent term. (1.39)

This looks like the standard massive vector field but the source is “twisted”: J'* = Jt —
%e”aﬂaajﬁ. This twisting transformation makes non-spinning sources create field profiles as

if they were spinning. In particular if J° = ed?(x) (describing point static charge) and J; =
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g€i;0;0%(x) (describing dipole current) then the electric and magnetic fields created by this
source are

E;=F’=(e+gm)o;Y(r), B=¢"F; = (e + gm)V?Y(r), (1.40)

where Y (r) = 5= Ko(mr). Ko(z) is Bessel function which behaves as In(z) at the origin and
e~*/y/x at infinity, so the fields have a finite range due to the mediator being massive. Also,
we see that the electric field is not proportional to e and the magnetic field is not proportional
to g as in the case of normal electromagnetism. Instead they are both proportional to the
combination e+ mg which means that there is a magnetic field even when g = 0 and an electric
field even when e = 0. Therefore, we see that the topological massive vector field sees the
source J as if it has a different classical spin. Also, for the specific choice of e + gm = 0 the
fields are zero so it is possible to have charge and current configurations that do not create

electromagnetic fields.

Topologically massive gravity (TMG) action is given by

Stue =5 /d3$\/ -9 <—R — 5 (FW&/FW + gfugryﬁr,ﬁ,a)> : (1.41)

Similarly to TMYM it is an addition of a gravitational Chern-Simons term to the Einsten-
Hilbert term. However, the sign of the Einstein-Hilbert term is opposite to the conventional
one; this is required so that the sign of the kinetic term of the physical spin-2 mode is correct
and the theory is ghost free. Like in TMYM case the change under gauge (diffeomorphism in
this case) transformation gives a term related to the topology of the gauge transformation. It
is easier to see this using the first order formalism, where we write TMG action in terms of

dreibein, e, and the spin connection, wy,, one-forms

1 1 2
Srva = — / —€% A dwy — €ape® N WP AW — — [ W A dw, + =€gpew® A W A w© ,
K 2m 3
(1.42)

where WZ = %e“bcwbcu. The latin dreibein indices can be transformed with a local Lorentz

. ’
transformation A¢

a

which leaves the Einstein-Hilbert term invariant but might change the

gravitational Chern-Simons term by a total derivative. Comparing this with (1.33]) we see that
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the gravitational Chern-Simons term has a similar structure to the gauge theory Chern-Simons
term. In fact under local Lorentz transformations, de® = €2 e?\¢, w, transforms just like a gauge
field: dw® = d\* + e®wp ). [90]. Therefore, the change in the action under these local Lorentz
transformations will be also given by , however, in this case the gauge group (of local
Lorentz transformations) is non-compact SO(2,1) and the homotopy of its maximal compact
subgroup, SO(2), is trivial [91], so the additional term vanishes and the action is fully gauge
invariant. Therefore, no quantization of the mass is required.

Similarly to TMYM, this theory describes a single massive degree of freedom but now it is
spin-2 [88]. Again, a massive spin-2 particle in a Lorentz invariant theory in 3d should have
2 degrees of freedom but the gravitational Chern-Simons term breaks parity. The Einstein-
Hilbert term alone in 3d gives no propagating degrees of freedom, that is why its negative sign
does not introduce ghosts. There is a similar construction of the gravitational Chern-Simons
term as in gauge theory case. This is done by considering the 4d Hirzebruch-Pontryagin den-
sity, %e””aﬁ RWPJRZ%, (which is a total derivative 9,X* for some X,) and analogously to gauge
theory case relating its integral over 4d manifold to an integral over the boundary gives the 3d
gravitational Chern-Simons term [8§].

To see how matter coupled to topological massive gravity interact again we consider the lin-

earised equation of motion (in de Donder gauge),
2 1 2 Loy o2
0“hy, — 57]#,,8 h + Eﬁpe w0 hoyy = KT, . (1.43)

Similar to the TME case, it is possible to rewrite this as

2

1 1
(=0* +m?) hy, = ﬁ% Ty — T — EapePA(MTy)A +53 (Muw®® +0,0,)T| . (1.44)

The right hand side of this equation again is “twisted” transformation of the stress-energy
tensor, T),,. The solution sourced by a stationary spinning particle at the origin, given by

19 = —M&*(r), T¢ = —30€99;6%(r), T;; = 0 is the following [92]:

hoi = %(M +ma)ei9,(C(r) — Y (r)) (1.45)
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hij = (k(M 4+ mo)Y (r) — 2eMC(r)) d;; (1.46)
hoo = /Q(M + mO’)Y(’f‘), (147)
where C(z) = —5In(z) and Y (r) = =Ko(mr) as before. he; gives a gravito-magnetic field

and is responsible for the frame dragging effect. In general relativity it would be zero for non-
rotating sources (¢ = 0) but here it is non zero. Also, hgy gives a Newtonian potential and
we see that it is not just proportional to M but instead to M + mo. This means that the
equivalence principle between gravitational and inertial mass is no longer true in this theory.
Note that M 4+ mo can be positive or negative so it is possible in this theory to have repulsive
gravity as well as the case M 4+ mo = 0 where gravitational field vanishes in linearised theory.
It is easy to notice from this short summary that these topologically massive gauge and gravity
theories share a lot of similarities; both can be obtained from 4d topological terms, both break
parity and describe a single massive degree of freedom and see the sources as if they were
“twisted”. As we shall see later there is strong evidence that these theories are related by

double copy to all orders.

1.6 Structure of the Thesis

The rest of the thesis is structured as following;:

1. In the second chapter our proposed massive extension of BCJ double copy is introduced,
which was first discussed in [10], and the origin of unphysical poles is explained, following
an example of massive theories in which the double copy procedure gives these spurious
poles. An example of a theory avoiding the spurious poles is given, namely Kaluza-Klein
theory, and it is explained how the attempts of deforming this theory in order to find
new massive theories compatible with double copy fail. The massive double copy in 3d is
described where massive theories that are not Kaluza-Klein theories can avoid spurious
poles in the double copy amplitudes and an example of this relation is given between

topologically massive gauge and gravity theories.
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2. In the third chapter this relation between topologically massive gauge and gravity theo-
ries is explored further by considering eikonal high energy scattering as well as classical
solutions. This includes a newly found Weyl double copy analog for 3d - Cotton double

copy that has been observed in type N solutions [93].



Chapter 2

Massive BCJ Double Copy

In this chapter I will introduce a proposal for a double copy for massive theories, first given
in [I0]. This chapter is organised as follows: first BCJ double copy in matrix notation will be
introduced, from which it will be easy to see spurious poles in the double copy of a generic
massive gauge theory. Then I discuss an example of a theory that has this problem - massive
Yang-Mills and an example of a theory which avoids spurious poles - Kaluza Klein theory. Then
I discuss a proposal [12] for massive double copy relation in three spacetime dimensions which

avoids spurious poles at least at 5 point level.

2.0.1 BCJ Double Copy in Matrix Notation

This section contains a review of the BCJ double copy formalism for scattering amplitudes
with matrix notation, as introduced in [I1], 12], which is useful to understand the issues with
spurious poles that arise when trying to square amplitudes including massive gauge fields. In

a generic gauge theory the n-point tree level amplitude, A,, can be written as
A, =g 2" D n | (2.1)

where ¢ is the coupling, ¢ is the vector of colour factors, D is the diagonal matrix with elements

given by products of inverse propagators and n is the column vector of kinematic numerators.

20



21

The Jacobi identities and CK dualityﬂ in matrix form can be written as
Mc=0 — Mn=0, (2.2)

for a matrix M with entries 1. Once a representation satisfying CK duality is found, the

corresponding amplitude in the gravitational theory, M,, is given as
n—2
M, =i (—) nT’D n | (2.3)

The kinematic factors directly calculated from Feynman diagrams may not satisfy Jacobi rela-

tions, therefore they must be shifted as
n—n+An, (2.4)
such that the amplitude in (2.1)) is unchanged. This can be achieved by setting
D 'An = My, (2.5)

where v is a vector to be determined. For a specific theory there could be some other form
of the shift that leaves the amplitude unchanged, however for a generic theory, where we only
know the Jacobi identities between colour factors, this is the most general shift. Such shifts
are usually referred to as generalized gauge transformations since in the massless case they can
be obtained by a gauge transformation and a field redefinition of the gauge field. In order to

satisfy the CK duality, the shifted n must obey the following equation

M(n+An) =0, (2.6)

Note that unlike in massless case where CK duality is required for gauge invariance of the amplitudes, in
the massive case with no gauge symmetry it is not clear if CK has to be imposed. In fact it is possible that
some other representation of kinematic numerators is more physical for doing massive double copy due to some
other reasons. We leave this point for future work and assume that the rules for massive double copy are the
same as in the massless case even though this might be too restrictive.
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which combined with (2.5)) gives
MDM"y = —Mn . (2.7)

The number of non-zero rows of M will be equal to the number of Jacobi identities, IV;.
Therefore, M DM is block diagonal with a N; x N; symmetric block matrix A and all other

elements equal to zero. Mn will have at most /V; non-zero elements so we can write it as
Mn = (U,0,...,0) . (2.8)

Note that the vector U measures the violation of the CK algebra. We can see that in order to

find the shifts we need to find v, for which we need to invert the matrix A:
v=—(A"'0,0,..,0) . (2.9)

It may be that A does not have full rank as it happens in pure Yang-Mills theory. In that case,
we can still invert A in the subspace orthogonal to all null eigenvectors of A if U is in that
subspace,

U -null(A) =0, (2.10)

i.e. if there are certain relations between kinematic factors known as BCJ relations.

If we now substitute the shifted n back into (2.15)) we obtain the following gravity amplitude:

—(n-2)
= (g) M, = (n+ An)TD Y (n + An)
= (n+An)"'D'n+ (n+ An)" My (2.11)

=n'D'n+ AnTD n |

where going from the first to the second line we expanded the expression and used (2.5)), and

going from the second to the third line we used (2.6)) to set the last term to zero. Now we can
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replace An using ([2.5) and ([2.9)) to obtain

—(n—2)
— <g> M, =n"D'n+v"Mn=n"D"'n-UTA"'U . (2.12)

Again, in the case when A does not have full rank, A™' and U must be in the subspace

orthogonal to the null vectors.

2.0.2 Spurious Poles

Note that the poles of M,, come from kinematic configurations for which either D or A becomes

singular. Since D contains the physical poles in the gauge theory amplitude, spurious poles

1
det(4)

double copy amplitude has the factor of det(A) in the denominator. In general this factor is

could only arise from A. In particular, since, A™! = (cofactor matrix) we see that the

not equal to a product of physical poles and therefore it gives spurious poles.

Now let us consider the 4-point amplitude with all massive states with mass m in the adjoint
representation. We have a single Jacobi identity, ¢s + ¢; + ¢, = 0, so M has only one non zero
row equal to (1,1,1) and D = diag(s—m?, t—m?, u—m?). In this case Mn = (ns+ns+n,,0,0),

2

soU =ns+n +n, and Ais 1 x 1 matrix A = s — m? +t — m? + u — m? = m?. Therefore,

using (2.12) the double copy of the massive 4-point amplitude is

K\ 2 n? n? n? (ns + ng +ny)?
—i(=) M= s 4t 4w 2 . 2.13
(2) YT s m2 T t—m2 T u—m2 m2 ( )

This shows that no spurious poles arise for the 4-point amplitudes. The 5-point case is more
complicated and generically gives rise to spurious poles. An example of a massive gauge theory

that has this problem this will be described in the next section.
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2.1 Massive Yang-Mills and dRGT Massive Gravity

The most natural starting point for attempting to do massive double copy is to try square
the massive Yang-Mills theory which is obtained by adding a mass term to Yang-Mills theory
i.e. it is a low energy effective field theory of Yang-Mills coupled to Higgs field which spon-
taneously breaks the gauge symmetry in a way that all of the gauge bosons acquire the same
mass. We expect the double copy of this theory to contain a massive spin-2 field with self in-
teractions described by ghost-free dRGT massive gravity. These massive effective field theories
are described in and Some evidence that they could be related can be seen from their
decoupling limits described in the previous sections. The decoupling limit of massive Yang-
Mills theory is a non-linear sigma model while that of dRGT massive gravity is a Galileon-like
theory [04, [75] 73], 82] and it is known that the special Galileon theory can be obtained as a
double copy of a non-linear sigma model |20} [95] 211, 25, 26]. Also the possibility of this relation

was proposed before for example in [96].

While at 3 and 4 point level the double copy of this theory matches the amplitudes of a massive
gravity theory at higher points the relation fails due to appearance of spurious poles as was
first found by [97]. Despite this problem even up to 4pt level this massive double copy has some
interesting features. For example, the double copy procedure does not commute with taking

decoupling (high energy) limit. These features will be described in this section.

2.1.1 Degrees of Freedom

First we look at the spectrum of the double copy theory. The asymptotic states in the gravita-
tional theory are identified with the tensor products of gauge theory asymptotic states, ignoring
their colour indices. For example, if we double copy pure Yang-Mills theory we get the following
states:

Ay ®A, = hy, ® B, © ¢. (2.14)
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This is obtained by decomposing the tensor product of two vector (spin 1) representations of
Lorentz group into irreducible representations. h,, is the graviton, B, is a 2-form field and ¢
is a massless scalar field known as dilaton. In the case of four dimensions and massless fields
B, is dual to a pseudo-scalar, known as axion. In terms of the number of degrees of freedom

itis2x2=2+1"+1.

In the case of massive Yang-Mills, we still have but all of the fields are massive: hy,
is a massive spin-2 field, By, is a massive 2-form field which in four dimensions is dual to a
massive spin-1 field and ¢ is a massive scalar. In terms of the number degrees of freedom now
we have 3 x 3 = 5+ 34 1. Instead of working with the B, field we work with its dual massive
vector field, A,. We can see that just by the looking at the double copy of the free theory there
already is an interesting difference between the spectrum of massless and massive double copy:

the B field in the massive case is spin-1 rather than a spin-0 field like in the massless case.

2.1.2 Double Copy Construction of Scattering Amplitudes

Now that we know the spectrum on the massive gravity side we proceed to scattering ampli-
tudes. We assume that, just as in the massless case, the representation of the massive Yang-Mills
amplitude in must satisfy the colour-kinematics duality [2], which states that when we
have three colour factors, ¢;, ¢; and ¢, related by the Jacobi identity, ¢; + ¢; + ¢ = 0, we need
the corresponding kinematic factors to obey the same algebraic relation: n; + n; + n, = 0.
In the massless case it has been conjectured [2] such choice of kinematic factors by choosing
a gauge and performing field redefinitions is always possible. We will see later that in the
massive case that is generally not true if we want to keep locality. However the four point case
is special and the kinematic factors calculated directly from using Feynman rules satisfy

the colour-kinematics duality.

In the usual double copy procedure, once the correct representation for (2.1)) is chosen, the colour
factors can be replaced with kinematic factors in order to obtain an amplitude of a gravitational

theory [6]. We follow the same procedure and conjecture that the following expression gives an
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amplitude in a massive gravity theory:

/<(; TL*Q nﬁ
M, = (—) > 5 , 2.15
) 2L - (2.15)

where 7n; are the kinematic factors of the second massive Yang-Mills. The products of Yang-
Mills polarization tensors in n; and 7, €, and €, respectively, are decomposed into polarization
tensors of the fields in the gravitational theory. This corresponds to decomposition of a tensor
product of two vector representations of the little group (for massive particles in 4d it is SO(3))

into irreducible representations. Schematically this is done as follows:

elig) _y ik (2.16)
eet) — e, (2.17)
€€ 85, o< €10 (2.18)

where j, k are little group indices, (()) denotes the symmetric traceless part corresponding to

the graviton polarization, )

, and the antisymmetric part denoted as [| corresponds to the
spin-1 polarization in terms of the B field, ¢#). However instead of working with the massive
B, field in this paper, we construct the action in terms of the vector field A, which is dual
to B,,. The dualization procedure is explained in Appendix E We define the map between B
field polarization tensor and A polarization vector to be:

) = —\/%mswpappem)", (2.19)

where p? is the four-momentum of the external state and the factor of v/2 is required for the
correct normalization. The trace part of the tensor product, given in (2.18)), is the polarization
tensor corresponding to the scalar, ¢. As we show in Appendix [C] from explicit calculation in

helicity basis we find it to be

1
() — ( pﬂp”) 2.9
v V3 o T 52 ) (2.20)

which up to a sign could equally have been fixed by the requirement that it is a tracefull,

transverse and normalized.
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2.1.3 Three-point Amplitude

We start with the simplest case - 3 pt amplitudes. For massive Yang-Mills the 3 pt amplitude

is exactly same as that of massless Yang-Mills:
A3(1a7 2b7 30) = \/igfabc(_el "€2 €3 P1 T €1 €3€ P — € P2 €2 63)~ (2~21)

The difference is that now the on-shell momenta satisfy p? = —m? and there are 3 possible po-
larization states. Our conventions for these are given in Appendix [B] The three-point amplitude

in dRGT massive gravity is as follows:

Ms =ik ( ()" €3, €20805Ps + 261,65 " €55P1aP25 + cyclic permutations of 1,2,3)

/N

2.22
5 . (2.22)
+ 5(1 + R3)€f €200 €5, MM ),

where the coupling constant = 2/Mp,. The first term is already proportional to the square
of Yang-Mills three-point colour-stripped amplitude if we write the polarization tensors as
products of two spin-1 polarization vectors, ()., = (€'),(€'), Pl M. Therefore, in order for
double copy to work we need to choose k3 such that the second term vanishes, i.e. k3 = —1. We
see that already at cubic level the double copy construction picks a particular one parameter
(k4) subset of theories from 2-parameter family of massive gravity theories.

Since on the gravity side, in addition to massive spin 2 we have massive spin 0 and spin 1 states,
we have to construct the three point amplitudes for all possible scattering processes between

them. By applying (2.15) to three-point amplitudes explicitly we obtain the following relation:

My = igAgflg,. (2.23)

where the 3 point amplitudes have their structure constants, f,., stripped off. By substituting

(2.21) and (2.16)), (2.19) and (2.20)) we get the following three-point vertices in a gravitational

theory:

ZNote that only polarization tensors for helicity +2 can be written as (¢'),, = (€'),(¢%),, for helicities
+1,0 we need to sum over the products of different helicities weighted by Clebsch—Gordan coefficients eﬁu =

AN
Z)\/)\// C}%’A” 62 Ei\ .
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K (3
Maan = i3 (§m2€’f€563uu — PPy el esns + DI DYEL €S Esn + p’fpgeixﬁzuﬁm) (2.24)

Maap = —1 (15m°€) o, + 2p1upayeles) (2.25)

K
8v/3
V3BE

My = —i e o €h” (2.26)
3K y

M¢¢h = —Zzplupgyeg (227)
11v/3

Mypy = —i 1\6/_/£m2 (2.28)

Mupn = ik ((e‘l‘l’egwemfgp‘fp[f + 261uygg°‘egﬁpmp25 + cyclic permutations of 1,2,3)) (2.29)

As mentioned before, My, matches three graviton amplitude of massive gravity if we choose
k3 = —1 (or ¢ = 1/4 using the parametrization of the theory as in [75], 08]). The Maap
and Mg, amplitudes are different from those obtained from vector and scalar kinetic terms
minimally coupled to gravity (for example a minimally coupled scalar would give Myy, =
—ikesupipy. This is expected, since we know theories containing massive spin-2 field do not
have diffeomorphism symmetry, and we allow couplings between our fields and the reference
metric which in this case is the Minkowski metric. In this way we evade the usual equivalence
principle requirements for a massless spin-2 particle. As already mentioned we see that My,

matches the 3 point amplitude of massive gravity with k3 = —1.

2.1.4 Four-point Amplitude

At 4pt level we express the four-point amplitude of massive Yang-Mills in the form given in

Eq. (2.1) by defining the colour factors to be:

Cs = fabefcde (230)
C = fcaefbde (231)

Cy = fbcefade~ (232)
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so that

s—m?2 t—m?2 u-—m?

A4(1a,2b,30,4d):g2( Colts Gt | Cullu ) (2.33)
where the kinematic factors are

ns = — %(61 © €2P1 * €31+ €4 + 4€g - €41 - €3D2 - €1 — 26 - €31 - €4P2 - €1 + 3€1 - €2P1 - €4P2 * €3
+4€g - €apy - €1pa - €3 — de1 - €apy - €a(p1 €3+ pa - €3) — 361 €ap1 - €3P2 - €4
— 2€9 - €3D2 - €12 €4 — €1 - €aD2 - €3P2 + €4 + 4€3 - €4D1 - €2P3 - €1 — d€3 - €4D2 - €1P3 + €2
+ 261 - €3p1 - €2(p1 - €4+ P2 €4 — Py €4) + €1 €ap1 - €3P3 - €4+ 269 - €3p2 - €1D3 " €4

2 2
— €1 €Do - €3P3 - €4+ €1 - €469 - €3(M” — 5) + €1 - €362 - €4(—M" + 5) + €1 - €263 - €at

— €1+ €2€3 - €4U), (2.34)

7
ng = 5(61 “€3D1 - €2D1 - €4 + 4€g - €4P1 - €3P2 - €1 + €1 - €3D) - €aD2 - €4 + 4€3 - €4P1 - €2P3 - €1

— 2€y - €3p1 - €4P3 - €1 — d€g - €4Po - €3D3 - €1 + 265 - €3D2 - €4P3 - €1 + €1 - €3D1 - €4P3 - €2

— €1 - €3P2 - €4P3 - €2 + d€3 - €43 - €13 - €2 — A€y - €4Dy - €3(p1 - €2+ P3 - €2)

— 3€1 - €3D1 - €93 - €4 — 2€ - €3D3 - €1P3 - €4 — €1 - €33 - €aP3 - €4 + 2€1 - €2y - €3(P1 - €4
2 2

— Do €4+ D3 €s) + €1 - €360 €4S+ €1 - €460 - €3(M” — ) + €1 - €63 - e4(—m" + 1)

— €1 €369 + €4U), (2.35)

7
Ny = —5(461 “€4P1 - €9D2 - €3 — A€o - €4pa - €1D2 - €3 — 4e€g - €4pa - €3P3 - €1 + 4eg - e3P - €43 - €1
—4ey - €4py1 - €33 - €2 + A€ - €4pa - €1p3 - €2 + A€z - €4D3 - €1D3 - €2 — 4eg - €3D2 - €1D3 - €4
+4ey - €2pa - €3(po - €4+ D3 - €4) — €1 - €3D3 - €a(Pa - €4+ P3 - €4) + €1 - €462 - €35 — €7 - €469 - €3t

+ €1 - €360 - e4(m? —u) + €1 - €263 - e4(—m* + 1)),

(2.36)
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where the Mandelstam variables are defined as standard:

s=—(p1 +p2)27 t=—(p +p3)2> u = —(p1 +p4)27 (2.37)

with all momenta incoming. These expressions for kinematic factors are very similar to those
obtained from massless Yang-Mills theory but there are two differences: the relation between
Mandelstam variables is now s + ¢t 4+ u = 4m?, rather than s + ¢ +u = 0, and the locations of
the poles now are at s,t,u = m?. Because of that the terms coming from quartic Yang-Mills

2

vertex now have to be multiplied by s —m?, t —m? and u —m? in order to recast the amplitude

into the form (2.1).

In general, kinematic factors of a given scattering amplitude are not unique. They are not
invariant under field redefinitions. However in massless Yang-Mills theory for any choice of
kinematic factors of four-point amplitude, the colour-kinematics duality, ¢s + ¢ + ¢, = 0 —
ns+n.+n, = 0, is satisfied [99]. In our case of massive Yang-Mills theory, it is not immediately
clear whether this is still true. However, explicit calculation shows that our colour and kinematic
factors (directly calculated from usual Feynman rules) in , and still obey
Nne +ng +ny X pg-€g =0 and ¢+ ¢ + ¢, = 0. The fact that this still holds for the massive
theory can be understood by noticing that the only difference between massive and massless
kinematic factors is coming from the terms proportional to m? in ([2.34), and (in
fact we do not need to use the relation between s, t and u here). It is easy to see that these
six terms add to zero, therefore the value of ng, + n; + n, is the same for massless and massive

theory and colour-kinematics duality for four-point amplitude still holds in the massive case.

We start with hh — hh amplitude which is calculated using (2.34)), (2.35)), (2.36), (2.15)) and

(2.16). By comparing it with hh — hh amplitude calculated using dRGT massive gravity

action, M, we find the following;

3 L€ €305¢2° €1, €20362" €1, €357
M, = MinGr _ 11_6K2m4 ( L€ 3a§ 4 4 lwts 2a2ﬁ 4 et 3042/3 2 : (2.38)
s—m —m U—m
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with the free coefficients in the massive gravity action chosen to be k3 = —1 and kg = 2—74

(c3 = 1 and d5 = — 155 using the parametrization of [75]). The second term on the right hand

19

side of ([2.38) corresponds to a scalar exchange with three-point vertex given in ([2.26]).

Having fixed the spin-2 interactions, we then construct the scattering amplitudes for all other
2-2 scattering processes (for example h¢p — AA) from the double copy prescription, and make
an ansatz for the action which gives these amplitudes. A couple of general features emerge.
We find that all 3 and 4 point amplitudes containing odd numbers of A are zero as one would
expect since A is a vector. Furthermore we find that none of the amplitudes scale with energy
more that E® at high energies. Since all of them have x? = 4/Mg3, in front (can be seen from
(2.15))), the lowest scale appearing in the resulting theory to this order is Az = (Mplm2>1/ % the

well-known highest possible scale for a Lorentz invariant theory of massive gravity.

As already stated, from and we see that the self interactions of h up to quartic
order in h can be described by dRGT massive gravity action. Anticipating that the n-point
scattering amplitudes are controlled by the scale A3 to all orders, it is natural to write the
interactions for all the fields in the dRGT form, taking particular care to choose combinations
which are natural from the point of view of the decoupling limit effective theory, namely those
that automatically lead to A3 interactions to all orders. This process is somewhat labourious,

and we quote only our final form for the action which is

S= / d4x\/—_g<%R[g] + 2—5 S bl [K]

1 1 1 1
= 11— 2 .2 = wy o 2 o
2vu¢v o 5m é 4FWF S ALA
1 v o 1 1 40 1 v 17 (07 \/_m v 14
—§IC” FoF* + élqumF — Zvugf)vm(l@ —g"K?) — ——¢> (KM Ky — KhK v
+Li ([®]° — [@7]) + _—Sﬁm2¢3 ~Bmrarae - " _peep s
24+/3 m? 8v/3 V3 M 16v3 e

+ quartic contact terms) ,

(2.39)
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where ¢, = 7 + khy, is the dynamical metric, f,, = 7, is the reference metric, Kf =
M — (Vg tf)y, @, = V,V,0 and the crucial contact terms which fix the form of the 2-2
scattering amplitude are given in Appendix The indices are raised/lowered with g. The
self interactions of the scalar, ¢, contain galileon interactions (the cubic term in and
the quartic one in ), ¢® term and two additional two and four derivative contact terms
to this order. The action has been intentionally written in a manner which is diffeomorphism

invariant in terms of KC. The reference metric n that breaks diffeomorphism invariances only

enters through /C, and in this sense K is a ‘spurion’ field for the breaking of diffeomorphisms.

Since the S-matrix is invariant under field redefinitions, the cubic ¢ interactions are ambiguous
since we may for example use field redefinitions to trade the cubic Galileon term for a potential
¢® and vice versa without changing the on-shell vertex. A similar story holds for the ¢ K2 and
(V¢)?K terms. However changing the off-shell structure in this way also changes the form of
the quartic interactions. Anticipating that the decoupling limit is a Galileon-like theory (which
is implicit in the A3 scale), we have intentionally chosen to put the cubic interactions in a form
for which the quartic interactions are also manifestly Galileon-like. In other words the desire
to have a Galileon-like decoupling limit theory gives us guidance in writing the nonlinear off-
shell structure of the theory that goes beyond what is immediately inferred from the on-shell
scattering amplitudes, even though the diffeomorphism symmetry is broken by the mass term.
That is the decoupling limit for the Stiickelberg fields/Goldstone modes gives us an indication
of the best way to structure the interacting Lagrangian and this explains many of our choices
of interactions in and Appendix |Al Although we have not calculated beyond four-point
level, the implicit nonlinearly realized diffeomorphism symmetry present in the Stiickelberg
formulation fixes a set of interactions at all orders as is familiar in effective theories with

broken symmetries.
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2.1.5 A3 Decoupling Limit

Having successfully constructed the interaction Lagrangian for the double copy effective theory,
at least to quartic order, it is useful to understand its decoupling limit. This will give us insight
into the interactions that arise beyond 2-2 scattering, and the overall structure of the effective
theory, but it will also allow us to understand better the connection between the massive
Yang-Mills decoupling limit and that for the double copy massive gravity theory. First of it
is instructive to understand what happens to the kinematic factors in the decoupling limit.
We will show that taking the decoupling limit and performing the double copy procedure
do not commute. The origin of this non-commutativity is that there are terms needed in
the kinematic factors to satisfy colour-kinematics duality that are singular in the decoupling
limit but nevertheless cancel out of the gauge theory amplitudes. However when we construct
the gravity amplitudes by squaring these kinematic factors, they no longer cancel and give
additional non-zero contributions that are finite in the decoupling limit. To be precise, the

kinematic factors which satisfy colour-kinematics duality ns + n; + n, = 0 take the form

2 2 2
m 1 t— u—m
Y(s, t,u)t—5nhs, ny =
m

1, 1
Z(s,t,u)jtﬁnt, Ny = =3 Z(s,t,u)—i—ﬁnu,

(2.40)

m3

where Y(s,t,u) (triple crossing symmetric) and n; are finite as m — 0. Here X arises in a
manner similar to the generalized gauge transformations in the massless case, a fact which is

crucial to understanding why its contribution is finite. The explicit expressions for ¥ and n;

are given in Eqs. (F.12)), (F.13)), (F.14) and (F.15)). Since in the massive case s + t + u = 4m?

we have ng + ny + n, = —mX and so in the limit m — 0, n; by themselves satisfy colour-
kinematics duality. The 1/m? behaviour in n; comes from helicity 0,0, 0, &1 interactions since
the polarization tensor for a massive helicity-0 gluon scales as 1/m but that for helicity-1 is

finite as m — 0. The term X cancels out of the gauge theory amplitudes

CsN Ciny CuNy, 1 CTg CiNy CuNy,
AmYM — 2 s'Ys + + - + =+ , 2.41
4 g s—m?2 t—m?2  u—m? A2 \s—m2 t—m2 wu—m?2 ( )
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by virtue of the colour relation c¢; + ¢; + ¢, = 0, demonstrating the natural decoupling limit

scaling.

By contrast, when we square to construct the gravity amplitudes, > survives as a contact term.

For instance the naive leading 1/mS term enters in the gravity amplitudes in the combination

! ns, nen; ny 1, b)Y 2 2 2 Y
S u ~ B t_ - .« . . ad
Mg, <5—m2 t—m2+u—m2> MZmS ((s =m?) + (t —m?) + (u—m?))+ A§
(2.42)

and hence it contributes at the A3 scale. Specifically this will show up as a non-zero spin-2,
helicity 0,0, 0,42 interaction. Similarly the naive 1/m?> term is suppressed by virtue of the

kinematic relation ng + n; + n, = —m> and we have in full as an exact statement

/ !/ / !/ AN A o ~ 5!
1 NgN Ny Mty \ =¥ . 1 ngng e NN,
Mi\s—m? t—m? wu—m? AS§ AS§

) . (243)

s—m?2 t—m2 u—m?

Since Y does not contribute to the gauge theory amplitudes, first taking the decoupling limit
of them (giving a non-linear sigma model) and performing the double copy procedure (giving a
special Galileon) will lead to a different result in which the EA—? term is absen The kinematic
factors inferred from the decoupling limit 7n;(m = 0) will necessarily be finite in the decoupling
limit, and these do not correspond to the decoupling limit of the above kinematic factors
which are singular. Indeed in the decoupling limit, the gauge theory kinematic factors come
purely from helicity-0 gluons by the Goldstone equivalence theorem. However, if we first double
copy and then take the decoupling limit then the helicity 1 modes survive and we end up

with a different theory. The expressions of the amplitudes in the decoupling limit are given in

Appendix [F]

Now we proceed to the the decoupling limit of the action of the double copy theory. We have

3Tt is of course technically true that if we only compute amplitudes in which the spin-1 helicity-1 polarizations
are set to zero, then ¥ = ¥’ = 0 and we will recover the special Galileon amplitudes in the decoupling limit.
But this is an inconsistent procedure from the point of view of the gravity theory, and has no relation to the
massive gravity theory whose decoupling limit is a special Galileon. There may however exist an extension of
the recipe along the lines discussed in [I00, 101, 46, [41] which allows for a consistent removal of additional
degrees of freedom.

+...
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intentionally written the interacting Lagrangian (2.39) in as covariant form as possible, so that
the decoupling limit is easily derived. Following the standard recipe (see for example [77] for a

review), after denoting the reference metric from which K*, is constructed by

f,uu = a,u(I)Aal/(anAB ’ (244)
we further decompose
1 1
P4 =24 — VA~ —n*BopT. 2.45

so that we may identify V4 as the helicity-1 and 7 as the helicity-0 modes of the spin-2 particle.

Further for the massive spin-1 state A, we replace it by
1
A, — A+ Eﬁux, (2.46)

where Y is the original Stiickelberg scalar, the helicity-0 state of the spin-1. The normalizations,
which are standard, are chosen so that all the additional Stiickelberg fields have a finite (and
non-zero) kinetic term in the decoupling limit. The metric may be denoted g¢,, = 1 + Khyw.
Remembering that x = 2/Mp), the decoupling limit is defined by m — 0, kK — 0 in such a way
that A3 = m?Mp, is kept finite. The Lagrangian has been written in a judicious way to ensure

that no term diverges in this limit.

Crucially, we have

7QQJ
N
3

. H;w L
m%é}/r\lg}ﬁxed ICMV N A_g o A ’ (247)

ww

which explains the emergence of the Galileon symmetry for 7 in the decoupling limit, since II,,
is invariant under m# — 7 + ¢ + v,2", and our choice of K as the building block. Hence for all
terms in the Lagrangian for which the coefficients are finite in the Ag limit, it is sufficient to
replace K, by II,, and the metric g,, by 7,,. The decoupling limit Lagrangian is found to be

(keeping track only of those terms which contribute to quartic order)

1 1 1
Lpr = éh‘”’c‘fhw + hy, XM — 5(8#925)2 — Q(Bx)Q +Lay
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V31

~ g 0000 (P — o [11]) — == 550 (LI, — LIL)
i 1 i¢ ([(D]Q _ [@2]) + £ in ([@]3 o 3[(13] [(I)Q] + 2[@3]) + 7 c EM/V,OCIBCI)H ¥ 11¢ ¢
12\/§A§ 864 A6 48A6 prof T Vit
11 1 o 11
E— WV BTTH Y PO 2 3
+8\/§ Ag S I8, @7, 0%, ¢ — YN A6¢([ J* — 3[I[I1%) + 2[1T°]) | (2.48)

where all indices are raised and lowered with 7,,,. We have separated out the spin-2 and spin-
1 helicity-1 contributions which even in the case of standard massive gravity is particularly

complicated [82], and they are schematically
1 pvof 1 prof
Lav = =7Fw K" Fog = 2T K" Fo (2.49)

where F,, = 9,V, — 9,V,, F,, = 8,A, — 0,A,, and the kinetic term coefficients K***? and
JCrveB are tensors constructed from I1,,, /A3 and ®,,,/A3. Since V,, and A, are not sourced, clas-

sically it is consistent to set them to zero. They would of course contribute in loop processes.

The tensor X, which is characteristic of the massive gravity decoupling limit, needs to be
identically conserved to ensure that that h,, preserves spin-2 gauge invariance (linear diffeomor-
phisms) h,, — hu, + 0,&, + 0,&,. This is the decoupling limit remnant of full diffeomorphism

invariance. Explicitly its form is

1 1 1
XaA — cabcd _§B5CHD _ _(5B CHD HBHCHD q)B(I)CHD
€ ABCD 15% Oc Hld T A3 % ToaAs e o
1 1
dPOC oD — dPIC Y (2.50)

724/3A8 8v/3A8

The tensor ([2.50)) is indeed identically conserved by virtue of the double € structure. The full
decoupling limit action ({2.48]) is invariant under two separate Galileon symmetries 7 — m+wv,2*,
¢ — ¢ + u,x” and thus describes a bi-Galileon theory [102] coupled to a massless spin-2

field. Indeed it may be put in a more manifest bi-Galileon form by performing a ‘demixing’
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transformation that removes the mixed hm and hnm terms, namely

1 1

Py = Py + =70, — mwnw. (2.51)

2
We may make use of the fact that up to total derivatives

1 1
S Eh, = —éeadeeABcpéfhfﬁcﬁcth (2.52)

The resulting Lagrangian then takes the form

3

1~ 1 1 : e
Lpr = 5}7’“”8}1‘#11_1(871-)2_5(a¢)2_§(8X>2+£$§Galileon(¢a 7T)+ EadegABCDhZLL‘HbBHngD_'_EA’V ’

24A8
(2.53)

where [, = 0,0,7 and 7 = 7 — \%(b. The term E{ﬁf contains standard cubic and quarti

Galileon

bi-Galileon interactions:

3 4
L beon = o (e26%T1) + ¢ Z an (e66@"HMIP™™) + by (ee01T°) + ¢ Z bp(e€0®" T4 |
n=1 n=1
(2.54)
where we have used the shorthand ee XY ZW = e%e 45op XAV,PZEWP and the coefficients

: _ /1 V3 1 1 _ (5 25v3 1 197v/3 11
are given by (ao, ay, a2, a3) = (=5, 5% —5: 3775) and (bo, by, b2, b3, bs) = (55, =35 6> ~135 > 561)-

The quartic interactions of the form AII® cannot be removed with a local field redefinition, as
is well known from the standard massive gravity case mentioned in the introduction. This is as
it should be since it is precisely these interactions that describe the nonzero helicity 0,0, 0, £2
amplitudes that arise from the 33’ contact term in the decoupling limit, as described in equa-
tion ([2.43) and implicit in the full answer and explicit in . Indeed the combination
7 is exactly the combination which identifies the diagoanlized parts of m and ¢ that correspond

to the spin-1 helicity-0 polarization tensor squared €} e@.

4Strictly speaking there are also quintic interactions, however since we have only fixed the Lagrangian by
reproducing the 2 — 2 scattering amplitude, we cannot take seriously the inferred coefficients of the quintic
interactions.
1 =0

3o €np M- Since

hu, + O(h?), the canonically normalizalized unitary gauge helicity-zero mode is in

5To see this, note that at leading order in the decoupling limit K, ~ %auaﬂr ~ —4/3/2
3

1

in unitary gauge K, = 3~
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As noted in the introduction, since the decoupling limit of massive Yang-Mills is a nonlinear
sigma model and the double copy of the latter is the special Galileon, we might have expected
the massive gravity theory to be that corresponding to a special Galileon. Interestingly however,
this was never possible since the decoupling limit of dRGT massive gravity never gives rise to
a special Galileon. This is easily seen by the manner in which the Galileon interactions arise
from mixing with A,,. The decoupling limit of dRGT massive gravity for general k3 and x4 is

(ignoring helicity-1 contributions)
1
Lpr = —§gabcdgABCD5fthacaoh§ + By X (2.55)
where

1
Xy = eeqpep 5 VO] + —5(2 + 3ka) 6y TICTLY +

= e (4kq + k) TPTICTID | . (2.56)

4A6
Since the special Galileon in four dimensions is a pure quartic Galileon, we need that after
performing the demixing

~ 1 1
Py = hyw + =T + 4A3 (2 + 3k3)mll,, , (2.57)

2

there is no cubic Galileon term. This requires (2 + 3x3) = 0 which does not correspond to the

value obtained from double copy. Even with this choice, we then have

1 ~ ~ 1
‘CDL = —§5ab0d5ABCD5fh{,38680h§) 8A6 SadeéABCD (41{4 + I{3)7T5AHbBHCHd
1 ~
g (s s ) eanenh TIPTICTLY (2.58)

and so we only have a non-vanishing quartic Galileon term when there is also a non-zero hrmm
interaction which cannot itself be removed with a field redefinition since it contributes to the

+2,0,0,0 scattering amplitude. Furthermore higher order n-point amplitudes will receive con-

effect —+/3/2m, whence the combination arising in —\/3/2m + f(b -7+ ﬁ = 7.
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tributions from intermediate graviton exchange which do not arise in the pure quartic Galileon
theory. Hence the special Galileon does not strictly speaking arise in standard massive gravity
in any form. Thus we see that taking decoupling limit and doing double copy do not commute,
since the double copy of decoupling limit of massive Yang-Mills gives special Galileon and the

decoupling limit of double copy theory gives a different Galileon-like theory.

2.1.6 5pt Amplitudes and Spurious Poles

In this section, we will analyze the 5-point amplitude which we will show has spurious poles.

We can write the 5-point amplitude as

C;ny;
A5 =g*>" — (2.59)

where the 15 colour factors of the adjoint representation fields are:

o = falagbfbagcfca4a5 ’ cy = fazagbfba46fca5a1 ’ 3 = fa3a4bfba5(:fca1a2 7
_ fpagqasb rbaic pcasas _ gasa1b pbaszc pcasaqy — rajaqb pbasc peazas
Cy = fUITIUCLERE g = fONT RO g = fUOT e et
__ fpasa2b rbasc rcajaq __ gaszasb pbaic pcagas __ gpaiasb pbaygc rcazas
C; = [REIRCLIN eg = fRET RO g = fU o feees
__ paga2b rbasc pcajas __ rasa1b pbasc pcaqas __ fpaiagb pbaygc rcasas
cio = f e ) cn = f e ) ci2=f e )

Clz = fa3a5bfbalcfca2a4 7 Cl4 = fa1a4bfba20fca3a5 : C1s = fa1a3bf51120fca4a5 ) (260)
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There are 9 independent Jacobi identities that can be written in the form Mc¢ = 0, where

¢ = (c1,..,¢15), and with the matrix M given by

0 0 10 -1 001 00 0 0000
-1 0 10 0 0 00 O 0 1000
-1 0 01 0 0 00 0 0 0 00O 1
0 -1 01 0 0 10 0 0 0 0000
0 -1 00 1 0 00 0 0O 1 0000
0O 0 00 0 -1 10 0 0 0 0010
0O 0 00 0 —1 01 1 0 0 000 O
M=]1 0 0 00 0 0 00 -11 0 0001/, (2.61)
0O 0 00 0 0 0O O 1 —10100
0O 0 00 0 0 0O O O O 00O O
0O 0 00 0 0 0O O O O 00O O
0O 0 00 0 0 0O O O O 00O O
0O 0 00 0 0 0O O O O 00O O
0O 0 00 0 0 0O O O O 00O O
0O 0 00 0 0 0O O O O 00O O

Meanwhile, the matrix of propagators, D, is given by

D Idiag{D12D45, D15Ds3, D12 D3y, Do Dys, D15 D3y, D14 Das, D14Da3, Dos D3y, (2 62)

D13D257 D13D247 D15D247 D12D35> D24D357 D14D35> D13D45} )

where D;; = —(p; + pj)2 —m? = Sij — m?. Using momentum conservation we find that there are

only 5 independent Mandelstam invariants; here, we choose them to be sis, 513, S14, Sog3 and sa4.

In order to find the shift of kinematic numerators, An, we need to build and invert the 9 x 9

matrix A defined in (2.7). Explicit calculation of the determinant of A at 5-points gives:

det(A) = m®(] [ Dij)P(su,m) , (2.63)

1<j
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where P(sy, m) is a polynomial of the Mandelstam invariants and the mass, given as:

P(sr,m) =320m® + 36m°(9s15 + 4(s13 + 514 + S5 + 524))

+m* (11757, + 108s12(s13 + S14 4 S23 + S24) + 4 (s13(13514 + 4593 + 17524)
+4575 + 45Ty 4 17514503 + 4514504 + 4555 + 13523504 + 453,))

+2m? (93?2 + 1357, (s13 4 S14 + S23 + 524) + 512 (513(10514 + G593 + 17524)
—l—élsf3 + 43f4 + 514(17893 + 6524) + 2(2593 + S94)(S23 + 2324))
+2 (5%3(514 + 2594) + 513 (5%4 + 514(823 + S24) + S24(S23 + 2824))
+523 (S24(514 + S23) + 2514(S14 + 523) + 534)))

+ 2894 (523 (8%2 + 512(513 + S14) — 813814> + 512(812 + 813) (512 + 813 + 814))

+ (s12(812 + S13 + S14) + S23(512 + 814))2 + 834(812 + 513)2 ; (2.64)

with J[,. ; Dij the product of all 10 physical poles. The complicated polynomial, P(sk, m),
cannot be expressed as a product of physical poles and it appears in the denominator of A~1
of double copy answer in , therefore it seems that by double copying a generic theory of
adjoint fields, all of the same mass gives an unphysical amplitude. Also, by explicit calcula-
tions we found the residue of this spurious pole being non-zero. Therefore, the relation between
massive Yang-Mills and massive gravity fails at higher points. One of the goals of the rest of

this thesis and ongoing work is to find a way around this issue with the spurious poles.

2.2 Kaluza-Klein Theories

In the previous section we saw that the double copy of a generic massive gauge theory introduces
spurious poles at 5pt and higher multiplicity amplitudes preventing an interpretation of the re-
sulting double copy as a local field theory. It is natural to ask if there are any massive gauge
theories avoiding this problem. This question was first analysed in [97] where certain conditions

on the mass spectrum of the theory were derived, that are necessary to avoid the spurious poles.
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These spectral conditions were derived by requiring the massive propagators to satisfy the same
algebraic relations as the massless ones, ensuring the rank of the massive KLT matrix (or A
matrix in in our language) to be the same as in the massless case, where spurious poles
do not appear. However, massive Yang-Mills theory does not satisfy those conditions and it
remains unclear whether the spurious poles can be removed by adding new irrelevant operators
or new fields to the massive Yang-Mills action. For example, as suggested in [103] the spuri-

ous poles could signal a presence of a new massive state that has to be included in the spectrum.

On the other hand, there is at least one known theory of interacting massive spin-1 states
which satisfies these spectral conditions: Kaluza-Klein (KK) gauge theory. It is known that for
5 dimensional (5d) theories on 4d Minkowski x.S* which are compatible with colour-kinematics
duality, the double copy procedure works after we compactify the theory to four dimensions
(4d). The condition for the absence of spurious poles in 4d is essentially automatically satisfied
by virtue of the kinematics and mass spectrum implied from 5d, together with the charge con-
servation inherited from 5d compactified translation invariance. Thus as an example, pure 5d
Yang-Mills compactified on an S! automatically gives a 4d theory of interacting massive spin-1

states for which colour-kinematics duality is respected, and for which there is a known double

copy.

In this section we explore whether there are other consistent effective field theories for inter-
acting massive spin-1 states, which still respect colour-kinematics duality, for which there is a
possibility of developing a double-copy. Since the conditions necessary to remove the spurious
poles are highly non-trivial, and it is not straightforward to satisfy them, we will rather fix the
spectrum and charge assignments of our interacting effective field theory to be identical to that
of 5d Yang-Mills compactified on an S*. This allows us to avoid the automatic appearance of
spurious poles, and still gives us considerable freedom in choosing local interactions. In partic-
ular, we do not require that our 4d theory respects the full compactified 5d gauge invariance,
rather only that it preserves 4d gauge invariance, together with a global U(1) symmetry which

is the remnant of 5d translations. There are then a huge number of distinct operators which
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can be included in the EFT which are consistent with the symmetries and are unconstrained by
other low energy criteria.ﬂ Our goal then is to explore this huge space of effective field theories

to establish whether there are other possible cases which admit colour-kinematics duality.

Remarkably we find that if we demand the naive extension of CK duality for massive states
proposed in [10}97] to an array of scattering amplitudes with different external states, the huge
freedom in our EFT coupling constant space is reduced, and to the order we have calculated,
namely up to 5pt amplitudes and order 1/A* in an EFT expansion, the unique solution which

allows for CK duality is the Kaluza-Klein compactification of the 5d theory

-1 oy Gsa 3
»C5d = (Ttr(F ) + Ftr(F ) —

9G2,
16A4

tr([F, F]2)) + O(A°) (2.65)

which in the uncompactified 5d limit is known to admit a double copy. In this sense, and
to the order we have calculated, we are in effect able to ‘derive’ Kaluza-Klein theory as the
only consistent EFT which admits colour-kinematics duality for a given spectrum of states and
charges. Whilst this result is very powerful, it is also disappointing in terms of limiting the
search for other examples of interacting massive theories which may admit a double copy.

Our results stop short of being a proof of the inevitability of Kaluza-Klein given our chosen
spectrum of states as we have not considered all possible EF'T operators that arise up to the
calculated EFT order 1/A*, nor have we computed 6pt or higher amplitudes. At each order
a multitude of new contact terms can be included in the EFT expansion. Nevertheless, it be-
comes quite readily apparent that as the order of amplitude is increased, given the increasing
number of constraints required in order to satisfy colour-kinematics, it becomes increasingly
hard to find any remaining freedom beyond that from the compactification of the known CK

compliant higher derivative operators.

We begin this section with a review of the conditions necessary to remove spurious poles and

6We do expect these couplings to be constrained by other assumptions for example by positivity bounds on
the scattering of massive spin-1 states similar to those considered in [104] [105].
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a brief derivation of the BCJ relations for massive theories, with some mild assumption on
the exchanged particles. In section [2.2.2] we specify the large class of effective field theories
we consider and begin the process of putting constraints on the multiple different coupling
constants by demanding that the 4pt amplitudes respect the BCJ relations. Whilst this process
leaves some freedom, this remaining freedom is removed by considering BCJ relations for the
5pt function as we do in section [2.2.9] In section [2.2.16] we briefly consider some alternative

possible EFT operators.

2.2.1 Spectral conditions and massive BCJ relations

As described in section in a generic theory, the matrix A in (2.12)) will be invertible and
the inverse of A will have elements with poles at locations which are some complicated expres-
sions of masses in the theory giving spurious poles in the double copy amplitude. Specifically
the location of the spurious poles will be determined by detA = 0 and since detA is in general
a complicated function of kinematic invariants and masses, the poles will typically be uncor-
related with those demanded by locality and unitarity. Hence while it is possible to construct
kinematic factors which respect CK duality, the resulting gravitational theory defined by
cannot be interpreted as a local field theory. This is for example the situation that arises for

the proposed double copy of massive Yang-Mills as discussed in the previous section.

One way of ‘solving’ this problem would be look what happens in the massless case in which
double copy does not give unphysical poles. Setting the mass to zero in and calculating
A (which is the 9 x 9 non-zero block of M DM?) reveals that A is singular, i.e. has rank 5
instead of 9 as in the massive case. Now, as mentioned in the CK duality can only be
satisfied if the vector U is in the subspace orthogonal to null vectors of A and then A can be

inverted in this subspace:

U-null(A) =0 (2.66)

Since there are 4 null vectors we have 4 conditions that components of U have to satisfy. These



2.2. Kaluza-Klein Theories 45

components are linear in kinematic numerators and can also be expressed in terms of partial
amplitudes, in terms of which these relations are known as the BCJ relations [2]. These relations
are satisfied for Yang-Mills so to satisfy CK we need to invert A in 5 dimensional subspace in
which the expression of A~! is much simpler and only contains physical poles. This mechanism
of spurious pole cancellations is similar at higher points.

Now returning to the massive case, if we restrict to massive theories where only one mass is
exchanged mass per channel and all the fields are in the adjoint representation, we see that we
can copy this spurious poles cancelling mechanism from the massless case to the massive one by
carefully choosing the spectrum of the theory. In particular the spurious poles are guaranteed
to cancel if the components of D satisfy the same algebraic relations as in the massless case
and massive analogs of BCJ relations are satisfied. Then the rank of A will be the same as in
massless case and the expression for A~! in the subspace orthogonal to null vectors will have a
similar form without spurious poles. This idea was first proposed in [07] where the requirement
for D to satisfy the same relations as in massless case was called spectral conditions. The
analysis there was done in KLT language which is equivalent to our analysis in BCJ language
[11].

We illustrate these spectral conditions in the simplest case of 4pt amplitude (even though as
showed in there are no spurious poles in the case of single mass at 4pt). In 4pt pure
Yang-Mills amplitude we have one Jacobi identity, ¢+ ¢; + ¢, = 0 (so M has only one non-zero
row, {1,1,1}) and D = diag{s,t,u} which obeys TrD = s+t +u = 0. Ais then 1 x 1 matrix
A equal to TrD = 0 so its rank is zero. Now if we have a massive gauge theory and we scatter
my, my, m3, my with D = diag{s — m?2,,t — m?;,u —m2,}, imposing the same condition as in

the massless case A = TrD = 0, we get

S+t+u—mi,—mi, —mi, =mi+mj+ms+m;—miy —mi; —mi, =0, (2.67)
which is the 4pt spectral condition of [97]. Since A has one null one-component vector, (2.66])
gives

ng +ng +n, =0, (2.68)
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which is just the Jacobi identity for kinematic factors. However, now this is a constraint on n’s
since the value of this equation cannot be shifted by shifting n’s (since the matrix A is zero)
so for example the n’s directly calculated from Feynman diagrams must satisfy CK straight
away. There is a BCFW recursion proof of BCJ relations [106} 107, [108] so in theories for which
BCFW recursion works, like pure YM, the lower point BCJ relations (and spectral conditions)
imply the higher point ones. As mentioned before just from 4pt considerations alone, it is not

necessary to impose ([2.67]), since no spurious poles appear in the 4pt amplitude.
y pose (2.67), p p pp pt amp

At five points for a gauge theory with all of the fields in the adjoint representation of the gauge
group the colour factors are given in and the matrix M of 9 independent Jacobi identities
given by . Again we assume that there is a single mass exchange for each colour factor
but now the masses in the D matrix are different Dy; = —(p; +p;)* —mj; = si; —m;;. To
impose the spectral conditions we required the 9 x 9 block matrix in , A, to be of rank 5,
such that there are 4 BCJ relations between the n’s just like in the massless case. By imposing

the five 5pt spectral conditions of [97]
mis = 2mi —miy = miy = miy +my +mg +mi+mg

2 9 2 2 2 2 2 2 2
My = My — My + 2M5 — Maz — Moy + M3 + my + my

m§4 = Qm? - m%Q - mfs - mi + ng - mgs - m§4 + ng + QmZ + mg
m§5 = —m} +miy +miy —mi +mi, —mj

m4215 = —m% + m%2 + m%?, - mg + m%zﬂ - ngs ’ (2.69)
one can check that the matrix A, which is given explicitly in Appendix [G] has rank 5 as in
the massless case. The conditions (2.69) can also be derived by demanding that that 4pt
spectral condition is satisfied on every 4-point amplitude that appears in factorization channels
for internal propagators going on-shell as shown in Fig. 2.8 Since A has rank 5 it has four
null-eigenvectors given in (G.2)). Now to satisfy CK we need the kinematic factors to satisfy

the 5pt BCJ relations. Usually they are written in terms of partial amplitudes (for example in
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[97]) but we write them in terms of kinematic factors:

D%g(—(D15D34n4 + Do3Dysns + D3y Dasna)) + D1a(D1s(Das(Diang + Dsg(—ny + nys + ng)
— Dysngz) — Doy Dsyng + DosDsgny) + Dag(Di14Dasns — Dayns(Dss + Dys)
+ D3y D3snq1) + Dsano(D14Dos — Doy Dys)) — D15 Doz Day(Dsy(ny — nia) + ng(Dss 4+ Dys))

=0,

(2.70)

D14(D15D34(D1any — Dasny) — Dag(—DiaDysns + Doy Dosng + DsgDssngy) + DiaDsgDysneg
+ D15D23(—Dasng + Dsg(ny — iz — ng) + Dasng) — DagDsyna(Das + Dss))
+ D3,(—(D15Dy3ng + Do Dasns + DysDagng)) 4 DysDoyDsy(Dos(niy — ng) — n7(Das + Dss))

=0,

(2.71)

— D15(D12D3yny(Day + Dys) + D13 Doy Dsgng + Doz Das(—Diang + Dsg(ng + nig — ng) + Dasng)
+ D3 Doy (Dsyg(ny — nis) + Dasng) — DosDsyDysng) — Dys((Dagns + Dagng)(D12(Dag + Das)

— D14Ds5) + D13D34(Dasnyy + Dagng)) = 0,

(2.72)

D15(D12Da5Dsyng — Doz Doy(ng(Dis + Dis) + Das(ng — ng)) + Doz Das(—Diyng
+ D34(ny + nyg — ng) + Dysng) — Das Dsgnz(Day + Das)) — Das((Dasns + Dsang) (2.73)

(D14(D24 + Das) — D19Dy5) + Di3Das(Dagns — Dsgngy)) = 0.

Of course, these are the same BCJ relations as in the massless case, with the replacement
sij — D;; in [2]. In other words this mechanism of spurious pole cancellation in massive dou-

ble copy is just considering massive theories in which all algebraic relations between partial
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amplitudes and propagators are the same as in massless theories, compatible with the colour-
kinematics duality. It is straightforward to generalize this procedure to n-pt amplitudes by
requiring the rank of A to be reduced by the number of BCJ relations at that order. The key
idea of having a local double copy is to require the reduced rank matrix to admit an inverse
without spurious poles.

Now having established the spectral conditions the questions is what theories satisfy it? As
mentioned before one known class of examples is Kaluza-Klein theories obtained by compat-
ifying 5d massless theories obeying the CK. This is because the massive propagators in the
Kaluza-Klein theory, D;;, satisfy the same algebraic relations as the massless propagator in
5d since dimensional reduction is just a rewriting a theory in terms of different variables. If
the 5d kinematic factors satisfy the massless BCJ relations, then the kinematic factors of the
compactified theory should obey massive BCJ relations as well.

Furthermore the spectral conditions and follow automatically from 5d momentum
conservation which in 4d terms can be interpreted as charge conservation for a global U(1)
charge. It remains unclear whether there are other nontrivial solutions of these spectral condi-
tions other than that given by Kaluza-Klein theories. Given this, in what follows we shall follow
the opposite approach. We shall construct effective theories with the same spectrum and global
U(1) charge conservation properties as Kaluza-Klein, so that the spectral conditions and
are automatically satisfied. We then ask what freedom there exists in the form of their
interactions, which will necessarily alter the kinematic factors n;, such that they still satisfy
the BCJ relations f. According to our procedure, as long as the latter are satisfied,
it is possible to solve for v, hence for An, and hence determine new local kinematic factors
n + An which do respect CK duality, from which a double copy theory may be constructed as
described in section [2.0.1]

2.2.2 KK inspired action

We consider a 4d effective field theory of interacting massless scalar and massive and mass-

less vectors fields with the same spectrum as Kaluza-Klein theory. In particular, the massive
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states will be charged under a global U(1) symmetry, the remnant of 5d translation symmetry,
and the mass will be proportional to the charge, with the infinite spectrum of charges integer
spaced. The massive vectors will further transform in the adjoint representation of some gauge
group GG. We shall express the action for the massive states in 4d unitary gaugeﬂ, i.e. WwWe
will not introduce any Stiickelberg fields which arise naturally from compactification from the
higher dimensional gauge symmetry [109], meaning that the quadratic part of the action for
the massive states is a complex gauged Proca theory. The remaining 4d gauge symmetry, the

gauge freedom of the 4d massless gluon, is however made manifest.

In the EFT context, there is still a huge freedom in the choice of interactions between the
states, even given the assumed 4d gauge symmetry and global U(1) symmetry. In order to make
calculational progress we will restrict to what remains a very large set of possible interactions.
This set is chosen by the requirement that all the terms in the 4d action do indeed arise from

compactification of 5d pure Yang-Mills together with the following additional operators:

1
—A2tr(F3) (2.74)
and
—9 v oo
Topd T E s Fagl[ 17, F ). (2.75)

We chose these higher order operators because it was shown in [I10] that they are compatible
with colour-kinematics duality. These particular operators are among those appearing in the
low energy EFT of open bosonic and super string theory at O(a’?). However both of these
EFTs also contain some operators that are are incompatible with CK duality which is based on
cubic graphs with colour factors made of structure constants. For example the colour factor of
tr(FYFYFPET) is tr(T*T°TT?), which contains the totally symmetric colour structure, d***?,

that cannot be expressed purely in terms of antisymmetric structure constants, f*¢. However,

"This is unitary gauge for the gauge symmetries which are broken by the mass for the spin-1 states and has
nothing to do with the unbroken 4d gauge symmetry G. In other words, if we did not choose any gauge in 5d
theory, reducing it to 4d would give Stiickelberg fields such that the 4d action would have a non-linearly realised
full 5d gauge symmetry. By choosing unitary gauge we set all of Stiickelberg fields to zero.
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] \ coefficient \ Interactions \ \ coefficient \ Interactions ‘
Laaa ik DAAA Ll Cijhi (DA)*
Lang ggjs AAg 'CZZAAQ Cijhi m*(DA)*A®
Laraa Gijkl AAAA ch, Aol Cijks m(DA)?A¢
Lancs | Gijss AAGd | Lhyag | Cins m?A*Dg
L 4440 g; AAFO L oot Cijss (DA)?(D¢)?
££3AA0 Gi DADAF® 552@2 Cl(']2'gs (mA)*(Dg¢)?
El/ﬁm Gijk (DA)? Eiist Cz(‘?zs (mA)*(D¢)?
L1 Giji mim; DAAA | L1, Cz('?gs (mA)*(Dg)?
L5, G, AD¢DA LL s Cou (Do)*
Ling Goss DoDoF 0 Ei:AAAl Cijklm (D A)3A2
Lhan Giji DADAAA | L) 4ans | Cijkim m?*(A)*DA

L5 an Giw | mimjAAAA | LF, )44 Cijkls m(A)*DAD¢

Lo | Giss | AADODG | LEianns | Ciuim | m(DAP (AP0
Llhaser | Glijss APDADS | LLya1as | Cigas (m)*(A)'¢

Eii&Aqﬁl Gijk‘s mAAAD¢ Eg;AAAl Cijkss DA<A)2 (D¢)2
Lo a0 Gijks mAADAG | L5100 | Cijkss | A(DAP(Do)?
EiZAAA Gijkim DAAAAA £§;AAA3 éfjlgss m*(A)* D¢
Chiaaa | Giws | mAGAAA | L5, | CLL, | m*(A)°Dog
ﬁggAAm Gijkss DoppAAA Eg%AA% C’i(;)liss m?*(A)*Dog

£§¢AAA2 Gijkss DApAPA ££¢¢AA1 Cijsss mA*DpDgg
4 2 4 3
£§¢¢AA2 ngiss mAQ(D ¢)2¢ ﬁ§¢¢AA3 Cz(‘j;ss mA2(D¢)2¢

Table 2.1: Coefficients of the interactions.

to cancel such colour structures it is possible to take a certain linear combination of open
bosonic (bs) and superstring (ss) amplitudes at the order O(«/2), A®* — A®” [I10]. This
particular combination is the one corresponding to the operators in and . Since
KLT relations are linear in amplitudes the linear combination of two amplitudes is guaranteed
to satisfy them, so the reason why these particular operators satisfy CK can be understood as
a low energy limit of KLT relations between a linear combination of the ampltitudes in two
theories satisfying them, that cancels the colour structures which are not made of £

Crucially though we allow each of the coefficients of the various invariant terms in the action
to be arbitrary, and in principle to be different for different interacting massive states. In doing
so, the 4d action loses any further remnant information of the underlying 5d gauge symmetry.
Thus while KK theory lies as a special point in our chosen class of EFTs, the class as a whole

is still huge.
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Specifically then, we have an action with an uncharged massless scalar field ¢ and multiple
charged massive vector fields A* transforming as matter fields in adjoint representation of some
non-Abelian group G for which A° is the gauge connection. To order 1/A* the Lagrangian is

given as:

L=CF+ 4, (2.76)

where ,CFQ, L£F and £F" contain the operators appearing in the compactification of tr(F?),
tr(F3) and tr([F,, Fus][F", F*°]) respectively that contribute to up to 5pt amplitudes. They

are as follows:

J— (-%Dﬂgbmgb LFOFO — LS MDA — DAL P29, A ATV ES, 4 m?| AL )

1w
+Laaa+ Lang + Lanps +Lasaa, (2.77)
3 1 v v —i
£ = Gt [ GELFOPEY + (BGiDMA D,A PF&)
i€Z¢0

F3 F3 F3
£AAA1 + Lo aa0 + LY A¢ + ﬁ ¢¢ + EAAAAl + Laaaas + £AA¢>¢>1 + Lansse + £AAA¢>1

+£AAA¢>2 + [’AAAAA + £¢AAAA + £¢>¢>AAA1 + ‘C¢¢AAA2 ; (2.78)

F4
L ‘C'AAAAI + ‘CAAAAQ + EAAAd)l + 'CAAA¢>2 + 'CAA¢¢1 + 'CAA¢¢2 + ‘CAA¢¢3 + £¢¢¢¢
F* F? F? F* F* F*
+'CAAAAA1 + Lananns + Loaaaa + Loaaanz T Loanaas T Lopannr + Losanas

+ 'CqbquAA?; + £¢¢¢AA1 + £¢¢¢AA2a (2.79)

where,

. a a a g aoc c
D, =0, +igA’,  FYX=0,A%—0,A% + 7 FARAY, (2.80)

and schematically, the interacting terms with the relevant coefficients are in table The

exact terms are given in the Appendix

We write couplings only of distinct operators coming from the compactification of the 5d Yang-
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Mills. The couplings of identical operators coming from different 5d terms are combined. For

example, we get the interactions of the form

fabefcde Z <AszjV'§>AkC[MAldV}> , (281)

i,j,k,leZ;m

L

from the compactification of £ as well as £F", which has AT

We combine the couplings into
a single one, g;;r;. Hence, the coupling g¢;;x; is dependent on the scale A. Note that in
ingl ; Gijrr- H , th pling g;ji is dependent on th le A. Note that in KK

18mi1maomsmy G2

theory gijm = g° + i

Demanding the global U(1) symmetry imposes charge conservation at each vertex as in KK

theory

> my, =0 (2.82)
I=1

for every non-zero couplings where I = 1,...,n labels the legs of the vertex. Note that m; is
really labelling the charge of A% so we allow negative values m_; = —m, with the understanding
that the mass is |m;|. The condition ensures that the spectral conditions are satisfied
[97]. Since we have considered the EFT expansion of the action only up to 1/A* order, it is

only consistent to calculate scattering amplitudes up to this order, which is precisely what we

will do in Section and Section for the 4pt and 5pt functions respectively.

2.2.3 4-point amplitudes

In this section we constrain the couplings of the Lagrangian by calculating 2-2 scattering am-
plitudes up to 1/A* in the EFT expansion (for self consistency since we only add irrelevant
operators up to 1/A? in our action) and requiring the numerators to satisfy the 4pt colour-
kinematic duality, ngs + n; + n, = 0. We consider the scattering processes where the couplings

are not fixed by 4d gauge invariance, for example, we do not consider A°A° — A°A°,



2.2. Kaluza-Klein Theories 53

o] ] a :
‘ ‘ : , ® o
¢ 6 ? ?
>~M{T&2N< + myz  + >< + myy
@ @ : f
‘ ) ? 4 103 ¢
¢ ¢ ‘ ‘
Figure 2.1: Feynman diagrams for the ¢¢ — ¢¢ process. Note that the bold curly line represents
a gluon and m;; = 0.

2.2.4 66— 6o

As the simplest example, let us first consider all the external states to be the massless scalars.
By charge conservation, any exchanged state must be massless, and the only possibility for our
chosen theory is the massless gluon. The Feynman diagrams for this process are in Fig. and
the four point amplitude is found to be:

(cust(s —1)( — 18cpa(s + 1) + 3Goss(s + 1) (\/ég/\z + 6Goss(s + t))

i
S
0000 = 9 Nast(s + 1)

+gA? <9A2 + 3V2G 05 (s + 75)) ) = (s+1) (Cst(s +2t)( = 18¢545” + g?A" — 6v/29G0usA’s

118G2, 52) — ¢5(25 + 1) (—180¢4t2 + g?A* — 6v/29G, A2t + 1862 t2> )) (2.83)

Oss

The BCJ relation gives the following condition

i(cps — Gig,) (3% + 25% — 3st? — 2t3)
_ =0,
A4
which is satisfied if
cos = Gi,. (2.84)

This simple example already illustrates the power of demanding CK duality. From a low energy
EFT point of view, there is no reason for the Wilson coefficient for the quartic (D¢)* operator
to be associated with that for the cubic D¢ D@F° operator. Demanding CK duality enforces
the relation ‘quartic coupling= cubic coupling squared’. Note that in this particular amplitude,

no massive states are involved. We shall find that this general idea translates into constraints
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Figure 2.2: Feynman diagrams of the AA — AA process for the general case. The curly lines
represents massive spin-1 fields.

on nearly all the quartic operators from demanding CK duality. In the remainder, we will
not include the explicit expression for the scattering amplitudes and BCJ relations as they
are overly complicated, but shall give only the implied conclusion for the constraints on the

coupling constants.

2.2.5 General condition

We first calculate the 2-2 scattering amplitude of spin-1 fields with masses m;, with I = 1,2, 3,4
labelling the amplitude legs, such that Z‘}Zl m;, = 0, but for which charge conservation forbids
the exchange of massless states. To avoid cumbersome notation we shall replace the charge
label 7 for the massive state with the leg label I so that m,, is denoted m;. Similarly a coupling
Gi,i, is replaced with Gr;. Furthermore, for cubic interactions between 3 charged states, for
which the charge of the 3rd state is fixed by charge conservation, we shall drop the 3rd label.
So for example G, ;,;, for which mg = —m; — my may be written in short hand as Gi2. The

interacting terms L£444, L4444 and L4, lead to the following amplitude (see Fig. :

AAA AAAl AAA2 i AAA AAA1 AAA2
Vg12 +V G2 Vélg ) s — m%2 (%34 + V034 + V@34 )

Gi3 m 924

(2.85)

+

914 G4 923

4 <VAAA é?Al +VAAA2>t i _ (VAAA _|_Vé4212A1 _i_VGi:LAQ)
13

AAA | rAAAL AAA2 i AAA AAAL AAA2

(Vo + vt - VL) o (Vs v v )

AAAA AAAAl AAAA2 AAAAL AAAA2
+ ‘/;]1234 + Ve G234 VG1234 VVC1234 +V01234 >7
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where ngjf(lc)(D) represents the three or four point vertex with the relevant coupling, gijii) or

Gijey- The coupling g;; is a simplified notation for g, with m; +m; + mg = 0. Here we
assume that the couplings are symmetric in all of their indices, for example g = gjir = grji
so that the A;A; A, vertex without 1/ A?" corrections has the same structure as the pure Yang-
Mills three point vertex. Later we will explore what happens if we do not assume that. By
finding the numerators of and imposing the colour-kinematic duality, ng + n; +n, = 0,

we find the following constraints on the couplings:

2
18mimomsmy B . . . Gaz4
G1234 — Y V. C1234 = 012934 = 913924 = J14923 =

C1234 ’
Gia3a = Gi2931 = Gi3924 = G1ag23 = G12G31 = §13Gou = g14Gas, (2 86)
Gij = Giju Giogs = é1234, c1234 = Chasa,

Ci1234 = G12G34 = C;’136;’24 = G14G23 .

As mentioned in section [2.2.2] g1234 can be scale dependent as it is the combination of two
terms coming from the compactification of £ and £F*. Therefore the coefficient of 1/A* in

the equation above, ¢j234, does not have to be zero.

2.26 mr+my;=0

Further focusing on the case of 2-2 scattering amplitude of spin-1 fields with masses m;, I =
1,2,3,4, such that m; + m; = 0 means that the exchange diagrams can now be mediated by
the massless states, A° and ¢. First we consider the case where two pairs of masses add up to

zero then the second case where four pairs of masses add up to zero.

First case: Without loss of generality, we consider my +mo = 0, which implies mg+my4 = 0.
Moreover, we assume that none of the masses are individually zero. These conditions lead to
an exchange of gluon and scalar in the s-channel and exchange of massive spin-1 field in the
t-channel and the u-channel. Hence, from the interacting terms L4444, L4444 and L444 we get

the following amplitude (see Fig. [2.3)): :
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Figure 2.3: Feynman diagrams of the AA — AA process for the first case of m; +m; =0, i.e.
my +mo = 0 and mg + my = 0. The bold curly line represents a gluon, where mi, = 0 and the
straight line a scalar field. The last diagram, where we have a scalar exchange in the t-channel

contributes to the second case of m; +mj ; = 0 where m; = —mgy = ms = —

yAAd | VAAAO X VAAAO X VAAA0>

AA¢ +VAA¢> (VAA¢ _{_VC,;Aqb)
912 12s /) g 9345 345

1
S

+

913 Gi3

7
1 (yaaa g éA’fl +VAAA2> _ <ngi,143A +VGAAA1

g1-3 Gi1-3

AAAA AAAAl AAAA2 AAAAL AAAA2
<V;]1 13-3 +VVGl 13-3 VG1 13—3 ‘/:31 13-3 +VCl 13-3

Asex (V;
(v

+(VAAA X éxlgun VAAA2> i (VAAA +VAAA1
(

AAA2
Ve, )

(VAAAO i VAAAO X VAAAO i VAAA0>

(2.87)

By finding the numerators of (2.87)) and imposing the colour-kinematic duality, ns+n;+mn, = 0,

we find the following constraints on the couplings:

18m3m3 9
g1-13-3 — Tclfl?ﬁ?’ =9 = 9139-1-3 = 91-39-13;
A 3\/_m
Gij =Gy, 9i=9—Gi—5— A2 G1-1595-35 = g*mims,

6171373 =Gii13-3=G39 =G19 = Gi39-1-3 = g13G_1-3 = G1-39-13 = G1-3G_13 =

c1—13-3 = Ci13-3 = G1G3 = G1_3G_13 = G13G_1_3.

/ /
91-1sU3-3s

mims

(2.88)

Y
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my d) mi d)

77112

mo ¢)

Figure 2.4: Feynman diagrams of the AA — ¢¢ process for m; +m; = 0 case. The bold curly
line represents a gluon, where mjs = 0 and the straight line a scalar field.

When m4 = ms = 0 we find that

Gi=G, c1-100=Ci100 = G*. (2.89)

Second case: Now we consider four pairs of masses to be zero, for example, m; + my =
my +mg = m3 +my = mg +my = 0 and m; # 0. These conditions lead to an exchange of
gluon and scalar in the s and ¢ channels and exchange of massive spin-1 field in the u-channel.

Hence, from the interacting terms La44, Laaaa and L444 we get the following amplitude (see

Fig. [2.3):

Z’A4 x (‘/;JAAA() + VAAA() + V(?iAAO) 3 <‘/gAAA() + ‘/gzi‘lAAo + VéﬁliAAO)

X VAA¢ VAA¢) <VAA¢> +VAA¢>
S 11s

! !
91-1s Gl 1s Gy

AA AAAl AAA2 AAA AAAl AAA2
‘/‘Yq Gl 1 VGl 1 >_ (‘/9—11 +V Vé_ll )

(
(
(VAA¢ VAA¢>) t (VAA¢> X V£A¢>
(
(

+
(2.90)

+

!
J1-1s Gl 1s 11s —11s

yAAA | GAfAl +VAAA2> i . (Vﬁ,lali _I_VAAAl +VAAAQ)

+ G11 G_1-1

g11 u—m?

AAAA AAAAI AAAA2 AAAAlL AAAA2
+Vv91111+ Gi-1-11 V0111 V01111+V01111>
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By finding the numerators of (2.90]) and imposing the colour-kinematic duality, ns+mn;+mn, = 0,

we find the following constraints on the couplings ﬂ:

18m? 3v/2m?
g1-1-11 — A Lein =9 =gug-1-1, gi=9-Gi—5— AZ G1-159"115 = g°mi,
A _ _ _ _ o . gl—lsG/—lls (2 91)
Gioicn =Gioi-n =619 =Gig=Gng-1-1 = guG_11 = ——5—, :

2
my

ci—1-11 = Cio1i-n = GG = G11G 1.

2.2.7 AA = 6o

Now we consider the case where mg = my = 0 and we calculate the AA — ¢¢ amplitude. A
gluon is exchanged in the s-channel and a massive spin-1 field in the ¢ and u-channel. From

the terms Laaa, Laaps, Laap and Ly we have (see Fig. [2.4):

- (VQAAAU 4 VQAAAU 4 VAAAO) i (VA0¢¢ I VA0¢¢>
! S

099
1 (440 yAA0 ) <V1/4A¢> | yAds )

( 9115 1-1s t— ml 91-1s 1-1s
AAg |y AA i AAd AAd (2.92)
+ (‘/gl 1s _'_ Gll 15) u — ml <‘/-vgl 1s + VG/I*lS)
AAgpd AA¢>¢>1 AA¢¢2 AAppl AApp2 AApP3
(Vgl 100 + V + VG1 1ss V01 1ss + vcl Les + ‘/c§3)1“ > :
Colour-kinematics duality puts the following constraints on the couplings:
2 oo 29';_;, — miglg + gi) A2 R C G2,
Gi—iss g, 7 2 TR Ci—iss 0ssTiy Ci—iss 2
3v/2gm? mi my
V2A? 5
5 iss — = GossGi + 62 g (GOSS - Gi) , o Gisiss = 9Gi, (2-93)
my
29{2 ; GOss 3\/§G/2 ;
Gi_iss — GZ 1—1S8 _ 1—1S8 .
§Gi T gm? A2

8We found another set of solution where the quartic operators G1_i_11 = G1_1_11 =0 but G14 # GM which
is incompatible with the result obtained from the general case.
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Figure 2.5: Feynman diagrams of the A¢ — AA process for m; = 0 case.

228 mr=0

In this section, we calculate 2-2 scattering amplitude of one massless external state and three
massive spin-1 fields satisfying m; + m; + mg = 0. We consider the massless state to be a
scalar with my = 0 (note that the case where the massless state is a gluon reproduces the same
results as in the general case and we will give the constraints at the end of this section for

completeness). The amplitude for this process is the following (see Fig. [2.5)):

AA¢ " AA¢>> . <VAAA | yAAAL +Vé4AA2)
s —my 34

1-1s Glis 934 Gsa

AAA AAAl AAA2 i AAgp AA¢
+ (v VA 4 va) = (Vi + v

. o e (2.94)
AAA AAAl AAA2 i AA AA¢ )
_I_ ‘/;]14 + G14 VG14 > U — m%4 <th§735 + VGé73S
AAAqSl AAA¢2 AAAPL AAAP2
+ (VG134S VG134 V0134 + V Ci3as > )
Note that in this case we have m; + mg3 + my = 0, so:
g34(—3—4) = 9341, J13(-1-3) = 9134, G14(—1-4) = G143, (2 95)

Gay—3-4) = G341, Guz1-3) = Gze,  Gra1-4) = G,

where we assume that g;;;, and G are fully symmetric in their indices and (+1 £ J) represents
+m; +m;. Hence, in our simplified notation we have ¢34 = ¢g13 = ¢g14 and G3y = G13 = G4 in

this case. Imposing the colour-kinematic duality on A¢p — AA, we get the following constraints:
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/ /
G445 M4 G115  Tn

= ) G34 = G34

/ - ’ /
9335 ms3 9335 ms3
/ / ! !
G1394 4 _ G1495_3 _ 913Gy, o G1aG5_3,

= é134s = G134, (2.96)
My ms My ms

o o G1-15G34 o Ga-45G13 o G3-_35G1a
c134s = Chzas = m = m = m .
1 4 3

The conditions on couplings where one external state (my = 0) is a gluon can be derived from

m?
(2.86) by setting g1z = gas = go3 = g and gigzs = ¢° which leads to g; = g — G 3\f2 + and

9319 = g* so g;; = g for arbitrary i, j, and G1g = G13¢ which, when combined with (2.86]) and

A

(2.89), implies G; = G;; = G;; = G, i.e. we fix all cubic couplings except for Goss. The two
quartic AAAA® couplings coming from L5 1, and L5, in (G.4) are both equal to Gsug by

gauge invariance so BCJ relation does not impose an additional constraint on them.

Summary of results: Combining all of the constraints obtained from different cases and
different processes we obtain the results summarized in table 2.2 These match the values of
couplings of the 4d KK theory of 5d Yang-Mills with coupling v2rRg plus Y2EC tr(F3) —

97 RG> t’l”([F

AL Ly Fop][F", F*P]) operators, where R is the radius of the S', if Goss = G, but this

is not fixed from 4pt processes. The reason for this is that Eﬁ;d) vertex in (G.4]) is zero when A
is on-shell. This means that the only 4pt processes that can constrain Gy, are ¢ — ¢¢ and
AA — ¢¢ but as we saw in the previous sections there is a freedom between G, and quartic
A* coefficients in both of these processes. Therefore, this coupling can only be fixed by 5pt

scattering.

2.2.9 5-point amplitudes

In this section we consider different 5pt scattering amplitudes of external massive and massless
fields and find the CK constraints on contact couplings imposed by the BCJ relations. Since we
know from the previous section that all 3pt and 4pt couplings, except for Gy, are fixed to be

that of KK theory, the only remaining freedom at 5pt is that from the as yet undetermined Gy,
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] \ coefficient \ CK constrained value \ \ coefficient \ CK constrained value ‘
Laaa Gijk g ££Z¢¢1 Gijss 9(2Gpss — G) — 3ﬁZ?G2
Lang g;‘jg mig £§Z¢¢2 Gijss 9G
Laraa Gijkl g? 4 T G2 EQZAM Gijs 9G
Laage Gijss 9 ££2A¢2 Gijks 9G
L o gi gi=9— ngﬁmf L Cijki G?

L 4o Gi Gi=G Lo | Cim G?
L0 Gijk G L ag Cijks G?
L Giji G Lhiag | Cijns G?
££Z¢ G;js m;G £§Z¢¢1 Cijss GossG
e, Goss not constrained L o0 cgis G?
‘CiilAAl Giji 9G Eii&qﬁq&:’) ngzs GossG + \éimjt;g (Goss — G)
'CiilAAz CA’Yijkl 9G £§£¢¢ Copa G(%ss

Table 2.2: Coefficients of the interactions constrained by the demands of colour-kinematics
duality.

and the additional 1/A? and 1/A* suppressed quintic operators. We focus on the cases where
we have multiple quintic contact terms whose coefficients are not fixed by gauge invariance.
For instance, the A°’AAAA operators are clearly fixed by determining the AAAA interactions
by gauge invariance. As we will show below the remaining undetermined cubic coupling G,
is fixed by considering CK duality for ¢ AAA scattering. In addition we shall find that the
quintic contact terms are fixed in terms of a single coupling constant. This result is perhaps not

so surprising since there are more BCJ relations to be satisfied, more independent contractions

of polarizations and momenta, yet fewer overall free coefficients for quintic contact terms.

2.2.10 General case

We consider the 5-point scattering amplitude of five external spin-1 fields of mass m;, [ =
1,2,3,4,5 such that my +mso+ms3+my+ms = 0 and there are no I, J such that m;+m; = 0.
Only massive spin-1 fields are exchanged in the 25 diagrams contributing to the amplitude
(note that we have 15 kinematic factors as we can absorb the quartic contact terms into cubic
diagrams). The two types of diagrams are shown in Fig. and we obtained all 25 diagrams by
relabelling the external states of these two. We then calculate the kinematic numerators and 5pt

BCJ relations given in (2.70) - (2.73)) and require them to be zero which gives us the constraints
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Figure 2.6: Five point diagrams for the general case.
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Figure 2.7: Five point diagrams for the general case when m; + mo = 0. The bold curly line

represents a massless gluon, where m, = 0 and the straight line a massless scalar.

on quintic contact term coefficients. We use Table for the cubic and quartic couplings and

find that all the three coefficients, Gjjxim., Cijkim and Cijpm are fixed by (e - €2)(eq - €5) (€3 - p1)

term in (2.70]) to be of the same values as in KK theory:

2 2
Gijkim = 9°G, Cijrim = Cijkim = 9G~.

2.2.11 m;+me =0

(2.97)

Next we consider the 5-point scattering amplitude of five external spin-1 field such that m; +

mo = 0. In this case, 6 out of the 30 diagrams have a massless particle exchange, a gluon and

a scalar. These diagrams are shown in Fig. [2.7] In exactly the same way as in previous case,

(2.70)) alone forces the quintic couplings to be as in (2.97)).
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Figure 2.8: Factorization limits of the 5-point amplitude. By only imposing the 4-point BCJ
relations on Ay for all possible factorizations, the 5-point BCJ can be satisfied

2.2.12 AAAAA without A~?" operators

Let us temporarily take a step back, and consider the AAAAA amplitude at leading order in
the EFT expansion, A°. We find that imposing the constraints from AA — AA scattering is
enough for the BCJ relation to hold at 5-point, at least to this order in the EFT expansion.
This can be seen by taking the factorization limits of the 5-point amplitude and imposing BCJ
relations on the sub 4-point amplitudes (see Fig. . To show our procedure of checking the

BCJ at 5-point, consider the amplitude for this process as:

+ 9249135(2+4) Q +other contributions (2.98)

+ 92493591 (244) D
24

As = 9249159302+4) 1~ 1~

()
D1 D24 D24D35

where (...) represents the contraction of polarizations, momenta and the colour factors. From

(2.86)), we express the quartic coupling giss24) as a product of two cubic diagrams:

9135(24) = 93591(3+5)>
= 91593(145)» (2.99)

= 01395(1+3)-

We also express the 9 remaining contact couplings in terms of products of cubic ones. We
combine all 30 equalities (3 equalities per contact coupling), simultaneously solve them and we
get 24 constraints. Once these constraints imposed on the kinematic factors, the 5-point BCJ
relation is satisfied. We conclude that for our theory, the BCJ relations at 5-point are satisfied

and can be obtained from the coupling conditions derived at 4-point. This is consistent with
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Figure 2.9: The six types of diagrams for ¢ pAAA process. The bold curly line represents a
gluon and the straight line a scalar field.

the fact that BCJ relation can be proved recursively using BCFW recursion for theories in
which amplitudes can be constructed that way [106]. Of course this will not be true if we add
1/A?" corrections because the 5pt contact term couplings there are independent from 3 and 4pt

couplings.

2.2.13 $pAAA

Now we consider two massless scalars and three massive vectors with the diagrams shown in
Fig.[2.9. By inspection of the (e3-p1)(e5-pa2)(€s-p2), (€3-€4)(€5-pa) and (€5-€4)(€3- p2) terms in
(2.70) and (2.73) we are able to finally fix Goss = G (which fixes all 4pt couplings as in (2.2)))

and the four quintic couplings to be of their KK values:

Gijkss = éijkss = nga Cijkss = Oz'jk:ss = CA’(?)) = 6(4) = 6(5)

ijkss ijkss ijkss

= gG”. (2.100)

2.2.14 $AAAA

Now we consider the first state to be a scalar, and the remaining states to be massive vectors.
Let us first assume there are no pairs of vectors for which m; +m; # 0. Then the four types

of diagrams are shown in Fig. [2.10l Inspecting the (€3 - €3)(€e4 - €5) and (€3 - €3)(€4 - p1)(€5 - P2)
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Figure 2.10: The four types of diagrams for p AAAA process. The straight line is a scalar field.

terms in (2.70)) and (2.72)) fix the four quintic couplings to be of their KK values:

Gz’jkls = Gz’jkls = QQG, Cijkls = Uijkls = C’ijkls = QGZ- (2-101)

From this we can consider two special cases where either a single or a double pair of massive

vectors satisfy m; +my # 0.

mI—i—mJZO

Case 1: Consider again one scalar and four vectors but only one pair of masses add up to
zero, for example, we consider my + m3 = my + ms = 0. There are more diagrams now which
are shown in Fig. We use the constraint Gy, = G obtained from ¢ pAAA. Now inspecting
the (€3 - €3)(€4-€5) and (e - €3)(€4 - p2)(€5 - p3) terms in (2.71)) fixes the four quintic couplings to
be of their KK values given in (2.101)).

Case 2: We consider once again one scalar and four vectors but their masses now satisfy
me = —mg = —my = ms. The diagrams still look like the ones in Fig. but now we have
more channels with scalar or massless gluon exchanges. Just as before (e; - €3)(€4 - €5) and

(€3 - €3)(€4 - p2)(€5 - p3) terms in (2.71) fix the four quintic couplings to be of their KK values
given in ([2.101)).
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<y ~>+
5

Figure 2.11: The five types of diagrams for pAAAA process when m; +m; = 0. The bold curly
line represents a gluon and the straight line a scalar field.

RS AP
ATATE

Figure 2.12: The six types of diagrams for ¢ ¢ pAA process. The bold curly line represents a
gluon and the straight line a scalar field.

2.2.15 $ppAA

Finally we consider three scalars and two vectors with the diagrams shown in Fig. 2.12] We
now make use of the constraint Gyss = G obtained from ¢ pAAA. In this case we only have
the 1/A* quintic operators and by inspecting €4 - €5 and (€5 - p2) (€4 - p1) terms in (2.70) we fix
their coefficients to be:

@~ = ga? (2.102)

Cijsss = Cz’jsss - Cijsss

2.2.16 Non-symmetric couplings

In the previous sections we assumed the couplings gijk, giji and Gy to be fully symmetric in
all of the indices. This is of course what we obtain from KK reduction, however it is obviously

not the most general possibility. In this section we will briefly consider more general couplings
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that are not symmetric. Now the cubic and quartic AAA and AAAA vertices (without 1/A%"
corrections) are not of the same form as Yang-Mills vertices. For example, the A? terms

contributing to three point vertex A;A; A3 are:

1
_f-abc (g1238[#Ai]aA2buA3w + gQBIa[#AZ?ASCMAlaV + g312a[#A,?;i:AlauA2by) , (2103)

V2

which gives a different Feynman rule than 3pt Yang-Mills vertex. For example, the on shell

vertex coming from this term is

As(17, 2b, 39) o fabc( — (9123 + g231)€1 - €2 €3 - D1 + (G123 + g312)€1 - €3 €2 - Py

(2.104)
— (9312 + g231)€1 - D2 €2 €3>7
which is of different structure than Yang-Mills 3pt vertex,
A3(1a7 2b73c) X fabe (—61 "€ €3°P1 T €1 €3€ Pl — € P2 € 63) . (2-105)
Similarly we may consider non-symmetric A; As A3A, couplings:
['AAAA — fabefcde<g1234Ala X ASCAZb X A4d 4 g1243A1a . A4dA2b . A3c>
T facefbde(91324A1a . A2bA30 . A4d + g1342A1a . A4dA3c . AQb) (2106)

+ fadefbce(gl423A1a . A3CA2b . A4d + g1432A1a . A2bA3c . 144d)7

EAAAA = fobe fede (G1234D[M 1,,]D[”Abp]Ac A“d + G1324D[MA‘111,]D[”A§‘)}AgpAﬁfd
+ Grazs Dy AS DV AP AS A + Goans Dy, AG, DV AP AS AL (2.107)

+ Gosa DAy D [V3bp]Ac A4 + GynaD Az, D D3t A Aud)

where any other operators obtain by permuting 1,2, 3,4 labels of one of these operators does

not give a new operator. Note that if we allow for non-symmetric couplings we do not need

to write £5, 4, term from (G.4)) because these operators are already included in (2.106). For
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simplicity we only considered A;A; — AzA, scattering amplitude with these non-symmetric
couplings up to 1/A? order. We found that by imposing the BCJ relation we do not get a new

solution, i.e. all the couplings must be symmetric as before.

2.2.17 Combining all results

We see that imposing BCJ relations for all 4 and 5 point amplitudes and combining all of the
constrains fixes all 3, 4 and 5 point couplings to be of the same value as in the Kaluza-Klein the-
ory obtained from compactification of the 5d Lagrangian (’Tltr(FQ) Sytr(F3) — %tr([ﬂ F]Q))
on an S'. Our results may be interpreted as the statement that Kaluza-Klein theory may be
derived from the requirement that a specific spectrum of states which automatically satisfy
the spectral conditions, admit a local double copy. While the fact that Kaluza-Klein theory
is a consistent solution is itself not surprising, one might of thought that allowing for higher
derivative/irrelevant operators in the EFT expansion would give us more freedom, and could be

used to relax some of the constraints of the BCJ relations. To the order that we have calculated

this situation does not arise.

It remains the case that there could still be some freedom in higher point amplitudes or at
higher orders in the EFT expansion. At a given order in the EFT expansion, there are in gen-
eral many other operators in the adjoint representation that could be included, in particular
non-symmetric couplings of the type considered in section [2.2.16] as well as operators which
do not appear in the Kaluza-Klein compactification of 5d Yang-Mills plus its higher derivative
terms. Another possibility is to add multiple fields in different representations in 5d and to
consider their compactification. We leave it to future works to explore or otherwise exclude

these possibilities.

Given our results, it would be extremely helpful to have other nontrivial solutions of the spectral
conditions. However, ultimately it may be necessary to relax the naive rules of the double copy

to account for interacting theories with massive states, or similarly to account for higher order
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operators in an EFT expansion. By trying to mirror the massless double copy procedure as
closely as possible, we have also forced ourselves into working with massive theories that are
related to massless ones (in this case massless ones in higher dimensions), and to a large extent

this explains the limitation of our results.

2.3 Avoiding Spurious Poles in 3D

Having seen that it is hard to find a massive theory compatible with colour kinematics duality
in 4D that is not a Kaluza-Klein theory we now move to 3D. Upon closer inspection the
polynomial appearing in the denominator of 5pt double copy amplitude given in (2.64) has a

special structure, it can be expressed as:
P(sy, m) =16det(p; - p;) , 1,7 <5, (2.108)

where det(p; - p;) is the Gram determinant of the momenta of 4 out of the 5 external states.

Note that P(sy, m) # 0, only if the spacetime dimension is larger than 3 because we cannot
have 4 independent vectors in less than four dimensions. Therefore it is zero in our 3D case
and A has a null eigenvector, which corresponds to a BCJ relation. First, we need to check
if U is orthogonal to that null vector, that is, if the BCJ relation is true. If that is the case,

we can invert A in the subspace orthogonal to the null vector. Otherwise, we cannot satisfy
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colour-kinematics duality. In 3D, the null vector, ey, turns out to have a very simple form:

€(1,2,3)
—e(1,2,4) — €(1,3,4) +¢(2, 3,4)
€(1,2,3) +€(1,2,4)
—e(1,3,4)

eg = €(1,2,4) — €(2,3,4) . (2.109)
€(1,2,3) + €(1,2,4) — €(2,3,4)

€(2,3,4

) —
—€(1,2,4) —€(1,3,4)

)

)

€(1,2,3) +€(1,2,4) + €(1, 3,4)

In the result above, we have expressed the Mandelstam variables in terms of the products of
the 3D Levi-Civita tensor and momenta, €(7, 7, k) = €00} pipf, as explained in the Appendix

[H.2] As mentioned before the vector U must satisfy
U-eg=0, (2.110)

in order to be able to satisfy the colour-kinematics duality.

For generic kinematics, all 9 components of the null vector are non-zero so we can use the
freedom of adding the null eigenvector to v in (2.9)) to eliminate v’s ninth componentﬂ In other
words, we can restrict ourselves to an 8-dimensional subspace to invert the 8 x 8 submatrix of

A. This 8 x 8 matrix, however, still has a complicated polynomial in its determinant:

detAgxg = —2m6 (H Dl]) Pl(skl,m) s (2111)

1<j

9We pick the ninth component as a specific example, but we can alternatively choose any other component
since the final answer does not depend on which component we choose.
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with Pj(sg, m) given by
Pi(sg,m) = 4(e(1,2,3) +€(1,2,4) +€(1,3,4))?, (2.112)

where as before we have used the special 3D kinematics from Appendix to simplify this
expression. At first sight, it appears like we are in trouble again, this polynomial seems to give
spurious poles in the double copy of the 5-point amplitude for a generic 3D theory. However

we will show that the amplitude does not have spurious poles if (2.110)) is satisfied.

One way of seeing the cancellation of the spurious poles is by considering the pseudo-inverse of

the matrix A:
1

Adel) V= ———
(A+el) det(A+aI)C’

(2.113)

where C' is the cofactor matrix of (A + €I). Explicit calculation of these quantities gives the

following:

det(A + E]) = —& 8m6 <H Dzy) €o - €y + 0(82) s (2114)

1<J

and

Cij = —8m" (H Dij) (€0)i(€0); + 5(wi(€o)j +wj(eo)i + Kijeo - eo) +0(e%) (2.115)
i<j

with w; a vector and Kj; a matrix. We can see that in the limit ¢ — 0, UT(A 4+ el)7'U =
% is finite if U is orthogonal to ey, that is, if the BCJ relation in (2.110)) is satisfied.

Moreover the factor of e - ¢ in the denominator cancels out since only Kj; contributes to the

double copy amplitude. This contribution can be expressed as:
UTKU
8mS (Hi<j Dij)

:Z UZQ +(’Lbl—UQ+U3—U4+U5+UG—U7—U8+U9)2 (2116)
m2D35

lm UT(A +el)"'U = —
e—0

+

6
1
U - e
8m26(1,3,4)e(2,3,4);q c
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where ¢; is a linear combination of the components of U, e; are 9-component vectors linear in
U components and polynomial in Mandelstam variables. Above, we used shorthand notation

for the propagators D; = {D34, Di2, Dys, Doz, D15, D14, Dos, Di3, D24}-

Let us first look at the terms in the second line of . They contain only physical poles and,
as we will see in the following, are consistent with factorization of the scattering amplitude.
When D; goes on shell, goes to u?/(m?D;) where u; is the violation of the 4pt BCJ
relation associated to this factorization channel. The second term in the second line of
corresponds to the violation of the 10th Jacobi identity which is not independent from the 9
Jacobi identities encoded in U = Mn. Nevertheless, it is needed to have the correct factorization
in the D35 — 0 limit. As an explicit example, we now illustrate the factorization of the 5pt

double copy amplitude, Ms, when Dj, — 0. In this limit the n” D~!'n term in the 5-point
double copy (2.12)) goes to

1 (n}  n n?z)
+ =2 4 : 2.117
D12 (D45 D34 D35 ( )

which is easy to see since D matrix is diagonal and given in (2.62)). Meanwhile, from (2.116)

we find that the U7 A~'U term goes to

1 (u_%) 1 ((—n1+n3+”12)2)? (2.118)

Dlg m2 D12 m2

since U is a linear combination of the kinematic factors, U = Mn (in particular uy = —n; +
ns + n1z). Using the fact that the 5pt gauge theory amplitude, As, factorises into the 3-point
amplitude A3(127) and the 4-point amplitude A4(7345), where [ is an intermediate state., we

can write the following expression for the kinematic factors in this limit:

ny = —nSAg(]_QI), ng = ntA3(121), N9 = nuA3(12I), (2119)

where ng, n; and n, are the kinematic factors of the 4pt amplitude A4(71345) (if we identify

Si5 = S, S31 = 1, S35 = w and ¢; = —f42c, ¢y = fuabe, ¢, = f‘““?bcu). Substituting

(2.117), (2.118) and (2.119)) into (2.12)) we get the following expression for the 5pt double copy
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amplitude in D5 — 0 limit:

M5 N s u ’
D12 D12

(2.120)

Az(121)? n? n? n? (ns +ny +ny)*\ | Ms(121) M, (1345)
s—m?2 t—m?2 u—m? m2 N

where we used the 3pt double copy relation M3(121) = Az(121)?. This shows that the 5pt dou-
ble copy amplitude correctly factorizes into the 3-point and 4-point double copy amplitudes.

This argument can be repeated for all other factorization channels.

Now we analyze the third line of which appears to have unphysical poles. However, we
will show that the residues of these poles are zero if the BCJ relation in is satisfied.
To show this, we note that we can write the third line of with different expressions for
{¢:, e;} which correspond to different ways of splitting the answer into ¢; and e;. In Appendix
, we give two explicit expression for {¢;, e;}. We have checked numerically that one of these
expressions has the property that, for kinematics when €(1,3,4) = 0, all ¢;||eg. Similarly, for
the other expression, all e;|leg when €(2,3,4) = 0. Therefore, if U - ey = 0, then U - e; = 0
on the residues of these unphysical poles; so these residues are zero. We conclude that the
condition in ([2.110f) is sufficient for the double copy to give a physical amplitude at 5-points
in 3D with all fields with the same mass and in the adjoint representation. Note that this is
quite different from the usual requirement of having 4 BCJ relations like in massless Yang-
Mills. Here one relation is enough. Now, an interesting question arises: which theories in
three spacetime dimensions satisfy ? To tackle this question, in the following sections
we will introduce the topologically massive theories. First, we will analyze the 3, 4, and 5-point
amplitudes of TMYM and how to write them in terms of kinematic numerators that satisfy
the colour-kinematics duality. Afterwards, we will look at the TMG case and show how this

corresponds to the double copy of TMYM.
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2.4 Topologically Massive Yang-Mills

The explicit expression of TMYM action in our conventions is

m

1
Srmym = /d3$< - ZFGWFWV + €uvp 12

<6A““8”Ag V2 fabcA““Ab”Acp>> L (2.121)

where m is the mass of the gauge field and ¢ the coupling strength. The equations of motion

can be easily obtain from ([1.33)) and read
D, F"™ + %ewﬂFaﬁ ~0, (2.122)

where D, = 0, — \%Au, F,, = Fj,T% with Fj, the Yang-Mills field strength and 7 the
generators of the gauge group. In the following, we choose to work in Lorenz gauge where
9, AP =0, and A* = AF *T° Tt is easy to see that plane waves of the form A* = e#e™* are

solutions to the linearised equations of motion as long as the polarisation vectors, e, satisfy
a i vV _.a
e, t P €, = 0. (2.123)

This equation constrains the allowed polarisations of the topologically massive gauge field.
Note that we will be denoting the polarisations with e, to distinguish them from the Levi-
Civita symbol denoted with €. Another important ingredient for our scattering amplitudes
calculation is the propagator of the gauge field. In an arbitrary gauge the colour stripped

propagator is

—1 Publy M o Qo
Dyla] = ——— (1 — 220~ ep” ) = ipupy - 2.124
o] =~ (= 2 )~ S 2121

We will work in Landau gauge where a = 0, hence,

—1 DuPy 1M o
D, =—— I — — €0 . 2.125
P m? (m P2t ) (2125)

When we look at the gravitational case, we will see how the graviton propagator can arise

as the “square” of this one. Given their simplicity, we also present here the three-point and
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four-point off-shell vertices:

v Zg a1a2a: N 174 - 17 1 N 75
Vit = e (me,wp +in™ (ph = ph) + i (py — p) + i’ (py —p‘s‘)) o (2126)
;2
Ve = % ((cs — )TN + (cy — e 0”7 + (e — cu)n‘“’n””> , (2.127)
where
Cy = falagbfba3a4 . Gy = fa2a3bfbala4 . = fa,3a1bfba2a4 i (2128)

In the following we construct the three, four, and five-point amplitudes of TMYM and show

how to shift the kinematic numerator so that they satisfy the colour-kinematics duality.

2.4.1 TMYM Scattering Amplitudes
3-point Amplitude The three-point on-shell amplitude is:
m,,
Az=yg <\/§<6613p€12 — eeg3pear + ee1apess) + Ee“ p&?maQ,,sgp) , (2.129)

where we have defined ee;; = 5w5§ and pe;; = pweéf . Using the equation of motion for the

polarisation vectors, €1, €9, €3, as given in ([2.123)), one can express the first term as follows :
3im .,
(6613]?612 — €€93PE + 6612]?623) = —TE €1M€2V€3P . (2130)

Hence, the 3-point amplitude of topological massive Yang-Mills can be written as:

Az = —ig\/ime“”pslusg,,sgp ) (2.131)

4-point Amplitude The 4-point TMYM amplitude can be expressed as follows:

A4:gQ( CsNg + CiTg + Cy Ty ) 7 (2132)

s—m? t—m2 u—m?
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where the colour factor are given in (2.128)) and the kinematic factors are computed using
Feynman rules. It is possible to simplify these factors by using the reconstruction methods

explained in [ITT] 1T2]. Doing this we find the simpler expressions

ne = oo (66126634(167714 — 125 + 36m*t — 35st — 11t%)
S

—eejzeeqy(16m* + 72m?s + 235 + 11(4m? + s)t)
+eerseeqs(—160m* + s(12s + 11t) + 4m?(40s + 11t))) :

?

nt:§

( — eeppeesy(4m?* 4 29m>t + 3t%) — eejzeeqs(4m? — 25 — t)(m? + 3t)
(2.133)
+eepgeeqs(4m* 4 29mAt + 3t2)> ,

T B

(66126634(672m4 — 424m°t + (s + t)(12s + 65t))

—eeizeeqy (672m* — 424m?t — (415 — 12t)(s + 1))

+eerseens(—848m* + 125 + 53st — 12t + 8m?(20s + 33t))> :

These kinematics factors do not satisfy automatically the colour-kinematics duality, i.e. ng +

ny + n, # 0. Since we are interested in finding the double copy of TMYM, we need to shift

the numerators such that the colour-kinematics duality is satisfied. The new kinematic factors

read

) (ns 4+ nt + 1) (s — m?) ) (ns + g + ny) (t — m?) ) (s 4+ nt + 1) (u — m?)

Ng = MNg— (m2) , Ny =1y — (m2) y Ny = Ny — (m2) s
(2.134)

which indeed satisfy the CK duality

m2

g + Ny + Ay = (W) (4m2 —(s+t+ u)) =0, (2.135)

given that s 4+ ¢ + u = 4m?.
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5-point Amplitude The TMYM 5-point amplitude can be written as in . Just as
in the previous case, the kinematic factors calculated directly from the Feynman rules do not
satisfy the CK algebra. Their explicit expressions are complicated so we do not show them
here, but they can be found in the ancillary Mathematica file, FivePointKinematicFactors.m,
included in the submission of [12]. The shifted numerators that satisfy the CK duality can be
found as explained in Section The 9 component vector U was constructed using , and
we used the 8 x 8 submatrix of A, Ag,s for constructing the shifted kinematic factors. In the
construction of Ag,s, we can eliminate any arbitrary nth column and nth row since the final

result does not depend on this.

2.5 Topologically Massive Gravity and the Double Copy
The action for TMG is
Srama = % / B/ =g (—R - %Ew <rggayrgp + grgargﬁrga» . (2.136)

Note that the sign of the Einstein-Hilbert term is the opposite to the conventional one; this is
required so that the physical spin-2 mode is not ghostly as mentioned in the introduction. The

equations of motion are given by
1
G +—-C" =0, (2.137)
m

where G"* = R"" — %Rg”“ is the Einstein tensor and C* = ¢’V ,, (Rg — 411 95 ) the Cotton

tensor which is the 3D analogue of the Weyl tensor.

We now proceed to analyze some elements that are required for the scattering amplitude compu-
tations, and how these elements themselves can be constructed as a double copy of the analogue
Yang-Mills object. First, we obtain the linearised equations of motion by expanding around

flat space as g,, = Nw + Khy. We will work in de Donder gauge where d,h*" — %8’% = 0.
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As in the Yang-Mills case, the plane wave solution h, = e,,€”* is a solution of the linearised

equations of motion when
v Z v g o SV
(6555 + 5, (6o 0555 + ezappéaém) e =0. (2.138)

This again restricts the allowed polarisations of the massive graviton. It is interesting to notice
that we can already see a double copy relation at this level. The on-shell polarisation tensors

of TMG can be written as the square of the on-shell polarisation vector of TMYM
Eu = Epy - (2.139)

If ¢, satisfies (2.123)) then the polarisation tensor defined above will satisfy (2.138]). When we
write our scattering amplitudes below, we will be using this relation and writing them in terms

of the polarisation vectors €.

It is also instructive to look at the propagator of topologically massive gravitons. In an arbitrary

gauge this reads

DHPPT — DH¥PT a%q2 ( — 417“("77”)V + <277”(‘7P1p)“ +vo & up) > , (2.140)
with
/l: 14 g 14 g )V 4 (e
DI = s ( — 3T + (77”"]3{‘ + pa> +2P PP — <P2”(”P1) + Py )

m2

v g vio 2 g v 1 v g
— (277“ 0’ = 2P ¢ U > — Yy ) :

(2.141)
where X xcd — %(Xachd + X% X) and
a, b .
P =y — ppf , P =pob_ Zp_T;Leabcpc . (2.142)



2.5. Topologically Massive Gravity and the Double Copy 79

As before, we will work in de Donder gauge where o = 0; hence D¢ = D¢ A double copy
between the propagators of TMYM and TMG has been proposed in [I13]. It was shown that
they can be related as

Dywpo = (p* +m*) DyuDoys (2.143)

which matches the TMG case if we ignore terms that vanish when they are contracted to
conserved currents. For the gravitational case, we do not show the explicit expression of the
off-shell vertices since this is quite involved and gives no insights to our discussion. We will
now go ahead and compute the three, four, and five -point amplitudes of TMG and show how

they correspond to the double copy of TMYM.

2.5.1 TMG Scattering Amplitudes

3-point Amplitude The 3-point amplitude of TMG can be simplified by using the 3-point
relations in Appendix [H.2] which arise from the polarisation vector equations of motion. After

using these relations, the 3-point TMG amplitude can be written as follows:
M; = 2ieeqseeiseessm’s (2.144)
(where ee;; = swey and pe;; = pmeé-‘ as before) which is equivalent to:
My = —i ("Peren,e3,)" mPs . (2.145)
From this, we can see that the three-point double copy relation
Ms = igA3A3 , (2.146)

is satisfied with A3 given by (2.131)) and M3 by (2.145). We conclude that at 3-points, the
double copy of TMYM is TMG.
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4-point Amplitude We compute the 4-point amplitude directly from the Feynman rules and,
given its length, only show our result in the Appendix [H.3| Here, we focus on understanding if

it corresponds to the TMYM double copy. At 4-points, the double copy relation is the following:

K\ 2 n2 n2 n2
M:~(_) E t v 2.147
=t 2 (s—m2+t—m2+u—m2 ( )

where n satisfies the colour-kinematics duality. To find the TMYM double copy, we plug-in

the kinematic numerators from (2.134). The analytic expressions obtained for the TMYM
double copy are highly involved and complicated to simplify. In this case, we can simplify
them by using the Breit coordinate system. It is well known that it is advantageous to use this
coordinate system to investigate the analytic properties of the amplitude (see e.g.[I14]). For
elastic scattering processes, the momenta in the Breit coordinate system are defined as

Py = (PP +m?p),  ph=(E —p+A),

(2.148)
py = (Vp2+m? —p), pi=(Ep+Aré),

where € - p' = 0, |€|= 1, and the arrow denotes 2-dimensional spatial vectors. Note that all
momenta are incoming. We choose the following directions, p’ = (p,0) and € = (0,1). In terms

of Mandelstam variables we have,

s—2m*+1t/2

t=—4p®, E=/p?+m2+ X\ = ——
m_

(2.149)

Y

and the external polarisations are obtained from (H.13]). The explicit expressions for the shifted
numerators in this coordinate system are given in (H.11)). Once we simplify the double copy of

TMYM using these relations, we find that it indeed corresponds to the 4-point amplitude in
(H.10)). Therefore, we conclude that at 4-point TMG is the double copy of TMYM.

Another way to check the double copy of TMYM that does not require a specific coordinate
system is to use the simplified kinematic numerators in (2.133]). However, it is still is compli-

cated to see that TMG is the double copy of TMYM. This can only be seen once we relate the
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product of polarisations and Mandelstam variables as shown in (H.5)). These relations are sat-
isfied on-shell and were obtained by using random on-shell momenta and polarisation vectors.
Our numerical method used to obtain these random kinematics is explained in Appendix [H.4]
Therefore, we can conclude that once is imposed, the 4-pt TMG is the double copy of
TMYM.

5-point Amplitude At 5-points, we have shown that the double copy in 3D has no spurious
poles as long as is satisfied. We have verified numerically that the TMYM vector U
satisfies this equation for multiple random on-shell kinematics. Thus, there are no spurious poles
in the double copy of the TMYM 5-point amplitude. We obtained the 5-point TMYM double
copy using and compared it with the 5-point amplitude of TMG computed from Feynman
rules. Because of the complexity of the analytic expression of the TMG 5-point amplitude, we
only compared the values of both amplitudes evaluated on random kinematic configurations.
Some examples of these values are given in Table We found that they agree exactly, further

confirming the absence of spurious poles in the double copy of the 5-point TMYM amplitude.

2.6 Discussion

In this section we explored BCJ double copy of the amplitudes in massive theories. While the
first attempt to double copy massive Yang-Mills failed to give a physical amplitude at five and
higher point level, it revealed that the spectrum of a massive gauge theory that is compatible
with double copy is strongly constrained. Then we analyzed the constraints that arise on a large
class of low energy effective theories for a tower of interacting massive spin-1 states coupled
to a massless gluon and scalar, by demanding that they respect colour-kinematic duality, a
necessary precursor to a double copy, without introducing any spurious poles. The mechanism
of spurious pole cancellation was the same as in massless case as suggested in [1T5].

Since in general, the spectral conditions of [I15] are difficult to solve, we have made the expe-
dient choice that the spectrum of states should be identical to that that arises in Kaluza-Klein

theories, specifically the standard compactification from five dimensions on an S!, together
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with demanding the preservation of the associated global U(1). This ensures that spectral
conditions are identically satisfied. There is nevertheless a huge class of effective field theories
which satisfy these requirements. Thus it is only necessary to impose the BCJ relations in
order to ensure colour-kinematics duality is kept intact. Our analysis shows that that at least
to quintic order in the Lagrangian, and up to order 1/A* in the effective field theory expansion,
the unique theory within our class which respects the colour-kinematics duality is the theory

obtained from compactification of the 5d Lagrangian

(_Tltr(FQ) + %tr(ﬁ’) — ?gi‘itr([F, F]2)) (2.150)

on an S!. The latter is of course known to admit a local double copy, including the higher
derivative operators [I10], which can be understood as a particular combination of operators
appearing in open bosonic string and superstring low energy effective action, that contains only
the colour factors built of the structure constants (in order for BCJ double copy formalism to
work). Interestingly, while 4pt processes alone could not fix all of cubic and quartic couplings,
we found that by combining them with 5pt processes we fixed all the cubic, quartic and quintic
interactions. This showed that despite a very large freedom that we have in our action with
arbitrary couplings, the BCJ relations eliminate all of it. Therefore, it seems that if we restrict
ourself to theories where the spurious poles cancel in the same way as in massless theories we
are only left with Kaluza-Klein theories and in order to find new massive double copy examples
we need a different mechanism of spurious pole cancellation.

Such a new mechanism has been found in 3d (at least for 5 point tree level amplitudes). The
special kinematics arising in a three-dimensional spacetime allow us to construct a well-defined
massive double copy that does not require a tower of massive states. Here, we have shown
how the spurious poles that generically appear in 5-point amplitudes can be avoided with a
single BCJ relation. This BCJ relation was written in terms of the kinematic numerators, or
more precisely, in terms of the breaking of the CK algebra for the kinematic factors, i.e., the
vector U. It is possible to rewrite this relation in terms of partial amplitudes; nevertheless, the
expression for the BCJ relation is largely involved as seen in . An explicit example of a

theory that satisfies such BCJ relation was found to be Topologically Massive Yang-Mills and
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its double copy is well defined and corresponds to Topologically Massive Gravity. The expres-
sions for these scattering amplitudes become quite involved at higher points, and required the
use of numerical methods to verify our results. It is quite likely that there are better variables
in which the double copy relation becomes cleaner. For example, it would interesting to see
if using spinor-helicity variables, similar to [113], can lead to more compact expressions that

allow to prove the 5-point amplitude double copy analytically.

The fact that topologically massive theories satisfy a double copy relation makes us ponder
how do these theories fit in the larger web of relations for scattering amplitudes [21]. Examples
of scalar effective field theories in this web have been shown to satisfy a double copy relation
which is inherited from that of YM and gravity. It is interesting to note that a common fea-
ture of these theories is that they exhibit conformal invariance at a given spacetime dimension
[9, IT6]. In our case, while the gravitational Chern-Simons term is conformally invariant, the
whole action including the Einstein-Hilbert term is not. Similarly, TMYM does not have con-
formal invariance. It is not clear if there is a similar feature or an obvious way of relating
these theories to the broader web of amplitude relations, but it would be interesting to explore
that possibility. Similarly, it is compelling to understand how does the different versions of
the classical double copy work for topologically massive theories? This will be explored in the

second part of this thesis.

Besides TMYM, it is interesting to understand if other 3D theories can also have a well-defined
double copy, and if these theories need to satisfy the BCJ relation in (2.110f). To understand
this, we can explore the simple case of massive Yang-Mills in 3D. By following the procedure in
Section [2.3] we can analyze the 5-point massive Yang-Mills amplitude. As in 4D, the local nu-
merator factors calculated directly from the Feynman rules do not satisfy the colour-kinematics
duality, i.e., (2.2) is not satisfied. In order to satisfy CK duality, we need to perform the shifts
and solve to find v. However, if we consider the amplitude with external polarisations
that satisfy the TMYM equations of motion, that is, , the local kinematics of massive

Yang-Mills calculated directly from the Feynman rules satisfy the colour-kinematics duality
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and do not require any shifts. In that case, the double copy will only have physical poles. This
shows that the polarisations of TMYM play a special role in giving rise to a physical double
copy. It would be interesting to understand if these are the only polarisations that remove the
spurious poles in the massive Yang-Mills double copy, or if a generalized procedure should be

found in order to construct a double copy for more general polarisations.

So far, the massive double copy has only been explored for tree-level processes. It will be
intriguing to understand how this generalizes to loop order. A simpler task towards this goal
consists of understanding higher corrections in the eikonal limit. At tree-level, we can already
see an interesting structure arising. The 4-point amplitudes of the TMYM and TMG in the

eikonal limit, s — oo and t < m?, read

2
MCt —l'€2 32 K\ 2 <%>
ATYM — 2 Vi T MTMEG — ____ — — 9 <_> . 2.151
g 2 ! 2t 2/ —m? (2.151)

We can immediately observe a double copy relation arising, given that in this limit the propa-
gator is t —m? — —m?. This is not the standard relation, instead it has an extra factor of 2. In
fact, it is straightforward to understand this extra factor. In the 4-point double copy, , the
kinematic factor n; dominates in the eikonal limit which gives rise to :M = 2 (’5‘)2 Z—% Given
this new feature arising already at tree-level, we would like to understand how this procedure
works at higher orders in the eikonal limit. This will be explored in the second part of the

thesis, where we look at these theories coupled to matter fields and study eikonal scattering

and classical double copy.



Chapter 3

Massive Classical Double Copy in 3d

3.1 Introduction

In this chapter we will take a step forward in understanding the topologically massive double
copy involving matter fields. First, we introduce the topologically massive theories including
a minimal coupling to matter fields in Section [3.2] We take a look at the 2-2 scattering of
scalars through a massive mediator and find that the double copy requires an extra contact
term interaction between the scalars. This extra term becomes subdominant in the eikonal
limit in which the sources are highly energetic and their stress-energy tensor becomes traceless,
leading to the standard double copy relation as suggested in [I17]. Given this, we will explore
the eikonal limit in more detail in Section We take advantage of the fact that both abelian
and non-abelian objects can double copy to the same gravitational object [I18] and look at the
linearized TMYM case, that is, Topologically Massive Electrodynamics (TME). We prove that
the TMG and TME amplitudes exponentiate in the eikonal limit, but a simple double copy
relation as in the massless 4d case does not arise. Instead, we show that information beyond
the eikonal limit is required to construct the correct massive double copy. Nevertheless, we
can construct a simple double copy for the phase shift. To further understand the double copy
relation of topologically massive theories in the high-energy limit, we take a look at the classical

solutions generated by a highly energetic particle in Section We show that a coordinate
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space Kerr-Schild double copy can be obtained for wave solutions when taking into account a
special set of boundary conditions. In the process, we show how the choice of ¢ prescription
for obtaining the phase shift is related to the boundary conditions of the topologically massive
field. Lastly, we in Section by discussing the 3d equivalent of Weyl double, which is a way
of directly relating the Cotton curvature tensor to the field strength tensor. This relationship
holds in curved backgrounds for wave solutions. We give an explicit proof for Type N spacetimes

and show few explicit examples.

3.2 Topologically Massive Theories with Matter Cou-

plings

In this section we briefly review the actions of Topologically Massive Yang-Mills (TMYM) and
Topologically Massive Gravity (TMG) theory with a minimal coupling to matter. The action
of TMYM with a source is,

m

1
Srmym = /d3£17< - ZFWVFWV + €uvp 19

<6A““8”Ag + V2 fabcA““A””AC"> + %AWJW> ,
(3.1)

where m is the mass of the gauge field and g the coupling strength. The equations of motion

can be easily obtain from (3.1]) and read

m

v g v
5 ¢ ME, =—=J", (3.2)

V2
where D, = 0, — %Aw F,, = F;,T% with Fj, the Yang-Mills field strength and 7 the

D, F* +

generators of the gauge group. A large simplification occurs when we consider an ansatz for
the gauge field of the form A* ¢ = ¢*A* such that the equations of motion become linear and

read

v m_, 9
GMFM + 55 p,pr,y = EJ , (33)

where F'* is the Maxwell field strength since we have linearized the theory.



3.2. Topologically Massive Theories with Matter Couplings 87

On the gravitational side, we use the conventions x* = 167G and v = N + Khy,,. Therefore,

the action of TMG is,

1 1 v o o 2 a o
STMG = ? /d3xw/—g <—R — %6“ P (FW&,FQP + gPuUFVﬂF;B)a) + »CMatter) ) (34)

and the equations of motion are,

G+ Cu/m =—k*T,, /2 , (3.5)
where G = R" — %Rg“” is the Einstein tensor and

o = iy (RY iggR) (3.6)

is the Cotton tensor. Despite the fact that the action is third order in derivatives, the theory
is ghost free [88], due to a e**”? structure of the gravitational Chern-Simons term which makes
the theory to be second order in time derivatives. The equations of motion largely simplify if
we consider a Kerr-Schild ansatz for the graviton field h,, = ¢k, k, for which the equation of

motion is linear.

3.2.1 2-2 Scattering of Matter

In this subsection, we look at the scattering of minimally coupled massive scalars through a
topologically massive mediator and analyze their double copy relation E| We take the mass
of the scalars to be that of the topologically massive mediators E| We write the tree level 2-2

scattering amplitude of scalars in the adjoint representation coupled to TMYM as

3
Ciny
Ai=gy 0 (3.7)

In all the scattering amplitude calculations presented here, we work in Lorenz gauge for TMYM and in de
Donder gauge for TMG.

2When the mass of the scalar, m, is not the same as the mass of the mediator, M, the double copy of Ay
can be written as MP¢ = My + P((St’i’“), where P is a polynomial. This % term has massless poles and
their residues are proportional to m? — M?2. If we require that M only has contributions from the exchange

of a massive mediator and contact terms, we have to set M = m.
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where the kinematic factors are given by

. Mo v, P
[ €urpP1P2P3
s == (u—t) —2m 2128
ns = 3 (u—1t) —2m .
. mo v, P
¢ €urpP1P2P3
=g (s —u) —2m ; :
i €uvpPI P15
= 5 (t—s)— QmT, (3.8)

where s = —(p; + p2)%, t = —(p1 + p3)? and u = —(p; + py)?. Here, the coupling to TMYM
is given by Eq. with J#H @ = fecghg 0. It looks like there are massless poles in
however, the residues of these poles are zero. This is generic feature of the amplitudes in
topologically massive theories due to 1/p® terms in the propagators and that
do not correspond to a pole of a physical particle exchange. It is likely that there is another
choice of kinematic variables in which these massless poles are not present.

Similarly, the minimally coupled scalar scattering amplitude in TMG is given as

M <86pr’fp§p§m (4m? — 2s — t) — 32im*s + 8im? (s* + st + %) + it3+
4 p—t

t(m?—t)
8€,,pP I Pspim (—4m? + s 4 2t) + i (—32m*t + 8m? (s> + st + %) + s°)
s(m? —s)
i (—8i€u,Pipspim(s — t) + 192mb — 112m* (s + t) + 4m? (5s* + 8st + 5t%) — (s +1)3) | K°
(—4m2 +s+1t)(—3m2 +s+1t) 16’

(3.9)

where we have used s+t +u = 4m? to express u in terms of s and t. The double copy of (3.7),
MPC differs from (3.9) by

My — MPC = —im?k?, (3.10)

which means that we can match them by adding a contact term, —“24’?2 4 in the action of
TMG with a minimally coupled scalar. This non-trivial realization of the double copy reduces
to the trivial case when taking the high-energy (large s and small ¢) limit. In such a limit, the
contact term contribution becomes subdominant since the scattering through the topologically

massive graviton grows as s. In the rest of this section we explore in detail the double copy in

the eikonal limit and leave the analysis of the double copy with more general matter for future
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studies.

3.3 Double Copy in the Eikonal Limit

The high-energy limit of scattering processes has been largely studied due to its connections
to classical backgrounds, which was first explored in [119]. Recently, the focus on the eikonal
hmitﬂ has increased given the ability of obtaining classical observables that describe the inspiral
phase of the coalescence of compact binaries from the phase shift [120, 121], 122, [123] 124 125,
126, 127, 128, 129 130, 131, 132}, 133]. In this limit, it has been shown that a simple double
copy relation arises in 4 dimensions [47, [134], [135]. Since the eikonal amplitude includes infor-
mation at all loop orders, a double copy relation for topologically massive eikonal amplitudes

will be the first hint for an all orders double copy.

We proceed to analyse in detail the topologically massive double copy in the eikonal limit where
we expect it to hold without requiring extra interactions on the gravitational side. We consider

the 2-2 scattering of external scalar fields with the following kinematics,

1 (q2 q -1 (q? q
no_ - 2) v 4 b T am?), . L 3.11
D (qu(4+m>’p’2)’ D3 (qu(4+m ,p72 ) ( )
1 [q?2 -1 (q” —q
T -, ,2) 9 P e (2] ) 3.12
b ( ,2pu(4+m), ) i (p,qu(4+m '3 (3.12)

These momenta are on-shell, p? = p3 = p3 = p3 = —m?, and satisfy the momentum conservation

N[

condition pf + ph + p§ + p} = 0. Here we work in lightcone coordinates (u, v, zt),

(2" + ') . (3.13)

3Note that our definition of eikonal limit is the limit when the center of mass energy is larger than any other
scale. There is a different definition of eikonal limit when the center of mass energy is much larger than the
momentum transfer but smaller than the mass of interacting objects.
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The independent Mandelstam invariants are

(4m? + 8pyp, + ¢°)*
32pupy
t=—(p; +p3)2 =—q?. (3.15)

s=—(p+p)’ = (3.14)

In the eikonal limit, the momenta p¥ and p* are much larger than ¢ and m and hence s ~

—u >>t and s >> m?2.

In the following, we compute the eikonal amplitude to all orders for TMG and TME. We
focus on the Abelian case for simplicity since we expect that in the eikonal limit both Abelian
and non-Abelian cases double copy to the same gravitational solution, as in both cases the
same diagrams contribute to the eikonal scattering amplitude. Also, we know that eikonal
amplitudes are related to classical shock wave solutions, which are solutions to both Abelian

and non-Abelian theories.

3.3.1 Eikonal resummation in TMG

In 4d, it has been shown that the ladder and cross-ladder diagrams for massive particles of
arbitrary spin, which are expected to dominate in the eikonal limit, re-sum in impact parameter

space [136]. The eikonal 2 — 2 amplitude to all loop orders is given by
iMEK (s, 1) = 25 / AD-2peit (62'5(35) . 1) , (3.16)

where the leading order in ¢/s and m?/s eikonal phase reads

-, 1 dD_zi —iqh 9
(5(8,6) = % We Mtree(syt = —((jj ) s (317)
with Miee(s,t = —(q)?) the 4-point, tree level scattering amplitude given by the t-channel

graph in the eikonal limit. Furthermore, this phase can be expressed in terms of the square

of 3-point amplitudes by applying a BCFW-like shift. We prove the eikonal resummation for
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topologically massive theories in Appendix [ For TMG M, is given as

—ik%s*m

Mueols:t = =) = S0ty imy

(3.18)

To compute the phase shift explicitly, we see that we need to regulate the following divergent

integral,

—Zli Sm —ibg
= 3.19
/ 21 (g + zm) 2la+im)° (3.19)

that is, we need to choose some ie prescription for integrating around the pole at ¢ = 0. We
will see later that this freedom corresponds to the freedom in choosing boundary conditions of
the shockwave solution corresponding to this scattering process and we will make the choice
best suitable for double copy. Following [137] we shift ¢ — ¢ — ie and close the integration
contour in the lower half plane when b > 0 and in the upper half plane when b < 0. This way
the contour at infinity goes to zero and we can evaluate as a contour integral. It picks
the residue of the pole at ¢ = —im when b > 0, and the residue of the pole at ¢ = 0 when

b < 0. Therefore we can write

5= “Em <—Resq_im (me—ﬂw) 6(b) + Res,_o (Ww‘bq) 9(—5)) C(3.20)

Evaluating the residues we get that the phase shift is given by

5= Z—Zj (e7"0(b) + (1 — mb)O(—b)) . (3.21)

Then the eikonal amplitude reads

iMe = 25 /_ Z dbe =" <exp (@ (e7™0(b) + (1 — mb)e(—b))) — 1) . (3.22)

4dm

Note that this could be explicitly evaluated in terms of incomplete gamma functions as in
[138]. To understand the connection between the boundary conditions and regularization of

the integral, we can see what happens if we choose a different ie prescription for the ¢ = 0 pole,
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for example if we shift it as ¢ — ¢ + ie. Then phase shift changes by

HQZm (_Resq:0 (q2( 1 )e—ibq)) _K's (1 —mb). (3.23)

q+m 4m

We will see in Section that this correspends to homogeneous solution of TMG equations

of motion that can only be fixed by boundary conditions.

3.3.2 Eikonal resummation in TME

The sum of all loop diagrams for TMYM is complicated due to the different colour factors
arising at each loop order. Since we are interested in shock wave solutions which are also
solutions of the linearised theory here we will consider the eikonal amplitude in topological
massive electrodynamics (TME) of two scalars of charge (). From now on we slightly change
the notation by absorbing the 1/ V2 factor into Q. In other words, the covariant derivative
acting on the scalar is now D¢ = (d — igQA)¢. The calculation of the TME eikonal amplitude

is given in Appendix [[| and the expressions are very similar to the TMG case:

iAo = 25 / dbe ™ (e — 1), (3.24)
where the phase shift reads
o 1 > dgY o y\2\ —ibq¥
= % . %Atree(s,t = (q ) )6 > (325)
and Agee 1S given as
2892Q2

Atree(sat = _<qy)2> (326)

q¥(qv +im)’
Evaluating this explicitly and choosing the same contour of integration as in the TMG case

gives

5— il (—Resq:im (%aibq) 6(b) + Res,—o (%w’bq) 9(—5)) (327)

2 q+im) q(q +im
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which finally leads to a compact expression for the TME phase shift

5= o (e7™0(b) + 6(—b)) . (3.28)

m

3.3.3 Double Copy of Eikonal Amplitudes and Phase Shift

After showing that the exponentiation in the eikonal limit is a feature of TMG and TME
amplitudes just like in the gravity and Yang-Mills case in 4d, we would like to understand if
a simple double copy relation arises in this limit just like in 4d [47]. To do so, it is useful to

write the n — 1 loop diagrams of the TME eikonal amplitude as

1A, 1 i 1\ e —ib dg? sQ*(qV —im) )
=) e (R ™) - 6

comparing this with ,

iAn—l ﬂ
(V2g)> D’

where ¢ is the colour factor, IV is the kinematic factor and D is the product of all propagators

(3.30)

(which also includes the factor of (2s)"~! which comes from propagators), we can identify
c=Q™ N = (s(1—im/¢¥))" and D = (25)"((¢¥)*> + m*)". Following the prescription
of leaving propagators untouched and exchanging colour (in this case electric charge @) for
kinematics, we can now find the double copy by considering the replacement Q? — s(1—im/q¥)

which leads to

4 (D.C. n—1 roo . © da¥  §2(g¥ — i A\
My 1 (1 / dbe—iba / dg’ _s(q" = im) )" (g5
(ik/2)2  n! \ 2s oo Coo 21 (g¥)*(q¥ +im)

When comparing to the TMG result in Eq. ([.12)), Eq. ([.13) and Eq. ([.14]), we can see that

there is a mismatch in the amplitudes. Naively, this could be interpreted as requiring new

degrees of freedom on the double copy side. Nevertheless, we will show that this is not the

case, and instead it is just an artifact of the massive double copy.
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We now proceed to understand the origin of the mismatch between the double copy and TMG
eikonal amplitude by looking at the tree level result in detail. We start by looking at the
eikonal limit of the kinematic factors of the four-point scalar amplitude in topological massive

Yang-Mills:
s m
s — ’U,:_'_y =  + — 3 3.32
ns=n iy M= <z \/—_t> (3.32)

where the £ sign comes from e,,,,p|psps = i%\/ stu. We see that in the Yang-Mills amplitude

the t channel dominates since the s and u channels are suppressed by 1/s:

(3.33)

However, when constructing the massive double copy we have a new term proportional to
(ns + ng + ny)? coming from requiring the CK duality. In this term all channels contribute

equally:
ms

Ng+ N + Ny = F . 3.34
t \/—_t ( )
Therefore, the double copy of this amplitude is not simply proportional to n?:
", (E) - M, = ng n? ni o (s + 14 + nu)2 = n? o (s + 14 + nu)2
2 s—m?2 t—m?2 u-—m? m2 t —m?2 m2
_2ms*(m tiy/—t)
B t(t —m?2) ’
(3.35)

which correctly reproduces the TMG eikonal amplitude. This tells us that to correctly double
copy the scattering amplitude in the eikonal limit we require information beyond the eikonal
limit. Alternatively, one could further require that [¢t|<< m? in which case a simple double copy
relation arises if we take Q? — &”—}t and note that in this limit the propagators are given by —m?
[12]. Nevertheless, restricting to the large mass limit would lead to an incorrect computation

of the phase shift as can be seen from the previous sections.

Note that despite this issue at the level of the scattering amplitudes, a double copy for the

phase shift will arise in the same way as in the 4d Yang-Mills and gravity case. To see this,
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one should note that given our choice of boundary conditions, the phase shift is only physical
for y > 0. On this side of the shock wave, the phase shift scales as expected for a scattering

through a massive mediator of spin J, that is, § ~ s/71e™™*. Thus we see that

5TME 2 5TMG
g° m ?—s  (K/2)2 m

3.4 Double Copy of Classical Solutions

In this section, we will relate the eikonal amplitudes computed above to classical field profiles
for the graviton and the gauge field. We do so by interpreting the 4-point scalar amplitudes as
the scattering of a scalar off a shock wave background, which in turn is generated by a point-
particle with large momentum (the second scalar). Since it is possible to write the gravitational
shock wave in Kerr-Schild coordinates, we will explore if we can construct a classical double
copy for such solutions. For the standard massless Yang-Mills and Gravity cases, the double

copy of shock waves has been explored in various contexts [47, 139, 118, 140].

We proceed by looking at the Kerr-Schild double copy, single copy and zeroth copy ansatze and

understanding the equations of motion that they satisfy. Given a metric of the form

g/ﬂ/ == nul/ + /ﬁ:kukyas 9 (337)

where 7, is the Minkowski metric and &* is null and geodetic, the single copy is given by
AP H = AP = kF g . (3.38)

To understand if this ansatz gives a solution to TMYM we look at the trace reversed TMG

equations with one upper and one lower index

1 2
R+ —Cf = —%(Ty —Tghy. (3.39)

14
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Contracting this equation with a Killing vector V# one finds

v

1 K

FM 4 —eofy VAF Xt pyr) = -J" 3.40
VAF™ + "V V A/ﬂerkA(ﬂrV) 57" (3.40)

2V 1
H = T — 0T — —ett VT 41
J Vpkp ( 14 14 2m6auv ) ’ (3 )

where V is the covariant derivative of n and

-
Xt =-V, [A“ (vy& + %)} : (3.42)
Y} = FPV k, =V, (APN 'k, — A'V k) (3.43)

We see that the equation of motion in TMG is third order in derivatives. This suggests that in
order to solve it we will need more boundary conditions compared to general relativity where
the equations of motion are second order. We will see later that in fact the boundary conditions
play important role in the classical double copy relations between shockwaves in TMYM and
TMG; the relations are only manifest for a specific choice of boundary conditions. This is
different from the usual massless case where classical double copy relations are apparent at the
level of equations of motion, without imposing any boundary conditions.

The equation for the single copy largely simplifies when we consider wave solutions. In such
case, the source either vanishes or corresponds to a particle sourcing a shock wave so that the
trace of the stress energy tensor vanishes. Furthermore, we can work with lightcone coordinates
such that

Nudatdzr” = —2dudv + dy* . (3.44)

Meanwhile, the Kerr-Schild and Killing vector are given by
kydat = —du , Vyda''=dv, k-V=1 (3.45)
The single copy equation of motion now reads

1
VAFM 4 — P VA F\g = gJ* = 2gV"TH | (3.46)
m



3.4. Double Copy of Classical Solutions 97

where we have taken x/2 — g. We note that the single copy does not automatically satisfy the
linearized equation of motion of TMYM unless the covariant derivatives pull out factors of the
mass and give

e kN, (Vm_%) =RV ,0 . (3.47)

2

This is satisfied as long as the zeroth copy, ¢%¢ = c%c?¢, satisfies the linearized massive biadjoint
scalar equation of motion for a vacuum solution or away of a localized source. To see that this
is a consistent requirement, we obtain the zeroth copy eom by contracting Eq. with the
Killing vector V' and find

o, meV (Vao)k, J-V
=g = 4
V2o + T +k 9 =7 (3.48)
where
7" = (VPky) V,, (9VHET = KMV ,0) + meV,,(Vrk,) ¢ . (3.49)

Considering again the case of wave solutions, we find that the zeroth copy satisfies the following

equation of motion

V3¢ + me' MV, (Vad)k, = j = 2VVVITH . (3.50)

Requiring consistency of the double copy restricts the zeroth copy to satisfy 0,¢ = —m¢. Thus,

the Kerr-Schild double copy for TMG waves fixes the zeroth copy to satisfy

¢ = Ae™™ (3.51)

where A is a constant. It is trivial to see that plane waves will satisfy the double copy relation.

Hence, in the following we analyze in detail the more involved case of shock wave solutions.

3.4.1 Shock Waves

Shock wave solutions are closely related to scattering amplitudes in the eikonal limit. A probe
particle moving in a shock wave background will experience a time delay which can also be

computed by considering the 2 to 2 scattering in the eikonal limit of such particle with the
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massless particle generating the shock wave. Understanding the double copy of shock wave
solutions could give a hint of an all order double copy relation. Here, we will analyze in detail
how to construct a double copy for these classical solutions. In TMG, these solutions have
been previously studied in [I38], 137, [141] where an important feature is highlighted, the need
to choose boundary conditions to fully fix the metric. In the following, we construct the TMG,
TME and biadjoint scalar shock waves by choosing a special case of boundary conditions that

makes the double copy relation explicit.

We start by constructing the shock wave solution in TMG for a source

T = B§(u)d(y)ons” (3.52)

Vv o)

with energy E. The metric can be written in lightcone Kerr-Schild coordinates with the Kerr-

Schild scalar given by
¢ =0(u)g(y) , (3.53)

where ¢ satisfies

9" (y) +mg"(y) = kEm(y) . (3.54)

The TMG shock wave is not fixed by requiring asymptotic flatness as in the GR case. Since
flatness only requires ¢g”(y) = 0, given a solution g; of Eq. (3.54), g2 = g1 + c¢(u)G is an asymp-
totically flat shock wave as long as G” = 0. So one could ask if there are certain boundary
conditions that allow for a double copy relation in coordinate space. Since we would like to
connect our classical solution to the eikonal amplitudes, we will choose our boundary conditions

such that they are consistent with the phase shift calculation in the previous section.

The 2-2 amplitude in the eikonal limit can be reproduced by considering the propagation of a
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point particle in the shock wave background. Following [138]E|, we change the coordinate v to
v vt g@(u)g(y) (3.55)

which changes dv — dv + 5 (6(u)g(y)du + 0(u)d(g(y))) so the metric is now
ds® = —2dudv + dy* — k 0(u) du d(g(y)) . (3.56)

For u < 0 the metric if Minkowski in u, v,y coordinates but for v > 0 it is Minkowski in
u,v + 59(y),y coordinates. Therefore, we can write the wavefunction of the incoming particle

with momentum p (in u < 0 region) as

1 ip-x
win - (27T)3/2€p ) (357)

while for outgoing particle of momentum p’ (in u > 0 region) it is

1 i 1.7
_ ip’-a+5ip’kg(y)
¢out = (27’(’)3/26 . (358)
The scattering amplitude M,;; defined as
0(po = 1',)0(pu — V') MY (ay =1y — py) = / @i (2) () (3.59)
is equal to
p. * dy i(—qy—Lkp'

MPP = /_OO %e( W3 pvg(y))’ (3.60)
where for our kinematics p' —p = —p2 — ps = q and p, = E so p/, = 5. This matches the
result in (3.22)) if

E —m
9(y) = —r— (e7™0(y) + (1 = my)6(—y)) , (3.61)

4Note that there is a minus sign in front of ¢ in (3.60) compared to [138], since the shock wave geometry
is sourced by particle 1 and the incoming test particle is particle 2. Therefore p, — k, of [I38] is equal to
Py + pj = —q in our convention.
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when taking into account the non-relativistic normalization and conventions:

Meik

Ars

Mgy = 6(q) + (3.62)
We can see that this choice gives boundary conditions such that in one side (y > 0) of the
shock wave the metric is Cartesian, i.e., lim,_, b, = 0, while for y < 0 it is flat, even if it
is in non-Cartesian coordinates. A different choice of boundary conditions would correspond
to adding some homogeneous solution of . Now we can connect this freedom of choosing
boundary conditions to the freedom in regulating the divergent integral in the eikonal scattering
amplitude calculation given in Section [3.3.1 We can easily see that changing the phase shift
by corresponds to adding a homogeneous solution of , since a function linear in y
is a homogeneous solution of .

We now proceed to compute the shock wave for linearized TMYM, that is, TME in a similar
manner. Consider a source J* = Qd(u)d(y)d” and an ansatz for the shock-wave solution in
TMYM of the form

A% = —c%(u) f(y)du . (3.63)

Plugging this in the TMYM eom gives

() +mf'(y) = —gQd(y) . (3.64)

As in the gravitational case, the shock wave is not fully determined by requiring that the field
strength vanishes at infinity. In this case, given a solution f; of Eq. , fo=fi+c(u)F is
also a shock wave with asymptotically vanishing field strength as long as f’ = 0. This leaves
us with the freedom of imposing stronger boundary conditions on the gauge field to fully fix it.
We will proceed as in the gravitational case and fix this boundary condition by looking at the
eikonal scattering amplitudes. We consider the scattering amplitude for the propagation of a

point particle in the shock wave gauge background. Similar to the TMG case, we first perform
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a gauge transformation on A
A= A+d(0(u)f(y) = 0(u)f'(y)dy . (3.65)

The wavefunction of a point particle with charge Q moving in an electromagnetic field, satisfying

D¥D, ) = 0, can be written as

) = 9" Audatips (3.66)

where the integral can be taken over any path that ends at x. We choose the path so that it
starts in the u < 0 region. The wavefunction of the incoming particle with momentum p (in

the u < 0 region) is then
1

e (3.67)

while for the outgoing particle with momentum p’ (in the u > 0 region) is

e19Q Y f' (W) dy' +ip'w _ 1
(27)3/2 (27)3/2

Vout = QYoo i (3.68)

Additionally, we choose the path such that the constant of integration is zero. Then by ({3.59)

the point-particle scattering amplitude, A2}, is equal to
APP- — / ) (3.69)
eik - o

Matching this to the eikonal amplitude in Eq. (3.28) and ([.20)), and taking into account the

non-relativistic normalization of the point particle amplitude in Eq. (3.62)) we find that

e ™0(y) +0(—y)) - (3.70)

This choice corresponds to boundary conditions in which the field strength is zero for y < 0

and on the other side of the shock wave we have lim,_,., A* = 0.

Lastly, we look at the zeroth copy, ¢%@ = %S, shock wave which is a solution of the linearized
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bi-adjoint scalar equations of motion:
(V2 —=m?)S = —\5(u)d(y) . (3.71)
The scalar field shock wave solution is

S = . (e7™0(y) + e™0(—y)) 6(u) . (3.72)

Note that for the scalar case, there is no analog of having the curvature, or field strength van-
ishing, or an extra freedom in the solution from choosing boundary conditions. In fact, in this

case the field approaches 0 at both y = 4o00.

Now, we can proceed to construct the double copy of the TMYM shock wave to understand if it
corresponds to the TMG shock wave. We can immediately see that this construction is highly
dependent on our choice of boundary conditions. If we simply look at the equations of motion,
we would naively conclude that the double copy of the TMYM shock wave does not correspond
to the TMG shock wave. Instead, it would suggest that the source on the gravitational side is
given by T, = £5(u)9d,d(y) with all other components being zero. Nevertheless, one should
be careful since we need to choose the appropriate boundary conditions to completely fix the
shock wave solutions. Considering the special choice used in the computations above, we can
see that the Kerr-Schild double copy holds on the y > 0 side of the shock wave. In this side
of the shock wave, the condition for the Kerr-Schild zeroth copy, Eq. , is fulfilled and the

double copy relation is satisfied when we consider the replacements:

g<—>g<—>1, 2 +— Q «— \ (3.73)

where the factor of 2 is standard in relating the Kerr-Schild sources as seen in Eq. (3.46)). On
the other hand, the relation does not hold for y < 0, but this should not cause alarm, since on
that side of the shock wave the spacetime is flat and the field strength vanishes. Hence, the

apparent mismatch is simply explained by the choice of boundary conditions on that side of
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the shock wave which obscures the double copy relation. This conclusion is similar to the time

delay computation presented in [I37]. Naively, computing the time delay, Az~ = §(s,b)/|p~|,

using the phase shift in Eq. (3.21)) and (3.28) will give a non-zero result on the y < 0 which is

unphysical since in this side of the shock wave the space is flat (the field strength vanishes).

3.4.2 Gyratons

Now we consider a generalization of the shock wave metric by adding a classical spin to the
source. In this subsection, we will construct such solutions for TMG, TMYM, and the biadjoint
scalar. In gravitational settings, this type of solutions have been dubbed gyratons and their

metric is

ds® = =2dudv + dy* + ké(u, y)du® + 2ra(u, y)dudy . (3.74)

The stress tensor is now given by
T, = (Ek“k:,, + ak(ues)ﬁka%) 5(w)d(y) | (3.75)

where E' is the energy of the source and o its spin. Writing ¢ = g(y)d(u), the TMG equation

of motion now gives
92 (g'(y)0(u) — 20,(u, y)) +mdy, (¢'(y)d(u) — 20,0(u, y)) = kmd(u) (Es(y) — od'(y)) . (3.76)

We see that outside the sources the equation of motion is similar to that of the shock wave but
now the y derivative of ¢ is shifted to d,¢ = 0,¢ — 20,c. The metric (3.74)) is invariant under

the following transformation [142]:
v—=v+RrANu,y), a—=a—0N\ ¢—p—20,\. (3.77)
We can fix this gauge freedom by imposing

By =0. (3.78)
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Now if we assume « has the same u dependence as ¢(u,y) = g(y)d(u), i.e. a(u,y) = a(y)d(u),
then the gauge condition implies that a(y) = constant. Then the solution of (3.76]), with the

same boundary conditions for ¢ as before, is given as

g= %(E +mo)e™0(y) + %(E +mo — Bmy)f(—y) , (3.79)

a=0. (3.80)

Here we have chosen o = 0 so that the metric is in Cartesian coordinates on the y > 0 side of
the gyraton. Note that with this choice the metric is in Kerr-Schild coordinates as in the shock

waves case.

It is interesting to note that the inclusion of classical spin changed the expression of the shock-
wave Kerr-Schild scalar on the physical side (y > 0) by shifting the energy as

E—E (1 + m%) . (3.81)

This type of energy shift was originally found when looking at gravitational anyons in [92]. It
is not surprising that the same shift arises for gyratons, since we can think of them as being
sourced by highly-boosted anyons. Alternatively, this shift can be obtained by shifting the y
coordinate as y — y — 0/FE and taking the small ¢/F limit. This shift is reminiscent of the
spin deformations of 3-point on-shell amplitudes in 3d [143], which in 4d are related to the
Newman-Janis shift[144] 145, 146, 147, 148, 149]. We will see in the following that this shift

also arises for the TME and biadjoint scalar gyratons.

On the gauge theory side we can consider the following gauge field:

A% = (o(u,y)du + B(u,y)dy), (3.82)
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which gives only one non-vanishing component of field strength F,, = —0,¢ + 0,0 just like
in the shock wave case. Expressing ¢ = f(y)d(u), the equation of motion with the spinning

source,

Ju = (Qky + Q'€ kads) 6(u)d(y) (3.83)

gives the following:
By (f' ()0 (u) — AuB(u, y)) +m (f'(y)d(u) — BuB(u,y)) = g (Q5(w)d(y) — Q'3(u)d'(y)) . (3.84)
We now choose to impose the Lorenz gauge condition which implies
9,8=0, (3.85)

but we still have some residual freedom from choosing boundary conditions which we fix by
picking the same boundary conditions as in the shock waves case, that is, that the field strength
vanishes on one side of the shock wave and on the other side the gauge field vanishes asymp-
totically. With this choice, we get the following solution:

7 =g () 1 g Loy, (3.86)

8 =0. (3.87)

An important feature of this choice is that the gauge field is null, as required by the Kerr-Schild

single copy ansatz.

Finally, we construct the zeroth copy solution for a spinning source. The linearized equation

of motion reads

(V2 =m?)S = — (A(u)o(y) — No(u)d'(y)) (3.88)
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and its solution is given by

1

S = . (A +mN)e™0(y) + (A —mXN)e™0(—y)) 5(u) . (3.89)
m

Consequently, we see that Kerr-Schild double copy works in a similar way as before in the

region y > 0 where the curvature (field strength) is non-zero, with the replacements now given

by

g<—>g<—>1, 20E4+mo) «— Q +mQ" «— X +m\ . (3.90)

3.4.3 dRGT Shock Waves

As a special case, we will analyze the massive double copy of shockwaves in d > 4. Although
it is known that the double copy construction fails to reproduce dRGT massive gravity at 5-
points due to the appearance of spurious poles, it would be interesting to understand if it is
possible that the 4-point double copy holds beyond tree-level. A simple example that that can
help us understand this consists of analyzing the classical shock wave solutions since this can
be entirely reproduced from looking at the 2-2 eikonal scattering. In dRGT, the shock wave
solutions for a stress tensor of the form T" = Ed(u)o (7 — )oY can be written in Kerr-Schild

form as
ds? = —2 dudv + A2 + kd(u)F (F) du?® , (=V*+m?)F (Z) = kES(Z — ©p) . (3.91)

In fact, this is a solution to the equations of motion for a massive graviton with an arbitrary
potential [I50], even if such cases include ghosts. The Kerr-Schild vector and scalar are given
by

kydat = —du , ¢ =06(u)F (%) . (3.92)

Thus, the single copy is given by

AP @ = —co5(u)F (Z) " . (3.93)
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Using this in the massive Yang-Mills equations of motion and considering the replacements in

Eq. (3.73)), we find

(=V?+m?)F (2) 6(u) = gQd(% — &) , (3.94)

which tells us that this indeed corresponds to a shock wave solution of massive Yang-Mills with
a source J* = Q0(u)d(Z — Zy)d¥. One should note that this double copy relation holds for all
d > 4. This simple relation might be a hint that the loop level massive double copy holds at

4-points for massive gravity.

3.5 Cotton Double Copy

Having seen that the Kerr-Schild double copy between shockwave solutions of TMYM and TMG
holds on the non trivial side of the shockwave, y > 0, where the curvature and field strength are
non-zero, raises a question: can we get a cleaner formulation of double copy by directly relating
the curvature to the field strength? In 4d this is known as Weyl double which is summarized
in the introduction. However in 3d the Weyl tensor is zero so another formulation of double
copy is needed. It turns out that the Cotton tensor plays the the Weyl tensor role, therefore
we attempt to relate Cotton tensor of TMG to the field strength tensor of TMYM. Since the
Weyl double copy is usually formulated in terms of spinors we will use 3d spinor formalism for
Cotton double copy.

Since we will be interested in curved backgrounds we write the action of TMYM in a curved

spacetime as

V2

+emrty <6A““8”Ap +gVv2 fabcA““A””Acp>> (3.95)

Srmym = /dgl‘v ( FWVFa#u*’ s —= A"

where m is the mass of the gauge field, g the coupling strength, and ¢,,, is the Levi-Civita
tensor given by €,,, = /—9€u,, With €,,, the Levi-Civita symbol. As before, we will consider

gauge fields and sources of the form A* ¢ = ¢*A* and J* ¢ = ¢*J*, with ¢* a constant color



3.5. Cotton Double Copy 108

charge, so that the equations of motion become linear and read

v m_, g w
VMFM + 55 pﬂpr,y == EJ s (396)

where F),, is the linearised Yang-Mills field strength. As we saw in the previous sections the
double copy of TMYM corresponds to TMG theory whose action (including the cosmological

constant),

1
STMG :E /d?’l’\/ —9( — R+2A+ /CMatter

1 2
v a o a 1o 7B
et p(rwayrap - grwryﬁrm)) , (3.97)

where k? = 167G, and A is the cosmological constant. The equations of motion read

T
G+ Cu/m= —/12% — Ag (3.98)

where G* is the Einstein tensor and CH = gho# Va(RE — iggR) the Cotton tensor.

We proceed to understand whether one can construct an analogue of the Weyl double copy
for topologically massive theories. When trying to generalise this to 3d, one immediately hits
a roadblock since the Weyl tensor is zero. Instead, we will look at the analogue of the Weyl
tensor in 3d which is the Cotton tensor. In 3d, the Cotton tensor is invariant under conformal
transformations and thus is zero for conformally flat spacetimes, just like the Weyl tensor for
d > 3. Since the Cotton tensor appears in the TMG equations of motion, Eq. , this tells
us that we could write it as a square of terms in the TMYM equations of motion. By a simple
counting of derivatives, we see that an appropriate ansatz is

1 (a/\F}\i(nu') <5u)pv(Fw)hn'>

lin. _ _ —
C/W - 4 ez’p-x

: (3.99)

which is satisfied for plane waves. Note that we can use the TMYM equations of motion, (3.96)),

to rewrite this relation in a simpler form. Considering only localised sources, outside of the
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source we have

*th'*F lin.
lin. _ M T T
Cow =5 (3.100)

where *F,, = ¢,,,,F""/2 is the dual field strength. In the following section we will use this

relation as motivation for the Cotton double copy.

3.6 3d Spinor formalism for the Cotton double copy

The spinor formalism in 3d has been considered in [I51) 152 153]. It uses the fact that the
3d Lorenz group SO(2,1) is isomorphic to SL(2,R)/Zy to rewrite the tangent space Lorentz

transformations. This allows us to write a vector in tangent space as
Vs = —(0a)apv*?, (3.101)
where the sigma matrices, o,, form a basis of SL(2, R) that satisfy the Clifford algebra

(0a)a8(0)" ¢ + (00) aB(06) ¢ = 2nweac. (3.102)
We choose the sigma matrices as

L 0 1 0 1 10
oAy = , , . (3.103)
v2 il 21 o 10 0 —1

Note that 045 and 4% are symmetric.

To move between coordinate space and tangent space we use the frame e/ that satisfies
Nab = €"2€"bg,- Thus, we can write a vector in coordinate space as v* = —et, (o) 4 gv5B.
The SL(2,R) indices, A, B = 1,2, are lowered and raised with the 2d Levi-Civita sym-

bol e p according to the following conventions ¥* = peP4 | 1y = e py? [152]. In the

following, it will be useful to work with a spinor basis given by a dyad (¢,0) that satisfies
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tatd = 040" =0, 140" = —1. Thus we can write eqp = 2140pB).

Now we proceed to expressing the linearised TMYM field strength tensor, F),,, in terms of
spinors. Contracting the Lorentz indices with o matrices gives Fapcp, which must be antisym-
metric with respect to exchanging AB to C'D. Using this antisymmetry property and that the
fact that antisymmetrization with respect two indices A and B must be proportional to €p,

it is easy to see that Fypcp must be of the following form:

Fapep = fpeac + facenp (3.104)

where fap = fpa can be interpreted as the dual field strength f# = —o*i 548 oc '*FF,4.
Then substituting this into the equation of motion (3.96)) in vacuum (J” = 0) and expressing

everything in terms of spinor indices we get

m

Visfme = Z5fan (3.105)
Now we use the Bianchi identity, dF' = 0, which in terms of spinors is
VerFapep + VapFeper + VepFerap = 0. (3.106)

Contracting this with ¢¢ and €®P and substituting (3.104) gives V[C;,gzﬁ alc = 0, which implies
that symmetrization on the left hand side of (3.105)) is redundant. Therefore the equation of
motion of f4p can be written as

m

ﬂfAB : (3.107)

Vifse =

Similarly, we need to write TMG equation of motion in terms of spinor equivalents of curvature
tensors. In a vacuum 3d spacetime (7),, = 0), the TMG equations of motion can be written as

1

1
G = Ry — §ng, =5

1
Rguzz - Ecpm (3108)

since contracting the indices of the equation of motion and using the fact that C,, is traceless
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gives A = —R/6. This implies that the Cotton tensor is proportional to the traceless part of

the Ricci tensor, ®,,, on the solutions of the equations of motion:

R

Ch=—m (Ruv - ggm,) =-—m®,,. (3.109)

The definition of the Cotton tensor, C), = 5“aﬂVQ(R’[_’, — %gg ), together with contracted

Bianchi identity, V#G,, = 0, which in terms of spinors is
AB 1
VA2 ®agop + EVCDR =0, (3110)

implies that the Cotton spinor is related to the spinor corresponding to the traceless part of

Ricci tensor, ® 4pcp, in the following way [152]
Capep = —V2V 4@ pep)p. (3.111)

The fact that €}, is symmetric and trace free implies that Cypcp is totally symmetric. Substi-
tuting the spinorial version of (3.109)) into this equation gives the following equation of motion
for the Cotton spinor:

m

ViuCoepyp = —=Cascp. (3.112)

V2
Using the Bianchi identity (3.110]) in vacuum where R = —6A is constant implies that Vﬁ@ BICDE =
VﬁC’ Blcpe = 0, therefore the symmetrization of the indices of the left hand side of (3.112)) is
redundant so the equation of motion for the Cotton spinor can be written as

m

V2

V¥ACprep = —=C%cpE . (3.113)

Motivated by the linear relationship found in Eq. (3.100]), we propose that the analogue of the
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Weyl double copy between the Cotton and field strength spinors isE|

Capcp = %% . (3.114)

Below we will proof that this relationship is satisfied for Type N spacetimes with a scalar
field S satisfying the massive Klein Gordon equation with a non-minimal coupling in curved
spacetimes. Note that follows the KLT double copy philosophy. In our case S plays the
role of the KLT kernel and can be thought of as a linearised solution of the massive biadjoint

scalar when considering the ansatz S% = ¢%c’S; this is commonly referred to as the zeroth

copy.

3.7 Algebraic classification of tensors in 241 d

Now we briefly review the 2+1 d analog of classification of tensors in 34+1 d. First we need to
introduce the concept of principal spinor. A symmetric n-index spinor, ¢4p.. g can be written

as

baB..E = (APB---0p), (3.115)

where the spinors «, (, ...,0 are called principal spinors of ¢. This can be seen by contracting
¢ 4p...p With n factors of an arbitrary spinor ¢4 = (£, &), which gives (&)" times an n th degree

polynomial in & /&:

n n—1
Gap. nEAEB 8 = (&) <¢11.._1 (%) + ot (%) F— ¢22.__2> . (3.116)

By the fundamental theorem of algebra this polynomial must be a product of its roots, z;:

(&)" ﬁ (% - Zz) = ﬁ (& — 2&2) (3.117)

=1 =1

5The mass factor in Eq. (3.114) is a choice of conventions. It could be absorbed in S or we could write the
relation for the traceless Ricci spinor since the TMG equations tell us that Capcp = —m®P apcp, where the
traceless Ricci tensor is given as S = R* — Rg"" /3 = o'y pot.p®aBcD.-
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which can be written as

Gap. AR EF = a &M BpEP . 0pE", (3.118)

where, for example, we can choose ay = (1,21), Ba = (1, 22) etc. This gives because
¢ is arbitrary. Since symmetric traceless tensors correspond to totally symmetric spinors, they
can be classified by the multiplicity of the principal spinors.

As was shown in a two-form can be written in terms of symmetric spinor f4g. Once a

basis for spinors (¢, 0) is chosen, fap can be expanded as

fap = (®ot® + 28110 4+ §50%) (3.119)

(AB)”’

and its algebraic classification [154] is found in Table[3.1] Different types correspond to different
ways of how a symmetric real (fap = ﬁ; where hat denotes conjugation) spinor can be a
product of principal spinors. We see that this classification corresponds to classifying the dual

field strength f# as spacelike, timelike or null.

Table 3.1: Algebraic classification of two form field in 2+1 d [154].

fuf* Normalization Principal spinors

>0 | &, =0,dy/P <0 fap = aBp) with a4 = as, 4= Ba
<0 (131:0,(1)2/(130>0 fAB:a(AaB)

=0 <I>0:O,<I>1:0,<I>2:i1 fAB:j:a(AaB) with aA:aA

Similarly, as mentioned before, the spinor equivalent of a symmetric tensor and traceless rank-2

tensor is totally symmetric. In such case, one can write the corresponding spinor as

Capcp = (\IJOL4 + 40,20 + 605207 + 4U500° + \11404) (3.120)

(ABCD) °

and the algebraic classification [154] is found in Table [3.2] The curvature scalars U; are the
analogous of the 3+1 d Newman—Penrose (NP) scalars [I55]. Like in 4d the symmetric tensors
can be classified by the multiplicity of their principal spinors, however in 3d a further classi-
fication can be obtained, since when two principal spinors, o and [, are not proportional to

each other, o can either be proportional to the conjugate spinor of 3, B , (whose components in
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Lorentzian signature are 8, = (B4)*) or not. In the rest of this thesis we will focus on type N
spacetimes. One can in principle look for double copy relations in type D spacetimes. However,
it was shown in [I56] that all type D solutions of TMG are equivalent to the biaxially squashed
Anti-de Sitter space which is not an asymptotically flat space, therefore it is not obvious what
should be the corresponding single copy solution in TMYM and on which background it should
be defined.

Table 3.2: Algebraic classification of a rank 2, totally symmetric, traceless tensor in 2+1 d [I54].
If we restrict ourselves to real principal spinors, a4, 84,74, 04, we have the same Petrov types
as in the standard 341 classification. Note that the spinor dyad (¢, 0) will change under Lorentz
transformations, which in turn induces a change on the NP scalars, ¥;, so the normalization
changes under Lorentz transformations.

Type Normalization Principal spinors
I | Wy =Wy =0, = Uy, 30,/ U < —1 | Dupop = aufBpredp) with d=a,0=,9=76=10
IZ | W =W5=0Uy=—V,#0 ®apcp = afprcAp) with @ =a,f = f
127 | Uy =Wy = 0,05 = Uy, 30, /Wy > 1 | Bapep = +audpfobp)
I | =0y=0,=0,0,/T, <0 D apcp = aaapSoyp) with @ =a, 8 = 5,9 =5
U7 | Uy =0y =0y =0,0y/Ty >0 ® apcp = taaapfefp) with @ =
D | Y=V, =V3=U,=0,¥y#0 ®apop = foaapBefpy with a = a,f=p
DZ |0 =U;=0,Ty=1U,=30,#0 ® apcp = o aapicdp)
ML | Wy =0, =Wy =0, = 0,03 =1 ®apcp = apaapacfp) with @ =a,3 =
N Ug=U; =0y, =U3=0,T, =41 ®apop = faaapacap) with & =«
O |Vy=0,=T,=T;="T,=0, Papcp =0

3.8 Type N solutions

We will consider Cotton double copy for Type N solutions of TMG in Minkowski and Anti-de
Sitter (AdS) backgrounds. For AdS we will work in Poincare coordinates in which the AdS

metric is written as
L2
ds? g = 7 (—2dudv + dy?) | (3.121)

where L is the AdS radius.

For Type N solutions, which encode transverse radiation, the Cotton spinor and field strength
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spinor can be written as

Capcp = V4040p0c0p ,  fap = P20408 , (3.122)

where ¢, and ®, are Newman-Penrose (NP) scalars. In this case, the double copy can simply

be expressed as
2
mo;

U, =
DTS

(3.123)

We will now prove that the Cotton double copy holds for type N spacetimes in curved back-

grounds by deriving the equation of motion of the zeroth copy S.

We start by substituting (3.122)) into (3.113]) and (3.107]), and contracting the equations with

¢ and o to get:

0aVAclog Uy + 4048V A 005 — 1408V Ao = %oc , (3.124)
oaV3c log &5 + 2048V A cop — 140PV 00 = %oc , (3.125)
0Poc V5 =0. (3.126)

From the Cotton double copy in (3.123]), together with Eqs. (3.124]) and ([3.125)), we find

m

7% (3.127)

oAVAC log S — LAOBVACOB = —

To show that S satisfies the Klein-Gordon equation with a non-minimal coupling term first we

write V, VIS as
—VABVABS = —EACvCBVABS = 2LcOAVCBVABS. (3128)

Then, one can use the Leibniz rule and (3.127)) to eliminate the derivatives of S:

2LCOAVCBVABS = —2LcVCBOAVABS

) | (3.129)

+ 20V (SLAODVABOD — ﬂSOB
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Expanding (3.129)) and using ([3.127) to eliminate VS terms we get:

— V.sVABS =8 (ZLCVCBLAODVABOD

+ 2LCLAVCBODVABOD + QLDLAVACODLEOFVECOF
(3.130)

—mvV?2 (LCVCBOB + 1piaVAc0P o — LCLEOFVECOF)

+m?+ QLCLAODVCBVABOD) .

The first three terms as well as the terms linear in m add up to zero by (13.126]). The term with

the second derivative of o can be related to curvature spinors by the following relation [I52]:

1 1
VD(AVB)DOC = §@A30DOD + ﬂR(EACOB + GBCOA) s (3.131)

where ® 4pcp is the spinor equivalent of the traceless Ricci tensor which is proportional C'sagcp,
see footnote . By substituting (3.122]), we see that the term proportional to ® 4gcp does not

contribute. Therefore we find that
DwC wAB 1
2tct40° V- gV 0p = ER.
Finally, substituting everything into (3.130]) we get

—VpVABS =08 = (m2 + éR) S. (3.132)

This proves that the Cotton double copy is satisfied for Type N solutions with the zeroth copy
given by a linearized massive bi-adjoint scalar with a non-minimal coupling. Note that we
obtained the same non-minimal coupling as in the 4d zeroth copy [56] 55, B34], but in 3d it
does not give a conformally invariant equation. We will now show explicit examples of Type N

spacetimes where the Cotton double copy holds.
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3.8.1 pp-waves

We analyze the double copy relation for plane-fronted waves with parallel propagation (pp-
waves). For TMG, any solution that admits a null Killing vector, well-defined through all
space, is a pp-wave solutionlﬂ [158]. In flat space the metric of pp-waves can always be written
as [156]

ds? = dy? — 2 du dv + e ™ f(u)du?, (3.133)
where u, v are lightcone coordinates. Now the pp-wave metric in AdS space reads

(1—mL)

ds? = dy? — 2e*tdu dv+e & Yf(u)du?, (3.134)

Note that we can obtain the dS solution by taking L — ¢L. On the TMYM side, we can write
the pp-wave solution as

A" = e ™ g(u)du, (3.135)

for the Minkowski, AdS, and dS cases. In Table[3.3we show the NP scalars for the corresponding
pp-waves in Minkowski and AdS. One can easily see that the scalar S, which is computed using

the Cotton double copy in Eq. (3.123) satisfies

R 1
(V2= m? = 2)S(u,y) = (9 —m’* + £5)S =0 (3.136)
\114 (1)2 S
N m3 —m m .—m (u)Z —m
Mink. | e (0 —y5e () 9{2@)61 ’
AdS mTef(fﬂn)yf(u) _%ef(f‘i’m)yg(u) ?f(&u’u) ei(ffm)y

Table 3.3: In this table we show the NP-scalars for the Cotton spinor and the dual field strength
spinor. We also show the scalar S constructed from the Cotton double copy in Eq. (3.123]).

5The nomenclature of pp-waves for the non-zero cosmological constant case can be misleading since the null
Killing vector is not covariantly conserved [157].
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3.8.2 Shock waves and gyratons

Minkowski

We now consider solutions with a source corresponding to a fast moving particle whose stress

tensor is traceless and is given by
T, = (Ekukr,, + Ok(ue(j)ﬁk:a%) 5(w)o(y) | (3.137)

where the null vector k* is defined as k,dx* = du, E is the energy of the source particle and o
is its classical spin. Note that this source can be thought of as a boosted gravitational anyon. If
the particle has no classical spin (o = 0) then it generates shockwaves; otherwise, the solutions

are dubbed gyratons. In flat space, both of these solutions have a metric of the form|Z|
ds? = dy? — 2 du dv + &F(u, y)du?. (3.138)
For these solutions, we have that the only non-zero NP Cotton scalar is
U, = —163F(u,y) : (3.139)
4 Yy
where F' satisfies the following equation of motion
B F (u,y) +moyF(u,y) = kmd(u) (Eé(y) — od'(y)) - (3.140)

On the gauge theory side, we will also consider a boosted spinning source whose current is
given by

Ju = (Qky + Q'€ ka0s) 0(u)d(y) (3.141)

"Note that the gyraton metric is generically written as ds? = —2dudv + dy? + kF (u,y)du? + 2ka(u, y)dudy,

where the cross term proportional to a(u,y) allows us to see the rotation explicitly [I42]. Here we have chosen
a gauge where o = 0.
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where () is the electric charge and @’ contributes, together with @), to the magnetic flux. We

consider the following gauge field
A? = *G(u, y)du, (3.142)

which linearises the TMYM equations of motion and gives only one non-vanishing component

of field strength F,, = —0,G(u,y). Hence the only non-zero NP field strength scalar is

By = —0,G(u,y) , (3.143)

1
V2
where G satisfies

097G (u,y) +md,G(u,y) = gd(u) (Q5(y) — Q' (y)) - (3.144)

Then the scalar S in the Cotton double copy, Eq. (3.114]), is given as

(0,G(u,y))*

S=-m . (3.145)
O (u,y)
Equations (3.140)) and (|3.144]) imply that outside the sources the following is true:
(V2 —m?)S(u,y) = 0. (3.146)

To see the double copy for an explicit gyraton or shock wave solution, we need to pick boundary
conditions for the metric. As realised in [I38], we cannot have the same coordinate chart on
both sides of the shockwave. In section [3.4.1| we showed that a useful prescription to observe
the double copy relation is to a consider boundary conditions where the metric is flat for y < 0

and Cartesian for y > 0 [I37]. Then we can solve (3.140|) imposing these boundary conditions:
Flu,y) = %(E +mo)e ™ (u)(y) + %(E +mo — Emy)d(u)d(—y) . (3.147)

Choosing the analogue boundary condition in TMYM, namely F),, = 0 for y < 0 and lim,_,,, A" =
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0, leads to

Q+mQ |

m

Q

Gluy) =g (1) (0(w)e™™) + g £6(u)0(~). (3.148)

On the y < 0 side of the gyraton, the double copy is trivial since ¥y = ®; = 0. On the other
hand, in the y > 0 side the NP scalars are
9@ +mQ") K(E + mo)m?

oy = Te"”%(u), v, = 1 e "o (u). (3.149)

They are proportional to those of the flat space pp-waves in Table times d(u). The analog

of gyratons in the zeroth copy satisfies:
(02 — m?)S () = (A + N,)3()3(u), (3.150)

which is solved by (with the boundary conditions similar as before)

(A= XNm)
2m

A+ Nm)

S ()(y) —

S(u,y) = — "o (u)f(—y), (3.151)

2m

We see that making the replacement % — "4&2(E + mo) leads to the double copy
relation in Eq. . Note that the shockwave solutions can be obtained by setting o = 0
and Q" = 0. We then see that the gyraton NP scalar is obtained from the shockwave one by
the shift £ — F (1 + m%) in TMG and Q@ — Q(1 + m%) in TMYM, which arise from spin

deformations of on-shell 3-point amplitudes [143] and was originally found for gravitational

anyons [92].

Anti-de Sitter space

We proceed to consider gyraton solutions of TMG and TMYM in a three dimensional AdS
background (the background metric is defined in (3.121))). Just like gravitational shockwaves



3.8. Type N solutions 121

in AdS, the gyraton solution can be written in Poincare coordinates as

L2
ds® = 7 (—2dudv + dy® + §(u) F(y)du?®) | (3.152)
where [’ satisfies:
F’ L
%F’” +mF" — mg = Kkm (E;(S(y —yo) — b (y — y0)> : (3.153)

where 1y # 0 is the location of the source in the bulk and we will assume mL > 1. As before,
we need to fix the boundary conditions to find the explicit solution. We choose to have the
same boundary conditions as in the Minkowski case in the flat space limit. This is equivalent to
imposing Brown-Henneaux boundary conditions and requiring a regular solution in the bulk.

The explicit solution with these boundary conditions is

2 (14 rmnm) (L) 0w
O A I
-y +

On the non-trivial side of the gyraton solution, y > vy, we have that the only non-zero Cotton

NP scalar is

(3.155)

On the other hand, the linearised gyraton solution for TMYM in an AdS background is given
by
A? = ¢*0(u)G(y)du, (3.156)
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where the function G satisfies

4
y ., 1+ Lm ,)
—(G"+ G
L4< y

) (3.157)

= %g (Qé(y — Yo) — Q’%ﬂy - yO)) :

The explicit gyraton solution with boundary condition analogue to the gravitational case,

namely F,, = 0 for y < yo and lim,_,. A* = 0, is given by

Gly) = —%

KH @ (l—i—mL)) <%>_me9(y—y0) (3.158)

QL
Q" \ (Y0)?
WAV S
+< tor ) \T (—y + v0)
Thus we have that for y > yo the only non-zero dual field strength NP scalar is

D2 = 20(u) £ 1 ()
(3.159)

/

B g . ., E —Lm
~ 200+ 2 (14 mL) /)i >(y0) .

Lastly, we consider the linearised biadjoint scalar, S = c%c%S, living in an AdS background
with a non-minimal coupling as in Eq. (3.132)) and sourced by (A + /\’%a—i)é(y — y0)d0(u) The

gyraton solution is now given by

AL

S =—
2myo

() (2) o

)\/ y 1+Lm
1+mi) (L 0 (-
+( +mA)(y0) (=9 +10)

where we chose boundary conditions by requiring that the field vanishes deep in the bulk and

(3.160)
o(u)

as we approach the AdS boundary. We note that this solution corresponds to the scalar that
arises from Eq. (3.123), which shows that the Cotton double copy is satisfied for AdS shock
waves as expected. Again the shockwave solutions can be obtained by setting o and Q' to

zero. In a similar manner to the flat space case, one can consider shifts of the charge and
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energy to obtain the gyraton double copy from shockwaves. In this case the shifts are given
E— E(1+%((14+mL)/L)) for the TMG case and Q — Q(1 + % (1+mL)/L)) in TMYM.
In future work, we will explore whether the origin of these shifts can be traced down to spin

deformations of three-point correlators.

3.9 Discussion

We have analyzed the high-energy limit of topologically massive theories from two different
perspectives. First, by looking at the scattering amplitudes in the eikonal limit; and second,
by looking at the shock wave solutions for both a spinless and a spinning source. In the former
analysis, we found that to construct the double copy of the eikonal amplitudes, we need infor-
mation outside of the eikonal limit at tree-level. This is in stark difference with the massless
d > 4 case where a simpler double copy relation arises. In the latter, we obtained a double
copy relation which is only manifest for a specific choice of boundary conditions. Along the
way, we showed how the eikonal amplitude is related to the classical shockwave solutions and
how the choice of ie prescription required to regulate the phase shift corresponds to the choice
of boundary conditions of the topologically massive field. This allowed us to choose the appro-
priate prescriptions to make the coordinate space double copy clear on the non-trivial (where
the curvature and field strength are non-zero) side of the shockwave. This suggested that a
cleaner double copy relation might arise when looking at the curvature and field strength, as in
the 4d Weyl double copy, instead of looking directly at the fields, as in the Kerr-Schild double
copy case. We have constructed a double copy relation for topologically massive theories that
gives the Cotton spinor as the square of the dual field strength spinor in curved spacetime
backgrounds. This generalises the 4d Weyl double copy to 3d spacetimes. We have focused on
Type N spacetimes, which correspond to radiative solutions, gave a proof of the Cotton double
copy for gravitational waves and showed explicit examples. Other examples that we didn’t
look at explicitly can be found in [I57, 159]. It would be interesting to understand whether
the double copy holds for Type D solutions, which describe fields around isolated objects such

as black holes. Previous analysis studying the scattering of massive fields, which represent
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isolated objects, through topologically massive mediators [13], [143], [117] have shown that this is

not straightforward, and further investigations should clarify this intriguing case.

Several open questions remain when it comes to fully understanding the massive double copy.
Regarding scattering amplitudes, it has not been shown if the double copy relation holds for six
and higher-point amplitudes or for loop corrections. In the special case of topologically massive
theories, a complete understanding of the situation when including couplings to generic matter
is lacking. Some progress has been made in [113] 143}, [117] and we have contributed to clarifying
the situation in the high-energy limit in this work. Nevertheless, a broader exploration for more

generic sources for both classical solutions and scattering amplitudes is still missing.



Chapter 4

Conclusion

4.1 Summary of Thesis Achievements

In this work, we have explored the possibility of extending the double copy procedure to massive
gauge and gravity theories. First we checked if massive Yang-Mills theory can be related to
dRGT massive gravity theories which can be expected from the decoupling limits of the two
theories (namely non-linear sigma model and special Galileon) that are known to be related
by double copy. However, while double copy of 3 and 4 point massive Yang-Mills amplitudes
gives massive gravity amplitudes the relation fails at higher points, due to the appearance of
spurious poles. The decoupling limit argument is found to be incorrect due to an interesting
feature of massive double copy - taking the decoupling limit and doing double copy do not
commute and the decoupling limit of massive gravity theory obtained from double copy of 4
point massive Yang-Mills amplitudes is not special Galileon. Even though the relation between
these particular theories was found to fail it led to further exploration of what massive theories
can be double copied without having spurious poles. One obvious example we explored is
Kaluza-Klein theories. We have tried to find new massive theories that can be double copied
by deforming the couplings in a Kaluza-Klein theory obtained by compatifying a 5d Yang-Mills
theory on a circle. However, we were not be able to find any new theories this way, since

imposing the necessary conditions for double copy to be physical (spectral conditions and BCJ

125
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relations) lead back to the coupling of the original Kaluza-Klein theory. While this result
does not prove in general that the only massive theory compatible with double copy in 4d is
Kaluza-Klein theory, the vast amount of freedom that is available in choosing different coupling
for different fields suggests that massive theories that can be double copied are very strongly
constrained.

The situation in 3d was found to be more interesting. We found a new mechanism in 3d of how
spurious poles can cancel in 5 point amplitudes which is completely different from how it works
in massless and Kaluza-Klein theories (in particular the number and the form of BCJ relations
is different). Then we found an example of this mechanism - double copy relation between
topological massive gauge and gravity theories. This relation was only explicitly checked for
3, 4 and 5 point amplitudes but the further work on eikonal amplitudes and classical double
copy suggests that these topologically massive theories could be related at all orders. This
study of classical double copy between these theories revealed some interesting features. First
of all the eikonal amplitudes themselves are not directly related since the double copy of the
eikonal amplitudes needs information outside of the eikonal limit at tree-level. However, once
the classical solutions are obtained from these eikonal amplitudes, the double copy relation is
manifest for a specific choice of boundary conditions. By exploring relations between type N
solutions we found that there is a cleaner double copy relation directly between the curvature
and the field strength tensor. This is a 3d equivalent of Weyl double copy - Cotton double
copy. We proved that this relation holds for type N spacetimes and explored several explicit

examples.

4.2 Future Work

There are a lot of future directions one can take to get a better understanding of massive
double copy. It is still not clear whether the spurious pole problem in double copying massive
Yang-Mills could be fixed by adding extra fields or irrelevant operators to the action.

Also it would be interesting to continue looking for new massive gauge theories in 4d that can

be double copied. Following our work on Kaluza-Klein theories it would be interesting to see if
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the freedom in deforming couplings is eliminated at all orders and if more general deformations
of Kaluza-Klein theory (adding operators that do not appear in the compactified theory) leads
to the same result.

A lot of questions about massive double copy in 3d still remain unanswered. It is not clear
if there are any other examples of the new spurious pole cancellation mechanism. As for
topological massive theories it would be interesting to explore relations between more general
classical solutions, higher point tree and loop amplitudes to understand if these two theories
are really related at all orders.

If double copy relation between topologically massive gauge and gravity theories holds at all
orders it would be interesting to understand its origin. For example the double copy relaiton
between massless Yang-Mills and gravity can be understood from string theory as low energy
limit of KLT relations between open and closed string amplitudes. Is there a string theory origin
for the relations between these topologically massive theories? On the other hand, recently there
has been done a lot of work in understanding classical Weyl double copy relations from twistor
space [30], B5]. It would be interesting to check if its 3d equivalent - Cotton double copy could
also be explained similarly using mini-twistor space suitable for 3d [160] [161].

The existence of a 3D massive double copy opens a path for a profuse amount of questions as
we have discussed above. We hope that this exploration will stimulate future explorations to

advance our understanding of the applicability of the double copy.



Appendix A

Contact Terms in the Double Copy of
Massive YM

Below are the various contact terms needed in (2.39)) to reproduce the desired quartic interac-
tions. All terms are written in a covariant form, with the understanding that they enter the

action with a \/—g prefactor.

(4) 11 /<L2

21 1 K2
bo06 3205 1% ([ — 3[@][®7] + 2[#°]) + 158 KVEOV b ¢ ¢ + 5% %V%V"Q@pa ¢

1

(A.1)
where we have used ®,, = V,V,¢.
@ _—-1 H_Q(FWF >2+i/€_2FMVF Fro (A.2)
AAAL 519 2 w256 m2 ven o '
4 —3 vo —1 v o —1 "v'a! B e
£, =g FwFpK K + = FYFuaKypK? + < epuape™” FUFLKSKS,  (A3)
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Appendix B

Polarizations in 4d

The four momenta in the centre of mass frame with scattering angle § and three momenta

p= %\/s — 4m? is defined as:
P = (?,psin@,O,pcos@). (B.1)

We define the polarization vectors in the helicity basis as follows:

1
eh_y = —=(0, —cos b, —i,sinb),

~ 9

_ | = E(O, cosf, —i, —sin @), (B.2)

1
eh_g= E(p, Esin6,0, E cosf).

where 6 is the scattering angle in the centre of mass frame and p the three-momentum. The

polarizations clearly satisfy the transverse and completeness relations,i.e

puel)f =0 5
3 » (B.3)
Uy L D'D
Z EI;(EA) = 77# + m2 ’
A=1
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where (§)* = (—1)*¢" ,. The polarization tensors for the spin-2 field with different helicities are
constructed from the polarization vectors with appropriate Clebsch-Gordan (CG) coefficients

as (we review the construction in detail in [C]),

E};Zjﬁ = ehel,
1
iy = E(Giﬁﬁ +eges) (B.4)
1
hlg = —=(efe” + el + 2eheq) .

V6

The polarization tensors satisfy the transverse, traceless and completeness relations

o _ meoo_
puey =0,€,,=0,
2

> 4 -

A=—2

9 (B.5)
(GWGVB + GreGre _ gG/WGaﬂ> ,

DO | —

— ptp”
where GH* = T]MV -+ Tz



Appendix C

Construction of gravity states from

massive Yang-Mills

As mentioned in [2.1.1} from the tensor product of two massive spin-1 states we get a massive
spin-2, a massive spin-1 and a massive spin-0 on the gravity side. In this section we review
how the gravity on-shell states are constructed from such product, i.e, |1, A\; > ®|1, Ay >. The

polarization tensor of the particle of spin J with helicity A is given as,

JA JA N\
€ = E CVNi€n €, s (C.1)
)\/)\//

where A = X + \’. We start from the spin-0 state which is obtained from |0, A\ >= |1, \ >

®|1, " >, with A = 0 = X+ \”. This polarization state is obtained by considering the following:

— 0,0 0,0 X X/
€9 = €y = E Cyi€, €

uv n v
o (C.2)
_ﬁ ( 268 — erje; — e;ej)
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where CY,,, are the CG coefficients given in (C.7)). By substituting (B.2), we can see that (C.2)

can be expressed as:

1 Puby
E/Sqi) = ﬁ <77;w + ;:Lz ) : (C-3)
Hence, the factor of \/Lg in ([2.20) which follows from the CG coefficient.
The spin-2 state is obtained from |2, A >=[1,\ > ®|1,\" >, with —2 < A < 2.
20 20 N\
€ = Z CyV e €y - (C4)
A/)\Il
To give an explicit example, the helicity A = +2 is,
ei’jZ = Z Cii;?ezlei‘l/,
A/)\//
2,42 C.5
= +1++1€:1€j1> (C5)
=1x e::lejl.

In this work we use the polarization states to be a superposition of different helicities and we

do not focus on specific choices, for example for the graviton polarisation we have,

+2
egf,) = Z ares. (C.6)
A=—2



134

Spin-2: C?} =0%2% =1,

1 (C.7)
Spin-1 : C}r’é = —Céjrl = Cé’_*l = —Ci’(;l — E
1
-1 1
Spin-0: CY° =C% = 7 Coy =



Appendix D

Dualization of the massive B field in 4d

We follow the dualization procedure explained in [162]. The Stiickelberg action of free massive

2-form field, B, is
1 1
S:/—idB/\*dB—§(mB—d)\)/\>x<(mB—d)\), (D.1)

where A is a 1-form Stiickelberg field which is needed to restore the gauge symmetry which acts

on the fields as follows:

B — B +dA,

A — A+ mA.

The first step in the dualization procedure is to rewrite the action in terms of field strengths,

H =dB and G = mB — d)\. To do that we need to impose Bianchi identities,

dH =0, (D.2)

dG — mdB = 0, (D.3)
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with Lagrange multipliers. We first do it for G:
1 1
S:/—édB/\*dB—§G/\*G+A/\d(G—mB), (D.4)

where A is a 1-form Lagrange multiplier imposing (D.3)). By integrating the last term by parts

we can find the equation of motion for G to be
G = —xdA. (D.5)
Substituting this back to the action and integrating by parts the last term we get
S:/—%dB/\*dB—%dA/\*dA+A/\mdB. (D.6)

Now we can replace dB by H and impose (D.2)) with a scalar Lagrange multiplier, y. This

gives the following

1 1
S = —§H/\*H—§dA/\>x<dA+A/\mH+XdH. (D.7)

Now again we integrate last term by parts and find the equation of motion for H to be
H = —x(mA —d¢). (D.8)

Substituting this back in the (D.7)) gives the Stueckelberg action for massive spin-1 field, A,

known as Proca action:
1 1
S = /—ﬁdA A xdA — E(mdA —dx) N x(mdA — dy), (D.9)

where x is now the Stiickelberg scalar field. From we can see that in unitary gauge,
x = 0, the relation between the B and A fields is dB = — * mA which in coordinate basis can

be written as:

1 v loa
A=~ 5 Cupm V"B (D.10)
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This means that the relationship between the polarization vector of A, eV, and the polarization

tensor of B, ) will be of the form:

“ b v (B)po D.11
€ (Xmsm,pape , (D.11)

(

where the overall constant can be found by requiring eHA) to be normalised (i.e. consistent with
(B.3])). This relation can be inverted by multiplying both sides by the ¢ tensor and p, which

using p? = —m? and imposing normalisation condition gives (2.19).



Appendix E

Double Copy of the 4-Point Scattering

Amplitude in the Decoupling Limit

We take the A3 decoupling limit,
m — 0, My — oo, keeping Ag = (m?M,)"? fixed, (E.1)

of the full scattering amplitude obtained from double copy with external states arbitrary su-

perpositions of h and ¢ fields defined as: (setting the vectors to zero for simplicitly)

2,42

—_— b 7+1
€luy = OéTleuy

(p1) + OéTQEi’V_Z(pl) + OéT3€iy (p1) + OéMEi’V_I(pl) + aT5€i’,9(p1) + 04562’3 (p1),

eop = P12 (p2) + Brae, *(p2) + Brsent (p2) + Bracy, ' (p2) + Brsery (p2) + Bseny (p2),

2+2<

€3 = VT16E,,,  (P3) + 7T2€,3’;2<P3) + 7T36,2J1(P3) + 7T4€i’51(p3) + 7T5€,3’S (p3) + 7562’19(173),

€apw = OT160 2 (pa) + o2, 2(pa) 4+ orseny (pa) + oracy,  (pa) + omsen) (pa) + o€y (pa).

(E.2)
This gives the following amplitude:
. sty
My — "5304 (604T35T37505 — 6arsfBr3vs0s — 6arsfraysos + 6arafraysos + 10ars frsysos

— 6arsBsyrsos + 6aruBsyrsos — 6V 2arsBrsyrsos — 6V 20rsrsyrsos + 6arsBsyraos
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— 6araBsyra0s — 6V 207581477405 — 6V2074 Br5yra0s + 100758577505

— 6V2a74Br371505 — 6V 207381477505 — 2V 207587577505 + 1larsBsysV20s

+ 6ars BravrsV20s + 6aT45T5WT3\/§Us + 6aT55T37T4\/§05 + 6aT3BT5’YT4\/§US

+ 6arsBrsvrsV20s + 6araBrayrs V205 + 272575V 305 + dars frsyriV30s

+ dars BrsyreV30s + darsBrivrsV30s + dars BravrsV30s + dareBrsyrsV3os

+ 207587175V 605 + 207587275V 605 + 207281575V 605 + 200585771V 60

+ 207585772V 605 + 207285775V 605 — 60738575073 + 6074 B V5073

— 6V 207581375073 — 6V 2007381575073 + 120075 Br5 V13073 — 6V 2005 Bsyr4073

— 1207585774073 — 6V 2071385Vr5073 — 12005 83775073 + 12005 B4 V75073

— 1273875775073 + 12074 815775073 + 607385750714 — 60748575074

— 62075 Bravs07s — 6V 2074 Br5 V5074 — 6V 207585773074 — 120075 875773074

+ 12075 875774074 — 6V 207485775074 + 12075 813775074 — 120075 B4 V75074

+ 1207387575074 — 12074 875775074 + 100758575075 — 6V 20741375075

— 6v2a73Bravs0rs — 2V 207581575075 — 6V 207385773075 — 120075 873773075

+ 12075 Brayr3ors — 1203 BrsYr30ms + 12004 Brsyraors — 6V 2araBsyraors

+ 12ar50r37yr40Ts — 12075 Brayraors + 12ar3Brsyraors — 12ar4Br5yr40Ts5

— 2V2ar5 85775075 + 120383775075 — 12004 Brayrsors — 120381475075

+ 12ar4Bravrsors — 28arsBrsyrsoTs — as( — 11V2Bp57505 — 2V6Br577108

— 2V6B7577205 + 687377305 — 681477305 — 687377405 + 687477405 — 2V6BT0V7508
— 1087577505 — 2Br275V 305 — 2V6Br57s071 — 4V3Brsyrsor: — 2vV6Brs7s0r2

- 4\/§BT5’7T50'T2 + 681375013 — 60714750T3 — 6\/§5T57T3<7T3 - 6\/§5T47T50T3

— 60871375074 + 6P14750T4 — 6\/§5T57T40T4 - 6\/§5T37T5<7T4 - 2\/66T2750T5

— 1087575075 — 4V3Brsyr1075 — 4V3Brsra0Ts — 6V2Bravrsors — 6V2Brsvraors
— 4V/3Brovrsors — Bs (6’YT30T3 — 6vr4073 — 6773074 + 6710074 + 10775075 — ’YS(
— 1705 — 2V/3071 — 2V/3079 — 11\/507’5) + 11y7505V2 + 297105V3 + 27p005V3

+ 27T5<7T1\/6 + 27T50T2\/6 + 27T10T5\/6 + 27T20T5\/6> + 65T57T4UT3\/5
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+ 6873775073V 2 + 6875713074V 2 + 6874775074V 2 + 6813773075V 2 + 6474075V 2
+ 2815795075V 2 + 26T1< — Y505 — V231505 — V275075 — 27T50T5) \/§>

+ 6ars BraysoT3 V2 + 6014 Brsvsors V2 + 6ars Bsyrsors V2 + 6arsBsyrsors V2
+ 6ars Br3ysoTaV 2 + 6ars Brs1soraV'2 + 6ars Bsyra0a V2 + 6ars Bsyrsora V2
+ 6ar3Br3750T5V 2 + 6074 Bravsors V2 + 6araBs Y3075V 2 + 6073 BsvT4075V 2
+ das Brsysori V3 + darsBsyrsor V3 + dars frsysoreV'3 + dapsBsyrsora V'3
+ dags Brivsors V'3 + dars fraysors V3 4 dareBrsysors V'3 + darsBsyriors V3
+ dors BsYr207sV3 + daraBsyrsorsV'3 + 2ar <5T5 (27T505 + 75V 205 + 295075
+ 27T50T5\/§> - 55( — Y505 — V2y7505 — V2y5075 — 2’7T5UT5>>\/§

+ 20758575071 V6 + dars Brsyrsori V6 + 2ars Bsvsora V6 + dars Brsyrsora V6
+ 2079 B575075V6 + dars Brsyriors V6 + dars Brsyraors V6 + dars Srivrsors V6

+ 4o Brayrsors V6 + dareBrsyrsors \/6> . (E.3)

This amplitude simplifies considerable if we focus on scattering processes of the form +2X X X.

We may easily see that X can only be a scalar mode and this amplitude then takes the form

istu 1 1 1

96\/6(ﬁT5 + 7ﬁS>(7T5 + E75>(0T5 + %US) . (E.4)

My(+2X X X) = -

The combination Brs + \%BS is precisely the combination of polarizations that picks out the

helicity-0 squared term €jjef

Brseyy + Bseqo = %(ﬁm + %65)66‘65 + %(ﬁm —V2Bs) (e + e'el). (E.5)

Since the helicity 42 mode has polarization tensor €/ €’ we recognize that My(+2X X X) is the
double copy of the +1000 massive Yang-Mills amplitude and comes specifically from the X3

contact term (2.43)).



Appendix F

Decoupling limit of massive Yang-Mills

amplitude

In this section we derive the decoupling limit of the massive Yang-Mills amplitude which is
expected to be the amplitude of NLSM, derive the kinematic factors and double copy it to
show that we recover the 4 point amplitude of a special Galileon. We also show that taking
the decoupling limit and performing the double copy do not commute. From , the 4-point

amplitudes of massive Yang-Mills is expressed as:

A2 \s—m2 t—m2 wu—m?

ATYM:m_Q( Gl | Gl Gl ) (F.1)

with the n’s given by (2.34)), (2.35)) and (2.36)). By plugging the polarization vectors which are

arbitrary superpositions of all helicities given as:

€1y = 0416,Jfl(p1) + 0426,:1(101) + 06362(1?1)7
eap = Pr€) (p2) + Ba€, (p2) + Bse, (p2),
€3y = 716:1(]93) + 726;1(133) + 7362(1?3),

€au = 016, (pa) + 026, (pa) + 036, (Pa),
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and four momenta into the n’s, they can be rearranged in the following form (as mentioned in

(2.40))
s —m? 1 t —m? 1 u — m? 1

Ns = m3 Z(S7t>u)+wn57 ne = m3 z(‘gatau)_'_ﬁnt? Ny = m3 Z(&t“)""ﬁnua
(F.3)
with ng +n; + n, = 0 and n, + ny + n, = —m>X. The explicit expressions for the n’s and

(s, t,u) are given in (F.12)) and (F.13) (F.14) (F.15). The amplitude can be written as,

2
AmYM :ﬁ Csis CiTy Cy Ty F 4
! e\som i T ) (F.4)
1 Cs’ﬁzs Ctﬁt Cuﬁu 1

:P (s —m?2 + t — m?2 - U _m2) + mA22(87t7u) (Cs + ¢ +Cu), (F5)

and as mentioned in the introduction, the last term which seems at first ill defined in the
decoupling limit m — 0, A fixed, is zero by virtue of Jacobi identity. Focusing on the non-zero

term, the amplitude in the dcoupling limit is as follows:

1
DL __ : _— AmYM
A4 - m—>(l)l,rlr\lﬁxed A2A ’
) (F.6)
= _ZW (Cs(t — 'LL) + Ct(u — S) + Cu<8 — t)) 043B30_3"}/3.

We see that only helicity-0 polarization states remain interacting in this decoupling limit. The
kinematic factors of this amplitude are,
1S it w

ns = ——(t —u), nt:—ﬁ(u—s), n, =——(s —1). (F.7)

Note that in this limit we have s +¢ 4+ u = 0 and can see that the colour-kinematics duality is

satisfied.
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Using the kinematic factors of this amplitude we double copy it and obtain the following:

202, 2 2
ADC — azfB3v50%

F.
T6AS stu, (F.8)

which is equal to the scattering amplitude of a galileon theory.

It seems that we could have defined the kinematic factors of the full massive Yang-Mills theory
without the 1/m? terms in since they cancel in the full amplitude. However without them
the colour-kinematics duality is not satisfied. This is in contrast to the massless double copy
where at four-points any representation of kinematic factors satisfy this duality. If we tried to

double copy, i.e.

1 nsn’, e Ny N, =¥ 1 nsn, e, Ty,
2 2 3+ 5] = a6 T e 2 3+ ) (F9)

Mg \s—m? t—m?* u—m A3 AS\s—m? t—m? u—m

without using (s, ¢,u), we would have obtained a theory whose A3z decoupling limit is the

special galileon because only n terms could have contributed to the double copy amplitude, 7.e.

we would have obtained

. 3 A ay 202,22
pc _ ! nin; 30573073
Ay = Mz E vyl T6AS stu, (F.10)
pl =1 v

where i = 1,2, 3 labels s,¢,u respectively. However, in our case, when we square (s, t,u) ,

they sum to a 1/m? contribution to the double copy scattering amplitude

DC o
AS2 sty =

(a3B373 (02 — 01) + a3fBs (V2 — 1) 03 + 7303 (a3 (B1 — Ba) + (o — az) B3))
SAS

7 stu,

(F.11)

which contains helicity +1 polarizations and the decoupling limit of the resulting theory is not
the double copy of the decoupling limit of the massive Yang-Mills, 7.e. the operations of taking

decoupling limit and performing double copy do not commute.
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The explicit expressions for (s, t,u), ng, 7y, 1, are given below:

Y(s,t,u) =1

A

Ny = —

.M(%ﬁﬂz (01 - ‘72) + asfs (’Yl - ’72) 03 + V303 (043 (52 - 51) + (042 - 041) 53))
2v/2

(F.12)

;(16((12( — Bami01 + Baye02 — B37302 + B31103) + a1 (Bi1101 — B3301
4<4m2 —3)

— Br7202 + B37203) + a3(Bay301 + Bry3o2 — P10 — Bay203))m® — A(4u(an By + a5y
— azf3)(01 + Y202 — Y303) +t( — az(B1 — B2)(y3(01 — 02) + (11 — Y2)o3) + @af3(v3(01
—02) + (71 — 12)03) + dazfB3(1101 + Y202 — 1303) — 20285(37101 + Y202 — 27303)

+ a1 (B3y3(02 — 01) + B3(72 — 1)o3 — 281(1101 + 37202 — 27303))) + s(a1 (5517101

+ 9837301 — 5B17202 — 11837203 — 16517303) + aa( — 55827101 + 5527209 + 937309

— 11837103 — 16857303) + az( — 11827301 — 11817302 + 9617103 + 9B27203 — 403(47101
+ 4205 — 9y303))))mt + 2V2/stu(anfa( — 9301 + T30z — 97103 + T7203) + a1 By (

— Ty301 + 97302 — 71103 + 97203) + @2 f3( — 971101 — Ty202 + 129303) + a1 B3(T7101

+ 97209 — 127303) + a3(Ba( — 97101 — Ty209 + 129303) + 1283(7301 — 1302 + 7103

— 7203) + 1(Tn01 + 97200 — 127303)))m” 4 2s(t (s B2 ( — 67301 + 57302 — 67103

+ 57203) + aaf3( — 67301 + 5y302 — 67103 + 57203) — 20282(37101 — Y202 + 57303)

+ a3B1 (57301 — 679302 + 57103 — 67203) + a1 B3(57301 — 69302 + 57103 — 67203)

+ 20181 (7101 — 37202 — 57303) — 203 83(57101 + 57202 — 137303)) + 2u(aszfBs( — 31101
— 37202 + 57303) + a1 S1 (7101 + 1202 — 37303) + 2f2(71101 + 1202 — 37303))

+ s(aa(B3(97302 — 147103) — 2B9(7101 — 7209 + 87303)) + a1 (B3(97301 — 147y203)

+ 2B1(n101 — 1202 — 87303)) + as( — 14827301 — 14517302 + 9817103 + 9B27203

— 4B5(4m101 + 47505 — 117303))))m” — 2v25V/stu(aza(3(02 — 301) + (72 — 371)073)
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T4 (s — 4m?)?

—a1Bi(3(o1 = 302) + (11 — 372)03) — @283(37101 + 7202 — 37303) + a1 B3(7101 + 37202
— 37303) + 3(3B3(71301 — V302 + 1103 — Y203) — B2(37101 + Y202 — 37303) + Bi(n101

+ 37200 — 37303)))m + 45’ a3 fs303 + 57 (( — 2085730 + 4s a0 + aafaysos + o (
— 2037301 + 4837203 + 4617303) + as3(4627301 + 4B17302 — 2617103 — 2827203

+ B3(4y101 + 47209 — 177303))) + 2(u((a1 B1 + a2B2)7303 + a3fB3(7101 + 7202 — 47303))
+ (301817303 + 32303 — 1 B3(v3(01 — 209) + (71 — 272)03) + a2 B3(27301 — Y302

+ 27103 — 7203) — az(B2( — 27301 + 302 — 27103 + 203) + Bi(7301 — 27302 + 1103

— 27303) — 3B3(7101 + Y202 — 3’7303)))))) (F.13)

7
( — 64( — as(Bsm101 + 4B2v301 + B3y202 + 4517302) + as(Biy1 + Baye

+ 4B373)03 + a1 (327201 + B3y301 + 5817202 — 4337203 — B17303) + az (5627101

+ 3617102 + By7302 — 4837103 — Baysas))m® — 16(t(as(4y3(Bror + B202) + (361m

— TBav1 — TB172 + 3Bav2)03 — 483( — 279201 + 7202 + Y1(01 — 202) + 7303)) — az(Ba(

— 167101 + 57201 + 57109 — 27209 + 4y303) + B3(T7301 — 37302 — 47203) + B1(57101

+ 67102 + 57202 — 87303)) + a1 (B3(37301 — Ty309 + 47103) + B1(27101 — 57201 — 57102
+ 167202 — 4y303) — B2(57101 + 67201 + 57202 — 87303))) — 25( — 2a3(B37101 + 4527301
+ Bs7209 + 4B17302) + 203(B1iv1 + Bovz + 4B8373)03 + an(TB2v201 + 2837301 + 9B172072
— 8037203 — 217303) + 2(9B2y101 + THimos + 2637302 — 8831103 — 2B27303)))m°

— 8V2Vstu(au (Bsmion — 5Bs7201 — Biyson + 5B2v301 + 4837202 + 4817300 — (Bim
—4B1v2 + 5Bav2 + 5B373)03) + az(Be( — 4v101 + 57201 — 1209 + 57303) + 503(7301

— Y302 + 103 — 1203) + B1(47202 + 71(01 — 502) — 57303)) + o — 5B17302 + 517103
+ Bo = 4301 + 7302 — 47103 + 7203) + Ba( — 47101 + 5m09 — Y202 + 57303)))m” — 4((
— baz(B37101 + 4827301 + B37202 + 4817302) + Saz(Bi71 + Baye + 48373)03

+ a1(19627201 + 5837301 + 21817209 — 5(4B572 + B173)03) + a2(21527101 + 19617102
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+ 5037302 — 5(4037 + P2ys)0s))s” + t( — 203(Bay3(1501 + 03) + Brys(o1 + 1507)

+ B3(57101 + 37201 + 31102 + 57202)) + a3(138171 + 58271 + 5B172 + 136272
+528373)03 + (= 2817101 + 5Bem101 + 5817201 + 22027201 + 13B37301 + 5817109

— 24B17202 + 5P27209 + 5037302 — 2(B371 + 1563572 + 58173 + 35273)03) + aa (5617101

— 24097101 + 5B27201 + HB37301 + 22817102 + 5B27102 + 517202 — 2527202 + 13837302
— 2(158371 + 372 + 30173 + 50273)03) )5 + 12 (8sfs(11 — 72) (01 — 02) — da(6y

— B2)(13(01 — 02) 4 (71 — 72)03) + (B2 — 217101 + 57201 + 57102 — 57209 + 87303)
+483(1301 — 1302 + 1103 — 1203) + B1(57101 + 37201 + 37102 + 57202 — 87303))

+ a1(483( — 1301 + 1302 — 7103 + 1203) + B1(57201 — 217202 + 571(02 — 01) + 87303)

+ B2(5701 + 37201 4 37102 + 57200 — 87303))))m* + 2V2V/stu(s(ar (Bsmor — 5Bs7201
— B17301 + 50827301 + 4837202 + 4817302 — (Bii — 4B172 + 5B272 + 5B373)03) + (B
— 47101 + 57201 — Y202 + 57303) + 583(1301 — 1302 + 7103 — Y203) + B1(47202 + 11 (01
—502) — 57303)) + aa( — 5817302 + 5817103 + Pa( — 4y301 + Y302 — 47103 + 1203) + B
— 401 + 51102 — 7202 + 57303))) + tas(Ba( — 177101 + 57201 + 57102 — 97202

+ 24vy303) 4+ 2483(7v301 — Y302 + 1103 — 7203) + B1(97101 — 5201 — 5102 + 1Ty20,

— 24y303)) + (B — 17y301 + 9309 — 177103 4+ 97203) + B3( — 177101 + 57201 + 57109
— 97209 + 247303) + 581 (7301 — 1302 + V103 — 1203)) + a1 (Bi( — 9301 + 179309 — 9103
+ 177203) + 562(V301 — Y302 + 7103 — Y203) + B3(97101 — 5201 — By109 + 177209

— 247303))))m’ + 25(( — as(Bs7101 + 4827301 + B37200 + 4B17302) + as(Biy1 + By

+ 48373)03 + a1 (427201 + B3y301 + 4817202 — 4837203 — B17303) + az(4f27101
+4B17102 + By7302 — 4037103 — Ba7303))s” + t(aa( — 4Bamon — Bayson + 8Bimon

+ 12837309 + B3(72 — 2371)03 + (81 — 1182)7303) + a1( — 4817202 — 11517303

+ B2(87201 + 7303) + P3(127301 — Y302 + 1103 — 237203)) + as(B2( — 237301 + Y302

— 03 + 12703) + B3(7201 — 117202 + 71(02 — 1101) + 367303) + S1(7301 — 237309

+ 127103 — 1203)))s + t*(a1( — 8617202 — 9817303 + B2(47201 + 47102 + Y3073)

+ 63(7’}/30'1 — 11’}/30'2 + 7’}/10'3 — 11’)/20'3)) + OéQ(ﬁg( — 11’}/30'1 + 7’}/30'2 — 11’}/10'3 + 7”720'3)
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+ B1(47201 + 47102 + Y303) — B2(87101 + 97303)) + as(B2( — 11301 + Y302 — 11y103

+ T7203) + B3(7201 — 97202 + Y1(02 — 901) + 327303) + Bi(Ty301 — 11302 + T1103

— 117203))))m® + stv/2V/stu(201 81 (y3(01 — 302) + (71 — 372)03) + o fs5( — 2m101

— 67202 + Ty303) + az( — 2817101 + 6827101 — TB37301 — 6517202 + 2027209 + 737309
+ 7(B3(v2 = m) + (B1 = B2)13)03) + 20282(37301 — Y302 + 37103 — 1203) + a233(67101

+ 27209 — Ty303))m + s°1(25( — Byys(e1o1 + az0) + (2028371 + 201 8372 + a1 B17s

+ o fay3)o3 + az(Bsy101 + 2827301 + B37202 + 2617302 — (B171 + Bayz2 + 38373)03)) + 1(
— 2B373(az(02 — 201) + ai(oy — 209)) — 2B3(az(r2 — 271) + ar(1 — 272))o3 + 4(ar B

+ o fa)y303 + az( — 273(Br01 — 26201 — 2B10 + [202) — 2(Biv1 — 26271 — 268172

+ Baya)os + Bs(4y101 + dye0a — 117303))))) (F.14)

1
- <192(063( — B37101 + Pry301 — 37202 + B1y302) + ar(B1y101 — Bayeon
4 (s — 4m?)

+ By1203 — Bry30s) + az( — 17102 + Baya0s + Bsy103 — Payzos))m® — 16(2s(as(

— 7617102 + 3P27202 — 6337302 + 13537103) + a1 (3617101 — TP27201 — 6857304

+ 13837203) + a3(13027301 + 13617302 — 6517103 — 6827203 — 12637303)) + t(az(Fa(
— Y301 + 5Y302 — 87103 + 47203) + 403( — 37101 + 27201 + 27102 — 37202 + V303)

+ B1(57301 — 302 + 47103 — 87203)) — aa(Ba( — 267101 + 57201 + 57102 — 87202
+127y303) + [3(87301 — 4302 + 1103 — 57203) + B1(57101 + 67102 + 5209 — 87303))
— a1 (B3( — 47301 + 87302 — 57103 + Y203) + Si( — 8v101 + 57201 + 57102 — 267209
+ 129303) + Ba (57101 + 67201 + 57202 — 87303))))m® — 8vV2V/stu(az(Ba( — 137104

+ 57201 — 87202 4 197303) + 1965(7301 — Y302 + 7103 — Y203) + B1(87101 — 57102

+ 137202 — 197303)) + aa( — 5817302 + 5817103 + B2 — 137301 + 87309 — 137103

+ 87203) + B3( — 137101 + 57102 — 87202 + 197303)) + a1 (Bi( — 8y301 + 137302 — 871073

+ 137203) + 5B2(1301 — 1203) + B3(8v101 — 5201 + 137202 — 197303)))m”
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+4((1 (38171101 — 19827201 — 32837301 + 5937203 + 17B17303) + o — 19817102

+ 3627202 — 32037302 + 59B37103 + 17B27303) + a3(59627301 + 59B17302 — 32617103

— 3207203 + 1703(1101 + 7202 — 47303)))s° + t(2(Ba(50m 01 — 57201 — 57102 + 87207
+ 107y303) + B3(67301 — 227309 + 417103 — Tye03) — B1(5y101 + 227109 + 5209

— 67303)) + a1 (B3( — 227301 + 67302 — 77103 + 417203) + B1(87101 — 57201 — 57109

+ 507209 + 10y303) — B2(5y101 + 2292071 + 5y209 — 67303)) + as(B1( — Tys01 + 4179309
— 227103 + 67203) + Ba(417301 — Ty302 + 67103 — 227203) + 203(57101 + 37201 + 37102
+ 57209 — 387303)))s + t*(das((B1 — B2) (33(01 — 02) + (1 = 12)03) — 2B3(n — 12) (01
— 03)) — (B2 — 217101 + 57201 + 57102 — 57202 + 87303) + 4B3(7301 — Y302 + Y103
— 7203) + B1(57101 + 37201 + 371102 + 57200 — 87y303)) — a1 (463( — Y301 + V302 — 1103
+7203) + B1( = 571101 + 57201 + 57102 — 217202 + 87303) + Ba2(57101 + 37201 + 371109
+ 57205 — 87303))))m* + 2v2V/ stu(t (s (B ( — 171101 + 57201 + 57105 — 97207

+ 24y303) + 2403(7301 — Y302 + 7103 — 1203) + B1(97101 — 5Y201 — 51109 + 177200

— 247303)) + aa(Bo( — 179301 + 97300 — 177103 + 97203) + B3( — 177101 + 57201

+ 57109 — 97202 + 247303) + 5B1 (7301 — Y302 + 7103 — Y203)) + a1(Bi( — 9301 + 179307
— 97103 + 177203) + 5B2(1301 — Y302 + 7103 — 7203) + B3(91101 — 5201 — 57102

+ 177209 — 247303))) + s(as(B2( — 257101 + 57201 — 1279209 + 337303) + 3353(7301

— V302 + 7103 — Y203) + B1(127101 — 5Y102 + 257202 — 337303)) + az( — 5B17302
+581m03 + Bo( — 257301 + 1279302 — 257103 + 127203) + B3( — 12720 + 5v1(02 — 501)
+ 337303)) + a1(B1( — 1273071 + 257302 — 127103 + 257203) + 502(Y301 — 7203)

+ B3(127101 — 57901 + 257202 — 337303))))m” — 2s((cu ( — 4827201 — 14837301

+ 26837203 + 11817303) + o — 4817102 — 14837302 + 26337103 + 11 827303)

+ as (11837101 + 26827301 + 11837209 + 26817302 — 14817103 — 14827203

— 32B37303))s” + t(az( — Bi(8v102 + 7303) + Ba(127101 + 23y303) + B3(157301 — 217930
+ 37103 — 107203)) + a1 (B3( — 219301 + 15y309 — 107103 + 377203) — B2(87201 + Y303)

+ B1(127209 + 237303)) + as(B1( — 109301 + 37y309 — 217105 + 159203) + B2(37y301
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— 107302 + 157103 — 2179203) + B3(23m101 — 7201 — 7102 + 237202 — T29303)))s + (s
— B1(dy201 + 4y102 + 303) + Ba(8v101 + 97303) + B3(117301 — Ty302 + 1171073

— T7203)) — a1(Ba2(4y201 + 47102 + 7303) — B1(87202 + 97303) + B3(Ty301 — 117307

+ Tyi03 — 11y203)) + as(Bi( — Tys01 + 11y309 — Ty103 + 11y903) + a(11y301 — Ty309
+ 11y103 — T7203) + B3(97101 — 1201 — Y102 + 9209 — 327303))))m” — \/53(5

+ 1)V stu(2008 (y3(02 — 301) 4 (2 — 371)03) — 200 81 (13(01 — 309) + (71 — 372)03)

+ aof3( — 67101 — 27202 + Ty303) + 1 53(27101 + 67200 — T303) + az(Ba( — 67101

— 27209 + Ty303) + T03(71301 — V302 + 7103 — 1203) + B1(27101 + 67202 — Ty303)))m
+5°(s 4+ 1) (s(2(n (= Bs7301 + 2857203 + S17303) + s — B37302 + 283m03 + Bay303))
+ az(4B27301 + 4817309 — 2017103 — 2827203 + B3(27101 + 27202 — 57303)))

+ t(4an1 B1y303 + 4o Baysos — 200 B3(73(01 — 202) + (71 — 272)03) + 202 83(27301 — Y3072
+ 27103 — 7203) + az(B3(4n101 + dye0s — 11y303) — 2(B213(02 — 201) + Bryz(o1 — 202)

+ Bo(y2 — 2m1)os + Bi(m — 272)%))))) (F.15)



Appendix G

BCJ Relations in 5pt Massive

Amplitudes

In 5pt scattering the size of block diagonal matrix A (defined by (2.7))) is 9 x 9 and it can be

expressed as:

B

D12D34

0

_D15D34

D25D34

D12D3y
By
D12Dys
0
0
0

0
D12 D5
B;
Da3Dys
0
0
0
D13Dy5
0

0

0
Dy3Dys

By

D15Do3
D14Ds3

0

0

0

—D15D34
0
0

D14 Do

Bs
0
0
0

—D15Da4

150

Bs
D14 Do
0
0

Das D3y
0
0
0
0

D14 Do

By
—D13Ds5

0

0

0
D13Dys

0

0

0

—D13Das5
Bg

D13Day

—D15D24
0
0
D13Do4
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where the B,’s are:

By = D19D34 + D15D34 + Dos D3y,
By = D12Dsy + D13 D35 + D12 Dys5,
B3 = D12Dy5 + D13Dss5 + Doz Days,
By = D14D23 + D15Da3 + Doz Dys,
Bs = D15D23 + D15Day + D15D34, (G.1)
Bg = D14D23 + D14 D5 + D14 D3y,
Br = D13Da5 + D14Das + Dos Dy,
Bg = D13D24 + D13Da5 + D13 Dy,

By = D13D3y + Di5Day + Doy Dss.

Imposing the spectral conditions (2.69)), reduces the rank of A from 9 to 5, where the following

vectors form the basis for the null space of A:

D D D
ul = (0 2 2 .0, — A ,0,0,0,1) :
Dy’ D12 + D13+ D3’ Diy + Dy3+ Dy
D D D
( 1 07_ 1 707_ 1 70707170) )
D13+ D13+ Diy+ Doz + Doy’ D1y + Dig + Do D1y + D3+ Dy
T:( D13+ Doz + Doy 0_D12+D23+D24 _—D12—D23—D24 00100)
“3 Dia+ D13+ Diy+ Doz + Doy’ 7 Dig+ Dy + Dag’ Do3 Y ’
D D
:( D 0, — 14,0,1,0,0,0).
D15+ D3+ Diy+ Doy + Doy’ Dy’ Dos

(G.2)

These null vectors determine the BCJ relations via (2.10)), expressed here as linear relations on

the kinematic factors. To obtain (2.70)), (2.71)), (2.72)) and (2.73]) once the spectral condition is

applied, we consider linear combinations of u! in (2.10)),

> BaulU =0, (G.3)

the values of (3, for a given BCJ relation is given in the following table:
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B | B Ba Ba
Ay | -4 Ay 0
Ay | A,y A, Da1 Ay
@72) | 0 |-A; -As 0
@73 | 0 | Ay | gREtRa—A | 0

Table G.1: Values of 3, in in order to reproduce the four BCJ relations, where
Ay = D13(D12 + D13 + D14)Dos(D12 + D13 + D1y + Dag + Doy),

Ay = D14(D12 + D13 + D14)Dos3(D12 + D1g + Dis + Dag + Doy),

Az = (D12 + D13 + D14)Da3(D1a + Dis + Das)(Dia + Dig + Dis + Dag + Do),

Ay = —(D12 + D13 + D14)Dag(Drg + Dag + Doy)(Drg + Dy + Dig + Das + Day).
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G.1 Interacting terms in KK inspired action
Here are the explicit expressions of the terms listed in Table 2.1}
1 abc i \a AJ cv
Lana = Ef N g (DAY AT AR
i,j,k)EZ#o
i abc a AJ c
/;AAd) - Ef ’ Z gz,'js (A,u, A]b‘uqb ) )
i,jEZ;ﬁO
-1 ia AJ c v
Loaaan = ?fabefcde Z Gijki <A[MA£])A’€ [MAld }> ’
i,j,k,l€Z¢0
—1 abe pcde ia Ajc
Lanso =—f L T Giges (Al AT G0T) |
1,J€Z+0
4 abc i j
'CAAAl A2 ’ Z Gijk (D[#A }DVAJPD[pAku]) )
i,§,k€Z s
‘CAAA2 2jzabc Z G'L’jk (mimjAaiuAbjuD[VAllj]c) :
0§,k €220
—61 abc ia jc
EAA¢ A2 —~5 /" Z G (A “DPQSbD[pAL]), (G.4)
1,j€Z+o

Lligs = 5 A2 S5 Goss (DM D" F)

3 . )
‘CAAAAl \/_fabefcde Z Gz]kl ( #Aml/}D[VA]bAkcpAﬁl> :

o]

4,5,k€ZL 10

EAAAA2 2\/_A2 fabe]ccde Z ngkl (mzmj AzaA]bl/AkCuAld)

1,J,k€Z 0
Eiid)d)l fabefcde Z ngss (AzaAijM¢CDV¢d)
2\/_A2 7, k€Z7g0
3V/_ abe pcde ia, cyv
‘CAA¢¢2 ——f be fe Z Gl]ss (A “eP Dy, A’ D gbd>
1,J,k€Z+0
Eii&Aq&l fabefcde Z kas (mkAwAijkC”Dygbd)

e

1,J,k€Z+0
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-3
L’AAA¢2 \/_Zfabedee Z Gijks (mZAJ““QﬁbA””D A )

4,5,k€Z 10

EAAAAA o1 falefbazag fca4a5 Z Gijklm (D[,uAicuZ/]AjaQVAkagpAi)a4Ama5u) ’

i kel mEZ s
'C¢AAAA 2A2 fa1b0fba2a5fca4a5 Z Gzykls (mlAza1u¢a2A]a3VAka4Ama5) (G5)
1,J,k,L€Z 40
£¢>¢>AAA1 TN falefba2a3 feaaas Z Glijss (D“gb'“ ¢ Aza3VA]a4Aka5)
1,J,k€Z 10
‘C ¢AAA2 2/\2 falbcfba2a3fm4a5 Z ngks (D[MA%H ¢a2Aja3,u¢a4Aka5y)
1,5,k€Z 410
—9 abe pede iav jb c a
Lo = A4f b fel Z Cijkl (D[“A ]D[QAJB]D#AJ“D[ Ald5]> : (G.6)
4,7,k €L
abe pcde ia jb c a
Lhaan = A4f be fed Z Cijki (miA MD[QAjg]mkAMkD[ Amﬁ]) ’
1,5,k l€EZ
187’ abe pcde ia b c a
Ll = 573 eiges (miA™ Do AL D6 DR AY)
1,5,kEL
i o
Lhaags = A — feere Z Cijks (miA"™*m; A" D, ¢°my, AlY) |
1,5,k€EZ
—9 e rcde iav c «a
‘CAAquSl A < feere Z Cijss (DA™ Do\’ D, A D ¢") |
©,JEL
EAA¢¢2 i fabefcde Z ciis (mZAmuD ¢bDM¢cm] jdl/) 7
1,J€EL

£AA¢>¢>3 oA fabefcde Z Z]SS ( Aza,uD ¢bDll¢ m; ]d,u)

1,JEZ
£¢¢¢¢ 4A4 fabefcde Cou (DHQZ)QDVbeD ¢CDV¢d)

ﬁAAAAAl \/_A4 falaQbeSbecaws Z Cijkim (D[HAiaw]D[aAJﬂ't]mD[“Allfj13Ala4aAma55) 7

i j7k7lzm€Z7ﬁ0

EAAAAAQ \/_A4 fraeab pasch peaas Z Cijkim (mzmkA “rDy AJQQAk%Al““O‘Am“sﬁ)

i j:kzlymez;ﬁo

£¢AAAA1 \/—A4 fa1a2bfaacbfca4a5 Z Cijkis <m]‘DM¢a1D[OCAEZAia?’Aka‘*aAlaf)B) 7

Z:jzkzlez;ﬁo
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‘C¢AAAA2
£¢AAAA3
£¢¢AAA1
£¢¢AAA2
‘C¢¢AAA3
'C¢¢AAA4
£¢¢AAA5
Lhsoan =
Lhonnz =

L;, ¢>¢>¢AA3

falazbfa3cbfca4ao
\/' At

ajazb raschb pecagas
f I°f

T

ajazb raschb pcagqas
\/-A4f Joscts

falazbfagcbfca4a5
f A

falazbfadcbfcazlag)
\f A

fa1 agbfa3cbfca4a5
7
-9

\/§A4 fa1a4bfca3a5 fagbc

fa1a5bfa2bt:fa3a4c
f A

fa1a4bfa3b¢:fa2asc
\f At

ajaz2b raschb pecagas
\/-A4f Joscts

Z Cijkls <mjD[MAia1l/}A%GQD[MA%I?,QSMAI%B> 7

6,5,k E€Zso

>

7j7k7lez#0

A . . l
Cijts (mamymy, A" AR A g AlP)

S cipes (D167 DAL Dy AP A1)

7 j,kEZ¢O

D= Cuas (DA™ D% Dy Al A7)
1,J,k€Z 10

Z éz(flzss (mimina1uDﬁ¢a2Aia3¢a4Aka5,B> :
1,J,k€Z+0

D Cijla (mimy Al Dy AP g Afe)
4,5,k€Z+0

D Ol (mymp A Dyg Al gt Ak
1,7, kEZ¢0

D Cijsss (myA AT D, 6% D¢ 6™)
7.7627&0

S il (A AT D, 6% D66
7]62750

D Cine (MiDu@" G D6 g AP
1,J€ZL20

Here a,b,c,d, e are the indices of the adjoint representation of the gauge group and various

numerical factors are chosen such that in the case of 4d KK reduction of 5d Yang-Mills with

coupling g plus %tr(F 3) and

16A2

—9G? =9G4y

([F, F?) operators all couplings appear without any nu-

merical factors, i.e. they are expressed as products of g and G.



Appendix H

Double Copy in 3d

H.1 Explicit Expressions of ¢; and ¢,

In this appendix we give the explicit expressions for ¢; and e; which were introduced in (2.116)).
Since we can split this expression in different ways, we have the freedom to choose different
expressions for ¢; and e;. Here we show two different cases that are useful to understand the

residues at the spurious poles. One possible choice for ¢; and e; is

q1 = —Uz — Uy — U7 + Ug ,
q2:07
43 = —Uz — Ug — U7 + Ug ,

Q4:U1—UQ+U3—U4+U6—U7+21L97
g5 = U + Uz + 2uyg + us + ug + Uy — Ug ,

G = Uz + Ug + Us + Ug

156
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[ —m? (15512 + 17s13 + 4s14 + 10s23 + 6s24) + 46m* + 57, + 2575 + s14523 + s13524 + s12 (4513 + s14 + s23 + s24)
—m? (=7s12 — 11s13 — 14514 — Ts23 — 3s24) — 31m* — 2535 + s12 (—2s13 — 3514) — 4513514 — 2513523 — 3514523 + 513524 — 2514524
—m? (8s12 + 13513 — 5514 + 4523 + 4524) + 32m? + 2535 — 25, + s12 (3513 + s14)
0
e1 = - —m? (7s12 + 11s13 + 14514 + Ts23 + 3s24) + 31m* + 2535 + 4s13514 + s12 (2513 + 3514) + 2513523 + 3514523 — 513524 + 2514524
—m? (22s12 + 28513 + 18s14 + 17s23 + 9s24) + 7rmt + 5%2 + 45?3 + 4513514 + 2513523 + 4514523 + 2514524 + s12 (6513 + 4514 + s23 + s24)
—m? (Ts12 + 4513 + 9514 + 6523 + 2s24) + 14m* + 57, + 257, + s14503 + 513524 + 512 (513 + s23 + 524)
—m?2 (—14s19 — 15513 — 23514 — 13523 — 5s24) — 45m% — sfg — 2533 — 25?4 — 4513514 — 2513523 — 4514523 + s12 (—3s13 — 3514 — 523 — S24) — 2514824

—m? (8s12 + 13s13 — 5s14 + 4so3 + 4s04) + 32m* + 25?3 — 25%4 + s12 (3513 + s14)

m? (2512 + 2s23 + 2s24) — 10m* + $13S14
m? (—2s12 — 5514 — 2593 — 2524) + 10m* + 514 (512 + 513 + 523 + 524)
m? (2512 — 4s14 + 2503 + 2s24) — 10m? + 514 (513 + 514)
0
m? (2512 + 5514 + 2523 + 2524) — 10m* + s14 (—s12 — 513 — 523 — 524)
m? (4512 + 5514 + 4523 + 4524) — 20m* + 514 (—s12 — 523 — 524)
S14 (4m2 — 314)

ey =

—m? (2512 + 9514 + 2 (523 + 524)) + 10m™* + 514 (s12 + 513 + 514 + 523 + 524)

L 2m? (s12 — 2514 + s23 + s24) — 10m* + s14 (s13 + s14)
—m? (Ts12 + 5513 + 2 (2514 + s23 + 524)) + 10m™* + 535 + s14503 + 513 (2514 + 524) + 512 (2513 + 514 + s23 + 524)
—m? (s12 + 3513 + 4514 + 523 + 524) + 5m? + 512514 + 14523 + 513 (2514 + 524)
(s13 — s14) (— (m2 - 312))
0
_ 2 2 2 2 2 54
ez = — Am©s14 + m®s23 + mTsa4 + s12 (m - 814) + s13 (3m — 2514 — 824) — 5m” — s14823 s
(m2 - S12) (5m2 — s12 — 2s13 — S23 — S24

—m? (Ts12 + 4513 + 5514 + 2523 + 2524) + 10m™* + 535 + 514523 + 513 (2514 + 524) + 512 (513 + 2514 + 523 + 524)

2 2
- (m - 512) (5m — S12 — 513 — S14 — S23 — 524

(s13 — s14) (* (m2 - 312))

—2m? (s12 + s13 + s23) + 8m? + s13523

m? (11s12 + 6513 + 4s14 + 11523 + 4524) — 28m™* — s13 (512 + 523 + 524) — (512 + 523) (512 + 514 + S23 + 524)
—m? (11s12 + 6513 + 2514 + 4523 + 4s24) + 26m? + 513 (s12 + s23 + s24) + s12 (512 + 514 + 523 + 524)
0
es = | —m? (11s12 + 6513 + 4514 + 11s23 + 4s24) + 28m* + 513 (s12 + s23 + s24) + (512 + 523) (512 + 514 + s23 + s24) | >
—m? (13s12 + 8513 + 4514 + 13523 + 4s24) + 36m* + (s12 + s23) (s12 + 514 + s23 + 524) + 513 (512 + 2523 + 524)

m? (9512 + 2 (2513 + 514 + 523 + 2524)) — 18m* — 513 (s12 + s24) — 512 (512 + 514 + 523 + 524)
m? (2512 + 2513 + 2514 + 9s23) — 10m? — 513523 — s23 (512 + s14 + 523 + s24)

—m? (11s12 + 6513 + 2514 + 4523 + 4524) + 26m™® + 513 (s12 + 523 + 524) + 512 (512 + 514 + 523 + 524)

[ —2m? (s12 + s13 + s23) + 8m* + 512813

S12 (2m2 — 514) — (4m2 — 523) (2'm2 — 514) + s13 (524 — 2m2)
—2m? (2512 + s13 + s14 + 523 + s24) + 16m? + 512513 + s12514

0

S12 (514 - 2m2) + (27712 - 814) (47”2 - 523) + s13 (2m2 - 524)

—amZsa3 + s12 (*4m2 + s13 + 514) + s14 (523 - 4m2) +16m* — s13504
2m? (—4m2 + s14 + 824) + s12 (2m2 - 314)

—2m? (s13 — 514 — 523 + 524) — S14523 + 513524

—2m? (2512 + s13 + s14 + $23 + s24) + 16m? + 512513 + s12514

ey =

—m? (Ts12 + 2 (2514 + 523 + 524)) + 10m* + 63, + s14523 + s12 (514 + 523 + s524) |

s14 (823 - 4m2) + (2m2 - 324) (5m2 — 823 — 824) + s12 (—2m2 +s14 + 824)
2m? (57712 — 823 — s24 ) + s12 (*7m2 + 523 + 524) + s14 (*47712 + 523 + 824) + 5%,

0
€6 = s14 (47"12 - 823) + 512 (27712 —s14 — 824) - (2m2 - 524) (57712 — 523 — 524)
(s12 — s24) (*57”2 + 512 + 523 + 524
514 (512 — s24)

(27712 - 524) (5m2 — 823 — 524) + s12 (524 - 2m2) + s14 (*47712 +s23 + 824)
_2m2 (57712 — $23 — 824) + s12 (777712 + s23 + 324) + s14 (747712 + s23 + 524) + 3%2_
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We have verified numerically that all of e;...eq are parallel to the null vector, ey, when

€(1,3,4) = 0.

Another choice of ¢; and e; is the following:

1 = Uy — U + U3z + us + 2ug — ug + Uy ,

g2 = Uy — Uz + Us + 2ug + ur — 2ug ,

q3 = 2uy — 3us + 2uz + 3us + dug — 3ug + 2uyg ,
qs = U1 — 2us + 2uz + 2us + 3ug — u7 — ug + 2ug ,
Qs = —U1 + Uy — Uz — Us — 2Ug + Ug — Ug

Qs = U1 — 2us + 2us + 3ug + uy — 3usg ,

—s23 (*13m2 + 3s12 — s13 + s14 + 2523 + 2524)
2 2 2 2 4 2 2 2 2

—2mZs14 — Tm”s23 + s13 (8m® + s23 ) + s12 (8m® — 2s13 + s23 ) — 15m™ — 875 — s73 + sy + 2553 — s14523 + 2523824

—8m?s14 + 5m?sp3 — 5m?say + 512 (*187712 + 2s13 + 2514 — s23 + 524) + s13 (*87712 + s23 + 524) +40m®* + 252, — 2535 + s14523 + 514524 — 2523524
—5m? (2512 + 2514 + 3523 + s24) + 25m? + 3f2 - 3f3 + S§4 + 2333 + 513523 + 514523 + 513524 + S14524 + 2523524 + 512 (2514 + 3523 + s24)

€1 = —m? (18s12 + 8s13 + 8514 + 8s23 + 5s24) + 40m? + 25%2 + 2514523 + 513524 + 514524 + 512 (2513 + 2514 + 2523 + s24)
—8m?2s14 + 5mZs23 — 5mZso4 + s12 (*187712 + 2s13 + 2514 — s23 + 524) + s13 (*87712 + s23 + 524) + 40m* 4 25%2 — 28%3 + s14523 + s14524 — 2523824

72777,2514 — 7m2523 + s13 (87712 —+ 523) + s12 (87112 — 2s13 + 523) — 15m? — 5%2 — 5%3 —+ 5%4 + 2533 — 514523 + 2523524

0

m? (—8s12 — 8s13 + 2514 + 20s23) + 15m* + 535 + 535 — 57, — 4525 + 2512 (s13 — 2823) — 4s235024

523 (—5m2 + 2512 + s14 + 2524)
m? (s12 + 513 + 6514 — 3s23) — 5m? — 57, — s12514 — 513514 + S14523 + 2523524
m? (Ts12 + 2513 + 2514 — s23 + 5s24) — 10m* — 53, — s13504 — 514524 — 512 (513 + 514 — 523 + 524)
m? (8s12 + 3513 + 8514 + s23 + 5s24) — 15mt — 8%2 - 8%4 — 513514 — 13824 — S14524 — 512 (813 + 2514 + s23 + s24)
ez = |m? (Ts12 + 2513 + 2514 + 4523 + 5s24) — 10m* — 52, — s14503 — 513524 — S14524 — 2523524 — 512 (513 + s14 + s23 + s24) | >
m? (Ts12 + 2513 + 2514 — s23 + 5s24) — 10m* — 52, — s13504 — 514524 — 512 (513 + 514 — 523 + 524)
m? (s12 + s13 + 6514 — 3s23) — 5mt — 5%4 — 812514 — 513514 + 514823 + 2523524
0

—m? (512 + s13 + 6514 + 2s23) + 5m* + 53, + 513514 + s12 (514 + 2523) ]

2m2s14 + s23 (—6m2 + s12 + 324) —2m? 553

—m?so4 + sa3 (7m2 — S12 — s13 — 524) + 514 (524 - 2m2) +2m? — s2,

2m? (s13 + s14 — 3 (s23 + s24)) — 4m* + 533 + s34 + s12523 + s12524 + 2523524
513 (sz - 323) + (s23 — s24) (7m2 — S12 — s23 — 824) + s14 (824 - 2m2)

e3 = 2m2s13 + so4 (—6m? + 519 + 323) —2m? 4 534 ,
2m? (s13 + s14 — 3 (s23 + 524)) — 4m* + 535 + 53, + s12523 + s12524 + 2523524

—m?s94 + sa3 (7m2 — s12 — S13 — 824) + s14 (824 - 2m2) +2m? — sgs

0

L m?so4 + s14 (4m2 - 524) + s23 (*13m2 + 2s12 + s13 + 2824) —am* 2534 |
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512 (*97112 + s13 + s14 + 2s23 + 824) + (47712 - 523) (57’”2 — 514 — 824) + s13 (524 - 4m2) + 52,
m? (s12 + 513 + 514 — 3523 + s24) — 5m? + 514503 — s14524 + 523524
—m? (2512 + 2513 + 2514 + s23 — 5s24) + 10m* — 3, + 512 (523 — s24) — 523524
m? (8512 + 3s13 + 3514 + s23 + 10s24) — 15m* — 53, — 53, — s13504 — 514504 — 523524 — 512 (513 + 514 + 523 + 2524)
ea = |m? (Ts1z + 2513 + 2514 + 4523 + 9s24) — 10m™* — 53, — 53, — s14503 — s13524 — 2523524 — 512 (513 + 514 + 523 + 2524) | >
—m? (2512 + 2513 + 2514 + 523 — 5524) + 10m* — 53, + 515 (s23 — s24) — 523524
m? (s12 + 513 + 514 — 3523 + s24) — 5m? + s14823 — s14524 + s23524
0

—m? (10s12 + 5513 + 5514 + 2523 + 5524) + 25m? + 52, + s13504 + s14524 + s12 (513 + 514 + 2523 + s24)

s12 (—7m2 + s13 + s14 + 2s23 + 824) + (2m2 - 823) (5m2 — S14 — 2324) + s13 (824 - 2m2> + 5%2
—m? (s12 + 513 + 514 + 3523 + 4524) + 5m? + 514503 + s12524 + (513 + 2523) s24
(s23 — s24) (812 - mQ)
- (m2 - S12) (5m2 — S12 — 513 — S14 — S23 — 524>
e5 = |m? (Ts12 + 2513 + 2514 + 4523 + 5524) — 10m* — 535 — 514503 — (513 + 2523) 524 — 512 (513 + 514 + 523 + 2524) | >
(s23 — s24) (812 - m2)
—m? (s12 + s13 + s14 + 3523 + 4524) + 5m? + s14503 + 512524 + (s13 + 2523) s24
0

2 2
(m - 512) (5m — S12 — $13 — S14 — 2S23)

—2m?%s14 + s23 (2m2 —s12 — 824) + 2m?
514 (2m2 — 523 — 324) — (m2 — 523) (2m2 — 524)

2m? (s12 + s23 + 3s24) — 6m* — 53, — s23524 — 512 (s23 + S24)
s12 (2m2 - 824> - (5m2 — s23 — 824) (2m2 - 824) + s14 (4m2 — s23 — 524)
€6 = 2m? (s12 + s14 + 3s24) — 8m* — 53, — s12524
2m? (s12 + s23 + 3s24) — 6m* — 53, — s23524 — 512 (s23 + S24)

514 (2m2 — 523 — 324) — (m2 — 323) (2m2 — 524)

0

—m?Zsa4 + s14 (—47712 + s23 + 524) +4m* — s19s03

We found numerically that for this choice all e; are parallel to ey when €(2,3,4) = 0.

H.2 Special Kinematics of 3D Topologically Massive The-

ories

The on-shell polarisation vectors of topologically massive theories satisfy the equations of mo-
tion given in (2.123), while the external momenta should be on-shell, that is, p? = —m?.

Furthermore, special relations can arise in three spacetime dimensions as we will see in the

following.

3-point Amplitudes From (2.123)), we have the following relations for the polarisation vectors
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of the three external states 1, 2 and 3:
?; v
E1p + Eeuupplglp =0 ’
1
Sm + Ee,uuppgéhp =0 ) (Hl)

1
v
€3 + me;wpp3€3p =0.

By contracting the first line with €5 and €3 and using the second and third term respec-

tively, we get the following relations:

2 2
€12 = ——5€P21€P12 ,  €€13 = ——5€EP12€P32 - (H.2)
m m

Similarly, contracting the second line with €3 and using the last line we get:
2
€€a3 — ——26p21€p23 . (HB)
m

This shows that

eeiij = 2ep;;epji - (H.4)

We use these relations to derive ([2.145]).

4-point Amplitudes At 4-points, the analytic manipulations become more involve and we

proceed to use a numerical approach to find the on-shell relations between polarisation

vectors and momenta. We have checked that the following relations

1
€126 < — 8m?s(s — 3t)(s +t) + s*(s + 1)* + 32m*(—s + t)v/—stu

€€14€€923 (8 + t)4

+8ms(s + t)v/—stu + 16m*(s* — 6st + t2)> ,
(H.5)

€€13€€E24

= ! 2 — 2 2 4/ .2 2
t t)(s+t)+t(s+1t)"+1 — Gst + 1
cerscers (s + ) <8m (3s —t)(s+1) (s+1) 6m*(s®> — 6s )

— 8my/—stu(4m?(s — t) +t(s + t))) ,

are satisfied when using random on-shell kinematics as described in Appendix [H.4] These
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relations can also be checked in the Breit coordiante system (|2.148)), where the Mandel-
stam variables are related by (2.149)). Once these two relations are imposed, we can show
analytically that the 4-point TMG amplitude is the double copy of the 4-point TMYM

one.

5-point Amplitudes At 5-points, we will use a special property of 3D, namely, the fact that
any anti-symmetric tensor with 4 indices is identically zero. It is specially useful to look

at the case

E[uup(pi)a] =0. (H6)

By contracting this relation with pi'pspip] and choosing different i’s, we obtain four
relations between the s;; Mandelstam variables and €(4, j, k) = €,,,p! pipy. From them,

we can write Si2, S13, S14, Sez in terms of €(i, 7, k) and sqy. For example:

€(1,2,3)e(1,3,4)(s24—2m?) +m2e(1, 2, 3)>—m*e(1, 2,4)? —2¢(2,3,4)e(1, 2,4) —€(1,3,4)% +¢€(2, 3,4)?)

18— e(1,2,4)¢(2,3,4)

(H.7)
To find the remaining s94 in terms of €(i, j, k) we can consider products of two €(3, j, k)

and expand the double € in terms of the metric, that is,

€(1,2,3)e(1,2,3) = €uupasy (HP5D5) (0 P5P3).
1
— 1 (—16m° + 8m* (s12 + s13 + 523) — M* (512 + S13 4 523)° + S12513523) -

(H.8)

By using the previously derived relations for sis, s13, sS4, and ss3; we can derive an

expression for sqq purely in terms of €(z, j, k).

H.3 4-point TMG Amplitude

In this appendix we show the explicit expression for the 4-point TMG amplitude in a general
coordinate system and in the Breit coordinate system. In terms of the Mandelstam variables,
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the four-point amplitude of TMG reads

My =

( - 66%38654 (m2 - s) <80 (3m2 - s) (s - 4m2)2 m8 44 (4m2 - s) (1384m6 — 897sm* 4 179s2m? — 853) tm*

+ (22128m° — 5568sm* + 729s%m? — 1195) t3m? — 4 (7552m® — 3258sm° + 568s?m* — 8553m? + 85*) t?m?

-6 (4m2 + s) % + (2m2 — s) (76m2 + 33) o — (5360m6 —916sm* + 154s2m? + 33) t4> s?

+ ee1zeess (m? — ) ¢t (66146623 ( — 1477632m'® + 256(5182s + 6493t)m'* — 64 (544452 + 15491¢s + 10889t?) m!?

+ 16 (9845 + 3973¢s? + 12776t%s + 7851¢3) m'® + 4 (5760s* 4 10402ts> + 13539t%s? + 1045t%s — 1568¢1) m®
— 4 (1600s° + 5084ts* + 5866t%s> + 3305t3s% + 971t*s + 151¢7) mS

+ (51258 + 1976¢ts® + 4732t%s* + 279835 + 152t*s? — 11t5s + 24t5) m*+

t (1285 + 360ts® + 232t%s* — 2491353 + 26t*s% + 22t5s + 4t%) m? + st (—2s* — 5ts® + 10675 + 2635 + ¢*) )
+ ee12eess ( — 768(486s — 481t)m ' + 64 (3360s% — 49ts — 6493t%) m'?
+ 16 (—600s® — 613ts? + 10912¢%s + 10889t%) m'0 — 4 <307254 + 7T778ts + 8855t%s% + 15613t%s

+ 7851t4) m® + 4 (108855 + 1948ts* + 2314t%s> + 491¢3s? + 1282t s + 392t5) mS

+ (—5125° — 952ts® — 492¢%s* + 2178t3s + 1192¢*s* + 43415 s + 151t%) m*
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— ¢ (1283% + 488¢s® + 69617 s? + 343t353 + 271 5% + 29t5 s 4 6t°) m?

—t3(2s + 1) (—s* — 4ts® + 1757 + 35 + 1) >>

+ eej3eeay <68146623 (s — m2) < -8 (s — 47‘r12)2 (s — 3m2) (35 — 22m2) mb

— 4 (s — 4m?) (=3064m® + 2221sm* — 5175%m? + 365°) tm* + 2 <29184m8 — 17444sm® + 39765’ m* — 437s%m?
+ 2ls4>t2m2 +6 (4m? + ) t® + (—248m* + 118sm? — 35%) t° + (5392m° — 1028sm* + 204s%m? — 5s5%) t*

+ (—30256m® + 10336sm® — 1541s?m* + 163s°m? — 2s*) t3> 5% + eerzeess (768 (5% + 486ts — 481t%) m*6

(H.9)
— 64 (9253 + 4229ts? + 8651t%s — 10822t%) m'® + 16 (123s* + 1027¢s® + 29747t%s% + 14110t3s — 26039¢*) m'?

+4 (6655 + 7447t — 11718t%s% — 62062¢3s? — 15385¢* s + 25368t%) m!'°

— 4 (525% +2394ts° + 4948t%s* + 2145t3s® — 16136t*s* — 4706t°s + 1901¢%) m®

+ (2457 + T16ts® + 6422755 + 13743t3s* + 9891t s® — 7861557 — 2569t%s — 484t7) m®
+1 (1657 — 972ts% — 2312¢%s° — 2829t3s* — 251%s® — 317t°s% — 7355 + 36t") m*

+ 12 (8657 + 263ts° + 259t%s° — 50t3s* — 100t 53 + 23t7s? + 13t%s + 4t7) m?

+ st3 (255 + 9ts® + 15t%s* 4 20t3s% + 6t*s% + 3t°s + ) >>> x

—1

128m2(m?2 — s)s2(m?2 — t)t(—4m?2 + s + t)2(=3m2 + s +t)

In order to see the double copy relation explicitly, we write this amplitude in the Breit coordinate

system which was defined in (2.148]). The amplitude largely simplifies and is now given by

—m
My = X
P ToNp2 (A2 + m2)% (m2 + 4p2) (3mt + dm2 (A2 + p2) + 4X2p2)

<30E)\m10 (A%p — 4p®) + 3im! (A* 4 16p* — 96A%p%) + 8EN"D® (A — 32p* — 4N?p?)
+ Em® (—880Ap° + 366A°p* + 88X°p) + 8BEX*m?p® (—8A° + 320p° + 8A%p* + X*p?)
+2im? (5A% 4+ 152p° — 50202p* — 367A*p?) + 2iA*mp* (18A° + 640p° + 416A%p* — 172%p?)
+ 2B mPp (41X% — 960p° + 856A%p* + 148M\*p?) + im” (11A% + 512p° — 3396A%p° — 667A*p* — 652)\%p?)
+ 2B m*p (120% — 640p® + 1776A%p° + 552X\*p* — 1317\5p?)
—iN?m?p? (56A° + 2560p° — 768A%p° — 1352)%p* — 77A5p?)
+2im® (2010 + 128p"0 — 2464\%p® — 413\"p° + 217A%p? — 1312%p?) ) .

(H.10)
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In this coordinate system, the shifted kinematic factors of TMYM, ([2.134]), read

o —i
N T P B (B )
( — 5Am®p — Am®p (A2 + 31p?) — 2iA%p?/m2 + p2 (A2 + 4p?) + im*y/m2 + p? (A\? + 2p?)
m (—16Ap° — 9IN*p? + 4\5p) + +im?/m?2 + p? (A* + 8p* + 2\%p?)
E <2im4 ()\2 + 5p2) + Ampy/m? + p? (3)\2 — 16p2) + 5Am3py/m?2 + p2 — 2iA%p? (A2 + 4p2)
+ 2im? ()\4 + 4p* — 7)\2p2) )) ,
o 2Ay/m? + p? y
T Iy (0P = B (CER + m? )
( — 5iEAM®p 4+ iEAm (16p* — 3X%p) + m* (A* + 2p?) +m? (A + 8p* + 2X%p?) — 2A%p? (A + 4p?) ) :
Ny = — Ng — Nt .

(H.11)

As mentioned before, by plugging in these kinematic factors in (2.147) and using (2.149), we
get the amplitude of TMG (H.10)).

H.4 Numerical Method for Random Kinematics

In this section we explain how we generate the numerical 3D on-shell kinematics and give some
specific values that we used to check the double copy of TMYM at 5-point. We perform all
computations over finite fields. This way we avoid numerical errors and make the calculations
more efficient. We consider the field of integers modulo p, a prime number which is equal to
p = 2147483497 in this work. Computations over finite fields are common and have been used to
reconstruct polynomials in kinematics variables in loop QCD calculations [112], 163, [164] 165].

We refer the reader to [I11] [112] for a detailed explanation.

We generate random kinematics such that the two following conditions are satisfied:
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e The momenta are on-shell and conserved.
e The polarisation vectors satisfy the constraint (2.123]).
The components of each external momenta are related by the on-shell condition,
P' = (po,p1,p2) ,  —Do + 11+ Py =—m?, (H.12)

and the second condition is satisfied for the polarisation vector built out of these components

as,

eu:<_

We have included ten of the random kinematics that we used to calculate the 5-point TMG in

(m —po—p1+ipa)(m+po+p1+ip2) (po+p1)*+ (m+ips)?
2m(po + 1) 2m(po + 1)

—i+ 72) . (H.13)
m

Table [H.1] and the unshifted numerators of TMYM in Table 2. The unshifted numerators of

TMYM double copy to the 5-point TMG amplitude using ([2.12)).

m 512 S13 S14 523 A4§“4G
1 | 384817470 | 1158823430 | 345329619 | 1397768610 | 264965055 || 1010590219x3
2 | 1250040736 | 652270246 | 1821369346 | 1622372086 | 739244825 || 1355550730x3
3 | 800857604 | 2035880423 | 1968515133 | 1224440350 | 664321872 526697979x3
4 | 1150467713 | 2060321774 | 82539557 702220445 | 431821399 || 467871508x3
5 | 158667339 | 2051154971 | 369848949 | 890093650 | 756917203 | 475230586k3
6 | 1916307032 | 541901353 | 2099692150 | 150737937 | 425995603 | 1278139921x>
7 | 1662283157 | 938971574 50758705 928659888 | 1820858158 || 108642017x3
8 | 1078072319 | 1151859367 | 1186765675 | 110159710 | 209051438 | 1638775080x3
9 | 231108131 | 1439516500 | 572657143 | 405624245 68286568 266492730k3
10 | 1849710816 | 247156271 | 155877255 | 2085263836 | 62583717 966750502k

Table H.1: Examples of the kinematic values used to calculate the unshifted numerators of
TMYM and the 5-point TMG. The values are in the field of integers modulo p = 2147483497.
The remaining Mandelstam variable, so4, can be obtained by requiring that (2.64)) is zero in
3D.
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1 2 3 4 5 6 7 8 9 10
ny | 1679102633 | 348083868 | 399241281 | 842732794 | 300495714 | 332245457 | 2078791969 | 405757021 | 704097804 | 1147807466
ny | 317552067 | 1079962755 | 683351824 | 2113803420 | 650623635 | 1651377807 | 443295016 | 1307896649 | 546715501 | 33350122
ng | 1771495024 | 671539061 | 121827398 | 1212918710 | 877929848 | 1648524257 | 1751453994 | 715853795 | 437788195 | 1673049330
ny | 1358547387 | 1615179844 | 1720845160 | 1032631735 | 698981209 | 676408057 | 1421711641 | 586269609 | 1143032868 | 1144909226
s | 211933474 | 81190884 | 921568849 | 1552408865 | 1716179733 | 1587978966 | 1832576367 | 503370947 | 1216904523 | 1157374746
ne | 1117522969 | 1640095150 | 1919642084 | 998205023 | 1533934317 | 1763892091 | 1547349116 | 1008373879 | 1419527987 | 1656418171
nr | 1479358736 | 259089853 | 155577730 | 1231349950 | 1543305860 | 88031139 | 114315550 | 998844655 | 1430903268 | 310456086
ns | 1654319285 | 823920651 | 859957704 | 2079622430 | 322878784 | 1433806805 | 651369019 | 638654072 | 1572317114 | 1484455868
ng | 925637889 | 1084982689 | 1510593127 | 1223632823 | 991858505 | 1585631481 | 1130701506 | 1854538988 | 845822321 | 107084633
o | 241485408 | 181500425 | 2095141802 | 1445698561 | 946176777 | 1036495597 | 924128220 | 665606563 | 1436242466 | 167117366
ny | 1913208200 | 547913677 | 1461674584 | 601184017 | 391951191 | 112316195 | 407293624 | 777544715 | 908354210 | 719884700
nip | 1372613275 | 659324877 | 523204703 | 785456003 | 1120871918 | 2024095541 | 618177398 | 2047361914 | 1454336818 | 1233365105
nis | 1789815668 | 1037075753 | 209962576 | 493974229 | 1279666813 | 1941726328 | 1377397281 | 1546104552 | 2031446261 | 1379695040
nu | 1244173774 | 1475461191 | 1520770510 | 1520373298 | 1781914190 | 211939090 | 1680738019 | 1229996023 | 591423398 | 2134631466
nis | 1806462521 | 318300183 | 733389430 | 1399767053 | 630210267 | 1986264353 | 1729317645 | 1452460649 | 488881236 | 1508026444
Table H.2: Numerical values for the unshifted kinematic factors of the 5-point TMYM.
. L] L] L]
H.5 BCJ Relation in Terms of Partial Amplitudes
The BCJ relation in terms of colour ordered partial amplitudes takes the following form:
A5[12345]
A5[12435]
A5[13245]
U. =0, (H.14)
A5[13425]
As5[14235]
A5[14325]

where U = {uy, ..., ug} in this basis is given as:

up = (m2 — 512) (6(1, 2,4) (—5m2 + 8192 + S14 + 824) + m26(1, 2,3) — s13€(1,3,4) + s24€(1,3,4)

— 5146(2,3,4) + s23¢(2, 3, 4)) ,
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Uy = 7m2524e(1, 2,3) + m2514e(1, 2,4) + m2$246(1, 2,4) + 3m2514e(1, 3,4) + 2m2$246(1, 3,4)
— m?s04€(2,3,4) + s23 (m*(e(1,2,3) + 3e(1,3,4) — €(2,3,4)) — s14€(1,3,4) — s24(e(1,2,3) + €(1,3,4)))
+ 519 (3m26(1, 2,3) + 4m?e(1,2,4) + 4m?e(1,3,4) — 9m3e(2,3,4) — s03€(1,3,4) — s14(e(1,2,4) + €(1,3,4)
—€(2,3,4)) — 524(2€(1,2,3) + €(1,2,4) + €(1,3,4) — €(2,3,4)) + s03¢(2, 3, 4)) — 7m%e(1,2,3)
—3mte(1,2,4) — 5mte(1,3,4) + Tme(2,3,4) — s34€(1,2,3) — s14504€(1,3,4) — s35(e(1,2,4) + €(1,3,4)

—2€(2,3,4)) — s14524€(2,3,4) ,

ug = 7m2524(-:(1, 2,3) + m2sl4e(1, 2,4) — 3m25136(17 3,4) — 4m2524e(1, 3,4) — m25136(2, 3,4) — m25146(2, 3,4)
— m?s94€(2,3,4) + 519 (2m26(1, 2,3) + 5m2e(1,2,4) — 3m2e(1,3,4) — 5m2e(2,3,4) — 524(2¢(1,2,3)
+e(1,2,4)) + s13e(1,3,4) + s14(e(2,3,4) — (1,2, 4))) + 503 (m2(26(1, 2,3) — 3¢(1,3,4) — €(2,3,4))

+ s94(€(1,3,4) — €(1,2,3)) + s13(e(1,3,4) + (2,3, 4))) —8mte(1,2,3) — 2mre(1,2,4) + 11m'e(1, 3,4)

+ Tmre(2,3,4) — s24€(1,2,3) + s13504€(1,3,4) + 5% (€(2,3,4) — €(1,2,4)) ,

Uy = (6(1, 2,4) + 6(1,3,4) — 6(2,3, 4)) (— (m2 — 812)) (4m2 — 812 — S14 — 824) ,

us = m?s14(e(1,2,4) + 2¢(1,3,4)) + s10 <m2(e(1, 2,3) + 5e(1,2,4) + 5e(1,3,4) — 4€(2,3,4))
— s04(€(1,2,3) +€(1,2,4) + €(1,3,4)) — s14(e(1,2,4) + €(1,3,4) — €(2, 3,4)))
+ 54 <m2(26(1, 2,3) +2¢(1,2,4) + 3¢(1,3,4) + €(2,3,4)) — s14(€(1,3,4) + (2,3, 4))) +m*(—(2¢(1,2,3)

+ 5€(1,2,4) 4+ 6€(1,3,4) — 2€(2,3,4))) — s25(e(1,2,4) + €(1,3,4) — €(2,3,4)) ,

Ug = mQ( —4m?e(1,2,3) — 3m2e(1,2,4) 4+ 6m2e(1,3,4) + 6m2e(2,3,4) — 2s13¢(1,3,4) + s24(2€(1,2,3)
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Fe(1,2,4) + e(1,3,4)) + s1a(e(1,2,4) — €(2,3,4)) — s13€(2, 3, 4)) + 51 (m26(1, 2,3) + bm2e(1,2,4)
—2mZ%e(1,3,4) — 5m2e(2,3,4) + s13€(1,3,4) — soa(e(1,2,3) 4+ €(1,2,4) + (1, 3,4))
+ 814(6(27 374) - 6(17 274))) + s23 (m2(6(17 27 3) - 26(17 374) - 6(27374)) + 513(6(17374) + 6(27374)))

+ 5%5(€(2,3,4) — €(1,2,4)) .



Appendix 1

Derivation of Eikonal Resummation

Here we will show that (3.16)) and ([3.17)) are valid in topological massive gravity by following the
same steps as in [136]. Assuming that only ladder diagrams contribute, the n—1 loop integrands
are obtained by multiplying n factors of two graviton-scalar-scalar vertices, contracted with a

graviton propagator, together with scalar propagators, see figure [[.1]
!

Tq

v

Figure I.1: Example of a box diagram that appears within the ladder diagrams contributing in
the eikonal limit. Here, the gravitons correspond to the rungs of the ladder.

Two scalar-scalar-graviton vertices contracted with a graviton propagator of momentum ¢* =

(¢, q",¢") in the eikonal limit give

1@ +m?)

169
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where m is graviton mass and

F(q) = &* (—i(g"¢")* + 2¢"¢"¢"m — 2(¢")*(¢V — im)m) . (1.2)

Assuming that the momentum in the scalar propagators can be approximated as (p+k)? — 2p-k,
where p is p; or pp and k is any loop momentum, the sum of n — 1 loop diagrams gives the

following:

d3q, _SZF(QZ) 353 &
M, = /1_[<2ﬂ_34qZ q —|—m2)> (2#)5 p3+p1+;q¢

—1 —1 —1

>< - - PR -
2p1 'Q1—Z€2p1'(Q1+Q2)—Z€ 2p1 - (1 + @+ -+ quor) — i€

X Z _2p2 —t — ... —t
(1.3)

v U

Using light-cone coordinates and taking the eikonal approximation we can write p; - ¢ = —p"q

and ps - ¢ = —p“q’; hence

dg;dgidg! —s"F(q:) . ”
ot = i 21)35 y
Mot = 4pp ) 1/H< Gy agg +my) 7 q+;%
—i —i
(Z ) —qi —Ze—(ql +gp)—ie —(@H G+ ) —ie

—1 —1 —1
x 5 4 v ; v v e v v v Tl
(Z ) 2 oy — 1€ (@ya) T dym) =6 () + Gy Tt Gay) — e

ocESh

(1.4)

We now make use of the following identity,

1 1 1
limo(xy + 29+ -+ + 2, ‘ — .
€—0 (21 2 )ogszn Tg(1) £ U Ty(1) + To(2) T i€ To(1) + To2) +*  To(n1) L 1€

= (F2m8)" 16(21)0(22) - - - 6(2n)

Uo(1) — 1€ =2D2 - (Qo() + Go(2)) — € —2D2 (Qo() + Go(2) + -+ + Go(n-1)) — i€
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on the last line of to get

= () [T (8 ) oo 0

1 1
X 0 q; — .
(Z >q1+%(q1+q2)+@6 (@ + g5 + -+ gpy) + e

Lo @) (16)
=1
Performing all ¢! integrals sets all ¢¥ to zero, so ¢? = —2¢7q" + (¢/)* — (¢?)?, and we get
. 2mi dg'dg} —s*F({g;',0,4}}) 3 -
e 7 K3 Z’ 1 2 5 y
M= (4pp) /H< e @+ ) OO (1 2
1 1
IO . L7
(Z >q1+@6(q1+qz)+26 (g + a5 + -+ qp_y) +ie (L7

We can symmetrize the second line by summing over all permutations of labels and dividing

by n! to get

o () [T (228 R s+

. 1 1 1
x> g : ... —. (18
(; )Zq%Jr%(Q%Jrqg)Jr% (gF +5 + -+ any) +ie s

gES,

Then applying the identity on the last line we get

Mo — 1 (4?; ) /H (dcg”;lq; 4—; ((({qq) 0+q;n}2))) (2m)*§ (q + iqé’)

=1

x (—2mi)" ! H5 (¢") . (1.9)

Now performing ¢} integrals gives

s () Rt Sh) ers(oo L) oo

1=1
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From ([.2]) we get F/({0,0,4¢7}) = —2k%(¢¥)*(¢¥ — im)m, and we can write

“ < db _, n oy
5 E vl = D —ib(a+iiat) I.11
<Q+ i=i qz) /_OO 27T6 ( )

so finally we get

LN\ e, * dg¥ 252 o)
iM, = — [ — dbe b o L C—— L T (L12)
n! \ 2s oo oo 21 2(q¥)?(qY + im)

where we used the fact that s = 2p¥p" in the eikonal limit. The term in the second integral can

be written as
K2s?m

2(q")2(q¥ +im) iMeree(s,t = —(¢")7), (L.13)

where M. is the eikonal limit of tree level 2-2 scalar scattering amplitude. Then summing all

loop diagrams gives the full eikonal amplitude:

. o0 N A el AN - ibg (i
I —ibg E i _ _(~Y)\2),—1bg? _ —ibq ( i6
ZMelk = 2s /Oo dbe 2 ol (23 /oo _27'( Mtree(syt = (q ) )6 > =25 /Oo dbe (6 1)7
(1.14)
where
1 [ dg

- et — (Y 2\ —ibq¥
28 . 27T Mtree(sat (q ) )6 . (115)

is commonly referred to as the phase shift. Therefore, we have proved that the TMG amplitudes

exponentiate in the eikonal limit, which to the best of our knowledge has not been proven before.

The calculation of the eikonal amplitude in TME is almost identical to that of TMG but now

two scalar-scalar-photon vertices contracted with photon propagator gives

sF(q)

¢*(q* +m?)’ o

where

F(q) = 29°Q*(—iq"q" + ¢"(i¢’ + m)) (1.17)
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instead of ([.1) and (I.2)). Now, repeating the same steps as before we get

o= (4pp ) /H< = {sz)o i?ﬁ)) (2)'e (Hiqiy) -0

=1

Using F({0,0,47}) = 129°Q%¢¥(q¥ — im) and the expression for the tree-level scattering ampli-

tude in the eikonal limit,

2i5g°(Q)?

(@ +im) iApree(s, t = =(¢")°) (1.19)

we get the same expression as in TMG case
iAeiic = 25 / dbe ™1 (e — 1), (1.20)

where the phase shift reads

- b — (Y 2\ —ibq¥
28 . 277' Atree(37t (q ) )6 . (121)
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