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Abstract

This thesis presents four theoretical studies on pairs of tunnel-coupled one-dimensional
Bose gases. It first recapitulates how at low energies, the gases’ symmetric and
antisymmetric combinations of density and phase are governed by two Tomonaga-
Luttinger Liquids (TLL). Tunneling between the gases is believed to yield a quantum
sine-Gordon model for the antisymmetric sector. The theoretical background
and various applications of this model are summarized, before presenting the
first new theoretical results. These show in detail how matter-wave interference
measurements can access eigenvalues of the relative phase operator from the TLL,
allowing to study the operator’s distribution functions and multi-point correlators.
The derivation clarifies why this construction is limited to short expansion times
and weak interactions and what modifications occur away from this limit. This
leads to a new formula predicting longitudinal “density ripples”.

The second half of the thesis was stimulated by recent and unexplained ex-
perimental results in the tunnel-coupled case, where density-phase oscillations
were seen to rapidly damp out. The work first studies whether this can be
explained within a translationally invariant sine-Gordon model. Treating this
model in a self-consistent harmonic approximation leads to a negative conclusion.
Second, the next leading perturbation due to the tunnel-coupling is investigated
in a box geometry. Although this yields a non-negligible coupling between the
(anti)symmetric sectors, the effects are not strong enough to explain the damping,.
Finally, a new low-energy theory is developed, which does not rely on the TLL
and which allows to study the roles of both higher excited levels of the transverse
potential and of a realistic longitudinal potential. Strong damping is observed as
a result of the longitudinal potential, with a dependence on the particle number
that is compatible with experimental results. This indicates that performing the

experiments in a hard-wall box potential might eliminate the damping effects.
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...if we were to name the most powerful assumption
of all, which leads one on and on in an attempt
to understand life, it is that all things are made of
atoms, and that everything that living things do can
be understood in terms of the jigglings and wigglings
of atoms.

— R. P. Feynman (1918-1988)

More is different.

— P. Anderson (1923-2020) Introduction

Even the simplest materials consist of a fantastic number of microscopic parts
that interact with each other in complicated ways. It is a triumph of 19®*- and
20""-century physics that the intricate “jigglings and wigglings” of these microscopic
particles can sometimes be related directly to the macroscopic behavior that (we
think) we know from everyday life. In some cases, this behavior is very unexpected,
such as flow without resistance, or elementary charge units that break up into
seemingly forbidden smaller fractions. Such discoveries can lead to enormous
technological advances that would not have been possible without a thorough study
of the underlying microscopic mechanisms. But in many other cases, the relations
are too hard to derive, and it is simply not true in practice that everything “can
be understood in terms of the jigglings and wigglings of atoms.”

The situation is particularly challenging when the laws of quantum mechanics
play a role. The space of states can then grow exponentially in the number of
particles. This is of specific concern when the system is out of equilibrium, causing it
to explore not just the lowest energy state, but a set of states that is often too large
for practical calculations. A second complication lies in the quantum mechanical
nature of measurements: their results are inherently probabilistic. To predict the
outcome of an individual experimental measurement, a simple number will not
suffice. Instead, the theorist is asked to compute the full probability distribution of

all possible measurement outcomes, which can be very difficult if not impossible.



1. Introduction

This thesis presents theoretical studies for an experimental setup in Jorg
Schmiedmayer’s Vienna group [4-15] where both these challenges are being met
head-on. By cooling a highly elongated gas on an integrated circuit of magnetic
traps (an atom chip), it is brought into a quantum mechanical regime. The atom
chip can prepare the gas in a non-equilibrium quantum state by deforming the
magnetic trap into an elongated double well potential, thus splitting the single gas
into a pair of effectively one-dimensional gases. When releasing these gases from
the trap and measuring their combined density, the quantum mechanical phase
difference between the gases can be probed after a variable evolution time. The
robust design of the chip allows this process to be repeated many times, so that
time-dependent probability distributions of the relative phase can be extracted [7-9].

On the theoretical side, such distributions can be computed, but the theorist is
not necessarily forced to go down to the level of “jigglings and wigglings of atoms”.
Instead, there is a well-understood way to describe the spatially averaged behavior
of large numbers of atoms in the quantum mechanical regime. This gives rise
to collective variables, such as the quantum mechanical phase mentioned above,
that are not governed directly by the fundamental laws of the standard model,
but by other, effective field theories that can be very different, and in many cases
simpler. An additional advantage is that these field theories often apply to a range
of different physical settings, thanks to the spatial averaging procedure, which
washes out many microscopic details. In this thesis, the most important effective
field theory is the quantum sine-Gordon model in one spatial dimension (1D). It
does not only describe the large-scale behavior of pairs of Bose gases, but also

plays an important role in the study of

e quantum spin chains,
 interacting fermions in 1D, and
« interacting bosons in optical lattices,

to name just a few. We refer to Chapter 4 for some details. By computing and

measuring the distribution functions of the relative phase in pairs of Bose gases on
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an atom chip, we can thus gain rich information about the long-distance behavior
of many other physical systems, both in and out of equilibrium.

The above ideas can play an important role in ongoing developments in many-
body theory: though enormous progress has been made in the study of non-
equilibrium states for 1D quantum systems [16-25], the time evolution of local
observables on an arbitrary initial state is still an unsolved problem in most cases,
even for many models displaying a form of exact solvability. The same is true
for the calculation of full fluctuation statistics [26-46]. Therefore, the ability to
directly reconstruct full distribution functions of observables out of equilibrium in a
well-controlled quantum many-body system is expected to make huge contributions
to these discussions. Moreover, the mappings mentioned above offer an application
of these findings to a range of important physical situations beyond the directly
observed experimental system on the atom chip.

However, there are a number of open questions surrounding the Vienna experi-
ments, which this thesis aims to address. One of these is the precise relation between
the measured density after trap release and the quantum operators describing the
relative phase between the gases. A second open question concerns the recent
measurement of density-phase oscillations [15, 47, 48] which show a rapid damping
that is as yet unexplained. This thesis will address these questions as follows. In
Chapter 2, we first describe the 1D Bose gas at a more microscopic level, before
introducing an effective field theory known as the Tomonaga-Luttinger Liquid (TLL).
In Chapter 3, we show how this theory arises for bosons in a double well, and how
the relative phase is represented as a long-wavelength operator in this theory. We
review how an additional, dominant term arises at low energies when lowering the
barrier between the wells. This term leads to the sine-Gordon model mentioned
above. After reviewing some facts about the sine-Gordon model in Chapter 4, a
precise relation between the relative phase operator and the measured gas density
after trap release is derived in detail in Chapter 5, which is based on [1]. The
assumptions underlying this derivation are made explicit, showing that its range of

validity is restricted to weakly interacting gases and to short expansion times after
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trap release. In Chapters 6-8, we turn to the damped density-phase oscillations,

and investigate a number of hypotheses to explain the damping. In order, these are

(i) an explanation within the translationally invariant sine-Gordon model,
(i) additional terms in the Tomonaga-Luttinger Liquid,
(7ii) effects of the trapping potential, and

(iv) effects of higher excited states of the double well potential.

In Chapters 6, based on [2], we investigate (i) using a self-consistent harmonic
approximation of the quantum sine-Gordon model. No strong damping is observed,
providing evidence that (7) must be rejected. We go on to consider (i), by studying
the leading experimentally relevant perturbation to the sine-Gordon model in
Chapter 7, based on [3]. We also place the model in a box geometry as a first
attempt to investigate hypothesis (7ii). Both approaches turn out to fail at describing
the damping phenomenon. We therefore return to a microscopic model of the Bose
gas in Chapter 8, leaving the TLL aside. By deriving a new effective model for
three 1D boson species pertaining to eigenstates of the double well, and treating the
interactions in the Hartree-Fock approximation, we arrive at equations of motion
that do capture many features of the observed damping. The damping does not
depend on the coupling to the third eigenstate of the double well in our model,
which thus offers evidence against hypothesis (iv). On the other hand, the damping
gets stronger as the strength of the longitudinal trapping potential is increased. This
makes hypothesis (777) the most likely cause of the damping. We therefore conclude
that a successful effective field theory for the current tunnel-coupled Bose gas setup
[15, 47, 48] has to take the longitudinal trap into account. On the other hand, we
believe that the attempt to realize a translationally invariant sine-Gordon model is
worth pursuing further, given the model’s theoretical importance and broad physical
applicability. Our conclusion is that such experiments should be performed in a box
potential, whose flat bottom we expect to eliminate the strong damping, based on
our model from Chapter 8. Such experiments are indeed being developed [49, 50]
and both Chapters 7 and 8 offer direct theoretical predictions for this situation.



1D Bose gases and the
Tomonaga-Luttinger Liquid

2.1 From 3D to 1D
2.1.1 Why 1D?

One-dimensional (1D) quantum systems offer a wealth of phenomena that are not

available in 3D systems, for reasons that are often quite simple. For instance,

o particles cannot move past each other without occupying the same point
in space. This means that exchange statistics and interactions can not be
considered separately: when probing the many-body wave function’s phase
shift under particle exchange, it inevitably gets a contribution from the
scattering phase shift due to interactions. As a consequence, a system that
would be bosonic in a non-interacting limit can acquire fermionic features as
the interaction is ramped up. In fact, some fermionic systems are completely
equivalent to a bosonic system. Such extremely useful mappings are known

under the name of bosonization and will be vital in this thesis.

e In a two-body scattering problem, only two momenta are involved, and they
are scalars in 1D. This means that in the absence of other quantum numbers,
the conservation laws of momentum and energy completely fix the momenta
in the outgoing asymptotic state: these must be a permutation of the set of
incoming momenta. In models where any n-body scattering process can be
consistently decomposed into successive two-body scattering processes, this
means that any scattering process conserves the set of momenta involved. This
“scattering without diffraction” places strong constraints on the eigenfunctions
and dynamics of the model, often allowing the system to be solved exactly.

It has therefore been proposed as a definition for quantum integrability
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[51]. This definition remains a topic of debate (see [52] for an interesting
discussion), but it invariably involves a form of exact solvability. The first
example of an interacting, integrable quantum many-body system was solved

[53] by Hans Bethe in 1931, when he considered the periodic spin chain

A o

Hyxr = J Y (8785 + 8080 + A5:85,) o 87 =Siw =2 (2)
J

a
J

The o7 are Pauli matrices acting on a local Hilbert space {|1);, [{);} at site
j. Using the same Ansatz as Bethe, in 1963 Lieb and Liniger [54, 55] found

the exact solution and excitation spectrum for the d-interacting Bose gas,

= [ do[ (00 @) (0.66)) + e F @ @)d)O)] (22)

with periodic boundary conditions. The bosonic field operators satisfy
[@E(x), &T(x')} = §(x — 2') and all other commutators are zero. This Bethe
Ansatz solution and its low-energy physics will be treated in detail in Sections

2.2 & 2.3, forming the basis for most of this thesis.

e In a 1D system, fluctuations act to destroy order more easily than in higher
dimensions. For a spin chain such as (2.1), the energy cost of a domain wall
(with respect to anti-ferromagnetic, or staggered, order if J > 0) is only paid
at a single link. Finite rows of spins can thus be rotated with respect to this
staggered ordering, at only a small energy penalty. This leads to a phase (here
for |A| < 1) where such low-energy fluctuations destroy order, i.e., cause the
staggered spin-spin correlation function to decrease with distance. In the 1D
Bose gas, a similar situation arises. The Hamiltonian is explicitly invariant
under continuous global transformations 1& — em@. In three dimensions, this
continuous symmetry is spontaneously broken below a critical temperature
T., leading to Bose-Einstein condensation (BEC). The resulting long-range
order in the Green’s function,

lim <$T(x)q;(y)> >0, (2.3)

|x—y|—o0 3D
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does not occur in 1D. Small local fluctuations in the phase, ¢(z) — @ i(z)

come with such a small energy cost in 1D that they destroy long range order:

1
A _ itT'=0,
<w (x)w(y)> — S lz =yl (2.4)
1D e~ lPUl AT T S 0
Such soft, local fluctuations deriving from a global continuous symmetry
are referred to as Goldstone modes, and their prevention of long-range
order in dimensions smaller than three is known as the Mermin-Wagner-

Hohenberg-Coleman [56-58] theorem. The resulting weak (power-law)

decay of correlations at 7' = 0 is referred to as quasi long-range order.

The first two points above are vital in the solution and application of the
quantum sine-Gordon model. All three points are essential for the 1D Bose gas
(2.2), which plays a central role in the experimental realization of the sine-Gordon

model studied in this thesis.

2.1.2 Realizing a one-dimensional many-body system

How can a 1D system be realized in a 3D world? A unique feature of quantum
theory is that the discreteness of energy levels will freeze out degrees of freedom, if
the level spacing is large compared to the energy density. This fact allowed Max
Planck to cure the high energy contributions to his radiation formula. Almost
a century later, it has been exploited to experimentally realize 1D gases. For a
non-interacting gas, it is easy to see how this could work: consider a 3D harmonic
oscillator with trapping frequencies w, < w,, where w, = w, .. Processes at energy
scales F < w, can never change the y- and z-quantum numbers, thus involving
the degrees of freedom in the x-direction only.

The interacting case is more involved and was made precise for neutral Bose
gases by Olshanii [59]. At low momenta, two-body scattering in such gases is
approximately spherically symmetric and can be modeled by a pseudopotential U ,

cf. [60]. This potential is defined via its action on the two-body wave function x, as

(7 )xa( 7, ) = 47;335(5)0% (» a7 ). (2.5)
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where R is the 3D center-of-mass coordinate of the two-particle system and 2" is the
relative coordinate, with 2 = |2"|. The length scale aq is referred to as the s-wave
scattering length. When placing interacting bosons in the same harmonic background
potential with w, < w, as we saw previously, their transverse degrees of freedom
are not completely frozen out: even at energy scales F < w, virtual transitions
to higher transverse levels can occur when particles interact. By summing over
these virtual states, Olshanii proved that the full two-body problem can be well

approximated at low momenta by a 1D problem with two-body pseudopotential
U(z) = gind(z), gip = 2aw (1 — Kasfa)™" (2.6)

where £ &~ 1.03 is known to arbitrary precision and a; = 1/y/mw,. For gases
that are dilute enough to neglect three-body interactions, this effective potential
can then be used to describe the low-energy physics of the N-body system using

the 1D Bose Gas Hamiltonian

N
I
Hippe = %HéL) + Z Vi(z;) (2.7)
j=1
N g2
HSE) = Z 9.2 + 2025(:ck — 1), ¢ =mgip . (2.8)
Jj=1 J I>k

) s equivalent to the Lieb—

Here V) is a weak background potential and HI(JJE
Liniger model (2.2) in the N-particle sector. Although situations with ¢ < 0
are experimentally accessible [61] and show some very rich physics [62, 63], we will
focus exclusively on the repulsive regime (¢ > 0) here, as this is the relevant regime

for the sine-Gordon mapping that is of interest to us in what follows.

2.2 The Lieb—Liniger model
2.2.1 The Bethe Ansatz solution

The Hamiltonian (2.8) with ¢ > 0, describing N bosons with contact repulsion, was
solved in 1963 by Lieb and Liniger [54] for the case of periodic boundary conditions
(PBC). Though the case of a hard-wall box is exactly solvable as well [64, 65], we
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will focus on PBC in Chapters 5 and 6, and here present the corresponding solution.
It was obtained by Lieb and Liniger using the Bethe Ansatz for the N-particle wave

function yy, which satisfies the time-independent Schrodinger equation

HSPXN(ID coooy) = Enxn(z,. .. on) (2.9)

Since the interactions in Hﬁg) have a vanishing range, (2.9) can be formulated

as a free N-particle Schrodinger equation
N g2
_ Z 5 x~v = Enxn, (2.10)
=1 9%

on the open domain Dy : 1 < 29 < ... < xy, subject to boundary conditions at
xj11 = xj + 07 which are set by the interactions. The required bosonic symmetry
then fixes the extension of this solution to all of RY. At the point ¢ = 0, interactions
are absent and the boundary conditions are trivial. The solution is then given

by the permanent of plane waves

XN($1,...,$N|/\1,...,)\N) =N Z €izj$j>\”(j). (211)

TESN

In the limit of hard-core repulsion (¢ — 00), particle positions are not allowed to
coincide. This prompted Girardeau’s 1960 solution [66] for this limit in the form of

a Slater determinant on Dy, symmetrized to have bosonic statistics on RY:

(@) =N [ sen(z; — ) Y (-)FleiZimo(2.12)

Nzj>k>1 TeESN

Here [r] denotes the parity of the permutation 7 € Sy. This limit of infinite
repulsion is referred to as the Tonks-Girardeau limit [66, 67]. The solution by Lieb
and Liniger [54], valid at any ¢, offers an interpolation between the permanent
(2.11) and the determinant (2.12). In accordance with these limits, Lieb and Liniger

proposed a similar superposition of plane waves, using Hans Bethe’s Ansatz [53]

XN(xla s 7'TN|)\17' . 7)\N) = Z A<7T)€i2jxj)\ﬂ(j) ) (213)

TESN
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which has total momentum and energy
N N
Py=> ), Ex=)»_ X (2.14)
j=1

j=1
on Dy. The amplitudes A(7) are again fixed by bosonic symmetry, and by the
conditions on the boundary of Dy, that is, at z;4; = x; + 0%. For general ¢, these
boundary conditions are found by integrating the Schrodinger equation (2.9) over

a vanishing region around zero in the coordinates ;1 — x;:

o 9
8xj+1 8xj XN

The wave function’s derivative in the relative coordinate thus shows jumps of size

=cxny Vj<N. (2.15)

Tjr1—xj=0"

¢ whenever two particle coordinates coincide. Inserting the Bethe wave function
(2.13) and pairing up terms whose permutation group elements = and 7 differ by

a single exchange (j) <> (j + 1), one finds the amplitude ratios

Am) =i (M) = M)

AT e+ i (An) — Anirn)

_ _e_z'(b()\ﬂ,(j)—Aﬂ(JA»l))’ (2‘16)

where ¢(\) = 2arctan(A/c) if A is real-valued. Extending the wave function to all

of RY by decreeing bosonic symmetry, one finally arrives at

XN(:E17"‘71‘N|A17"'7>\N): (2]‘7)
N H Sgn(xj — xk) Z (_1)[#]6% ZN2j>k21Sgn($j_wk)¢<>\ﬂ(j)_)‘7r(k))ei Z]’ zj)‘ﬂ'(j).
eSn

N>j>k>1 ™
The norm N can be computed using a determinant formula put forward by Gaudin
[64], whose conjecture was proven by Korepin et al. [68]. Note that the wave
function (2.17) vanishes whenever two rapidities coincide, yielding an exclusion
principle. This is our first indication that the distinction between fermions and
bosons can be blurred in 1D systems.

A quantization condition for the rapidities A; is derived by placing the system

on a ring of length L, leading to the condition
XnN(Z1, ..z + Lo ey A) = xn (21,2, 2| ), (2.18)

10
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for each value of j. Applied to the wave function (2.17), these conditions imply
eME = ()N i EiL oAy (2.19)

The logarithmic form of these Bethe Ansatz Equations,

N
2 1 .
)\j:—L Ij—z E ¢()\j_>\k)7 V] ) (2'20)
k=1

provides a mapping between a set quantum numbers {/;}, which are integers (half-
odd integers) for odd (even) N, and a set of rapidities {\;}. The mapping is one
to one and the \; are all real if ¢ is non-negative (see e.g. [68] for a proof). In the
¢ — oo limit, all scattering phases ¢ vanish, and the rapidities lie on a rigid grid
with spacing 27 /L, mirroring the single-particle momenta of free fermions. For finite
¢, all X’s are influenced by the values of all other quantum numbers: the effect of the
zero-range interaction between the constituent bosons is a highly non-linear coupling
between all the rapidities A\;. For all positive ¢, I; = I; implies that \; = );, causing

the wave function to vanish if ¢ # j and leading to an exclusion principle on the I;’s.

2.2.2 Ground state and excitation spectrum

Having established the quantum numbers of the system, the expression for the
energy (2.14) tells us what the N-particle ground state is: the energy is minimized
when all quantum numbers {/;} are as close to zero as possible. Given that they
cannot coincide, the rapidities thus form a Fermi sea. In [55], Lieb classified the
elementary particle-hole excitations over this ground state, identifying two types,
which he dubbed Type 1 and Type 2. They are schematically represented in Fig. 2.1:
Type 1 removes a particle from an edge of the Fermi sea and moves it in the direction
of increasing |I;|. Type 2, on the other hand, removes a particle from the bulk of
the Fermi sea and moves it to the closest edge. These excitations respectively form
the highest- and lowest-energy particle-hole excitations at a given momentum, thus
bounding the full single particle-hole spectrum, schematically depicted in Figure 2.1.
Lieb also made the important observation that the slopes of these two branches
coincide as their momenta approach zero. This means that the full single particle-

hole continuum near p; = 0 can be captured by a single gapless mode with sound

11
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61(1)1
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ﬂ Type 2 Type 1
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(a) (b) |

Figure 2.1: (a) Fermi sea for N = 13, including schematic examples of Lieb’s elementary
excitations. (b) Single particle-hole spectrum for the Lieb-Liniger model, with examples
of a Type 1 excitation (filled circle, red line), which creates a particle outside of the Fermi
sea, and a Type 2 excitation (open circle, blue line), which creates a hole within the Fermi
sea. The square denotes an umklapp excitation.

velocity vs. There are two more low-energy excitations. The first is the umklapp
process, also identified by Lieb, where a particle is moved from one edge of the
Fermi sea to the other or, equivalently, all quantum numbers increase by 1. Using
the antisymmetry of the scattering phase ¢, inspection of (2.20) reveals that this
boosts the systems’ total momentum by a fixed amount 27pg, where pg = N/L
is the average boson density. The second excitation is an increase of the overall
particle number by 1, placing a particle at one of the Fermi points and shifting all
other I;’s by 1/2 in the opposite direction. In the ¢ — oo limit, the energy increase
when adding d N particles in this way is easily computed to be %UF(WV 2 with
vp = Tpo/m (we have restored the mass prefactor from Eq. (2.8)). For j umklapp

processes, the corresponding energy is %vp@ 7)%. We see that both scale as ~ 1/L.

2.2.3 The thermodynamic limit

In the thermodynamic limit, defined as N — oo, L — oo whilst keeping py = N/L
fixed and finite, the rapidities become dense on subsets of R. In that case, one
can define a “particle” and a “hole” density, p, and pp, which respectively describe

the distribution of rapidities and vacancies:

k+Ak
1
/ dX ppny(A) = I (# of rapidities (holes) in [k, k + Ak]). (2.21)
k

12



2. 1D Bose gases and the Tomonaga-Luttinger Liquid

For finite, nonzero ¢, they are nontrivially coupled to each other via the thermo-
dynamic version of the Bethe Ansatz equations (TBA), which reads

1+ 27 /OO dNC(A = XN)p,(X') =27 (pp(X) + pr(N)) (2.22)

with kernel C(A\) = 0y¢()\) /21 = c(c® + A\*)~! /7. The single equation (2.22) is
not enough to fix both functions p, and p,. An additional condition is needed,
which for the ground state was given by Lieb and Liniger [54] as the requirement
that p,) vanishes outside (inside) the Fermi sea, with Fermi rapidity Ap set by
fj‘fF dA pp(A) = po. From the ¢ — 0 limit of their equations, Lieb and Liniger found

that the chemical potential in the ground state behaves as

p=cpo/m (2.23)

for weak interactions. This will turn out to be useful in what follows. The finite
temperature case was solved by Yang and Yang [69], who required minimization of
the Gibbs free energy, taking the entropy of microscopic redistributions of rapidities

into account. This leads to the additional equation

ph(>‘)_ 2, - / ~\n M
BT In 25 =X = kBT/_ ANC(\ — X)1 (th(k))’ (2.24)

which, together with (2.22), fixes the particle and hole distributions at finite

[e.9]

temperature 7' and chemical potential pu.

2.3 Low-energy field theory
2.3.1 The Tomonaga—Luttinger Liquid

Although the Lieb—Liniger model with PBC is solved exactly, the full spectrum of
Type 1, Type 2 and umklapp excitations identified by Lieb is quite complicated.
When computing correlation functions, it is a formidable task to find the corre-
sponding matrix elements using the Bethe wave function (2.13) and sum them all up.
Though serious progress can be made using the Algebraic Bethe Ansatz [68, 70-72]
combined with sophisticated numerical techniques [73-75], an approximate but

much simpler method is available when studying the low-energy sector only. As

13



2. 1D Bose gases and the Tomonaga-Luttinger Liquid

can be seen in the single particle-hole spectrum of Fig. 2.1, there is a range of
energies where most wave vectors are forbidden: for energies ¢ < p much below the
the Type 2 branch maximum, the only allowed single particle-hole excitations lie
around k = 0 and k = £27mpy. This makes the model much simpler when restricted
to this low-energy sector. It can then be characterized by a phonon branch, which
captures the long-wavelength behavior of both Type 1 and Type 2 modes via a
single sound velocity v,, and by umklapp processes at multiples of the wavelength
2mpy. Finally there are excitations where a particle is added to one of the Fermi
points. Following work by others [76-80], Haldane showed how this low-energy
sector can be described by the effective Hamiltonian

e

HTLL = 97,

<UN5N2 N UJ<25>2) + 3" vl klbib. (2.25)
k0

Here 6N counts the additional number of particles in the system, ; counts the
number of times the Fermi sea is boosted by one quantum number and lA)L creates
phonon modes with momentum k < u/vs. The mode expansion thus comes with
a natural cutoff k. that lies below pu/vs.

In the ¢ — oo limit of the Lieb—Liniger model, all velocities are equal to
VN = vy =vs = vp = wpy/m. For generic positive values of ¢, the velocities change
in an interaction-dependent way. However, (2.25) describes much more than just
the Lieb-Liniger model. The low-energy part of the spectrum in Fig. 2.1, with its
phonon, umklapp and particle number excitations, only relies on the existence of
a 1D Fermi sea. Needless to say, this phenomenon is ubiquitous in 1D, both for
fermions [81] and for bosons [82] with the kind of exclusion principle displayed by
the Lieb—Liniger model. Haldane denoted the class of such models with the term
Tomonaga—Luttinger Liquid (TLL) [81-85]. We will focus on PBC here, and refer
to [65, 86] and Sec. 7.2.2 for modifications due to hard-wall boundary conditions.

2.3.2 Long-wavelength operators

How are the operators in the effective theory (2.25) related to the original field

operators @? The existence of umklapp processes means that the low-energy sector
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2. 1D Bose gases and the Tomonaga-Luttinger Liquid

€ < p contains processes at short length scales ~ 1/pg of the order of the inter-
particle spacing. In spite of this, Haldane managed to find a low-energy projection
of the field operators using long wavelength (k < p1/v;) fields only. Consider the
exact boson density operator p(z) = ¥(2)(x) in the Ny-particle sector. In the

full, microscopic theory, this operator has wild short-wavelength behavior and reads

LOEDICEENR (2.26)

in each Ny-particle subspace. To control this short wavelength behavior, Haldane
introduced a smooth counting field (:)(x), which increases by 7 every time it reaches
a particle coordinate x;. It can be separated into a linear piece and a field é(az)

which varies only over long length scales > py*,

A

O(z) = mpox + O(x) . (2.27)

A

0(x) is compactified according to 0(z) = 0(x)+ and satisfies the boundary condition
L A A
/ dx 0,0(x) = méN, (2.28)
0

where §N counts the number of particles relative to the reference value poL. On

the subspace with dN = 0, the density operator can now be written as

ié(m —xj) = 896(:;(:16) i 4] (é(x) —j7r>
= e (2.29)
= (Po + 5xé(x)/7r> Z eiQm(”p°x+é($)),

m=—0o0

using standard identities for delta functions. For general §N, the right-hand side
extends the density operator to states with general particle number. The term with
m = 0 reads py + 9,0 (x)/m and describes the long wavelength part of the density
operator, whereas the short-scale behavior at length scales ~ pg ! and higher is
captured by the other terms. We now project the full expression to the low-energy
subspace € < p. From our discussion above, we know that all terms in (2.29)
will contribute: the harmonics at multiples of momentum 27p, actually enter the

spectrum at low energies thanks to the umklapp excitations. It is not a priori clear,
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2. 1D Bose gases and the Tomonaga-Luttinger Liquid

however, how much of the weight of these terms contributes in the ¢ < u subspace.
As this will differ from model to model, the best one can do is generically write

p@) ~ (po+ 0b(@)/7) N Apetnimmett), (2.30)

m=—00
where the coefficients A,, are non-universal constants that depend both on the
cutoff k. and on the microscopic details of the theory whose low-energy subspace
p(x) has been projected to.

The low-energy projection of the field operator can now similarly be written down,

(@) ~ oo+ 0,0(x) fm @ 3 B ei2mlmnti@) (2.31)

in what has come to be known as the bosonization identity. The prefactors B,,
again depend on k. and on the microscopic details of the full model. We have
defined the phase field @, which varies over length scales much larger than a ~ 1/k..
The commutation relations of the full Bose fields imply the canonical density-

phase commutation relation

(0.0(2), d(y)| = imé(z — y) (2.32)

on the low-energy subspace. We refer to [86] for a proof and define the field II(z) =
9,0(z) /7. Periodic boundary conditions on the field operator ¢(z+ L) = () imply

L
/ dz 9,0(x) = nJ, (2.33)
0
where the winding number J is an operator with even eigenvalues. Furthermore,
the phase field is compactified via ¢(z) = ¢(z) + 27.
2.3.3 Low-energy effective Hamiltonian

We can now connect to the Tomonaga—Luttinger Hamiltonian (2.25) by inserting
(2.30) and (2.31) into the Lieb-Liniger Hamiltonian (2.2). As we are interested
in the low-energy sector, we only keep terms with the lowest scaling dimension,

leading to the effective theory

Fausy = o- /0 o {Kj (axéj(x)f + Ki (axéj(a;)ﬂ | (2.34)
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2. 1D Bose gases and the Tomonaga-Luttinger Liquid

where the label j is added for later convenience. The velocity v and “Luttinger
parameter” K; are phenomenological constants that a priori depend on the bare
parameters of the Lieb—Liniger model in a complicated way. The Hamiltonian (2.34)

is diagonalized for periodic boundary conditions via the mode expansions

A A TL . A TG \2 s A
Qj(x) = 9j70 + T(;N] + Z )ﬁ e’ (bj,q + bj‘,fq> >
q7#0

(2.35)

1/2

0i(z) = dj0 + %jj +)° ‘Zquj sgn(q)e'” (%q - 8},7q> :

q#0
where the zero modes [0N, ¢o] = i = [J, 0] are added to satisfy the boundary
conditions (2.28) and (2.33). We refer to Sec. 7.2.2 for hard-wall boundary
conditions. The oscillator modes b; , have commutation relations [l;ijq, B;rk] = 0g.k0i
and momenta are quantized for PBC as ¢, = 27n/L, with a cutoff placed at

ke ~ p/vs. Inserting the mode expansions (2.35) into (2.34), we find precisely the

same form as Haldane’s Luttinger Liquid (2.25), under the identification 27 = .J and
vy, =v, vy =v/K; v;=vK;. (2.36)

2.3.4 Luttinger Liquid parameters and correlation functions

Having identified the Luttinger Liquid with the low-energy subspace of a microscopic
model, the velocities vy ;, which had a phenomenological role so far, can be fixed
using relatively simple thermodynamic identities. For instance, it is clear for the
Luttinger Liquid (2.25) that vy can be obtained from the ground state energy Ej as

L 32E0
=g {a«w)?} o (2:37)

For the Lieb—Liniger model, this quantity can be computed at weak coupling. Similar

arguments [86, 87| can be used for vy, yielding the following relations for PBC,

1/2 -1/2 K.
Sy 7( —ﬂ) ,Kj:i<1 ﬁ) =" g

m 2T Nal o s

valid for small values of the dimensionless parameter v = ¢/py. They also hold for

hard-wall boundary conditions, but only to leading order in /7 and for N — oo [65].
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2. 1D Bose gases and the Tomonaga-Luttinger Liquid

Once these coefficients are fixed, the Hamiltonian is a free boson CFT. For this
theory, correlation functions at both zero temperature, finite temperature and finite
size can all be readily computed. In this thesis, however, we will not need CF'T
techniques and can simply resort to canonical quantization. For instance, for the
ground state |0) of (2.25) the commutation relations of the raising and lowering
operators in (2.35) give (dropping the index j)

1 L?

(01 9(2)3(0) 0) ~ 10 sy

(2.39)

which is valid for /L < 1 and up to corrections subleading in L. To arrive at a
convergent answer, we have regulated the sum by inserting a smooth cutoff e~l9l
in the mode expansions (2.35), with cutoff length scale a ~ 1/k.. This guarantees
that we work in the low-energy sector ¢ < p. The relations (2.23) and (2.38) show

that this requirement is satisfied if we choose k. = 7/&., where
& =m/mu (2.40)

is the coherence length of the gas for weakly interacting bosons. As we will see
below, however, the non-universal coefficients A,,, B,, guarantee that correlation
functions of physical operators (that is, those involving lﬁ) do not depend on the
precise value of the cutoff a in their long-distance behavior.

Before turning to correlation functions of Bose fields, we note that for a
given value of the cutoff, the bosonization identity is only well-defined if density

fluctuations are small compared to their mean,
(I1%) < p3 . (2.41)

In that case, the dominant contribution to the long-wavelength behavior of the

Green’s function of field operators (2.31) is given by

(1))

o ~ By <e_i"3(x)ei"3(0)> +... (2.42)

a \ 2% 1 \2%
~BO<—> +...:b0( ) + ..., (2.43)
2] po| x|




2. 1D Bose gases and the Tomonaga-Luttinger Liquid

where we assume a < * < L and the dots stand for terms proportional to B,
with m # 0. These describe harmonics at momenta 2mmp,, which are due to
umklapp excitations. The coefficients B,, depend on the cutoff in such a way that
the full correlation function has no cutoff dependence at large distances. Instead,
it contains the cutoff independent numbers b,,. These non-universal coefficients,
along with their equivalent numbers a,, occurring in correlation functions of p,
are now the only remaining free parameters in the Luttinger Liquid and finding
them would fix all correlation functions. For a given microscopic model, the a,,’s
and b,,’s can in fact be determined, by comparing to exact results for two-point
correlation functions of the operators Qﬂ and p. This is a highly nontrivial task that
has been performed for the Lieb—Liniger model, among others, in two remarkable

papers [88, 89]. A useful result obtained there is that
b /by — 0 ¥m #£0 (2.44)

in the weakly interacting limit. This means that the approximate Green’s function
(2.43) becomes exact as K; — oo, and higher harmonics can be neglected in that
limit. We thus recover the quasi long-range order predicted in Eq. (2.4). As long
as (f[?) < pi, all bosonic n-point function can then be obtained by correlation

functions of € which is an example of a bosonic vertez operator.

2.3.5 Extension to higher energies

Having explored the low-energy subspace, one can wonder if it is possible to extend
Luttinger Liquid theory beyond the regime of linear dispersion. One approach
for microscopic models with Galilean invariance (see e.g. [90]) is to add terms of

higher scaling dimension to the Luttinger Liquid,

- ﬁ /0 i [@Cé@) (axas(a:))Q +8 (axé(x)ﬂ | (2.45)

The first term has a universal prefactor, whereas the coupling ( is found by

comparison with the quadratic (i.e., first non-linear) term in the dispersion relation.
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Experimental realizations and the Vienna
setup

3.1 1D Bose gases in experiment

Although the ideas described in Chapter 2 originate from the 1920’s (BEC [91, 92]),
1930’s (Bethe Ansatz [53]) and 1960’s (Lieb—Liniger model, TBA [54, 55, 69]), it
took until the 1990’s for many of them to be realized experimentally. This was
enabled by breakthroughs in the manipulation of cold atomic gases [93-96], which
led to the groundbreaking creation of BEC’s in 1995 using vapors of rubidium
[97], sodium [98] and lithium [99, 100]. But the versatility of magnetic and optical
trapping techniques offers many more possibilities, including the application of
a tight confining potential in two directions. At sufficiently low energy scales,
this leads to kinematically 1D gases as described in Sec. 2.1, with interactions
governed by the effective delta-potential (2.6) derived by Olshanii [59]. This offers
the perspective of a realization of the Lieb-Liniger and Luttinger Liquid models.

However, our treatment of the Lieb—Liniger and Luttinger Liquid models relied
on translational invariance. It must therefore be modified to take the longitudinal
potential V|/(z) into account. A simple, but often quite effective, way to do this is
via the Local Density Approximation (LDA). This method relies on a separation
of length scales: one divides the full gas, at some chemical potential pg, into fluid
cells that are large enough to be treated in the thermodynamic limit, but much
smaller than the total system size. If such length scales exist, one can approximate
each fluid cell by an isolated Bose gas in the thermodynamic limit at a local value
of the chemical potential given by pi(x) = p1o — Vj(x). This construction can lead
to various important results for trapped Bose gases in equilibrium [101], under

the condition that the length scale of density variations [j,,(2) due to the trap
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3. Experimental realizations and the Vienna setup

is much larger than the coherence length,

n(z)

W = linn(2) > &.(2) , (3.1)

where &.(x) is given by the local value of Eq. (2.40) for weakly interacting Bose
gases. Another interesting method applicable to integrable 1D quantum systems was
developed in recent years and goes under the name of Generalized Hydrodynamics
(GHD, [102, 103]). It describes the transport of quasi-particles between fluid cells
[104] in cases where the initial state and/or Hamiltonian have large-scale spatial
inhomogeneities, allowing the application of techniques from integrability to a wide
range of non-equilibrium situations of experimental interest [105, 106].

Via the LDA or in some cases GHD, one can thus hope to probe the models
described in Secs. 2.2 and 2.3 via cold atom experiments. This has been successfully
done, using two broad classes of trapping techniques. On the one hand, there are
optical traps, which use standing wave patters of laser light. The second class is
employed by the Vienna experiments and consists of magnetic traps [107], where a

magnetic field B induces a Zeeman splitting in the atomic levels, with energies
E(mp) = gusmr| B, (3.2)

where g is the g-factor, up the Bohr magneton and mpg is the quantum number of
total angular momentum along the direction of B. Atoms with gmp > 0 are thus
weak-field seeking, feeling an effective potential which favors locations of minimal |§ |

By creating highly anisotropic configurations, elongated Bose gases were created
in magnetic traps [108, 109] and the enhanced phase fluctuations alluded to in
Sec. 2.1.1 were observed [110]. Optical lattices on the other hand were used to
simulate 1D Bose gases indirectly by imposing a lattice in the elongated direction
with non-zero tunneling, realizing a Bose-Hubbard model [111-113]. Another
breakthrough was the creation of 2D arrays of 1D Bose gases [114-116]. This
led to the realization of a Tonks-Girardeau gas by Kinoshita, Wenger and Weiss
[117, 118] along with measurements of the pair correlation function for a wide

range of coupling strengths [119].
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A particularly interesting application of magnetic trapping is provided by the
atom chip [120-123], which offers an integrated circuit of nanowires. By superposing
uniform magnetic fields parallel and orthogonal to a central current-carrying wire,
a line of field minima is created in which the weak field seeking atoms are trapped,
experiencing a harmonic potential perpendicular to the wire. By giving the primary
wire a Z-shape [124], an additional harmonic potential can be created in the
longitudinal direction, parallel to the central part of the wire. The conditions for an
effectively 1D Bose gas can thus be created by choosing the right effective trapping
frequencies. This technique has led to a series of successful realizations of the
Lieb-Liniger model, allowing to probe [125] various regimes predicted by Petrov
et al. [126, 127] and showing that Yang-Yang thermodynamics (see Sec. 2.2.3)
combined with LDA offers a good description of density profiles [128] that elude
more conventional methods such as Hartree-Fock at low temperatures [129].

By adding two smaller wires carrying AC currents parallel to the central DC
wire, an effective double well potential can be created on an atom chip. We refer to
[4, 130] for details. Bose gases in double wells have been created in both optical
traps [131] and on atom chips [132-134] and allow to probe the relative phase
between the two gases, as explained below. This becomes particularly interesting
when the individual gases are elongated [135], causing their relative phase to display
strong spatial fluctuations. Moreover, oscillations in the relative density and phase
can be observed [136-138] when the barrier between the wells is sufficiently weak.
The atom chips used in the Vienna experiments form a versatile stage for all of

these effects and it is to this setup that we will now turn our attention.

3.2 The Vienna experiments

As mentioned in the Introduction, atom chip experiments have two general features

that make them a very interesting probe for quantum many-body systems:

1. They enable the successive creation of many individual realizations of a

quantum system, allowing to probe shot-to-shot fluctuations [139, 140]. The
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robustness of the setup makes it possible to repeat this process many times
and acquire full distribution functions of quantum observables. This is of
considerable theoretical interest [26-46] in general and we will extensively

study this feature in the rest of this thesis.

2. Atom chips allow for a robust and reproducible realization of non-equilibrium
quantum states. This leads to situations that can be modeled by a quantum
quench: the system is initialized in a density matrix that does not commute
with the full Hamiltonian H, which is then used to time evolve the system.
Theoretically, expectation values of local observables must then be computed

on the highly nontrivial density matrix
p(t) = e p(0)e ™ (3.3)

which in principle includes states from the entire Hilbert space. This problem
has seen enormous theoretical advances over the past decades [16-25] and the
feat of experimentally probing (3.3) for an interacting quantum system is a

huge step in these developments.

This thesis focuses on the experiments performed in the Vienna group [4-15],
where both these features are abundantly available. The experimental setup confines
a gas of bosons using a tight harmonic potential in the z-direction, a (possibly
time-dependent) double well potential V| (y,t) in the y-direction and a shallow

harmonic potential in the z-direction. This gas is governed by the Hamiltonian

2 2 2
Han (1) —/d3/Z Bt(a) {—Z—m + %:ﬁ YV, t) + m;”zz2 b(7)
1 P
+3 /d?’ff B V(YW 2O (2 —2)(2)W(2), (3.4)

where 4 = (z,y, 2) is the 3D coordinate and (%) is a short-ranged, effective two-
body potential such as the pseudopotential (2.5). We will always consider elongated
gases with w, < w, and refer to the z-direction as the longitudinal, and the

remaining coordinates 7 = (y, z) as the transverse directions. We follow [48] and use

Vi(y,t) = Vaw(y,t) = % (Z—;) "= C;g fl_ L) 4 payy . (3.5)
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with the values ¢; = 27-2.52kHz, ¢ = 2.17 ym and I. = 0.4. For I(t) = I, Vay is a
quartic potential with a flat bottom and for I > I.., it develops a double well structure.

The term F'(t)y can be used to imprint a phase difference between the wells” gases.

3.2.1 Low-energy effective theory

If the transverse confinement is sufficiently tight, and the double well sufficiently
deep, the problem reduces to two isolated 1D Bose gases: the dynamics in the
transverse directions can then be integrated out following Olshanii [59] and we end
up with two Lieb—Liniger models Hyy,, involving 1D field operators @/A) .k localized in
the “left” and “right” well, respectively. The low-energy physics of each of these is
in turn governed by the Tomonaga-Luttinger Liquids Hrrp, with associated left and

right density and phase fields I L.R; ngS r.r- In summary, we have the two mappings

Hsp — Hip [&L} + Hip, [@ER] — Hy , (3.6)
Hy = HrLy [CELaﬂL} + HryL [&RaﬁR] : (3.7)
The associated sound velocities vy, p and Luttinger parameters K r are given by

Eqgs. (2.38) for the separate Bose gases. Since the Hamiltonians Hryy, are quadratic,

we can define (anti)symmetric combinations of the phase and density fields

A s e o I, £11
¢s/a = ¢L + (bR ) Hs/a = L 5 B ) (38)
in terms of which the low-energy Hamiltonian (3.7) reads
L . 2 K R 2
Ho=H,+H, H,= 9/ da {1 () + = (0.05(2)) } .39
2 Jo K T

with v = UL,.R and K = KL,R/Q-
If the double well potential has a barrier that is low enough for tunneling to

occur, this can be modeled following Gritsev et al. [141] by adding a tunneling term

JZA— /0 C e (@(wa(xHh.c.) . (3.10)

Inserting the bosonization identity and keeping only the most relevant terms yields

L
H, = —2p0TL/ dz cos gga(x) .. (3.11)
0
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At long length scales and low energies, we thus arrive at a theory that factorizes
into sectors. The symmetric degrees of freedom are governed by a Luttinger Liquid

H,. The antisymmetric degrees offers a realization of the sine-Gordon Hamiltonian,
Hqe=H,+H, . (3.12)

3.2.2 Generalized low-energy theory for strong tunneling

For any finite barrier of the double well potential, an overlap between the left- and
right-localized single-particle eigenstates will be present. For low tunnel-barriers,
this means that the projection of ‘if(/f ) to localized 1D field operators gZL,R, as
presented in Sec. 3.2.1, is brought into question. We here revisit this projection,
using a simplified version of Olshanii’s construction [59]. We note that in the limit
of the Vienna experiments [47], as/a; < 0.02, so that ¢;p ~ 2asw,; in Eq. (2.6)
to a very good approximation. For a single harmonic potential minimum with
transverse trapping frequencies w, . = w, > w,, we can then arrive at the same
pseudopotential (2.6) using a simpler method, which starts from delta interacting
bosons in 3D. To be precise, we consider the 3D Hamiltonian (3.4), taking a harmonic
potential V| (y) = mw.y®/2 instead of the double well (3.5). Rather than Huang’s

pseudopotential (2.5) for the two-body interaction, we take the interaction potential

A 4ma,

Uz) = B (2 . (3.13)

m

To arrive at an effective 1D model, we can expand the full 3D field operator as

U(2) =) Ea(2) (1) Xe(@bape = Y Zal2)P(y)Pas(2) (3.14)

a,b,c a,b

in terms of harmonic oscillator wave functions Ej,ak and y; that diagonalize the

free part of the Hamiltonian (3.4). Above, we have defined the 1D field operator

&a,b(x) = ZXC<x>I;a,b,c . (315)

a,b,c
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If wy. = w; > w,;, we expect the dynamics to be frozen into the lowest single-
particle eigenstates in the y, z-directions. We thus project to the corresponding

low-energy subspace by truncating the expansion (3.14) to the @ = 0 and b = 0 term,

U (') ~ Eo(2)Po(y)doo(e) . (3.16)

Where E()(’]"j) = 60(7”]) — (mWJ_/W)l/Zle_meT?/?

are the ground state wave functions
of the harmonic oscillators in the j = y, z-directions. Inserting this truncation into

the interaction term of Eq. (3.4) and integrating in the y, z-directions then yields

A / 4 (@) 08 o ()00 ()i () (3.17)

in accordance with Olshanii’s delta potential of strength g;p ~ 2asw, . Corrections
to the above approach can in principle be computed in analogy with the Schrieffer—
Wolff transformation [142], but these corrections are expected to be very small
since interactions are weak in the gases we study here.

For the double well (3.5), there are more states in the low-energy sector than

just the ground state. Rather than (3.16), one should project according to

l@(/;) ~ EO(’Z) Z (I)a<y>1/;a,0(x) (318)

a=0

so that we retain multiple eigenstates ®,(y) of the double well operator
Dy = “ImoE Vaw(y) (3.19)

with eigenvalues €,. If these eigenvalues show a gap above energy ¢;_; that is large
compared to all other energy scales in the problem, the expansion (3.18) can be
truncated at a = @. When starting from the 3D Hamiltonian (3.4) with interaction
potential (3.13) and V| (y) = Vaw(y), inserting the projected operator (3.18) and

integrating in the y, z-directions leads to a model for @ species of bosons,

— ot 1 9% mw?, -
Hip = Z dx %,o(»”?) 5 Aaa T T+ € Q/Ja,o(ilf)

- a—1
b fae Y T, @2

a,b,c,d=0
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3. Experimental realizations and the Vienna setup

with coupling constants that are given by overlap tensors

s = a7 [ dy 0;(0)85(0)2.()2a(0) (3.21)

For cases with a high tunnel-barrier, the lowest two single-particle eigenstates

®1(y) are approximately given by symmetric and anti-symmetric combinations of
wave packets that are localized in the left and right wells. We can then define & LR~
(1&0 i@@l)/ﬁ Inserting into Eq. (3.20) with @ = 2 and explicitly evaluating I';pcq for

eigenstates of a deep double well then recovers the Hamiltonians (3.7) and (3.10),

Hyp — Hyy, [M + Hyy [wR] -7, /0 " e (@@);@R(:p) + h.c.) . (3.22)

with 7 = (€1 — €)/2. To connect with the literature, we will first focus on this
Hamiltonian and its low-energy projection (3.9) and (3.12) in what follows, and

leave a discussion of the full model (3.20) to Chapters 7 and 8.

3.2.3 (Non)equilibrium states at low energy

We have seen that the (approximate) low-energy Hamiltonians (3.9) and (3.12)
factorize into (anti)symmetric sectors. If the system is at a low enough temperature,
its equilibrium density matrix p is expected to follow this behavior, so that p =
Pa @ ps, With p, s thermal density matrices of the separate sectors. However, a
very attractive feature of the Vienna experiments is that they can realize non-
equilibrium situations, as mentioned above. This is done by starting from a single
well potential in the y-direction and deforming it into a double well. In [143, 144],
quasi-classical arguments are used to conjecture the state of the system after such
a splitting procedure. It is reasoned that when a gas is split, each particle has
an equal probability to end up in well 1 or in well 2. When modeling this as
a Poisson process, the resulting relative particle number becomes a stochastic
variable with mean zero and variance proportional to the particle density. Assuming

short-range correlations, one arrives at
A d np
<Ha($7 O)Ha<y7 O>> = 705& ($ - y)? (323)

27



3. Experimental realizations and the Vienna setup

with 1 a phenomenological parameter, which is conjectured [144] to depend on
the speed of the splitting process. Following [145], the delta function above is
understood as a flat sum over plane waves running up to momentum 27/, with &,
the coherence length (2.40). The antisymmetric sector is then assumed [143-146]
to be in the most general Gaussian pure state |¢), satisfying Eq. (3.23). Further
details will be given in Sec. 5.5. The symmetric sector, it is argued in [144], is
unaffected by the splitting, as this process leaves the local total density unaltered.
The full initial state is therefore conjectured to be p(0) = p,(0) ® ps(0) where p
is still thermal, but p,(0) = [1).4(?| no longer commutes with the sine-Gordon
Hamiltonian Hyq = H, + H,. This would be a realization of a quantum quench,

with highly non-trivial time evolution described by Eq. (3.3).

3.2.4 Experimental parameters and energy scales

We here present the experimental parameters which will be used in most of this
thesis. This allows us to check to what extent the low-energy projections employed
so far are in fact justified. We will convert energies to a temperature scale for
easy comparison. After the preparation sequence, the double well potential (3.5)

operates in the parameter window 0.5 < I < 0.6. This gives the range
49nK 5 (62 — 6071) /k?B 5 98 nK (324)

for the gap between the two lowest (closely spaced) transverse eigenstates of Vi,
and its second excited state, which is neglected in most low-energy projections.
The Vienna experiments make use of 8’Rb atoms, whose s-wave scattering length
and atomic mass are a; ~ 5.2nm and m =~ 1.4 - 10~ *kg, respectively [47]. Based
on Ref. [9], we take each of the two gases to have 1D density py = 42 um ™" after
splitting and use w, = 27 - 1.5 kHz. The above give a Luttinger parameter K =~ 28,
coherence length &, = 7/mv ~ 7 x 0.42 um and sound velocity v &~ 1.7 - 10° ym//s.

Importantly, Eq. (2.23), which at weak interactions gives u = mv?, allows us
to estimate the region of validity for Tomonaga-Luttinger Liquid (TLL) theory as
€ € pu~ 31nK - kg. Comparing to (3.24), we see that this is safely within the
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3. Experimental realizations and the Vienna setup

range where the second excited level of the double well can be neglected. To satisfy
both requirements, we will choose T' = 5nK for the temperature in the symmetric
sector in Chapter 7. In experiment, however, typical temperatures range from
~ 181K [15] to ~ 40 nK [47], meaning that the requirements to apply the TLL and
to neglect the second excited level are not fulfilled a priori. The same is true for the
non-equilibrium initial state from Sec. 3.2.3. Its energy density is approximately
€ ~nu/2 with n <1 (see [146]), so that it is questionable whether the use of TLL
is justified. In spite of this, the state has led to very good agreement between TLL
calculations and experiment in the absence of tunnel-coupling [143-146]. We will
therefore use it to connect to that literature, setting n = 1/2 in most cases. It is
clear, however, that higher-energy extensions to the TLL as well as the role of the

second excited level cannot simply be discarded for the energy scales in experiment.

3.2.5 Measurement protocol and fit formula

The experimental sequence can be divided into three stages (cf. Fig. 3.1(a)):

1. Prepare the gas in the double well (3.5), with minima at transverse coordinates
LR = j:cf/ 2. This can be done by cooling atoms directly into the double well,
yielding an equilibrium state (1b. in Fig. 3.1(a)), or by starting from a single
well and raising a barrier, giving a non-equilibrium state as in Sec. 3.2.3 (1a.
in Fig. 3.1(a)). Ideally, the double well is made sufficiently tight at the end of

this stage to ensure a kinematically 1D model of two boson species, 1@,;7 R-

2. Time evolve the closed quantum system until time ¢, according to Eq. (3.3).

For equilibrium states, this step is obviously redundant.

3. Finally, release the trapping potential completely at time ¢y, and let the gas
expand freely. After time ¢;, measure the boson density through absorption

imaging [48, 147]. This measurement of the boson density
Prof(7) = Wi (2 ) Uye (7)) (3.25)
after free expansions is referred to as a time-of-flight measurement.

29



3. FExperimental realizations and the Vienna setup

( a) ' ©alx, 10)

Figure 3.1: (a) Schematic depiction of steps 1., 2. and 3. from Sec. 3.2.5, with la. referring
to the non-equilibrium situation where a single gas (in red) is split in two halves, and
1b. referring to the equilibrium case where gases are cooled straight into the double well
potential. Step 2. refers to time evolution in the double well for time ty and step 3. consists
of trap release, free expansion for time ¢; and density measurement with eigenvalue o(zx,y).
The z-direction is neglected here. (b) Idealized slice of pixels representing the density g
in the (transverse) y-direction at fixed longitudinal coordinate z, displayed alongside the
fit formula (3.29) in green. Visible are the oscillations at wave vector Q, cf. Eq. (3.28).
The offset of these oscillations relative to a fixed reference phase is identified with the
phase eigenvalue ¢, (g, o), mod 27.

The field operator after time-of-flight ¢; can be approximately related [148, 149] to

the 1D field operators 0 g in the two wells at the time ¢y of trap release via
Uiot (2, b0, 11) ~ i, 80) 9L T + D, 1) 'O, (3.26)
with Gpr = m (F:I: J/Q) /t1 . We remind the reader that 2 = (z,y,2) and ¥ =
(y, z). From Eq. (3.26), the approximate density operator after time-of-flight follows,
put(#) ~ BL(@)D, (@) + D(@)da(@) + (7L @) pl(e) + e ) (3.27)
where we note the existence of the interference term, which occurs at wave vector
Q=Qr—Qr=md/t, (3.28)

in the transverse direction. We stress that Egs. (3.26) and (3.27) follow from a
simplified theory for the measurement process. In Chapter 5, we will derive a more
realistic, generalized version of these equations in a systematic way that makes
clear in what limit they are valid. We also show that the eigenvalues gyf(%# ) of
(3.27) can be related to eigenvalues ¢, (x) (modulo 27) of the bosonized operator

$o(z) from Eq. (3.8), via the formula

0t (% o, 1) ~ (1) 2 1+ cos (pale,to) + G- 7) | (3.29)
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3. Experimental realizations and the Vienna setup

where f(r) is a Gaussian envelope. This expression has been used by the Vienna
group as a phenomenological fit formula to extract eigenvalues €@ which are not
mere numbers, but functions of z. Fig. 3.1(b) shows a slice of the measured density
in the (transverse) y-direction at fixed x, compared to the fit formula (3.29). The
free parameter in this fit is the offset of the transverse oscillation pattern, relative to
a fixed reference phase. This offset is identified with the eigenvalue ¢, modulo 27
at position z. Collecting these values for many positions z yields a function e*+®).

By averaging over such extracted phase profiles for many successive measure-
ments, n-point functions of the phase vertex operator can be constructed, as
discussed in Section 5.3.1. Another interesting probe is the normalized density
integrated in the z-direction, whose interference term reads

Aot = = [ aw bl @)inte) = 0 @0 3.30
o0 =g [ arh@in@) = 000 (3.30)

and where C(f) is referred to as the interference contrast. The eigenvalues of
the modulus C'(¢) and phase ®(¢) of (3.30) can be directly related to €@ via
the interference term of Eq. (3.29). We refer to Chapter 5 for details. The
study of quantities such as (3.30) has led to a series of extremely interesting
papers on realizations of the Luttinger Liquid and sine-Gordon models, which

we will review in what follows.

3.2.6 Separate Bose gases

When the tunnel-barrier is high and the Bose gases are in equilibrium, the low-energy
field theory factorizes into left and right Tomonaga-Luttinger Liquids given by H
from Eq. (3.7). As the gases are then fully independent, the expectation value
of AQ(E) is zero. However, its square contains valuable information on two-point
functions in the TLL. Due to the independence of the gases, we have

x0+€/2

(lAg(o))

der day (0} (@1)y (a2) ) (Fhlea)dp(e) |, (331)

xo— @/2
where the two-point functions can easily be computed (c¢f. Eqs (2.4), (2.43)). They

determine the scaling of (3.31) with ¢, with finite-temperature results being available
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3. Experimental realizations and the Vienna setup

via elementary CFT methods. Such calculations were successfully compared
to experiments at 7" < 68nK in [7]. Moreover, the ability to probe shot-shot
fluctuations allowed the authors to go beyond the square (3.31), and reconstruct the
full distribution function of the operator & = [Aq(0)[?/ <\121Q (€)|2> Such nontrivial
distribution functions can be obtained in the TLL [27, 148, 150, 151] and are
in excellent agreement with experiment [7]. The TLL description (3.7) is thus
a successful model for these experiments in equilibrium without tunnel-coupling,
even at temperatures comparable to the chemical potential, which lies around
p/kp =~ 720K in [7] and which bounds the energy window where TLL applies.
An interesting next step has been the study of non-equilibrium situations,
obtained by starting from a single well and raising a barrier. This was done
experimentally in [6, 8, 9, 11, 13] and modeled using Luttinger Liquid theory in [143—
146], with the initial state given by a Gaussian state that satisfies Eq. (3.23). For this
model the state and Hamiltonian factorize into (anti)symmetric sectors. It is then
useful to note that the integrated interference term in bosonization is proportional to

R 1 xo-‘rf/Q .
Ap(l) ~ 7 / / dz e | (3.32)

0—0/2

making it very sensitive to spatial variations of the eigenvalues €'+ of e%e(®  For
states right after the splitting process, the phases of the two split gases are almost
identical, and measurements yield eigenvalues €*#®) that are close to 1 for all z
with a high probability. The distribution function of the contrast ¢ (¢), (the norm of
Ao(0), ¢f. Bq. (3.30)) is thus sharply peaked around 1 for all £. However, all k-modes
time evolve independently, causing them to rapidly dephase. The distribution of
cigenvalues ¢,(x) thus starts to favor spatial variations at various length scales,
making typical values of the contrast C (¢) decrease. Finally, the system reaches a
fully dephased state where the distribution of spatial variations of ¢, (z) is given
by the initial occupation numbers of k-modes, which are time-independent in the
Tomonaga-Luttinger Liquid (2.25).

The above physical picture of the short-time dynamics, proposed in [143, 144]

was evidenced by a series of theoretical and experimental papers, focusing on various
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3. Experimental realizations and the Vienna setup

observables. In [145, 146], full distribution functions of C'(¢) and &(¢) were derived
within TLL theory, using the initial state defined by (3.23), with energy density
€ ~ nu/2. These distribution functions were found to be in excellent agreement with
experimental results using the fit formula (3.29) in [8, 9]. In [10, 13], dephasing of
the two-point function and higher n-point functions was considered and successfully
compared to TLL predictions, confirming the picture of short-time dephasing of
k-modes, whose occupation numbers are conserved during the evolution. These
papers give another indication that the TLL description holds at a phenomenological

level to surprisingly high energy densities in settings without tunnel-coupling.

3.2.7 Tunnel-coupled Bose gases

We now turn to situations where the barrier between the gases is low enough
for significant tunneling to occur [14, 15, 47, 48, 152]. This leads to phase-
locking between the gases [153-155] and it is in this situation that the sine-Gordon
description (3.12) is expected to apply at low energy densities [141]. To probe
this effective model for equilibrium situations, Schweigler et al. [14] have cooled
a Bose gas directly into a double well with a significant tunneling probability. By
extracting individual eigenvalues ¢**«(®) of the phase vertex operator via the fit
formula (3.29), n-point functions of the phase are extracted. For very weak and
very strong tunnel-coupling, these are shown to satisfy Wick’s theorem, indicating
that the system is non-interacting. For the case of very weak tunnel-coupling, when
the energy density is much larger than the mass gap, this non-interacting system is
given by a pair of Luttinger Liquids (3.9), whereas for very strong tunnel-coupling,
most field configurations lie very deep in the cosine potential (3.11), meaning that
this field potential can be well approximated by its quadratic part, cos qga —1— %q@i
The n-point functions do not, however, satisfy Wick’s theorem for intermediate
values of the tunnel-coupling, which indicates the effect of interactions and suggests
that the full cosine term must be taken into account. The authors [14] show that
such connected n-point functions can actually be modeled using the classical sine-

Gordon model for states in thermal equilibrium, sampled over a statistical ensemble
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[156]. In Chapter 4, we will give a simple argument why this is not surprising, as
the quantum sine-Gordon model is in fact dominated by its classical equation of
motion in the large-K regime relevant for experiment.

The situation is much more puzzling when taken out of equilibrium. In [15],

a gas was taken out of equilibrium via the following procedure:

1. Start from a single gas in equilibrium.

2. Deform the trap into an elongated double well with a high barrier that inhibits

tunneling, yielding a non-equilibrium state of the kind described in Sec. 3.2.3.
3. Raise one of the wells’ bottoms to create a phase difference between the gases.
4. Remove the potential difference between the wells.
5. Lower the barrier to enable tunneling, and allow the system to time evolve.

6. Perform a measurement after a (variable) evolution time ;. This can be an
interference measurement using the fit formula (3.29) to extract eigenvalues
of the phase field ¢,, or a measurement of the separate wells’ boson numbers

Np g, giving access to the normalized number imbalance n = (N, — Ng)/N.

The combination of a phase difference with a finite tunnel-coupling leads to temporal
oscillations of density n and phase ¢, in the regime of interest. These are described
as Josephson oscillations in [136, 137], but at the level of the (perturbed) sine-
Gordon model they can be interpreted as oscillations of the field and its conjugate
around a minimum of the cosine potential. However, a number of puzzling effects

were observed by Pigneur et al. [15]:

a. Density-phase oscillations show a rapid damping, c¢f. Fig 3.2. The time scale
of this damping decreases as the total particle number is increased, but shows

only a very weak dependence on temperature and tunnel-coupling strength.

b. The variance of éa decreases as the oscillations are damped out.

No theoretical explanation has been found for these effects so far [157]. Moreover,
the damping effect was confirmed by experiments on a slightly different setup in

the same group [47]. This led to the additional observation that
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Figure 3.2: images taken from Pigneur et al., PRL 120 (2018) [15]. (a) Damping of
oscillations in the relative density n and phase ¢, in the center of the trap. (b) Dependence
of the time scale for damping on the total particle number V.

c. The oscillation frequency is lower towards the edges of the trap.

Theoretically, the damping is not observed in the classical version of the sine-
Gordon model [47], nor in the quantum-mechanical Josephson Hamiltonian [48],
which is the zero-dimensional version of (4.5). A fully quadratic approximation of
the sine-Gordon model [154, 155] does not show the effect either. A recent work
[158] addressed the phase-locking behavior by applying a combination of numerical
methods to the phase dynamics in the sine-Gordon model. Their findings differ from
experimental observations, although the parameter window of the method does not
include the relevant regime of weak interactions. Moreover, it requires the phase to
be averaged of the full range [0, 27], in contrast to the experimental situation. This
means that in spite of tentative evidence to the contrary, it is as yet unclear whether

the observed damping is captured by a description in terms of a sine-Gordon model.

3.2.8 Look ahead

We have described a number of low-energy theories for Bose gases in an elongated

double well. At the lowest energy scales, we expect the sine-Gordon model
2 s

Heg =2 / da [K (axnga(g;))2 T (ﬂa@)ﬂ _J / dr cosda(z) . (3.33)
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to govern the relative density and phase between the wells, represented by long-
wavelength operators I1, and qga from the Tomonaga-Luttinger Liquid, with J =
2poT’ ;. The sound velocities v;, = vr and Luttinger parameters K ~ Kg of the left-
and right-well gases respectively enter Hyg via v = vp g and K = K, r/2. Though
agreement between results using the classical sine-Gordon model and experimentally
extracted correlation functions is quite good, puzzling damping effects are observed
out of equilibrium, raising the question how well Eq. (3.9) describes these effects.
However, very few theoretical results are available for time evolution under Hyg
starting from the experimentally relevant initial state.

As seen in Sec. 1, we can propose a number of hypotheses to explain the damping;:
(i) The effect might simply be compatible with the quantum sine-Gordon model.
This is an option as time evolution starting from the relevant initial state with a
phase imbalance has not been performed theoretically so far. In Ch. 6, we perform
such time evolution by starting from the experimentally relevant classical limit of
Hyq and self-consistently adding quadratic quantum fluctuations to the equations
of motion. (i7) A second hypothesis is that the energy density is large enough to
invalidate the TLL description. Additional perturbations to Eq. (3.33) with a higher
scaling dimension than the cosine might then play a role. In Ch. 7, we study the
leading perturbation amongst these, which couples the sectors and arises from the
tunnel-coupling. (77) The longitudinal potential, which has been neglected so far,
might have an effect. Its role is investigated in Ch. 7 by placing the system in a
hard-wall box, thus breaking translational invariance. In Ch. 8, we will go beyond
the box and investigate time evolution in the generalized model (3.20), which does
not rely on the TLL mapping. It enables to study a fourth hypothesis, namely
that (iv) the damping might be explained by occupations of the second excited
level. Moreover, the framework in Ch. 8 can fully account for arbitrary longitudinal
potentials, which will turn out to be a vital factor to explain the damping. Before
investigating these hypotheses, however, we will first review the theoretical context
and applications of the sine-Gordon model (Ch. 4) and investigate the assumptions

underlying the fit formula (3.29) as well as deriving its generalizations (Ch. 5).
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Some facts about the sine-Gordon model
and its applications

It is hard to overestimate the theoretical importance and broad physical applicability

of the (1 + 1)-dimensional sine-Gordon (sG) model, with Lagrangian density

1 2,,3
5 (@) + 7

This is equivalent to the Hamiltonian (3.33) under the identification

Lo(x) = —= (8,P(2)) + cos AP (z) . (4.1)

v
2

B=vr/K, (4.2)

1
along with ¢ = P and Il = —5875(1), where we drop the subscript a. The
v

corresponding classical equation of motion’,
V0;0(x) — 0fp(r) = m*v*sing(x) | (4.3)

first appeared in the mathematical literature [160] in 1862. It possesses exact
solutions describing a localized jump of the field from one minimum of the cosine
to the next, thus carrying topological charge

0= % / iz 0,0(x) € 7 . (4.4)

These kinks and anti-kinks are stable under time evolution and mutual scattering,
and they can form bound states which are referred to as breathers. Such stable, local-
ized solutions are broadly known as solitons. Their occurrence can be understood in
the framework of the inverse scattering method [161], which was first applied to the
sine-Gordon PDE [162] in 1973. It yields an infinite number of local conservation

laws [163] which make the solitons stable to mutual scattering. This has led to the

!The sine-Gordon derives its “sophomoric but unfortunately standard name” (Sidney Coleman
[159]) from its likeness with the Klein-Gordon equation, v*92¢(z) — 02¢(z) = m*v*¢(x), which is
its linearized version.
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understanding of the classical sine-Gordon equation as an integrable Hamiltonian
system [164], meaning that it has an infinite number of mutually Poisson-commuting
local densities of which the momentum and Hamiltonian density are the simplest.

Stimulated by the availability of soliton solutions, the classical PDE (4.3) has
become a prototypical model for nonlinear dynamics. It has found numerous
applications, ranging from dislocations in crystals [165-167] to nonlinear optics
[168] and geophysical fluid mechanics [169], whilst even finding its use in some
studies on DNA transcription [170-172]. It has also been applied to classical limits
of quantum mechanical models, such as one-dimensional spin chains in the limit
of large spin [173-176] and dynamics of the phase difference across a Josephson
junction connecting two superconductors [177-179]. The manifest Lorentz invariance
of the Lagrangian (4.1) has also made it an interesting PDE for particle physicists
studying the strong force [180].

4.1 Some results on the sine-Gordon QFT

The sine-Gordon model’s behavior as a relativistic quantum field theory (QFT)
was put on solid ground by Sidney Coleman, who showed how the theory can be
renormalized through simple normal ordering and multiplicative coupling constant
renormalization [159]. The resulting bosonic QFT has a number of remarkable
properties. Namely, (i) Coleman showed how it can be mapped exactly to the
massive Thirring model describing interacting massive fermions in (1 4 1)D. This
was an important impetus in the development of bosonization and the Tomonaga-
Luttinger liquid paradigm (cf. Sec. 2.3 and refs. therein), which has grown into a
rich set of mappings between various bosonic, fermionic and quantum spin systems
[181, 182]. (i7) The sG model possesses stable quasi-particle excitations whose
scattering matrix can be determined exactly, making it one of the most important
examples of a massive integrable quantum field theory in the regime (% < 8.
(7ii) Lastly, the system undergoes a phase transition of Kosterlitz- Thouless type
[183-185] at the critical point 3% = 87, where the cosine becomes irrelevant in a

renormalization group sense and the model flows to a massless free boson theory
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at long length scales. This phase transition is driven by topological excitations
consisting of windings of the phase in the (z,t)-plane.

We here present a few details for points (i) and (i), which illustrate the special
nature of 1D systems discussed in Sec. 2.1.1. Coleman [159] introduced the first point
to the sG model when he uncovered the striking equivalence between the quantum

sine-Gordon model and the zero-charge sector of the massive Thirring model
Hoy = / dr [ivo (L'(2)0, L) — R ()0, R(x))
+imo (R1(@)L(2) - L (@)R(@)) + 20 L (@) R @) R@) L), (45)

describing two species of fermions. Their nonzero anti-commutation relations are

{R'(z),R(y)} = {L!(z), L(y)} = 6(z — y). The couplings are related via

SK

1 1
gQ:U(QK——) s UOZU(2K+8—K) s m():ﬂ'fj, (46)
with & the cutoff length in the sG model. The relation between the fields reads

F 1300028 Fo 1008
271-6 671[§¢(w)+29($)]’ L(x) — 27-[-5 ez[§¢(m)f26’(a§)]’ (47)

where F' = o,,F = 0, are Klein factors which ensure fermionic commutation

R(z) =

relations between different species. Though the space of states is artificially extended
by the “Klein space” Hy; on which F, F act, expectation values are always taken
with respect to the vector (1,0) € Hg.

The Thirring model can be solved by Bethe Ansatz [68, 186], in a way much
akin to the solution of the Lieb-Liniger model presented in Sec. (2.2). This means
that it contains stable quasi-particles, parametrized by rapidities A; satisfying Bethe
equations. For K > 1/4, these equations allow complex roots, which cause the
Bethe wave function to decay exponentially in the relative particle coordinates,
showing that they correspond to bound states. To get a sense of the relation
between the fermion fields L, R and the bosonic field gg, we can follow Mandelstam
[187], writing 0(z) = W/m dz' TI(2') in the bosonization identity (4.7) and using
the canonical commutation relation (2.32) to arrive at

3. 1)) = {ﬁ”“’”) S (45)
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This shows that f/(x) creates a perfectly localized jump in gg by 27 at position x.
The elementary excitations and their bound states are therefore referred to as kinks
and breathers, in analogy with the classical PDE (4.3).

On the sine-Gordon side, such states can be conveniently organized as follows:
states containing n particles of species a; (with j = 1,...,n) are constructed by

acting with n operators ALJ (f;) on the vacuum |0),

10 ... 01), o = Al (6,)... AL (61)]0) . (4.9)

an

The species a; refer to the (anti)kinks mentioned above, along with a finite number
of breathers for K > 1/4 of mass

_ Y (Y _
AJ—QM(K)Sln(mK_Q), j=12,...,[8K —1] (4.10)

where M (K) is the (anti)kink mass and |q| denotes the integer part of ¢q. The
rapidities 6; satisfy a set of Bethe equations equivalent to those for the Thirring
model. The Faddeev-Zamolodchikov operators flaj (6;) have well known commutation
relations that only depend on the two-body S-matrix of the model. Thanks to
the model’s integrability, scattering is highly restricted and the S-matrix can be
determined exactly [188]. Details can be found in [68] and we refer to [189, 190]
for pedagogical introductions. Similar restrictions can be used to determine matrix
elements of local operators on states (4.9), referred to as form factors [191, 192].
Since the spectrum has a gap, many correlation functions at low energies can be
well approximated by summing over only a small number of such exactly known
form factors [190]. However, there are two problems with the application of the
form factor approach to the experimental situation of interest. First, it requires the
initial state to be known exactly in terms of the Faddeev-Zamolodchikov operators.
This is not the case for the initial states to the Josephson oscillation experiments
which we would like to understand [15, 47, 48]. Second, the experiments are
performed at K =~ 30, meaning that there are hundreds of breather species involved
in the sum over form factors, all with their associated rapidities. This makes

these sums unfeasible to perform.
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In light of these issues, we will not make much use of integrability in what
follows. However, the large- K regime presents another line of approach: for K > 1,
the behavior of ¢ lies close to the classical limit, described by the PDE (4.3). An
easy way to see this is to start from the Lagrangian (4.1) and rescale ¢ = 5P,

so that the corresponding action becomes

S = //dxdtﬁ(x,t) = %//dmdtf(x,t) : (4.11)

with rescaled Lagrangian density

L(x,t) = —g (8,0(x))* + % (8,0(x))* + m*v® cos ¢(x) . (4.12)
The only place where § occurs is in the prefactor of the action, so that g — 0 is
equivalent to sending i — 0 in the path integral. This suppresses all paths except
for solutions to the classical equation of motion (4.3). From Eq. (4.2), we know
that 8 = /7/K = \/21/K r.r in the Vienna experiments. Since the Luttinger
parameters of the left and right gases are of the order K = Kg &~ 60 there, the

sine-Gordon model is close to the classical limit in that setup.

4.2 Some applications to other systems

The framework of bosonization offers many examples where the low-energy physics
of a model of physical interest can be mapped to the sine-Gordon model. An
important case in point is the XXZ-Hamiltonian (2.1) with a magnetic field A in
the z-direction, perturbed by a staggered field A’ < h in the x-direction,

H = Hxxz — » _ (hS; + 1 (=1)S7) . (4.13)

J

This model can successfully describe a range of quasi-1D systems such as Copper
Benzoate and Copper Pyrimidine (see [193], Refs. therein, and [190], which we
closely follow in this paragraph). The XXZ-Hamiltonian (2.1) can be mapped to

interacting fermions by means of a Jordan-Wigner transformation. After taking the
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4. Some facts about the sine-Gordon model and its applications

continuum limit, this model is then bosonized using standard methods [190], giving

z ap

ST~ (=1 e(h)aP e + .. (4.15)

J

in the language of Eq. (3.33), with ag denoting the lattice spacing. The ... indicate
terms that oscillate in space at momenta 2kr and higher. The parameters for the
Luttinger Liquid at A’ = 0, including the prefactor ¢(h), can be fixed using Bethe
Ansatz techniques and the h'-term then gives rise to a sine-Gordon model in the
attractive regime 3 < V4. This is the relevant regime for the Vienna experiments
and the staggered, k < kp component of correlation functions involving S;T can be
related directly to results for the vertex operator ¢ derived in this thesis.
Other important examples are offered by the extended Hubbard models

Hg = —t Z [c}:gcﬁm + h.c.] +U Z n; n; + Z Vi Z Mg (4.16)
7,0 J

i>1 j

where ¢! are fermionic creation (annihilation) operators at site j, with number

Js
operators n;, = c}acﬁ7 and n; = n;++n;,. We focus on the case where V; =0V j >
2 and closely follow Ref. [190]. Each spin species is separately bosonized in the
continuum limit. At half filling, defining symmetric and antisymmetric combinations
of the bosonic fields ¢;, = ¢+ £ ¢; leads to a theory that factorizes in these
(anti)symmetric degrees of freedom. The symmetric sector is governed by a sine-
Gordon model having 8 = \/8_7T§‘/(u —g)/(u+ g)), with u = 87t +2(U +4V; +4V5)

and g = 2(U + 6V + 2V5). The model can thus be brought into the § < 4n-

regime by increasing the repulsive couplings U, Vi, V5. We refer to [190] (and Refs.
therein) for details, and note that the phase vertex operator probed in the Vienna

experiments is represented in this setting by the combination
i0s T ot
e ~RRLL,, (4.17)

where infinities have to be removed by a regularization method which is beyond

the scope of this introduction.
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A third application is achieved in a 1D Bose gas, by submitting the bosons

to a longitudinal periodic potential
Hy = Vo/dxﬁ(x) cos2mx /A . (4.18)

For this problem, the bosonization identity (2.30) is very instructive: quickly
oscillating terms can be neglected under the integral, unless one of the higher
harmonics is commensurate with the periodic potential, leading to a non-oscillating
term. This occurs for the m™ harmonic ~ ™% in (2.30) if mpy = 1/A. The
first harmonic is therefore dominant if there is one boson on average per potential

minimum. In that case, the dominant contribution to the potential,
Hy ~Vy / dz cos20(z) | (4.19)

leads to a sine-Gordon model in the dual field 6. Rescaling the fields shows that
b= \/M for this model, with K}, the Luttinger parameter of the Bose gas. To
access the 8 < V4 regime relevant to experiment, we therefore need K, < 1.
Though this is not physically realizable with bosons that interact at short range,
it can in fact be achieved for dipolar bosons, which have long-range interactions
[194]. In that case, the dual vertex operator e’ plays the same role in this model
as the phase vertex operator e’ does in the Vienna experiments, and it can be
probed by considering the first harmonic of any two-point function involving 1/;

or p, oscillating at k = 2mpy.

43



Projective phase measurements

5.1 Introduction

Having described the theoretical context and low-energy field theory for experiments
with pairs of elongated Bose gases, we here present a detailed study of the time-
of-flight measurements by which these systems are probed. This leads to a better
understanding of the relation between the measured density after time-of-flight
expansion and properties of the Luttinger Liquid theory describing the gases before
trap release. We present a generalized version of the fit formula (3.29) that has
been used in the past, including a careful derivation that clarifies the assumptions
on which this expression relies. We use this to show in which regime the fit formula
enables an analysis of experimental data for individual measurements, giving access
to eigenvalues of vertex operators of the relative phase field. Our derivation makes
it clear why such individual measurements allow the extraction of equal time
multi-point correlation functions of these vertex operators. We discuss why this
analysis is restricted to the weakly interacting regime, and what modifications
emerge for stronger interactions.

This Chapter is organized as follows: in Section 5.2, we recapitulate the setup
for time-of-flight experiments and show how measured properties are related to
quantities in the split gases before trap release. In Section 5.3, we express the
measured density after time-of-flight in terms of the vertex operator e introduced
in Sec. 2.3.4. We will first focus on the case of two well-separated Bose gases, which
applies to the experiments [6, 8, 9, 11, 13]. The required modifications for cases
with significant tunneling between the wells will be discussed in Sec. 5.3.3. Section
5.4 shows how to construct a basis of eigenstates of the density after time-of-flight
in the low-energy subspace to which the Luttinger Liquid applies. In Section 5.5, we

show that the experiments can be viewed as projective measurements that sample
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the eigenvalues of the vertex operator according to a probability distribution that
is determined by the state in which the system is initialized after the splitting
procedure. Section 5.6 shows how our approach captures all important features
of individual interference measurements, using the example of coherently split
Bose gases without tunnel coupling described by the non-equilibrium initial state
from Sec. 3.2.3. Section 5.7 summarizes our results: we have developed the first
theory of single shot interference fringes for pairs of 1D Bose gases in terms of
eigenvalues of operators in a two-component Luttinger Liquid. Our systematic
derivation makes the underlying assumptions explicit, thus showing that, crucially,
the current analysis and interpretation of interference fringes in 1D Bose gases

is restricted to the regime of weak interactions.

5.2 Setup and time-of-flight recombination

We consider a pair of 1D Bose gases of length L and recall that the longitudinal
and transverse coordinates are denoted by x and 7 respectively. The corresponding
momentum coordinates will be written as (k,p). We neglect all effects due to a
longitudinal potential, but note that these effects could be incorporated into our
framework via the Local Density Approximation, ¢f. Sec. 3.1. As described in
Sec. 3.2.5, the gases are placed at transverse positions 77, p = +d, /2. In the first stage
of the experiment, the two condensates time evolve under some 1D Hamiltonian Hp,
until a time ty. In the second stage, they are released from the trap, causing them
to expand in 3D space and overlap. Finally, the 3D gas density is measured after a
“time of flight” ¢;. We model this measurement by assuming that the many-particle

wave function collapses to a simultaneous eigenstate |¥) of the operators
Prot(x, Tty +to) = Ul (@, 7ty + to) U(x, 7oty + to), (5.1)

where \ijtof(x, 7, t) are Heisenberg picture boson annihilation operators at position

(z,7) and time t. They satisfy equal-time commutation relations

[@(x, 7,0t )] = 6(a — )82 (7 — 7), (5.2)
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5. Projective phase measurements

with all other commutators being zero. Importantly the density operators piof(z, 7, t1+
to) at different positions commute. This implies that the measurement outcome is
the function ggf(z, 7, t; + to) describing the eigenvalues of the density operators
on the simultaneous eigenstate |U).

We now turn to the relation between \i!(x, 7, t) and the field operators 0 L.r(z, to)

describing the two 1D gases at the time ¢, of the trap release [12, 148]. We have

Uz, 7 t) = Ut (t;t0) U(a, 7, t0)U (£:to) | (5.3)
where U'(t;t) = Texpi ftil dtH (t) is the time evolution operator describing the free
expansion after the trap release. This expansion can be analyzed by distinguishing
between the “transverse” motion, occurring perpendicular to the 1D gas, and the
expansion along the 1D gas direction, which we refer to as “longitudinal”. We
retain this nomenclature even though we will impose periodic boundary conditions
on the 1D gas for simplicity (see Sec. 5.3). Open boundary conditions can be
accommodated straightforwardly in our approach, but as our focus is on “bulk”
physics we leave the discussion of boundary effects to future work. We will make two

simplifying assumptions [12, 148] about the expansion of the gas after trap release:

1. The state of the gas before its release factorizes into transverse and longitudinal
degrees of freedom. The longitudinal state is the complicated many-body
state we are interested in. The transverse degrees of freedom occupy the
ground state of a harmonic oscillator potential, with vanishing overlap between
the two wells. The wells are assumed to have a large transverse trapping
frequency w,. This implies that the spatial distribution of the transverse
state is a spatially narrow Gaussian, ensuring that the velocity distribution in
the transverse directions is much broader than in the longitudinal direction.
In some works [9, 12] it is therefore assumed that the longitudinal degrees
of freedom are effectively frozen on the timescales relevant for expansion.
Relaxing this simplifying assumption leads to a more involved description
[195, 196]. In what follows, results based on frozen longitudinal dynamics will

be presented alongside results for the full, 3D expansion.
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2. The gases are assumed to evolve as free particles after they have been released

from the trap. For a justification of this assumption, we refer to Ref. [195].
Under assumption 2. the time evolution after trap release is described by

Here P, (P,) is the total momentum operator in the longitudinal (transverse)
direction and m is the mass of the individual particles. It is now straightforward to
obtain the desired relation between the field operators at the time of measurement

(t = t1 + to) and the time of trap release (t = to),

K2 ~

3 PR A . 52 A
o ik(o—y) =i (F=F) ity 5t U(y,7t). (5.5)

(2m)
From our previous discussion we know that at ¢ = ¢, a basis of single-particle
states (in the low-energy sector of the Hilbert space) is obtained by having a
boson at position x that is in the ground state of one of the transverse harmonic

oscillators centered at icf/ 2 in the transverse directions. This implies that the

Bose field can be projected to

U(x, 7, to) ~ (@, t0)go(F + d/2) + br(z, to)go (7 — d/2), (5.6)
where &L, r(z, 1) creates a boson at position z in the ground state of the transverse
harmonic oscillator centered at Fd/2 and go(7 & d/2) denotes the corresponding
ground state wave functions. The Bose fields @Z;,(x, to) have equal time commutation
relations [zﬂi(x,t),@(z,t)] = 0; j0(x — 2z). Inserting the decomposition (5.6) into
(5.5), using go(Z) ~ e~ =% and assuming that ¢; > 1/w (where w is the frequency

of the harmonic potential in the transverse direction) then gives

A

\If(x,ﬁtl +t0) =

F7t) [ dyGla =yt [duo )T Gty ) 5O (s

where the function f(7,t;) is a Gaussian envelope, and G(z,t1) is a free, single-
particle Green’s function. The precise form of these functions, together with the

details of the calculation, are given in Appendix A.l.
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Using (5.7) and suppressing the tp-arguments on the 1D field operators, we can

identify the observable that is ultimately measured in time-of-flight experiments as

Prof (x, Tyt +to) = t1)[? //dyde (x —y,t1)G(x — z,t1) X (5.8)
X %Zz(y)l/;L( )+¢R( )¢R( +¢L( )¢R( )e —id-Fm/ty +¢T( W (Z)eicifm/tl

Each measurement will select one of the eigenvalues of the above sum of operators.
Importantly, the various terms in (5.8) do not commute with one another. Hence

at the level of the “full” 1D Bose gases the measured observable is not simple.

5.2.1 Simplification when the longitudinal expansion is frozen

Denoting by p(tg) the density matrix of the system at the time of the trap release,
the subsequent evolution is given by p(t) = U(t;t0)p(to)UT(t;1). In cases where
p(to) and t; are such that expansion in the longitudinal direction can be neglected,

cf. the discussion above, we have
Pt + to) = Uty + tos to)plto) Ut (b +toste) . Uty + tosto) = e P22 (5.9)

In this case (5.7) can be replaced by

-

U(x, 7ty +to) = (7 1) [Q@L(x,to) B DT L (2, ) e’ T d/ﬂ . (5.10)
This then results in the following expression for the measured density

Prot (@, 7, 11 + o) = | f(7. t1)]? [@;(z,tom(m,to) + b (2, to)r(x, to) (5.11)

+ O (z, to)r(z, to)e 7T L ()i (x, to)eid'Fm/tl] .

5.3 Luttinger Liquid description of the low-energy
degrees of freedom

We have seen how the field operator after time-of-flight can be related to the separate
field operators of the original 1D gases. Following Sec. 3.2, we focus on the case

where these are governed by a Hamiltonian of the form

Hp= Y / da [— D1(@)00, (@) + g (@) Bl (@) )y () | + H' (5.12)

j=L,R
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We will be interested in cases where H' can be considered as a weak perturbation in
the sense that it respects the integrity of the low-energy Hilbert space. An example
would be a weak tunneling term between the two gases, c¢f. Eq. (3.10).

For ease of exposition, we will assume periodic boundary conditions in these 1D
Bose gas. This means that coordinates x = +1/2 are associated with each other
during evolution under the Hamiltonian (5.12). After trap release, these points
become independent, and the bosons are supported on all of R®. This somewhat
artificial treatment has the advantage that it simplifies our expressions. It must be
stressed that a model with open boundary conditions can easily be incorporated
into our analysis. Doing so will not, however, change our argument in a fundamental
way for regions that are sufficiently far from the edges of the trap.

In the low-energy sector of the theory dramatic simplifications occur: under
the bosonization identity (2.31) the Hamiltonian (5.12) with H' = 0 is mapped to
a sum of Luttinger Liquids H, + Hy, each of which is given by Eq. (3.9). These
govern the (anti)symmetric combinations of long wavelength density and phase
fields 0,0, /7 and ¢, s defined in Eq. (3.8). H' must be bosonized separately. We
will see below that this mapping offers a limit in which the complicated expressions

for the measured density (5.8) and (5.11) simplify considerably.

5.3.1 Case with no longitudinal expansion and weak inter-
actions

We first discuss the simpler case in which the longitudinal expansion is assumed to
be negligible. Applying the bosonization identity (2.31) to the observable measured

in time-of-flight experiments, the measured density operator (5.11) takes the form

Prot(, 7ty + to) ~ 2| f(F, t1)|2{|Bo|2 (po + 1,z to)> (1+Re [ei%(xv%)“d'r“%] )

+4By B, <p0 + ﬂs(a:, t0)> coS (2@8(9@, to) + QkFx) coS Qéa(it, to)x (5.13)

+}

14+ Re(eiéa(z’,to)—f—id'FZ)] — f[a(a:, to) sin (2@(.%, to) + kpx) sin Qéa(x, to)
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where we recall that ﬂj(m,to) — 0,0,(x,t,)/m. Here the dots refer to subleading
terms in the expansion, in the sense that the operators have higher scaling dimensions.
These operators can have nonzero expectation values on the states of interest,
and they are multiplied by coefficients B,,«. In fact, it has been shown [88]
that if K is close to 1, By and B; approach each other, and higher order terms
cannot simply be neglected.

The Vienna experiments, however, are in the regime K > 1. Here the coefficients
B,z are small (cf. Eq. (2.44)) and we need to retain only the first line of (5.13), if

the longitudinal expansion during time-of-flight is neglected. This gives

~ (5.14)

K>1

Prof(x, T, 11 + to)

A

21Bf2 |7, 1) (o + 2PN (1 4 e [ettutsioreitrn] ).

As [0,0,(xz, t), e dalz, )] = 0, a projective measurement of pyop projects onto simul-

taneous eigenstates of these operators.
Relation of operator eigenvalues to experimental fit formulas

In (5.14) the measured density operator has been expressed as a function of
commuting operators eié“(””). A measurement then projects onto a simultaneous
eigenstate of these operators. Let us denote the corresponding eigenvalues by the
functions €+ In the case at hand, i.e. negligible longitudinal expansion, the

density measurement then returns the eigenvalue
1ot (2,7 1 + o) 2 2p0| Bof2 | (7, )| (1 + Re [eeelsortidrm/n ) - (5.15)

where it has been assumed that the relevant eigenvalues of &Cés are much smaller than
po. This assumption is justified if the symmetric sector is in a thermal state [146],
where density fluctuations are small [126]. We have thus arrived at the experimental
fit formula (3.29) which has been used for data analysis in the Vienna experiments.

The eigenvalues ¢, (x) can be extracted by a direct fit, ¢f. Fig. 3.1, or in Fourier space

Filowor (T, 7, t1 + to)] // d*F e gpop (2, 7ty o) (5.16)
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From Eq. (5.15), we directly see that the eigenvalue ¢, (x) at longitudinal position

x is given by the argument

Pa(r) = Arg [Fg (00t (2, 7, 11 + t0))] (5.17)

at wave vector ¢ = dm/t;. We refer to [48] for details on this extraction procedure.
In many experiments [8, 9] the measured gas density is integrated over a distance

¢ along the longitudinal coordinate of the gas, giving the measured eigenvalue

0/2
Raliiti +0.0) = [ do gue 7t + 1) (5.18)
—£/2
o2
~ 2l B ) (4 Rl [ qpentel]),
—/2

This can now be directly compared to the formula used to fit the experimentally

measured interference fringes given in [9] as

Rt (7, t1 + to, () (5.19)
= 20| Bol? | f(7 1) (14 C (¢ to) cos ({0, to) +d - 7m/ty) )

Comparing (5.19) and (5.18) shows that the quantities C'(¢) and ®(¢) are related

to the measured eigenvalues ¢#«(® by

. 12
C(l, tg)e'®bt0) = 7 /£/2 dx ¢¥e(@:10), (5.20)

This establishes C'(¢) and ®(¢) as the eigenvalues of C'(¢) and ®(¢) introduced in
Eq. (3.30), up to a known proportionality constant |Bo|?|f(7,t)|? for C(£).

Determining multipoint correlation functions from measurements

The previous discussion has shown that the experimental measurement of individ-
ual interference patterns permits the determination of the corresponding vertex
operator eigenvalues ¢¥*(). Having these in hand it is then possible to extract
(connected) multi-point correlation functions from the measurements as follows

[13, 14]. Expectation values of the form

Jarsan (11, T2, - 2a) = (WO [[ 9 0(t)) , oy €2V (5.21)
J
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are obtained by averaging over many measurements of “single-shot” interference
patterns. According to our previous discussion, each such measurement provides the
cigenvalue €@ of (™) Ag vertex operators at different positions commute with
one another, their respective measurements are independent. Hence the outcome

for measuring only H eiciPa(®)) i simply given by the product of the corresponding
J
eigenvalues H ¢'@%a(®3) These are straightforwardly extracted from the single-shot

j
measurements discussed above by considering fixed positions zy, ..., x,. Averaging
over the outcomes of a large number of such measurements, and keeping the positions

xy,...,%, fixed throughout provides the desired expectation values (5.21).

5.3.2 General case in the weakly interacting regime

We now turn to the case where the longitudinal expansion is not negligible. In
order to have manageable expressions we constrain our discussion to the regime of
weak interactions K > 1, where we can set the amplitudes B,>; = 0. Applying

the bosonization identity (2.31) we then find

Prot(x, Tyt + to) ~ 2| f(7, t1)|2 ]BO|2 // dydzG*(x —y,t1)G(z — 2, t)

% { (po + 8y9L(y7t0) +az9L(z7t0)> e—i(d;L(y,to)—q?)L(z,to)) + (L N R) (522)

2T

i (po i ay6L<y7 tO);TazeR<z7 tO)) ei(QBL(ZiO)—(ZASR(y,tO))eid_:Fm/tl + (C.C.) } o

This expression involves products of non-commuting operators, which we must
diagonalize in order to develop a theory of projective measurements. This significant
complication vanishes in the experimentally relevant case when density fluctuations
are small compared to the average density po [126]. In that case, the fields GzéL, R

may be neglected, so that the measured density operator becomes

Prot (T, 7,1 + to) =~ po‘Bof(F, t1) /dy Gz —y.t) [ei%F'Je%("gs(y’t‘))ﬂi“(y’t‘)))

K>1
eI (b)) (5.99)
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This expression only contains fields which mutually commute. A measurement thus
projects onto simultaneous eigenstates of these fields, based on some probability
distribution which is set by the state at the time of release. A projective measurement

returns the eigenvalues

Qtof(x7 7:»7 tl + t()) QPO‘BOJC(F, tl) / dy G(ZE —v, t1> [ei%ﬁcfe%(%(y,to)-i-%a(y,to))

N e—i%?-cfe%(%(yio)—%(y,to))] ‘2, (5.24)
where e'#es(@t0) are the corresponding eigenvalues of ¢idas(@to)

5.3.3 Generalization to nonzero tunnel-coupling

So far we have assumed the single-particle eigenstates g(7 =+ d, /2) to be the ground
states of two separate harmonic potentials, meaning that the left and right gases are
fully decoupled. We now generalize this to the case of a double well potential Vgy(y),
which we take to lie in the y-direction. Assuming a separable trap that is harmonic
in the z-direction with a large frequency w, allows us to project to the single-particle
ground state Zy(z) in that coordinate. In the y-direction, the double well has two
low-energy eigenstates go1(y) that are almost degenerate, separated from the second

excited state go(y) by a gap. Assuming this gap to be large leads to the projection

S A

W(a, 7 to) = (D12, t0)91.(v) + Pl to)gn(y) ) Zo(2) | (5.25)

where we have defined the left- and right-localized combinations

91.r(W) = (90(y) £ 91(y)) /V2 . (5.26)

Modifications due to higher transverse levels are discussed in Chapter 8. In contrast
to the case of localized Gaussian wave packets (5.6), the transverse eigenstates
gj(y) are only known numerically. The double well thus forbids a closed-form
expressions for the field operator after time-of-flight, using Vg, (y) from Eq. 3.5.
Instead, we must perform the free evolution in the y- and z-directions numerically.

We denote the corresponding single-particle states after free expansion by g;(y, 1)
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and Zy(z,t,). Keeping track of these functions leads to a modification of the fit

formula (5.15), which becomes

= 2
0ot (T, Y, 2, 1 +t0) &~ po| Bo|? |Zo(z,t1)|” x

(|§L<y,t1)|2 + [Gr(y. t1)]* + Re [Tr(y, t1)7, (y, tr)e 1] ) : (5.27)

Similar modifications for the double well have to be made in more general formulas
such as Eq. (5.24), but we refrain from presenting these in the interest of space.

Is it possible to extract the eigenvalues p,(z) from Eq. (5.27), even though the
prefactor of the interference term is only known numerically? This can indeed
be done, using the Fourier representation (5.16). Throughout the experimental
parameter window for Vi (y), determined by Eq. (3.5) and surrounding text, the
Fourier transform of g5 (y,t1)g.(y,t1) has a peak around momentum ¢ = md/t,,
where d = ]aﬂ The Fourier transforms of g5 (y,%1)g;(y, 1), on the other hand, are
centered around ¢ = 0 for j = L, R. This behavior is illustrated in Fig. 5.1. It shows
that ¢, (z) can still be extracted using the Fourier space formulas (5.16), (5.17), the
only difference being the precise shape of the peaks around ¢ = 0, =md/t;.

— |74(919R)
— 174(0.9L + Gr0R)
® g=md/t;

1.75 1

1.50 1

1.25 1

1.00 4

Fq(')

=15 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure 5.1: Fourier transformed products of single-particle wave functions after
time-of-flight g, p(y,t1) occurring in Eq. (5.27). The original wave functions gz, r(y)
before trap release are (anti)symmetric combinations of eigenstates go1(y,t1) of the
experimentally relevant double well Vi (y) given by Eq. (3.5) with I = 0.6. Fourier
transforms are computed on a grid of size L, ~ 80d with d ~ 1.8 um and ¢; = 4ms.
The cross term gr(y,t1)d;(y,t1) (green) shows a peak around ¢ = md/t;, whereas
Zj:L,R 9;(y,t1)g;(y,t1) (blue) peaks around ¢ = 0 in Fourier space. This allows to
extract pq(z) using Eq. (5.17).
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5.4 Vertex operator eigenstates

We now turn to the construction of eigenstates of the vertex operators e®(®) and
corresponding eigenvalues ¢’#(*). The mode expansions for ¢, (z) and 9,0,(z) are
given in Egs. (2.35) and involve zero modes that reflect the compact nature of
the phase fields ¢,(2). We will consider cases in which the dynamics occurs in
the subspace where J has eigenvalue zero, i.e. the phase does not wind. This is
guaranteed if the initial states lie in this subspace and [J,, H,] = 0. This leaves
us with mode expansions of the form

balw) = D uy (b — b, ) e, (5.28)

J

A

0.0, () =i (r ! roah iq;
i 2u0L<0+0 +Z2UJL j+0f ) e (5.29)
Jj#0
where ¢; = 27j/L, [l;jal;]t;- = 0jx and
(o1 (12
: sgn (Qj) ,  for j #£0,
= 2%51{( (5.30)
VR for j = 0.

As a compact notation for the zero modes used in Egs. (5.28) and (5.29) we
have introduced annihilation operators o = —iy/2K /vgzga,o — Vv/8K SN, As
(b — ', b, — b ] = 0 the eigenvalue equation ¢ida(@) {fn}) = €@ |{£,}) then

separates into equations for the individual modes

wi (b= L) [{F3) = Fel{FD). (5:31)

Here the eigenvalues f; are the Fourier coefficients of the function ¢, ()
T) =) f; €U” (5.32)
j=0
As ¢o(z) is a real field we have f* = f, and f& = fo. The solution of (5.31) is

{fab)a Nfexpz< bib' )|0> (5.33)

59



5. Projective phase measurements

where by, |0), = 0. The normalization constant is

1 1/4 1 1 1/2 1 inp
Ny — _ pWERY 2fugl2 K 5.34
s (%\uor?) ¢ H(w\uw) ¢ (5.34)

k>0

and ensures the normalization of the eigenstates to d-functions (see Appendix A.2)

UL b = 8(Fo = Jo) [T 0(Re(Fx — )6 (I (Fy — fi))- (5.35)

k>0

5.5 Application to coherently split Bose gases

We now specialize to the case of coherently split Bose gases in the absence of
tunnel coupling. Following the literature [143-145, 197], we model this using a
pure Gaussian state with squeezing determined by the correlation function (3.23).

In terms of the modes, the corresponding state reads

1 ap o
W), = Ny exp <§ > wbiot k) 10), , (5.36)
k0
where
kK
1— ay min(|| ,1), itk#0,
— - 11 Po
Wk = 11 ak, ap = AK - 0 (537)
itk=0.
nvLpo’

For modes above k = 7mpon/K, the system is thus in the b-vacuum [0),. This
modifies the short-wavelength behavior of (3.23) in a way that is washed out by the
experimental resolution. Though we adopt the choice (5.36) with n = 1 in what
follows in order to connect as closely as possible to the existing literature, we note
that our analysis can be straightforwardly adapted to other initial states.

The Hamiltonian in the symmetric sector is given by the Luttinger Liquid (3.9).

For simplicity we will assume the symmetric sector to start out in a Fock state

) = {nq}) (5.38)

with occupation numbers that follow a Bose-Einstein distribution ny, = (e”*¥l —1)71.
Initializing the symmetric sector in a thermal state is common in the literature

[143-146] and was discussed in Sec. 3.2.3.
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5. Projective phase measurements

In this Section, we will first express the initial state [IW), in terms of the
eigenstates |{f,}), of the vertex operator. Using the simple harmonic oscillator
form of the Hamiltonian (2.25), we will then describe time evolution of the overlap
coefficients, and interpret these as a probability distribution for the eigenvalues

of prof(x,7,t), which are directly measured in experiment.

5.5.1 Overlap coefficients

Antisymmetric sector

The overlap coefficients ({f,}|/W(t)), can be represented as products over the

modes. The finite momentum modes time evolve under the Hamiltonian (2.25) as
be(t) = e ™Flh, (0), after which the overlap coefficients are obtained in analogy
with Appendix A.2. The zero modes require a separate consideration, for which
our publication [1] lists the details. Combining the two kinds of contributions
gives the result

[({fa W (t0)),|” = v/ 2meo(to) H%Ck b (—(Ref 0+ (lmf) ) (5.39)

k>0 2¢x,(to)

where we have defined the time-dependent variances

<Cos2 (vlk|to) + (%)2 sin? (v|k:|t0)> if k #£0,

cx(to) = { dPok
(1 + (vkmt0)2) if k= 0.

2p0L

(5.40)

The momentum scale occurring here is given by k,, = 27/&., where & is the
coherence length of the gas, c¢f. Eq. (2.40). Any fluctuations below this length scale
are not captured by the low-energy effective Luttinger Liquid theory.

Symmetric sector

To describe the effects of longitudinal expansion, operators in the symmetric
sector must be included in the density operator, via (5.23). In analogy with
the antisymmetric sector, a measurement then corresponds to a projection to
simultaneous eigenstates |{ f,}), of ¢'%*@) in the symmetric sector. These eigenstates

will have the same form as their antisymmetric counterparts, presented in (5.33).
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5. Projective phase measurements

The probability of measuring the corresponding eigenvalue ) will similarly be
given by the squared overlap with the state of the system in the symmetric sector.
Assuming the symmetric sector to occupy the state (5.38) at all times, the

overlap coefficients with the eigenstates |{ f;}), of €9 are computed in Appendix

A.3, and read

fq /q |?
Uu

2) el (5.41)
q

o, = T st

o0 Tl

where L,(z) is the Laguerre polynomial of degree n.

5.5.2 Analysis of vertex operator eigenvalue distributions

The squared overlap coefficients (5.39) have a clear physical interpretation: when
measuring piof (1, 7, 1, + to), the overlap coefficient |({ f,,}|W (to)),|” gives the proba-

bility of collapsing to a state for which eiPa(@:t0) hag cigenvalue e(@%) with

palate) = 3 fy .42
J
Examples of typical configurations ¢, (z,ty) are shown in Fig. 5.2. We first consider
o(x) o(x)
af 4
2 2
AN LN s ! L.
20V 20 VWY 20 70 ¢
-2 -2

Figure 5.2: Individual realizations of the eigenvalue p,(z, to) for the phase field (ﬁa(:lt, to).
The typical behavior at tg = 0&./v, ¢f. (a), is distinctly different from that at tg = 14&./v,
cf. (b). At tg = 0, small fluctuations occur at all length scales, with a typical amplitude
given by 1/ VK (red lines). At later times, the typical fluctuations are larger for longer
length scales. The crossover length scale from which fluctuations become large is indicated
with a green bar. In terms of Luttinger Liquid parameters, it is predicted [146] to be
ly = 8K? / pm?. A further note about experimental parameters is presented in Sec. 5.5.3.

the situation at ¢, = 0. In that case the coefficients f; are drawn from a Gaussian

distribution with mean 0 and variance co(to) = 1/(4poL). This results in a ¢, ()

1/2

with vanishing average and short-wavelength variations of size K~ /< as shown
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5. Projective phase measurements

in the left panel of Fig. 5.2. For ¢t > 0 the eigenvalues ¢,(z) have the structure
shown in right panel of Fig. 5.2. At short wavelengths the variations remain small,
while the long wavelength variations become large. The cross-over scale between
the two behaviors has been determined by Kitagawa et al. [146], and is given by
lo = 8K?%/pr®. Tt is indicated by a green bar in the right panel of Fig. 5.2.

5.5.3 Experimental parameters

In order to facilitate a comparison with experimental data, we use the following
parameters, which are compatible with Sec. 3.2.4: after splitting, each of the two
gases has 1D density py = 44 um ™", Luttinger parameter K = 29, healing length
£ = m/mv = 7 x 0.42 ym and longitudinal size L = 80&,. For ®Rb atoms, this
translates to L ~ 106 yum, with a sound velocity given by v ~ 1.738 - 10~*m/s.
The symmetric sector is in a thermal state, for which we choose kg1 to be some
fraction of w,, with transverse trapping frequency w, = 27 x 1.4kHz. The state
(5.36) of the antisymmetric sector is not thermal. However, its energy density is
such that a thermal state with the same energy density would be at a temperature

of approximately 14 nK, for the parameters presented here.

5.6 Results for density measurements after ex-
pansion

We now return to the (approximate) expression for the gas density after time-

of-flight, given by (5.14),
PAtof(xaf'a o+ t()) ~ 2PO|BO|2 |f(77, t1)|2 (1 + Re |:eidga(x,to)+id_:7?m/t1}> ) (543)

which is valid when longitudinal expansion can be neglected (in the general case one
instead uses (5.23)). A measurement causes the system to collapse to an eigenstate
of this operator and concomitantly a simultaneous eigenstate of ei®a(@t0)  The

measurement outcome corresponds to the eigenvalues

Qtof(xaf'a o+ t()) ~ 2PO|BO|2 |f(F, t1)|2 (1 + Re |:€i90a(x,to)+id_:77m/t1}> ’ (544)
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5. Projective phase measurements

where @, (x,ty) is characterized by its Fourier coefficients fr. The probability to
measure an eigenvalue pyof(7, t1 + to) with a corresponding set of Fourier coefficients
{fx} is given by the overlap coefficient with the state of the system at the time of
release. These overlap coefficients can be computed in specific cases, as we have
demonstrated for the case of coherently split Bose gases without tunnel-coupling,
presented in (5.39). A completely analogous procedure can be used to describe a
measurement of the observable in Eq. (5.23), which requires additional overlaps
in the symmetric sector, such as those presented in (5.41).

With the above formalism in place, experiments can then be modeled as follows.

We assume that our system is initialized in the state
(W(0)) = [W)a @ [¥)s (5.45)

where |W), and [¢), are given in (5.36) and (5.38) respectively. We then let the
system evolve under the Luttinger Liquid Hamiltonian (3.9) for a time ;. At
time t, we switch the time evolution to a free expansion and perform a projective
density measurement at time ¢y +¢;. Some representative results for oof(z, 7, t1 + o)
evaluated using the simplified expression (5.44) are presented in Figs 5.3 and 5.4.
Here the time of flight is taken to be ¢; = 16 ms.

4660 —20 2Q 60 4_660 —?0 29 60 4660 —20 29 60

20 20 20

x/&
x/&

-20 -20

-40 -40 -40

%3 yi§ yi§

Figure 5.3: Samples of outcomes for individual (simultaneous) measurements of
Drof (T t1 + to) at to = 0, using (5.43). The parameters are as presented in Sec. 5.5.3 and
the time of flight is taken as t; = 16 ms.

We see that after a sufficiently long time of flight the measured density exhibits
a number of “interference fringes” in the transverse direction. In the initial state

(to = 0) these are straight, but if the split condensate is left to time evolve (to > 0)
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—-60 -20 20 60 -60 -20 20 60 4660 -20 20 60

x/&
x/&

-20

-40
yI€ yl§ yl§

Figure 5.4: Samples of outcomes for individual (simultaneous) measurements of
Drof (T t1 + to) at to = 14&./v ~ 10.6 ms, using (5.43). The parameters are as presented
in Sec. 5.5.3 and the time of flight is taken as t; = 16 ms.

they start bending. We stress that the intensity along a given fringe does not
vary with . This is a property of the simplified expression (5.44) which assumes
that the longitudinal expansion and the density fluctuations in the symmetric
sector are negligible. Retaining the term proportional to 9,0, in (5.14) does
introduce variations in the intensity of the individual fringes. Examples of such

realizations are presented in Fig. 5.5.

4660 -20 20 60

20
¥ o
-20

40

Figure 5.5: Samples of outcomes for individual (simultaneous) measurements of
Drof (T t1 + to) at tg = 14&./v and t; = 16 ms. The plots were produced using (5.14),
including the term proportional to 8,0;. The temperature in the symmetric sector is
34 nK, which corresponds to kg7 = 0.5w, , using the parameters presented in Sec. 5.5.3.

5.6.1 Effects of the longitudinal expansion

When the effects of longitudinal expansion are included via (5.23) the measured
density operator is no longer exclusively a function of the relative phase operator but

now includes the phase operator from the symmetric sector as well. This dependence
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5. Projective phase measurements

on €@ is modeled in complete analogy to our discussion of @) we construct
its eigenstates, compute their squared overlap with the state of the system (5.45),
and interpret this as a probability distribution for the corresponding eigenvalues.

A comparison between this improved analysis (which employs the overlaps
computed in Sec. 5.5.1) and the case of frozen longitudinal dynamics is presented
in Fig. 5.6. It can be observed that additional “density ripples” emerge in the
longitudinal direction, as a consequence of interference between points with different
longitudinal coordinates in the original two gases. These density ripples become
more pronounced as the time of flight #; increases, and they occur on longer length
scales: whereas oof(z, 7, tg + t1) only involves operators at position x at t; = 0, it
acquires contributions from points at an increasingly large longitudinal separation
as t1 increases. This effect is sensitive to the temperature in the symmetric sector,
as is illustrated in Fig. 5.7. A detailed analysis of density ripples in the density-
density correlation function of single Bose gases after expansion, including their
temperature dependence, has been presented in [195, 196]. We have shown here
that such ripples also play a role in the interference of pairs of Bose gases. Our
treatment is the first to describe this effect for single-shot measurements, where
the ripples are sensitive to the eigenvalues of the phase field (/38 in the symmetric

sector, as described by Eq. (5.24).

30 4660 -30 0 30 60 -80 -40 0 40 80

y/I§ yl§ yig

Figure 5.6: Outcomes for a single projective measurement of pyof (7, t1 + to), using (5.23),
observed for different time-of-flight values ¢; and at fixed 1D evolution time tg = 14 &./v.
The temperature in the symmetric sector is 34 nK, which corresponds to kgT = 0.5w,
using the parameters from Sec. 5.5.3. From left to right, the time of flight is t; = 8,16
and 24 ms, respectively. The underlying eigenvalues ¢"?as(®:0) are taken to be identical in
all three plots in order to accentuate the effects of the time of flight.
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4660 -30 0

20
¥ o
-20

-40

3 y/§ yi§

Figure 5.7: Outcomes for projective measurements of pyof (7, t1 +to), with t; = 16 ms and
to = 14&. /v, created using (5.23). From left to right, the temperatures are kg7 = 0.1w |,
kT = 0.3w,; and kT = 0.7w . To allow for an easy comparison, the same eigenvalue
©q(x) has been used throughout, whereas the eigenvalues y;(z) are drawn from shot to
shot, using the temperature-dependent distribution functions for the symmetric sector
computed in Sec. 5.5.1. The other parameters used here are as presented in Sec. 5.5.3.

x,to

On extracting the eigenvalues €@ from Orof (75 1 + o)

Although the effects of longitudinal expansion included in (5.24) ensure a realistic

description of the observed gas density, they complicate the extraction of the

x,to x,to

eigenvalues (%) due to the presence of ¢*?*(*%) and the double convolution
with a Green’s function. Such complications do not exist for the simplified fit
formula (5.44), which neglects longitudinal expansion. This raises the question how
good the results are if, after measuring a density profile given by (5.24), one still
uses Eq. (5.44) to extract an approximate eigenvalue ¢iPa(@to) Having both the full
and approximate expressions at hand, we can explicitly investigate the accuracy of
such an analysis. This is of considerable importance for the analysis of experiments.
To this end, we draw an eigenvalue €*#+(®%) from the distribution function computed
in Sec. 5.5.1, and construct the corresponding density profile using (5.24). We then
use the simplified fit formula (5.44) to extract an approximate eigenvalue ePa(@to)
This can then be compared to the original, exact eigenvalue ¢**«(**)  Figs 5.8, 5.9,
5.10 show representative examples of such comparisons.

In Fig. 5.8(a) the extracted phase @,(x) (red) is compared to the exact phase
@a(z) (blue). Although the results clearly deviate, most of these deviations occur

on small length scales, which are not observed in experiment. To remove these short

wave length fluctuations we convolve the signal with a Gaussian kernel of width
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o(x)
3 3
7
1 1h /<
L L X/f L L
-40 -20 2 40 -40 -20 2 40”

(@ 3 ()

Figure 5.8: (a) Individual realization of the eigenvalue p,(z) (blue), compared to the
extracted phase @, () (red) at time of flight ¢; = 4ms and tp = 14&./v. (b) The same
objects, convolved with a Gaussian kernel of width {, = 7/muv. The parameters used here
are presented in Sec. 5.5.3, with kgT = 0.5w |, so that T ~ 34 nK.

&.. The resulting smoothened curves are seen to be in good agreement for short
time of flight (Fig. 5.8, with ¢; = 4ms), whereas significant deviations do occur for
long flight times (Fig. 5.10, with ¢; = 32ms). The size of these deviations does not
depend strongly on the temperature, which only enters through the fields in the
symmetric sector. These symmetric sector fields have an effect on the amplitude
of the density ripples, but not on the transverse position of the fringes, as can be
understood by inspection of Eq. (5.24): the eigenvalue e***®) appears in both
terms in parentheses, so that it does not affect the interference term independently.
For this reason, spatial fluctuations in the eigenvalue () do not strongly impede
the reconstruction of the eigenvalue €*#+(®). The above analysis leads us to conclude
that at sufficiently short times of flight the simplified fit formula (5.44) can be used

to obtain an accurate approximation to the eigenvalues e*#e(®t0),

N /”\ /.
W

@(x)

Figure 5.9: The same as Fig. 5.8, but at time of flight £, = 16 ms, and for a different
phase eigenvalue.

In order to compare to experimental data one also should model the effects

of the trapping potential. This can be done in the framework of a local density
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-40 -20 20 40

Figure 5.10: The same as Fig. 5.8, but at time of flight ¢t; = 32ms, and for a different
phase eigenvalue.

approximation [101, 126, 127, 194, 198], as described in Sec. 3.1. We refrain
from presenting such an analysis here, but instead simply introduce an overall

a®/(L/4)? along the length of the gas. In Fig. 5.11 we present a

suppression e~
comparison of theoretical results obtained in this way to experimental data from
Ref. [12]. We see that the theoretical result reproduces the various structures seen
in experiment. Due to the statistical nature of measurements in quantum theory

the outcome shown in the theoretical plot is of course not expected to coincide

with that of the experimental plot.

4EFO -30 0 30 60 4290 -30 0 30 60

20 20
un un
x x
-20 -20
—40 -40
yig yig

Figure 5.11: (Left) Theoretical results for individual measurement outcomes ggof(7, t1)

at top = 14&./v and t; = 16ms. An overall suppression with a factor e~/ (L/D? pag
been applied along the length of the gas (see main text). Longitudinal expansion during
time-of-flight has been neglected and the parameters are described in Sec. 5.5.3, with
kT = 0.5w, so that T~ 34nK. (Middle) Same as left panel but with longitudinal
expansion taken into account using (5.23). (Right) Experimentally measured density
profile taken from Ref. [12].
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5.7 Conclusions

In this Chapter we have revisited the theoretical description of the measurement
process involved in time-of-flight recombination of split 1D Bose gases. We
have derived a more general form of the relation (3.27) between the measured
density operator after expansion and local operators in the Luttinger Liquid theory
describing the low-energy degrees of freedom in the system before expansion. This
relation has enabled us to derive the experimentally used fit formula (3.29) in a
systematic way. We have clarified the regime in which this formula is expected to
work: it requires weak interactions and a short time of flight, so that longitudinal
expansion can be neglected. We have also discussed the theoretical description of
individual (projective) measurements in this setting. To the best of our knowledge
this issue has not been previously addressed in the literature. As a corollary of the
above, we have described how multi-point correlation functions of vertex operators
can be extracted from projective measurements of the boson density in time-of-flight
experiments. Our main new result, which is of direct relevance for experiments, is the
description of projective density measurements in the framework of Luttinger Liquid
theory in the case of weak interactions but non-negligible longitudinal expansion of
the gas after the trap release. Here the main new effect is that phase fluctuations
in the symmetric sector induce intensity variations along the interference fringes
(“density ripples”), the magnitude of which increases with time of flight. As an
explicit example we have considered the case of weakly interacting coherently split
Bose gases in the absence of tunnel coupling. In this case the time evolution can be
analyzed explicitly in the framework of Luttinger Liquid theory, see e.g. [146]. Our
results for a single measurement reproduce all the main features seen in experiment.
The new expression (5.24) for the time-of-flight density in cases where longitudinal
expansion is significant suggests that it should be possible to extract information on
the symmetric sector of the theory from the density ripples along the interference
fringes. An investigation of this issue is under way. Having direct experimental
access to properties of the symmetric sector is interesting in cases when coupling

between the sectors exist. This scenario is discussed in Chapter 7.
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Self-consistent time evolution in the
sine-Gordon model

6.1 Introduction

The derivations presented in Chapter 5 have shown how operators in the Luttinger
Liquids (3.9) can be probed via interference measurements for pairs of elongated
Bose gases. We now turn to the time evolution of these operators in the tunnel-
coupled case. We have seen in Sec. 3.2.1 that the long-wavelength operators
describing the relative density (f[a> and phase (gga) at low energies are expected

to be governed by the sine-Gordon Hamiltonian

Heo = HO—J/dxcosﬁ(x),
L

Hy = % Ld:p E(@xé(x))u%ﬂ%x) , (6.1)

where we have suppressed the label a, as we will do in the rest of this Chapter.
An interesting test for this theory is offered by the quench protocol presented in
Sec. 3.2.7, where a single gas is split into pairs, after which a phase difference is
imprinted. In the experiments [15, 47, 48], the subsequent time evolution of the
relative phase shows oscillations. In the sine-Gordon framework, these occur around
a minimum of the cosine potential. Interestingly, the oscillations are rapidly damped
out over timescales spanning only a few periods. In this Chapter, we will investigate
whether this behavior is compatible with the sine-Gordon model (6.1).

On the theoretical side there have been a number of works investigating the
dynamics after quantum quenches to the sine-Gordon model. At K = 1/4 the sine-
Gordon model is equivalent to the massive Thirring model at vanishing interaction
go = 0 (¢f. Eq. (4.5)) and this can be used to obtain exact results [199, 200]. In

Ref. [153] a combination of semi-classical and perturbative methods was used to
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6. Self-consistent time evolution in the sine-Gordon model

study the rephasing dynamics for two coherently split condensates without initial
phase difference. Ref. [193] investigated the time dependence of one-point functions
in the repulsive regime K < 1/4 for quenches from an “integrable” initial state by
a combination of quench action [19, 201] and linked-cluster expansion [202, 203]
methods. In Ref. [204] semi-classical methods [205, 206] were applied to the same
problem, while quenches from the same class of initial states to the attractive regime
of the sine-Gordon model were considered in Refs [207—209]. The semi-classical
approach from [204] was further developed in Ref. [210] and used to determine
the time-dependence of one and two-point functions of the phase as well as its
probability distribution. The method treats phase kinks as classical particles, whose
scattering is modeled quantum mechanically, and breathers are neglected in this
framework. The truncated conformal space approach [211] was applied in Ref. [212]
to study the time evolution of two and four-point functions after a quantum quench.
Another recent work [158] addressed the phase-locking behavior observed in the
experiments [15, 47] by applying a combination of numerical methods to the phase
dynamics in the sine-Gordon model. These findings are at variance with the
experimental observations, although the parameter window of the methods does not
currently extend to the relevant K > 1 regime. This means that in spite of tentative
evidence to the contrary, it is as yet unclear whether the observed relaxation to a
phase-locked state is captured by a description in terms of a sine-Gordon model.

As we saw in Sec. 4.1, a challenge for many of the integrability-based methods
mentioned above is the existence of a large number of breather species in the K > 1
limit that is relevant to the Vienna experiments. On the other hand, we have seen
that the behavior of the phase field gzg should approach the classical sine-Gordon
model as K — oo. Motivated by this observation, we here start from the full
equations of motion and separate the field into a classical part and a fluctuation
field. Self-consistently truncating at quadratic order in fluctuations, this leads to
the classical equations of motion (4.3), modified by quadratic quantum fluctuations.

This approach is equivalent to a self-consistent harmonic approximation which
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approximates the full cosine potential by a quadratic field potential in a self-
consistent, time-dependent manner. Such an approximation has been successfully
employed for ¢*-theory, both in equilibrium [213] and out of equilibrium [214],
and it has been formulated for the sine-Gordon model in Ref. [215]. We present
an alternative derivation of the method, leading to a set of coupled nonlinear
equations of motion, which we solve numerically. This not only yields correlation
functions, but also allows for the calculation of full distribution functions for the
relevant observables. As an application of this method, we show that for the
squeezed initial states (5.36), which were successfully used to describe coherently
split Bose gases without tunneling [143-146], the model exhibits density-phase
oscillations with a time-dependent modulation of the amplitude. This amplitude
modulation depends on the number-squeezing factor n which characterizes the initial
state via Eq. (3.23). Our results are contrasted with results for a fully harmonic
approximation [154, 155, 199, 200], where no amplitude modulations are present.
The modulations we find, however, are not strong enough to explain the damping
phenomenon observed in [15, 47]. This indicates that the sine-Gordon is insufficient
to describe the essential features of experiments with significant tunnel-coupling in
non-equilibrium settings. The situation is different at the free fermion point of the
sine-Gordon model, which lies outside of the experimental parameter window. In

that case, our calculations show strong damping of density-phase oscillations.

6.2 Derivation of the self-consistent harmonic
approximation

Our point of departure is the quantum sine-Gordon model (6.1) on a ring of
circumference L. We are interested in non-equilibrium dynamics after a quantum
quench: the system is prepared in an initial pure state |¢/(0)) which is not an
eigenstate of Hyg and which satisfies Wick’s theorem. The non-equilibrium initial
state described in Sec. 3.2 falls into this category. The time evolution starting from

this initial state is then described by the time-dependent Schrodinger equation
(1)) = "< [9(0)) - (6.2)
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The self-consistent time-dependent harmonic approximation (SCTDHA) replaces

the exact time evolution operator with
e~ ety Ugep(t) = Te~*ho Hsen(ir (6.3)
where T denotes time-ordering and

Hscn(t) = Ho — J/de [f(2,1) + g(w, )b (x) + h(z, 1) (2)]. (6.4)

The time-dependent functions in (6.4) are determined in a self-consistent way as
follows. We assume that the Bose field can be decomposed into creation/annihilation

parts with respect to the time evolved state |¢scu(t)) = Uscu(t)[1(0))

bx) = (D)), + o (x,t) + 7 (a,1)
o~ (x, t)gscn(t)) = 0= (vson(t)|d7(a.t) , (6.5)

where the commutator [¢*(z,t),$” (y,t)] is a c-number and

(3(x)), = (scu(t)|d(z) bscr(t)). (6.6)

The existence of the decomposition (6.5) holds for the class of initial states described
in Appendix A.4. We then define a normal ordering operation : qgn : by stipulating
that in a normal ordered expression all ¢~ (t) appear on the rightmost side of

any product. In particular we have
N W IR CRURE ) I (6.7

Applying this normal ordering procedure to cosngﬁ we find

coS (gz@(x)) =: oS (gz@(x)) e3P @he — i ((;:37 . $2n(x) : 6—%<(¢32(w)>>t7 (6.8)

n=0

where ((.)) denotes connected correlation functions

A~ A

(B (@) = (B2(2), — (D)), . (6.9)

We now use (6.7) and neglect all higher than quadratic terms in fluctuations i.e. we

set

;(q3+(t)+q3—(t))m;—>o v om>2. (6.10)
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This results in the time-dependent Hamiltonian (6.4) subject to the self-consistency

conditions
et = |1+ 5 (N (Ba);) ) os (16),)
+ (B sin (@) )|t
gla,t) = [(6(2), cos ((B(@), ) = sin ((Ba)), )] e HF
B, t) = —% cos (G(x)), e HF@N (6.11)

6.2.1 Relation to the classical PDE

The relation with the classical limit of the sine-Gordon model becomes clear when
the SCTDHA is derived on the level of the equations of motion, as is done in
Ref. [215]. Since the cosine term in the sine-Gordon Hamiltonian (6.1) contains
all positive, even powers of the field, it generates an infinite set of coupled partial
differential equations relating the time evolution of all connected n-point functions,
i.e. a BBGKY-hierarchy. This hierarchy is truncated by assuming that all connected
n-point functions are negligible above a certain order n. In the SCTDHA, one
truncates at quadratic order, meaning all higher cumulants are set to zero. For
a Gaussian initial state there will always be some time scale up to which this is
a good approximation, see e.g. Refs [216, 217]. Following Ref. [215] we separate

the field into its expectation value and fluctuations around it

ng(x?t) = <Q§<I7t)> + X(Ivt)' (612)

The equation of motion of the Bose field is then

v

(1)285 — 83) q@(m, t) = N sin (QAS(x, t)) (6.13)

N

- % [ sin ( <¢(x, t)> )cos (R(z,t)) + cos( <<5($7 t)> ) sin (X(2,1))] -

Assuming that all higher cumulants of the fluctuation field are negligible the
right-hand side can be approximated by

v A

N [sin <<¢(x,t)>> : COS ()z(x,t)) : 4+ cos <<$(gg,t)>) - sin ()2($,t)) ;} e 3R
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6. Self-consistent time evolution in the sine-Gordon model

The equation of motion for the expectation value then becomes

v

(v*02 — }) <¢A>(x, t)> =7 sin (<q§(m,t)>> e 2%, (6.14)

We note that this is almost equal to the classical sine-Gordon PDE (4.3), modified by

a time-dependent factor e~2%*) | This fluctuation field is governed by a nonlinear

PDE, which we linearize to obtain
202 2 VTS 7 —3 (@) | ¢
v0; — 0; — 5 cos <<gb(a:,t)>> e 2B R t) =0 . (6.15)

It is easy to verify that the equations of motion (6.14) and (6.15) are exactly the

same as the Heisenberg equations of motion with regards to Hscpn(?)

0p(z,t)
ot

= iUscn(t)[Hsen(t), $(x)] Udcn (1)- (6.16)

We thus find that the SCTDHA is equivalent to the classical equation of motion

(6.14) modified by quadratic quantum fluctuations (6.15).

6.2.2 Mode expansion

For practical calculations and to connect to the previous Chapters, will formulate
the SCTDHA on the level of the mode operators l;j, via the mode expansions (5.28),
dropping the a-label. The Bose field ngﬁ(:v), though compactified with period 27 in
the original sine-Gordon model, can not be compactified in the SCTDHA, since
the harmonic approximation breaks the periodicity of the cosine potential. Instead,
we take qg(x) and its zero mode qgo to have a spectrum ranging over all of R. Local
observables are not affected by this decompactification as long as we consider states
where (¢(z)) lies close to zero, and focus on regimes where K >> 1, such that
the variance of ¢(z) is small. This naturally leads us to consider the case of zero
winding, restricting us to states where J has eigenvalue zero. By construction the

free part of the Hamiltonian is diagonalized by the lA)j’s, cf. Eq. (2.25),

(6N )?

— A
Hy = W + ;U‘qﬂbjbj . (617)
J
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6. Self-consistent time evolution in the sine-Gordon model

6.2.3 Gaussian initial states

To guarantee the existence of a time scale over which the SCTDHA is accurate
we prepare our system in a Gaussian initial state. In the following we restrict
ourselves to translationally invariant Gaussian pure states for simplicity and refer
to Chapter 7 for the situation where translational invariance is broken. In terms
of the bosonic creation and annihilation operators any translationally invariant

Gaussian pure state can be written in the form
~ 1 ) PN
IV, 9, ) = exp (vo sech ¥, b + 5 ) e tanh o, bwk> 0), (6.18)
k

where ¥, = ¥_; and ¢, = @_; are real coefficients. To simplify some of the

equations below we introduce

Vi =0k0Vo € C. (6.19)
The operators
a, = cosh v, b, — " sinh 9, b, —V,_, (6.20)
annihilate the initial state
ax |V, 9, ¢) =0 . (6.21)

The two sets of creation and annihilation operators are related by a canonical

transformation
b, = cosh v [y + V| + e sino, [al, + V] (6.22)

6.2.4 Equations of motion

The Hamiltonian Hgcy(t) has a mode expansion of the form

Hsen(t) = [B;Aj(t)éj + %(BjB;(t)B_j + h.c.)} +D(t) (130 — ag) +C(t), (6.23)

J
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6. Self-consistent time evolution in the sine-Gordon model

where the coefficients A;(t), B;(t) and D(t) are functions of ¢g(t) and h(t) via

A;j(t) = vlp;| = 2JL|u;Ph(t)
B;(t) = v|po|djo + 2J L|u;*h(t) , (6.24)
D(t) = —J Lugg(t) .

In the above, we have defined pg = 27 /vL, and C(t) is a real scalar which does not
affect the equations of motion. The functions g(¢) and h(t) are position independent
as we have imposed periodic boundary conditions and assumed the initial state
to be translationally invariant. The time evolution of lsj—operators is obtained

from the Heisenberg equation of motion

H8,(0) = Uscn(t) b Hson(t)] U0 (6.25)

As Hgcpn(t) only couples modes with either the same or equal but opposite index

and in view of (6.22) the time evolved annihilation operators can be expressed as

bi(t) = 6;0R(t) + S;(t)a, + T; (t)a!

J J —J

(6.26)
The initial conditions follow from (6.22)

R(0) =V, cosh ), + Ve sinh 9, , S.(0) = cosh v, T;(0) = "7 sinh J;. (6.27)

J

The time dependence of R(t), S;(t) and T}(t) is obtained by substituting (6.26) in
to (6.25), which gives a system of coupled, first order differential equations
iR(t) = Ao(t)R(t) + Bo(t)R*(t) — D(t) ,
iSj(t) = A;(1)S;(t) + Bi()T-(t) ,
—iT(t) = A;O)T;(t) + Bi(1)S_;(1). (6.28)
We stress that Eqgs. (6.28) are non-linear as A, B and D are functions of R, S

and T by virtue of the self-consistency conditions (6.11). The time evolved Bose

fields in our SCTDHA are given by

B, 1) = —2fuo[lm (R()) + Y wye™ (Q;(03; - Qy(0al;) . (6:29)
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6. Self-consistent time evolution in the sine-Gordon model

where we have defined

Qj(t) = Sj(t> - Tfj(t% Qj(t) = Sj(t) + Tfj(t) : (6.30)

Using that a; |V, 9, ¢) = 0 it is then straightforward to obtain equal-time correlation
functions of the Bose field

(b)) = ~2fuoltm (R(1)) . (6.31)
(Fa.0dw.0) =D lwlIQOPcos (4 ~9)).  (6:32)

These expectation values determine the functions ¢(t), h(t) and by (6.24) the
parameters A;(t), B;(t), D;(t). Substituting back into (6.28) we arrive at a
closed system of differential equations for R;(t), S;(t) and T;(t). We solve this
nonlinear system numerically to obtain the full time evolution of local operators

in our SCTDHA.

6.2.5 Full distribution functions and multipoint correlation
functions

A nice feature of the SCTDHA is that it makes it possible to analyze not only
expectation values of local operators, but the full quantum mechanical probability
distributions of observables on subsystems. We have seen in Sec. 3.2 that this is not
only of considerable theoretical interest, but that it is particularly relevant for atom
chip experiments, where the ability to perform many single-shot measurements gives
access to fluctuation statistics. Important examples of observables whose probability
distribution can be probed in this way are the real and imaginary parts of
0/2 A
O, = / dz e (6.33)
—£)2

This operator is directly proportional to the integrated interference term in time-of-
flight measurements, cf. Eqgs. (3.32) and (5.18). It is convenient to define a joint

probability distribution of the commuting operators Re(@;) and Im(O,)

Fg(t, a, b) = <wSCH(t)‘5(Re(@g) - a)é(lm(@g) - b) ’wSCH(t» . (634)
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6. Self-consistent time evolution in the sine-Gordon model

As shown in our publication [2] it is possible to obtain a multiple integral repre-

sentation for this quantity in the framework of the SCTDHA

o~ 3R 0172 (a3452)
X (6.35)

Fy(t, a,b) = /OOH [daidﬁj 21 |Q;(1)]

J

X 6(a — /€/2 dx cos (®(x, t, a,ﬂ)))5(b — /K/2 dx sin(@(x,t,a,ﬁ))) )

—0/2 —0/2

where

Dt e, B) = (3(0.)) = D fus| (o cos (pya) + Bysin (pya) ). (6:36)

A

We see that the distribution function is determined by the expectation value (¢(0, 1)),
set by R(t) via (6.31), along with quadratic fluctuations «; and f3;, determined
by the covariance matrix |Q;(t)|*. The essential quantities R(t) and Q(t) are
obtained by solving the nonlinear, self-consistent system of equations (6.28). The
distribution function (6.35) can be conveniently sampled: one draws numbers «;
and §; from a Gaussian distribution with covariance matrix |@Q;(t)|* and computes
the corresponding values of / ” dxexp (i®(x,t, ¢, B)). Placing real and imaginary
parts of these values in a two—d_iérgensional histogram and normalizing the result yields
Fy(t,a,b). Examples of such distribution functions are presented in Section 6.4.3.

As a corollary of the derivation in our publication [2] we also obtain multi-point

correlation functions of the vertex operator ei‘mi’(r)7 e.g.

(eidatl gm0 ) = (HornH00) E T, FQOF(A i ostun) (6.37)

6.3 Self-consistent harmonic approximation in
equilibrium

If we choose self-consistent normal ordering with respect to the ground state
rather than some time evolved initial state our approximation reduces to the usual
self-consistent harmonic approximation for the sine-Gordon model [218]. In the
linear response regime at zero temperature many exact results are available for

the sine-Gordon model, see e.g. Ref. [190], and it is instructive to use these to
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6. Self-consistent time evolution in the sine-Gordon model

benchmark the SCHA. For instance, the breather masses from Eq. (4.10) are known
exactly [219], the lowest one being

VT ET((1+x)/2)

where y = 1/(8K — 1) and the length scale £ corresponds to a cutoff in momentum

Ay = 2sin (”X) 2 v T2 [EQZJLEX) , (6.38)

2 20 I

(14x)/2
2 ]

==

space at k. = 27m/¢.
Normal ordering with regards to the (self-consistent) ground state results in
a time-independent Hamiltonian of the same structure as Hscp(t) in (6.23) and

(6.24)), but with time-independent parameters

1 1
9=0,  h=—ge =, (6.39)

This Hamiltonian can be diagonalized by a Bogoliubov transformation of the b-

operators
Ej = cosh('yj)éj—i—sinh(’yj)éij,
25— T () + A3 6.40
€ QKL’U]P[(,UQJ) + ] ) ( )
where we have defined
J 1,72
A? = %eﬁw ) (6.41)

In terms of the Bogoliubov bosons we have
Hscn =) { (vg;)” + A2 a}éj] +C. (6.42)
J
The ground state of Hgcy is the vacuum state of the c-bosons ¢;|0) = 0. The

self-consistency condition for A is then obtained by calculating ($%) = (0|¢%(2)]0)

™ 1

(%) = A
2KL r \/vquer%e—éw

. (6.43)

A simple quadratic (non self-consistent) approximation of Hy(t) [154, 155] would
be given by ¢ = 0 and h = —1/2, so that

mvJ
Ay = N (6.44)
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6. Self-consistent time evolution in the sine-Gordon model

In Fig. 6.1, we present a comparison between the gap of the first breather in
the sine-Gordon model (solid lines), the gap in the completely quadratic model
(dotted lines) and the gap in the SCHA (dashed line). This is the appropriate
comparison to make because in the K regime of interest the first breather has the
smallest excitation gap over the ground state. For large enough values of K, both
the SCHA and the fully quadratic model provide accurate approximations. For
smaller values of K, however, the self-consistent approximation clearly offers a much
better prediction of A than the simple harmonic approximation does. Close to the
Luther-Emery point, which lies at K = 1/4 in our conventions, the predictions
from the SCHA become poor as well.

Aq/E;

0.15

0.05

0.0125
’’’’ 0.003125
**** 0.00078125

0.10

0.05

1 2 3 4 5 6

K

Figure 6.1: Comparison between the mass gap for the fully quadratic model with h =
—1/2 (dotted), the SCHA (dashed) and the exact result for the sine-Gordon Hamiltonian
(solid curves), for several values of the dimensionless coupling A\ = £2J/v. The gaps are
plotted via their ratio with the cutoff energy scale, E, = 27v/€.

6.4 Application to tunnel-coupled Bose gases out
of equilibrium

We now turn to the application to tunnel-coupled Bose gases, so that the parameters
in the sine-Gordon model are given by Eq. (3.33) and Sec. 3.2.8. For later convenience
we define a dimensionless coupling constant for the cosine term by

. §2J . 252)00TJ_
v v

A

(6.45)

To connect to the literature, we will use the initial state (5.36), which was used

with success for the case without tunnel-coupling in [143-146]. In terms of the
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6. Self-consistent time evolution in the sine-Gordon model

squeezed coherent state (6.18), this initial condition is obtained [146] by choosing

Bogoliubov angles ¢; = 0 and

| K
mm<M|,Q, if 540,
e Hi=q TP (6.46)

if j=0.

vlnpo ’

The parameter 1 tunes the number and phase fluctuations in the initial state.

6.4.1 Choice of parameters

In order to enable a comparison with experimental observations the parameters
defining our model (3.33) are fixed in line with Sec. 3.2.4: the one-dimensional
density is taken to be py &~ 42 um™!, the healing length & = Ar/mv = 7 x 0.42 um
and we choose L = 160¢ as our longitudinal size. Note that the latter is a factor 2
larger than the length reported in [9]. We have made this adjustment to be able to
follow the dynamics over longer timescales, before boundary effects come into play.
For the case of 8 Rb atoms, the above amounts to L ~ 212 um, with a sound velocity
given by v =~ 1.7-107° m/s and a Luttinger parameter of K ~ 28, in our conventions.

In order to explore the SCTDHA more generally we have also considered
smaller values of the Luttinger parameter K. In Figs. 6.2, 6.4 and 6.3 we show
results for K = 1, where the difference between the SCTDHA, simple harmonic
approximation and exact results is more pronounced. The free fermion results

shown in Fig. 6.8 correspond to K = 1/4.

6.4.2 Time evolution of the zero mode

As we have restricted our analysis to translationally invariant situations the zero
momentum modes of the Bose fields play a key role. In the full Hamiltonian (6.23)
the zero momentum modes are sensitive to the dynamics of the finite momentum
modes by virtue of the self-consistency conditions. It is instructive to ignore such

effects and consider the SCTDHA for a toy model that involves only the zero mode

™

H. =
1T 9K

6N? — JLcos (@0), (6.47)
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6. Self-consistent time evolution in the sine-Gordon model

where [(5N , q@o] = 1 and we have retained the various parameters from the full
model. As (6.47) involves only a single degree of freedom it is straightforward
to obtain exact results by numerically integrating the corresponding Schrodinger
equation. This allows us to benchmark the SCTDHA. As initial state we choose a

squeezed state |x)o with wave function in the ¢-representation

LAY e
X(¢)_( > o~ it gmiNos. (6.48)

2o

where 0® = 1/ (2npoL) and ®,, IN, are free parameters. In the SCTDHA the

Hamiltonian (6.47) is replaced by

™

H =
T 9OKL

SN? — JL ( F(£) + g(t)do + h(t)cgg) . (6.49)

The self-consistency conditions for f, g and h are obtained from (6.11) by replacing
qg(x) — o For reference, we also consider time evolution with a simple harmonic

Hamiltonian obtained from (6.47) by expanding the cosine to second order in QASO

%

H —
HO = oKL

N JL ~
SN? + 7¢g : (6.50)

The ground state wave function of Hyo is given by (6.48) with &5 = 0 = 6Ny
and n = o = py '/ JK/vr.

In Figs. 6.2 and 6.3 we compare time evolution under the Hamiltonians Hj
(green line), Hyo (red, dotted line), and Hj (blue line), with ®; = 0.1 and two
choices of initial state |x)o. We observe fast oscillations of (o) = ¢(x|do|x): in
time with a slowly varying envelope. This envelope shrinks (Fig. 6.2) or expands
(Fig. 6.3), depending on the initial values ®, and 0 Ny. We observe that the amplitude
modulation is more pronounced when 7/7, is either large or small, which corresponds
to initial states with either large phase or number fluctuations. Such states are
sensitive to the anharmonicity of the cosine potential and their time evolution will
exhibit larger deviations from that of a simple harmonic oscillator. We see that

the SCTDHA is significantly better than the simple harmonic approximation Hyo.
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Figure 6.2: Time evolution of <<j§0> under the full Hamiltonian Hj (green line), the

quadratic approximation Hpo (red dots) and the self-consistent harmonic approximation
H} (blue line). The parameters are as described in section 6.4.1 and A = 0.12, K = 1 and
(a) n = 4no; (b) n = 8np. Times are displayed in units of the “traversal time” ¢y, = L/(2v)
[20]. We have chosen the value K = 1 to highlight the differences between the three
results, which are more pronounced for small K. Increasing the value of K leads to a
better agreement between the three lines.

(6 Rp/Lpo
0.015
0.010
0.005

(b)—0.015

Figure 6.3: The same situation as in Fig. 6.2(a), except that the sign of the initial value
O Ny is reversed. Both the zero mode of the phase (a) and its conjugate variable (b) are
displayed.

The SCTDHA neglects higher connected correlations and is accurate as long
as the latter are small. The contribution of the connected correlation functions

to the expectation values of q@% and q@é are respectively

(&) = (a1, +3(8), (&) + (& o1
(&) = (o), +4 (&) () 5 (@), wo(30) (& + (). 69

Fig. 6.4 shows the time evolution of the neglected connected contributions and
compare them to the full expectation value. By our choice of initial state the
cumulants are initially zero and then grow in time. The growth of even cumulants is
inhibited by choosing the squeezing parameter 7 close to 79, whereas odd cumulants
are inhibited by choosing ®; and 6Ny close to 0. In our examples the cumulants

remain small and concomitantly the SCTDHA is a good approximation.
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(a) (b)
Figure 6.4: Time evolution of higher moments under the full cosine potential (green
lines) compared to the contributions of the higher cumulants <¢38> and <<;A53> (black

C C

lines). The parameters are as in Fig. 6.2(a).

6.4.3 Time evolution in the SCTDHA for the sine-Gordon
model

Having tested the self-consistent harmonic approximation in the controlled setting
of single-body quantum mechanics, we now apply it to the sine-Gordon field theory,
using the formalism developed in Sec. 6.2. Motivated by experiment we focus

on the following observables:

« The one-point functions of density (9,0(x,t))/m and phase (¢(x,t)). As
we are restricting ourselves to translationally invariant situations these are

z-independent.

¢/2 )
o The full quantum mechanical probability distribution of / dz sin (qb(x))
—¢/2

0/2

Pt 1) = (son(8)16 (1 - / de sin ((x) Jwscn() . (6.53)

—1)2

In Fig. 6.5 we show parametric plots for the time dependence of the average density
and phase in the SCTDHA for two different choices of parameters. In a purely
harmonic theory the resulting trajectory would be closed, cf. the green line in
Fig. 6.5(b). In contrast the amplitude of these oscillations gets modulated in time
in the SCTDHA. We observe that these modulations become more pronounced
as the squeezing parameter 7 is increased from 7.

We now turn to the probability distribution function P(t, ). In the experiments

[15] it was observed that the variance of the probability distribution of the phase
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(0,61
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Figure 6.5: (a) Density-phase oscillations in the SCTDHA. The parameters are as
described in 6.4.1 and K = 28, A = 0.4, n = 1. A modulation of the amplitude can be
observed, which is not present in a simple quadratic approximation. (b) Same as (a) but
with A = 0.2, n = 0.5 (blue) and n = 1 (red). For comparison we also show the result of a
simple harmonic approximation (green line). The modulation is seen to increase with 7.
In both panels, time runs until the traversal time ti, = L/(2v).

exhibits a rapid narrowing. An important question is whether such behavior
arises in the framework of the sine-Gordon model. In Figs 6.6 and 6.7 we show
results for Py(t, u) for two integration lengths ¢ obtained in the SCTDHA and a
simple harmonic approximation. Both display oscillatory behavior in time and
no narrowing of the variance is observed. In fact, the variance in the SCTDHA
is slightly larger than the simple harmonic result. Comparing Fig. 6.6 to 6.7 we

observe that increasing the integration length leads to a narrowing of Py(¢, u1).

Uty
Uty

Figure 6.6: (a) Probability distribution function Py(¢,u) for a very short integration
length ¢ = ¢ in a simple harmonic approximation to the sine-Gordon model corresponding
tog=0and h=—1/2in (6.11). Parameters are as described in 6.4.1 with K = 28 and
A = 0.2. The black line shows the average of the PDF. (b) Same as (a) but computed in
the SCTDHA.
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Figure 6.7: Same as Fig. 6.6 but with a long integration length ¢ = L.

6.5 Dynamics at the Luther-Emery (LE) point

The SCTDHA is expected to work best at large values of the Luttinger parameter
K. Tt is instructive to complement the large- K results presented above by exact
results at the free fermion point of the sine-Gordon model. In our conventions the
LE point occurs at K = 1/4. Quench dynamics at the LE point has been previously
considered in Ref. [199, 200] but that analysis did not cover the class of initial

states of interest to us here. Two remarks are in order before we proceed:

o The LE point occurs at an unphysical value of K as far as the realization
of the sine-Gordon model in the context of tunnel-coupled Bose gases is
concerned. In that context the Luttinger parameter runs from K = 1/2

(hard-core repulsion) to K — oo (non-interacting bosons).

o The SCTDHA is not expected to be a good approximation at the LE point.
We have already seen an example of this in Sec. 6.3. The fundamental problem
is that the relevant degrees of freedom at the LE point are kinks and anti-kinks
and these are not captured by a harmonic approximation. In light of this we
will refrain from attempting to apply the SCTDHA to the sine-Gordon model
at K =1/4.
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6.5.1 Time evolution of density and phase

At the Luther-Emery point (K = 1/4), the sine-Gordon model is equivalent to
a massive free fermion model given by Eq. (4.5) with interaction go = 0. The
mapping is given by the bosonization identities (4.7). This allows us to determine

the expectation values of

sin (¢(v,1)) = —n& [RI(z,t)L(z,t) +h.c], (6.54)
0.b(e,t) (2:0.0))

™

_ % [ Li(a,0)L(x,t) : —  R(a, R (x.1) ] .

Here products of operators at the same point are defined by means of a point-

splitting prescription

: LT (2)L(z) == lim [LY(z — €)L(z + €) — (L (x — €)L(z + OINE (6.55)

e—0

where (...), denotes the expectation value with respect to the initial state under
consideration. In order to make some contact with our previous discussion we

choose the initial state to be |V, p,?) in (6.18) and (6.46), i.e.

This state is translationally invariant, as is the Hamiltonian (4.5), so that the
expectation values of the fields (6.54) do not depend on z for any ¢. To determine
the time evolution of these expectation values, it is useful to define the following

linear combinations of two-point functions,

Dy(z,t) = (R'(2)L(0)), + (L (z)R(0)), + (R'(0)L(z)), + (L'(0)R(x))
Do(x,t) = (LT (z)L(0)), + (LT(0)L(z)), — (R (z)R(0)), — (RI(z)R(0))

t Y

(6.57)

t t’

which only depend on t and the coordinate difference z due to translational

invariance. The time evolution of these functions is governed by the pair of PDE’s

(0} — 40°02 + 4p®) Dy(z,1) =0 , (6.58)

0 Dy(x,t) +2uDy(z,t) =0, (6.59)
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with initial conditions (6.56) and

0t Dy(x,0) = 2uDy(x,0) (6.60)

—200, [ (R'(x)L(0)), 4+ (R'(0)L(x)), — (LT (z)R(0)), — (LT(0)R(x)), |.

These follow directly from the Heisenberg equation of motion (6.25) with Hamil-
tonian (4.5) at go = 0, combined with the translational invariance of the initial

state |V, @, ). The resulting solutions give access to the expectation values of

the fields (6.54), via

s

<sin (¢(O, t))> = —7D¢(O, t),
<a,ré(o, t)> 8,0(0, 0)> .
e = 71Do(0,t) = Do(0,0)]. (6.61)

The rationale for considering the particular linear combinations of two-point
functions (6.57) is to ensure cutoff independence: the initial two-point functions
<LT(Z‘)L(O>>O and <RT(x)R(O)>0 diverge as z — 0 in a way that depends on the
UV cutoft. This cutoff-dependence enters the equations of motion of two-point
functions via the short-distance behavior of Dy(z,0) in the initial condition (6.60).
To eliminate this dependence we restrict ourselves to initial states |V, ) for

which (dN), = 0. For such states we have

(LT(0)L(z)), = = (LT(2)L(0)),, (B'(0)R(z)), = —(R'(z)R(0)),, (6.62)

which implies that Dy(x,0) = 0 and renders the initial condition (6.60), and hence
Dy(x,t) and Dy(z,t), cutoff-independent. In Fig. 6.8(a) we present results obtained
by numerically integrating the system of PDEs for parameters as in Sec. 6.4.1 with
K =1/4. In contrast to the modest amplitude modulations encountered for larger
K in Section 6.4.3 a strong damping of the density-phase oscillation is observed.
The origin of the damping is simple dephasing.

To shed some more light on the observed dephasing behavior we have considered

other initial states. In Fig. 6.8(b) we compare the time evolution of (sin ¢(0,))
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(8,817

(sin ¢)

Figure 6.8: (a) Strongly damped density-phase oscillation at the Luther-Emery point.
Apart from taking K = 1/4, we have used the parameters as reported in (6.4.1), with the
dimensionless coupling constant (6.45) set to A = 4. The initial conditions are obtained
from Eqs. (6.18) and (6.46) using the bosonization identity (4.7), with (0N) = 0 and

<¢0> = 0.1 at t = 0. Due to the enhanced phase fluctuations at the Luther-Emery

point for the state under consideration, the expectation value of the sine is reduced to
<sin $> ~ 0.009, at ¢ = 0. Time runs until the traversal time t;, = L/(2v). (b) Oscillations

of <sin<£(0,t)> for a range of initial states. Along with the initial conditions from (a)

shown in red, we plot results where Dy(x,0) is a Gaussian with standard deviation £ = v,
for v = 1 (orange), v = 2 (green) and v = 4 (blue). For comparison, the initial conditions
for Dy(x,0) pertaining to the red line are sharply peaked around z = 0 with standard
deviation ¢ ~ 0.34¢.

shown in Fig. 6.8(a) to that corresponding to initial states characterized by
initial conditions

2 ~
Dy(z,0) = —r (sin 3(0,0)) e=/2” =12 4. (6.63)
s

As the length scale ¢ = v€ set by Dy(z,0) is increased, the dephasing is seen to
disappear. This can be understood by noting that (6.58) is simply a Klein-Gordon
equation with dispersion relation wy = 2vy/k% + (TA/€)2. A wave packet Dy(z,0)
of initial width ¢ that is initially localized around the origin will disperse. The
quantity of interest, (sin gg(O, t)), corresponds to the magnitude of Dy(0,¢), i.e. the
part of the wave packet that remains at the origin. If the initial width of Dy(z,0)
is much smaller than the inverse gap, ¢ < §/(m)), the initial time evolution will
be dominated by the large-k Fourier modes where the dispersion is approximately
linear. This causes the wave packet to essentially separate into parts that propagate
ballistically with velocities +2v. This leaves only a small weight near the origin and
leads to a rapid decrease of <sin qB(O, t)> In contrast, the short-time evolution of

wave packets with widths that far exceed the inverse gap ¢ > £/(7)) is dominated

87



6. Self-consistent time evolution in the sine-Gordon model

by Fourier modes at small k, where the group velocity (;_o]: < v becomes very
small. This results in a very slow evolution so that the weight at x = 0 is not
substantially reduced for long times. The behavior shown in Fig. 6.8(b) is in
complete agreement with these expectations.

The above observations are quantified by going over to momentum space

1 . 1 4
R(x) = — e* qp . L(x) = — et by 6.64
The Hamiltonian is expressed in terms of the modes as
H =" (vk |afa, — b, | +in |alb, - Bla)) (6.65)
k

The solution to the equations of motion are

(c}k(t)) _ (cos(wkt) — i sin(wyt) cos(27;) sin(wgt) sin(2v;) ) (ak> ’

br(t) — sin(wyt) sin(2%) cos(wyt) + i sin(wyt) cos(27y) l;k

where

k
sin(2y,) = wﬂ ,  cos(2vg) = vr , wg = sgn(k)\/ (vk)? + p?. (6.66)

k Wi
Two-point functions of Fermi fields can be straightforwardly calculated. Using
the bosonization identities (4.7) they can then be related to expectation values of
fields in the sine-Gordon model. Specializing to translationally invariant initial

states with initial condition <8$§(x)> = 0 we find
0
1 A 1 o A
- <8x0(:p, t)>0 = -7 zk: o sin(2wyt) Re (alb,)
1 .
(sino(r, )y = —7 > " 2m€ cos(2wit) Re (afb,) . (6.67)
k

The form of Eq. (6.67) allows us to relate the origin of the observed dephasing
to properties of the initial state. If the weights | (alb,)| are concentrated in the

small momentum region one can approximate
. cos(2ut 4
fsin (e, 1), ~ ~ 2P S ome Re (alh,). (6.68)
k

showing undamped oscillations at frequency 2u over a large time-window. On the
other hand, if the weights are concentrated at large momenta strong dephasing

sets in immediately.
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6.6 Conclusions

We have implemented a self-consistent time-dependent approximation for the
quantum sine-Gordon model out of equilibrium. The approximation incorporates
anharmonic effects of the cosine potential in a time-dependent manner by reducing
higher-order fluctuations of the phase field to time-dependent mean field coefficients
in the Hamiltonian. This leads to a time-dependent non-interacting Hamiltonian
that can be analyzed by standard methods. Its simple structure allows for the calcu-
lation of multi-point correlation functions and full quantum mechanical probability
distribution functions of some observables out of equilibrium.

We have applied the method to tunnel-coupled, coherently split Bose-gases
with an initial density- and phase offset. We find that expectation values of the
density and phase exhibit oscillatory behavior with amplitudes that are modulated
in time. Such modulations are not observed in a simple harmonic approximation
and arise from the anharmonicity of the cosine potential. However, the SCTDHA
does not provide a quantitative explanation of the experimental findings. Moreover,
the experiments show a rapid narrowing of the probability distribution of the
phase, in contrast to what we find in the SCTDHA. Our results are in accord
with recent numerical studies [158] and suggest that a simple sine-Gordon model
is insufficient for describing the experiments.

Interestingly, an exact calculation at the free fermion point (K = 1/4) of the
sine-Gordon model shows strong damping of oscillations, rather than the modest
modulations encountered for weak interactions. While this is not applicable to
experiments on tunnel-coupled bosons, for which K > 1/2, it suggests that stronger
interactions in the sine-Gordon model lead to an enhancement of the damping effects.

Our self-consistent method is very general and can in particular be applied to
inhomogeneous situations. In the next Chapter we use it to analyze interactions
between the symmetric and antisymmetric sectors in tunnel-coupled Bose gases and
consider situations that are not translationally invariant. The question whether
such extensions of the sine-Gordon model lead to a better match with experiment

will also be addressed there.
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Perturbed sine-Gordon dynamics in a box
potential

7.1 Introduction

Chapter 6 indicates that the translationally invariant sine-Gordon model is unable
to capture the damping of density-phase oscillations as recently observed in the
Vienna experiments with tunnel-coupled Bose gases [15, 47, 48]. Rather than
discarding the sine-Gordon model out of hand for these settings, we here investigate
whether the discrepancies could be explained by adding experimentally relevant
perturbations. To do this, we go beyond previous studies on the low-energy physics

of the Vienna experiments in two ways:

1. We take into account the next most relevant perturbation at low energies.

This induces an interaction between the symmetric and antisymmetric sectors.

2. We drop the assumption of translational invariance. To this end we place the

model in a hard-wall box and consider inhomogeneous initial conditions.

Our strategy is to treat the resulting perturbed sine-Gordon model in the self-
consistent time-dependent harmonic approximation (SCTDHA) that was described
in the previous Chapter. We consider the dynamics after initializing the system
in a state in which the sectors are uncorrelated and observe how the new coupling
term causes correlations between the two sectors to develop over time. In addition
to this, energy starts to oscillate between the sectors. Depending on the initial
density profile imprinted on the gas, density-phase oscillations are affected by the
presence of the additional term, showing modulations of the amplitude that differ
from the ones observed in the SCTDHA treatment of isolated sine-Gordon dynamics.
However, these effects are weak and we conclude that the suggested perturbations

are unable to explain the strong damping phenomenon observed in [15, 47, 48].
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7. Perturbed sine-Gordon dynamics in a box potential

This Chapter is organized as follows. In Sec. 7.2, we introduce the low-energy
effective theory in a box geometry as well as the additional interaction term. In
Sec. 7.3, we adapt the SCTDHA to the situation where the sectors are mixed. In
Sec. 7.4, we apply our formalism to the non-equilibrium initial state from Secs. 3.2.3
and 5.5, which is commonly used in the literature. We present results on energy
flow and growth of correlations between the sectors, along with the effects of the
additional interaction term on density-phase oscillations. Sec. 7.5 summarizes our

conclusions and discusses questions for further study.

7.2 Tunnel-coupled Bose gases in a hard-wall box
7.2.1 Low-energy effective theory

We here revisit the low-energy physics of elongated Bose gases in a double well
presented in Sec. 3.2. So far, we have modeled tunneling between the wells by adding
the hopping term (3.10) to the sum of two Lieb—Liniger models which respectively
describe 1D bosons in the left and right wells. This model was then bosonized. A
more careful approach is presented in Sec. 3.2.2: if interactions are weak and the
transverse confinement is strong, one can start from the full 3D Hamiltonian (3.4)
and project to the lowest @ transverse single-particle states ®g; 51 of the double
well directly. Integrating in the transverse spatial directions then gives a model
for @ species of 1D bosons corresponding to these double well eigenstates. This
model is given by the Hamiltonian (3.20), but to further simplify the problem, we

here take the longitudinal potential to be an infinite square well

V() = (7.1)

0 if0<z< L,
oo  otherwise.

Just like the shallow harmonic potential in Eq. (3.20) this breaks translational
invariance in the longitudinal direction, but it is considerably simpler to analyze
in bosonization. We would like to perform this bosonization in terms of the field
operators @2 .r Dertaining to single-particle eigenstates gy, r that are localized in the

left and right wells. If we take @ = 2 in the double well potential, these are given by
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7. Perturbed sine-Gordon dynamics in a box potential

gL.r = (P £ Py) /V/2, with corresponding field operators zﬂL,R = <1ﬂ0 + 1/;1> /2.
We thus write the Hamiltonian (3.20) in terms of left and right bosons as

S DI EEIETERD S M ECIAE

j=L,R jkl,m=L,R
_ (TMZA)E(x)v,@R(x) n h.c.> ] , (7.2)

where 27, = (€1 — €) is the energy gap between the lowest transverse eigenstates
®y 1. We see that in this derivation, the two Bose gases are coupled by a tunneling

term as well as contact interactions, whose couplings are given by

7 jhtm = s\ [ ZZJZ / dy 9; ()91 (¥) 9 (y) gm (y) (7.3)

as before, but with indices running over the set {L, R}. These can be computed

numerically, but for our purposes, we will assume the diagonal elements to be equal
to the usual Lieb-Liniger interaction constant (2.6), meaning ¥.... = gip Vj. We
can evaluate the 7’s for the realistic double well potential Eq. (3.5) and find them
to be real, permutation symmetric and symmetric under L <> R. Moreover, we find
that tensors of the form 7, with i # j are roughly 50 times larger than tensors of
the form %;,,; with ¢ # j, for typical experimental parameters. We thus disregard
the latter class (along with its permutations) in what follows, but retain the tensors
¥si; (and permutations), which couple the left and right gases. Hard-wall boundary

conditions are imposed by restricting our problem to states |®) where the density

at the boundary has a vanishing eigenvalue:

DHLY,(L) | @) = $(0)¢;(0)|®) = 0. (7.4)

Moreover, we require the boson current density

A

fi(@) = lim = (0, — 0,) Pl(@)d, () (7.5)

=z 2tm
to have vanishing eigenvalues on |®) at the boundaries x = 0, L.

The 1D model (7.2) gives an accurate description of the full theory Hsp at

energies that are small compared to the energy e; of the second excited state of
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the transverse confining potential. The physics of interest occurs at energies that
are small compared to v/{, < €, where . is the coherence length (2.40) and v
the speed of sound. This enables us to make a second low-energy projection and
bosonize according to Secs. 2.3 and 3.2.1. Let us first consider the case where
interactions and tunneling between the two gases are absent, meaning that both T
and the non-diagonal elements of 7 are zero. This leaves us with two Lieb—Liniger
models in a hard-wall box, with interaction strength g;p. Under the bosonization
identity (2.31), the low-energy physics of this model maps to a pair of Luttinger
Liquids H, and H; for the (anti)symmetric density and phase fields ﬂa,s, (ﬁw as in
Sec. 3.2.1. The hard-wall conditions (7.4) and (7.5) are encoded in the boundary
conditions of these fields in a way that is described in Sec. 7.2.2.

In the next step we take into account the tunneling term in (7.2) as well
as the “off-diagonal” interaction terms proportional to ¥, (and permutations)
with ¢ # j. These introduce relevant perturbations (in the renormalization group
sense) with respect to the critical Hamiltonian (3.9). Inserting the bosonization
identity (2.31) we find that the perturbations with the lowest scaling dimensions

can be written in the form

L A A
Hpert = _2tJ_/ dx [pO + O'Hs(x)] CO8S ¢a(x) ) (76)
0

where ¢, and o depend on the microscopic parameters in (7.2). Importantly, the
two terms in (7.6) get generated independently by different linear combinations
of tunneling (~ 7'.) and interaction terms (~ %) from the Hamiltonian (7.2) and
we will therefore treat ¢, and ¢ as independent phenomenological parameters in
the following. The Hamiltonian H, + H, + Hpey should be viewed as the result of
integrating out high energy degrees of freedom in a renormalization group sense.
As t| grows much faster than ¢, o under the renormalization group it would be
unphysical to consider very large values of 0. We have therefore restricted the
numerical analyses reported below to the range 0 < ¢ < 2. In addition to (7.6)
there are other perturbations with higher scaling dimensions, such as the nonlinear

extensions to the Luttinger Liquid presented in Sec. 2.3.5. These are a topic of
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ongoing work, but we disregard them here for the following reasons. Firstly, these
terms were not required for very successful theoretical descriptions of experiments
without tunnel-coupling using the Luttinger Liquid, even at a relative high energy
density (see Secs. 3.2.6, 3.2.4). Secondly, the perturbations to the Luttinger Liquid
from Sec. 2.3.5 have a higher scaling dimension than the other terms we keep, so
that we expect them to be less relevant at the low energies we consider. We have
therefore prioritized the o-term arising from the tunnel-coupling as a possible, and
as yet unexplored, explanation of the observed damping.

In the case ¢ = 0 the full low-energy theory decouples into symmetric and
antisymmetric sectors H = H,+ Hy as seen in the previous chapters (c¢f. Egs. (3.9),
(3.33), (6.47)). The additional o-term in (7.6) couples the sine-Gordon model to the

Luttinger liquid Hamiltonian H,. We therefore extend the analysis from Chapter 6 to
H=H,+ H, + Hpext (7.7)

and study the effect of this sector mixing, along with the changes due to the

hard-wall boundary conditions.

7.2.2 Mode expansions for the two-component Luttinger
liquid

In the presence of hard wall boundary conditions (7.4) and (7.5), the free boson

Hamiltonians H, ¢ are diagonalized by the mode expansions (see e.g. [86])

A T .~ . TK 1/2 . A A
0;(x) =00+ féNj + ZZ (q_L) sin gx (ijq — b}7q> ,
q>0

1/2
~ N T N ~
oj(x) = @jo + Z (—qKL) CoS qr (bm + b;q) ;

q>0

(7.8)

where ¢ = %, n e 7z, [IA)q,IA)J,L] =0, and [5]\7%@,0} = 10j;. The zero modes 5]\7j

have integer eigenvalues. The free Hamiltonians (3.9) then take the form

oT
H, =
7 2LK

6NJ2 + Z vq b;,qug’ ] =a,s. (79)

q>0
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Going back to the bosonization identity Eq. (2.31), we see that the hard-wall
condition (7.4) is guaranteed by choosing the c-number 6, such that 6(0) = 6, ¢ Z.
The vanishing current at the boundary (7.5) is then guaranteed by the mode
expansions (7.8), which ensure that chﬁj(x) =0 at x = 0, L. Note that only one
pair of zero modes is present in this case: the quantized persistent current operator
J is now absent since such currents are impossible in a box. It turns out to be

useful in what follows to rewrite the mode expansions in the form

dilz,t) = > ul (@) (b, (1) +B(1)) (7.10)
0.0z, )7 = wl(x) (zS,,(z) - Bi(t)) L l=as. (7.11)

Here we have introduced a multi-index v = (,q) that runs over all positive

momenta ¢ > 0 and the sectors [ = a,s. Also, we have defined l;j,o = \/ng;j,o —

i/1/AK6N; and

(< T 1/2

— cosqr, ifq+#0,

l KL)

ugj),q)(x) = 951 1q 1 (7.12)
Ny if g =
2V & tg=0,
( 1/2

K
0 i (q_) cosqr, ifqg+#0,

Wi (@) = 0j4 . mL (7.13)

Z\/? ifg=0.

7.3 Self-consistent time-dependent harmonic ap-
proximation

As in Chapter 6, we will study non-equilibrium evolution after a quantum quench.
The system is prepared in a density matrix 5(0) that does not commute with
the Hamiltonian (7.7) and which we take to be Gaussian. The ensuing time
evolution is described in the Schrédinger picture via the time evolving density matrix
p(t) = e 5(0)e™'. To arrive at a tractable approximation of our Hamiltonian
(7.7), we employ the SCTDHA from the precious chapter, but we generalize it

to include the nonlinear interaction between the symmetric and antisymmetric

95



7. Perturbed sine-Gordon dynamics in a box potential

sectors. As before, we approximate the exact time evolution operator e *#t by
USCH(t) — Te~tJo Hsen(Mdr e time-dependent approximate Hamiltonian now

contains fields from both sectors:

HSCH(t) = Ha + Hs + /dl’ |if($,t> + éa(:lr)g(l)(x,t)

A

+ 11(2)gP (2, 1) + @2()hV (2, 1) + o) y(2)hP (2, t)| , (7.14)

where the functions ¢ (z,t) and h'?(x,t) are determined self-consistently using

the exact same procedure that was employed in Chapter 6, yielding

AV (z,t) = ReF(x,t)/2, hP(z,t) = oImF(z,t) ,
9Dz, 1) = Iz, £) — 2 (Balr, 1)) B (2, ) — (11, (2, 1)) b (2, 1)

g (x,t) = —oReF(x,t) — (da(x, 1)) P (z,1) . (7.15)
Here we have defined two functions which can be evaluated using Wick’s theorem:

F(l’, t) = 22€J_TI‘ |:USCH(1§)15<O)U§CH(t>ez¢3a(z):| :

F(x,t) =2t Tr {USCH(t)ﬁ(O)USTCH(t)eZ’¢3a<E> <,60 + aﬁs(x)> ] . (7.16)

As in Chapter 6, the zero mode an,o is altered by the SCTDHA. The spectrum of
QASQ,O originally reflected the compact nature of the phase field gga(:p) = gzga(x) + 27.
This feature is lost in the SCTDHA, where fluctuations are assumed to be small

but the fields themselves take arbitrary real values.

7.3.1 Gaussian initial states

In order to investigate the effects of the o-term that couples the symmetric and
antisymmetric sectors we want to start from a factorized state and study how
correlations develop over time. An important requirement is related to our use of
the SCTDHA.: its accuracy strongly depends on the initial state obeying Wick’s

theorem. These two considerations lead us to study a general class of initial states
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that includes the experimentally relevant non-equilibrium states from Secs. 3.2.3,

5.5 and 6.2.3. States in this class can be written as

P(0) = pa(0) @ ps(0) , (7.17)

where ps(0) is a displaced thermal state (see below), and p,(0) = |V, 7, ©)aa(V, 7, ¢

is a Gaussian pure state with
Vire), =
N exp (Z Ve (sechr .t Z b (tanhr), Z“D‘IvklA)Z,k) 10), - (7.18)
Prq P,q,k

Here V, and ¢, are complex and real vectors respectively and r is a real symmetric

matrix. It is useful to define new annihilation operators &, satisfying
Gai |V, 0), =0, (7.19)
which are related to the b-operators via the canonical transformation
bag = Z(cosh gk [@ag + Vi] + (sinh rew)qk [d;k + Vk*} . (7.20)
k
As explained in Sec. 3.2.3, previous works have assumed that the symmetric
sector is initialized in a thermal state [146]. We will follow this assumption,
but in order to study the effects of spatial inhomogeneity we generalize to a
“displaced” thermal density matrix

e_ﬁHs

ps(0) = D(R)——5m;

D'(R) , (7.21)
where R is a complex vector and the displacement operators are defined via

DY (R)bjxD(R) = bjx + Rjx, j=a,5. (7.22)

This leads us to define displaced annihilation operators é;j via a constant shift

~

bs,k = é\és,k + Rs,k ) (723)

so that (&sx) = 0 on the initial state. Since p,(0) satisfies Wick’s theorem, it is

then completely fixed by the vector R along with connected two-point functions
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of the fields. Using the mode expansion of Hy from Eq. (7.9) we simply find

bosonic occupation numbers for ¢ > 0,

<BTB > ok _ (7.24)

= = ’]’L
5,97 s,k c eﬁvq -1 (5,9)>

the anomalous expectation values (lAasyqlA)&qOC being zero. For the zero mode, the

only expectation values on ps(0) that we will need are

~ 6—,32}’;1712712
(0N2), = ==
eSS e

where the second identity implies ImR,,(0) = 0. As will become clear in the

(6N,) =0, (7.25)

next section, expectation values involving the field ng&o will never be required for

the computation of physical quantities.

7.3.2 Equations of motion

The SCTDHA allows for a closed-form expression of the equations of motion. We
will work in the Heisenberg picture from here onwards. The SCTDHA guarantees

that time evolving annihilation operators can always be written as

bu(t) = Ry(t) + S,,(t)é, + T, (t)a! (7.26)

I

where &, are a set of bosonic creation and annihilation operators. We choose
these to be given by

. {@a,k if v = (a,k
Q, =
s, k

)
7.27
CABS,]c lf vV = ( s ( )

)
where the &,y are defined in (7.20) and the &y in (7.23). For (7.26) to be a

canonical transformation we require SST — T*TT = 1 and ST — T*ST = 0. The

initial conditions on R,S and T are given by

Z(COSh ")pq Vo + (sinhre’®) V) it p=(a,p),

RM(O) = q
0 otherwise,
(COSh T)pq lf V= (aap)v n= (a7 Q)a
SV,#(O) = 61761 lf V= (S7p)7 ,LL = (qu)a (728)

0 otherwise,
(

sinh rew)pq if v = (a,p), u=(a,q),

T, ,.(0) = {

otherwise.
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We note that the @,’s satisfy Wick’s theorem on the initial state, along with
(&,) = 0 for all pu.

The time evolution of any operator is then encoded in the time-dependence of
the tensors R, S and T, which we determine in complete analogy to Chapter 6. As

done there, we write the SCTDHA Hamiltonian in the generic form

Hson(t) = B4, (0D, + 5 (BLBL(00), + B, Buy ()5, )
+C(t) + D, (t) (b +b*) VB (#) (z}y - B;) . (1.29)
The matrices A, B and vectors D, E depend on the self-consistency functions ¢g™?
and A2 ¢f. Egs. (7.15), and are given in Appendix A.5. Inserting the expansion
(7.26) into the Heisenberg equation of motion (6.25) yields a system of coupled,

first order differential equations

iR,(t) = AR (1) + Bl (RL() + Do(t) — B (1)
8,(t) = Ana()Snu(8) + BL, (0T (0) (7.30)

i (1) = A (D) Talt) + B ()53, (1),

This system of ODE’s is nonlinear: as a result of the self-consistency functions (7.15)
on which the tensors A, B, D and E depend, these tensors are themselves functions
of R, S and T, which therefore enter the system (7.30) in nonlinear combinations.

To simplify some of the following equations we introduce linear combinations

Quu(t) = 8, (1) + T,,(1),  Quu(t) =S, (t) = T,,(1) - (7.31)

In terms of these functions mode expansions of the time evolved fields take the form

Z U@ (z (2ReR Z + Q. (Dal }) ,
Z wD( <QZIII1R Z [ th)&L]) .

The functions (7.16) can now be computed using Wick’s theorem for the a-operators,

(7.32)

based on the above expressions. This closes the system of ODE’s (7.30). The zero

mode in the symmetric sector ngﬁ&o reflects the compact nature of the phase field
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gfgs and therefore needs to be treated separately from the finite momentum modes.

We therefore define a field ggs(x) = q@s(m) — ngS&O, which time evolves as

So(zt) = > u(x) <2ReR,,(t)+Z[Qw(t)dquQi#(t)&L]). (7.33)

v#£(s,0)

Importantly the zero mode ggs’o does not get generated under Heisenberg time
evolution of other fields. This is easily checked by inspection of the Hamiltonian
(7.7) which is seen to not involve QES,O- This in turn implies that the zero mode
cannot be generated by the commutator in the Heisenberg equation of motion (6.25).
Since we can express the zero mode at ¢ = 0 as q@s,o = ( Qs0) T a > /\/_ we
conclude that this linear combination of a-operators does not appear in the sums
over modes in (7.32) except in the expansion for ¢,(z,t), where it occurs in the
term with v = (s,0). This directly leads to Re @, s,0)(t) = 0 for all v # (s,0)
and Im@m(&o)(t) = 0 for all v.

7.3.3 Self-consistent expectation values

One-point functions

As all relevant one-point functions of &, and 5NS are zero we have

<¢~S(x,t)> =2 3 Wl (@)ReR,(t) . (7.34)
v#(s,0)

<$ xt>—22u z)ReR,(t) , (7.35)
<lxt>—222wl JmR,(t), l=a,s. (7.36)

Two-point functions

Comparing the definitions from Section 7.3.1 to the initial conditions (7.28), we
find that for any v, # (s,0),

s o 0 if v € {(a,q),(s,0)}

_ t _ T - ) 5

O, = (a)a,) = (Q,a)) —0,, =0, , ) (7.37)
n = @dy) = () g g {n(s,q) if v € {(s,q)|q # 0}
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7. Perturbed sine-Gordon dynamics in a box potential

If we define Pés) to be the projector on the symmetric zero modes, along with its

complement 1 = 1 — Pés), we then find the following connected two-point functions

(93w, )dnly, 1)) = (7.38)

) (2Re(@'900") + Q10" + D QP ! )y

<q3j(:v, 1L (y, t)> = (7.39)

{6NZ,

—u<ﬂ'><x>(2ﬂm@g@*>+@ﬂ@*+ V) gy Q) () .

In the above, indices on all matrices and vectors have been suppressed for conciseness.
If we want to consider the field (55 instead of qgs, we need leave out the symmetric

zero mode term. This leads, for instance, to

— u9(z) (pgs> . 1) x (7.40)

<N> S
KIQP(RQ) ")

(ou (. 1))

[

X (zﬁm(Qg@)+QﬂQ + 1
and analogous modifications for <(/B;(;E,t)q;;(y,t)> and <@(m,t)g§a(y,t)> )

7.3.4 Full distribution functions

An attractive feature of the SCTDHA is that it allows the computation of full
distribution functions, as described in Sec. 6.2.5. On the experimental side, such
distribution functions can be extracted by making histograms of many “single
shot” measurement outcomes. We have derived this procedure in detail in Chapter
5, where we showed that individual density measurements after time-of-flight

expansion, integrated over length ¢, return the eigenvalues

zo+4
R(x07F7 t17t0) _/ dx Qtof(xaﬁ tlat()) (741)
xo—~
2 IO—’_E 2 2 ZMFJ
— polBot(i ) / da [rmx)\ +Ip- (@) + 2Re (p @) ()¢ )} |
xo—~

cf. Eq. (5.24), with

pa(z) = /da:’G(:L' — 2 t)e 5 (ps (@’ to) £pa(a’ to)) (7.42)
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7. Perturbed sine-Gordon dynamics in a box potential

We note that Eq. (7.41) holds whenever the two wells are sufficiently far apart and
approximately harmonic. For a generic double well, the lowest two eigenfunctions
goa must be included in Eq. (7.41) following the discussion in Sec. 5.3.3. In either
case, however, the Fourier transform of (7.41) in the 7-direction at wave vector

qg= mcf/tl is proportional to eigenvalues of the interference term

1 1‘0+Z/2 )
Zy (o, to, t1) = —/ dz py (2)p* (z) = Cy(zo, to, 1y e Pel@0l0t1) (7.43)

C Sty
This is true both for well-separated and generic double well potentials, as shown in
Sec. 5.3.3. Full distribution functions can thus be experimentally determined for
Co(xo, to, t1) and Py(xo, to, t1), which are simply the eigenvalues of the bosonized
version of the operators C'(£) and ®(¢) introduced in Eq. (3.30), up to a known
proportionality factor for Cj.
In order to compute such full distribution functions of Cy and ®, in the SCTDHA,

we write the eigenvalues ¢, (z,t) of the phase fields ¢ .(z,t) as Fourier series,

Gz t)= > ul@)fur,  galrt) =Y ul(@)fu (7.44)
n#(s,0) p

Here we have again used our multi-index notations p = (j,q), where j = a,s
labels the sector and ¢ the momentum. We have excluded the zero mode from the
symmetric sector as this does not enter Eq. (7.43). Through these definitions, the

interference term (7.43) is a function of the set of coefficients {f,},

Ig (ZL‘(), to, tl) = Ig (ZE07 to, tl, {f,u}) . (745)

To find distribution functions of the argument ®, and norm C; of Z,, the object
of interest is then the time-dependent joint probability distribution P of Fourier
coefficients {f,}. Within the SCTDHA all cumulants of gga,s other than the variance

vanish, so that this probability distribution is Gaussian

1 1 1 N __
= T2 Z#,V(fﬂifﬂvt)MuV (t)(fuffuyt)

Here N is the total number of Fourier modes retained in (7.44). Each measurement

selects a particular set of Fourier coefficients and we denote the averages over many
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7. Perturbed sine-Gordon dynamics in a box potential

measurements by m . fut fur, etc. The mean values for the Fourier coefficients can
be read off from the one-point functions (7.34) and (7.35), giving f,.; = 2Re R, (t).
Noting that (;(z, )iy 1)) = @) (Fucfos = Fut Fod)uld (v) for jil € {a.s)
and comparing to Eq. (7.38), we can directly read off the covariance matrix as well:
(IN%)

M(1) = 2Re(Q(1)aQ" (1)) + Q(Q'(1) + 22 ImQ(1) Py ImQT (1).  (747)

By drawing many sets {f,} of coefficients from the distribution P ({f,},ty) and
storing the resulting values of ®, or C; in a normalized histogram, we converge to

probability distributions Ps, ¢, for these quantities. These can formally be written as

Py, (o, to, 1) = <H/dm) 0 (o = Arg Zy (wo, to, 11, {Ju})) P ({fu},t0) , (7:48)

PC@(77t07t1) = (H/dfu) 0 (7 - AbSIg (m07t0>t17 {f'u})) P ({fu}7t0) . (749)

7.4 Results for experimentally relevant initial
states

7.4.1 Initial state and experimental parameters

We now turn to the non-equilibrium initial state from Sec. 3.2.3 which is commonly
used in the literature [143-146]. It assumes factorization between the symmetric
and antisymmetric sector. The latter is assumed to be of the Gaussian form
7.18, with initial two-point function given by Eq. (3.23). For the Gaussian initial
state (7.18), this implies that r is a real and diagonal matrix and ¢ = 0, so that
@(0)(,17”((17@ = §;,e 7. The initial condition (3.23) is then achieved by taking

ano) 2

o
Ve ifqg=0,

mp 1/2
1 0 ifg>0.
max(,(qK) > i q

where we use 7 = 1/2 throughout. The symmetric sector is assumed to be of the

(7.50)

eirjk = 5jk

thermal form (7.21). The initial conditions for R can be used to enforce various initial

profiles on the density and phase fields, which we will explore in Sec. 7.4.2 below.

103



7. Perturbed sine-Gordon dynamics in a box potential

We fix the parameters for our plots by following Sec. 6.4.1, except for the
following quantities: we take the 1D box size as large as we can achieve for a given
value of the cutoff length scale, which amounts to L = 80 um. This is comparable to
the size reported in [9]. In all figures, time is measured in units of the traversal time
[20], tt, = L/2v, which is the time at which our expectation values at the center
of the trap become sensitive to the finite size of the system. This ensures that
the symmetric sector is well in the Luttinger Liquid regime, at an energy density
that is 1/8 times the cutoff energy €. = vr /., with &. the coherence length. We
have chosen t; = 15 Hz, which guarantees that the gap is of the same order as the
temperature for the above parameters. The only exception to this choice is Fig. 7.2,
where we take t; &~ 1.17 Hz following Sec. 6.4.1, to enable a comparison with the

case of periodic boundary conditions as presented in Chapter 6.

7.4.2 Time evolution

We now consider time evolution under the SCTDHA Hamiltonian (7.14), with the

initial condition described in Sec. 7.4.1. Throughout, we choose R(0) such that

<¢3a(x,0)> — 0.2, <H(:E 0)> — 0. (7.51)

The one-point functions <¢73(:v, 0)) and <ﬂ3(:v, O)> will be given different spatial

profiles, to investigate the effects of broken translational invariance.

No coupling between symmetric and antisymmetric sectors (o = 0)

We will start from the situation where

<¢Ns(x,0)> —0= <ﬁs(x,0)> . (7.52)

and o = 0. This will serve as our benchmark, as it most closely resembles the trans-
lationally invariant scenario described in Chapter 6 in which the (anti)symmetric
sectors remain uncorrelated. It is characterized by oscillations between density
and phase, see Fig. 7.1(a), with a phase variance that initially grows, and then

shows oscillating behavior, see Fig. 7.1(b).
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7. Perturbed sine-Gordon dynamics in a box potential
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Figure 7.1: (a) Josephson oscillations of relative density (arbitrary units) and phase
(radians) at the center of the gas, o = L/2. (b) initial growth and oscillations of the
variance of the relative phase. The initial phase and density profiles are chosen according
to Egs. (7.51,7.52) and coupling between the sectors is absent in these pictures, meaning
o=0.

0.24
0.6
0.11
0.0 0.4
—0.1
0.2
~0.2] ] -
(Pa(0,)pox  —— (Pal0,1))ppe — (@0, D) g —— (Gh0, 1)) e
—0.31+— - - - - - . 0.01- . . . .
0 1 2 3 4 5 6 0.0 0.5 1.0 1.5 2.0
t/te t/tu.

(a) (b)

Figure 7.2: Comparison between results for box boundary conditions (blue) and periodic
boundary conditions (red). The curves are in perfect agreement until the traversal time
tir = L/2v, after which deviations occur. (a) Josephson oscillations of phase (radians)
at the center of the gas, o = L/2. (b) initial growth and subsequent oscillations in the
variance of the relative phase.

To connect with Chapter 6 we include a comparison between results with periodic
boundary conditions and the results derived for a box geometry in this Chapter.
Fig. 7.2 shows that the two geometries give extremely similar results in the center
of the trap for times below the traversal time, whereas deviations do occur after this
time. It should also be noted that in Chapter 6 and Fig. 7.2, results are presented
for smaller tunnel couplings (¢, ~ 1.17 Hz) than in the rest of this Chapter. The
reason for choosing these values in Chapter 6 was that for a relatively shallow field
potential, the anharmonicity of the cosine in the sine-Gordon model manifests itself
more strongly, making deviations from the purely quadratic theory more apparent.

For the purposes of this Chapter, however, it is more interesting to look at relatively
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7. Perturbed sine-Gordon dynamics in a box potential

large tunnel-couplings (¢, = 15 Hz, see Sec. 7.4.1), as this enhances the coupling
between the sectors in which we are interested.

Finite coupling between sectors (¢ > 0) and homogeneous initial condi-
tions

We next investigate different values of the coupling constant ¢, and the resulting
mixing between the sectors. Fig. 7.3 shows results for 0 = 0,1/2,1,3/2,2, starting

from flat profiles, as in Eqs. (7.51), (7.52). When increasing o, the phase oscillations

remain essentially unchanged. A stronger effect is visible in the covariance

C(x,t) = {du(2,)a(, 1)) _[v(2,t) . (7.53)

where v(x,t) = \/<$S(x, t) sz, t)>c<q§a(m, t)dalz, t)>c. As can be seen in Fig. 7.3(b),

the covariance C(z,t) increases to appreciable values as o is increased.

0.024

o= c=1
— 0=05 oc=15
0.2 0.011
0-11 E 0.00 A
s T

0.0

~0.014

0.0 0.5 10 15 20

C(z0,t)

(Pa(o, 1))

—0.1+

024 i i i i —0.024
0.0 0.5 1.0 15 2.0

(@) v (b) v

Figure 7.3: (a) time evolution of the phase in the antisymmetric sector at the box center
xo = L/2. Curves are displayed for different values of o, with a flat initial density profile
(Iy(z)) = 0. A change of o has no appreciable effect on this observable. (b) a somewhat
stronger effect is the development of correlations between éw, where the normalized
covariance from Eq. (7.53) is displayed, for zo = L/2.

It is also instructive to consider the energy flow between different terms in the

Hamiltonian. To this end we define the following quantities

6a,O(t) = @ , eqL(t) = _QtJ[_/PO /0 dx (cos an<x)> , esa(t) = ea,O(t) + ea,1(t)
cult) = 227 /0 A ([1,(2) 08 Ga(@),  ea(t) = em(t) + (HL(D) /L . (7.54)

We note that the total energy density, which is given by esq(t) + eint(t) + (Hs)/L,

is independent of time, as required for a closed quantum system. Since we are
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7. Perturbed sine-Gordon dynamics in a box potential

interested in the time dependence of the various energy densities we subtract their
values in the initial state and consider Ae;(t) = e;(t) —e;(0). To quantify the effects
of the o-coupling on the flow of energy from and to the sine-Gordon model we show
Aeyq(t) in Fig. 7.4. To ascertain which fraction of the energy change is due to the
kinetic and interaction parts of the sine-Gordon model we also show Ae,(t) and
Ae, ,(t) in Fig. 7.4(a). We observe that the change in Aeyg(t) is very small, as
significantly larger changes in Ae,(t) and Ae, ,(t) largely compensate each other.
In Fig. 7.4(b) we show how much of the energy from the sine-Gordon model Aey: ()

ends up in the new interaction term e (t) and how much goes to (Hy(t)) /L.

—— Aeg(t) /e, x 10° — Aea(t)/er — Ael(t)/er — Aei(t)/er
— Aey(t)/er x 10° ———= Aeya(t)/er —— A(H(t)) /Le, Aegor(t) /e
061 " 0.0002
\ )
o rN N N o~ N —— .
049 1\ /NS NN TN T T 0.0001 1
1 A/ s
[
024 I
: 0.0000 A\ A\ /
0.0
~0.0001 1
—0.21
~0.0002 1
—0.41
~0.0003 1
0.6
0.0 0.5 10 15 20 0.0 0.2 04 0.6 0.8 10
/. e
(a) . (b) fi

Figure 7.4: Energy flow between the different terms in Eqgs. (7.54), as a ratio with the
reference scale e, = (H(0)) /L.

Finite coupling between sectors (¢ > 0) and inhomogeneous initial condi-
tions

As a next step, we investigate the effect of initial density profiles (IT,(z)) that are
spatially inhomogeneous. These profiles will evolve in time as is shown in Fig. 7.5
(a,b). The profiles (¢,(z)) and (II,(z)) are strongly affected by the strength of the
o-coupling to the inhomogeneous profile (f[S (x)) and develop inhomogeneities as
a consequence. This is illustrated in Figs. 7.6(a,b) and has repercussions for the
Josephson oscillations. The latter now display spatial variations, which are caused
by an effective Josephson frequency that has become o- and position-dependent
due to the presence of the space-dependent f[s(;v)—ﬁeld in the interaction term. This

local and o-dependent Josephson frequency is illustrated in Fig. 7.7. The spatial
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Figure 7.5: Examples of the time evolution of the density profile for & = 0. The initial
profile in (a) is symmetric around the origin, while the one in (b) is not.

0.05 <

Wy, 06 2 2y, 0 2
(a) 080 00 (b) S0 00

Figure 7.6: (a) The time and position dependence of (¢, (x)) corresponding to the same
initial condition as Fig. 7.5(a) with o = 2. We see that the initially flat profile develops
inhomogeneities due to the sector coupling. (b) the same as panel (a), but showing

(Ma(2)).

average of the phase, which is equal to the zero mode QASQO, does not show any
o-dependence in its Josephson frequency, see Figs. 7.8, 7.9. In this case, however, a
o-dependent modulation in the amplitudes is visible: the Josephson oscillations at
different points in the box move out of phase due to the spatially varying Josephson
frequency mentioned above. This leads to a decrease in the spatial average.

For an inhomogeneous profile of (II,(x, 0)), the covariance grows in time, thus
resembling the homogeneous case. This happens to an extent that is roughly propor-
tional to 0. The same can be said of the energy flow between the (anti)symmetric
sectors, as shown in Fig. 7.10. We see that the effects of the sector coupling term

become stronger when we increase o, but in the window of applicability of our

bosonization based approach the effects remain small.
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Figure 7.7: Time dependence of the relative phase in the center of the box for the same
initial conditions as Fig. 7.5(a) and (b), respectively.
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Figure 7.8: Time dependence of the space-averaged relative phase and the covariance
C(zo,t) (7.53) in the center of the box for the profiles shown in panel (a) of Fig. 7.5.
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Figure 7.9: Time dependence of the space-averaged relative phase and the covariance
C(zo,t) (7.53) in the center of the box for the profiles shown in panel (b) of Fig. 7.5.

Distribution functions of the density after time-of-flight

As described in Sec. 7.3.4, our formalism allows the construction of distribution
functions for the measured density after time-of-flight expansion. As a proof of
principle we present such distribution functions in Fig. 7.11, for the observables

®, and C; defined in Eq. (7.43).
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Figure 7.10: Energy flow between different terms in Eqgs. (7.54), as a ratio with the
reference scale e, = (Hs(0)) /L. Results are shown for the density profile from Fig. 7.5(a),

with 0 =1 (left panel) and o = 2 (right panel).
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Figure 7.11: Distribution functions Py, (c,t,t1) (a) and Pc,(v,t,t1) for the observables
®; and Cy defined in Eq. (7.43). We choose a time-of-flight ¢; = 15 ms and integration
length ¢ = 20 um. The density profile used for these plots is homogeneous, with ¢ = 1.

7.5 Conclusions

We have extended the low-energy theory for non-equilibrium dynamics in pairs of
elongated, tunnel-coupled Bose gases using the SCTDHA from Ch. 6. In contrast to
earlier works, we have studied the effect of a relevant perturbation which couples the
(anti)symmetric sectors describing (anti)symmetric combinations of the two Bose gas
phases. On top of this, we have dropped the assumption of translational invariance by
placing the system in a box and by imposing inhomogeneous initial density profiles.

Starting from an initial state in which the (anti)symmetric sectors are uncor-

related, their coupling under time evolution leads to a number of new but weak
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effects. First of all we observe the development of correlations between the sectors
over time for all initial states we have considered. However, the covariance between
the sectors never reaches more than a few percent of the geometric mean of the
variances. Second, the spreading of correlations is accompanied by a small transfer
of energy between the sectors. The smallness of these effects means that the
simulation of a sine-Gordon model should not be severely hampered by energy flow
and a development of correlations between the sectors. Finally, the presence of the
coupling term makes the dynamics in the antisymmetric sector susceptible to the
breaking of translational invariance in the symmetric sector. The density-phase
oscillations seen in Ch. 6 are further modulated when taking an inhomogeneous initial
density profile in the symmetric sector. This shows that the role of the trapping
potential, which creates strong inhomogeneities, may play a more important role in
experiment than was previously assumed. However, the model presented here does
not capture the puzzling damping phenomenon observed recently [15, 47, 48]. This
is not surprising given that our box potential is very different from the quadratic
potential used in experiment. In the next generation of experiments, however, a
box potential is likely to be used, as in Refs. [49, 50]. If the temperature can be
lowered to the ~ 5nK range, the calculations presented here can serve as direct
theoretical predictions for such settings.

Given that the damping is as yet unexplained, we have to return to our suggested
explanations (7)-(iv) from Sec. 3.2.8. Hypothesis (i), an explanation in terms of the
translationally invariant sine-Gordon model, has been rendered unlikely by Ch. 6
and Ref. [158]. Hypothesis (i) could be tested further by considering additional
perturbations, such as those mentioned in Sec. 2.3.5, although these have a higher
scaling dimension than the perturbation considered here. This will be a topic of
future work. A very promising approach is to return to the Hamiltonian (3.20) for
multiple species of 1D bosons, leaving the Luttinger Liquid aside for the moment,
and perform time evolution under (3.20) directly. This approach is taken in the
next Chapter and it allows to investigate both the effects of a realistic longitudinal

trap (7ii) and of higher-energy eigenstates of the transverse potential (iv).

111



Time evolving bosons in an elongated

double well

8.1 Introduction

Though the sine-Gordon model in the 8 < 1 regime has offered good predictions
for tunnel-coupled Bose gases in equilibrium (cf. Sec. 3.2.7 and Ref. [14]), Chapters
6 and 7 show that serious challenges to the sine-Gordon description are posed by
out-of-equilibrium situations. Specifically, states with an initial phase imbalance
show density-phase oscillations which get damped out over a few oscillation periods.
This damping has so far defied a description in terms of the sine-Gordon model.

This chapter therefore presents another approach. Rather than applying the
pair of successive low-energy mappings (3.6), which amount to (1) a mapping to
multiple species of interacting 1D bosons and (2) a mapping from these to a pair of
(perturbed) Luttinger Liquids, we here only perform the first mapping (1), leading
to the Hamiltonian (3.20) for multiple species of interacting bosons. The resulting
many-body system is solved numerically by making a time-dependent self-consistent
Hartree-Fock (HF') approximation, which only retains connected n-point functions
with n = 2, that is, Green’s functions of the Bose fields. We show for which initial
states this is a good approximation and apply the method to non-equilibrium time
evolution due to a change in the trapping potential, focusing on short times after the
trap deformation. The method allows us to (i) take full account of the longitudinal
potential; (i) keep track of the higher transverse channels, and (%i7) model the
splitting and phase imprinting procedure, by adding an explicitly time-dependent
trapping potential. As far as we know a quantum-many body simulation of this
process has not previously been considered in the literature.

Following the splitting and phase imprinting, we can monitor the resulting

density-phase oscillations. We find that these are damped with a characteristic time
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scale which decreases as the number of particles is increased. This is in qualitative
agreement with the behavior of the damping time observed in [15, 48]. We also
find a difference in oscillation frequency between the center of the gas and its edges,
in line with [47]. Importantly, the damping we observe gets weaker for shallower
harmonic potentials. In a hard-wall box potential, we observe no damping at all.
This leads us to recommend the hard-wall box as a trapping geometry for future

experiments that attempt to simulate the sine-Gordon model.

8.2 Model and low-energy projection

We start from the 3D Hamiltonian (3.4) with d-interactions (3.13),

- 2z — 7~ i~ ~ 2 S 7 -\ T — = —
HgD:/d% Ui(7) {Dgﬁ—Dy(t)—i—Dz—i— TGt b | B(a),  (8.1)
m
where we have defined D, = —92/2m + mw?u?/2 for u = x, 2, and
D)=L L v (8.2)
Y - m (9y2 aw Y, . .

The 3D Bose field ¥(4") satisfies the usual bosonic commutation relations. We use
the double well (3.5) in this Section, where the phase imprinting is implemented
by the imbalance potential F'(t)y.

We will now repeat the projection to multiple species of 1D bosons from Sec. 3.2.2,
but we will modify it to account for a time-dependent transverse potential Vay(y,t).
As before, the species of 1D bosons correspond to different low-energy eigenstates
of this potential. We would like to keep only a small set of such states, chosen
to span the low-energy subspace in the y-direction. If Vg, (y,t) changes in time,
however, the small subset chosen at ¢ = 0 will not necessarily span the low-
energy subspace at later times. To circumvent this problem, we work in a basis
of instantaneous single-particle states of the quadratic part of the Hamiltonian
given by the operator D,(t). We therefore replace Eq. (3.18) by an explicitly

time-dependent expansion of the Bose field, namely

a—1

0(2) > @aly, t)halz,1) | (8.3)

a=0

A
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8. Time evolving bosons in an elongated double well

where [¢), (1), (2, 1)] = dg0(z — 2') for all times. The wave function Z(z)
corresponds to the single-particle ground state of the harmonic potential in the
z-direction and the ®,(y,t) are instantaneous, mutually orthonormal eigenfunctions
of D,(t) at time ¢, with eigenvalues €,(t). The field operators ), contain the
annihilation operators for these transverse wave functions following Eq. (3.15),
where we suppress the z-label, which is zero throughout. Note that all of the above
operators are defined in the Schrédinger picture.

Given that the transverse confinement in the experimentally relevant parameter
regime is tight the eigenvalues €,(t) quickly become very large as a increases, which
in turn allows us to integrate out the corresponding degrees of freedom. As the
interactions are weak this simply amounts to retaining a finite number of transverse
modes in (8.3). In practice, we will always consider @ = 3: in the experimentally
relevant parameter regime the second excited transverse state already has an energy
that is higher than the tunnel barrier. Integrating over the y-direction we then

obtain a 1D Hamiltonian for @ species of bosons

_ R 92 2 .
10 =Y [ar bl |- 2+ e+ e )
a=0
a—1
—I—/dl’ Z Fabcd<t> 122(1‘7 t)ijl];(xﬂ twc(%tﬁgd(%t) ) (84)
a,b,c,d=0

with time-dependent coupling constants that are given by overlap tensors

Fabcd(i) = as\/ 27:;]2 /dy (I):(yat)(DZ(yat)(Dc(y?t)q)d(yvt) . (85)

We note that the explicit time-dependence which is present in all of the above expres-

sions disappears whenever the external potential V| (y,t) becomes time-independent.

8.3 Green’s functions and measurements

In Section 8.4, we will derive equations of motion for the Green’s functions of

the 1D Bose fields, defined as

A

Cij(z,2',t) = (W) (2, )0, (2, 1)) . (8.6)
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To connect to Chapters 6 and 7, we would like to use these Green’s functions
to express the expectation values of the relative density n(z,t) and phase ¢(x,t)
between the left and right gases. We therefore need to define left- and right-localized

1D boson field operators @ZL, r. In terms of these, we have

(,D(Jf,t) = Arg <7j)}£($,t)@23($, t)> ) (87)
n(w, t) = () (2, )0, (2, 1)) — (Phle, (1)) . (8.8)

Within our low-energy projection (8.3), the left and right 1D boson operators have
to be constructed as linear combinations of the operators @207172,

Uolz,t) = Z cga)(t)l/;j(x,t), a=L,R,e. (8.9)

j=0,1,2

We have introduced a third, “excited” boson species @e to be able to span the full

space of 3 transverse levels. In the new basis, the projection (8.3) becomes

A

\I[(/Z ) t) — (@L(éa t)gL (y> t) + ZZ}RCU? t)gR(y7 t) + Z;e@ja t)ge(yv t)) EO(’Z) ) (810)

which is equivalent to Eq. (8.3) under the identifications

Oi(y,t) = > YV (galy,t), j=0,1,2. (8.11)

a=L,R.e

The transformation matrices cg-a) (t) are chosen with orthonormal rows and columns,
so that they translate between the basis of single-particle eigenstates ®g 1 2(y,t) of
the transverse operator ﬁy(t) and another basis that contains left- and right-localized
wave functions gz r(y,t) as well as a third wave function, g.(y,1t).

In Chapter 5, the wave functions g, r(y,t) were simply given by (anti)symmetric
combinations of ®; and ®;. However, the presence of the third wave function g.(y,t)
now creates ambiguity, meaning that the cga) (t) can be defined in multiple ways. We

will give two options here. Definition 1: Following Chapter 5, we simply choose

CE)L) CéR) c[()e) 1

1 1 0
4 gl dr =g (1 -1 o
4 P 00 V2

Vit (8.12)
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Definition 2: Since the double well is centered around y = 0, we find the vector

C;-L) (t) by minimizing /0 dy|gz(y,t)|* subject to the constraint Z |c§.L)(t)]2 =

1. Mutatis mutandis for ch)(t). The third vector cge) (t) is then defined as the
orthogonal complement of the vectors cg»L) (t) and C§~R) (t). The experimentally
relevant parameters for the double well potential are given below Eq. (3.5), with
0.5 < I < 0.6 for the oscillation stage. For most of these values, Definitions 1 and
2 lead to very similar values of cg-j )(t) and for I > 0.55, the values are practically
indistinguishable. We will therefore present results for the much simpler Definition 1,
and comment on the changes that occur for Definition 2 wherever they are relevant.

Using Definition 1 and Eq. (8.8), the relative density and phase are given by

o(x,t) = Arg Crr(x, x,t)
1
= Arg 5 [Coo(z, z,t) — Cor(z, 2, t) + Cjy(x, 2, t) — Cry(z, 2, t)] . (8.13)

n(x,t) = Crp(x,x,t) — Crr(x,z,t) = 2Re Cyy (2, ) .

The relative density n(x,t) can be accessed with direct density measurements
of the individual wells [15, 48]. The other relevant Green’s function, Cpg, can
be probed via time-of-flight measurements. We therefore use the results from
Chapter 5 here, with two modifications: (i) we include an additional transverse
eigenstate, and (%) we only consider averages over many measurements, as this
allows us to probe Green’s functions.

The projection (8.10) can be used to approximate the average boson density
after time-of-flight expansion in the presence of a higher level. We here neglect
the effects of longitudinal expansion, but note that these effects can be included
using the methods from Chapter 5. Following Eq. (5.9) in that Chapter, the free,

transverse expansion is performed using the approximate evolution operator
Uty + to; to) = e (FHFz)/2m (8.14)

Its effect is to time evolve the transverse single particle states g;(y, to) and Z¢(z) in

the projection (8.10). After transverse expansion for time ¢, these simply read

9,y to, 11) = /dy’G(y — 4, t1)g;(¥' o) (8.15)
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and similar for Zy(z), with G given by Eq. (A.4). Defining the complex amplitudes

Aij(yat()vtl) E?;‘(yvtmtl)gj(yat&tl% Z?] - L7 R767 (816)

the average boson density after time-of-flight in the absence of longitudinal expansion

can then be written as a sum of the corresponding Green’s functions

(Prof (2, Y, 2,11, t0)) = <[7T(t1 + to;to)‘iﬂ(l‘ayaZ,to)‘T’(iﬁ,y,Z,to)ﬁ(tl + to;t0)>

~ Solz ) Y Ayly to, t)Cyla, o) . (8.17)

i,j=L,R,e
An important question is now whether Cr, which determines the expectation
value of the relative phase via Eq. (8.13), can be extracted from this expansion. In

analogy to Sec. 5.3.1, we consider the Fourier transform in the y-direction,

Fq(y) [<ﬁtof(x7 Y, 2, t, t0)>] = / dy 6—iqy <ﬁtof(x7 Y, 2,11, tO)) (818)

at wave vector ¢ = md/t;. By studying the amplitudes A;; numerically for a given
double well potential, we can establish which terms in (8.17) contribute at this
wave vector. As shown in Fig. 8.1, A;r has a marked peak in Fourier space around
g = md/t;. The diagonal terms ~ A; only contribute around g ~ 0. The terms
~ Ar. and ~ Apg. do contribute at higher wave vectors, but their Fourier transforms
both become very small around |q| = md/t; for all values of the double well (3.5)
we consider. Moreover, the occupation of the “excited” transverse wave function
ge(y, t) is much smaller than that of the wave functions gy, r(y,t). For these reasons,
the Fourier transform (8.18) at ¢ = md/t; is well approximated by

]:q(y) [{(Prot (2, Y, 2,t1,10))] x Crr(z,z, 1)) . (8.19)

q=md/t;

whose argument is then a good approximation of the relative phase ¢(x).

If on the other hand one works with a trapping potential where Ay, and Ag. do
not have small Fourier components at ¢ = md/t; and if the occupation of g.(y,t) is
not small, the above extraction cannot be performed. In that case, Eq. (8.17) shows
how the theoretically computed Green’s functions contribute to the measured density

after time-of-flight, using numerical evaluations of the amplitudes A;;(y, to, t1).
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— |F4(G9r)
— |74(3.ge)|
— |74(0.9: +Gr0R)
® g=md/ty

Fq(*)
)
o
o

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure 8.1: Fourier transformed products of single-particle wave functions after time-
of-flight g, r(y,t1) occurring in Eq. (8.17). The parameters are the same as in Fig. 5.1.
The cross term §7,(y,t1)gr(y,t1) (green) shows a peak around ¢ = md/t;, whereas
91.(y,t1)g.(y,t1) (cyan) becomes small there. The same can be said about the other cross
terms involving g,. This allows to extract ¢,(x) using Eq. (8.19).

8.4 Hartree—Fock time evolution

Having established how Green’s functions are accessed by measurements, we now
consider their time evolution. We do so in the Heisenberg picture, indicated with a
superscript (H), and consider the equations of motion for the 1D field operators,

0 DI (1) . (8.20)

d ~ R _
) = |0 (o, 1), B ()] + i

71—
dt a a

The additional, explicit time-derivative is nonzero due to the time-dependent
definition of 1/36(1H )(x,t), via the corresponding eigenstates ®,(y,t) of the transverse
potential Vgy(y,t). This can be made precise in the limit @ — oo, i.e. when no
truncation is made in the y-direction. In that case the 3D field operators carry
no explicit time-dependence, so that 9,¥ = 0. Inserting Eq. (8.3) and using the

orthonormality of the transverse eigenstates ®,(y,t) then gives

0 > n .
aw((zH) (.Cl;,t) = Zsz(t)wéH) (Q?,t), Bab@) = _/dy éa(yat)q)Z(yvt) : (821)
b=0

Physically, this term in the equation of motion (8.20) keeps track of transitions
a — b to different levels due to time-dependence in Viy(y,t). We will focus on

the lowest transverse states, with a < @. If interactions are weak and transitions
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from this subspace to higher levels are unlikely due to a near-adiabatic change of
the potential Vyy(y,t), we can truncate all sums over transverse wave functions at
a = a. In what follows, we will drop the superscript (H) and fix @ = 3.

We now make the Hartree-Fock approximation for the interaction term,

D, )] (a2, e, ) g, t) —
Coc(, 2, )0} (2, )a(x, t) + Coa(, 2, )] (2, ) e (2, 1) (8.22)
(Z‘ z t) ( )772 ( )+CbC(xuxvt)¢l<x7t)7$d<x?t) .

Using the symmetry of I'gpeq(t) the truncated Heisenberg equation (8.20) then
yields the self-consistent equations

d , (A A /
EC’ab(x, zt) =1 <Dm — Dy +€,(t) — eb(t)) Cop(x, 2" 1)

+ 4iGE (2, ) Cop(z, 2 1) — 4iGhe(2!, ) Coe(, 2 1) (8.23)

describing the time evolution of the Green’s functions of interest, namely Cy(z, 2',t)
with a,b0 =0,...,a—1. The HF approximation is equivalent to neglecting all higher
connected n-point functions other than these Green’s functions. The self-consistency

of the HF scheme is implemented by the effective potentials

Gbc l‘ t Z Fabcd ad T,T t) + 4Bbc( ) s (824)
a,d=0

with B(t) given by Eq. (8.21).

The system of Egs. (8.23) can be solved numerically. In our implementation, we
use a mixed implicit-explicit method for the propagation in time, employing a Crank—
Nicholson scheme for the terms linear in Green’s functions and a first order forward
Euler method for the nonlinear terms. We work on a 2D square spatial grid of linear
size 250 pm, using 1000 x 1000 grid points and approximating spatial derivatives by
fourth order finite differences. We have checked convergence with respect to the grid
size as well as the time step, which is 0.015ms in the figures presented below. At
each time step during the preparation sequence, the matrix B(t) given by Eq. (8.21)

is computed for the lowest @ eigenfunctions corresponding to the potential Vay(y,t).
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8.5 Initial state and gas splitting
8.5.1 Preparation sequence

We now have an equation of motion at hand for the relevant Green’s functions
that enter observables. Starting from an appropriate initial state, we can thus
simulate the effect of the gas splitting, phase imprinting and free evolution performed
in the experiments [15, 47, 48]. We implement these manipulations through the
functions I(t) and F(¢) which are present in the definition (3.5) of Vi (y,t). We

distinguish a number of stages:

1. A single gas is prepared in a thermal state. The transverse confining potential

is a single well with a flat bottom, given by (3.5) with [ = I, and F' = 0.

2. We raise the double well barrier over some time ¢, by increasing I linearly

from I, to I.x. At t = t. we are left with a split gas and a high tunnel barrier.

3. We raise one of the wells over a time t;,, by increasing F'(¢) linearly from 0

to Fhax > 0. Physically, this imprints a phase difference between the wells.

4. We remove the imbalance between the wells by tuning F(t) back down to

zero in time typ,.

5. Finally we lower the tunnel barrier somewhat to enable tunneling on the

relevant time scales, by decreasing I from I, to I; in a time t),y,.

8.5.2 Numerical determination of the initial state

At stage 1, the system is initialized in a thermal state of the Hamiltonian (8.4),
subject to the HF condition (8.22). This state is determined as follows. We expand
the field operators as ¥,(z) = D aa Xa(2)®a(y)baa, Where yo are real eigenfunctions
of the harmonic oscillator potential in the z-direction, and we keep n,, + 1 such

modes. The Hamiltonian (8.4) subject to (8.22) can then be written as

a—1 nm
HE0) =Y haapsblabys, (8.25)

a,b=0 a,3=0
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with the tensors

haa,b[o’ 5(1 b5a B [wx (Oé + 1/2 + 6a + 4 Z Z Fabcd aﬁ’yé <l;i»ygd§> )

¢,d=0~,6=0

s = [ doxa(ons(on(@na(a) (8.26)

Reshaping h,q53 and diagonalizing the resulting matrix numerically yields a
canonical transformation Bm = Zbﬁ Poop3Cp and energy-eigenvalues E,,, in terms
of which the Hamiltonian is diagonalized as H 1(D (0) = >0 EuallyCoq- Assuming the

¢’s to have thermal occupation numbers with respect to this Hamiltonian then gives

AN Pl P
i . j : cy,aa” aa,dd
<bc’ybd5> N @(Eaa_ﬂ)/kBT —1 ’ (827)

which combined with (8.26) forms a self-consistent system of equations. We proceed
by iteration: starting from an initial guess <ZA)ZWIA)d5>O, which we take to be thermal
with respect to the non-interacting Hamiltonian, we diagonalize hqq s and compute
(8.27) with the resulting P and E. Reinserting into (8.26) leads to the next
iteration, and we repeat until convergence is reached.

A major hurdle in the above procedure is presented by the overlap tensor fagw;.
As we use n,, = 1000 modes, this tensor is too large to store numerically. However,
using known identities for Hermite polynomials [220], we can write (8.26) as

2nm

Togys = /Mo, ZAQBA§5 , (8.28)

min(a,)

AP = Z B (8.29)

where the tensors Bpg are 0 if o« + f — 2m — p is odd and/or negative, and

otherwise given by

prm M 2" <a> <5>(a+ﬁ—2m)!(_1/2)5(a+ﬁ2mp>
af valply/oa+8 \/ﬁ((a‘{'ﬁ—Qm_p)/Q)‘ .

The considerably smaller tensors A? o Can now be separately contracted with other

(8.30)

terms in (8.26), leading to a great memory gain. Even so, evaluating and storing
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the tensors (8.30) is still a very slow process for n,, = 1000. We therefore make

a simplifying assumption: we set
Ay =0 if |a— B> A (8.31)
for some A, which we choose to be 40 in our numerics. To see how this is justified,

we note that the Hamiltonian (8.25)-(8.26) implies the relation
[ww (Oé + 1/2) + ea(o) - Eﬁ]Paa,w -

_ Pl _P_ (8.32)
=4 E E Pabcd(O)Fag,yg E e(EaaTH’;/kB’Z/IL 1 Pbﬁ,w
b,c,d B,v,0 cy

on the canonical transformations P for all a,a,«a,@. The assumption (8.31) is
therefore valid if the P,,;3 become very small whenever |a — 8| 2 A. This is
reasonable since the weak interactions are not expected to couple harmonic oscillator
modes that are very far apart in energy. We check a posteriori that this assumption
is consistent and well within the range set by A. We have checked that the Green’s
functions resulting from the above procedure remain time-independent when they

are propagated in time under (8.23) with a time-independent potential Vyy(y,0).

8.6 Results

We are now in a position to model the full experimental sequence. To do so, we

first fix the values for various constants and parameters.

8.6.1 Experimental parameters

The transverse potential Vgy(y,t) is described by Eq. (3.5) and its time evolution
follows Sec. 8.5 with Iy = 5.8, Iy = 0.5, ¢, = 4ms, tin, = 2ms and tj,, = 2ms.
This means that after a time ¢, 4+ 2ti,p + tiow = 11ms, the confining potential
becomes time-independent, and the 1D field operators lose their explicit time-
dependence as a result. We consider a temperature of 60 nK and take the transverse
confining potential in the z-direction to be harmonic with w, = 27 - 1.7kHz. The
s-wave scattering length and atomic mass for the experimental system of *’'Rb
atoms [47] are a; ~ 5.2nm and m ~ 1.4 - 10~*°kg, respectively. This fixes all

parameters in the problem.
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8.6.2 Assessment of approximations

An important question is how well we expect the HF approximation to work. It
is well known [129] that at sufficiently low temperatures, 1D Bose gases form a
quasi-condensate which is not well captured in the HF approximation. Specifically,
the 1D boson density develops a central density peak which is underestimated by
HEF calculations. To make this precise we consider the simpler case of the Lieb—
Liniger model in a harmonic trap Vj/(z), where we can compare finite-temperature
HF computations to results using Yang-Yang thermodynamics (c¢f. Sec. 2.2.1)
combined with the Local Density Approximation (YY+LDA). The LDA method
was introduced in Sec. 3.1 and its application to the Lieb—Liniger model has been
described in detail in [101]. Tt has been successfully tested in experimental settings

[128] and we will use it to compute the quantities

Bi= [ o (@0 @)y 10— (0 @0)e) Vi (3.33)
8o = [[do (Vi) @)y, ~ VT @0, ) N

with Npp = /dm (T (2)(2))gp- The expectation values (-),, are computed
by the methods of Sec. 8.5.2 and using Wick’s theorem. The expectation values
{()yys+rpa> on the other hand, are computed by numerically solving Egs. (2.22)
and (2.24), using a different chemical potential p(x) = pg — V) (x) at each spatial
point z. For A,, the Hellman-Feynman theorem must be used in addition [101].
The LDA criterion (3.1) can be checked a posteriori, and is found to be satisfied
everywhere away from the boundaries of the gas for our parameters.

A comparison between HF and YY-+LDA for density profiles py = (¢ (2)¢(z))
of a single gas is presented in Fig. 8.2. We see that while the HF approximation
works quite well, it does underestimate the central peak. This failure occurs above a
certain particle number, and the number where this cross-over occurs decreases with
temperature. We will therefore work at a relatively high temperature of T'= 60 nK
in what follows. To make sure our particle number does not exceed the cross-over

where HF fails, we have plotted A, 5 for a range of particle numbers and longitudinal
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Figure 8.2: Comparison between density profiles of a single gas in a harmonic longitudinal
potential with w, = 27 - 12.5Hz, computed in Yang-Yang thermodynamics with LDA
(red), versus HF (blue), at T'= 60nK. For a low particle number (panel (a), N = 99),
the correspondence is good, whereas for N = 986 (b), the central density peak is
underestimated in HF.

trapping frequencies in the inset to Fig. 8.4(b). This allows to monitor the quality of
HF in the initial state for the parameters of our simulation. In particular, A, shows
whether the connected 4-point function, which is zero in HF, has a significant value
in the initial state. For T'= 60 nK and N < 200, Fig. 8.4(b) shows it to be small.

In our full model, the initial thermal state contains three different transverse
levels which mutually interact. An example of the resulting initial density profiles
is given in Fig. 8.3(a), with occupation of the higher levels being suppressed as
expected thanks to their larger energy cost. For ¢ > 0, the occupations can change in
a way that is both due to interactions and to the non-adiabaticity of the deformation
of Vaw(y,t). The latter is modeled by the additional term (8.21) in the equations
of motion (8.20), which are truncated at a =@ = 3. To assess the error made in
this truncation, we briefly consider the quantum mechanical problem of bosons
in a double well Vi, (y,t). We discard the z-direction and set interaction to zero,
so that the problem is given by Eq. (8.23) in the absence of z-dependence and
with I';ji = 0. This problem can be integrated numerically for any value of the
truncation index @. Results for @ = 3 (as we use in the full model) and @ = 15 are
compared in Fig. 8.3(b). The lines remain close, showing that the truncation error

has a very small effect on transitions induced by the time-dependence of Vg (y,t).
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Figure 8.3: (a) Initial density profiles of levels 0,1,2 at T'= 60nK, w, = 27 - 12.5 Hz
and N = 259. (b) Time evolution of Green’s functions Cj; = <1/A1;r ;) for the quantum
mechanical problem of noninteracting bosons in a double well. This corresponds to the
PDE (8.23) in the absence of z-dependence and with I';;,; = 0. We compare the problem
with truncation index @ = 3 (as in the full model, solid curves) to results for @ = 15
(dotted curves). The latter is chosen by looking for convergence in @. The initial conditions
match the peak densities from panel (a) at ¢t = 0 and a vertical log-scale is chosen to
highlight changes in Coas.

8.6.3 Damping of density-phase oscillations

By monitoring the observables from Sec. 8.3, we can follow the relative density and
phase between the gases. As soon as the barrier is lowered (step 5. in Sec. 8.5),
oscillations in the relative density and phase can be observed, cf. Fig. 8.4(a), with
an offset of a quarter period between the two. Importantly, the amplitude shows an
initial period of damping, for all particle numbers we have considered. We have

fitted the oscillations between ¢ = 11 ms and ¢ = 35ms to
o(t) = e/ sin (Wt + @), (8.34)

and extracted the damping time 7 and frequency w. We stress that this is by no
means a full description of the phase oscillations but merely a phenomenological
formula to quantify the time scale 7 of the damping observed in the early oscillation
stage of the HF simulation. The dependence of this damping time 7 on N is displayed
in Fig. 8.4(b). There is a range of values of N for which the damping time as a
function of N is in qualitative agreement with the power-law dependence reported in
[15, 48]. For N ~ 300, the behavior suddenly changes. This transition coincides with

the breakdown of HF in the initial state: around this particle number, the errors A 5
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Figure 8.4: (a) oscillations of relative density n and phase ¢ for T'= 60K, N = 259
and w, = 27 - 12.5Hz. @ denotes the relative phase computed using Definition 2 from
Sec. 8.3. (b) Big colored dots: damping times extracted from a fit with Eq. (8.34). Black
dots: damping times reported in [15], ¢f. Fig. 3.2. Inset: errors A; s between HF and
YY+LDA from Eq. (8.33) for T'= 60 K.

between HF and YY+LDA from Eq. (8.33) start to increase to significant values.
This is displayed in the inset to Fig. 8.4(b). We thus conjecture that the deviation
of 7(N) from a power law for N 2 300 is due to a breakdown of HF in that regime.

A number of additional observations can be made. The frequency of density-
phase oscillations is highest at the center x. of the trap in the x-direction. Away

from this point, the frequency is smaller, as displayed in Fig. 8.5(a). This figure

700

6001

20 40 60 80 100 120 20 40 60 80 100 120
(a) t(ms) (b) t(ms)
Figure 8.5: Additional plots for the same parameters as Fig. 8.4(a). (a) relative phase

at the trap center (x = z.) and at positions z1 = x. + 25 pum, x9 = z. + 37.5 um. (b)
widths (8.35) of left and right gases (red and green) as well as their average (black).

also shows that the damping during the first few periods is somewhat weaker at

points away from the trap center, where the gas density is smaller. Second, the
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gas as a whole shows a breathing motion. This can be shown by studying the

squared width of the left and right gas profiles,

{(z — xc)2>“ = /dx Cii(z,z,t) (x — xC)Q//dx Cii(z,z,t), i=L,R. (83b)

)

Fig. 8.5(b) shows that the widths of the left and right gases oscillate out of phase
with one another. On top of this, there is an overall breathing motion of the
gas with a frequency that depends monotonically on w,. This breathing gets
damped over a timescale that is large compared to the breathing period of the
separate left and right gases.

It is instructive to investigate the effect on the damping that various aspects
of our set-up might have. First, there are two possible definitions of left- and
right-localized bosons QZJL’ R, as described in Sec. 8.3. As mentioned there, we stick
to Definition 1 (cf. (8.12)) by default. Do our results, and the observed damping in
particular, change if we switch to Definition 27 Fig. 8.4(a) shows results for Definition
2 in red. The curve is shown to lie very close to the blue curve, which was computed
with Definition 1. This behavior occurred for all performed simulations, showing
that the choice between Definitions 1 and 2 does not significantly affect our results.

Second, we can investigate the effect of the second excited level, by turning off
the corresponding couplings (8.5), setting I'y;;; = 0 for all permutations of indices.
This completely shields the lowest two levels 0 and 1, and hence the relative density
and phase (8.13), from any effects which level 2 might have. The resulting curves
for ¢ fall on top of the curves for nonzero interaction with the second excited
level, as exemplified by Fig. 8.6(a). We conclude that the effect of the additional
boson species on the damping is negligible.

Third, we can study the effect of the longitudinal potential on the damping. This
effect turns out to be very significant. In Fig.8.4(b), we see that the 7(N)-curves
are shifted upwards as the strength of the potential is decreased. A weaker potential
thus leads to a decrease in the damping effect. This suggests that in a box potential,
the damping effect might be completely absent. We have therefore performed the

same simulations in a box potential, by imposing hard wall boundary conditions at
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8. Time evolving bosons in an elongated double well

r =1x.+ L/2 on the PDE (8.23). Fig. 8.6(b) shows a representative result, with
parameters that are chosen to closely match those of Fig. 8.4(a). In particular,
the bulk density is chosen to match the peak density from the initial condition of
Fig. 8.4(a). The result is striking: in the box, no damping is visible at all. In fact,

a very slight increase in the amplitude of the density-phase oscillations is observed.

044 — o(z) (rad.) e &(z.) (rad.) 044 — “hox(2c) (rad.) Niox(2c) (arb.un.)
0.2 1 0.2
0.0 0.0
—0.21 —0.24
20 10 60 20 40 60

(a> t(ms) (b) t(ms)

Figure 8.6: (a) the same curve as the phase ¢ from Fig. 8.4(a), presented alongside
the same quantity, but computed with I'yjp; = 0 for all permutations of indices. (b)
oscillations of relative density n and phase ¢ for the same parameters as Fig. 8.4(a) but
in a hard-wall box potential of size L = 80 um. The bulk density is chosen to match the
peak density from the initial condition of Fig. 8.4(a)

8.7 Conclusions

We have developed a PDE that describes the time evolution of bosons in an elongated
double well, via Green’s functions of effective 1D bosons that are left and right-
localized, along with a third, higher-energy 1D boson species. We can relate these
Green’s functions directly to averages of experimentally measured quantities. A
time-dependent definition of the boson species allows for changes in the transverse
trapping potential to be modeled in a natural way. The interactions are treated
in a Hartree-Fock approximation, equivalent to neglecting all higher connected
n-point functions of the Bose fields other than the Green’s functions. This restricts
our initial states to temperatures of at least 60 nK and to particle numbers below
~ 200, for which the connected 4-point function is small. Within this window
of applicability, the HF method is expected to work at short times, when higher

connected n-point functions have not had time to grow substantially.
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8. Time evolving bosons in an elongated double well

Our method has a number of attractive features. First, it allows to include the
effects of various longitudinal potentials. Second, it can account for higher excited
levels of the transverse confining potential which are normally neglected. Finally, it
allows to model the gas splitting and phase imprinting in a full many-body treatment.
To our knowledge, such a model has not been presented before. These features have
allowed us to present a microscopic study of density-phase oscillations. We show
that these are damped over a few oscillation periods. These damped oscillations
agree with recent measurements [15, 47, 48] in multiple ways. First, the damping
time is inversely related to the number of particles, following a curve compatible
with [15]. Second, the oscillation frequency decreases away from the center of the
trap, as observed in [47]. We have shown that the coupling to the second excited
level has no effect on the damping. On the other hand, the effect of the longitudinal
trapping potential is large: the weaker the longitudinal trapping frequency, the
weaker the damping. In a hard wall box, the damping is absent altogether. We
therefore recommend experimentalists to repeat the experiments [15, 47, 48] in a
hard-wall box potential. Such potentials are indeed under development [49, 50] and
our model can serve as a direct theoretical prediction for such setups.

The most important extension of our method would be to include the effects of
higher connected n-point functions, for instance by adding vertex corrections to our
equations of motion. Our hope is that this will extend our method to later times, and
expand the class of initial states to higher particle numbers and lower temperatures.
If this is successful, a connection to the low-energy field theory calculations in the
hard-wall box from Chapter 7 can be attempted. Such a connection could also
offer ways to decide which initial state is appropriate in the Tomonaga-Luttinger
Liquid describing the two gases after splitting and phase imprinting. The method
from this Chapter, which allows to treat this preparation sequence explicitly, could

offer potentially useful input for this question.
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We have presented four new theoretical studies on various aspects of tunnel-coupled
1D Bose gases, with a particular focus on experiments in the Vienna group [4-15].
In Chapters 2 and 3, we have reviewed various low-energy theories for (pairs of)
elongated Bose gases. The derivation of these theories can be divided in two stages:
(1) a projection from the full 3D theory to a model for multiple species of 1D bosons
interacting with contact repulsion, and (2) a second projection to a multi-component
Tomonaga-Luttinger Liquid (TLL). We have reviewed in Ch. 3 how at the lowest
energy scales, significant tunneling between the gases in the double well is expected
to give rise to a sine-Gordon model. This model governs the long wavelength fields
describing the gases’ relative density and phase. Ch. 4 has summarized some of
the rich theoretical background of the quantum sine-Gordon model, along with its
application to a range of physical settings. Ch. 5, based on [1], has shown in detail
how releasing the gases from the double well and measuring the 3D density after
an expansion time t; can give access to eigenvalues of the relative phase operator
from the TLL. This allows to study full distribution functions for shot-to-shot
fluctuations of these eigenvalues, along with multi-point-correlation functions, thus
offering a wealth of information on the low-energy theory under consideration. Our
derivation makes clear that this construction works in the limit of short expansion
time ¢; and for weak interactions. We have indicated what modifications occur
away from this limit, with a new formula showing the occurrence of longitudinal
“density ripples” due to longitudinal expansion, which is normally neglected.
The work in Chapters 6-8 was prompted by unexplained phenomena in the
tunnel-coupled case out of equilibrium: when splitting a single gas in two halves and
imprinting a phase difference between these, oscillations are set in motion between

the relative phase and density. In recent experiments [15, 47, 48], these oscillations
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were seen to damp out, accompanied by a decrease in the variance of the relative
phase. The characteristic time of this damping seems to depend only on the number
of particles in the gas. We have tested a number of hypotheses which attempt to

explain these observations in the context of the low-energy theories from Ch. 3:

(i) The damping could be compatible with a translationally invariant sine-Gordon
model. Ch. 6, based on [2], studies this model starting from an initial state
which has proven successful in the absence of tunnel-coupling. It employs the
self-consistent time-dependent harmonic approximation (SCTDHA), which is
expected to hold in the weakly interacting regime relevant to the experiments.
Although we find time-dependent modulations of the density-phase oscillations,
we observe no strong damping. Combined with recent results using different

approximations [158], this has led us to reject this hypothesis.

(ii) The damping might be explained by additional, less relevant terms perturbing
the sine-Gordon model. These are likely to play a role since the experimental

energy scales do not lie squarely within the TLL’s regime of applicability.

(7ii) The damping might be caused by the trap, which breaks translational

invariance and induces density gradients.

Ch. 7, based on [3], has studied points (7i) and (7i), by placing the sine-Gordon
model in a hard wall box and adding the leading perturbation arising from the
tunneling. This yields an interaction between the relative density and phase on the
one hand (“antisymmetric sector”), and the sum of the gas densities and phases
(“symmetric sector”) on the other. Treating the resulting model in the SCTDHA,
energy flow between the sectors was observed, but no rapid damping could be found.

Ch. 8 has therefore explored a very different approach, by performing the
mapping (1) above without proceeding to step (2). This yields a model for multiple
species of 1D bosons pertaining to the single-particle eigenstates of the double
well, without resorting to the TLL. Interactions are treated in Hartree-Fock (HF),
which we show requires a small number of particles (N < 200) and relatively

high temperatures (we took 7' = 60nK). By making the low-energy projection
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time-dependent, it enabled us to present the first many-body model of the splitting
and phase imprinting procedure. Moreover, the ensuing density-phase oscillations
show a rapid damping, with a characteristic time that depends on the particle
number in a way that is compatible with the experiments [15, 47, 48]. By changing
the longitudinal trap, we find that the strength of the damping diminishes as the
trap is made weaker. For a hard-wall box, the damping disappears altogether. This
indicates that hypothesis (7ii) is a likely explanation for the damping. The presence

of more than two 1D boson species has also allowed us to study a fourth hypothesis:

(iv) The damping might be caused by occupations of the double well’s second

excited single-particle eigenstate.

Comparing our model with and without coupling to the corresponding third 1D
boson species showed no effect on the damping, prompting us to reject hypothesis
(iv). To conclude, the longitudinal trap is the most likely cause for the observed
damping of density-phase oscillations.

Our results point the way to various new research projects. First of all, it would
be interesting to go beyond HF in the model from Ch. 8, in order to reach lower
temperatures, more realistic particle numbers and later times. For the hard-wall
box, this could put us at the right energy density to directly compare to the TLL
results from Ch. 7. Our model for the gas splitting from Ch. 8 could help to
understand what initial state to use in the TLL, as the current state proposed
in [143, 144] is based on quite a few assumptions. To successfully model current
experiments with a TLL, our findings moreover indicate that including the harmonic
trap might be important. It would be exciting to apply Generalized Hydrodynamics
[105, 106] and the inhomogeneous Gaussian free field [221] to this scenario. On the
experimental side, we have a clear recommendation: Ch. 8 indicates that repeating
the experiments [15, 47, 48] in a box potential might eliminate the damping effect
and thus pave the way for a simulation of the sine-Gordon model in a box. Such
potentials are in fact being developed [49, 50] and Ch. 7 offers direct theoretical
predictions for this setup. For early times, Ch. 7 shows that the behavior in the bulk

of the box should be very close to the translationally invariant sine-Gordon model.
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Appendices

A.1 Relation between density operators before
and after release

We here present the derivation of Eq. (5.7), by performing the integrals in (5.5),

. dk 2pdy 7 . (B o B s =
bt ) = [ BEPUET -9 o), (1)
(27)
after insertion of relation (5.6),
Uz, 7 to) = U1 (@, t0) go(F + d/2) + o, t0) 9o (7 — d/2) (A.2)
where go(7) is the ground state wave function go(7) = /mw/me =™ of a two-

dimensional harmonic oscillator with frequency w. Defining iy = ¥ _ and ¥y = 9,

and carrying out the integrals we have

N
—im/2 jtarctan ﬁ (7?:]: d/2>
A mw e e 1 mw
Wiot(x, 7, t1 + o) = 5 exp | — A3
tor (2,7 1 + o) ol R 2 1+w (A-3)

mw?ty -

X exp (zm (F:I: /2>2> /dyG(l’ —y.t1) Ve (y. to),

where we have defined the free, single-particle Green’s function

dk T exp (i), ify=1
Gly,1) = / B et = L amin “P o ) TV
" o(y), if v = 0.

We are interested in the limit of a very narrow trapping potential. Assuming that

wt; > 1 and |7] > |d| we may simplify (A.3) further, to

R ~ , - [ mw mw 2
\Iltof(x>ratl + tO) ~ —Zziﬂi(ﬂf) m exp (_71 +w2t%> X
+

X exp <22ﬁtl (Fi J/Q)Q) /dyG (. —y, t) Ve(y, o).  (A.5)

From this expression, we recover Eq. (5.7) with

mw 1 mw 72
o) = —i me_ ) A6
7t = iy [ rwage}(p( ) (A6)
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A.2 Normalization of vertex operator eigenstates

We here derive Eq.s (5.34) and (5.35). In order to regulate the infinity caused by

the delta function, we consider the following modification of the state (5.33)
5 =Ny 3 (Galale+ 2tal) o, (A7)

and recover the eventual delta function normalization by taking the limit 7 — 1

at the end of the calculation. Our task is to calculate the overlap

(1) = {3 h), (A.8)
= NFN; (0] exp Z —G;0-; + f—*a exp Z Z&T& ﬁdT |0) .
jA—j j 2 k u
Inserting a resolution of the identity in terms of normalized coherent states

a) = He"a’“‘Q/zeak“L |0), 1= /D (v, @) |e) (o (A.9)

with D (a, a*) |a) (o] = H dReay, dlmay, and using that ay |a) = oy |a) we have
k

j Uj

<g|f> = /D (Oé, (I*)N?*Nf eXpZ (—Oéj(l/; + % (OéjOZ_j + C.C.) + %O_/J ﬁak)
J

Noting that u; satisfies

{Im(uj>
Re(uo)

and using f*, = f, and fJ = fo we can carry out the integrals. Finally we use that

O, U—j = —Uyj, 1f]7é0, (A 10)
0 .

else,
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to arrive at
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8|u
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(A.12)

This shows that the states |{f,}) are delta-normalized if the normalization constants

Ny are chosen according to Eq. (5.34).
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A.3 Overlap with a general Fock state

We here compute the overlaps between a generic phase eigenstate (5.33) and a Fock
state [{ngz0}), where we assume that the occupation numbers satisfy n, = n_,.

The zero mode will not be treated here. Defining

[ RN
Nq = W e 2lugl , (Al?))
q
we consider sectors (g, —q) separately. This leads to
> 1 St At fq v f; ¥ n
(n—q: gl f=g, fa) = Ny (n—q, ny] Z ! \ %% + .l + w e 10)
n=0 q q

oo 1 a * Y

q

with & =n —n, = v and n, <n < 2n,. The combinatoric factors read C'(«, v) =
n! ((2ng — n)!((n — nq)!)Q)fl, so that the overlap in the (g, —¢)-sector is given by

fa

Uq

2nq

(n_q: nglf-q fo) = N Z (

nq! 2n—2ng

2ng —n)! (n —ny)!)”
— N, Ln, ( % 2> , (A.15)

where L, (x) is the Laguerre polynomial of degree n. Inserting the definition of NV,

(~1)"

q

we find the squared overlap coefficients per (g, —q)-sector, yielding Eq. (5.41).

A.4 Initial states

In this Appendix we construct a class of initial states in which a Wick’s theorem
holds. Let b; be the annihilation operators in the mode expansion of the Bose
field and consider canonical transformations of the form

b, = Aja; + Bkja,t +v; (A.16)

where [a;, al] =0 ;. and a;|i) = 0. For the transformation to be canonical we require

AB = (AB)" and AA" — (B'B)" = 1. By construction we have a Wick’s theorem

in the state |i) and the relevant one and two-point functions are (i|b;|i) = v; and

(ilbrbpli) — (ilbrld) (ilbpli) = (AB)kyp
(ilbdhli) — (ilbgla)(ilb}li) = (AAT),,. (A.17)
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A.5 Tensors occurring in Hgcp(?)

The tensors occurring in Hgcp(t) as written in Eq. (7.29) are given by

0g 8y + 2800 (1) gy (0)u)(0) A gy (0)w(3(0)
A=
AL WO 0) | Vg Sy
—Saady0 + 2800(t) ) (0)u)(0) AL 4 (0)w3(0)
B =
AL ufh (0w (0) — - 0,u040

D= : , E= . (A.18)

The momentum indices ¢, k run within the blocks demarcated by solid lines, whereas
the sector indices j = a,s change from one block to the other. The functions

occurring above are defined via

Ffj) (t) = /OL dx g (z,t) cos (qz) (A.19)
A((;;L(t) = /OL dx hD(x,t) cos (qx) cos (kz) = % (héz)rk(t) + hfélk‘(t)) . (A.20)
h((;)(t) = /L dz hD(z,t) cos (qx) . (A.21)
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