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Abstract – We calculate the pion mass from Goldstone modes in the Higgs mechanism related
to the neutron decay. The Goldstone pion modes acquire mass by a vacuum misalignment of
the Higgs field. The size of the misalignment is controlled by the ratio between the electronic
and the nucleonic energy scales. The nucleonic energy scale is involved in the neutron to proton
transformation and the electronic scale is involved in the related creation of the electronic state
in the course of the electroweak neutron decay. The respective scales influence the mapping of
the intrinsic configuration spaces used in our description. The configuration spaces are the Lie
groups U(3) for the nucleonic sector and U(2) for the electronic sector. These spaces are both
compact and lead to periodic potentials in the Hamiltonians in coordinate space. The periodicity
and strengths of these potentials control the vacuum misalignment and lead to a pion mass of
135.2(1.5)MeV with an uncertainty mainly from the fine structure coupling at pionic energies. The
pion decay constant 92MeV results from comparing the fourth-order self-coupling in an effective
pion field theory with the corresponding fourth-order term in the Higgs potential. We suggest
analogies with the Goldberger-Treiman relation.
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Introduction. – The dichotomous nature of the pion
as both a Goldstone boson [1] and as an interaction quan-
tum for baryons has been stressed as an enigma within the
standard model [2]. We addressed this enigma in [3] and in
the present work review and elaborate on the problem. We
view the pion mass mπ as originating in a revived Gold-
stone mode in a slightly misaligned Higgs field vacuum
where strong and electroweak degrees of freedom meet.
We find the misalignment from considering the neutron to
proton decay where also the leptonic sector is involved. In
other words we see the massiveness of pions as following
from the spontaneous breaking of the approximate isospin
symmetry for the neutron and the proton. We also give a
derivation of the pion decay constant Fπ from the fourth-
order self-coupling interaction term in the Higgs poten-
tial and suggest analogies with the Goldberger-Treiman
relation [1,4].

Revival of Higgs field components. – This section
is revised from [3]. The Higgs field is a complex doublet

φ =
1√
2

(
ϕ1 − iϕ2

ϕ3 − iϕ4

)
≡

(
ϕ+

ϕ0

)
(1)

(a)E-mail: ole.trinhammer@fysik.dtu.dk (corresponding author)

Fig. 1: A Higgs potential (cyan, eq. (2)) shaped and scaled
to an intrinsic periodic potential (red “egg tray”, eq. (20)) in-
volved in the neutron to proton transition (23) [5,6]. Figure
from [3].

governed by a Higgs potential [7], see fig. 1
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Here ϕj are real-valued fields and

φ2 = φ†φ =
1

2
(ϕ1ϕ1 + ϕ2ϕ2 + ϕ3ϕ3 + ϕ4ϕ4). (3)

We express the constants δ2, μ2, λ2 in terms of the scale ϕ0

given in (25) below [5,6]. Aitchison and Hey note that the
simple structure in VH —treating the ϕj ’s symmetrically—
implies a global SU(2) symmetry [8]. They change
notation

φ =
1√
2

(
π2 + iπ1

σ − iπ3

)
(4)

to investigate this also in the generalized kinetic term of
the Lagrangian and consider the covariant SU(2) × U(1)
derivative for zero U(1) coupling (g′ = 0),

Dμφ =
1√
2
(∂μ + igτ ·Wμ)(σ + iτ · π)

(
0
1

)
. (5)

Here τ = (τ1, τ2, τ3) contains the three SU(2) isospin gen-
erators τj in 2D representation. The term for the La-
grangian follows

(Dμφ)
†(Dμφ) =

1

2
(∂μσ)

2 +
1

2
(∂μπ)

2

+
1

2
· g

2

4
W2

μ(σ
2 + π2)− g

2
(∂μσ)π ·Wμ

+
g

2
σ(∂μπ) ·Wμ +

g

2
(∂μπ) · (π ×Wμ). (6)

The symmetry inferred [8] is a global isospin rotation com-
mon for the isospin vectors π and Wμ

Wμ → Wμ + ε×Wμ and π → π + ε× π (7)

for an isospin rotation vector ε that leaves σ untouched.
The invariance is seen up to first order in ε by direct

calculation for instance in the π2 term where π ⊥ (ε×π),

(π+ε×π)†·(π+ε×π) = π†·π+0+0+(ε×π)†·(ε×π). (8)

Since ε × π = −i(ε · I)π (cf. p. 198 in [9]), where the
(isospin) rotation generators in 3D representation are

I1 =

⎛
⎝ 0 0 0

0 0 −i
0 i 0

⎞
⎠ , I2 =

⎛
⎝ 0 0 i

0 0 0
−i 0 0

⎞
⎠ ,

I3 =

⎛
⎝ 0 −i 0

i 0 0
0 0 0

⎞
⎠ , (9)

one infers for finite rotations (cf. p. 200 in [9])

π → e−iε·Iπ. (10)

The finite rotation (10) immediately shows invariance,

(e−iε·Iπ)† · e−iε·Iπ = π†eiε·Ie−iε·Iπ = π† · π. (11)

What interests us especially here is the mass determina-
tions. In the standard treatment π ≡ 0 is chosen for the
Higgs mechanism and the three πj field degrees of free-
dom are “absorbed” in otherwise massless gauge bosons

W± and Z0 which then acquire mass. Let us return to (4)
to investigate the possibility of reviving the π-fields pos-
sibly with a different mass scale. First we rewrite the
components of the Higgs field φ in a polar form [8],

φ =
ρ√
2
eiτ ·π

′
(
0
1

)
=

ρ(cos ζπ + iτ · π̂ sin ζπ)√
2

(
0
1

)
,

(12)
where ζπ = |π′| and π̂ = π′/ζπ are dimensionless. Then
we redefine the field variables to

φ =
ρ(cos ζπ + iτ · π̂ sin ζπ)√

2

(
0
1

)
≡ σ + iτ · π√

2

(
0
1

)
,

(13)
where σ = ρ cos ζπ and π ≡ π̂ρ sin ζπ are dimensionful
and identical to those in (4). The polar form (12) shows
that the Higgs field components are open to different mass
scales, one for ρ and another, common for the three π
components.

Charges from topological changes. – The baryons
are described as stationary states from a Hamiltonian
structure [10]

Λ

[
−1

2
Δ +

1

2
Tr χ2

]
Ψ(u) = EΨ(u), u = eiχ ∈ U(3)

(14)
on the U(3) Lie group configuration space with energy
scale Λ = �c/a and length scale a determined by the
classical electron radius as πa = re [10,11]. This corre-
sponds to Λ ≈ 214MeV at baryonic values of the fine
structure coupling α inherent in re. The Hamiltonian can
be expressed via the three dynamical colour eigenangles θj
in the three eigenvalues eiθj of the configuration variable
u = eiχ ∈ U(3) and six more dynamical variables spanned
by the remaining six non-Abelian, off-diagonal generators
of U(3). The space U(3) namely has nine degrees of free-
dom spanned by nine corresponding kinematical operators
in laboratory space,

χ = θjTj + (αjSj + βjMj)/�, θj , αj , βj ∈ R, j = 1, 2, 3.
(15)

Here

iTj =
∂

∂θj
=

a

i�
pj ∼ momentum operator (16)

and Sj and Mj correspond respectively to spin and the
less well-known Laplace-Runge-Lenz vector (which is a
constant of motion in Kepler orbits and in the hydrogen
atom) [9,12]. All nine generators act as derivatives in the
Laplacian [13]

Δ =
3∑

j=1

1

J2

∂

∂θj
J2 ∂

∂θj
−

3∑
1≤i<j≤3
k �=i,j

(S2
k +M2

k )/�
2

8 sin2 1
2 (θi − θj)

, (17)

where [14]

J =

3∏
1≤i<j≤3

2 sin
1

2
(θi − θj) (18)
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and the generators Sk and Mk take care of spin and
flavour, respectively.
Equation (14) may look like the non-relativistic

Schrödinger equation. But this is just a formal analogue.
The configuration variable is intrinsic, i.e., it is dimension-
less, just like the SU(2) space for spin. One may consider
u as a generalized spin variable.
The trace potential is half the squared geodetic distance

from the origo e to u, i.e., 1
2d

2(e, u) = 1
2Tr χ2 implies

left-invariance which corresponds to gauge invariance in
the laboratory space [10,15]. The potential folds out in
periodic functions in eigenangle space [16]

1

2
Tr χ2 =

3∑
j=1

w(θj), θj = xj/a, (19)

where (see fig. 1)

w(θ) =
1

2
(θ − n · 2π)2, θ ∈ [(2n− 1)π, (2n+ 1)π], n ∈ Z.

(20)
This opens for the introduction of Bloch phase factors in
the wave function Ψ which can slightly lower the eigen-
value E [15], cf. fig. 3. The Bloch phase factors change
the topology of the eigenstate and these changes are in-
terpreted as the origin of the electrical charges. We used
the Higgs field to open the Bloch degrees of freedom [5,6].
The lowered ground state is identified with the proton.
It is possible to solve (14) accurately by a Rayleigh-Ritz

method [17] for states with angular periodicity 2π [15].
With Λ ≡ �c/a this gives the ground state eigenvalue En =
En/Λ = 4.382(2) —with 3078 base functions— at the limit
of our computer programme [10,15]. Thus one gets [10,15]

mnc
2 = EnΛ = En

π

α
mec

2. (21)

The fine structure coupling α−1(mn) = 133.61 contained
in Λ = �c

a = π
αmec

2 = 214.49(2)MeV for πa = re is
obtained by sliding iteratively by radiative corrections [18]
from α−1(mτ ) = 133.472(7) [11] and the result of eq. (21)
is [15]

mnc
2 = 939.9± 0.5 MeV, (22)

in agreement with the experimental value
939.565413(6)MeV [11].
Now consider the neutron beta decay

n → p+ e+ νe. (23)

We already described in [5,6] the Higgs field as media-
tor in the topological transformation of the intrinsic nu-
cleon state from the uncharged neutron n to the charged
proton p.

From [5,6,18], we take as a fundamental relation be-
tween the strong and the electroweak regime the Ansatz
among a colour angle θ and a Higgs field component ϕ

Λθ = αϕ (24)

for the U(3) description (14) of the neutron to proton tran-
sition with strong coupling Λ and electroweak coupling α.

From 2π shifts in the θ-values in the baryonic state we in-
ferred from (24) the Higgs field vacuum expectation value
v (see footnote 1) determined by

v√
2
≡ ϕ0 =

2π

α
Λ ∼ αϕ0a = hc. (25)

This corresponds to one unit of space quantum of action hc
exchanged between the electroweak and strong interaction
sectors.
We are now ready to state a model for the related cre-

ation of the charge of the electron e.
The electron has spin but neither colour nor quark

flavour. This leads to suggest that the electron should
be accomodated into a U(2) intrinsic configuration vari-
able where there is room for spin degrees of freedom but
no room for colour nor strong flavour (as opposed to the
U(3) configuration space of the baryons in (14)). A fur-
ther argument for U(2) is that this is exactly the group
singled out when applying the Higgs mechanism to allow
the period doublings of the U(3) states in the transforma-
tion from the 2π-periodic neutronic ground state of (14) to
the slightly lower 4π-periodic protonic eigenstate [5,6,10].
Thus we accommodate the electron into the ground state
of an intrinsic Hamiltonian on the Lie group U(2),

Λe

[
−1

2
Δ +

1

2
Tr χ2

]
Ψ(u) = EΨ(u), u = eiχ ∈ U(2),

(26)
with energy scale Λe (determined in (35)), eigenvalue
E = mec

2 and configuration variable u = eiχ ∈ U(2).
Note that with (26) we do not mean to imply that the
electron comes in discretely excited editions. That would
presumably have been discovered long ago. Rather we im-
ply that (26) describes energy levels in the U(2) subspace
into which the electron rest energy should match such that
the neutron decay matches the scale of the electroweak de-
gree of freedom set in the creation of mec

2.

Solving the intrinsic electron equation. – The con-
figuration variable u ∈ U(2) in (26) can be expressed as

u = ei(ϑ1T1+ϑ2T2+α1σ1+α2σ2), (27)

with two toroidal generators iTj = ∂/∂ϑj and two off-
toroidal Pauli generators iσ1, iσ2. In a two-dimensional
matrix representation the toroidal generators and the off-
diagonal Pauli matrices read

T1 =

(
1 0
0 0

)
, T2 =

(
0 0
0 1

)
,

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
.

(28)

The dynamical variables corresponding to the four de-
grees of freedom spanned by these four generators are

1Note that our value is related to the standard model value by
the up-down quark mixing matrix element, i.e., vSM = v

√
Vud.
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[
−1

2

(
∂2

∂ϑ2
1

+
∂2

∂ϑ2
2

)
− 1

4
+

1

16

s(s+ 1)− s2

sin2 1
2 (ϑ1 − ϑ2)

+ w(ϑ1) + w(ϑ2)

]
R(ϑ1, ϑ2) = ER(ϑ1, ϑ2) (33)

ϑ1, ϑ2, α1, α2 respectively. The above expression (27) of
the configuration variable u suits the polar decomposition
of the Laplacian [13]

Δ =

2∑
j=1

1

J2

∂

∂ϑj
J2 ∂

∂ϑj
− 1

J2

σ2
1 + σ2

2

2
, (29)

where ϑj are dynamical toroidal eigenangles from the two
eigenvalues eiϑj of the configuration variable u and [14]

J = 2 sin
1

2
(ϑ1 − ϑ2). (30)

Differentiating the “sandwiched” J2 in the first term
in (29) we rearrange to get

Δ =
1

J

(
∂2

∂ϑ2
1

+
∂2

∂ϑ2
2

)
J +

1

2
− 1

8

σ2
1 + σ2

2

sin2 1
2 (ϑ1 − ϑ2)

. (31)

The trace potential is a sum of periodic eigenangle poten-
tials [16]

1

2
Tr χ2 = w(ϑ1) + w(ϑ2), where (32)

w(ϑ) =
1

2
(ϑ− n · 2π)2, ϑ ∈ [(2n− 1)π, (2n+ 1)π], n ∈ Z.

Next we multiply (26) by J , introduce the measure-
scaled wave function Φ = JΨ = Jτ(ϑ1, ϑ2)Υ(α1, α2) and
integrate over the two off-toroidal degrees of freedom,
α1, α2 to get eq. (33) with E = E/Λe

see eq. (33) above

for the measure-scaled toroidal wave function R = Jτ
of states with intrinsic spin quantum number s. In the
centrifugal potential nominator we have exploited the ar-
bitrary labelling among α1 and α2 and used σ2

1 + σ2
2 =

σ2 − σ2
3 . Because of the arbitrary labelling of ϑ1 and ϑ2

the toroidal part τ should be symmetric in these and since
J is antisymmetric, so is R and we can construct R as a
Slater determinant [19]. We thus expand R on

fpq − fqp =

∣∣∣∣ eipϑ1 eipϑ2

eiqϑ1 eiqϑ2

∣∣∣∣ , (34)

with ±p = 0, 1, 2, · · ·P ;±q = p + 1, p + 2, · · ·P + 1. We
can solve (33) by a Rayleigh-Ritz method [15,17,20] to
find a preliminary eigenvalue E0 for spin s = 1

2 . The
2π periodicity of the parametric potential, however, calls
for the introduction of concepts from solid state physics,
where Bloch phase factors are introduced into the wave

function. In our case we can allow integer and half odd-
integer values for p and q [15,20] while still keeping the
square of the wave function single-valued on U(2).

The dimensionless ground state eigenvalue Ee of (33) is
calculated to be 2.2655(1) for 3368 base functions (P =
41), which is at the limit of our computer programme.
With the scale Λe defined by

EeΛe ≡ Ee = mec
2, (35)

this gives Λe ≈ 226 keV.

Higgs field misalignment. – In the baryonic sector
we introduced Bloch phase factors in the proton wave func-
tion [10,15]. Here we argue that similar phase factors,
allowed by the Higgs mechanism, occur in the lepton sec-
tor during the neutron decay. For this we need to revive
the massless pion modes as massive particles. The revival
leads to reasonable pion masses from the resulting rela-
tion (43).
We expand the Higgs field around a misaligned vacuum

with non-zero vacuum expectation values for all four de-
grees of freedom, thus

φ =
σ + iτ · π√

2

(
0
1

)
→ (vσ + σ) + iτ · (ve + π)√

2

(
0
1

)
,

(36)

where v2σ = v2 cos2 ζπ, v2
e = v2 sin2 ζπ. The fields σ

and π have been shifted to live around the respective
vacuum expectation values vσ and ve. We may call
ve = (ve1, ve2, ve3) the misalignment vector, see fig. 2.

Inserting (36) in (2) we have

VH(φ
†φ) =

1

2
δ2ϕ2

0 −
1

2
μ2 1

2

[
(vσ + σ)2 + (ve + π)2

]
+

1

4
λ4 1

4

[
(vσ + σ)2 + (ve + π)2

]2
. (37)

We collect terms of different types

VH(φ
†φ) = mass terms + cubic + quartic + interaction

= −1

2
μ2σ2 +

1

16
λ2[6v2σσ

2 + 2σ2v2
e ]−

1

2
μ2 1

2
π2

+
1

16
λ2[2v2σπ

2 + v2
eπ

2 + 4(ve · π)2 + v2
eπ

2]

+
1

16
λ2[2vσσ

3 + 2vσσ
3 + 2(ve · π)π2 + 2(ve · π)π2]

+
1

16
λ2σ4 +

1

16
λ2π4 + interaction terms. (38)

The σ field mass coefficient with μ2 and λ2 from (2)
becomes

m2
σc

4 =
1

2
ϕ2
0−

4

16
v2
e =

(
1

2
− 4

8
sin2 ζπ

)
ϕ2
0 =

1

2
ϕ2
0 cos

2 ζπ.

(39)
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Fig. 2: The Higgs potential (cyan) as a wine bottle bottom on
a periodically rippled egg tray (orange). The egg tray struc-
ture is the periodic intrinsic potential scaled from the baryonic
sector and the ripples are scaled from the leptonic sector. Both
are active in the neutron decay where the neutron changes to
a charged proton and a charge-compensating electron. The
size of the ripples is grossly exaggerated for clarity (drawing
for sin ζπ = 1/3 as opposed the physical case sin ζπ ≈ 1/1000
in (46)). The size of the Higgs field vacuum expectation value
ϕ0 in (25) is shown by the red line. A component of the mis-
alignment vector ve introduced in (36) is shown as a rose arrow.
The misalignment means that the toroidal coordinates (ϑ1, ϑ2)
in the leptonic sector are slightly rotated with respect to the
toroidal coordinates (θ1, θ2) in the baryonic sector, i.e., the
ripples run slightly askew to the major structure. The mis-
alignment even means a slight rotation into the third toroidal
coordinate. This is not shown in the figure. The free movement
of the Goldstone bosons in the Higgs potential ditch is prohib-
ited by the periodic potentials and the pion field is caught in
the ripples leading to physical pion particles with masses de-
termined by the vacuum misalignment. Figure from [3].

Similarly, in the case of ve ‖ π we get

m2
πc

4 =
1

4
v2
e =

1

4
v2 sin2 ζπ =

1

2
ϕ2
0 sin

2 ζπ. (40)

Pion mass value. – We are now able to determine ζπ.
There are two different intrinsic potentials at play and the
U(2) potential from the leptonic sector can be thought of
as ripples on the U(3) potential from the baryonic sector.
We make a similar Ansatz to (24) in the leptonic sector for
the U(2) description of the intrinsic electronic accommo-
dation with torodial angles ϑ and a pionic field component
ϕπ,

Λeϑ = αϕπ. (41)

Then the electron intrinsic toroidal angles are coupled to
the pion fields by (41) and the free movement of the pion
fields becomes prohibited by the geodetic, egg tray poten-
tial in (26) with the U(2) toroidal angles ϑ1 and ϑ2. To
get the scale of the mechanism we open a 2π shift of ϑ
to lower the energy of the ground state by the introduc-
tion of Bloch phase factors in the intrinsic wave function
in eq. (33). This corresponds to the exchange of one unit
of space quantum of action hc between the pion and the

lepton sector. Thus the 2π shift corresponding to half odd-
integer Bloch phase vectors gives the vacuum expectation
value ϕπ,0 of the pion field determined by

Λe · 2π = αϕπ,0 or ϕπ,0 =
2π

α
Λe ≡

v√
2
sin ζπ. (42)

The ratio between the σ and π field vacuum expectation
values is determined by the value for ζπ. Inserting sin ζπ
from (42) into (40) we have

mπc
2 =

1√
2

2π

α
Λe =

1√
2

2π

α

1

Ee
mec

2, (43)

with Ee = 2.2655(1) as the dimensionless ground
state eigenvalue in (33). With αe = e2/(4πε0�c) =
1/137.035999084(21) [11] this yields a pion mass mπc

2 =
137.3MeV. We may condense higher-order corrections to
this value by using sliding scale values of the fine structure
coupling among two different scales Λ2 and Λ1 [5,6,18],

α−1
Λ2

= α−1
Λ1

− 2

3π
ln

(
Λ2

Λ1

)/(
1− 3π/4

α−1
Λ1

+ 3π/4

)
. (44)

This second-order approximation is valid for small cou-
plings and for scales not too far apart, i.e., αΛ2

, αΛ1

 1

and |αΛ1

αΛ2
− 1| 
 1. Sliding from αe = α(0.511MeV) =

1/137.035999084 we get α−1(137.3MeV) = 135.8. Slid-
ing from ατ = α(1.77 GeV) = 1/133.472(7) [11] we get
α−1(137.3MeV) = 134.0. Taking a simple arithmetic
mean between these two coarse estimates to insert for it-
eration in (43) we get

mπc
2 = 135.2± 1.5MeV. (45)

Fermionic corrections to the fine structure coupling are
not available at pion energies as this is outside the
range of pertubative calculations. The 4–5 MeV extra
mass for the charged pion partners is calculated since
long as radiative corrections [1,21]. The experimental
masses are 134.9768(5)MeV and 139.57039(18)MeV, re-
spectively [11]. Note that ζπ is not a free parameter. It is
fixed in (42) by the electron mass in Λe. The small value
of ζπ

sin ζπ =
ϕπ,0

ϕ0
=

Λe

Λ
≈ 1/1000 (46)

corresponds to the quite different energy scales for the
intrinsic electronic state and the intrinsic nucleonic state.
If we interpret the scalar field σ as the Higgs particle we
get a hardly distinguishable change in the predicted Higgs
mass compared to that of (2),

mσc
2 =

1√
2
ϕ0 cos ζπ = 125.102± 0.012 GeV. (47)

The main uncertainty is from the fine structure coupling
α−1
W = 127.996(12) which we get by sliding from α−1

Z =
127.952(9) [11]. The experimental value for the Higgs mass
is mHc

2 = 125.10± 0.14 GeV [11].
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Fig. 3: Reduced zone scheme [22] for the Delta to proton decay.
The pion degrees of freedom play a double role. 1) They take
up the strong interaction energy shift in the decay from level
4 to level 3. And 2) they serve as Goldstone bosons for the
reshuffling of period doublings related to electroweak changes.
The specific choice of Bloch phase vectors κ shown by black
dots here relates to the specific decay Δ++ → p + π+. Note
the reshuffling in level 1 as related to the creation of the proton
and emission of the pion. The band widths are exaggerated in
the lower levels for clarity. Figure from [3].

Discussion and pion decay constant. – The neu-
tron decay in (23) involves changes both in the strong
interaction sector and in the electroweak sector. In the
strong sector the baryonic ground state undergoes a pe-
riod doubling which we interpreted as a topological origin
of the proton charge [10,15]. In the electroweak sector we
see the creation of a corresponding opposite charge in a
leptonic state. The pion field can be exploited as a degree
of freedom to capture both sectors like in

Δ++ → p+ + π+, (48)

where both level changes and changes in period doubling
take place. We interpret the level changes in fig. 3 as the
strong interaction component of the decay and the Bloch
phase changes as the electroweak component giving the
resulting charge reshuffling as envisaged by the dots in
fig. 3.
The dichotomous nature of the pion field may be ex-

pressed in a phenomenological pion model [23] with an
adjusted Lagrangian like [3]

L =
F 2
π

4
Tr

(
∂μU∂μU †)

+
F 2
π

4

[
m2

πc
4

3
Tr

(
U + U †)− Tr(Pq† + qP†)

π2

F 2
π

]
. (49)

The pion fields π = (π1, π2, π3) are incorporated in

U = exp

(
iπ · τ
Fπ

)
, τj =

(
σj 0
0 0

)
(50)

as an expansion on the isospin matrices τj , j = 1, 2, 3 em-
bedded in U(3) in the “upper left corner”, with the three
Pauli matrices σj and where Fπ is the pion decay con-
stant. A mass matrix q = diag( 13m

2
πc

4, 1
3m

2
πc

4, 1
3m

2
πc

4)
has been introduced inspired by standard phenomenolog-
ical models [23] and we have introduced also an operator
P = diag(1, 1, 0) that projects out the upper left corner of

q. The fractional mass elements in q may be interpreted
as a distribution of the pion mass on three colour degrees
of freedom. In total the sum of the two potential terms
gives a canonical pion mass term as seen in (52)2. In (49)
we interpret Tr(Pq† + qP†)π2 as the quark side of the di-
chotomy and we interpret Tr(U + U †) ∼ Tr χ2 in (26)
as the Goldstone side of the dichotomy with Tr χ2 ∼ VH

giving pion terms in VH in (38). Expanding U in the first
potential term of the model (49), we observe (with odd
orders cancelling)

U + U †

2
=

⎛
⎝ 1 0 0

0 1 0
0 0 1

⎞
⎠− 1

2

π · π
F 2
π

⎛
⎝ 1 0 0

0 1 0
0 0 0

⎞
⎠

+
1

4!

1

F 4
π

⎛
⎝π2 0 0

0 π2 0
0 0 0

⎞
⎠

2

+ · · · . (51)

Taking the traces, we get the effective Lagrangian to
fourth order with canonical mass term [3]

L(4) =
1

2
∂μπ · ∂μπ +

1

2
m2

πc
4F 2

π − 1

2
m2

πc
4π2

+
m2

πc
4

F 2
π

· 1
3
· 1

4!
π4. (52)

When compared with the fourth-order term 1
16λ

2π4

in (38) for λ2 = 1
2 we have (2)

1

16
· 1
2
=

m2
πc

4

F 2
π

· 1
3
· 1

4!
(53)

to get a satisfactory value for the pion decay constant
Fπ = 2

3mπc
2 ≈ 92MeV [3] with mπ =

mπ−+mπ0+mπ+

3 .

2The model in [23] is constructed in a similar way to yield the
pion mass in a second-order expansion but with no independent way
of determining the pion mass as opposed to our case where we get
the pion mass from (43). The phenomenological model in [23] uses
flavour quark masses together with a constant of proportionality
B0 which is determined from pion and flavour quark mass ratios,
B0 = mπ

mu+md
mπc2. By enlarging the model with a strange quark

to SU(3) one gets expressions also for kaon and eta masses in the
lowest lying meson octet. The quark flavour masses can then be
determined by fitting to experimental meson masses. From meson
sum rules Donoghue, Golowich and Holstein [23] find quark mass

relations md−mu
ms−(md+mu)/2

= 0.023 and md−mu
md+mu

= 0.29 which they

comment by stating (p. 205) that “The u quark is seen to be lighter
than the d quark with mu/md ≈ 0.55. The reason why this large
deviation from unity does not play a major role in the low-energy
physics is that both mu and md are small compared to the confine-
ment scale of QCD. This is, in fact the origin of isospin symmetry,
which in terms of quark mass is simply the statement that neither
mu nor md plays a major physical role, aside from the crucial fact
that mπ �= 0. Why these two masses lie so close to zero is a ques-
tion which the Standard Model does not answer.” In [15] one of
us (OLT) discusses flavour quark masses as a manifestation of cur-
vatures 1

rq
in intrinsic orbits and finds mqc2 = αs

9
�c
rq

which yields

muc2 = 2.6MeV and mdc
2 = 5.9MeV at αs = 0.118 from an ap-

proximate proton wave function, i.e., mu/md = 0.44 to compare
with mu/md = 0.46(9) [11].
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Confer this with fπ/
√
2 ≈ 92MeV from sect. 71 in [11].

Combining (43) and (21) we get a more fundamental
relation

Fπ =
2
√
2

3EeEn

α(mn)

α(mπ)
mnc

2 = 90.1MeV, (54)

which may be considered an intrinsic edition of the
Goldberger-Treiman relation [1,4]

2Fπ =
2gA
GπN

mNc2 → Fπ = 87.4MeV, (55)

that in subtle ways combine the pion-nucleon coupling
constant GπN = 13.5 [1] from the strong interaction sec-
tor and the electroweak Gamov-Teller beta decay constant
gA = 1.257 [1] into the semileptonic pion decay constant
Fπ. Steven Weinberg writes on page 185 in [1] that: “. . .
although the chiral symmetry of the strong interactions
does not depend in any way on the existence of weak inter-
actions, the (vector and axial vector) symmetry currents
. . . happen to be the currents entering into . . . semileptonic
weak interactions like nuclear beta decay.” Equation (54)
relates the strong and electroweak sectors because it is
based on setting the electroweak energy scale (25) from
the neutron beta decay to the proton (23) and shaping
the Higgs potential (2) by the intrinsic potential (19) from
the strong sector. The relation between strong and elec-
troweak sectors is developed further by accommodating
the electron into an intrinsic state (26) to yield a pion
decay constant (54) to describe semileptonic pion decays.
Weinberg’s “happen to be” implying an accidental hap-
penstance may be less of a haphazard after all.

Conclusion. – We have described the pion as a revived
Goldstone boson acquiring mass from a slightly misaligned
Higgs field vacuum. The misalignment is determined by
energy scales from both the strong and the electroweak
sectors. This yielded a pion (and Higgs) mass compatible
with observation. Comparing the Higgs potential to fourth
order with a hybrid pion model we derived an expression
for the pion decay constant giving a reasonable value. We
interpreted the expression as an intrinsic analogue of the
Goldberger-Treiman relation.
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