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ABSTRACT. The hull of a linear code is the intersection of the code and its dual
code, which is effective for determining parameters of entanglement-assisted
quantum error-correcting codes (EAQECCs). There are few constructions of
linear codes with various Hermitian hull dimensions, aside from Hermitian LCD
and self-orthogonal codes. The object of this paper is to introduce a building-
up construction for constructing linear [n + 2,k + 1] codes with £ or (¢ + 1)-
dimensional Hermitian hull from a given linear [n, k] code with ¢-dimension
Hermitian hull of a smaller length. This construction includes the converse
of the famous shortening technique as a special case. Using this method, we
construct optimal quaternary linear codes of lengths up to 13 with Hermitian
hull dimensions 2-5. As an application, we construct many EAQECCs, which
improve the parameters of EAQECCs of Grassl’s code table.

1. Introduction. In 1990, Assmus and Key [1] introduced the concept of the hull,
which is helpful for classifying finite projective planes. The hull determined the
complexity of certain algorithms, such as computing the automorphism group of
a linear code and checking permutation equivalence of two linear codes [28, 39,
40]. Furthermore, they also have applications in quantum communication [17].
Therefore, characterizing and classifying optimal linear codes with various hulls is
interesting and necessary.

Linear complementary dual (LCD) codes are linear codes with the smallest hull.
Massey [37] introduced LCD codes in order to give a solution in information theory.
LCD codes drew much attention recently due to their use in cryptography [11].
Further, they are helpful in constructing maximal-entanglement EAQECCs [27, 34].
LCD codes were extensively studied due to these applications. A non-exhaustive
list is [12, 15, 18, 21, 31, 43, 45].

On the other hand, a code C' is self-orthogonal if the hull of C is the code C.
Since the beginning of coding theory, studying self-orthogonal codes has been an
active research problem [38]. They are used in many fields, such as ¢-design theory,
group theory, lattice theory and modular forms [2, 3, 17, 19, 41]. Besides interesting
combinatorial structures, they were also used to construct quantum error-correcting
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codes (QECCs) [9, 10, 32, 33], where QECCs have important applications in entan-
glement distillation protocols [4]. For more research on self-orthogonal codes, one
can refer to [23, 24, 26, 42, 44].

However, self-orthogonal codes are usually not readily available. To solve this
problem, Brun, Devetak and Hsieh [8] proposed the concept of EAQECCs, which
include QECCs as a special case and can be obtained from linear codes without self-
orthogonality. Recently, there has been increasing interest in exploring linear codes
with different hull dimensions. Particularly, Chen [13, 14] and Luo [35] studied the
variation of the hull of linear codes up to monomial equivalence and constructed
EAQECCs from known QECCs. Their results indicated that it is non-trivial to
study binary linear codes with various Euclidean hulls and quaternary linear codes
with various Hermitian hulls. Kim [22] proposed a method to construct binary
linear codes with various Euclidean hulls. Therefore, the study of quaternary linear
codes is open.

In fact, the Hermitian inner product has greater potential than the Euclidean
inner product in constructing EAQECCs [17]. There are few constructions of lin-
ear codes with various Hermitian hull dimensions except for Hermitian LCD and
self-orthogonal codes [25]. Therefore, a topic is to find an efficient method for con-
structing linear codes with different Hermitian hull dimensions. In this work, a
systematic method is introduced to construct linear codes with various Hermitian
hull dimensions. As a result, many optimal linear codes are obtained. As an ap-
plication, we construct many binary EAQECCSs, which improve the parameters of
EAQECCs of Grassl’s code table [16].

The paper is arranged as follows. Section 2 gives some preliminaries. Section 3
gives a building-up construction for linear codes with various Hermitian hull dimen-
sions. Section 4 gives some numerical examples. As an application, some optimal
or new EAQECCs are constructed. Section 5 concludes the paper.

2. Preliminaries.

2.1. Linear codes. Let F, denote the finite field with ¢ elements. The (Hamming)
weight wt(x) of x € Fy is defined by the number of nonzero components of x. A
linear [n, k,d], code C'is a k-dimensional subspace of I}’ with minimum distance
d, where d is the minimum weight of all nonzero codewords of C. For any k x n
matrix G, we call G a generator matriz of a linear code C' if rows of G form a
basis of C. We define the Hermitian dual code of a linear [n, k]2 code C' as C*+# =
{y € Flo | (x,y)u = 0 forall x € C}, (x,y)u = 2,27 = Y,y iy] for
x = (z1,22,...,2,) and y = (y1,Y2,...,Yn) € Fio If H is a generator matrix of the

dual code C*+#, then we call H a parity-check matriz of C. The Hermitian hull of
a linear [n, k],2 code C' is defined by Hully(C) = C N C+#. A linear [n, k']f;Q code is

a linear [n, k],2 code with /-dimensional Hermitian hull. A linear code C' is called

Hermitian self-orthogonal if C C C+#, and Hermitian linear complementary dual
(LCD) if C n C*m = {0}.

Definition 2.1. Suppose that n, k and ¢ are three integers. Let
D2 (n, k) :=max{d | there is a linear [n, k,d],2 code},
sz (n,k, £) :=max{d | there is a linear [n,k‘,d]g2 code}.

A linear [n,k]g2 code C is called hy-optimal if C has the minimum distance
D(’; (n,k,0).
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It is well-known that the Griesmer bound [20] on a linear [n, k,d], code is given

by n > Zi:ol {%—‘ , where [a] is the least integer greater than or equal to a real
number a. It is clear that ng (n,k,£) < Dg2(n, k). Hence their minimum distances

are bounded by the Griesmer bound for any ¢.

2.2. Characterization of Hermitian hull. For a matrix A = (a,;), we define
the transpose AT and the conjugate matrix A of A as (aj;) and (@;;), respectively.

Proposition 2.2. [17, Proposition 3.2] Let C be a linear [n, k]2 code with a gen-
erator matriz G. Then dim(Hullg(C)) = dim(Hullg(C+1)) = k — rank(G@T).

The puncturing and shortening techniques are two extremely vital means of
constructing new codes from old ones. For simplicity, we use the [n] for the set
{1,2,...,n}, where n is a given positive integer. Let S C [n] and C be a linear
[n,k,d],2 code. We delete the coordinates from S in each codeword in C' to get
the punctured code C°. Consider the set C(S) of codewords which are 0 on S, and
shortened code Cs can be obtained through puncturing C(S) on S.

Lemma 2.3. [36, Lemma 2| Assume that C is a linear [n,k,d),2 code. Let S C [n]
be such that |S| = s. Then

(1) (C*m)g = (CO)tn, (CHm)5 = (Cg)*n.

(2) If s < d, then dim(C®) = k and dim((C+%)g) =n — s — k.

Theorem 2.4. [36, Theorem 4] Assume that C is a linear [n,k;,d]gz code. Let
S C [n] be such that |S| = s. Then we have the following statements.

(1) (Hullg(C))s C Hullg(C?) and (Hullg(C))s € Hullg(Cs)
(2) If S is a subset of information set of Hully(C), then

Hully (C®) = Hully (Cs) = (Hullz(C))s and dim(Hullg(CF)) = £ — s.

Proposition 2.5. Suppose that 0 < s </ < k<n-—1. Then
(1) Dg(n,kj,é) < Déﬁ(n—s,k—s,ﬁ—s).
(2) Dég(n,k‘,é) < Dég(n—s,k,é—s)—ks ifD(fg(n,k,() >s+1.

Proof. Let C be a linear [n, k,d]gg code.

(1) By Theorem 2.4, there is a set S such that the shortened code Cg has param-
eters [n—s,k— s]f;z_s. It turns out that d(Cs) > d by the definition of the shortened
code. Hence Dgé (n,k,0) < D;g (n—s,k—s,0—s).

(2) By Theorem 2.4 and Lemma 2.3, there is a set S such that the punctured
code C° has parameters [n — s,k]f;;s if D;ﬁ (n,k, ) > s+ 1. It turns out that
d(C®) > d — s by the definition of the punctured code. Hence DI (n,k,€) <
DE(n— s,k £ —s)+s. O

3. Building-up construction for linear codes with various Hermitian hull
dimensions.
In this section, we propose a method to obtain linear [n + 2,k + 1]52 and [n +

2,k + 1]?1 codes from a given linear [n, k]f;g code.
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3.1. Construction I. First, we extend the building-up construction method [25]
for Hermitian self-dual codes to linear codes with prescribed Hermitian hull dimen-
sion.

Theorem 3.1. Let C be a linear [n, k]gz code with generator matriz G and parity-
check matriz H. Let x = (21, %2,...,2n) € Fs with (x,x)u = —1 and ¢ € Fy2 with
cc = —1. Suppose that §; = (x,r;)u and Z; = (X, s;)u, where r; and s; are the i-th
rows of G and H, respectively. Then

1 0 ‘ Ty Xo - Ty
—Y1 Cy1 rq
G, = —Y2  CY2 ry
—Yk  CYk Tk

generates a linear [n+ 2,k + 1]5‘;1 code C1. We call it Construction I. Moreover,
C1 has the following parity-check matriz

1 0 ‘ Ty XTg - Ty
—Z1 Cz1 S1
}I1 — —Z2 Czo S92
—Zn—k CZn—k Sp—k

Proof. Let g; ; denote the element in the i-th row and j-th column of G;. If the
first row of G; can be obtained by a linear combination of other rows, then g; 2 =
—cg1,1 # 0, which contradicts the fact that g1 o = 0. Therefore, rank(G1) = k + 1.
Similarly, rank(H;) =n — k + 1. It can be checked that

0 00---0 0 00---0
_ 0 _ 0
GlGlT = . _T and G1H1T = . J— = O,
: GG : GH
0 0

where O is the suitable zero matrix. According to Proposition 2.2, we have

dim(Hullg(C4)) = (k+ 1) — rank(GlGTT)
=(k+1) - rank(GéT)
=(k+1)— (k- dim(Hullyz(C)))
RARRIT
={+

Further, rank(H;) = n — k 4+ 1 = dim(C;""). Hence C; has a parity-check
matrix H;. O

Example 1. Let F; = (w) and ¢ = w. We start from a linear [7,4, 3]} code. By
applying Construction I, we construct a linear [9,5,4]7 code C' and the generator
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matrix
1 0/0 0 0 0 w? w1
w2 1]1 0 0 0 1 0 1
G=|w? 1|01 00 w w1
1 w/0 01 0 w 1 1
O 0|0 0O O 1 1 1 1

Moreover, C has the following parity-check matrix

1 0 ‘ 000 0 w w 1

- w2 11 00 1 w 0 w
Tl w? 1101 0 W ow W ow

1 w|0 0 1 w? 1 w? 1

Furthermore, the converse of Construction I has also been verified to be true, as
shown below.

Theorem 3.2. Suppose that £ > 2. Then any linear [n,k,d > 2]22 code C can be

constructed from a linear [n — 2,k — 1]5;1 code Cy using Construction 1.

Proof. Without loss of generality, we can assume that [I, A] is a generator matrix
of Hully (C). Then we can define a k x n generator matrix G of C' as follows

10 0---0 a

G_[f AJ_[ 01 0.0 a
o B|~ O Iy A |7
O B

1 —c 0---0 a; —cas
0 —c 0---0 —cay
Ip—2 A
© 0 B
where O is the suitable zero matrix. Consider the code Cy with the following
generator matrix

=G’

0---0 a3 —cag
Go=| I A
@) B
Obviously, Cy has parameters [n — 2,k — 1],2. Since the set {1,2} is a subset of
an information set of Hully(C), it follows from (2) of Theorem 2.4 that the matrix

[ IgQ g ] generates a linear [n—2, k—2]f12_2 code Cy. Lety = (0,---,0,a; —cas).

Further, (y,y)u =0 and y € C5". Hence Cy is a linear [n — 2,k — 1]5;2_1 code.
Assume that x = (0,---,0,a;). It can be checked that (x,x)y = —1. Using

the vector x and Cp, we can construct a linear [n, k|2 code Cy with the following
matrix G; by theorem 3.1, where

1 0 [0--0 a
1 —c 0---0 a; — cay
I, o A ’
0 0 B

and G is row equivalent to G. Thus, C is equivalent to C;. This completes the
proof. O

Gy =
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Corollary 3.3. Let C be a linear [n, k]22 code with generator matriz G and parity-
check matriz H. Let v; be the i-th row of G. If x = (v1,%2,...,2,) € C and
(x,x)u = —1. For 1 < j <n—k, suppose that zZ; = (x,s;)u where s; is the j-th
row of H. Then

1@ @y - 2y

0 r
=0 ry

0 I

generates a linear [n+1,k+ 1]5;"1 code Cf. We call it Construction I'. Moreover,
C1 has the following parity-check matriz

—Zn—k | Sn—k

Proof. By Theorem 3.1, one can construct a linear [n+ 2,k + 1}2‘;1 code (. Since

x € Ct8, y; =0 for 1 < i < k. Thus, by puncturing C; on the second coordinate,
we know that the following matrix

1 ‘ 1 T - Ty
0 Ir
0 Iro
0 Ty
generates a linear [n + 1,k + 1]2;r1 code. The remaining proof is similar to that of

Theorem 3.1, we omit it. O

Example 2. Let F; = (w). We start from a linear [9,3,6]3 code. By applying
Construction I, one constructs a linear [10, 4, 4] code C' with the generator matrix

1/1 00 0 0 0 0 1 1
G = 01 0 0 w? w? 1 w? 1 0
o0jo 1o o 1 1 1 1 1
0[0 001 1 0 w w w ?
Moreover, C has the following parity-check matrix
11100 0 0 0 O 1 1
w201 00 0 0 w w? 0
- 11001000 1 w
1170 0 01 001 0 1
w20 0001 0 w 1 w
0/0 0000 1 1 w w?

Furthermore, the converse of Construction I’ has also been verified to be true, as
shown below.

Theorem 3.4. Suppose that £ > 1. Then any linear [n, k]gg code C' can be obtained

from a linear [n — 1,k — 1]2;1 code Cy using Construction I'.
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Proof. We can assume that Hully(C') has a generator matrix [I; A].Then we can
define a k x n generator matrix G for C in the form of

| L A
=[5 5]
where O is a suitable zero matrix. Consider S = {i} C [¢]. Then Cg with a generator

matrix I A
-1 i
GS = |: 9] B :| 5

where A; is a matrix that removes the i-th row from matrix A, is a linear [n—1,k —
1]5;_,_1 code by (2) of Theorem 2.4.

Assume that x = (0,...,0,a;), where a; is the i-th row of A. Using the vector x
and Cjy, we can construct a linear [n, k|2 code C; with the following matrix G by
Theorem 3.1, where

1 ‘ 0---0 a;
0 I, A
Gy = . I A; N[é B}ZG
: 0] B
0
This completes the proof. O

3.2. Construction II. Recently, Harada [18] proposed an interesting construction
method for quaternary Hermitian LCD codes. By modifying Harada’s construction,
we give construction IT as follows.

Theorem 3.5. Let C be a linear [n, k]gz code with generator matriz G and parity-
check matriz H. Let x = (z1,22,...,2,) € Fjp with (x,x)u = 0 and ¢ € Fp2 with
cc = —1. Suppose that J; = (X,r;)g and Z; = (x,s;)u where r; and s; are the i-th
rows of G and H, respectively. Then

1 0 ‘ Ty XTg - Ty
—Y1 Cy1 ry
Gy = —Y2  CY2 ry
—Yr CYk ry

generates a linear [n+ 2,k + 1]22 code Cy. We call it Construction II. Moreover,
Cs has the following parity-check matriz

0 c ‘ Ty To - Tp
—Z1 Cz1 S1
‘E[2 — —Z9 CzZ9 S9o
—Zn—k CZn—k Sn—k

Proof. Similar to the proof of Theorem 3.1, it can be checked that rank(Gs) = k+1,
rank(Hz) =n —k+ 1 and

1 00---0 0 00---0
- 0 . 0
GGy = | . and GiH, = | . . | =0
Ga : GH
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where O is the appropriate zero matrix. According to Proposition 2.2, we have

dim(Hully (Co)) = (k + 1) — rank(G2Ga )

=(k+1)
= (k+1) — rank(GG ' +1)
=(k+1)— (k—dim(Hullz(C)) + 1)
= (k1) = (k—e+1)

=

Further, rank(Hy) = n — k + 1 dim(C5™). Hence Cy has a parity-check
matrix Hs. O

Example 3. Let F; = (w) and ¢ = w. We start from a linear [7,4,3]} code.
By applying Construction II, we construct a linear [9,5, 4]} code generated by the
following matrix

1 0w 0 w1 w 1 1
1 w|l1l 0 0 0 1 0 1
G = w w0 1 0 0 w w 1
w? w0 0 1 0 w 1 1
w w0 0 0 1 1 1 1

Moreover, C' has the following parity-check matrix

2

0 w ‘ w 0 w 1 w 1 1

H—| ¥ w1 0 0 1 w 0 w
T w2 1101 0 w o ow w ow

0 0/0 0 1 w? 1 w1

Next, we give Construction IT', which contains [30, Theorem 3.5 (3)] as a
special case.

Corollary 3.6. Let C be a linear [n, k]SQ code with generator matrix G and parity-
check matriz H. Let r; be the i-th row of G. If x = (x1,22,...,2,) € Ctu and
(x,x)u # —1. For 1 < j <n —k, suppose that zZ; = (x,s;)u where s; is the j-th
row of H. Then

1 ‘ Ty Ty - Tp

0 r
=0 ro

0 T

generates a linear [n+1,k+ 1]22 code Ch. We call it Construction IT'. Moreover,
CY has the following parity-check matriz

—Zz1 S1
—Z22 S2

—Zn—k | Sn—k

Proof. This proof is similar to the proof of Corollary 3.3, and it is omitted here. [
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Example 4. Let F; = (w). We start from a linear [6,2,4]2 code. By applying
Construction I, we construct a linear [7,3,4]2 code C generated by the following
matrix

10 w*» 1 0 1 1
G=|0[1 0 0 1 w?® u?
0/0 1 0 w? w? 1

Moreover, C has the following parity-check matrix

w21 0 0 0 1 w
w| 0 1 0 0 w w
H= 110 01 0 0 O
w?[0 0 0 1 w 1

Remark 3.7. Assume that C is a linear [n, k, d]gg code. Let S C [n] be such that
|S| = s. Luo et al. [36, Theorem 4] showed that dim(Hully(Cs)) = ¢ — s if S is
a subset of information set of Hullg(C). Following this theorem, we proved that
the converses of Constructions I and I’ are valid. However, we do not determine
the dimension of Hully(Cg) for other cases. Therefore, we do not prove that the
converses of Constructions IT and II' are valid.

4. Numerical examples and their application to EAQECC:s.

The parameters [[n, k, d; 7]]q denote a g-ary EAQECC that encodes k information
qubits into n channel qubits with the help of v pre-shared entanglement pairs. A
method to construct EAQECCs from linear codes is as follows.

Proposition 4.1. [17] If there is a linear [n, k, d]§2 code, then there ezists an [[n, k—
l,din—k—{]|;, FAQECC.

Example 5. Let F§ = (w) and ¢ = w. We begin with a Hermitian LCD [5, 2, 4]g and
use Theorem 3.1 to construct a linear [7,3, 5] code C' generated by the following
matrix
1 0 |w " 1 W 1
G=|w? 7|1 0 w w
1 W0 1 b W W
On the other hand, C*# is a linear [7, 4,4]§ code, which is hj-optimal. As an appli-
cation, we construct [[7,2,5; 3]]3 and [[7, 3, 4; 2]]s EAQECCs, where the [[7,3,4;2]]3
EAQECC is optimal with respect to [16]. Additionally, the [[7,2,5;3]]s EAQECC
requires less entanglement than the best-known ternary [[7,2,5;4]]3 EAQECC in
[16].
By [13, Corollary 2.1] and [35, Theorem 7], there are LCD [7, 3, 5|9 and [7,4,4]9
codes. As an application, we construct [[7,3,5;4]]s and [[7,4,4;3]]s EAQECCs,
both of which are optimal with respect to [16].

4.1. hg-optimal quaternary linear codes and related EAQECCs. We con-
struct several h;-optimal quaternary linear codes of lengths up to 13 by applying
Theorem 2.4, Constructions I, I’, IT and II’. All computations were done by Magma
[5]. Tables 1, 3, 5 and 7 list the best minimum distances for quaternary linear
codes and Tables 2, 4, 6 and 8 display their related EAQECCs. The upper bounds
in the tables come from Proposition 2.5 and Grassl’s table [16]. Recently, Li, Shi
and Liu [29] characterized hj-optimal quaternary linear codes for n < 12 using a
different method. There are some important classification in [6], which is helpful
to characterize hg-optimal quaternary linear codes. For example, there exists a
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unique linear [12,6, 6], code, which is Hermitian LCD. Hence D}(12,6,¢) < 5 for
1 < ¢ < 6. Similarly, we have D (11,5,¢) <5 for 1 < ¢ < 5 and D} (11,6,¢) < 4
for1 </¢<6.

In the following, we use Gf%,ﬁd to denote a generator matrix of a linear [n, k, d]§
code C’f;’ k.- Lo reduce redundancy, the codes in Tables 1, 3, 5 and 7 can be obtained
from https://coding-theory.github.io/code2/. In this paper, we list generator
matrices for £k = 5,6,7,8 and n = 13.

Example 6. The dimension of hull is fixed at 1. We construct some hi-optimal
quaternary linear codes by applying Theorem 2.4, Constructions I, I, IT and II'. By
BKLC database [5], there is a linear [16,5,9]3 code Cf67579. By applying Theorem
2.4 to the code C’f67579, puncturing the code Cf67579 on the set {1,2,3}, a linear
[13,5, 6]} code is obtained.

en=13 ke {3,4,56,7,8 and h = 1

- _ o (100001 lwOwawl
100vwlwwlwwwl 010001 0@ww 10w
Gigso=[0100011111111}, Gi347=|101000w1001lou|"
00111001lwwiww

- 1000101w0lwww0

(100000000 10ww
0100000 wwwwww
001000 lwwwwlw
000100wO0wl0lww |’
0000101wO0wwwO
10000011 0wwlww

[10000wwlllwlw
01000bwl0whww
Gisse=|00100wwoww0 11|, Giggp =
000100011wll1l
1000010wl100www

[10@w1011111111]
wwl000000wl1lw
wl10100000w0ww
w10010000wl1l1
1w00010001ww0
1w000010001ww
000000010ww01

(010000001 1wI1]

(10000001001 1w]
01000001@10&0
001000001w10w
Gisrs=10001000wowwdww|, Glggy =
00001001 0ww 1w
000001 0wwwwOw
10000001wl0wlw]

Example 7. The dimension of hull is fixed at 2. We construct some hs-optimal
quaternary linear codes by applying Theorem 2.4, Constructions I, I, IT and II'. By
[29, Table 5], DH(8,2,1) = 5. Tt follows from Proposition 2.5 that D (9,3,2) <
D(8,2,1) = 5. By adding the zero column to 08273,5, we know that D (9,3,2) >
D (8,3,2) = 5. Hence we have D (9,3,2) = 5.

en=13 ke {5678 and h =2

10000w0ww100w
01000100wwwOw
00100w00wwlww
000100w0wwwOwO |’
000011 0wlwwww
0000001 0wwlwl

1000100w0wl110
010010001w10w
Gl356=10010w001010ww|, Gige6 =
000lwl0wwwwll
00000100wwl@l


https://coding-theory.github.io/code2/
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(1 0oowwl1l111111]
wwl000000011w
00010000000 @w
000010000wl11
©100010001@w0
1w000010001@w
000000010w®01
|©100000011@w11|

The EAQECCsS related to Table 1 are displayed in Table 2, where “x” denotes the
corresponding code is the best-known EAQECCs compared with [16]. The param-
eters in bold indicate that the corresponding code have new or better parameters
compared with the best-known EAQECCs [16]. For example, we can construct a
[9,4,5]7 code. As an application, one can obtain a [[9,2,5;3]]s EAQECC, which
requires less entanglement than the best-known [[9, 2, 5; 4]]2 EAQECC in [16].

(1000000001 @ 1]
010000w010w0w
00100000101 1w
Gls75=1000100000wlww]|, Giggy=
000010 wl0wwwOw
00000110@w110
100000001wlwlw]

Table 1: D (n,k,2) for n <13

n\k 2 3 4 ) 6 7 8 9 10 11
4 2

5 4 3

6 4 3 2

7 4 4 3 2

8 6 5 4 3 2

9 6 5 5 4 3 2

10 8 6 6 5 4 3 2

11 8 7 6 5 4 4 3 2

12 8 8 >6 6 S 4 4 3 2

13 10 9 8 >6 6 ) 4 4 3 2

Table 2: The related [[n, k, d;v]]2 EAQECCs with [d;~] based on Table 1

n\k 0 1 2 3 4 5 6 7 8 9
4 [2; 0]

5[4 [300

6 (420 [x1] [20°

T %3 42 31 [0

8 (64" [5:3] [4:2]7 [3;1] [0]

9 [6:5] [5:54] [5:3] [4:2] [3;1]" [20]

10 [8;6] [6;5] [6;4] [5:3] [4;2]7 [3;1]" [2;0]

1 &7 [7;6]  [6:5]° [5;4]° [4;3] [4:2] [3;1]" [250]

12 (88  [87] [6:6] [6;5]" [5:4]" [43] [42] [31]" [20]
13 [10;9] [(9:8)" [8:7]" [6:6] [6:5)" [5:4] [43] [42] [3:1]° [%0]

Example 8. The hull dimension is fixed at 3. We construct some hs-optimal
quaternary linear codes by applying Theorem 2.4, Constructions I, I, IT and II'.
By Proposition 2.5, DH(10,4,3) < DH(9,3,2) = 5. The EAQECCs related to Table
3 are displayed in Table 4.
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en=13 ke {5678 and h =3
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0000001lwlwlww

10000wl1111111
00100 0wwlwwow
Gla56=|010100wowdwwl |, Glz46=
1w001l10wwl0ww0
wo000101lwww0w

110000000@@ 0017 10000000ww0w0
010000001 0@ 1@ 01000000w0ww0
00100000@w@w0

00100001011w0
Gl3r5=[00010000@ 00w |, Gizg, =
000010001010 ’
00000101lwwl@0
10000001 1@ww0 11

000100000@w 10
00001000ww110
000001001 1ww0
0000001001110
100000001 lwwa0 |

Table 3: DH (n,k,3) for n <13

n\k 3 4 ) 6 7 8 9 10
6 4

7 4 3

8 4 4 3

9 6 4 4 3

10 6 5 4 3 3

11 6 6 ) 4 4 3

12 8 7 6 5 4 4 3

13 8 >7 >6 6 3 4 4 3

Table 4: The related [[n, k, d;v]]2 EAQECCs with [d;~] based on Table 3

k0 1 2 3 4 5 6 7
6 [4; 0"

7 (41 [30]

8 [4:2]  [41]  [30

9 6:3]"  [452]  [41)7 [3;0]"

10 [6:4]  [5:3]  [42]  [3:1]  [3;0

1 [6;5]  [6:4]  [5:3]  [452]  [41)7  [3,0]

12 [&6]"  [7:5]  [6:4]  [5:3] [42]  [41]  [30]

13 &7 [7:6]  [6:5] [6:4]  [5:3]°  [42]  [41]F  [30]

Example 9. The dimension of hull is fixed at 4. We construct hs-optimal linear
codes by applying Theorem 2.4, Constructions I, I, IT and II'. By Proposition 2.5,
DH(10,5,4) < DI (9,4,3) = 4. The EAQECCs related to Table 5 are displayed in

Table 6.
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en=13ke{56,7,8 and h =4
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Table 5: DH (n,k,4) for n <13
n\k 4 5 6 7 ) 9
8 1
9 4 3
10 4 4 3
11 6 5 4 3
12 6 >5 >4 4 4
13 8 7 6 5 4 3

Table 6: The related [[n, k, d;v]]2 EAQECCs with [d;~] based on Table 5

nk 0 1 2 3 4 5

3 [4;0]"

9 [4;1] 3; 0]

10 [4;2] [4;1] [3; 0]

11 [6; 3] [5;2] [4;1] [3; 0]

12 [6; 4] [5; 3] 4; 2] [4;1] [4;0]*

13 [8;5]* [7;4] [6; 3] [5; 2]* [4;1] [3; 0"

Y

Example 10. The dimension of hull is fixed at 5. We construct some hs-optimal
linear [n, k|4 codes by applying Theorem 2.4, Constructions I, I, IT and II'. The
EAQECC:s related to Table 7 are displayed in Table 8. For the optimality of k = 5,

one can refer to [7].
en=13 ke{56,7,8 and h =5

5 _
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10000w0w01110
01000001ww010
00100wl0wwwlOwl
000100w0wwwlOw
00001w0wOww0O
0000001lwwww00
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[100000000@ww 1]
01000000wlww0
0010000000w0 1
000100001 0ww0
000010000@ 1 ww
00000100w0@@®
00000010wlwwl
100000001&w®0 10|

(10000000010 1w]
01000001 wwlw0
00100001 10wwl
Gl375=10001000wwlwwl|, Glsg,=
00001000 0w1@0
0000010w@wwl101
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Table 7: DH (n,k,5) for n < 13

n\k 5 6 7 8
10 1
11 4 3-4
12 6 5 4
13 6 5-6 5 4

Table 8: The related [[n, k, d;v]]2 EAQECCs with [d;~] based on Table 7

n\k 0 1 2 3

10 [4;0]*

11 [4:1] 3;0]

12 [6; 2] [5;1] [4; 0]

13 [6; 3] [5; 2] [5;1]* 4;0]*

5. Conclusion. This paper has introduced an efficient method for constructing
linear codes with various Hermitian hull dimensions. We have constructed optimal
quaternary linear codes of lengths up to 13 with Hermitian hull dimensions 2-5. As
an application, some new or improved EAQECCs have been constructed compared
with Grassl’s code table [16].
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