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Abstract. Diffusion tensor coefficients play a central role in describing cosmic ray transport in
various astrophysical environments permeated with magnetic fields, which are usually modeled
as a fluctuating field on top of a mean field. In this contribution to CRIS-MAC 2024, a formal
derivation of these coefficients is presented by means of the calculation of velocity decorrelation
functions of particles. It relies mainly on expanding the 2-pt correlation function of the (fluctuat-
ing) magnetic field experienced by the particles between two successive times in the form of an
infinite Dyson series and retaining a class of terms that converge to a physical solution. Subse-
quently, the velocity decorrelation functions, themselves expressed as Dyson series, are deduced
from an iteration procedure that improves on the partial summation scheme. The results are
shown to provide approximate solutions compared to those obtained by Monte-Carlo simulations
as long as the Larmor radius of the particles is larger than at least one tenth of the largest scale of
the turbulence.

In many astrophysical environments, the propagation and acceleration of high-energy charged particles (cosmic
rays) are governed by the scattering off magnetic fields, which are described as a turbulence dB on top of a mean
field Byg. The transport of the particles is then modelled as an anisotropic diffusion process. Under very broad
conditions, the coefficients of the diffusion tensor can be related to the velocity correlation function of cosmic rays,
(voiv; (1)), through a time integration [1],

Dij(1) = /O at’ (vor0; (1), 0

in the limit that f — co. Here, v; = v; (r = 0)! and () stands for the average quantities, taken over several space and
time correlation scales of the turbulent field. Many estimates of these coefficients have been made from numerical
simulations exploring wide ranges of particle rigidities and turbulence levels [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19]. Formal estimates, on the other hand, have been presented in [9] in the high rigidity
regime, and in [20, 21] in the gyro-resonant regime. In this contribution to CRIS-MAC 2024, we present these
latter estimates. Without loss of generalities, the study is limited to the example of an isotropic 3D turbulence
following a Kolmogorov power spectrum without helicity. The setup for the mean field is such that By = Bou,.

We are interested in determining the moments of v; (¢) to derive a workable expression for Eqn. 1. The velocity
of each test-particle is governed by the Lorentz-Newton equation of motion,

0 (1) = 082(¢) €;jxkv; (1)Ob (1) + Q0 €;jxvj (H)bor (1). 2

I'Since cosmic rays are high-energy relativistic particles, the norm of the velocity is identified to ¢ for convenience.
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Here, 6Q(1) = ¢?Z|e|6B(1)/E is the gyrofrequency related to the turbulence, Q that related to the mean field,
Zle| and E the electric charge and the energy of the particle, and &by (t) = 6by(x(¢)) the k-th component of
the turbulence (expressed in units of §B) at the spatial coordinate x(#), which corresponds to the position of the
test-particle at time ¢. A formal solution for (v;(¢)) can be obtained by expressing the solution of Eqn. 2 as an
infinite number of Dyson series, each combining terms in powers of db coupled to terms in powers of By. Dealing
with such an infinite number of Dyson series is however hardly manageable. To circumvent this difficulty, we use
the auxiliary variable introduced in [9], w; (¢) = R;j (Qot)v; (¢), with R(€¢) the rotation matrix of angle £yt around
u,. The equation of motion for w is then

w; (1) = 6Q Ry (Qot)€jke Ry} (Qot)wm (£)8b (1), 3)

the formal solution of which can be expressed as a single Dyson series:

) t 131 tp-1
(w,'()(t» = Woj, + Z5Qp €kyminy €kymany « - - €kpmyn,, Woiy, / dn / dty-- / dtp
0 0 0
p=1

X Rigk, (Q011) Riy iy, (Q012) -+ Ri_ 1k, (Qotp) Ry, (Qot) R, (Qota) - 'R,_n;ip (1p)(0bn, (11) ... 6y, (1p)).  (4)

In the following, we derive the velocity correlation functions, (vo;v;(¢)), based on this equation.

In the Gaussian approximation, the Wick theorem allows for expressing (6by, (t1) ...0by,, (1,,)) in terms of all
possible permutations of products of contractions of pairs of (6b,, (#;)0bn, (;)), which can be, in the case of 3D
isotropic turbulence, written as
)
(Sbn, (1)8bn (1)) = =32t =1)). 5)
The correlation function ¢(¢), which describes the correlation of the turbulence experienced by a test-particle along
its path at two different times, follows from

Kmax 8 k .

o(1) = / dk ( 3 sin? G (e X))y, (6)
Kmin drk

where the minimum wavenumber vector K, is related to the distance L,,x over which the correlation function

is non-zero (size of the largest “eddies”), while the maximum one K. is related to the scale Ly, at which the

dissipation rate of the turbulence overcomes the energy cascade rate, and where & (k) is the kinetic energy spectrum
of the turbulence. The factor (¢**(*)} is modelled as [22]

. t n Lp-1
<elk~x(t)> ~ Z(_(kC)Z)p/ dt]/ dt, / dt2p Z l_[ e—(ti—tj)/f(k)’ (7)
0 0 0

p=0 pairings pairs i<j

where the approximation ((k-v(r1))(k-v(t2))) = (kc)>e~(1=2)/€(K) has been used by introducing a correlation
time scale £. Guided by Monte-Carlo simulations that show a longer falloff timescale for the 2-pt function of
the fluctuating magnetic field for large k compared to small k, a dependency in (kc)~! turns out to reproduce
the main features of ¢(¢) for a reduced rigidity (Larmor radius conventionally related to the turbulence only and
expressed in units of the largest eddy scale Ln,x) o = 1. An additional dependency in p is introduced through
E(k,p)=Ap?B/(kc); A=1and B =0.5 are found to provide a good compromise to cover the gyroresonant and high-
rigidity regimes. To evaluate the right hand side, only pairs with j =i+ 1 are retained. Under this approximation,
which corresponds to summing unconnected diagrams [23], our estimate of (¢*()), denoted with a subscript 0,
can be written in a compact non-linear manner:

. t n t -t .
(X)) = 1 - (ke)? / dry / dry e ¥ (kXm0 )
0 0
In the Laplace reciprocal space, the equation is then linear in £[(e**(!))¢](s), which reads as
0 1+s&(k)
ik-x(t) — 9
L) = e i) + (ke (o) ®

so that (e**())q can be inferred from a numerical inverse Laplace transformation. Subsequently, we infer the
partial-summation approximation for the 2-pt function of the fluctuating magnetic field experienced by a test particle

as
2(27)236B2 [ Hma
o)~ 208 / dk k=P !
3 (szn/gx - L2/3) kmin

min

1+5&(k)
(1+s&(k))s + (ke)2é(k)

(). (10)
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Applying the Wick theorem, the Dyson series reads as

2 (6Q2\P t t hp-1
<wi0(t)>:w0i0+2(T) Ll)()izp‘/ov dt]‘/O\ dt2-..‘/0\ dt2p Z l—l(p(l‘j—l(’)
p=1

pairings j<¢

X (Ri,-,lk, (Q0)Ri,_ k; (Qole)R;,}ij (Qotj)R,;i.i[ (Qot¢) = Ri;_yk; (Qot ) Ri,_k, (Qolf)R;;fl,-_, (Qolj)R;;.lif (Qolf)) ,
(11)

which is the relevant equation to determine the time evolution of the auxiliary variable w(¢) and subsequently of
the particle velocity v(¢) = R™'(Qor)w(r). To carry out a summation of the Dyson series, we resort to a two-step
iteration procedure. In the first iteration, we calculate the propagator that would be accurate in the case of a 2-pt
function ¢(t) approximated by a Dirac function. This approximation proves to be relevant in the high-rigidity
regime in pure turbulence. It corresponds to the summation of the class of unconnected diagrams and represents
the simplest partial summation scheme of the Dyson series [23]. However, this scheme leads to a non-physical
solution in the case of a non-zero mean field and in the gyroresonant regime. A more physical solution is then
obtained by including classes of nested and crossed diagrams in the partial summation of the Dyson series, in which
the first iteration of the propagator is inserted into each ordered time. We now detail this scheme below.

The propagator obtained by retaining only unconnected diagrams is denoted as (w; (¢))o. For the sake of clarity,
we denote it with a subscript 0:

2 t 1
wio=1+75 [an [ (R @000 =) = 1+ 2c0sQ0(01 =) R @011 =12)) 1 =) i 1=

(12)
which gives rise to a linear term for L [{w; (x))o](s) in the Laplace reciprocal space:

2
L)) = L111)+ o L1 (o)) L116) £ [ (R 2200 - (14205 Q00) R (©00)) )] (5,

(13)
The propagator (w; (t))g is therefore obtained through a numerical inverse of Laplace transform. Throughout this
study, the Stehfest algorithm is used, with Stehfest number N =20 [24].
The second summation scheme accounts, in addition to unconnected diagrams, for contributions from nested
and crossed diagrams that can be approximated by substituting internal double lines for zigzags. In this manner,
both the nested and crossed contributions give rise to linear terms in £ [{w;(x))](s):

L 092 LIwGDI(s) I
S

LHw )16 = -+

R7} (2Q0%) = (14205 Q) R} (Q00) | 0(x) wr(x))o | ()

2\2
+(%) Lwi ()] () LI () L[ [1+R;; (Qo(x1 +2x3+x3)) (14208 Qo (x1 —x3)) = R (Q0(2x1 +2x2))

— R (Q0(2x2 +2x3)) | (x1 +x2) (32 +x3) (w; (x1) Yo (w; (x2) o wi (X3)>0] (). (14)

The velocity decorrelation function relevant for the parallel diffusion corresponds to i = j = z in equation 14.
Denoting for convenience as W;(s) the Laplace transform function L[{w;(¢))](s), the first iterated propagator
inferred in the Laplace space reads as

- 1 2602 Wo, (s
We() = = 225 M) £ 10 cos 0] 9), 15)
while the iterated propagator reads as

-
W2(5) = = 225 £ L) . (1o cos Qo] (5)

2\2
+2(£) —WZS(S)L

3 @(x1 +x2)p(x2 +x3) (W (x1))o{wz (x2) )o{wz (x3))o cos Qo (x1 —x3) [(5).  (16)

The resulting velocity decorrelation functions {voy v (¢)) = {wo w, (¢)) are shown in Fig. 1 for p = 0.1 (left panel)
and different values of By (and 6B = 1 pG). For reference, results from Monte-Carlo experiments are shown as the
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Figure 1: Parallel velocity decorrelation function of particles with reduced rigidity p = 0.1 (left) and p =1 (right)
for different values of By (6B =1 pG), as a function of the gyroperiod time scale 6Q¢. Dashed lines are from
Monte-Carlo simulations.

dashed lines. Overall, the main features of the functions inferred from the simulations, namely the modulations
on top of an approximately exponential envelope that is decreasing slower with time for increasing By values, are
captured by the calculation. In this rigidity regime, the resonance between the Larmor radius of the particles with
wavelengths of the turbulence is the source of the modulations related to the total angular frequency 6Q+ Q. They
reflect memory effects originating from large-scale wavenumber field lines around which particles spiral while
undergoing the imprint of a random walk caused by smaller wavenumber vectors. As the intensity By increases,
the particles tend to remain bound to the lines of the mean field for longer, and the decay takes longer. Beyond
similarities between the simulation and calculation results, however, quantitative differences are observed in Fig. 1.
The most notable one concerns the global rate of falloff of the decorrelation functions that is predicted to be too
rapid for By < SpG by the calculation compared to the Monte-Carlo simulations. The increase of the “decay time”
describing the approximately exponential envelope is indeed too slow for small values of By, as clearly observed
for By = 1uG, before crossing the right range and getting too fast for By > SpG. In other words, the dependence
of the decorrelation functions in By is non-linearly under-(over)estimated for By < (2)SpG. The underestimation
for small By, already visible for By = 0, is attributed at this stage on the one hand to the overestimation of ¢(t)
observed in [22], and on the other hand to an artefact due to the partial summation of the Dyson series.

At higher rigidity (p = 1), the Larmor radius of the particles is always larger than the eddy sizes and scatterings
can be considered independent one from another. The process is Markovian and the decorrelation gets exponential
in the pure turbulence case, as demonstrated in [9] based on a white-noise approximation to describe the 2-
pt correlation function ¢(z). By increasing By, the decay of the decorrelations gets slower. Similarly to the
case p = 0.1, the calculation is observed to underestimate the “decay time”; yet the values of By leading to the
underestimation span a much wider range.

The velocity decorrelation function relevant for the perpendicular diffusion correspondstoi=j=xori=j=y
in equation 14. The calculation proceeds the same way as for the parallel diffusion:

o
Woe(s) = + = S0 1100 (14 cos 0] (9, a7
and
o
W(5) = 1 = S £ ) 0 (o1 + cos0)] 5)

(s). (18)

2\2 14
#2( 5] P 42000403 o o (e ocos? (3 432+ 5 )

The relevant decorrelation function is (vo vy (#)) = (woxwx (1)) cos Qot = (woywy (1)) cos Qot.
A first illustration of the calculation is given in Fig. 2 (left panel), where the perpendicular decorrelation
function is shown for p = 0.1 and By = 1 pG. The dashed line is from Monte-Carlo simulations. As in the case of
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Figure 2: Perpendicular velocity decorrelation function of particles with reduced rigidity p = 0.1 (left) and p =1

(right) for 6B =1 pG and By = 1pG, as a function of the gyroperiod time scale Q¢. Dashed line is from Monte-
Carlo simulations.
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Figure 3: Parallel (left) and perpendicular (right) diffusion coefficient as a function of the reduced rigidity for
different values of By (6B = 1 pG). The Dashed line is from Monte-Carlo simulations in the pure turbulent case
(Bp=0).

parallel diffusion, the envelope of the decay is slightly underestimated by the calculation. However, the modulations
features, which have been shown from various simulations to be responsible for the perpendicular sub-diffusive
regime at early times, are well reproduced. Itis to be noted that none of the approximations proposed in the literature
could predict both the fast decaying envelope and the positions of minimum and second maximum inherited from
the modulations on top of the decay.

A second illustration is given in Fig. 2 , for p = 0.1 and By = 1 pG. At such a high rigidity, the decay time scale
is longer than the gyroperiod time scale Qyf, hence the numerous oscillations. The results from the calculation or
from the simulations are almost indistinguishable.

The dependence in rigidity of the parallel diffusion coeflicient D) is shown in Fig. 3 (left panel) for different
values of By, expressed in units of ¢ Ly,x. The dashed line displays, for reference, the results obtained from Monte-
Carlo simulations in the case of pure turbulence. Despite the aforementioned differences between the simulations
and the calculation, D is observed to be reproduced within a factor 2. In particular, the calculation slightly deviates

from the expected scalings in p'/3 in the gyroresonant regime an in p? in the quasi-ballistic regime [25, 26, 27]. As
By is increasing, from the analysis of the decorrelation functions presented above, D\ is expected to be more and
more underestimated; yet the calculation presented here provides genuine qualitative scalings that are also reliable
quantitatively around p =0.1.
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Figure 4: Ratio between perpendicular and parallel diffusion coefficient as a function of the reduced rigidity for
different values of By (6B =1 pG).

In the same manner as in the parallel transport, the dependence in rigidity of the perpendicular diffusion
coefficient D, is shown in Fig. 3 (right panel) for different values of By, expressed in units of cLpyax. Due to
the oscillatory behavior of the velocity decorrelation functions, the additional time integration should smooth out
differences between the simulations and the calculations. As By is increasing, D is decreasing, as expected (for
By — oo, a particle would be spiraling around By at a fixed radius). More revealing is the rigidity dependence
of D, observed to rise more slowly than that of D in the gyroresonant regime and, unlike D), to decrease
in the high-rigidity regime. These dependencies are more clearly highlighted in Fig. 4, where the ratio D, /D
is displayed. The rise at low rigidities is in agreement with that revealed in Monte-Carlo studies in which the
turbulence dynamical range well covers the rigidities of interest [17]. Furthermore, the decrease at high rigidities
is also in agreement with these simulations, as is the shift of the transition region towards higher rigidities as By is
increasing.

In conclusion, velocity decorrelation functions of high-energy cosmic rays propagating in magnetic fields have
been obtained from the Dyson series governing the motion of the particles. The particular example of Kolmogorov
turbulence has been used, as it is a widely-used benchmark; yet there is a priori no restriction in the formalism to
inject any spectrum of turbulence into Eqn. 5. The absence of small parameter of expansion forbids any perturbation
theory to hold, and hence any truncation of the Dyson series [28]. The partial-summation scheme developed in
this study is shown to provide an approximate solution that captures the main features uncovered by numerical
simulations in a range of rigidities covering the transition between the gyroresonant and the quasi-ballistic regimes
on the one hand, and the quasi-ballistic regime itself on the other hand. Keeping in mind the limitations underlined
in terms of underestimation of the diffusion coefficients, the calculation based on Eqn. 14 provides a rapid tool for
deriving approximate solutions without having to resort to heavy numerical simulation campaigns.

A key ingredient of the approximate solution relies on the modeling of the 2-pt correlation function of the
turbulence experienced by the particles between two successive times. The approximation proposed in this study
is found to reproduce the main features uncovered, here again, by numerical simulations as long as the reduced
rigidity is larger than about one tenth of the largest scale of the turbulence. Progress in the modeling of this 2-pt
function is needed to extend to lower rigidity the range of validity of the type of calculation presented in this study.
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