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Abstract

The simulation of quantum systems is the most promising candidate for computational advantages
of large scale, fault-tolerant quantum computers over classical computers. Two fundamental prob-
lems that appear when simulating quantum systems on quantum computers are the preparation of
good input states to the simulation and the problem of decomposing the time evolution operator
et into primitive gates that are available on the quantum computer. This thesis presents two new
algorithms for solving these problems. The first is a time evolution algorithm that approximates
the time evolution operator by combining two previously developed techniques. We bound the
error of this composite approach and determine analytic conditions on when this can lead to
cost savings of the overall simulation. These savings are then verified through extensive numerics.
This simulation algorithm can then be used as a subroutine to prepare thermal states, which are
typical input states that have a high overlap with the ground state. Our algorithm is inspired
by Hamiltonian Monte Carlo, which is a classical sampling algorithm that utilizes Hamiltonian
dynamics to sample from arbitrary probability distributions. We bound the cost of our quantum
thermal state preparation algorithm in terms of the total amount of time needed to simulate the
Hamiltonian of the system in four scenarios: single qubit systems, truncated harmonic oscillators,
non-degenerate systems where one knows the eigenvalues, and non-degenerate systems where
no eigenvalue knowledge is present. We numerically demonstrate that this algorithm works as

guaranteed and can significantly outperform analytic worst-case bounds.
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“..I give you the mausoleum of all hope and desire..I give it to you not that you may
remember time, but that you might forget it now and then for a moment and not spend all
of your breath trying to conquer it. Because no battle is ever won he said. They are not

even fought. The field only reveals to man his own folly and despair, and victory is an

tllusion of philosophers and fools.”

— William Faulkner, The Sound and the Fury
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Chapter 1

Introduction

The simulation of many-body quantum systems is one of the most profound problems facing
physicists in the 215 century. Even for classical systems, the presence of chaotic orbits in the
3-body gravitational problem demonstrates that analytic solutions are often intractable. For
classical systems this problem has been counteracted by the exponential increase in the scale
of classical compute power. While there are a number of different techniques for simulating
large classical systems, some of the most utilized numerical methods in physics are Monte Carlo
techniques. Monte Carlo algorithms allow us to simulate large classical systems at thermal
equilibrium by starting from an infinite temperature state and then using random transitions to
lower the temperature. The idea is that sampling from a relatively small number of these random
samples, relative to the number of total configurations of the system, will lead to averages that

approximate the thermal average.

Monte Carlo techniques therefore provide a blueprint for simulating larger and larger systems;
as individual cores of a computer advance in size and speed we can simulate larger systems per
sample and as we network together more cores we can take more samples in parallel. These
techniques work well enough for systems that behave classically but routinely fail for highly
correlated quantum systems. One of the reasons for this failure is that whenever one utilizes the
approaches mentioned before of sampling over random transitions each resulting sample has an
overall complex number, or phase, that must be computed. The contribution of each phase to
each sample is known as the fermionic sign problem [1]. The presence of a phase for each sample

means that a large number of low-likehood samples can contribute meaningfully to the overall
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average and the number of samples necessary to achieve an accurate approximation tends to
scale exponentially with the number of fermionic particles. As a result, only systems with either

strong symmetries or weak interactions can be treated numerically in general.

This exponential increase in the difficulty of simulating certain quantum mechanical systems
led Manin [2] and Feynman [3] in the early 1980s to propose using computers based on quantum
mechanics to simulate quantum systems. The first concrete algorithm for doing so was proposed
in 1996 by Lloyd [4]. This application remains the most promising scientific and commercial
use of quantum computers after 3 decades of intense theoretic development. This thesis is
concerned with algorithms that address two parts of simulating quantum systems: the first is
the decomposition of the time evolution operator et into primitive operations that can be
implemented on a quantum computer. The second is an algorithm to prepare thermal states
tr?%;), which are used to study the low energy states of the system described by H. Classically,
these two problems are intrinsically linked in an algorithm known as Hamiltonian Monte Carlo
(HMC). The motivation for this thesis was to develop a quantum mechanical analog of this

algorithm. We will discuss these two problems, simulation and thermal state preparation of

quantum systems, in more detail in Section 1.1.

Efforts to determine applications for which quantum computers will outperfom classical
computers has led to a significant transfer of ideas between classical computer science and
quantum physics. For example, the development of quantum machine learning algorithms [5] led
to equivalently powerful classical algorithms [6] and ultimately a better understanding of the
input models used in recommender systems. The classical sum-of-squares optimization technique
[7] was crucial in recent results on Hamiltonian learning theory [8], which was later followed
up with a proof that entanglement of spin systems is exactly zero above a system dependent
temperature [9]. Methods from classical signal processing [10,11] served as the inspiration behind
the modern Quantum Signal Processing (QSP) routine [12,13], a state-of-the-art technique for
quantum simulation.

A strong argument could be made that Markov Chain Monte Carlo (MCMC) techniques
are arguably the most important family of algorithms that stem from this exchange between
fields. The problem that MCMC solves is to transform access from mostly uniformly random
bits into a specified probability distribution 7 (z). Typically, a distribution 7 is easy to compute

at a single point, but we are usually interested in averages over an entire state space, such as
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[ f(z)m(z)dz, which are much more difficult to compute. By using importance sampling we
can convert this integral into a finite sum [ f(z)7(z)dz = limy_, %ZZ f(z;) if the z; are
drawn independently from m(z). The first algorithm to allow us to convert uniformly random
bits to samples from arbitrary distributions was the Metropolis-Hastings algorithm [14,15]. This
algorithm was developed to sample from the high dimensional Boltzmann distribution 7(x) =
% of large spin systems. Since then, the algorithm has proven foundational in fields
such as machine learning [16], computational physics [17], and quantitative finance [18]. This
interplay between statistical mechanics, computer science, and machine learning was recently
recognized with John Hopfield [19] and Geoffrey Hinton [20] recieving the 2024 Nobel Prize
in Physics.

The core idea behind the Metropolis-Hastings algorithm is to split the sampling of 7(x)
into two steps, which we will discuss now without going into too many technical details. A
transition step in which the previous sample z is taken and a new state x” is generated. This
transition function has to be able to explore the entire state space given enough time, a typical
example could be a spherical Gaussian centered at x. The second step is to filter the proposed
sample z’, if the sample is accepted then the state moves to z’ and if it is rejected the state
of the sampler stays at x. The first filter developed, called the Metropolis filter, is given by

()
' (x)

Problaccept] = min{l } A more physically realistic and continuous filter can be given

if the distribution 7(z) is a Boltzmann distribution of a Hamiltonian H(z). In this scenario

1

TR is known as Glauber dynamics [21] and smoothly

the function Problaccept] =
allows for transitions to higher energy (lower probability) states with an exponential decay in
the energy difference. Either of these filters are sufficient for guaranteeing convergence to the

distribution 7(z), which is guaranteed by a condition known as detailed balance.

A variant of the Metropolis-Hastings algorithm routinely used in quantum condensed matter
physics and in molecular dynamics is known as Path Integral Monte Carlo. This algorithm uses
similar ideas to Trotter-Suzuki product formulas in which an operator exponential is decom-
posed into a “time-sliced” product e #¥ = ¢ PXifli — lim (Hle 6*5H1>T, where e P is
an imaginary time propagator. By inserting projections onto a known vector basis ZJ| 7l
between each operator e #Hi the transition amplitude can be written as a sum over all paths

from [i) to |7)
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g . - _B8 _8 _B8 _B T
GlePH )iy = S0 Tim (&P [y (| € 7Ha e 7o [y ) (kyy| e 7Fe) ). (1)

N
A given path is a discrete choice ¢ = k,(_1) = k,(_9) = .. = k; — j and is dependent on the

discretization of the state space.

Standard techniques exist to bound the errors of these expressions [22] based on the length
of the paths sampled from. When implemented on a classical computer the number of samples
needed to approximate this sum can grow exponentially. To generate these samples an initial
path is drawn, either uniformly at random or from a heuristic. Then a new path is sampled via a
transition function and filtered via a suitable filter function of the user’s choice. The connection
with the original Metropolis-Hastings algorithm is then clear, the state space in the original
algorithm is upgraded to a path from |i) to |j) and transitions between samples corresponds
to choosing new paths. One of the main insights in Pocrnic et al. [23] is that new randomized
algorithms for quantum compilation can be leveraged by classical computers to reduce the path

length requirement of Path Integral Monte Carlo algorithms.

One striking connection between computer science and classical thermodynamics is given in
the Hamiltonian Monte Carlo algorithm. This algorithm was formalized in Radford Neal’s thesis
[24] at the University of Toronto on probabilistic inference. The algorithm varies from a tradi-
tional Metropolis-Hastings algorithm by incorporating a momentum information p alongside the
state space z. The target distribution m(z), which is assumed to come as a thermal distribution
over a potential V in the form 7(z) oc e #V(®) is then lifted to a distribution over position and

2
7ﬁ<2p—m+V(a:)). Due to the commutativity of  and p classically we can

B(E+V())

momentum as 7(x,p) x e

_ 2
factor this distribution as e = e PZme V(@) we see that the momemtum distribution
is a straightforward Gaussian whose mean is 0 and standard deviation dictated by the inverse

temperature 8 (typically m = 1 is taken).

Once we have changed the background structure of the sampling problem to include momen-
tum, we can tweak the Metropolis-Hastings algorithm by changing the transition function to
utilize this information. We start a round of the algorithm by sampling a random momentum
from a Gaussian of mean 0 and width 1/4. This momentum is then used to simulate the classical
time dynamics governed by the Hamiltonian H(z,p) for a given time ¢. This moves the state
(z,p) to a new state (z’,p"). Since Hamiltonian dyanmics preserves energy, if we use the Glauber

filter we can be assured that this new sample will be accepted with probability 1 in the limit of
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perfect numerical integration. This procedure can be shown to satisfy detailed balance as well,
with some slight technical modifications, leading to a complete algorithm for sampling thermal

distributions.

The organizing theme for this thesis is to provide a quantum mechanical analogue of

Hamiltonian Monte Carlo. This would provide access to a quantum density matrix p(8) =

e PH

(e PHY where H is now a Hermitian operator on the Hilbert space C2", assuming n 2-level

systems or qubits. If one tries to promote position and momentum to operators and directly
copy the HMC prescription the issue of noncommutativity of z and p means we cannot
factor the density matrix into e‘ﬁ% e BV(®) One possible way to overcome this could be to
reinterpret the momentum sampling with a randomly chosen momentum shift via the operator
ePain wwhere pyp is chosen from a Gaussian e PPl and the # operator is the generator for
momentum translations. This may seem like a reasonable idea, but by using path integral
techniques it can be shown that interleaving these momentum shifts with Hamiltonian evolu-
tion as Eg et tePun |oh) (1| e~ Pan®e H actually leads to the distance to the thermal state
increasing. Simple numerics for even a harmonic oscillator show that the state approaches the
maximally mixed state diim, meaning the momentum shifts decohere the system state as opposed

to thermalizing it.

To resolve this issue we look towards current proposed theories for quantum thermalization.
The techniques used to study how environments can interact with a quantum system can be
divided into three main categories. The most common approach studied in the subfield of open
quantum systems is the Lindbladian or Liouvillian approach. In this framework a model for the
environment is constructed and its effects on the system are captured in the quantum Liouvillian
equation. A standard model for the environment is that it is unboundedly large, retains no
memory of interactions, and is coupled weakly to the system. A specific construction of this
was studied by Davies [25] and shown to lead to the thermalization of a wide range of systems.
This model has recently led to a surge of quantum algorithms, which will be described in the

following section.

The second main category is known as the Eigenstate Thermalization Hypothesis (ETH)
[26,27]. This theory is designed to study how a large closed quantum system can have subsytems
that appear thermal. In effect, the system acts as its own bath. This contradicts our intuition

of closed quantum systems, as we typically think of unitary dynamics as conserving energy
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and therefore unable to explore a canonical ensemble. The secret to ETH’s success is that
entanglement between the subsystems can cause small subsystems, for sufficiently “chaotic”
Hamiltonians [28], to have reduced density matrices that appear thermal. Although ETH has
shown to hold for quantum systems that resemble chaotic classical systems, it remains to be
proven for arbitrary Hamiltonians and the existence of counterexamples, known as many-body

localization [29], are heavily debated.

The ETH model served as the inspiration for developing our thermalization algorithm
beyond the randomized momentum shifts as it is a closed system and therefore the dynamics
are unitary. This makes it relatively easy to implement on a quantum computer. We initially
began exploring how a collection of truncated harmonic oscillators could be coupled together
to replicate ETH style thermalization. After this proved too difficult we moved to studying
when just two harmonic oscillators could reach thermal equilibrium. To couple them together
we decided to use a completely random interaction chosen from the Gaussian Unitary Ensemble
(GUE), this is because we wanted to extend the oscillator to more general systems later. The
crucial detail that made this work was that the gaps of the oscillators had to be close, and we

ended up truncating one of the oscillators to only 2 energy levels.

This model of a single system interacting with a single spin had been previously studied
under the name of the Repeated Interactions (RI) framework [30-32]. RI methods are very
straightforward, they only involve simulating the system of interest and typically one extra spin.
The state of this extra spin is assumed to be a thermal state that is periodically reset to the
temperature we want the system to equilibrate to. This allows RI to be analyzed in situations
where the Lindbladian approximations do not hold, such as environments that retain some
form of “memory” of the interaction or in strong coupling regimes. This flexibility makes RI
useful for applications such as thermometry [33,34], quantum batteries [35,36], and quantum
thermal pumps [37-40]. Most algorithms for quantum computers that use a RI framework
are used primarily for simulating Lindbladian equations [41,42], however RI related techniques
were developed independently by Shtanko and Movassagh [43] for a thermal state preparation
algorithm for ETH-satisfying Hamiltonians.

Despite the advantages of the RI framework, one of the downsides is that a clear model
of interaction is needed between the system and environment. Most of the existing literature

has focused on specific systems, such as a single qubit or a 3-level system. This is a problem
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for developing quantum algorithms, as one typically wants an algorithm to work for as many
inputs as possible. To resolve this issue, we introduced a randomized interaction method where
the interaction term is drawn from a random ensemble of matrices and the resulting channel is
averaged over the total ensemble. Another issue for developing a RI method to an algorithm for
a quantum computer is that the energy gap of the environment qubit must be chosen. One of
our main results is that this gap can be chosen randomly from a completely uniform distribution
and the algorithm will still converge to the thermal state, albeit at the cost of an increased
simulation time and more interactions needed. This allows us to overcome the main difficulty
with RI models and show that RI techniques can be extended to arbitrary systems, making it

a plausible theory for thermalizing processes in nature.

1.1 Existing Quantum Algorithms

In this section we introduce the two main problems we will address in this thesis, time-
independent Hamiltonian simulation and thermal state preparation. As these are two historically
important problems in quantum computing, there is an incredibly large body of research on these
topics. As such, we do not attempt to provide a completely thorough review of every existing
technique or application. We will focus on the main algorithms discussed in the literature and

present their relative advantages at a high level.

1.1.1 Hamiltonian Simulation

Hamiltonian simulation is a BQP-Complete problem, meaning that any polynomial time quantum
algorithm, polynomial with respect to the number of qubits on the quantum computer, can be
converted in polynomial time to an instance of Hamiltonian simulation. Hamiltonian simulation
is typically defined by assuming access to a primitive gate set for universal quantum computing,
a standard is {H,S,CNOT, Z,T'}, where H is the Hadamard gate H = \%(i 711)’ Z the Pauli
Z operator, S =+/Z, T =+/S, and CNOT the controlled Pauli X operator CNOT(a|0) +
BI11)) ) = al0)|¢) + B|1)(X|¢)). The single qubit gates H,Z, S, and T can be used to build
arbitrary single qubit unitaries via Euler Angle rotaions U = €1 Ry () Rz (¢3)Rx (¢,), which
when combined with CNOT allow us to build any arbitrary multiqubit unitary. There are other

gate sets that can be used but the ones given above are the most common.

The goal of Hamiltonian simulation is to take a Hamiltonian H, typically specified in one of

3 common input formats we will discuss later, along with a real time parameter ¢ and a nonzero
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error threshold ¢, and convert e*#? into a sequence of primitive gates. Sometimes an initial state
|1) can be specified, but as Hamiltonian simulation is widely used as a subroutine we typically

bound the approximation error in a state-independent way.

We then would like to solve the Schrédinger equation for all inputs |¢), which is given as

Oy(t)) = iH (1)[4(2)), (1.2)
and in this thesis we differ from the typical sign convention by using +i as opposed to —i. We
will be concerned with the time-independent problem, in which H(¢t) = H for all ¢, which is
a simpler subset of the more generic time-dependent problem. In this scenario the solution is
given by |9(t)) = U(t)[%(0)) == eH¢|1)(0)). Our error threshold typically enters as a bound on

the spectral norm of our implementation U
1T () —U(t)]| <e (1.3)

We will also make use of bounds on the diamond distance between the ideal time evolution

channel 2 (t) = U(t)pU(t)" and implementations 2 (t) = U(t)pU(t)! as

|z —u)|| o =, max, & ®1(p;t) — U @ 1(p; t)||1 <e, (1.4)

where the operator p acts on a Hilbert space H ® H» such that dim(H,) > dim(H') and the

second norm is the trace norm.

The earliest algorithm to solve this problem was given by Lloyd [4] in 1996. This method
proposed using a class of algorithms known as Trotter-Suzuki formulas or commonly as Trotter
formulas, which are a class of algorithms known broadly today as product formulas. The charac-
teristic of product formulas is that they decompose the overall time evolution into products of
iH,t’

evolutions of the individual terms e . The most common input model with product formulas

is to express the Hamiltonian as a sum of Pauli operators H = ZiLzl h;P, which has a few
advantages. First, it is a natural target for the compilation of fermionic systems due to the
encoding of fermionic creation and annihilation operators into Paulis via the Jordan-Wigner or
Bravyi-Kitaev encodings [44—46]. If an n qubit Hamiltonian is known to be k-local, meaning each
Pauli acts nontrivially on at most k qubits, then we can upper bound the number of terms by
4’“(2) = O(4kn’~c ), which is polynomial in n. Lastly, Pauli operators can be easily exponentiated,

see Figure 4.19 of Nielsen and Chuang [47]. The extra ancilla qubit used in Figure 4.19 can

be eliminated fairly easily, making product formulas a memory optimal construction. This is in
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1
contrast to their time complexity, which in the worst case is suboptimal at O<5pt . (ﬁ) ”) for a

p order Trotter formula.

One of the main difficulties when assessing the viability of Trotter formulas is the difficulty
of error analysis. For most of their existence it was observed that product formulas can have
empirical error estimates that are orders of magnitude below naive bounds [48]. Recently,
improvements in error analysis that include the commutator structure of the Hamiltonian [49]
have significantly lowered these analytic upper bounds, making product formulas state-of-the-
art for certain lattice systems. It is a major research effort to further reduce the error bounds to
improve the performance of product formulas, with efforts involving product formula correctors
[50], entanglement analysis [51], randomization [52-54], partial randomization [23,55,56], fixed
input subspaces [57], concentration bounds [58], randomly permuting terms [59], randomly
sparsifying the Hamiltonian [60], time-step bucketing [61], and time-step interpolation [62—64].

There are two other main input models used, one in which H is provided as a sparse matrix
[65] and the entries can be queried via an oracle and the other in which the matrix H is encoded
as a block of a unitary matrix on a larger Hilbert space [66]. The sparse matrix model was
crucial in initial walk based simulation algorithms [67]. However, this model was generalized
to the Linear Combinations of Unitaries (LCU) model, in which H = Zf:  hiU; and each U
is unitary. This clearly includes a Pauli decomposition but allows for more general unitaries.
The LCU model is crucial to block-encode a Hamiltonian, the resource primitive used in QSP
algorithms [12,13].

Block-encodings are used in a variety of quantum simulation algorithms, the most prominent

being QSP [13], Quantum Singular Value Transformations (QSVT) [68], and qubitization [66].

Although these algorithms achieve asymptotically optimal depths of O()\t + lolgoi i%), where
A is a normalization paramater called the block-encoding constant that can be thought of as
an upper bound on the spectral norm |H|, the cost of simulation coming from the block-
encoding constant A can be quite large. Current efforts to reduce A for quantum chemistry and
condensed matter problems is an active area of research. Some of the state-of-the-art techniques

include Tensor HyperContraction (THC) [69], Double Factorization (DF) [70], and spectral

amplification [71,72].
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The relative advantages of product formulas compared to modern QSP-like algorithms is
an active area of research. Determining which simulation method is advantageous is highly
dependent on the Hamiltonian structure and problem parameters. One of the main results in
Chapter 2 is that even comparing product formulas can be challenging, as different methods have
lower resource requirements based on the time ¢t and error €. Taking into account factors such as
commutator structures, interaction picture transformations [73], entanglement, and so on can
make the problem even more challenging. Exotic problems, such as high energy simulations, may
require fundamentally new algorithms altogether, such as the path integral simulation method
developed by Shum in [74]. A main topic of Chapter 2 is that splitting a Hamiltonian up into
pieces that suit different Hamiltonian simulation algorithms may offer researchers new ways to

take advantage of the wealth of techniques currently available.

1.1.2 Thermal State Preparation

Thermal state preparation in its most rigorous form is to create a channel ® that can output an e
approximation to the thermal state p(8) = %. The strongest form of approximation, the one

used in this thesis, is a trace distance bound of ||p(ﬂ) — <I>( ) || ) < g, and it is an open question

1
dim
if relaxing this requirement, for example by approximating thermal expectation values of 2-body
observables, can lead to more efficient algorithms. The Hamiltonian H is assumed to be given

in a computationally feasible form, such as one of the input models outlined above. Typically

the 8 = 0 (infinite temperature) input state or it’s purification are used as starting states.

Preparing arbitrary thermal states is computationally as demanding in the worst case scenario
as preparing ground states, this is because limg p(B) = tr(r;[—lll), where H>\1 is a projector
onto the lowest energy subspace of H. In this thesis we will number the eigenvectors of H as
|1) through |dim) and the eigenvalues A(1) < A(2) < ... < A(dim). As ground state preparation
is QUA-Hard [75,76], where QMA is the quantum computing analogue of the famous classical
complexity class NP, this means we do not expect algorithms that run in polynomial time,
polynomial with respect to the number of qubits. If one developed an algorithm for preparing
thermal states for arbitrary H and § in polynomial time there would be many complexity

theoretic implications, such as QMA = BQP or NP C BQP, each of which are widely believed to be

false by the computer science community.

We now turn to discussing the algorithms that have been developed to prepare thermal states.

The first algorithm to solve this problem on a quantum computer was developed by Poulin and
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Wocjan [77] and was based around using quantum phase estimation to work in the system’s
eigenbasis. By obtaining an entangled register of the eigenvector and eigenvalue [1);)|E;) one can
then perform a Pauli X rotation of an ancilla based on the contents of the energy register E,.
Using amplitude amplification on this ancilla then prepares the final state, which can be used to
estimate thermal observables. This algorithm is robust and fairly straightforward to implement.
The downsides are that it doubles the amount of qubits needed to represent the system and
takes at least time O( tr(gi,—rgf,), which scales with the dimension in the ground state limit.
This runtime is fairly rigid and there are not many avenues for special case analysis that may

lead to improvements.

Efforts to adopt the Metropolis-Hastings algorithm, a workhorse routine for Monte Carlo
techniques, began a little later. The first efforts by Temme [78] work by straightforwardly
implementing the Metropolis-Hastings algorithm, which we will not discuss here but can be
found in [15], and solving the problem of rejecting samples via Marriot-Watrous rewinding [79].
This technique is rather delicate, and as a result the proof of correctness of this algorithm
is typically seen as incomplete. Other methods have attempted to utilize techniques such as
Szegedy walks [80] but implicitly require infinite precision phase estimation, a computationally
unrealistic task. Recently these effects have been mitigated [81], but the resulting algorithm still

involves the use of phase estimation, a memory intensive operation.

The only way to avoid th general case difficulty of QMA-Hardness is to focus on specific systems,
commonly lattice systems as they are common in condensed matter and high energy physics. In
[82] the decay of correlations in a lattice Hamiltonian is taken advantage of to provide thermal
state preparation algorithms that scale sublinearly in the dimension of the Hilbert space. Similar
ideas have been extended in the Quantum Imaginary Time Evolution (QITE) algorithm [83],
which approximates imaginary time evolution, or application of the operator oc e ## | with local
unitary operators. These algorithms fundamentally rely on notions of locality and therefore do

not work for arbitrary systems.

Other techniques tend to be less inspired by phyics and more with traditional computer
science techniques. For example, variational approaches [84] have strong inspirations from
optimization algorithms. With the development of modern quantum algorithmic primitives, such
as block-encodings, Quantum Signal Processing [13], Linear Combinations of Unitaries (LCU)

[85], and Quantum Singular Value Transformations (QSVT) [68], came along their application
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to thermal state preparation [68,86]. As the naive application of QSVT-like techniques to
implement e ## tend to have circuit depths scaling as O(eﬁ), due to amplitude amplification

costs, these techniques are typically used as subroutines in other algorithms.

The last class of algorithms we discuss are inspired by dissipation with an environment. The
most straightforward of these algorithms is the Dissipative Quantum Eigensolver [87], which
prepares ground states via weak measurements. This algorithm is a stopped process, meaning
it’s runtime is a random variable and must be analyzed in expectation. This algorithm relies
on weak measurements and as a result can be implemented with a single ancilla qubit, making
it memory optimal. Extensions [88] later showed how to tweak these weak measurements to

prepare finite 8 Gibbs states.

The largest group of the dissipative algorithms are those based on simulating Lindbladian
operators [89-91]. The first of these algorithms was inspired by the Davies generators [25]
for open quantum sytems, which weakly couples a system to a infinite thermal bath. These
algorithms construct a Lindbladian that can be shown to satisfy fixed point conditions, typically
the Kubo-Martin-Schwinger (KMS) conditions [92,93], that lead to the thermal state of the
system being fixed. The runtime of the algorithm then depends on bounding a quantity known
as the “mixing time”, which for a Liovillian £ that acts on an input density operator p can
be defined as the smallest ¢t such that ||p(8) — ew(p)H1 < 1]p(8) — pl;. Bounding this mixing
time is an active area of research [94-96]. One last difficulty for quantum algorithms developers
in utilizing Liouvillian based approaches is constructing unitary operators that can be run on
quantum computers that then replicate the action of the Liouvillian. There currently exist a
variety of Liouvillian solvers [41,91,97] but each introduces a nontrivial overhead, making an

end-to-end analysis difficult.

The closest algorithm for thermal state preparation to those that we present in this thesis
is a repeated interaction algorithm by Shtanko and Movassagh [43]. This algorithm works by
preparing many qubits in a thermal state for randomly chosen gaps and then interacting these
qubits via k-local Pauli operator, where k-local means that a Pauli operator is not the identity on
at most k qubits (e.g. X; ® Z, ® 1 ® 1 is 2-local). By simulating the time evolution of the system,
along with these interactions, for a randomly chosen time and coupling constant, they are able to
show rapid convergence to the thermal state for ETH satisfying Hamiltonians. Their algorithm

for generic Hamiltonians does not work for all error tolerances and inverse temperatures . In
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[43] they mention that algorithms working for arbitrarily high 8 (low temperatures) and generic

Hamiltonians was an open problem at their time of writing, which we have resolved.

1.2 Organization of the thesis

This thesis is based on the following papers

o [55] - Hagan and N. Wiebe, Composite quantum simulations, Quantum 7, 1181 (2023),

o [23] - M. Pocrnic, M. Hagan, J. Carrasquilla, D. Segal, and N. Wiebe, Composite QDrift
product formulas for quantum and classical simulations in real and imaginary time, Physical
Review Research 6, 13224 (2024),

o [98] - M. Hagan and N. Wiebe, The Thermodynamic Cost of Ignorance: Thermal State
Preparation with One Ancilla Qubit, Arxiv Preprint Arxiv:2502.03410 (2025) (under journal
review).

In Chapter 2 we present the main results from [55] and [23] on Hamiltonian Simulation. This

chapter introduces two existing product formulas, Trotter formulas (sometimes called Trotter-

Suzuki formulas) which are deterministic product formulas and QDrift, which is a randomized

product formula. We then extend this to a composite scenario, introduced in [55], where both

Trotter and QDrift are used to build a partially randomized product formula. In Section 2.3

we present the composition of a first order Trotter formula with a QDrift channel utilizing a

first order decomposition into the two channels. In Section 2.4 we extend these results to higher

order product formulas. We then present numerics in Section 2.5 from the extension of these
ideas to imaginary time evolution by Pocrnic et al. in [23]. These empirical results confirm that
the cost savings predicted theoretically can be realized in practice, even for small systems that

can be simulated classically.

We then utilize these results in Chapter 3 to realize our thermal state preparation algorithm.
We first develop a weak-coupling expansion of our thermalizing channel in Section 3.2. One
of the central tools we develop in this section is a reduction of our quantum dynamics to
a classical Markov chain. This allows us to compute fixed points and determine how many
applications of the quantum channel are necessary to reach a given trace distance € from the
fixed point. In Section 3.3 we apply these techniques to two specific systems: a two-level or
qubit system and a more general truncated harmonic oscillator. We keep these two systems

separate as they tend to be of independent interest to researchers and our presentation avoids
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the more complicated environment gap averaging necessary for arbitrary systems. In Section 3.4
we provide thermalization results for arbitrary systems in two scenarios: one in which eigenvalue
differences are known exactly and the other in which only a bound on the spectral norm ||H|

is known.



Chapter 2

Composite Simulations

There are a plethora of algorithm options for compiling a unitary evolution operator U(t) =
el=Ht} to circuit gates [59,65,66,73,99-102]. Some of the simplest such algorithms are product
formulas in which each term in a Hamiltonian H =}_ h;H; is implemented separately, for

. A4t spt\T
i(A+B)t (ezA;ezB;) ]

example if H = A+ B then a simple decomposition could be e =lim,_,
A product formula is a particular sequence of gates e that approximates the overall
operator U(t). Two of the most well known product formula include Trotter-Suzuki Formulas
[49,59,99,103] and the QDrift protocol in which terms are sampled randomly [102,104]. These

two approaches are perhaps the most popular ancilla-free simulation methods yet discovered.

One of the main drawbacks of Trotter-Suzuki formulas is that each term in the Hamiltonian
has to be included in the product formula, regardless of the magnitude of the term. This leads
to a circuit with a depth that scales at least linearly with the number of terms in H, typically
denoted L. QDrift avoids this by randomly choosing which term to implement next in the
product formula according to an importance sampling scheme in which higher weight terms have
larger probabilities. The downside to QDrift is that it has the same asymptotic scaling with ﬁ
as a first-order Trotter formula, meaning it is outperformed at large ﬁ by even a second-order
Trotter formula.

The main results of this chapter are focused on the idea of partitioning a Hamiltonian up into
two parts and simulating one part with QDrift and the other with Trotter. We provide upper
bounds on the error, and therefore the gate cost for a simulation, associated with a composite

channel for a given partitioning using first-order Trotter formulas in Theorem 2.6 and higher-

15
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order formulas in Theorem 2.10. We then give analytic conditions on when the simulation cost
of the composite approach can outperform either of its constituent methods in Theorem 2.11
and provide a partitioning for Hamiltonians that have an exponential decay in the spectral norm
of each term in Theorem 2.12. Lastly, we provide significant numeric evidence in Section 2.5

that these techniques can lead to improvements for chemical benchmark systems.

2.1 Related Work

The development of these composite techniques was motivated from two ideas, one was to
extend randomized compilers to include conditional probabilities and the other was to formalize
the process in chemistry simulations of dropping small weight terms or shuffling terms around
different time steps [105]. We were unable to completely formalize the notion of conditional
samples for a QDrift randomized compiler, but these techniques can be seen as a specific
distribution in which a certain subset of terms can only be sampled once all of the deterministic
terms have been processed. The latter concept of shuffling terms was first developed with the
idea of “coalescing” terms into “buckets” by Wecker et al. [105] and further explored by Poulin et
al. [61]. They showed that grouping terms of similar sizes together to be skipped during certain
Trotter steps led to negligible increases in error and reduced gate counts by about a factor of

10. Similar improvements are also seen in the randomized setting of [106].

More recently, simulation approaches have sought to use the advantages of randomized
compilation as a subset of an overall simulation, such as the hybridized scheme for interaction
picture simulations [107]. What separates these two works is that our approach offers a more
flexible approach for generic time-independent simulation problems whereas the hybridized
schemes are specifically tailored to taking advantage of the time dependence introduced by
moving to an interaction picture. As such, the hybridized approach achieves asymptotic advan-
tages when the size of the interaction picture term dominates the overall Hamiltonian. This
typically occurs in instances in which the size of an operator is unbounded, which can occur in
lattice field theory simulations or constrained systems. The way the hybridized scheme in [107]

¢

works is via a “vertical” stacking of simulation channels, for example one channel to handle
the Interaction Picture rotations and then other channels on top of this to simulate the time-
dependence it generates on the remaining Hamiltonian terms. Our work instead remains in

the Schrodinger time evolution picture and we perform a “horizontal” stacking of simulation
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techniques. By horizontal we mean for a given simulation time we split the Hamiltonian up into
(potentially) disjoint partitions and simulate each partition for the full simulation time but with
different techniques, such as Trotter or QDrift. These techniques allow us to achieve asymptotic

improvements over either method for a loose set of assumptions.

There are two other simulation techniques that have been proposed recently that have a
similar interpolation behavior between QDrift and Trotter channels. The first of these methods
is the SparSto, or Stochastic Sparsification, technique by Ouyang, White, and Campbell [60].
The SparSto procedure randomly sparsifies the Hamiltonian and performs a randomly ordered
first-order Trotter formula on the sampled Hamiltonian. They construct these probabilities such
that the expected Hamiltonian is equal to the Hamiltonian being simulated. They then fix the

iHit" and give diamond distance bounds on the

expected number of oracle queries of the form e
resulting channel error. The claim for interpolation between Trotter and QDrift is that one can
fix the expected number of gates to be 1 for each time step, in which case the sparsification
mimics QDrift, whereas if no sparsification is performed then the channel is simply implementing
Trotter. They show that this allows for one to have reduced simulation error up to an order
of magnitude on numerically studied systems as compared to Trotter or QDrift. One downside
to these techniques is that the number of gates applied is a random variable, so making gate
cost comparisons is rather difficult especially considering that no tail bounds on high gate cost
sampled channels are provided. In [60] they prefer to fix the expected gate cost and analyze the

resulting diamond norm error. In contrast, our procedures directly implement both QDrift and

Trotter channels and have a fixed, deterministic gate cost.

The second method of note with both QDrift and Trotter behavior is that of Jin and Li
[53]. They develop an analysis of the variance of a unitary consisting of a first-order Trotter
sequence followed by a QDrift channel. They focus on bounding the Mean Squared Error (MSE)
of the resulting channel and use a simple partition of the Hamiltonian terms based on spectral
norm. Their partitioning scheme places all terms below some cutoff into the first-order Trotter
sequence and all terms above the cutoff into the QDrift channel. Their main results show an
interpolation of the MSE between 0 when the partitioning matches a solely Trotter channel and
matching upper bounds for QDrift when all terms are randomly sampled. This work goes beyond
the results from Jin and Li by providing an analysis of the diamond distance between an ideal

evolution and our implemented channel, which is more useful analytically than the MSE, as well
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as providing upper bounds on the number of gates needed in an implementation to meet this
diamond distance. In addition our work remains independent of specific partitioning schemes
as much as possible and instead places restrictions on which partitions achieve improvements.
In the interest of practicality we do show methods for partitioning that can be useful in both
the first-order and higher-order Trotter cases. Specifically for higher-order Trotter formulas we
give a probabilistic partitioning scheme that is easily computable and matches gate cost upper

bounds in the extreme limits as our probabilities saturate the QDrift and Trotter limits.

The rest of the paper is organized as follows. After reviewing known results and notation
in Section 2.2, we explore methods for creating Composite channels using First-Order Trotter
Formulas with QDrift in Section 2.3 as a warmup. This is broken down into three parts in
which we find the gate cost for an arbitrary partition, we then give a method for producing
a good partitioning, and then we analyze conditions in which a Composite channel can beat
either first-order Trotter or QDrift channels. In Section 2.4 we then extend this framework to
more general higher-order Trotter Formulas. This section mirrors the organization of the first-
order Trotter section, namely we find the cost of an arbitrary partition, we give a method
for producing a partition efficiently, and then we analyze when one could see improvements
over the constituent channels. Finally, in Section 2.6 we discuss extensions to this model that
allow a flexible interpolation between various types of product formulas that could be leveraged

numerically.

2.2 Preliminaries

In this section we will first introduce the necessary notation we will use and then state known
results about Trotter-Suzuki formulas and QDrift channels. We work exclusively with time-
independent Hamiltonians H in a 2™ dimensional Hilbert space . We also assume that H
consists of L terms H = Zfz | hiH; where h; represents the spectral norm of the term, H; is a
Hermitian operator on %, and |H,|| = 1. Note without loss of generality we can always assume
h; > 0, as we can always absorb the phase into the operator H; itself. We use |M]| to refer to
the spectral norm, or the magnitude of the largest singular value of M. We use A to refer to
the sum of h;, namely A = 3. h,;. We will also use subscripts on A, such as A4 to refer to sums
of subsets of the terms of H. For example, if H = 1H, + 2H, + 3H; and G = 1H, + 2H,, then
A=6and A\ =3.
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We use U(t) to refer to the unitary operator et and U(t) to refer to the channel p
U(t)pU(t)". We will be particularly concerned with simulations of subsets of the terms of H,
which we denote as follows. We typically work with a partition of H into two matrices H =
A+ B,and welet A=3" a;A; and B = Zj b;B;, where we have simply relabeled the relevant
h; and H; into a’s, b’s, A’s, and B’s. This allows us to define the exact unitary time evolution
it

operators Uy = and channels U ) = Uy pUj‘(t), similarly defined for B.

Although much of the literature for Trotter-Suzuki formulas is written in terms of unitary

Ht

operators U = e*H! acting on state vectors |¢) for our purposes it will prove most natural to

consider a product formula as a channel U = e*tpe~"t acting on a density matrix p. After
reviewing known results on unitary constructions of Trotter-Suzuki formulas we give a straight-

forward extension of these bounds to channels.

2.2.1 Product Formulas

We now show how to implement basic product formulas, namely Trotter-Suzuki or just Trotter
formulas as well as QDrift, assuming access to arbitrary single qubit unitaries and controlled
NOT gates. Then we will define the Trotter-Suzuki construction and give heuristic evidence
for the first order scaling. We avoid giving a rigorous proof and instead refer the reader to
the canonical paper by Childs et. al [49]. Lastly, we will present the construction of QDrift by

Campbell [102], providing a heuristic proof of correctness.
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Definition 2.1 (Trotter-Suzuki Formulae): Given a Hamiltonian H, let S (t) denote the

first-order Trotter-Suzuki time evolution operator and 8V the corresponding channel as
L
S(l)(t) = ethL Hpt | gihaHyt HeihiHit,
i=1

This first order formula serves as the base case for the recursively defined higher-order

formulas

S@) (1) := et Hi(3)  etheHi(3)eiht Hil3)  eihiHi(z) = () (¢/2) . SO (—¢/2)1

SR (1) 1= S () - S () - S (1 — du)t) - S22 () - S22 (uyt)

8@ (p;t) := SER)(¢) . p . S2R) (p)T (2.6)
where uy, = ———. In addition we define Y} := 2 - 51 as the number of “stages” in the
4—42k-1

higher-order product formula, although we will typically just write T when the order is

apparent.

Despite their simplicity, Trotter-Suzuki formulas are fiendishly difficult to analyze. For decades
the only error analysis that existed was worst-case analysis that often drastically overestimated
the actual error. It was known that the first order expression depended on the commutator
structure among the terms, but this was not generalized until 2021 in [49], 25 years after Lloyd’s
original work [4]. We will follow [49] and denote the expression that captures this commutator

scaling as « and sometimes when space is needed this may be abbreviated to o when the

comm >’

context is clear, which we define as

aCOHHH(H’ Qk) = Z (H h%) | [H'72k+1’ [H%k’ [’ [H’Yz’ H’Yl] ]” Hoo (27)
7:€{1,...L}
We will also make heavy use of the restriction of a,,, to subsets of the total Hamiltonian H.

For example, if H = A + B then we define the commutator structure over A as

Oécomm(A,Qk‘) = Z (H a’Yi) HA’Y2k+1’ [A’Y%’ [’ [A’YQ’A’Yl] ”] H : (28)

o0
vi€{1,....,L 4}

This then allows us to decompose the total commutator structure into 3 pieces: commutators
that contain only terms from A, commutators that contain only terms from B, and commutators

that contain at least one term from both A and B
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Coomm (H, 2k) = Qoo (4, 2K) + Qoo (B, 2k) + Qoo ({4, B}, 2K). (2.9)

We also note the following bounds that will be used later. We can ignore the commutator

structure and use the triangle inequality to get

ac(H,2k) = Z (H h%) H:H'YQkJrl’ [H“m’ [’ [H%’H%]‘””] ”

'Yie{l """ L}
2k
< Z (Hh’)’z)Q ||H’72k+1 |H’Y2k ’”H’Yl
vi€{1,...L}
2k+1
Y
i=1 ~;€{1,...,L}
— 22th”2k+1‘ (2.10)
Similar arguments show the following
ac(A,2k) < 22| |*F+ (2.11)
2k
l 2k+1-1 2k+1
ac({A, B}, 2K) < 23 Jhy | s < 22¥ |, (2.12)

=1
This allows us to give the error associated with a a Trotter-Suzuki formula in the following

theorem.
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Theorem 2.2 (Trotter-Suzuki [49]): Let S®*) be the Trotter-Suzuki unitary as given in
Definition 2.1 for the Hamiltonian H = ZiLzl h;H;. Then the spectral norm of the difference
between the Trotter-Suzuki formulas S (t/r) and S@*)(t/r) and the ideal evolution U(t/r)
s given by

|Utt/r) - sDe/m)| <

2_7,2 acomm(

H,1),

”U(t/'r) — S(2k) (t/T‘) || < (Tt>2k+1

L — (2.13)
oo — T2k+1(k+ 1/2) acomm<H7 2k)

The associated operator exponential cost can be computed via standard time-slicing argu-

ments as
Cir (H,te) = L s > |I1H;, Hjl||
Trot ’ Y % — 17ty

(2k) e | ()T (H, 2k)"/2* 2.14
C1Tr0t (Ha t, 8) - TL[ 51/2k 4acomm 2k +1 ( )

The complete proof of the above theorem is very nontrivial and beyond the scope of this thesis.
See [49] for complete details, the proof of the higher order bounds can be found in Appendix
E of [49] and the first order expression is found in Proposition 9 of Section V. We can convert
these spectral norm bounds into a bound on the diamond distance of the corresponding channels

using standard norm inequalities
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|u(t) — 8@ ()| (U(t) — 820) ®1|,

o =

= [ @ 1)p(e 1 £1) — (S @ 1)p(5 ©1)'
p:leli<

< max (e @1)p(e M @1) - (SEV @ 1)p(e7 M @ 1)
pilol <1 1

+ max [(S®H @ 1)p(e M @1) — (S®H @ 1)p(SH @1)' |

pilpli <1 1

_ iHt _ Q(2k) . —iHt _ Q((2k))T
e (e = SEN @1 gl + e [lo(e — 5@ ) @]

—2 max [|(eH - 5) @1,

pilelli<1
< 2|t =SR] max ol
ol <
— 2|t — G(2k) ”oo (2.15)

2.2.2 Randomized Product Formulas

We now introduce QDrift [102], one of the first randomized compilers for quantum simulation.
The main idea of QDrift is that instead of iterating through each term in the Hamiltonian to
construct a product formula, or even a random ordering of terms as in [59], each exponential is
chosen randomly from the list of terms in H. Each term is selected with probability proportional
to it’s spectral weight, the probability of choosing H; is % =: HhTiH’ and then simulated for a
time 7 = |h|¢t. This is the protocol for a single sample. As we will denote the portion of the

Hamiltonian that we simulate with QDrift in later sections as B we let Ng denote the number

of samples used.

Definition 2.3 (QDrift Channel): Let N denote the number of samples, |h| = 2%  h

i=1""%

and T := % The QDrift channel for a single sample is given as

L
hi im, —iH,
0(p;t,1) ::Zme Hlhlt .y . o=iHlhlt (2.16)
=1

and the QDrift channel for Ng samples is

O(t, Ng) := O(t/Ng, 1) Ve, (2.17)

Now that the channel defined we can use one of the main results of [102].
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Theorem 2.4 (QDrift Cost): Given a Hamiltonian H, time t, and error bound € <

4t%|h|?
g

[h|ltIn(2)/2, the ideal time evolution channel U(t) can be approximated using Ng =

samples of a QDrift channel. This approximation is given by the diamond distance

4 2 2
o) - ot N1, < E (218)
B

The number of operator exponentials Ng is then given as

4t%| h|?

2.3 First Order Composite Channels

We now turn towards combining the two product formulas given in Section 2.2 in a Composite
channel. We first will assume that the Hamiltonian has already been partitioned into two
pieces H = A+ B, where A will be simulated with a first order Trotter formula and B with
QDrift. Given a fixed partitioning allows for us to compute the diamond distance error in the
resulting channel, which then allows us to bound the number of operator exponentials needed to
implement the channel. The resulting cost function will then be parametrized by the partitioning,
which we can then use to determine an optimal partitioning algorithm. Finally, we give a specific
instance in which a Composite channel can offer asymptotic improvements in query complexity

over either a purely Trotter or QDrift channel.

2.3.1 Query Complexity
To analyze the error of our Composite channel we need to first reduce the overall time evolution

channel p - et petiHt

into the simpler pieces that we can analyze with our Trotter and
QDrift results. Assuming a partitioning H = A 4+ B, where A consists of terms that we would
like to simulate with Trotter and B has the terms we would like to sample from with QDrift. We

now introduce the “outer-loop” error E{ A,B) induced by this partitioning, which is as follows

iHt e+th _ eszteszt

E(4 () = e Hip e tiAt o +iBt (2.20)

P

We use the phrase “outer-loop” as this decomposition is done before any simulation channels

are implemented. This gives the first order Composite channel € as
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CD(t) i= Qp(t, Np) o W (1). (2.21)
We will first bound the error of this approximation to the ideal evolution. This error bound will

then allow us to bound the number of exponentials needed to approximate the ideal dynamics.

Lemma 2.5 (First-Order Composite Error): Given a Hamiltonian H partitioned into
a first order Trotter term A and QDrift term B such that H = A+ B, the first order

Composite Channel €V has an error of at most

() — eme) <t2<ZazaJ||[Al,A I+ A,,B]||+4”h3”> (2:22)

Proof: We will first use an outer-loop decomposition to get the error associated by our parti-

tioning, note we temporarily supress arguments of (¢) for clarity,
||U—6’<1)||<> =||U —Ugoly +UgolUy—CY
SN —Upollyl + [[Upoty -V . (2.23)
We then can bound the leftmost term using the error decomposition

et o Ul <200 —Up- Ul < 3 it | [4: B (2:24)

And the rightmost term can be bounded using the subadditivity of the diamond distance

”UB olly — @(1)”0 = HUB olly —9pe ‘SA)H
< s — Ol + 1La =84
4||hB”t tzz ajas]| [4,. 4] _. (2.25)

Substituting Equation (2.24) and Equation (2.25) into Equation (2.23) yields the statement. O

Now that we have an upper bound on first order error for an arbitrary ¢ we can leverage this
into a bound on the number of operator exponentials to reach arbitrary error € using standard
time-slicing arguments. By letting ¢ — t/r and then repeating our Composite channel r times
we can control the accumulated error from each step. One of the beautiful features of product

formulas is that this time-slicing leads to an overall reduction in the error, or in other words
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lim (eiAfeiBg)’“ — ¢i(A+B)t (2.26)
™00

The following theorem utilizes a quantitative variant of the above, along with the error bounds

we just proved, to provide the first order Composite cost Theorem.

Theorem 2.6 (First-Order Composite Cost): Given a time t, error bound e, and a

partitioned Hamiltonian H = A + B, the first order Composite Channel €V approzimates

the ideal time evolution operator ||U(t) — €M (t/r)"

Gl = (L + Np) [’% (Zaiaj” [4;, 4] ||+Z||[AwB ||+4HhBH )1 (2.27)

operator exponential queries.

o < € using no more than

Proof: We first will use the fact that since H commutes with itself the time evolution operator
can be decomposed into r steps as U(t) = U(t/r)°". Then we can use the sub-additivity of the

diamond norm with respect to channel composition to get the bound

|2 (t) —eW(t/r)

o = lutsrym—emam|

<rlu/my—eDm| . (228)

Now we utilize Lemma 2.5 to upper bound the single step error

( )(Za’%”[A“A |+Z||[AZ7B ||+4”hBII ) (2.29)

In order for the above to be upper bounded by € we require

( )(Zaz%H[Az,A ||+Z|| A“B]||+4”hB” ) (2.30)

and since increasing r only increases the number of operator exponentials used we simply set r

|2t —e®e/r)r||

to be the ceiling of the right hand side. This then yields the theorem as we have r applications of
€M and each application uses L 4 operator exponentials for the Trotter channel and Nz samples

of the QDrift channel. O

2.3.2 First-Order Parameter Settings

Our next task will be to determine “parameter settings” that optimize this gate cost, namely
the partitioning A + B and setting the number of QDrift samples Ng. To do this it will prove

useful to have a continuous, non-integer variant of the gate cost expression which we define as
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4| h
Gl = (La + Np) (Z%H[ANAHHZII 4.8 + 4 B“) (231)

This is the same as Cc((ljznp but without the ceiling operation [-]. Although a user could use any
value of Nz they want, such as always setting Ng = 1, we provide the following setting for Nz

that is optimal with respect to the continuous variant of the gate cost.

Lemma 2.7: Let C((Jo)mp denote the continuous relaxtion to the cost of a first-order

Composite channel with a given partitioning H = A+ B. The optimal assignment of the

number of QDrift samples Ng with respect to C’élo)mp is given by

N, Ahsly/Ta | 2.3
Sl lsall+ 5, an (4. 8]])

This assignment is not valid if both [A;, Aj] =0 for all A;, A; and [4;, Bj] =0 for all A,

and Bj.

Proof: We first compute the derivative of C’ét)mp with respect to Ny as

aO'Comp

45’ Ly ||L
aNg Z%||[ANA]||+Z%II (4 Bl | = =37 (2.33)

Setting this equal to 0 and solving for Ny yields Equation (2.32). We then compute the second

derivative as

~(1) 2
82C’Comp _ 4t2"hB" LA (2.34)

aNZ eNE

which is always positive and therefore indicates that the optima found is a minimal cost with

respect to Np. O

There is still one remaining problem with the first-order Composite channel that we must
address before we can compare it to existing product formulas: partitioning. Up until now we
have assumed that a partitioning was given, but this is not a realistic assumption to make. There
are many heuristics that one could, and most likely should, take advantage of when implementing
an actual channel. For example, in a chemistry simulation one can put the nuclei-electron
interactions, which are typically stronger than the electron-electron interactions, into Trotter

and use a spectral norm cutoff to determine the remainder. On could construct a Hubbard like
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model on a grid but with long-range interactions, treating the “tunneling” kinetic term and
nearest neighbor interactions with Trotter and then sampling the long-range interactions with
QDrift. These kinds of heuristics will most likely be important in reducing simulation costs but

will ultimately be application dependent.

We would like to provide a general purpose algorithm, one that works for any Hamiltonian
and matches our intuition that the above heuristics capture. The algorithm we propose is a
gradient based scheme that is based on a weighting of the Hamiltonian terms H;. This weighting
is based on the following trick, for every term H; we introduce a parameter w, that accounts

for the weight of H, in the Trotter partition. Then our Hamiltonian can be written as
H= ZhH thH+(1— VR Hp) = thH+Z1— (2.35)

Then our partitioning is just A =3 w;h;H; and B =} (1 —w;)h;H;. We also would like to
keep our interpretation of w;h; and (1 — w;)h, as spectral norms of the respective term in A and
B, so we restrict w; € [0,1]. In this sense the weights could be thought of as probabilities, but
we will not make use of any expectations or other probabilistic notions here so they should just
be thought of as weight parameters. We will make use of a probabilistic variant of this scheme

in Section 2.4.

Once an initial weighting of each term is chosen, say w; =1 for the term with the largest

spectral norm h,,, and w; =0 for every other term or maybe w; = % for all i, we propose a

ax

greedy algorithm for computing a new set of weights w,”. This greedy algorithm is based on the

following gradient calculation of the weighted first order Composite channel cost

aCo)., 3. (1—w)h
Bimp = (Ln+ Np)— (h > hsl [H, Hy || - . : (2.36)

This gradient could be used in gradient descent, once the derivatives for all w,,, are computed

and put into a vector one could update the parameters with w,” = w, — nvwéé{]mp,

where 7 is
some learning rate.

Although this gradient descent based algorithm would be relatively easy to compute and
implement in practice, it does not take advantage of the fact that our gradients are not only
analytic, but linear with respect to a single parameter w,,,. This means that if we only update
a single weight parameter at a time we can find an optimal assignment of w,, with respect to

the partial derivative given above. Setting the derivative equal to 0 and solving for w,, yields
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~(1)
OC Gomp hy (|[H;, Hy]

Z Comp _ r—1— S (s Pl Y (2.37)
=0 = =15 hm( Ml wz))

Once w,,” is determined then we can move on to w,, ;" until all parameters have been updated,
at which point we can repeat until the parameters do not change. We unfortunately cannot
provide more analysis, such as how many iterations this process will take, due to the coupling

of the parameters.

Although our expression does not give exact partitionings that can be calculated in one go,
our greedy algorithm based on Equation (2.37) does capture two key pieces of intuition that we
suspect good partitions will have. The first is that if a term H,,, commutes with every other term
(Vi +#m [H,, H,,] = 0) then we have that w,,” =1+ Zi#m %:”1) > 1, so we then restrict the
update to w,,” = 1. This implies that H,, is completely placed into the Trotter partition, as
we would expect. The other piece of intuition is that smaller terms are pushed more towards
the QDrift side of the partitioning. This can be seen from Equation (2.37) while considering
the limit as h,, — 0. If we assume that |[H;, H,,]| > (1 —w,;) on average, then the expression
becomes w,, — —oo in this limit, which we stop at 0. In total, this indicates that large terms

that do not commute with small terms with most of their weight in the Trotter partition tend

to push the weight of small terms more towards QDrift.

2.3.3 Comparison with Trotter and QDrift

Now that we have analyzed the cost and given a partitioning scheme for the first order Composite
channel, we would like to know under what conditions this Composite channel can lead to
comparable errors with lower gate cost. Instead of aiming to show that a Composite channel will
outperform either first-order Trotter or QDrift for arbitrary Hamiltonians, we instead illustrate
a concrete setting in which we achieve guaranteed asymptotic improvements. In later sections
we are able to show more generic conditions in which asymptotic improvements can be obtained
for higher-order formulas.

To start, let H be a Hamiltonian that has a partitioning into A and B such that the following
conditions hold.
1. The number of non-zero commutators between terms in A scales with the square root of L 4.

Mathematically,

{G,9) « ||[As, Aj] || # 0} = N2 € o(Ly). (2.38)
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2. The strength of the B terms, [hg| = >__b;, is asymtotically less than the maximum commu-

tator norm divided by the number of terms in A

maXNn22
I < Sz, (2:39)
A

where a,,. = max; a;.
3. The number of terms in the A partition is vanishingly small compared to the total number
of terms: L4 € o(L).

Next, we can use the optimal Np value from Lemma 2.7 and Equation (2.39) to show that

1 N
Nzt € O —/N2a2, + Ly, [hp] | = Of —2etmax ). (2.40)
1h5] ksl

Similarly we have Ng € O("’;L VLA). Thus, Theorem 2.6 gives us the asymptotic number of

N,

‘max - ‘'nz

operator exponentials as

. sl WA> ( |7 5| N,
C’Com € O maer?z + LAamax”h‘B” + = max
P ( ( a’maanz \ LA

2L
c o(t “(a mafoz>)

( LAamaX). (2.41)

The lowest order Trotter formula for this simulation has the following asymptotic operator

exponential cost, as given in

C'Trot € O( (LNI?Z I%lax)) ( LLAamaX> Q W(Céiinp) (242)

For QDrift we can use Theorem 2.4 to compute

t2
CQD €0 ;(LAa’max + ”h’B”)2)

2 2
cof? LAamaX(1+<N ) ))
€ Ly

=¥0) tzLAamaX)

9

w(C“) ) (2.43)

Comp
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This shows that the Composite channel has asymptotically better cost over the methods it
composes, i.e. Cétl))mp € o(min (C’T(i())t, CQD>>.

Although this example may be a little contrived, it does show in a completely rigorous
manner that there do exist scenarios in which even first order Composite techniques could
provide significant constant factor improvements. This provides strong evidence that more
detailed research is needed to understand when Composite techniques can provide advantages.
We provide further numeric evidence comparing Composite techniques to Trotter and QDrift

for some small systems in Section 2.5.

2.4 Higher Order Composite Channels

We now move on from first-order Trotter formulas to arbitrary higher-order Trotter formulas.
To analyze this case there are a few distinct differences with the first-order channels. The first
is that we now have a choice for what order formula we would like to use for the outer-loop
decomposition. Previously, for the first-order decomposition we used Uz o U 4, but it will prove
useful in our analysis to match the outer-loop order with the inner-loop Trotter order. For
example, a second order outer-loop decomposition would look like U, (t/2) o Ug(t) o U4 (t/2),
where we combined the two innermost U z(¢/2) for compactness. The next difference is that the
time scaling between QDrift, Trotter, and the outer-loop errors could all be of different orders
in % which leads to a non-analytically solvable polynomial in . The last issue that we address is
that the commutator structure is no longer quadratic with respect to the Hamiltonian spectral
norms, so we cannot follow the term weighting partitioning scheme from the first-order case.
We will follow the same organizational structure as the first-order case and first set up our
definitions and bound the diamond distance error, then compute the number of e*it queries,
followed by developing a partitioning scheme, and finally discuss the cost comparisons between
our Composite channel and its constituents.

2.4.1 Query Complexity

In order to determine the number of queries needed for a Composite channel to approximate
U we first need to bound the diamond distance error for a single iteration. We will then use
time-slicing arguments similar to the proof of Theorem 2.6 to compute the number of operator
exponentials required for an accurate approximation. First, we need to give a rigorous definition

of the higher order Composite channel.
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Definition 2.8 (Higher Order Composite Channel): Given a Hamiltonian H partitioned
into two terms A and B, let €%V denote the associated Composite channel that utilizes

) and has a 2I"™ order outer-

a 2k order inner-loop for the Trotter-Suzuki partition ka
loop. The outer-loop construction for the Composite channel can be constructed recursively

from the base case for l =1, which is given by
CERA (1) i= Qp(t/2) 0 ST (—t/2)T 0 8T (£/2) 0 Q(2/2), (2.44)
and the higher-order outer-loop Composite channels are recursively defined as
@(2k,2l)(t) o @(2k,21—2)(ult)°2 o 8(2k,2l—2)((1 — duy)t) 0 ©(2k,21-2) (ult)°2, (2.45)
where u; and the number of stages T are the same as in Definition 2.1. We will typically

ignore the distinction between inner and outer loops and use C2F) = @(2k:2k)

Lemma 2.9 (Higher-Order Composite Error): The diamond distance of a single higher-

order Composite channel to the ideal time evolution channel is upper bounded as

|u(t) — @0 (1) o < 2%(@@4, B}, 2k) + Yag(A,2k)) + T%. (2.46)

We will use the following definitions for brevity

ohil 2T2k+1
— +
P(t) =1 k} + 1/2 (acomm({A7 B}’ 2k) + acomm(Av 2k))
2
NB

Proof of Lemma 2.9:

@) —eEh @) < [lu@) - s ({A By |+ [SPH({A, B} 1) — P ()]

< 2||etft — S@R ({4, B}, )| + |83 ({4, B}, t) — PR ()| . (2:48)

&
We can use Theorem 2.2 to bound the outer-loop error on the left as
‘ Tt)2e+l
i _ g0 (14, By, < L A, B}, 2k). (2.49)
||€ S ({ ) }’ )” — k+1/2 acomm({ ) }7 )

We then use an inductive proof to argue that the inner-loop errors can be bounded as
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|$@({4, B}, 1) — €2 (1)]| < T (wa =830+ st - QB<t>||O), (2.50)
where the induction is over the outer-loop indexing of 2I.
o Base Case (2l =1):

|eeED @) — sB({A, BH®)
= |2n(t/2) S5 (—t/2)t 0 S (4/2) 0 Qt/2) — 1p(8/2) 2 Un(—4/2)! o U (t/2) o Un(t/2)|
< 2fuate/2) = S22+ 2Ap/2) - 0ae/2), (2.51)

Since T; = 2 this matches the induction hypothesis.
o Inductive Step: In this scenario we assume that the hypothesis in Equation (2.50) holds
for 2l — 2 and we would like to show it holds for 2I. We do so via the recursive structure given

in Equation (2.45) and Definition 2.1, which allows us to express the hypothesis as
leZ20(t) — 8@V ({4, B}, 1)
— HC’(%’W*Q) (ult)°2 o e(zk,2172)((1 _ 4ul)t) o @(2k,21-2) (ult)°2

—8C-2({ A, B}, ujt)® o SE-2({A, B}, (1 — 4u,)t) o 82 ({A, B}, u;t)" .

< 4[| €22 (1) — SCED ({4, By, wit)]|
+ (|22 (1 duy)t) — SH-D({4, BY, (1 — dup)t)||

<47, (||uA(t) ol sl - QB(t)IIO)

#1 (Jaato) - 5890+ 10 - 25001, )
=5ty ([Jat) - 5290+ 1esto) - 25001, )

2k
=T, (HUA(t) — 86 >(t)H<> + gt — QB(t>|\<>). (2.52)
Therefore the inductive step holds.

One point of emphasis we would like to make is that we are explicitly not utilizing the
smaller times that come with the recursive outer-loop step. This is simply due to the difficulty

of bookkeeping for each different time step used and it will be sufficient to use the upper bound
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of t. We can now continue with our proof of the lemma by substituting in the known Trotter-

Suzuki and QDrift error terms, leading us to

2k+1
i) - e < 2%?—1/20400“11({,4, BY,2k) + T(HUA(t) B ka)(t)HQ - QB<t)||<>)
(Tt)2k+1 " “2t2 |
m( Ooym ({A, BY, 2k) + Yo, (A, 2k)) + TNLB' (2.53)

Note that the extra factor of T in front of « (A) comes from the fact that we have Y copies

comm
of the A simulation channel as opposed to just one outer-loop decomposition. O

Now that we have bounded the diamond distance error for a single time step we can proceed
with our time-slicing arguments to produce a controllable error bound. This will lead us to our

final expression for the query cost of a higher order composite method.

Theorem 2.10 (Higher-Order Composite Cost): Given a time t, error bound €, and a

partitioned Hamiltonian H = A + B the 2k™ order Composite channel €2¥) utilizes at most

Az (Tt)1+ak

TZTSETIES o AX|hplt | (954
((2k+1)5)ﬁ< ac({4, B}) + Tag(4)) + (2.54)

(2k)
C <Y(YL,+ N
Comp ( A B)|V N35

gates,where the oq are both of order 2k, to meet the error budget given by

i@ty — @R /)| <e. (2.55)

o
Using the upper bounds provided for Trotter-Suzuki and QDrift evolution channels and

defining

aComm<B7 zk) (256)

5= aComm(H’ 2k)

to capture the amount of “commutator structure” of H that is contained in B, we can

rewrite this upper bound as

Comp

(2k) 1/2k
(2k) Crroi (H,t,6) (1 —qp) ”hB” 2.57
Comp < T(YLy + Ng) | =255, i + Cop(H, t s) T )

Proof: We start off by utilizing standard time-slicing arguments to bound our single step distance

[2(t) — =R (t/r)

o =l —e=eymy]|

< rlue/r) — €@/ . (258)

Using our results in Lemma 2.9 we can then bound the single time step error as
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Jactesr) — €@ )| < e 4 . (2.50)

Our goal is to find a lower bound on r that will guarantee that the above is less than €. In
previous arguments we had monomials in r which allowed us to take roots to compute a bound,
but the polynomial ar™ 4+ br? = ¢ does not have closed form solutions for n > 5. We could try to
provide closed solutions for second and fourth order Trotter-Suzuki formulas but we will instead

provide a generic bound that will work for all higher order expressions.

Our route to constructing such abound comes from requiring the following inequalities be

satisfied for r_;,, <7

Pit) Q1) _ PH)  QF) _e_ ¢ 2.60
ROV S R ST2/~;+1+T2. S;Srmin' (2:60)

We can then create the intermediate inquality

P(t Q(t P(t Q(t P(t Q(t
7‘215+)1 T 7‘<2) = 7'27'121’?3?1 7‘2) = r2’,5+>1 rg(ﬂj = ; (2.61)

Pulling these powers of r out allow us to simplify the inequality to

1( P
- (% + Q(t)) <r. (2.62)

€ T min

Our final inequality then comes from using only powers of 7, and noting the fact that Q(t) >

0 for all t. We have

Pt) P QW) ¢

TIQIIITIT ! TIZIIIYIT ! r12nin N Tmin
2O <o,
g
1/2k
(P(t) ) <r (2.63)
3

therefore achieving our bound on r, which can be thought of as simply taking r large enough to

ensure the Trotterized error is sufficiently small.

By plugging Equation (2.63) into Equation (2.62) yields an explicit lower bound on r as

(@) e (2.64)
g

3

This matches the intuition developed from Trotter-Suzuki formulas in which the error decreases

rapidly with the order of the formula, but leads to overall higher gate counts due to exponen-
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tially increasing constant factors, namely Y,. We now can write down the number of operator
exponentials explicitly. As we have T stages of interleaved product formulas and each stage has
one application of a 2k order Trotter-Suzuki formula and one QDrift channel with Ny samples
we have T (YL, + Np) operator exponentials per time-slice. By taking the ceiling of the derived

bound on r we arrive at

omp c

CM) < Y(YL, + Np) {(@) B Q(ﬂ, (2.65)

plugging in the definitions of P(t) and Q(t) from Equation (2.47) yields Equation (2.54) in the

theorem statement. Equation (2.57) is derived from the following inequalities

2k k
P(0)"/% _ Croo) (H, t6) (1 gp)""?

el/2k — L T1-1/2k
Q1) _ +Can(H t,e) (gl )* (2.66)
e Ny \[Al

These two inequalities are straightforward substitutions by plugging in results from the product
formula costs in Theorem 2.2 and Theorem 2.4 into Equation (2.47), along with the definition
of qp. O
2.4.2 Conditions for Improvement

Now that we have bounded the Composite channel error and computed the query cost we ask
the natural question: “When is a Composite channel better than just using Trotter?” Our first
answer to this question will be analytic and can be found in Theorem 2.11 and are summarized
in Table 1. We will be able to derive asymptotic conditions when a fixed partitioning can
outperform either Trotter or QDrift. One issue that arises when making these comparisons is
that we are comparing a Composite channel to two different simulation methods, each with their
own query cost. The relative performance of Trotter to QDrift is dependent on the simulation

QD

time t and the error €. It turns out that the ratio gT : depends on a power of the ratio ﬁ For very

accurate and long simulations we observe that Trotter has superior cost, but whenever error
requirements are not high or the simulation time is relatively short QDrift is the more efficient
simulation method. One thought experiment to illuminate this is the limit as t <« 1, in which case
QDrift can replicate the exact time evolution statistics with a single sample whereas Trotter-

Suzuki methods need to implement one operator exponential per term of the Hamiltonian.
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Theorem 2.11 (Conditions for Composite Channel Improvements): Let H be a family
of Hamiltonians along with a partitioning scheme to generate a partition H = A + B that
varies with L. For a simulation time t and diamond distance error bound of €, let & be the
number such that C(gD = C’T(fft)t There exists asymptotic regimes for the parameters L 4,

|hgll, and Ng such that

CComp (mln{CT(fft), C’QD}> , (2.67)

outlined below.

For the case when C’T(fft)t < Cqp;, corresponding to 0 < & < 1, if the following are satisfied

1 La(1=qp)"*" €o(L),
2 Jhsl € o111¢ (%) ).
3. Ng € Q(Ly) andNBEO( 1/2k)
then we have that Céomp (C’T(i]ft)) 0( 1n{CT(fft), CQD}>.
For the case when Cqp < C’Tfft , corresponding to € > 1, if the following are satisfied

3 1/2k
Lyco| Lt A a(H)¢ (2.68)
et ag(A)+ac({A, B}) ’

2. |hgl € of[Ih]),

then we have Cc(igp €o(Cyp) = o(min{CT(i]ft), C’QD}).
Note that for & = 1 the conditions on L 4 and |hgl|| are the same in both cases: L , € o(L)
and |hg| € o(|h]|). The conditions on Ng are satisfied by Ng € O(L,) as the condition

Ngp € O(W) is not valid when & = 1.
—d4B

Proof: We start with the expression for the Composite channel cost from Theorem 2.10 repeated

here for clarity

(2k) 1/2k
2%k Crot (H,t,e) (1 —¢q h
CC(O ) < T(TLA + NB) |7 TTtl( 1/2k ) ( 5) + CQD(H t E) (””}j’”) “ (269)

mp

We will split our analysis up into the two cases outlined in the theorem statement.

e <<l
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2k)

In this scenario we have that Cyp > CT(mt, so we can pull out the CT(%? cost and parametrize

the ratio % = cggf.

Trot

< a@prrr 4y [ Ao e X (sl @)
Comp — “Trot ( At B) T1-1/2k], + QD( ”8) NB ”h" ’

We can then show that Céiﬁzp € 0(0&53 ) if we are able to show that every term in the expansion

of the above two factors are o(1). We do so term by term.

I 1_ 1/2k
LA €o (m — T1+1/2k( qB) A (S 0(1),
—dp
1-¢ 2 9\ 1-¢ 2
e (e IR\~ ~1-e t Ih 5]
st eo(1mf () ) =12 (at) et = (£ € ol1),
B t IR Qb £ (LIS
L N
Ng€o (m = TV/2k(1 - qB)l/ZkTB € o(1). (2.71)
—d4g
The last term we have is
2
v3ci-elhsl” Ly (2.72)

@ Jhl? N

_ 1-
Using the QDrift cost expression we have that C’éDE < 41*5(§) EHh||2(1*5). This tells us that

1€ |h g , , s\t ,
Cop™ iz € o(1) given the assumption |hp| € o| [h]3 (% . The total term above is then
)

in o(1) given the assumption that Ng € Q(L,4). As this is the last term in the expansion we
have completed the 0 < & < 1 case.
e £>1

. . c2r) @e\17¢ . .
In this scenario we have % = (C’Tmt> which allows us to write
D

() g™ T (Jgl\?
(2k) ro —dp B 2.73
Oty < Cop (T + Ny | A el (Rt} ) 279

1-¢
We will tackle the hardest term in this expansion first, which is the one involving <Cgfg ) .

Using the cost expression for Trotter given in Theorem 2.2 we have

L ]\ 1€
THIK(1 - gp) P24 ()

1-¢
perign [P Ly (ac(4) +ac({4, BH T (2.74)
o 61/2k IJg Oéc(I_I)£ '
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This expression is in o(1) given Assumption 1 from the theorem statement. We can then reduce

the term involving Nz and CT(fft) to the previous term as Ng € ©(L,)
(2k)) 17
(CT t) (1— 1/2k .
© 4B) 1/2k L 2k)\ 1€
Y Np~=17r If‘ S @((1 —qp)" TA(C;OQ) ) € o(1), (2.75)

where the last inclusion was shown for the previous term. The last two terms in the expansion
involving the spectral norms are as follows

sl € o(]h) = T (%) € o(1)

L 2
|hgl € o(|h]) and Ny € O(L,) = TN—A (—”m”) €o(1). (2.76)
B

As we have shown all four terms in the expansion are o(1) we have that Céi];)p € O(C’QD) =
0<min{CQD, C’T(zgt) ) for 0 < £ < 1 which completes the proof. a

Now that we have concrete bounds we would like to build some intuition for the assumptions
that go into the theorem. As the expressions become fairly unwieldy in the generic setting we can
isolate the scenario where we expect the most benefit from using a Composite framework, which
is when Cqp = CT(%? or £ = 1. The rationale behind this intuition is that if Cp < CT(%? , We
can imagine building a composite channel by starting with a solely QDrift partitioning scheme
and then moving over the most advantageous terms to the Trotter partition. We have a lot less
room until the costs of Trotter begin to add up. Similar logic holds for the Cqp, > C’T(f(]ft) regime.

In the intermediate regime Cyp ~ C’gft) we have a bit more flexibility to move terms around
without bumping in to these costly partitions.
Another benefit to analyzing the & = 1 scenario is that the resulting assumptions needed for
cost improvements simplify significantly. The three requirements reduce to the following;:
1. L, € o(L), which we use the simplification that o gpnm(H) > Qeomm(A) + Xeomm ({4, B})
implies that L, € o(L) is sufficient to meet the exact requirement in Theorem 2.10,
2. kgl € o(|Al),
3. and Ng € ©(Ly).
These convey much more intuition than the generic conditions we proved. Simply put these
conditions say that if you can find a partitioning that contains most of the spectral weight of

the Hamiltonian in a small number of terms then then the resulting Composite channel will
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be asymptotically cheaper than using a single simulation method. This of course only holds
rigorously at the ratio of é such that Trotter and QDrift costs are equal, but we will demonstrate
numerically in Section 2.5 that these advantages hold in nearby values of ¢t and €. To summarize
this section we provide the following table that contains the requirements in Theorem 2.11 but

in a easier to read format.

Cop > Ot =0 <€ <1 Cop < Ol = £>1
&1 2k
L ¢ t1+1/2k) aq(H)4/
Lac 0((1q3>1/2’“) O(L ( e (ac(A)+ac({4,B})
1-¢
Ihsl € o(nis () ") ofIAl)
(Lower Bound) Ny € Q(Ly) Q(L,)
(Upper Bound) Ny € 0(@) O(Ly)
Table 1: Summary of asymptotic requirements for parameters of interest when C(%D = T(fft) to

yield Cé(z)km)p € o(min{CQD, CT(fft) )

2.4.3 chop Partitioning Scheme

As we have seen throughout, the partition used to create a Composite channel has a significant
impact on the resulting number of operator exponentials needed. This makes partitioning an
important problem, but one that is also fairly challenging as the solution space is 2%. In this
section we show how a simple partitioning scheme called chop can create partitions that work
exceptionally well for systems with large separations between the largest spectral norm terms
and the smallest spectral norms. chop creates a partition A + B of a Hamiltonian given a norm
cutoff h

all terms with spectral norm above h are placed into A and all those below are

chop? chop

placed into QDrift:
L L
Achop = Zﬂ[hi 2 hchop]hiHi7 Behop := Zﬂ[hi < hchop]h’iHi? (2.77)
i—1 i—1
where we use I[Proposition] to denote the standard indicator function where I[True] =
1,I[False] = 0.
chop will prove to be a very useful partitioning scheme both analytically and numerically.
Analytically we will be able to show that it satisfies the conditions outlined in Theorem 2.11

for specific Hamiltonians. Numerically, it is very simple to create a specified partition from a

Hamiltonian and further it is straightforward to optimize as the partition can be adjusted with
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a a single parameter h, This still leaves open the problem of choosing the right number of

chop-
QDrift samples Nz, but we did not find this parameter an issue to optimize analytically or
numerically. In [55] we provided a proababilistic partitioning scheme that is tuned solely through
Npg. This scheme was very flexble, we were able to show that it saturates to the Trotter and
QDrift costs in the appropriate limits as well as asymptotic cost improvements for very specific
scenarios with high probability, but it’s complicated analysis makes it an unfit candidate for

inclusion in this thesis. Instead, we will focus on showing how chop can outperform Trotter or

QDrift with rapidly decaying Hamiltonians in the theorem below.

Theorem 2.12 (Simulation Improvements for Exponentially Decaying Hamiltonians):
Let H be a Hamiltonian H = ZZ h;H,; such that the spectral norms decay exponentially

h; = 27%. Then the chop partitioning scheme that places the largest log L terms into Trotter

1

and the remaining terms into QDrift, which corresponds to a norm culoff of huy, = T,

satisfy the conditions for asymptotic improvement outlined in Theorem 2.11 whenever the

following hold.

1. Ng=L, =log(L).

2. If0<€&<1 (Cyp > C’T(i]ft)), then the simulation time is bounded from above by t €
O(Ll%‘i\/g)

8 IfE>1 (Cop < C'l(fft)), then t1+1/2k > g1/2k qnd the commutator structure is bounded

from below by

ag(H,2k) /% ¢ w (%) . (2.78)

Proof: As the conditions for improvement depend on L 4, |hg|, and Ng, but we know that L 4 =
Ng =log(L), all we need to compute is |hg|. This is done using straightforward sums:

L
Ihgl = Z 9—i — 9l1—(log(L)+1) _ 9—L _ 1 2L € O(L1). (2.79)
i=log(L)+1 L

The total norm can be computed similarly

L—1
|l =) 27 =1-2"Lc0(1). (2.80)
=0
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Now we just need to check the conditions on each parameter. We will analyze the requirements
for £ for each parameter instead of doing a case by case analysis for the two regimes of &.

Starting with Ng, we find that Ng=L, € Q(L,) trivially and that Ng =log(L) €
o<m> along with Ng = L, € O(L4) guarantee that Np meets the conditions in The-
orem 2.11.

We then turn to the next simplest parameter |hg|. For £ > 1 we require |hg| € ||h|, and
since we computed that |hg| € ©(L™!) and |h| € ©(1) this condition holds. For 0 < £ < 1 we
require |hp| € 0 (||h||5 (\/Tg> 15). This can be propagated to a condition on t as

lhsl = O(L) € ((i)j s teo(LeVR). (2.81)

t

We note that as £ — 1 we have LT — 0o and our requirement then holds for all ¢.

The last term we will need to address is L. For 0 < £ < 1 we require L, € o(L), which is
trivially satisfied. For £ > 1 we need a couple results. The first will be a simplification of the
requirements, if we assume that t+1/2% > ¢1/26 which should be true for simulations of interest,

then we have

-1
0 (Li ag(H)¥* ) €o| L* <t1+1/2k) ac(H)H (2.82)
1/2k 1/2k 1/2k .
(ac(A) + ac({4, B})" et/ (ac(A) + ac({4, B})"
o (H)S/?k )
(ac(A)+ac({A,BH)>*

We could either turn this into a condition on & or on aq(H), but it will be simplest to present

Using the simplification on the left, we then require L, =log(L) € o(L6

as a condition on aq(H).

Now we can use the bounds on ar(A) and aq({A4,B}) derived in Equation (2.11) and

Equation (2.12) to argue
ac(4) + ac({A, BY) < 22 ([ + 2k]hu|*H) = (2K + 1)22F b |+, (2:83)

This, along with the fact that |hy| =1 — 1 <1 implies

L - ! _ (2.84)
(2k + DV 7 (0 (A) + ac({4, BY))

Moreover, 2k +1 > 1 implies 1 < m This means that

L, € o( Loag(H)%/?F) (2.85)
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is sufficient to satisfy the asymptotic improvement conditions. Once we have this form we are
pretty much done, as the following implication follows directly from the definition of o(-) and

w(-), and guarantees Equation (2.85)
log(L)/¢
ac(H)V?* € w (%) <> log(L) € o(Léa(H)%?F). (2.86)

We also point out that this requirement seems to make intuitive sense, if the original Hamiltonian
has a closed commutator structure, then it does not make sense to do a Composite channel as

a Trotter formula would have no error. Equation (2.86) makes this intuition quantitative. O

2.5 Numerics

In this section we turn to studying the performance of Composite channels on benchmark
quantum systems. This work was conductly jointly with Pocrnic et al. in [23] in which the
real time Composite simulations we outlined in this chapter were studied numerically and
extended to “imaginary time” evolution. If real time evolution is characterized by the map |¢)
e""t|3p) then imaginary time is given by the map [¢) — e P |¢)). Application of imaginary
time evolution maps can be used to prepare thermal states. If we start with a maximally mixed
state, then imaginary evolution for time g gives % > e BH/ Q%e_ﬁH 12 = %. This is clearly
not a quantum channel as the output needs to be properly normalized; dealing with these

normalization factors constitutes a significant amount of the analytic work, which was performed

by Pocrnic, to extend QDrift and Composite simulations to imaginary time evolution in [23].

To analyze the performance of a Composite channel, real or imaginary, we constructed a
library [108] can be used to simulate the dynamics of a product formula channel with a given
partitioning, number of QDrift terms Np, time ¢, and error e. Numerically we did not measure the
diamond distance of the channel, as this involves a fairly costly maximization. This maximization
can be computed via a semidefinite program, this becomes prohibitively costly when used to
optimize the “hyperparameters” of the simulation, such as the partitioning. We instead used
the trace distance which is easier to compute and avoids the issues of bias found when using
infidelity. To find the exact gate count needed we used a search procedure over the minimal
number of time steps, either r for Trotter formulas or Nz for QDrift, needed to meet the error

threshold e.
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The main metric we used to analyze the performance of Composite channels is the crossover

ratio 7. .- As the cost of a QDrift channel scales as O(g) and Trotter scales as O(%) there
exists some time t..., such that Cop(H,tees€) = gfg (H,t, 055 €)- As this is the simulation

time that we expect the most flexibility, and therefore cost improvements, for Composite

channels we then define the crossover ratio as

2k
r — CQD(H7 tcross’ 5) _ ’](frot) (H7 tcross’ 5) ) (287)
eross C’comp (H ’ tcross’ E) Ccomp (H ’ tcross7 E)

We then study the performance of this crossover ratio as a function of the partitioning of the

channel, which we typically use the chop partition with cutoff A, and the number of QDrift

chop>
samples Np. These parameters were then optimized over using Gradient Boosted Regression
Trees (GBRT) in Scikit-learn [109]. A summary of the advantages seen for Composite channels

can be found below in Table 2 and afterwards more detailed results for each Hamiltonians

studied are presented.

Hamiltonian |7 | # Terms | * - Time
Hydrogen-3 2.3 62 Real -
5 Site Jellium 9.2 56 Real -
6 Site Jellium 18.8 94 Real -
7 Site Jellium 10.4 197 Real -
7 Spin Graph 4.1 49 Real -
8 Spin Graph 3.9 64 Real -
8 Spin Heisenberg | 3.1 29 Imag. -
Hydrogen-3 2.3 62 Imag. -
6 Site Jellium 18.8 94 Imag. -

Table 2: Summary of gate cost improvements observed via the crossover ratio r... given in

Equation (2.87). We observe that savings tend to somewhat improve as the number of terms

increases (within the same model), with the exception of Jellium 7 where GBRT struggles with
partitioning due to the number of terms.

2.5.1 Hydrogen Chain

Using OpenFermion [110] and PySCF [111] we were able to compute the Hamiltonian for a
chain of 3 Hydrogen atoms equally spaced in a line. OpenFermion is a package for managing
electronic structure Hamiltonians, it not only generates the required fermionic creation and

annihilation operators but can utilize Jordan-Wigner encodings to make the results amenable to



CHAPTER 2 COMPOSITE SIMULATIONS 45

simulation on quantum computers. PySCF is a library used to compute the required molecular
orbital integrals that give the actual constants in the final Hamiltonian. We used an active space
which was given by the minimal basis and is a byproduct of our minimal spin configuration.
The partitioning used is either a fixed chop partition with a hand-tuned threshold and number
of QDrift samples Nz or we determined both the chop theshold and Ny using the Gradient

Boosted Regression Trees (GBRT) optimizer in scikit-learn [109].

H;j, e =0.001
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Figure 1: Hydrogen 3 simulation. The crossover time for first order Trotter is around |H |t ~
0.15 with a crossover ratio of ~ 2.3. For second order Trotter the crossover time is ~ 0.2 with a

crossover ratio of ~ 2. C’](\}; utilizes a hand-tuned chop partition and the others utilize a GBRT
optimization to tune both the spectral norm theshold and number of QDrift samples.
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Figure 2: (a) Optimal number of QDrift samples N for H; as determined by GBRT. (b) Spectral
weight of the Trotter partition |[h,| computed by GBRT applied to h,,, normalized by the
total spectral weight of H; as a function of simulation time ¢.

2.5.2 Jellium
Another standard chemistry benchmark system, the Uniform Electron Gas (UEG) which is also

known as Jellium, is a collection of free electrons in a solid with a uniform positive potential to
serve as nuclei. The Hamiltonian we used is given below
1 4 eta-p B
_ 2
Hyeny = 92 Z kpaztvoapva 0 (gj k2 a;,aaq,U
p,o P#4,5,0 P—q

+2—7T iaJr al a a (2.88)

2 “p,0%q,0' Yq+v,0’ Yp—v,09

@ (p,0)#(q,07),v#0 ¥
where o represents a spin, p, ¢ denote momentum eigenvalues, R; the position of the 4 nuclei,
¢; the atomic number, k, = 27v/ Q3, and Q denotes the cell volume. We then use the Jordan-
Wigner encoding to represent the creation and annihilation operators as Pauli strings on qubits.
For a derivation of this Hamiltonian see Appendix B of [112].

This Hamiltonian serves as a useful benchmark for Composite simulations as there are a lot
of terms and the distribution of the spectral norm of each term fits our intuition for Composite
channel advantages derived earlier. Figure 3 demonstrates not only the increase in the number
of terms as we increase the number of sites used but also how the norms are sharply peaked

about the strongest few terms.
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Figure 3: Semi-log plots of the spectral norm of the Jellium Hamiltonian. The plots not only
show the large increase in the number of terms as we increase te sites but also demonstrate the
increasingly concentrated norm in the strongest few terms. The red horizontal line indicates one

of the values of h,, used in later simulations.

In Figure 4 below we show how the cost of simulating Jellium for various number of sites scales
with the normalized simulation time |H |t. These models are the highest gate cost improvements
we observed numerically. For the case of a 6-site Jellium model the Trotter and QDrift cost at
teross 18 roughly 100 operator exponentials while the Composite channel uses only 7. We find that
having more terms in the Hamiltonian allows for greater flexibility in developing partitionings,
allowing for more cost savings, but also makes the problem of choosing a partitioning more

challenging. We can see this occur with our GBRT chosen chop partitioning in Figure 4 (c)

where the cost of the Composite channel is non-monotonic with respect to |H|¢.
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Figure 4: Query costs associated with exact implementation €22 of various product formulas
for different Jellium models.

2.5.3 Spin Graphs

The Hamiltonian we explore in this section is a chain of spins on a single line with beyond

nearest-neighbor interactions

Hypoo = > 700, X, X, 4+ " 1y, (2.89)

i>j k
where h; ; is a site-dependent coupling constant and hy is a site-dependent potential. We
sampled these values from standard Gaussian random variables to introduce disorder into the
system. To keep this system somewhat realistic we require the interactions between sites to
decay exponentially with the distance between two sites. This also has the added benefit of
introducing some structure into the distribution of the norms of each term in the Hamiltonian.
We found modest crossover advantages around r . ~ 4 for both 7 and 8 spin sites, as seen

below in Figure 5.
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Figure 5: Operator query cost plots for 7 spin model (a) and 8 spin model (b), which have

crossover ratios of r . = 4.1 and r_ . = 3.9 respectively.

2.5.4 Imaginary Time Evolutions

In this section we briefly discuss the application of our Composite simulation approach to
implementing imaginary time evolution channels, the results of which are contained below in
Figure 6. At a high level we see that the results for imaginary time are comparable to the
real time evolutions explored above. We see crossover advantages of similar rates as well,
with Composite channels for Jellium outperforming Trotter and QDrift by a factor of ~ 19,
H; Composite channels using ~ 2.3 times less gates, and advantages for a 8 Spin Heisenberg
Model are around = 3. The one major distinction we noticed between real and imaginary time
simulations came from the 6 site Jellium model at large 5, or low-temperature. In this regime
we noticed that even the first order Composite channel outperformed a second order Trotter
implementation. These simulations suggest that randomized and Composite techniques could be
useful in speeding up classical techniques, such as Quantum Monte Carlo [113] and Path Integral

Monte Carlo [22,114,115], which are predominantly based on a Trotter-Suzuki decomposition.
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Figure 6: Operator exponential costs for imaginary time simulations. In (a) the crossover
advantage is r. . = 2.3, in (b) ro . = 3.1, and in (c) 7. = 18.8.

Cross

Cross Cross

2.6 Discussion

In this chapter we rigorously showed how to simulate the time evolution of a time-independent
Hamiltonian using product formulas. These product formulas are easily implementable on a
quantum computer using only single qubit rotations and CNOTs for Hamiltonians that are given
as a sum of Pauli operators. We showed how various chemical systems, such as Hydrogen chains
and the UEG (Jellium) are naturally expressed in these forms via Jordan-Wigner encodings. The
main contribution of this chapter however is the demonstration that splitting these resulting
Hamiltonians into two pieces and simulating these two partitions using different product
formulas can lead to provably better perfomance. We showed this analytically for systems in
which the spectral norm decays exponentially (i.e. h; = 27%) and gave an explicit partitioning
of the terms based on spectral weight, which we denoted chop. We verified that these results
are not just analytic musings and provided concrete numeric comparisons between each of the

methods, Trotter-Suzuki, QDrift, and Composite, on standard quantum chemistry benchmark
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systems. We found a range of cost improvements ranging from 2 — 18 fold reductions in the

number of operator exponentials required.



Chapter 3

Preparing Thermal Quantum States

e’BH

are ubiquitous in physics. These are the states that we believe

Thermal states of the form
physical systems take whenever they are cooled (or heated) to an inverse temperature of 5. They
are typically used to estimate observables O of interest in physically relevant states, with the

e’BH

thermal average typically denoted (O) 5 = tr(O = ) These observables could be anything from

dipole moments, magnetizations, or two body correlators. Classically these states correspond to
the canonical ensemble, a distribution over phase space that tells us the probability of finding a
particle at a particular position and momentum when it is in thermal equilibrium. This is not
an issue classically, as we have many proofs outlining when systems are ergodic, meaning that
the infinite time average is equal to the phase space average.

For quantum systems, however, such results are pretty much nonexistant. One of the first
issues one has to deal with is that in a closed quantum system the evolution operator is unitary,
meaning that not only is the energy conserved but the distance between two input states is
preserved throughout the dynamics. A system e far away from thermal equilibrium at the
beginning will remain € far away throughout the entire duration of the evolution. This is not
what is observed in practice, as a quantum system placed in a dilution refrigerator will eventually
cool down to the temperature of the fridge.

To resolve this apparent discrepancy, physicists have settled on three main approaches: the
Eigenstate Thermalization Hypothesis (ETH), Liouvillian based evolutions, and the Repeated
Interactions (RI) framework. ETH studies thermalization without giving up the notion of a

closed quantum system. In this framework the system is taken to be large, as in thermodynam-

52
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ically large, and thermalization is observed whenever the statistics of a local observable that
acts only on a small, constant number of particles. In chaotic systems these observables can be
e_BHlocal

rigorously shown to appear as if they came from the thermal average “——

local

, but showing that
similar techniques work for non-chaotic systems is a major open question. In fact, the existance
of many-body localization serves as a counterexample to a universal ETH, but the existance of
these phases of matter in the real world, along with the validity of ETH in general, are heavily

debated.

The second approach based on Liouvillian schemes abandons the notion of a closed quantum
system and instead studies the effect of an environment on the system. This requires abandoning
unitary evolution and working with Liouvillian maps, which are a particular way to express the
effects of a quantum channel on the system-environment Hilbert space as a mapping only on the
system Hilbert space. This means that even the effects of an infinitely large environment can in
principle be simulated on finite sized quantum devices. These techniques were used by Davies
[25] to show how an infinite dimensional environment with weak coupling to the system can
lead to thermal systems. Extending these techniques to a greater variety of system-environment
scenarios, such as the strong coupling regime [116] or non-Markovian environments [117], is a

key component of open quantum systems research.

The last approach is the Repeated Interactions (RI) framework, which sits somewhere
between the completely closed system approach of ETH and the infinitely large environments
that are typically assumed in open quantum systems. The RI prescription does not abandon
the notion of closed quantum systems, but instead opts to directly simulate a very small
environment, oftentimes a single extra qubit or spin. The most straightforward example is to
imagine a single photon v drawn from some black-body thermal spectrum. This single photon
then interacts with the system of interest for a brief period, only to then fly off and never
interact with the system again. We then can take a new photon from this thermal background
and interact with the system again, but with a refreshed photon. The idea is that by repeating
this over and over, if the interaction is properly chosen, then many photons can collectively
thermalize the system. Two drawbacks with the RI approach is that a specific model for the
environment must be chosen and a specific interaction between the system and environment

must be determined. For discrete systems this has typically restricted RI results to systems that
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can be handled analytically, including two-level systems [118], the XX chain model [119], and

wave packet interactions for continuous single particle systems [120].

One of the main contributions of this thesis is demonstrating that the problem of constructing
interactions between a system and environment can be eliminated through the use of random
matrices. By choosing the eigenvalues and eigenvectors of an interaction G through sufficient
random ensembles, we show that thermal states for any finite dimensional system can be
prepared in finite time. We show how to analyze this channel in a weak-coupling regime, which
is effectively a Taylor Series with respect to a coupling a. This expansion then reveals a Markov
chain underlying the resulting channel on the system. By using basic tools from Markov Chain
analysis we can then compute the fixed points of the map and bound the number of interactions
needed to converge to the fixed point. We then give new conditions that are analogous to the
detailed-balance conditions used in Markov Chain analysis that can be used to check if the
thermal state is the fixed point of the thermalizing channel. The beauty of our technique is that
it works for any non-degenerate system with or without knowledge of the eigenvalues of the
system, although without eigenvalue knowledge we are only able to show that the thermal state

is an approximate fixed point for finite 5 but exactly fixed in the limit § — oo.

The rest of this chapter is organized as follows. In Section 3.1 we briefly discuss related
quantum algorithms and provide a summary of the main technical results. In Section 3.2
we develop the weak-coupling expansion and provide necessary analysis about the underlying
Markov chain. In Section 3.3 we then take these results and show how to use them to prepare
thermal states for single qubit systems and for truncated harmonic oscillators. This section can
be viewed as a warmup to the more general results contained in Section 3.4, but we present the
results separately as they utilize slightly different techniques and are more readily comparable
to existing approaches. In Section 3.4 we study generic systems from two perspectives, one in
which no eigenvalue knowledge is present and the other in which eigenvalues are known. Finally

we include a discussion on interpretations of these results and possible extensions in Section 3.5.

3.1 Related Work and Main Results

A critical step in quantum simulation algorithms, as well as other quantum algorithms such
as Semi-Definite Program (SDP) solvers [121] and Hamiltonian learning routines [122], is the

preparation of good input states, which are typically thermal states %. Thermal states at
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low temperatures (high §) have large overlap with the ground states of the system, indicating
that preparing thermal states is just as difficult as the QMA-Hard k-local ground state prepa-

ration problem [75].

Many classical algorithms have been developed to estimate the measurement outcomes of
quantum experiments with the workhorse behind many of these algorithms typically being some
kind of Metropolis-Hastings algorithm [14] to implement a Markov Chain Monte Carlo (MCMC)
program. The Metropolis-Hastings algorithm solves the problem of sampling from arbitrary
probability distributions and can be used to estimate partition functions, a #P-Hard problem
[123]. Despite the difficulty of the problem it solves and minimal theoretic guarantees on the
runtime, the Metropolis-Hastings algorithm has worked resoundingly well in practice. This is
in part due to its elegant simplicity and ease of implementation. The algorithm does tend to
breakdown in a few important areas though, namely quantum systems with “sign problems” ([1],
[124]), very high dimension systems [125], and Hamiltonians with many deep local minima
[15]. The sign problem in particular serves as an important impetus for developing quantum
computers, which naturally do not have to deal with it. However, attempts to naively port
the classical Metropolis-Hastings algorithm to quantum computers has been rather difficult
due to inherent difficulties with quantum information, such as no-cloning. Initial attempts [78]
are rather cumbersome and attempts to deal with the filtering and rejection stages relying on
“quantum unwinding” techniques developed by Marriott and Watrous [79]. These complications

make the resulting quantum algorithms difficult to analyze.

In recent years, new approaches have been developed [91], [89], [126], [127,128], many of
which are based on the simulation of Linblad operators from open quantum systems [25].
These algorithms have seen a marked improvement in recent years, ranging from ground state
preparation routines with single-ancilla overhead [128] to the first constructions that satisfy a
discrete-time detailed balance condition [89]. The correctness of many of these algorithms, such
as [129], is based on satisfying the Kubo-Martin-Schwinger (KMS) condition (]93], [92]) which
guarantees that the thermal state is a fixed point of the dynamics. The literature on this class
of algorithms is already significant and continues to grow, so we point the reader to [89], [130],

[91] and [131] for thorough literature reviews.

One of the main drawbacks to the above approaches is the sheer complexity of the resulting

algorithms. These algorithms tend to rely on coherently weighted sums of Heisenberg evolved
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jump operators and the construction of circuits to simulate the resulting Linbladians is nontriv-
ial, as mentioned in Section 1.2 of [89]. Further, these algorithms tend to require logarithmically
more ancilla qubits to allow for the addition of jump operators, whereas our routine explicitly
utilizes only a single ancilla qubit. Turning to ground states specifically, there exists single
ancilla algorithms [128] but we remark that our channel is the first general purpose thermal
state preparation routine for finite 8 that utilizes only one qubit explicitly. Further, our routine
avoids the complication of simulating weighted Linbladians and has incredibly simple circuits

only relying on time independent Hamiltonian simulation and Haar 2-designs.

3.1.1 Main Results

The remainder of this chapter is split into three main parts. Section 3.2 contains a derivation of
the weak-coupling expansion in Theorem 3.3 and outlines the underlying Markov chain behavior
in Section 3.2.3. This weak-coupling expansion is presented in as much generality as possible as it
may be of use in other applications beyond our thermalization procedure, such as thermometry
or spectroscopy. Section 3.3 has two theorems concerning single qubit systems and harmonic
oscillators, Theorem 3.2 and Theorem 3.3 respectively, as well as numerics exploring the g and e
dependence of the channel in Section 3.3.2. Section 3.4 contains our most general results, where
we prove thermalization bounds for non-degenerate systems with no eigenvalue knowledge in

Theorem 3.4 and with perfect eigenvalue knowledge in Theorem 3.5.

One of the key aspects of our thermalization procedure is that the analysis is dependent
on the ability to tune the environment energy gap, denoted 7, to match the system energy
differences. One of our main results in Theorem 3.4 shows that even if the user cannot tune v at
all and is reduced to uniform guessing within an interval containing all of the system’s energy
differences, denoted Ag(3, ), then thermalization can still occur. We show that the thermal
state at finite 8 is an approximate fixed state, with the error going to 0 as the coupling constant
a — 0. This zero coupling limit can be taken with the opposite limit ¢t — oo to yield a nonzero
simulation time for the random interaction G. Further, we show that the ground state is exactly
the fixed point in the 8 — oo limit. In this limit we are also able to bound the total simulation

s o, represents a “resolution” type distance and

min

~ .16 7
time required as L -t € O(%), where 4,
is the smallest difference between two distinct eigenvalue differences |Ag(7, j) — Ag(k,1)|. When
preparing finite 8 thermal states we pick up an extra factor of W related to the spectral gap

of the transition matrix.
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3.2 Weak Coupling Expansion

3.2.1 Preliminaries and Notation

We will be working with a bipartite Hilbert space consisting of a system space Hg with dynamics
governed by the Hamiltonian Hg and an environment space Ky with Hamiltonian Hy. The
total space is H = Hg ® H with Hamiltonian H = Hg® 15 + 1, ® Hy = Hg + Hy. We will
assume without loss of generality that our spaces are encoded in qubits so that Hg = C2" and
Hy = C%". We use dimg to refer to the dimension of the system’s Hilbert space (2"), dimy, the
environment, and dim the total Hilbert space. As for the basis we will use for our spaces, we
will work directly in the eigenbasis of each Hamiltonian. Besides simplifying our calculations, we
can do so because the interaction term we will introduce later is unitarily invariant. We denote
these basis in a 1-indexed fashion as
2n om
Hs—z)\s ’HE_Z/\E )], H = ZZ/\M i, )i, g, (3:90)
i=1 j—
where A(4, 7) = Ag(7) + Apy (;y and we will sort the eigenvalues in nondecreasing order such that
i> 7= Ag(i) > Ag(j). We note that the ground state in our l-indexed notation is therefore

|1)(1]. We also make use of the following notation for the energy differences of the system-

environment Hamiltonian and just the system

A Ik, 1) = M 3) = Mk D), Ag(i,i7) = Ag(i) = As(i), (3:91)
and because our eigenvalues are sorted ¢ > j = Ag(4,7) > 0. We will need a few other notations
for eigenvalue differences. First we denote the degeneracy of an eigenvalue A(i,j) using 7(3, j)
and the number of times a system eigenvalue difference is present as na (i,j). For example,
in a truncated harmonic oscillator with 4 energy levels the lowest gap A is present 3 times,
so 1na(1,2) = 3. The second is that we will need to eventually analyze interferences between

eigenvalue differences of the system, so we define

Oppin = min Ag(i Ag(k,1)]. (3.92)
min (,])#Askl| S( .7) S( )|

Note that nothing in this definition prevents one of the summands, say Ag(k,l), from being 0.

This implies that d,,;, < Ag(3,7) for all ¢ and j.
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Currently our dynamics involved a system separated from the environment, so we need to
fix this by adding an interaction term G : Hg := Hp — Hg @ Hy. We will choose G randomly

via the eigendecomposition

G = UgAgUL, where Ug ~ Clifford(Hg ® Hy) , Ag = (—1)°Z]' @ ...® Zz», (3.93)
and the coefficients z; are sampled LI.D via the distribution Pr[z; = 0] = Pr[z; = 1] = 1. The
eigenvectors are chosen to be a uniformly random Clifford circuit, which we choose due to the
fact that the Cliffords form a 2-design [132]. We then add this random interaction term to our
system-environment dynamics with a coupling constant «, yielding a total dynamics governed

by Hg + Hp + aG. We define the following rescaled coupling constant
Gi=—2 (3.94)
dim +1

where the dim is the total Hilbert space A dimension. The rescaling with respect to dim is

1

to capture the factors of p )

in the transition amplitudes that appear later and leads to
much more compact expressions. This gives a decomposition of expectation values over G into

two parts
Eqf(G) = Ey Ey_f(G) =E, _Ey_f(G). (3.95)

We will use this interaction term to couple our system to an environment prepared in the

e PHE

thermal state pg(8) = pam (B), where 25(8) = tr(e”##~), and then trace out the environment.

This gives the definition of our thermalizing channel ® : £(Hg) — L(Hg) as
®(p;a, B,t) == try, Eq [etilH+aG)tp @ po (B)e H(H+aG)], (3.96)

We will typically drop the implicit parameters of «, 8 and t. Our goal is to show how this

channel can be used to prepare the system in the thermal state p(8) = %. It will be useful to
introduce a fixed-interaction channel @, : L(Hg Q@ Hy) — L(Hg ® Hy) over the total Hilbert

space A as

Bo(p® ppia,t) i= etilHrat) 5 @ o e—ilH+aG)t (3.97)
giving us ®(p; o, B,t) = try;, EqP;(p ® pp(B); o, t). Another alternative notation for @ that we
will use is whenever Hp is a single qubit with energy gap v we will use ®, to draw attention

to this specific energy gap. We will also make frequent use of indicator functions, denoted I[P],

which is 1 if the predicate P is true and 0 if P is false.
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One of the advantages of the channel given in Equation (3.96) is that it is very easy to
implement on a quantum computer. For a fixed value of v and 8 we can prepare the thermal

state pgr(B;y) by starting the qubit in the |0)(0| state. Then with probability % flip the
qubit by applying an X gate, giving the mixed state He%ﬁw 10)(0] + % 11)(1] = pr(B;7)-
We then sample an interaction term by sampling n 4+ 1 uniformly random bits to obtain the
eigenvalues A,. Then we sample a uniform Clifford, which can be done straightforwardly using
the algorithm by van den Berg [133] in time O(n?). We then can use this Clifford circuit to
conjugate our randomly chosen Pauli Z string to a different Pauli operator using a stabilizer
Tableau formalism, which can be done in polynomial time in n using software such as Stim [134].
This Pauli operator G is then appended to the Hamiltonian H = Hg + Hj and any Hamiltonian

iH+aG)t  Tmplementing the partial trace is

simulation algorithm can be used to implement e
hardware dependent, so we leave that up to the user. We further do not make an attempt to

bound the number of samples needed but numerics indicate a rapid convergence to the mean.

3.2.2 First and Second Order Expansion

In order to understand our thermalizing channel ® we will compute a Taylor Series for the
output of the channel with respect to the coupling constant a. We will perform the a expansion
about a = 0 and we will use the mean value form of the remainder, in which we are guaranteed
a special value a, € (0,00) such that the final derivative evaluated at «, is the exact amount
needed. We use a second-order expansion and will need to explicitly compute terms up to order

o?, which will give the following expansion

(9 O£2 82 (3 98)
®(p;a) = 8(p;0) + az-®(p; @) laco + 5 5520 ) lazo + Re(p; ). ‘

We use

a2 82 a2 82

e . _ 3.99
T (p) = 7@‘1’(07 @) la=o = 5 tr, Bg [W(I)G(p;a) b:o] (3.99)

to denote the transition terms, as it will be revealed that the first two terms do not cause
transitions in the system state, and R4 to denote the remainder. Further we will often leave the

dependence on the o parameter implicit and only include it when necessary.

We start off with the O(a®) term, which can be trivially computed as

®(p; 0) = try, / 0@ @ pp() e HHOONIG |, = MMt pe=ilt. (3:100)



CHAPTER 3 PREPARING THERMAL QUANTUM STATES 60

We then see that if [p, H] = 0 then ®(p;0) = 1(p), and as we restrict ourselves to such input
states we will use this throughout the remainder of the paper. The next order correction is the

O(at) term.

Theorem 3.1 (First Order ®): Let ® be the thermalizing quantum channel given by
Equation (3.96) and G a randomly chosen interaction term such that E4[G] = 0. The O(«)

term in the weak-coupling expansion in Equation (3.98) vanishes

0
5 2(930) Jamo = 0. (3.101)

Proof: We start by moving the a derivative through the linear operations of partial tracing and

integrals so that it can act on the fixed interaction map @,

0 0
aa‘l’( P) lamo = a_atrﬂE Ec®6(p) lazo
— tro (BB oo ). (3.102)
Hy Gaa G(p) la=0

Now we use the expression for @, in Eq. Equation (3.97) to compute the derivatives,

0 0 . . o .

—® — +i(H+aG)t —i(H+aG)t +i(H+aG)t ¥ _—i(H+aG)t

50 2 (P) = (aa p®pge +e P®pp| 5oe

1 .
— / is(H+aG)t (ltG) 1(1—s)( H+aG’)td8 Py pEefz(HJraG)t
0
1
+ei(H+aG)tp ® pg (/ e*”LS(H‘l’OAG ( ’LtG) —i(1—s)(H+aQG) tds) (3103)
0

We can set a = 0 in the above and introduce the expectation over G that will be required

0
]EG |:a_a(I)G(p) ’a=0:|

1 1
— ’LtEg/ sttGefsttdsp ® pp — ite +1Htp ® pEEG/ e—isHt (1o—i(1—s)Ht g ¢
0 0

1 1
— Zt/ eisHtEG [G]e—isthsp ® PE— Z'te+thp ® 0B / e—isHtEG [G]e—i(l—s)ths
0 0
o, (3.104)

where the last step follows from our assumption that E4[G] = 0. O
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Now we move on to the O(a?) term in the weak-coupling expansion of ®. We first will
compute the combined system-environment output of a generic system-environment basis state
and we note that this result holds for an arbitrary dimension environment. We will use this
to draw two results: the first being for a single qubit environment the transition amplitudes of
just the system can be split into on-resonance and off-resonance terms based on the tuning of
the environment qubit Hamiltonian. The second result is that coherences are not introduced
to the state at this order of ®, meaning if an input density matrix p is diagonal then (1 +
T)(p) will also be diagonal. This will be crucial for our later understanding of the channel as a

Markov chain.

Lemma 3.2: Given a system Hamiltonian Hg, an environment Hamiltonian Hg, a
simulation time t, and coupling coefficient o, let ®, denote the time evolution channel

under a fixed interaction term G, let x denote the following coherence prefactor

- 1 — A, jla, b)t — e~ iAlilabl
XG5 = (i, Jla, b (3.105)

— ,
a,b:A(3,7,|a,b)#0 A(i, jla,b)

and let (i, j) denote the degeneracy of the (i,5)™ eigenvalue of H = Hg + Hp. Then the

O(a?) term of Eq®q in a weak-coupling expansion is given by

2 32 o
5 Ea W‘I’G(!%ﬁ(’falma:o

2D,k 2

= (X(i,j) + x(k, ) + %(n(i,j) +n(k, l))) 4, 5) (k. 1]

+(i, j|k, 1) o’t" > " sinc? (A(i jla b)3> la, b)(a, b| (3.106)
9 I d1m+1 £ I ) 2 9 )

For |i, j) = |k, 1) the above expression simplifies to

(67

2 0? N
E]EG @(I)G’(h’])(z?.]’”a:o

t
S smcz(A(z’,j\a,b)§)<|a,b><a,b\—|z',j><i,j|> (3.107)
(a,b)#(4,5)

which also demonstrates that tr T (p) = 0 for p such that [p, Hg] = 0.
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The proof of this lemma uses similar techniques to the proof of Theorem 3.1 but is significantly

more technical and can be found in Appendix C.

Next we will compute the effects of the channel on just the system alone which involves
computing the partial trace trg, . We can either do this for a generic environment, which results
in summations over J floating around, or specialize to a specific choice of H and compute

the summation. For the remainder of this paper we will choose the latter option with a single

0

0 . .
0 7). Our environment input

qubit environment # = C2 and denote the Hamiltonian Hy = (
states then become

T Zp(B)  1+em 0 11)(1] := q(0) [0)(0] + q(1) |1)(1], (3-108)

pe(B)

where we will use the environment qubit probabilities ¢(0) and ¢(1) in calculations for brevity.
It will turn out that the value chosen for + is highly critical to the convergence of our algorithm,
tuning it to match eigenvalue differences of the system Hg will allow us to analyze the conver-
gence of the algorithm. As we can see in Equation (3.106) there will be a lot of sinc functions
used, we will characterize a sinc function as being on-resonance or off-resonance if the inputs
are sufficiently close to zero (the max for sinc). As for how close “sufficiently close” actually is

will depend on various parameters, such as t, o, €, and the spectral properties of Hg.
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Theorem 3.3 (Second-Order Expansion T): Let T denote the second-order correction for
a weak coupling expansion for a thermalizing channel ® with a single qubit environment.
The following properties hold for the second order term.

1. The transition element from |i)(i| to |7)(j|, for i # j, is given by

GIT (M) 1) = &2 <smc2 (856:0)5) + e sine? (A (0,9) )5 )

e B

+msinc2<(AS(i,j) +7)%>>. (3.109)

2. For same-state transitions |i)(i| to |i)(i] we have

T (8NN = — > GIT ([9)(i])]), (3.110)

J#i
which follows from tr T (p) = 0 as shown in Lemma 3.2.
3. There are no coherences, or off-diagonal density matriz elements, introduced in the

system up to O(a?), or mathematically

j o+ k= (T (i) (E])|k) = 0. (3.111)

Before we prove this result we will introduce the concept of on- and off-resonant transitions

which we give below.
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Definition 3.4 (On and Off Resonant Transitions): The transition elements in Equa-
tion (3.109) can be divided into on-resonance and off-resonance transitions based on the

arguments to the sinc function. We define the on-resonance transitions as

T 0D)13) = 3 e 1A 9) =11 < Gyl sine? (A (i, 5) = 1) )

—By t
32 i inc? X L) (3.112
G T A (i,) + ] < Sy sin? ((As(G5) + )5 ) 3112

and the off-resonance terms as

= t

j NN = G2 . L NN
Tl ) = & 1 M As(9) — 2| > ) sine? ((As(i5) — )3 )
~92 €_ﬁ'y ]I A .. (5 . 9 A o t
+a 15 e hr [[A5(4,5) + ] > 6] sinc (( 5(1,3)4_7)5)

+67 sinc” (As(i, j)%) : (3.113)

For the same-state transitions |i)(i| to |i){(i| the on- and off-resonance transitions are

equal to
(i1 T5 (19) GD1E) = =10 (181
#i

and (il T(18) (i)]) = — 3 (i17(19) (i) |- (3.114)
J#i

We will now use these definitions to prove Theorem 3.3.

Proof of Theorem 3.3: The bulk of this proof will be based on straightforward reductions from
Equation (3.106). To start we will first show that no off-diagonal elements are introduced to the

density matrix. By taking the (j, k) matrix element of the output from Equation (3.106) we see

e e Prelm) a2 9? .
<J\7(ll>(21)|k>:Zm(%”?ﬂzc 302 2ali, m) (i, m) lao | [k, 1)
l,m

==Y a(m)a®(x(i,m) + x(i,m)* + t*n(i,m)) (4, |3, m) (i, m|k, 1)
l,m

+3 qm) 3 @ sine? (A(i,mya, b)%) (G, 1]a, b) {a, blk, 1
l,m a,b

_o, (3.115)
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where we introduce g(m) for m = 0,1 to be a placeholder for the prefactors in Equation (3.106)
and the last equality is due to the fact that j # k implies that (j,1|i,m) and (i, m|k,[) cannot

both be nonzero and likewise for (j,!|a,b) and (a, b|k, ).

Since we have shown that coherences are not introduced to our system we can focus on the
transitions from diagonal entries to diagonal entries in p. We make heavy use of Equation (3.107)

which tells us that for i # k the system-environment transition amplitude is

2 2

o t
5 (kB | 550 (1i, )i, 4]) |] |k,z>—a2smc2(A<z,g|k,z>§). (3.116)

Now because all the operations present in the above expression are linear we can compute this
map for the initial environment state pg(5) straightforwardly. Taking the output of this linear
combination and computing the trace over the environment then gives us the expression for T
using the assumption that the environment is a single qubit we find using the definition of ~

and Ag in Equation (3.91)

(I (1)) ) = %l)q%)%zw% % P ) '°‘=“] -
- & > q(k) sinc” (W)
_ a2 (q(O) inc? (w) + (0) sinc? (W))
ta (q<1> sine? (w) + (1) sinc” (w))
- (o (B4 o (2021
+a2(q<1>sinc2<w>*q““m‘?(wn’ e

where we see that combining the terms with sinc?(Ag(4, 7)5), as ¢(0) 4+ ¢(1) = 1, we immediately

get Equation (3.109).

To classify these terms as on-resonance or off-resonance we will focus on the argument to
the sinc function, which is of the form Ag(i,5)5 or (Ag(é,7) £7)%. The idea is that we will

take t large enough so that only the energy differences that are less than § as defined in

min»

Equation (3.92), will be non-negligible. Clearly the term &2 sinc%%) will always be off-

resonance, as O, < Ag(i,J).
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Now we have three terms to classify as either on-resonance or off-resonance, we refer to each
term by their argument to the sinc function. The first we can categorically declare as being off-
resonance is the Ag(i,j) term. By Equation (5.226) we know sinc®(Ag(i,j)%) < ﬁ, which
we will make arbitrarily small in later sections. The other two can only be classified as on or off
resonance depending if Ag(4, j) is positive or negative. If ¢ > j then we know that Ag(i,5) >0
and therefore sinc®((Ag(4, j) —)5) term can be close to 1 if v ~ Ag(i, j), which also shows the
Ag(i,7) + v term is off-resonance for all v. We say that the Ag(7,j) — term in this scenario

is on-resonance if |Ag(7,5) — 7| < 0, This classification is best described symbolically as

i > and |A(5) ~ 7] < S = 1T ()6)1) = Ga(0)sine? ((As(i,5) ~ 1) ) B118)

The ¢(0) prefactor indicates that the ancilla started in it’s low energy state and since sinc? is
symmetric we can write the argument as yAg(%,j) which can be remembered as the ancilla
gaining v amount of energy and the system losing Ag(4,7). In this scenario the Ag(3,j) +

term is therefore put in the off-resonance map

i>jand |[Ag(i,5) — v < Opin
— (G1Tali)iD13) = & (sin? (A5, )3 ) +a(1)sine? ((As(i,9) + )3 ) ). G119

Now for ¢ < j we find that the on-resonance term is
. . . NN - . . t
i< g and [A (i) + ] < Sy = GITal)iD15) = Fa(1) sine? ((As(i.5) + )3 ) 3120

Similarly to before the ¢(1) prefactor tells us the ancilla starts in the excited state. This
matches with the energy argument by noting that Ag(7,j) < 0 and that the argument to sinc is
symmetric, which allows us to write it as |Ag(4, j)| — 7; indicating that the system gains energy
|Ag(i,7)| and the ancilla energy drops by —v (therefore increases by 7). In this scenario the

Ag(i,7) — v term is off-resonance and we have
1< .] and |AS(Z7]) +7’ < 6min
, NNy o o oat . . t
— (170} iD]5) = & (sinc? (As(6,)3 ) +a(O)sine? (A5~ )3 ) ) (312D

Now to compute the i = j case, it is sufficient to utilize our results from the i # j scenario. This
is because our second order correction has zero trace tr(7(p)) = 0 from , so we can define the

on-resonance and off-resonance terms as the following
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GIT ([8) D) = —a2 > (KIT (|i) (i) k)
ki
= a2 (Kl(Tou([8) (i) + Toge(18)il)) k)

ki

= (i1 (18) GDIE) + (il (12) D) (3.122)
By plugging in Equation (3.118) and Equation (3.120) to the above we are done with the self-
transition terms. O
3.2.3 Markovian Dynamics and Error Terms
Now that we have fully computed the significant contributors to the output of our channel ®,
we move on to characterize the behavior of the channel as a Markov chain with noise. A Markov
chain is a random process that involves a walker transitioning to vertices on a graph wherein
the probability of transition does not depend on the history of the walker. Specifically, in this
context we view the vertices in this graph as the eigenstates of the Hamiltonian. The repeated
interaction model because of the lack of coherences in the weak coupling limit can be interpreted
as a Markov process over these eigenstates with transitions probabilities given by the above
analysis.

Specifically, the Markov chain is dictated by the ®(p;0) and T, terms in the weak-coupling
expansion, for [p, Hg] = 0 we showed that ®(p;0) = 1(ho), so from now on we will specifically
only deal with such density matrices and characterize the zeroth order term as an identity map.
As for the Markov chain, we will use normal font to denote matrices, such as I for the identity
matrix and T for the transition term added on. We use €; to denote the basis vector associated
with the quantum state |i)(i] and p to denote the probability vector for p associated with its

eigenvalues.
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Lemma 3.5 (Quantum Dynamics to Classical Markov Chain): Let T be the matriz

defined by

eTTE; = (il T (1) D). (3.123)
The matrix I +T is a column stochastic matriz and models the Markovian dynamics of

our thermalizing channel up to O(a?t?),

(G1(1+To) " (8 )ld) = & (T +T)*& (3.124)
By linearity of 1+ T, this identity extends to any diagonal density matrix input p =

22, p(i) [i) (il

Proof: We prove this inductively on L. The base case of L =1 is trivial from the defintion of T'

Gl + Ton) (8) (1) = 82y + (1T (18)ED)1) = € (1 + D). (3125)
For the inductive step we will rely on the fact that there are no off-diagonal elements for diagonal
inputs.
(1 Ten (YD) = 8 4. (G1Ten (18) E1)13) = GITaE(18) ) k) = 6 (1T (1) () ). (3-126)
This is again by induction where the case L = 1 is proved in Theorem and the inductive step is
1Tk () ED1k) = (G| Ton (Te~ (18)(6])) |K)
= (1T (m)(m| TE2 (18l |n)(nl)[k)

m,n

=D S (mIT 7 (18) i) [m) (G| T, (Jm) () )

= Z (Tt (18 (i) 1m) 0, 1 (51 Ton (Jm) (m ) |)

= 0; k(1T (1) D) (3.127)
This argument points the way towards how we will prove the inductive step in our stochastic

conversion, starting with
(I + o)™ (813 = G+ Ton)™ (861 + Ton o (L 4+ Tou)™ (180 61)) 1)
= &L+ ) E + (T o A+ T) (a0 aDl). (3128)

We can use the inductive hypothesis on the term on the left and we now have to break down

the T, term.
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(71T0n © (1 + To) ™™ (D) EDL) = D (i1 Ten (Im)(ml (2 + Top) ™ (18)(l) [n)(nl) 1)

m,n

= Z on(Im) (m])[5)€5, (I + T)%~

=& T(I+T)" '€, (3.129)
Substituting this into Equation (3.128) yields

G+ T,) F (i) l)g) = €] (I + T)Pe (3.130)

Our final step in the proof is to show that I + T is column-stochastic. This is straightforward

from our definition of T'
S+ TIE = 1+ DT () (3.131)

Now we use the fact that (3|7, (|7)(J])|7) = —ZZ#JMZ)H(]])M)]Z) from Equation (3.114) to

conclude that I + T is column stochastic. O

Since we will be effectively reducing our quantum dynamics to classical dynamics over the
eigenbasis for Hg we will need bounds on the convergence of Markov chains. This is a very
deep area of research, with many decades of results, so we point interested readers to the
comprehensive book by Levin and Peres [135]. As we will be dealing with non-reversible Markov
chains we unfortunately cannot use the relatively well-developed theory for reversible Markov

chains. Luckily, we will only need the following theorem due to Jerison.
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Theorem 3.6 (Jerison’s Markov Relaxation Theorem [136]): Let M : RN — RY be an
ergodic Markov transition matriz acting on an N dimensional state space with absolute
spectral gap A, :=1—max,. ,|\;(M)|, where the eigenvalues of M are ordered 1 = Ay >
Ay > ... > Ay = —1. Given this gap, if the number of steps L in the Markov chain satisfies

the following bound

N 1 1 1 N
L>"(2log— +4(1+1og2)+ —(2log( =) —1) ] == = (3.132)
> )\*( og)\*-l- (1+log )+N( 0g<€> )) )\*J,

where J is the collection of logarithmic and constant terms that we will typically ignore in

asymptotic notation, then the resulting state M*(z) is e close to the fized point

VZ st. z; >0 and le =1, Hfr—MLj;Hl <e. (3.133)

We use 7 to denote the unique eigenvector of eigenvalue 1 for M.

Now that we have an idea of how long it takes for our Markov chain to converge to the fixed
points we need to show which states are actually fixed points. We demonstrate that for finite 3
any fixed point must satisfy a summation of detailed-balance terms. This fixed point is unique if
the Markov chain is ergodic, which we do not argue in this lemma as an arbitrary thermalization
channel ® may not be ergodic. For the ground state limit of § — oo we show that the Markov
matrix I + T is upper triangular, which is crucial to our analysis of the spectral gap of the
Markov chain in later results. We also demonstrate that the ground state is a fixed point in this

limit nearly trivially.
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Lemma 3.7 (Markov Chain Fixed Points): Let T' be the transition matriz with sum zero
columns Zj é;rTé’i for all i, negative diagonal entries €] T€; < 0, and off-diagonals smaller
than 1 éjTTé'i <1 for j#1i, associated with the on-resonance term T, of an arbitrary
thermalizing channel ®. A wvector p is a fixed point of the Markovian dynamics I +T if
and only if it is in the kernel of T'. This holds for finite B if the following is satisfied for
all j

e emAs()

2 Zm 0T

el Te; = 0. (3.134)

In the B — oo limit the ground state €; is a fized point and T is upper triangular

lim (I+T)¢, =€ and i>j= lim & Te; = 0. (3.135)
— 00

B—o0

Proof: To show that the thermal state is the fixed point of the zero knowledge thermalizing
channel we need to show that T'pz = 0 and that the Markov chain is ergodic. Ergodicity will be

easy to prove so we focus on showing that T'pg = 0. This condition can be expressed as

. o BAs(0) T
e .. p,B = —_—€ . e. = .
’ ~ Zs(B) 7

(3.136)
We can make a quick substitution as we know the diagonal elements must equal the sum of the
remainder of the column
elTe, = - ETe,, (3.137)
i#i
which we can then pull out the ¢ = j term from the sum in Equation (3.136)

—BAs(d) e—BAs(d)
T, =S S _&eTre, S N"&lTe, (3.138)
TP = 2 E o T T Ty 2T
which is 0 if and only if ps is a fixed point of I + T
We now show the § — oo case. We can show that T is upper triangular using Theorem 3.3

which gives us the on-resonance transition amplitude. We assume ¢ < j, which implies Ag (i, j) <

0, and get
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lim € Te; = lim (57, (|2)(il)ls)

B—00 B—o0 on

9 1 . . . t
=a’ Jim 3 A () + 7] < O Sln02<(As(%J) +’Y)§)]

o o . 2 .. - : -
=« ]IHAs('l,]) + ’Y| < 6min] since <(AS(IL"]) + 7)2> ﬂh—>n;olo 1+ e B

—o. (3.139)

This further shows that the ground state is a fixed point, as every other eigenvector must have

higher energy and therefore all on-resonance transitions from the ground state must be 0

lim & T¢, = hm< |7, (1AL = Z lim (|7, (/2)(1))5) = 0. (3.140)

B—o0 j>1

This then shows that the ground state is fixed
(I+T)e, =e, (3.141)
and completes the proof. O

Using the decomposition from Theorem 3.3 and intermediate expressions in its proof we
can now show why the off-resonance map T4 is named “off-resonance”; even in the worst case
scenario of choosing a bad value of v such that all terms in 7 end up in T the trace norm of

its output is always controllably small via a.

Corollary 3.2.3.1: The induced trace norm of the off-resonance map T i(p), for all density
matrices p such that [p, Hg] =0 and dim > 2, is upper bounded for all choices of the

environment Hamiltonian ~ by

8a?
|Zas(0)], < 52— (3.142)

min

Proof: This result follows from applying bounds on the sinc function from Lemma 1.1 (given in

Appendix C) to the worst-case scenario off-resonance terms given in Equation (3.113).

%5 = UD€ 5 (14 a0 + ) = s (3149

min min

This allows us to bound the off-resonance self-transition term in Theorem 3.3 as
T8 G = |~ ST D) | < (dimg —1) 0 <407 (3.144)
off off S 52 (dlm-I—l) 52

j#i min min
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Now we can use this, along with our no off-diagonal output elements of T, to compute the trace

norm of the off-resonance map

1Tsee()l, = ZWWQH(P)U)\

<D0l G T (1) D))

=D hi (ZI(J’I%(I@'M@'I)UH + \<i|70ff(\i><i\)li>\>

J#i

. 8a? 40

min min

2
< 8a” (3.145)

O

The last result in this section that we will need is a bound on the trace norm of the remainder

term, which we state in the following theorem.

Theorem 3.1 (Remainder Bound): Let Rg(p) be the remainder term for the second-
order Taylor series expansion of the quantum channel ® acting on an input state p about

a = 0 defined in Equation (3.98) where the Schitten 1-norm of the remainder operator is
bounded by

|Rg (p; @), < 4dim (at)®. (3.146)

The proof of the remainder bound follows from the triangle inequality and remainder bounds

on Taylor series and is given in Appendix C.

3.3 Single Qubit and Truncated Harmonic Oscillator

The first system we study is the qubit #g = C2. This system is simple enough that we can
explicitly write the dynamics as a 2 x 2 transition matrix, which makes it easy to compute
required simulation times and easy for the reader to follow. Although this system could be
viewed as a warmup to the more general systems in Section 3.4, as the proof techniques are very

similar, we remark that this system does have some unique properties. The biggest difference is
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that we do not assume any kind of belief distribution of the eigenvalue gap A of the system. We
only require that a window of width 20 is known that contains A. We can then characterize the
runtime in terms of o and in addition to determining runtime we find it determines an upper
bound on the B that can be prepared at low error.

The other unique phenomenon with the single qubit scenario is that the total simulation
time needed is independent of 5. Although this may seem incorrect, as most existing thermal
state preparation algorithms tend to scale at least linearly with 8, this is in fact a property of
the underlying Markov chain. The rate of convergence of the Markov chain is dictated by the
spectral gap, which for this system is shown to be &2. The only aspect of the Markov chain
that changes with § is what the fixed point is and the Markov Relaxation Theorem 3.6 provides

relaxation guarantees regardless of initial or final state.

Theorem 3.2: Let Hg be an arbitrary single qubit Hamiltonian with eigenvalue gap A,
p any input state that commutes with Hg, and L the number of interactions simulated.

Given a window of width 20 that is promised to contain A and satisfies the inequality

o< mln{ 25 \/g}, (3.147)

then the following parameter choices

1
= t3(A 4 0)?’
202
S |
10 5}
L= 21
and [a2t2(1 ~ 5242/2) ( 8 (a2t2 sinc2(|A — 7 t/2))
+41log(2e) — % + log<g>)-‘, (3.148)
g

are sufficient to guarantee thermalization of the form ||pg(B8) — @"L(p)Hl € O(e). In the

limit as o — 0, the total simulation time required scales as

1
th tGO(A 25) (3.149)
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Proof: The proof will be structured into three parts. First, we will need a bound on how close
the fixed point of the Markov chain is to the thermal state, because the fixed point is exactly
the thermal state only when v = A and our window of width ¢ is sufficiently small given our
error budget. Second, once we have these bounds we then need to determine the number of
interactions L that will be necessary to reach the fixed point within trace distance . Lastly,
we use this value of L to bound the accumulative error from the off-resonance mapping 7 4 and

remainder term Rg.
We start by breaking down the trace distance into three components, one for the fixed-point

distance from the thermal state, one for the Markov dynamics distance to the fixed-point, and

lastly the remainder terms
los(8; A) — (o)

<lps(B;A) = ps(BiV, + [los(Bi7) — 2 (o),

<lps(8;8) = ps (BN, + [|os(B:1) = W+ ) (o) + [[@+ 7o) (0) — 22 (0)]

< lps(8:8) = ps (B, +[|os(8;7) — (@ + T ) ()|, + L(I%s(p)], + IRg,).  (3:150)

We proceed with the leftmost term first. The trace distance can be computed explicitly for a

single qubit state as

lps(B57) — ps(B; A,

= [(1lps(B 1) — (1ps(8; A)1)] + (25 (8;7)[2) — (2lps(8; A)[2)]

= (1ps(B;7)I1) — (Ups(8; A1) + 1 = (Lps(B;7)[1) — 1+ (1pg(B; A)[1)]
=2|(1lps(Bi1)[1) — (Llps (B A)1)]. (3.151)

Now we expand (1|pg(5;7)|1) about v = A

11 (- A 1 e P
lteBr 11epr ™ 1+ePnltebn

(Lps(B;7)I1) =

1 e P

(3.152)
1 + 6767* 1 + 676’\/*’

= (1lps(B;A)1) + (v —A)B

where «, denotes the special value of « that is guaranteed to make the above equation

hold by Taylor’s Remainder Theorem. Since the rightmost factors can be upper bounded by

1 e*ﬁ’Y*

T oo < 1, this can be rearranged and plugged into Equation (3.151) to give the upper

bound
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los(8,7) — ps(8, M), < 2818 1. (3.153)

Since we require this distance to be less than e, we can upper bound |A — 7| < ¢ and require

o< = (3.154)
=33

Now we move on to the second stage of the proof: computing the number of interactions needed

to reach the fixed point of the Markov chain. As the Markov transition matrix is only 2 x 2 we

will compute it explicitly. To do so, we need the matrix elements for T', which can be computed

using Theorem 3.3

&l T, = (17,,(|11)(1))[1) = ~21i—ﬂsinc2 (#)

ENTe, = (217,,(11)(1)2) = a2 n( = )

é1Té, = (1|7,,(12)(2))[1) = Smcz( )

e1Te, = (2|7,,(12)(2])[2) = QH%MCQ(%)' 159

This gives us the total Markov chain matrix as

(10 | . 2( B 3) 1 —e P 1 (3.156)
I—i—T—(O 1)+a sinc” | (A 7)2 e\ et _1)

where it can be seen that the fixed point is

1 . e B

B -z 3.157
1+675761+1+€7ﬁ762. ( )

(I +T)ﬁ[3,'y = ﬁﬂ,fy =

To show convergence we will need the spectral gap of Equation (3.156), which is given as A\, =

&% sinc? ((A — 'y)%) Plugging this into the Markov Relaxation Theorem 3.6 we can compute a

lowe bound on the number of interactions needed

> 2J , (3.158)
a2 sinc?(|A — %)

where J captures subleading logarithmic factors.
ur next goal is to simplify these bounds so that we can propagate them to our final error
requirements. We first use Lemma 1.1 to produce a bound on sinc whenever « is within our

window and |A — 4| <o
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¢ 24
sinc2(\A—'y —) > 12> , (3.159)
2 2
provided that to < v/2 to make the bound meaningful. Recalling that the dimension of the
system is 4, we can then create a new lower bound for L by plugging this expression for sinc in

to Equation (3.158)

107
> (3.160)
= o221 — 02t2/2)

which is larger than our bound in Equation (3.158). If we choose L to be twice this bound we

will for sure meet the Markov chain error requirements.

The third stage of the proof utilizes the above bound on L to bound the off-resonance and
remainder terms. The magnitiude of the total off-resonance contributions are L5, < 8/ AZ
given by Corollary 3.2.3.1, and the remainder term is L|Rg [, < 324/2/mat? from Theorem 3.1.

Setting o = 1/(t3(A + 0)?) < 1/(¢t3A?) allows us to make the following inequalities
20J 8 2 .,
L1, + WRal,) < ey (E e )

20J 2
< 2\ (3.161)
—w%vu—a%ym(8+wvc>

The last step is then to show that the above is O(e). As J contains only logarithmic factors, it is

sufficient to show that there exists a ¢ such that ¢2(1 — 02t?/2) < e. Rearranging this expression

reveals a quadratic in t?that must satisfy the following
(175 ) Ly (3.162)
2 g

The roots of this quadratic are

1 / 202
2__ |1 1— — (3.163)
t o2 ( + A26> ’

meaning that if ¢ lies between these two roots then our bound in Equation (3.161) is O(e).

The first observation to make about these roots is that we require o < A4/e/2 in order to keep

1 202
the roots real and not become complex. As o — 0 we note that the larger root —5 (1 +4/1— AQE)
approaches infinity and the smaller root approaches 1/A2%e. This means that Equation (3.161)

has valid solutions provided o is sufficiently small. This means that we have successfully bounded
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all 3 error terms present in the original decomposition Equation (3.150) by O(g). We have done

so by setting the following parameters

_ 1
* = RiozE

. te%[1—«/1—2‘;2’5,14“/1—2‘;24,

. andL2 Q(m)

Substituting in derived expressions for these parameters is sufficient to yield the theorem
statement. O
3.3.1 Harmonic Oscillator

Now that we have explored the thermalization channel completely for the single qubit case we
turn our attention to a more complicated system: a truncated harmonic oscillator. For this
scenario we will assume that the oscillator gap, A, is known. This is mostly to simplify proofs
of ergodicity and should not be an issue in practice, as evidenced by later theorems that show
thermalization without eigenvalue knowledge. The reason behind this proof requirement is that
by tuning v to be the spectral gap we can create a ladder® transition matrix in which states
can move one level up or down. The proof of ergodicity relies on this ladder. Once we remove
knowledge of A if v has some probability of being close to 2A this special ladder structure is
destroyed. To avoid this annoyance and focus on the special structure granted by the harmonic
oscillator we will assume v = A.

This system also represents a transition from the single qubit to more general settings
discussed later as the guarantees on total simulation time as a function of 8 are similar. For
the harmonic oscillator we are only able to bound the spectral gap in the ground state limit
as 8 — oo, meaning that the convergence time for finite 8 has to be characterized in terms of
the spectral gap of the Markov chain. For infinite 8 we are able to compute the spectral gap
exactly, as the Markov transition matrix is upper triangular. The following theorem introduces
this technique in a straightforward setting before it is used later for more complicated transition

matrices.
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Theorem 3.3 (Harmonic Oscillator): Let Hg denote a truncated harmonic oscillator with
dimg energy levels that are separated by A, giving Ag(k) = kA for 1 < k < dimg, let
be chosen to match the eigenvalue gap v = A exactly, and let p be any input state that
commutes with Hg. Setting the following parameters for the thermalizing channel ®

155 (B)L5A _ _ dim?2

a= %,t:dims(A s)\*(ﬂ)>, and LeO| —=2s | (3.164)
dimy a2, (B)

where X (B) is the spectral gap of the scaled transition matriz T /&2, is sufficient for

thermaliziation for arbitrary B as

los(8) — @ (p)| | € O(e). (3.165)

This gives the total simulation time required as

« 9
L.teo dms ) (3.166)
A€2‘5)\*(,8>2'5

In the limit 8 — oo the above settings for a,t, and L are valid for preparing the ground

state with the spectral gap of the scaled transition matrix is further given by

lim X, =1. (3.167)

B—00

Proof: We first show that the thermal state is the unique fixed point for finite 8. This will be
done by computing the nonzero on-resonance transitions and plugging in to Lemma 3.7. As v =
A, Ag(3,5) = (i — j)A, and d,;,, = A, we can deduce that the on-resonance transitions will only
be nonzero for adjacent states |¢)(i| and |i & 1)(i & 1|. This can be seen explicitly for ¢ # j by

evaluating the transition elements given by Definition 3.4.

1T (0D15) = Py WIAS(0,9) = 2] < Bl sine? (A (i) = 1))

e B

2
14 e B

+a I8 (i,) + ] < Syl sine? ((As(i.5) + 1))

— ()1l = i — sin?*((As(i,5) )5 )

+ a%q(1)I[j = i + 1] sinc? ((As(i,j) + w)é)

= a2(g(0)I[j = i — 1] + q(I[j = i + 1]) (3.168)
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We now plug this expression into Equation (3.134) of Lemma 3.7 and use the fact that Ag(4,7 +

1) = A for the harmonic oscillator

e BArs(i) e Brs(9)

> m(ﬂ%(l@(l’l)!ﬁ - M@ITOH(IJ')(J'DID

i

S > [0 =i — 1)(q(0)e #2509 — g(1)) + 1[5 = i + 1] (q(1)e P29 — g(0))]
Zs(B)
e—BXrs(d)

= & (e724(0) = (1)) + (e*724(1) = 9(1)))

.9 e—BXrs(d) _BA 1 e B L8A e B 1

— Z5(B) 1t eP T1te M e 1+eBr 14eB

=0, (3.169)

where the final equality comes from setting v = A. By Lemma 3.7 this is sufficient for pg(3) to
be a fixed point of 1 + T .

To show that pg(B) is the unique fixed point of the Markov chain it suffices to show that
the walk is ergodic. This means that we need to show that the walk can generate transitions
between any two sites, or in other words, the hitting time for any two states i # j is nonzero.

We prove this by induction on ¢ — j first for ¢ > j. For i = j + 1 we have

1@+ T8 GED1) = (I + T (5 + 1) + L)1) = 6%g(0), (3.170)
which is nonzero and therefore the base case holds. Assuming i = j 4+ n holds we show that the
hitting time for i = j 4+ n + 1 is nonzero. Let p denote the probability of transitioning from j to
j + n after n applications of 1 + 7, . We show that the probability of transitioning to j+n +1

is nonzero in a few steps starting with the reduction

Gl +T) ™ (5 + 0+ 1) +n+ 1))

= 3" Gl A+ To)™ o (kg )y | (L + T )15+ 1+ (G +n+ 1)) ko) (By])]7). (317D
kqi,ko

We then can set k; = ky = k as we know that 1 + 7, does not add coherences, meaning it maps
diagonal operators (|7 +n + 1)(j + n + 1|) to diagonal operators (|k)(k|). We can then use the
fact that one application of 1 + 7, can map j+n + 1 to j + n and take only that term out of

the sum over k
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DG+ To) ™ o (k)R] (L 4+ To) (15 +n+ 1)( + 7+ 1)) k) (k])L)
k

> (Gl +T5)" e (G4 nli +n) @+ )+ n+ DG+ n+ 1)) [5+n) (G +n)li)

= &q(0)(jI(L + T5,)™ (|5 + n) (G + n])]5)

= a%q(0)p, (3.172)
which is clearly greater than 0. To prove the case where i < j the same inductive argument

above can be repeated but this time factors of ¢(1) accumulate as opposed to ¢(0).

Now that we have shown that the thermal state is the fixed point we would like to bound the
total simulation time needed. To do so we first decompose our error into two parts, a Markov

chain error and an off-resonance and remainder error

los(®) — o), < [los(8) — @+ T (). + L(1%eal, +1Rol,) ~ (B173)

We first bound the number of interactions, L, needed for the output of the Markov chain to be
e close to the fixed point and then use this bound on L to upper bound the off-resonance and
remainder error. Unfortunately in the finite 8 scenario we are unable to determine the spectral
gap of T, the entries of which are given in Equation (3.168). The spectral gap of T' is necessary
to use Jerison’s Markov Relaxation Theorem 3.6 which poses a problem for our understanding
of the evolution time needed. Instead, we will pull out the overall factor of &% and let ):*(6)
denote the spectral gap of T//&%. This then allows us to use Theorem 3.6 but we will have to

leave the number of interactions required in terms of X, (8).

Theorem 3.6 tells us that requiring
. .92
> dims ;o5 dims (3.174)
a’A,(B) a?t? X, (B)
is sufficient for the total variational distance between the stationary distribution to be e-small,
in other words Hps(ﬁ) —(1+ 7;n)°L(p)H1 € O(e). Now we use this expression for L to bound
the off-resonance and remainder errors. To do so we first want to asymptotically bound the two
contributions, which can be found in Corollary 3.2.3.1 and Theorem 3.1. The sum of the two

errors is given by

8a? ]
155l + I Rol, < <5 + 4dimg (at)?. (3.175)

by setting o = 1/(dimg A?t3) we can simplify the above as
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2

(0%
1Zesell, +1Ral, < z512- (3.176)

1=

Using the sub-additivity property of the trace distance the total error scales as

dim?% o?J
L(1T5l, + IRs,) < m

2

col dims (3.177)
t2A2), (B)
We can make this O(e) by setting ¢t = A;L/\fw. This then gives the total simulation time as
.92 )
Licol dms | _5(_dms ) (3.178)
QA(5)) B

Now that we have analyzed the finite  regime, we turn to the f — oo limit. Our proof above
fo the fixed points only works for finite 8, but Lemma 3.7 tells us that in the § — oo limit the
ground state is a fixed point. We will show it is the unique fixed point by directly computing
the spectrum of T', which will be rather easy to do. Lemma 3.7 further tells us that as § — oo
the matrix T is upper triangular, which means we can compute the spectrum simply by just
computing the diagonal elements. We do so via Equation (3.168) and Equation (3.108), which

says that for 1 < i < dimg we have
& Té; = (| (I (i)13)

== _UlTu (i) D1)

= —a?, (3.179)
where the summation is only nonzero for j =4 + 1. For ¢ = 1 we note that because €; is a fixed

point we have éjTTél = 0, so the diagonal entry is 0. The computation for ¢ = dimg is similar

to the above but yields from Equation (3.108)

(dim]7,, (| dimg) (dimg])|dimg) = —a* lim g(0) = ~a> (3.180)
— 00

lim
B—o0

This shows us that the zero temperature limit of the transition matrix T is



CHAPTER 3 PREPARING THERMAL QUANTUM STATES 83

01
-1 1

lim T = &2 o (3.181)

B—o0

1

-1
We can compute the spectrum via the characteristic polynomial det(AI — T"). This is because
T is upper triangular and the determinant we need to compute is

A —a2
A+a2 —a2

~2
det()\I— lim T) _ Atar . (3.182)
B—o0 B

—a2

A+ a?

The roots of the above characteristic polynomial gives the spectrum of T as 0 and —a&? with
multiplicity dimg —1. This not only gives the spectral gap of &? but further shows that the

ground state is the unique fixed point because 0 only has multiplicity 1. This shows that

limg o X, (8) = 1.
We now can use this to repeat the simulation time bound arguments from the finite 8 case.
The decomposition in Equation (3.173) is still valid and we can use the Markov Relaxation

Theorem 3.6 to bound

. .92
I 2 dlmS _ J c é dlmS ' (3183)
a2limg . X, (B) a2t

The arguments for the off-resonance and remainder error bounds are the exact same and tell us

that it suffices to set

v g s dims (3.184)

This gives the total simulation time needed as

s 9
L-te O(dffz). (3.185)
=
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3.3.2 Numerics

Now that we have rigorous bounds on each of the parameters a,t and L needed to prepare
thermal states of simple systems, we turn to numerics to test these bounds. The first question
we explore is how the total simulation time L -t behaves as a function of a and t. After, we
examine the dependence of the total simulation time on the inverse temperature S and we
observe a Mpemba-like effect where we find higher temperature states can cool faster than lower
temperature ones [137]. Finally, we demonstrate how our proof techniques could be leading to
worse € scaling than appears numerically necessary. Throughout these experiments we have the
same numeric method of starting with the maximally mixed state pg(0) and performing a search
on the minimal number of interactions needed for the mean trace distance over all samples to
be less than the target €. The number of samples is increased until the variance in the trace

distance is less than an order of magnitude below the mean.

In Figure 7 we explore the total simulation time needed to prepare a thermal state with 8 =
2.0 and € = 0.05 for a single qubit system. We plot the total simulation time L -t needed as a
function of ¢ for various settings of a. We find that increasing both parameters tends to decrease
the overall cost until a saturation point is reached, which is at a value of ¢ slightly larger é For
a fixed value of « this initial decrease in L - ¢ is inverse with ¢, in agreement with our finding of
Le O(tfz) in Theorem 3.2 for ¢ = 0. However, this process of decreasing the cost by increasing
t can only scale so far and appears to run into a minimum number of interactions L required to
thermalize. After this saturation point L - ¢ scales linearly with ¢, indicating that the number of

interactions L has reached a minimum.

Another major take away from Figure 7 is that it demonstrates that our thermalizing channel
is exceptionally robust beyond the weak-coupling expansion in which we can theoretically
analyze it. The values of at used in the far right of the plot completely break our weak-coupling
expansion, as we have values of & that reach up to 500. One interesting phenomenon that we
do not have an explanation for is the clumping* of various settings of « in the large t limit. As
at dictates the amount of time that the random interaction term G is simulated for, it could
be that once a minimum amount of randomness is added via this interaction it is no longer

beneficial in causing transitions among system eigenstates.
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Figure 7: Total simulation time for a single qubit system to reach within trace distance of 0.05
of the thermal state for = 2 as a function of per-interaction simulation time ¢. The slope of
the large t asymptote is &~ 1.01.

The next task we have is to examine the 8 dependence. For the harmonic oscillator Theorem 3.3
is helpful for giving an idea of the total simulation time for the ground state but we cannot
extend it to finite 8 due to the special structure of the transition matrix in the 8 — oo limit.
Perturbation theory could possibly be used to extend the computation of the spectral gap to
the low temperature regime, but even then it would break down for large temperature (small
B). For generic 8 the structure of the harmonic oscillator transition matrix is tridiagonal but it
is not quite Toeplitz, as the main diagonals deviate in the upper left and bottom right corners.
We could try to pull these deviations into a separate matrix and treat them as perturbations
to a fully Toeplitz matrix, which we can then compute the spectrum of. The issue with this
approach is that these deviations are on the order of G?¢(0) and &2q(1), which are comparable

to the eigenvalues of the unperturbed matrix.

In Figure 8 we are able to probe the total simulation time and spectral gap of the harmonic

oscillator as a function of 5. We reveal a rather surprising Mpemba-like phenomenon where
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it takes longer for an infinite temperature initial state (the maximally mixed state) to cool to
intermediate temperatures than low temperature states. The Mpemba effect [138] is a classical
phenomenon related to the time needed to freeze hot water compared to room temperature
water with mentions going all the way back to Aristotle. This phenomenon has been extended
to quantum thermodynamics and observed in both theory [139,140] and in recent experimental
research [141]. Our observations are not only a further analytic observation, but we are able to
provide a proposed mechanism that explains the behavior. It is clear that the distance of our
initial state to the target thermal state |pg(8) — pg(o0)|, increases monotonically with 8 but
what is not obvious is that the spectral gap of the underlying Markov chain is also increasing.
As larger spectral gaps lead to quicker convergences this acts in an opposite way on the total
simulation time. The end result is that for small 8 the increase in initial distance is stronger than
the increase in the spectral gap and L - ¢ increases. After some amount of 8 these forces flip and
the spectral gap effects become stronger than the initial state distance increasing, leading to a
reduction in L - t. This phenomenon appears to become more pronounced as the dimension of the
harmonic oscillator increases, as can be seem in the dimg = 10 data. Two things remain unclear:
the first is what parameters affect the position and height of the peak in total simulation time
and the second is if this behavior is present in Hamiltonians with more complicated eigenvalue

difference structure than the harmonic oscillator.
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Figure 8: Demonstration of 5 dependence of the thermalizing channel ® for the truncated

harmonic oscillator. The environment gap 7 was tuned to match the system gap A exactly.

The minimal number of interactions was found by binary search over values of L that have an
average error of less than € = 0.05 with 100 samples.

The analytic proofs given in Theorem 3.2 and Theorem 3.3 are entirely based on our weak-
coupling expansion derived in Section 3.2. The high level picture of this expansion is that we have
a remainder error that scales like O(at)®) and an off-resonance error that scales as O(a?). To
balance these two terms we then set o = O(t%) However, as seen in Figure 7 our thermalization
routine appears to be quite robust beyond this weak-coupling expansion, which could lead to
significant improvements in runtime. In our derivation for the O(a) and O(a?) terms we relied
on our eigenvalues being [.I.D Gaussian variables, with the first and second order expressions
containing factors with the first and second moments respectively of the Gaussian distribution.

This would suggest that the third order term in a weak coupling expansion might also be 0,

similarly to the first order term. This would lead to a supposed remainder error of O(a4t4),
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which after balancing with the off-resonance error would give a = O(1/t?). If the number of
interactions then scales like O(1/(a?t?)), which is consistent with the spectral gap of 7, scaling
as O(a?t?), then to make the total error of order O(e) we would require t € O(1/¢%%) as in
Theorem 3.2 and Theorem 3.3. This conjecture then leads to a total simulation time of order

O(1/1).
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Figure 9: Scaling of L - ¢ to prepare a harmonic oscillator thermal state with f = dimg = 4 with

respect to 1/¢ in a log-log plot. For each line in the plot we scaled a by a constant value to

make &2 ~ 0.05 for the largest value of . Each of these slopes was obtained via a least squares

fitting of a power-law to L -t and 1/e and are consistently larger by 0.25-0.27 compared to
stated predictions.

An even further conjecture would be to keep a -t as a small constant, in this case we are

iatG are beneficial and should not be thought

essentially saying that the randomized dynamics e
of as some remainder error to be minimized. If the at constant is small enough then the dynamics
will still be approximated by the Markov chain J;,. Our spectral gap will still scale as O((at)?)
and t as O(1/£%®). This would lead to our total simulation time scaling as O(1/¢%%). In Figure 9

we numerically explore these various scalings of a for the harmonic oscillator with f = dimg =

4. Our first remark is that the o = O(1/t?) scaling as dictated by Theorem 3.3 is numerically



CHAPTER 3 PREPARING THERMAL QUANTUM STATES 89

supported. Specifically, the theorem suggests that we should observe O(1/ 52'5) scaling for L - t.

2764) which is approximately consistent and deviations

Our experiment suggesting L -t € O(1/e
from this scaling may arise from the inclusion of data in the fit from outside of the weak coupling

limit which is the only regime where we anticipate this scaling.

3.4 Generic Systems

We now extend our thermalization techniques to arbitrary Hamiltonians with no degenerate
eigenvalues. The first major difficulty that we run into is how to choose our environment gap
v. If one does not have any knowledge whatsoever about where the eigenvalues of Hg may lie
then we are reduced to uniform guessing. In Section 3.4.1 we show that even in this scenario
the thermal state is an approximate fixed point for finite 5 and the exact fixed point for ground
states and we provide a bound on the total simulation time required. However, we show that this
generality does come at a cost. If one has complete knowledge of the eigenvalue differences we
show in Section 3.4.2 that the total simulation time markedly decreases. Further, with complete
knowledge the thermal state is an exact fixed point for all 5. Finally, in Section 3.4.3 we study
these impacts on small Hydrogen chain systems and observe the quantitative effects of noise

added to 7.

The assumption on non-degenerate eigenvalues is required for fairly technical conditions. In
the 8 — oo limit for our proof of the spectral gap we use the fact that the transition matrix T is
upper triangular in Lemma 3.7. This is where the non-degeneracy is required because degenerate
eigenvalues always have a non-zero transition amplitude that scales as O(oﬂ) without a factor
of sinc. This means within the degenerate subspace in the transition matrix there is a uniform
block. This makes computing the transition matrix spectrum a little more complicated than
necessary, so we avoid this issue by requiring no degeneracies. This restriction could likely be
lifted through an intelligent choice of eigenbasis for the degenerate subspace, or through better
spectrum calculations of the resulting transition matrix, but we leave such explorations for

future work.

3.4.1 Zero Knowledge

We now move on to show how our channel performs if one has no knowledge about the eigenvalue
differences Ag(i,7) apart from a bound on the maximum value of these differences. This is

represented by choosing 7 uniformly from the interval [0,4|Hg|], which technically constitutes
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an upper bound on the largest Ag(i,j), but estimates of |Hgl|| are often readily attainable
from the specification of the Hamiltonian using the triangle inequality. We also assume that an
input state that commutes with the Hamiltonian can be provided, the maximally mixed state

is sufficient as would a random eigenstate yielded by the quantum phase estimation algorithm.

Theorem 3.4 (Zero Knowledge Thermal State Prep): Let Hg be a Hermitian matriz of
dimension dimg with no degenerate eigenvalues, p any input state that commutes with
Hg, and v a random variable distributed uniformly in the interval [0,4||Hg|] and let pg,
denote the unique fized point of the transition dynamics 1 —I—wa];@ where 7;)517) is the
on-resonance transition matrix used above with the dependence on v made explicit. The
following statements then hold.

1. For finite B the thermal state is an approximate fized point of the thermalizing channel

E,®, with a deviation of

a2

Hg| '7 + 8—— + 4dimg(at)?. (3.186)

los(8) ~ E, @, (p5(B))]|, < a?tePmn

2. The parameter settings
4 .33 3 2 14 6
— 6min€ )‘*(5)3 ’ t = d}mS"IiS”’ and LeO dm;s ‘”HS” (3187)
dlmg ”HS ” 5/\* (5)6min 855min)‘*(13>6
are sufficient for any B €[0,00] and error tolerance e € (0,2] to guarantee

Hpﬁx — (IEAY(IDW)OL(p)”l € O(s) The total simulation time needed is therefore

. 7
L.teof dmsIH sl ) (3.188)
68:,5X, (8)7

3. The fized point is the ground state In the B — oo limit and the spectral gap, A, (5),

2|Hg|(dim +1)
2

o ) s lower bounded by a constant,

of the rescaled transition matriz E,T. - (

giving the two limits

[VES

75mm
lim pg, = [1)(1] and lim A, (B) = 2/ sinc? (u)du > 2.43. (3.189)
B—o0 B—o0 0

Proof: We start by understanding the fixed points of 1 +E_ 7). conditions for the thermal

y<on

state being fixed are given in Lemma 3.7. As the condition boils down to a detailed balance like
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condition, we need to compute the off-diagonal transition elements first. Starting with ¢ > j we

have from Definition 3.4 that

E, (G177 ()il 15)

1 t
. ~2 N . 2 coN v
= B, 7185 (0,5) =11 < Gy lsing? ((A(i,9) )3
o t
B, T (A (i,9) + 9] < Gy lsine® (A0, 5) +7)3 )
= a’E ;]IHA (i,7) — ] < 6)sinc? | (Ag(i,5) — )E
= v1 T o—B AW Y= 9min s\t Y 2

o}

) /4|HS| — 1A, - <6 Jsine? ((As(i j)_7)3>d7
4||HS” i 1—|—67'8'7 S\% = Ymin S\% 2

Ag(1,5)+0min
a 1 .2< - t
——sinc?( (A (2,3)—7)—)617
4||Hs||/ 8 2

’J) 51[11[1 1 + € ﬁ’y
/ mins 1 sinc? (u)du (3.190)
2t||Hs|| 14 e BAsEI23)

to

The exact same calculation holds for i < j, which after repeating the steps that led to

Equation (3.190) we arrive at a similar result with a slightly different integrand

a2 Suins  o—B(As(i)—2%)

ne2(u)d (3.191)
AH ) 5 14 e PasGD =) " (u)du,

E, (1T (10) a)]g) =

as we pick up a factor of ¢(1) as opposed to g(0). Note that we have also shown that E T, is
ergodic, as there is a nonzero probability for any state |i)(i| to transition to any other state

|7)(j] in one iteration on average over 7.

For finite 5 the condition for pg(8) being a fixed point is given in Equation (3.134), repeated

here as

~BAs(i) ~BAs(d)

¢ g7 g _ ¢ g7 g — (3.192)
> &R T~ ———¢&ETE =0,
o Rs(B) T Zg(B) T

for all j. We can plug in our calculation for the transition coefficients for summands with ¢ >

j first
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e BAs(9) - e—BAs()
o & B L6 — € E,T\E;
Zg(B) 1T Tz (B) G
e—BXs(d) o
— — (eBAsG, S () (1N LN AN Ll () (1A 5N
= 2500 (e7P2sEIE, (T, (18 () 1) — (T (5 (G)]4) )
—Brs() A2 6min% _ oB2%
_ e s\J (67 e_’BAS(i’j)/ 1 e _ SinCQ(u)du
Zs(B) 2t|Hg| gt 1 e BBs9)-2E)
e—BAs(?) ~ min 1 B2% , (
B 3.193)
2tllﬂsll / o 14 e PBs(ig)2 Zay Sine® (u)du.

For i < j we have the very similar

e PAsl)__ L et B
Z5(B) & B T8 — Z3(B) e B, T¢;
e_ﬁAS(J) &2 6min% 662% _ 1

— P02 du. (3.194)
25(8) 2 Hgll J 5 11 e PAsGI28) (u)du

Unfortunately these integrals are not 0, which can be verified numerically, and it is unclear how
to make the summation over in = j equal to 0.

Our work around this is that instead of showing that the thermal state is exactly the fixed
point we can use these results to show that it is an approximate fixed point. There are a few ways
we could proceed. The first way could be to compute a Taylor series for the integrand and isolate
the limits in which the remainder goes to 0. Unfortunately due to the sinc?(u) = Smﬁ—z‘)z term this
means that the overall scaling will go like %, making the total expression independent of ¢. Instead
the route we will take will be to upper bound the norm ||ﬁﬁ —E, (I + Tw)ﬁﬁnl = ||E7Tvﬁ5||1,
as this norm is only 0 if and only if ps is a fixed point. We reduce this to computations we have

already performed as
HE'YT'yﬁﬂHl = Z‘é’;EvT’Y-ﬁﬁ‘
J

e—BAs(?)

=>. Z E. T,
J

(3.195)

. e T - —
= ; mej ]E'YT’Yei — W&i IE,YT,yej .

This is essentially the derivation for the fixed point conditions derived in Lemma 3.7. We now

plug in Equation (3.193) and Equation (3.194) into the above and upper bound the integral as
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Z Z e—BArs(i) "T]E T2 e—Brs(9) e m T3
— €, — —=———¢, €.
i %sB) T Zg(B) T
—BAs(i) —BAs(3) —BAs (i) —BAs()
e T L e T . e T L € T .
€&;ET.¢€ — ———¢€ E TE, — €. ET¢e ————=¢€ETE,
S22 Za O AT 2l | 2 Zem O gy
—BAs(4) / mln% B2% _ 1
e e .o
—sinc®(u)du
A5 T ), T A
‘e - —sinc?(u)du
] 2|2 2o |, T e s e
d2 e_BAS(j) 6min% 6ﬁ2% —1
< —_Isinc?(u)du
2t|Hg| ZJ:; s(B) ot 1+ e B(As(i)-2%) (u)
Jmin% 1 — €B2£
2(u)d
2t||HS|| Z; 5|1 e PASGI2T) sine”(u)du

dg“/m (S S
< ———¢F%in sinc?(u)du 1+
2t|Hg| Zs(6)

76min% /L<.7 j ’Z’>]
~2 .
< %eﬁéminﬂ'
t|Hs|
< a?tePoun|| Hg| . (3.196)

For this we can have at, which represents the total simulation time multiplied by the strength

of the random interaction G, be constant and still take a — 0 to achieve arbitrarily small error.

Now we turn to bounding the total simulation time. We will let pg, denote the fixed point

of the dynamics. As before, we break the error into two pieces

Hpﬁx - (1E7‘1>7)°L(p)H1 <

o= (L ETD) ()| + 2(17al, +1Rol,). - (197)

a?t

Let ):*(ﬂ) denote the spectral gap for the rescaled transition matrix E,T, - (w), as
this is the dimensionful prefactor in front of the transitions derived in Equation (3.194) and
Equation (3.194). Jerison’s Markov Relaxation Theorem 3.6 tells us that taking L to satisfy

s dims 5 ( dim| ] (3.198)
A At (B)

*

is sufficient to guarantee € O(e). Now we balance the off-resonance

Ptix — (]]' + E’ygz)gl’”) (p)

and remainder errors
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2
a
1_(52 —{—4d1m5(at) 2 12, (3.199)

min min

[Toeell, + 1 Bal, <

and we see that setting a = 1/(dimg 62;,t%) makes the parenthesis a constant. To bound the

total off-resonance and remainder error we take the product

dimg|Hg| o \ [ dimZ|Hg] 3.200
(” ff” +||R<p||) ( Qt)\*(ﬁ) 531111) _O<t52 X(ﬁ)) ( )

min“‘'x
Observe that setting

_ dimg| Hy| (3.201)
= ST (B)

min M
is sufficient to make the above product L(||f7;ff||1 + |Rs ||1> € O(e).

We now turn to the 8 — oo limit. For this we note that Lemma 3.7 guarantees that the
ground state is a fixed point and that E, T, is upper triangular. We will show the ground state is
unique by computing the spectrum of E, T.,. For this we take the 8 — oo limit of the transitions
in Equation (3.190) and Equation (3.191), which will give us the diagonal elements and then

the spectrum. Starting with ¢ > j given in Equation (3.190) we get

~2 61nin%
lim E_ (5|7 (|i smc2 u)du (3.202)
lim B, GIT (0 60) = gz [ sine)
and for ¢ < j from Equation (3.191) we have
lim E. (57,07 (1) (i])]7) = 0. (3:203)
B—o0

We denote the sinc integration above as

m\»

Lo (t) = / sinc? (w)du, (3.204)

— t
mm 2

and we will show later that this is constant for dimg > 3. Now these transitions allow us to

compute the diagonal elements

Jim B T (i) = 3 Tim B, G170 (i) 6D1I)
J#i
== Jim B, Gl (i) il)l5)
= i DEelt) (3.209)

2t Hs|
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This gives a spectrum for E, T, as 0 and —#}Z’”(z — 1)L, (t) for i > 1. This shows the ground
state is the unique fixed point as 0 has multiplicity 1 in the spectrum. Further the spectral gap

of the rescaled transition matrix X, () is then given by

lim X, (8) = Ly, (t). (3.206)

B—o0 S
We can repeat the analysis for finding suitable values for o, t, and L to guarantee thermalization

and we find that

1 4 dim3| Hy| ~ ( dim%| Hg|
- t= d L=0| —=5=st (3.207)
“ dimg 62,3’ e, an a?t

are sufficient to guarantee H]1)<1|—(E7<I>W)OL(/))H € O(e). Substituting this into Equa-
1
tion (3.198) yields

. 7
L.teof dims |Hs|® (3.208)
059X, (B)7

as stated in the second claim of the theorem.

Our final task is to justify the third claim of the theorem, which involves showing that I .(t)

sinc

as constant is valid. Using the choice of ¢ directly above

Smin dim% 4] H g/ (€65
Isinc(t) = / SiIl02 (u)du = 2/ SiIlC2 (u)du (3209)
75min% 0

Now we note that this integral is monotonic with respect to the upper limit of integration with
a final value of lim, , I, .(t) = m. We note that we can capture a significant amount of this

integral by just requiring the upper limit to be greater than the first zero of sinc located at

4dim3| Hg|
o,

min

%, which is true if € < . This value can be computed as 2 fo% sinc? (u)du > 2.43. This
can be guaranteed by noting that e can be at most 2, so the upper limit in Equation (3.209) is
satisfied if

dim?% < dim?% 4| Hg|

(3.210)
T g

)

32
e<2<—<
™

min

as O, < 4||Hg||. This shows that for our choice of t then |I; .(t) — 7| < 0.71, rendering it

asymptotically constant as claimed. O
There are a few points that need to be addressed with the above theorem. The first is that our

proof of the approximate fixed point utilizes rather poor bounds, resulting in diverging behavior

as 3 — oco. For finite B our bounds on the change in the thermal state scales as ef%mn, which
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diverges as 8 goes to co, but in this exact same limit we are able to show that the ground state
is the exact fixed point of the Markov chain. This clear divergence in approximation error is a
result of loose bounds and could be a potential avenue for improvement. The second point we
would like to address is the rather high asymptotic scaling. This is the byproduct of a few things,
the most important of which is the introduction of a % in the reduction of the sinc integral. This
causes a downstream effect of increasing the degree of each asymptotic parameter. To improve
this one would need some kind of knowledge of the eigenvalues to prevent a uniform integration
of each sinc term. We study the limiting case of this by assuming sample access to the exact
eigenvalue differences Ag(i,7) in Section 3.4.2 and obtain much improved scaling. The second
source of inflation in our asymptotic scaling could be our weak-coupling approach to studying
the channel. As explored numerically in Section 3.3.2 we find that using different o scalings with
respect to t can greatly effect the € scaling of the total simulation time L -¢. A higher order
analysis of this channel could lead to anytically better guarantees on the thermalization time

required, even in this zero knowledge scenario.

3.4.2 Perfect Knowledge

Oftentimes when studying a system some knowledge of the eigenvalue gaps may be present.
Our goal in this section is to study the extreme case of this scenario where one has knowledge
of the exact eigenvalue differences. This is unlikely to happen with realistic quantum materials
but instead serves as an ideal scenario for our channel to benchmark the effects of eigenvalue
knowledge. Further, we note for some computational tasks, such as amplitude amplification, the
eigenvalues may be explicitly computable and the real task is to find the dominant eigenvectors.
A more realistic model for studying the impacts of eigenvalue knowledge on the total simulation
time might be to place Gaussians at each of the Ag(4,j) values with some width ¢. This is the
model we use for numeric investigations in Section 3.4.3, but we were unable to compute the
total simulation time required analytically. We find that our model of perfect knowledge allows
us to show a reduced total simulation time budget, with the ratio of zero knowledge to perfect

~ 7
knowledge scaling as O(*ﬁ(ﬁ)“)’ which gives an explicit worst-case simulation time bound

min

for ground state preparation.
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Theorem 3.5 (Perfect Knowledge Thermal State Prep): Let Hg be a Hermitian matrix

of dimension dimg with no degenerate eigenvalues, p any input state that commutes with

Hg, and let v be a random variable with distribution Prly = Ag(i, )] = nAdST(;)]) where n; ;

("2

is the number of times a particular eigenvalue difference appears. For any B € [0, 00] the

thermal state can be prepared with controllable error

es(8) — (®,2,)" (o) € O) (3.211)

with the following parameter settings

153 (B\L5 .2 14
_ ine &7(6) g dms g peof dms ) (3212
dimS 5min€0'5)‘*<18>0'5 62)‘*(18)3

~ dimg
where X\, (B) is the spectral gap of the rescaled transition matric E.T, - (;—2) This gives
the total simulation time required as

16
L.iteof dms ) (3.213)
5min€2‘5)‘*(5)3.5

All of the above conditions hold in the ground state limit as 8 — oo and further we can

compute a lower bound on the spectral gap of the rescaled transition matriz as

lim X, (8) = minZnA(i,j) > 1. (3.214)
Jj<t

B—o0 i>1

Proof: This proof structure is structurally similar to the proof of Theorem 3.5. To show that
the thermal state is the fixed point we will need to compute transition factors of the form
E, (GIT(13)(i])|) for use in Lemma 3.7. Using the on-resonance definition in Equation (3.112)

we have for ¢ > j
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E, (1T (1)) )

= t

= a2 _— Y o) . . 2 CoN 13
= "B, 75 M1 As (0, §) =71 < duialsine ((As(m) 7)2)

~2 e P . L o "
+a EWWHHAS(Z’]) + 7| < 0,y Jsinc <(AS(%]) + 7)5)

Y I[Ag(,5) — Ag(k, D] < O] . o ;
=& = S\ AN/ min 2
=& 3 l)Prh = Ag(k, )] g% sinc ((As(z, 5) — Ag(k, z)>§)

S\

— 520A6.9) 1 ao15)

(dn;s> 1+ e BAs(d)
i < j can be computed similarly as

Ay e PAstkD

B, G N = & G T (3.216)
2

This allows us to compute the detailed-balance like condition in Equation (3.134) for ¢ > j

e g G (1) — S 7 (7))
J1on "\ 21T — Jon  UJ)J1) I
Zg(B) 7 24(8)
e Prs(0) ~o A7) 1 e—BArs(d) N e—BAs(i,5)
" 258) ° () 1+ e PAsi) T 2.8 ¢ (T0s) 1+ e PAsEd)
_ a2 nA.(m.) e—Bs(i) B0 e—BAs(is))
2s(B) (M) \ 1+ e #8sl) 1+ e BAs(E)
=0. (3.217)

For ¢ < j we can repeat the same steps to argue that detailed balance also holds in this case.

e—PAs (i) o) e—BAs()

Z2.(8) E, G719 D) — m(im@(uxﬂ)m

_ e—Bs(i) 52 NA,j) e—BAs(j,i) B e—BAs(d) o NaGij) 1
25(B)  (Me) L+e AU Zg(B) T (Mpe) 14 e PRGN
AINCE) e Brs() B )
25(8) (Tms) \ 1+ e PBs00) 14 e P50

o, (3.218)

This is sufficient to show that the thermal state pg(f5) is a fixed point via Lemma 3.7. As we
have also shown that the probability of transitioning from any state |i)(i| to any other state
|7)(j| is nonzero this gives a nonzero expected hitting time for any pair of states. This implies

the Markov chain is ergodic and that pg(f) is the unique fixed point.
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Next we bound the total simulation time required. For reasons similar to the harmonic
oscillator in Section 3.3.1 we are unable to compute the spectral gap of the Markov matrix. We
start the analysis in a similar manner by using the decomposition

Jost8)~ (.2, ()] < [los(8) — (B,2+72) " (0

+ L(I Tl + |Rgl, ). (3-219)
1

We bound the Markov error via Theorem 3.6. This theorem guarantees that choosing L to

satisfy

. dimg .
S dlms( 2 )J c O~ dlI~Il4S (3220)
a?t2A,(8) )

dimg
(2°)

=5, is sufficient for

where \ .(B) is the spectral gap of the rescaled transition matrix E,T, -
ol ~

ps(B) — (]Evjl + .‘7;517)) (p)|| € O(e). We now use this to bound the total off-resonance and

1

remainder error after balancing the two contributions asymptotically

2 2

8a o
[Tl + 1Rl < 55— +4dims(at)® = —12adimgd};, ). (3.221)
min min

Setting o = m is sufficient to make the parenthesis a constant. Lastly to get the total
502,

min

error in O(g) we multiply the above by the L chosen before

~( dimg o? ~ dim?
L(|Tgl, + IR col ——5  — | =0 —5 . (3.222)
(” ff||1 I <I>"1) (aztz)\*(ﬂ) 51211111) (t2512mn)\*(13>>
Choosing
po dimg (3.223)
5min 8)‘*([3)

is sufficient to guarantee L(||']I‘0ff||1 + |Rg ||1) € O(e) and that the total error
||p5(5) — (E,y@v)oL (,0)” € O(e). Combining the above results for e, L and ¢ yields the theorem
1

statement for finite 5.

We now show how to calculate A, (8) in the 8 — oo limit. From Lemma 3.7 we know that E,T,
will be upper triangular, implying again that we can compute the spectrum if we can compute
the diagonal elements of the matrix. Using our computation of the off-diagonal elements from

the proof of Theorem 3.4 we have for 7 > 1
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lim E, (0|70 (ja)(@)i) = — lim (517,07 (1a) i) )

. 1 . e BAs(4%)
=~ lim g2 Al g~ Jim 6 Ay € YT
Baooj<i ( S)l-l—e s\, IBHoo].>Z. ( S>1-|-€ s\

= (dlms) ;nﬂ(w (3.224)
J<i

For i = 1 as we know the ground state is fixed we have limg_, E7<1|:TO£:’)(|1>(1|)|1> = 0. This
R

conclude that the ground state is the unique fixed point as 0 has multiplicity 1 in the spectrum

gives the spectrum of E, T as 0 and — T, for all ¢ > 1. From this spectrum we can

J<t

and further that the spectral gap can be bounded from below as

lim A\, (B) = mannA G5 = L (3.225)

— i>1
oo J<t

g

The above theorem shows that if we sample our transitions strategically rather than randomly
then we can achieve much faster convergence to the groundstates in our upper bounds. Impor-
tantly, the scaling of the total simulation time is also independent of the norm of Hg in this
case, whereas the time required by the zero knowledge case does. Unfortunately, the dimensional
scaling of dim}g6 is prohibitive for all but the smallest dimensional systems. This scaling is again
likely loose because of a number of assumptions that we make above and also a result of our
insistence that the channel always operate inside the regime of weak coupling. In contrast, we
will see below that equilibration can be much faster if strong coupling is assumed. Finally, it
is worth noting that although perfect knowledge is assumed, a cooling schedule is not used. By
changing the distribution depending on the temperature of the Gibbs state it is possible that

even better scaling may be achievable.

3.4.3 Numerics

The analytic results developed in the previous two sections provide strong guarantees on the
correctness of our routine for most quantum systems, however the bounds on the total simulation
are fairly high degree polynomials in the parameters of interest. One crucial interpretation of the
two different results is that knowledge of the eigenvalue differences of Hg can lead to significantly
better simulation time bounds, but this knowledge is not crucial for thermalization. Another

important takeaway is that we cannot bound the simulation time or number of interactions
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required for finite 8 as we cannot bound the spectral gap of the expected transition matrix
E,T.. The purpose of this section is to investigate these two theoretic takeaways numerically
with small Hydrogen chain systems. These systems are some of the smallest chemical systems
that still display some real-world chemical behavior, and as a result are typically used in many

numeric benchmarks for quantum routines.

Our first experiment conducted is to study the effects of changing « and t on the trace
distance error as a function of L. The theory developed in prior sections is very prescriptive; to
reach a specific trace distance of € all of our theorems give a value of a, L, and t that guarantee
a distance of at most O(a) but say nothing about what this convergence looks like. In Figure
ref{fig:h_chain_error} we study the effects of different choices of a and ¢ on this convergence
rate. To generate the Hamiltonians used in these experiments we created a small chain of equally
spaced hydrogen nuclei with an STO-3G active space for the electrons. Hamiltonian creation
was done with OpenFermion [110] and PySCF [111]. Once the Hamiltonians were generated, the
distance to the thermal state pg(8) for each was tracked over L = 5000 interactions. For both
Hydrogen 2 and Hydrogen 3 we chose 5 = 4 for consistency, this gave a ground state overlap of

around 0.56 for Hydrogen 2 and 0.26 for Hydrogen 3.
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Figure 10: These plots show the distance to the target thermal state for Hydrogen 2 (a) and
Hydrogen 3 (b) chains as the number of interactions L increases. For both Hydrogen 2 and 3 we
set 8 = 4.0, which gives a ground state overlap of greater than 0.5 for Hydrogen 2 and 0.25 for

Hydrogen 3. v for both (a) and (b) was generated by placing a Gaussian at the average energy

"Hs) with a width of @ We note that a variety of &2 values were chosen to demonstrate the

dim
3 faster convergence, but higher error, of strong coupling.

There are a few key takeaways from Figure 10. The first is that we observe increasing o and

t tend to increase the convergence rate, with « visuallly appearing more important. At higher
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values of a changes in ¢t appear to make less of an impact on the error. We also observe that
our channel is seemingly robust beyond our weak-interaction analysis. For values of &2, the
weak-interaction expansion parameter, we observe that values as high as &? ~ 3 can have rapid
convergence to fairly low error floors. We note that these coupling values that go beyond weak-
interaction seem to lead to faster convergence of the dynamics at the cost of a larger error floor.
It remains an open question if dynamic choices of a and t could lead to better performance of
the overall routine, one could use very large & initially to quickly thermalize with large error

and then decrease & to fine-tune the final state.

The second observation we make is on the choice of the environment gaps 7. For both

tr(Hg)
dimg

Hydrogen 2 and 3 we selected v randomly from a Gaussian with mean and standard
deviation of "H—;H This choice of « is completely heuristic and was intended to have a large
overlap with what the typical eigenvalue differences may look like with a large enough deviation
to pick up potentially large differences. Although this heuristic works well enough to show
convergence, it leads us to question if the error convergence or floors can be improved with

better choices of ~.

In Figure 11 we demonstrate that better choices of v do in fact reduce the total simulation
time needed for thermalization. To generate the data we compute the number of interactions
needed at a fixed coupling constant o and a fixed time ¢ as a function of the noise added to
our samples for v. We generate one sample of v by first computing the eigenvalue spectrum of
H2 or H3 exactly, then by choosing two non-equal eigenvalues, and finally sampling a Gaussian
centered at the absolute value of the difference. The width of this Gaussian then serves as
a proxy for the amount of knowledge one may have about the system’s eigenvalues. We plot
the total simulation time with respect to this width as it varies from 0 to the spectral width
max; Ag(i) — min; Ag(j). The results align well with our theoretic analysis: having knowledge of
the eigenvalues of the system can be used to speed up the thermalization routine but if one does
not have any knowledge at all the thermal state can still be prepared. It is an open question
if the dependence of the total simulation time L -t on the noise level o can be determined

analytically.
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Figure 11: In these plots the amount of total simulation time needed to prepare a 8 = 2.0 thermal

state with a = 0.01 and ¢t = 500 is tracked as a function of the noise added to samples of 7. A

sample for « is generated by choosing two non-equal eigenvalues from the system spectrum and

adding a Gaussian random variable with standard deviation ¢. For each value of ¢ the resulting
state needs to have an average trace distance of less than 0.05 for 100 samples.

3.5 Discussion

Thermal state preparation is a crucial preparation step for the simulation of quantum systems
on digital quantum computers. We have presented a thermalization routine for this task that
has an optimally minimal number of overhead ancilla qubits and compiles to remarkably simple
circuits of time independent Hamiltonian evolution of the unprocessed system Hamiltonian,
with no filtering or rejection steps and no Fourier weighted jump operators of Linbladians. Our
routine is based on relatively recent classical Monte Carlo techniques, specifically Hamiltonian
Monte Carlo [142] and the end result bears striking resemblance to the Repeated Interactions
framework in open quantum systems [118]. In the Hamiltonian Monte Carlo algorithm thermal
states over a position coordinate ¢ is prepared by sampling momentum p from the Boltzmann
distribution for Gaussians e‘ﬂ% followed by time evolution. Classical Hamiltonian dynamics
is enough to couple the position and momentum, leading to the Boltzmann distribution over
q with enough time and samples. In the repeated interactions framework a quantum system
interacts with many small environments, typically a single photon, that is repeated until the

system thermalizes.
Our work extends these procedures to quantum algorithms. For Hamiltonian Monte Carlo,

instead of adding in momentum variables we add in a single ancilla qubit to serve as our extra

state space. We do not have the luxury of classical Hamiltonian dynamics that couples these
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two spaces or registers, so we add in a randomized interaction term to the Hamiltonian. After
simulating the time dynamics of this system-ancilla pair and repeating multiple times we are able
to thermalize the system to the same 5. On the other hand, the Repeated Interactions framework
typically is concerned with thermodynamic limits, such as infinite time or interactions, and
specific system-interactions pairs. As our procedure is intended to be used as a subroutine
for quantum computers our techniques work for arbitrary, non-degenerate, Hamiltonians and

purposefully use randomized interactions as opposed to a fixed interaction model.

One benefit of our thermalization procedure is that it can be compiled all the way down to
the circuit level with minimal overhead in complexity. The thermal state of the ancilla can be
prepared by flipping a clean ancilla qubit with probability % and a random Pauli can be
chosen via the process given in Section 3.2.1. This random Pauli is then added to the simulation

i(Hs+Hp+aG)t We note that this uses uncontrolled

procedure of the user’s choice to implement e
time evolution, as opposed to many Linbladian based approaches which use controlled time

evolution to implement a Fourier weighted jump operator.

In classical Hamiltonian Monte Carlo it is well known that sharp gradients in the Hamiltonian
require longer simulation time and more samples to converge. Our quantum routine has a much
more subtle dependence on the structure of the Hamiltonian. As our single ancilla qubit only has
one energy difference v, we have to tune this energy difference to allow for energy to be siphoned
off from the system into the ancilla. This would present a conundrum, as knowing spectral gaps
is as difficult or harder than preparing ground states of arbitrary quantum Hamiltonians, but
we are able to prove that our routine is robust to complete ignorance of these differences. We
show that this ignorance comes at an asymptotic cost in the amount of resources needed to
prepare the thermal state. We numerically verify that knowledge of the eigenvalue differences
can be used to speed up the total simulation time, as demonstrated in Figure 10. We posit
that this behavior serves as a crucial entry point for heuristics about Hamiltonian spectra into
thermal state preparation algorithms. No prior thermal state preparation routines have had
such an explicit demonstration of the utility of such knowledge. It was our hope to analytically
quantify the speedups gained as a function of the relative entropy between a heuristic guess for
the eigenvalue differences and the true spectra, but our numeric evidence will have to suffice

until future work can clarify this dependence.
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We would like to make a few remarks on potential improvements for the analysis of this
channel. As we have demonstrated numerically, our guaranteed analytic values of o and ¢ that
lead to thermalization are drastically overestimated. We conjecture that this is due to our
truncation of the weak-coupling expansion and in Figure 9 we demonstrate that taking a o
% and t x % drastically outperforms our analytically derived bounds of a tis, by almost 4
orders of magnitude at € & 0.005. It is an open question of how to analyze this channel in the
strong-coupling regime, and our numeric results suggest that such an analysis may indicate
better performance of our protocol than a weak-coupling expansion can show. It is also an open
question of whether dynamically chosen values of o and ¢, such as having strong coupling and
low time at the beginning and gradually decreasing o and increasing ¢, can outperform static
a and t. We also suspect that the Markov relaxation theorem we used greatly overestimates
the number of interactions needed. It remains to be seen if better Markov theory is needed
or if the convergence time could be characterized based on the overlap of the initial state
with the thermal state, which is a property that a few ground state preparation algorithms
demonstrate. Another potential avenue for improving the analysis of this channel is whether
different randomized interactions or even eigenvector heuristics can be beneficial. For example,
in the harmonic oscillator if one has knowledge of the creation and annihilation operators af
and a, could one simply use the interaction af ® (X 4+ 1Y) +a ® (X —iY) instead of involving
a randomized G that relies on a Haar average? The last potential improvement is to extend our
spectral gap computations using perturbation theory. We are only able to compute the spectral
gap A (B) in the limit of 8 — oo, but it should be possible to compute a perturbation on the
order of % This would give the simulation time needed to prepare low-temperature thermal

states as opposed to zero-temperature states.

Lastly, we would like to speculate on possible applications of this routine to other quantum
information processing tasks. The first question that arises is if these techniques could be used
in the training of quantum Boltzmann machines, which are essentially thermal states. It is an
open question if our thermalizing techniques could be used to either train models or to generate
output samples from an already trained model. Through the process of demonstrating that this
channel prepares the system in the thermal state we have calculated the output of our channel
for both the system and the environment registers, and for much larger environments than single

qubits. We can turn this protocol on it’s head and ask how much information about the system
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are these ancilla qubits carrying away with them? Preliminary explorations suggest that given
knowledge about eigenvalue gaps one can use transition statistics in the ancilla qubits to infer
what the inverse temperature g is of the system, assuming the system is in a thermal state. Could
this thermalizing channel instead be used to develop a Bayesian model to update beliefs about
Hamiltonian spectra and system temperatures? This would represent an interaction agnostic
model for performing quantum thermometry or spectroscopy, which to the best of our knowledge

has not been developed yet.



Chapter 4

Conclusion

After 304 years of intense theoretic development the most advanced end-to-end pipeline we
have for utilizing potential quantum computers beyond the capabilities of classical computers is
the simulation of quantum systems [143-148]. Factoring large integers [149,150] is one problem
where quantum computers have a provable advantage, assuming widely adopted complexity
theoretic conjectures such as BQP # BPP and number theoretic assumptions on the runtime of
state-of-the-art classical techniques such as the General Number Field Sieve [151]. However, the
advancing maturity [152] of lattice-based cryptosystems implies that using quantum computers
solely for factoring integers has decreasing utility as the time to reach thousands of logical
qubits grows. Many other provable end-to-end quantum speedups, such as Grover’s algorithm for
unstructured search [153] or Brandao’s Semi-Definite Program solver [121], only offer quadratic
improvements over classical techniques. Evidence suggests that these speedups would have to
be applied to unfeasibly large instance sizes in order for these speedups to provide an advange

over classical computers.

Recent efforts have also explored larger polynomial improvements, such as the quartic
improvement for planted noisy kXOR problem [154], but progress remains sparse. There exist
other exponential speedups for problems such as Glued Trees traversal or Sunflower graph
traversal, but these problems are relatively contrived and have yet to find many “real world”
applications. The most difficult to analyze speedups are those that rely only on existing classical
algorithms, such as normalized Betti number estimation for clique homology [155], optimization,

and linear systems solving. This is due to the lack of good classical lower bounds, and sometimes

107
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the same traits that make a problem amenable to fast quantum algorithms can lead to better
classical algorithms. More recently, efforts have been made to probe the approximation ratios
provided by quantum computers on difficult combinatorial optimization problems [156], which
also suffers the same problem that benchmarks can only be made against existing classical

algorithms.

Simulating quantum systems has the advantage of being one of the oldest quantum algorithms
[4] and as a result has seen much more intense scrutiny. Further, the problem of estimating
observables of quantum states has been studied for many decades longer [14] and we have a
decent understanding of when classical methods tend to fail. This understanding is constantly
changing [157] with the advent of new classical algorithms, such as Density Matrix Renormal-
ization Group (DMRG) methods [158] and tensor networks [159], but many papers [160] expect
early quantum computers to be useful for the electronic structure problem in medium sized
molecules with strong electron correlation. Condensed matter systems and models such as
the Fermi-Hubbard model [161,162] are some of the most promising candidates for quantum
advantage. This is due to their inherent symmetries, which makes for easy to analyze quantum
algorithms, and the strong correlation between electrons makes classical algorithms difficult to

scale [163].

In this thesis, we presented two new quantum algorithms that can be added to the quantum
simulation toolkit. The first is an extension of product formulas to include both random and
deterministic sections. We were able to provide generic conditions on when these composite
simulations can provide advantages over their constituent methods. We find that systems where
the strength of the Hamiltonian terms decays exponentially, i.e. if H =3 H; then [H| o
27% have a relatively large parameter window for improvement. These analytically derived
cost advanteges were then verified numerically for small systems. Further, this algorithm was
extended to imaginary time evolution and provides new avenues for improving classical estima-

tions of quantum observables.

The second contribution of this thesis is a detailed analysis of a Repeated Interactions (RI)

% on a quantum computer. This algorithm

tr(e

assumes access to the Hamiltonian via time evolution operators e

style algorithm for preparing thermal states
iHt and adds only a single
ancilla qubit. At a high level, our technique works by randomizing over all possible interaction

terms that could be present between this ancilla qubit and the system of interest. By randomly
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choosing the energy gap of the Hamiltonian dictating the time evolution of the ancilla qubit
we can rigorously show that the thermal state is an approximate fixed point at finite inverse
temperature 8 if no knowledge of the Hamiltonian spectrum is assumed. We can show that
the thermal state is the unique fixed point exactly in the ground state limit (8 — oo) or if
the eigenvalue differences of H are known. Remarkably, we are able to bound the number of
interactions, the coupling strength, and the time per interaction needed in order to thermalize

the system state to within trace distance O(e) of the thermal state.

Taken as a whole, this thesis provides a blueprint for studying thermal equilibrium for
quantum states on digital fault tolerant quantum computers. The two main contributions
we presented work very well together: our thermal state preparation algorithm reduces the
problem of thermalization to quantum simulation with a deterministic system Hamiltonian
and a randomly chosen interaction. Our composite simulation algorithm analyzes this situation
precisely and provides detailed error estimates and oracle query costs. This gives a direct method
for compiling quantum circuits for estimating thermal observables using simple primitives that

are likely to be highly optimized for quantum computers.

There are a few possible extensions to these algorithms, we first discuss the composite simu-
lation algorithm and secondly possible improvements to the thermal state preparation routine.
The most obvious extension we could make is to propose better partitioning schemes that can
take advantage of commutativity between subsections of the Hamiltonian. A classic example of
this is that when simulating the most basic Fermi-Hubbard models the on-site potentials are
typically simulated for all sites and then the tunnelling terms are simulated. Ideally, one would
like to be able to collect some level of commutator data, such as all pairs || [Hi, Hj] || or even
higher levels, and use this data along with spectral norm data to construct a better partition
than the straightforward chop. This may incorporate more stages than just a single partition
into A + B.

To extend these ideas further, one could incorporate different simulation techniques than
product formulas into a composite simulation. In [55] we proposed including block-encoding
techniques, such as multiproduct formulas [101] or qubitization [66]. It remains an open question
if block-encoding constants, the dominant cost contributor for these techniques, can be signifi-
cantly reduced by taking terms out of the block-encoding partition and into a product formula

partition. The final possible improvement one could make to partitioning schemes is to include
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information about entanglement. This was recently shown to improve the analysis for Trotter
formulas [51] and extending these ideas to inform partitions for composite simulations is a

natural extension.

In regards to our thermal state preparation algorithm there are a few avenues for improve-
ment, which is needed as our provable scaling of dim'® is prohibitively high for a naive
implementation. To eliminate the dimensionful factors contributing to the cost there are three
areas that need to be addressed. The first is that the Haar integration over the entire system and
environment can be reduced based on symmetries of the system. For example, similar algorithms
have been studied for specific systems with less general interaction terms [164,165] and have
seen empirical success. The stringent requirements on the randomness of the interaction could
be reduced if knowledge of the symmetries of the system are known. For example on 1D and
2D lattice models that are translationally invariant we could require that our interaction also
be translationally invariant. This would make our interaction scale invariant with respect to the
number of lattice sites and eliminate one of the factors of dimension, and efficient mixing times
have been shown for Linbladian based thermal state preparation routines in this translationally

invariant setting [90].

The second factor of dimension that could be reduced is the introduction of dim from the
Markov relaxation theorem we used from [136]. This result is general purpose and works for an
arbitrary non-reversable Markov chain, but the cost of this flexibility is a high overhead in the
number of interactions needed. This could be reduced using knowledge of the distance of the
input state to the fixed point, as is typical in many ground state preparation routines [166].

The last factor of dimension that would need to be eliminated is from the remainder bound
|Rs| .- The factor of dimension appears as we only study thermalization with respect to trace
distance from the thermal state. This is the most rigorous distance metric one could use, but
may not be the most physically relevant metric. If one has a collection of observables O,, then
measuring the deviation max;|(0;)z — tr(0;®°L(p))| is a more physically relevant error metric.
Bounding a relaxed error metric for our thermalization routine for a physically relevant class of
observables, such as two-body correlators for example, is a promising avenue of research that

could lead to increased performance.
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These three areas constitute the main introductions of dimensionful factors into the runtime
analysis of our thermalization routine. One last area for potential improvements we would
like to mention is the issue of strong-coupling analysis. Numerically, we observed significantly
faster thermalization with strong-coupling at the penalty of a higher noise floor. This leads
us to conjecture that significant savings could be had with a “cooling schedule”, where the
thermalization procedure begins with very strong coupling for short times that gradually gets
lowered to small coupling constants and long per-interaction simulation times. Unfortunately
our Taylor series expansion does not seem amenable to higher order analysis, and this must
be studied numerically. Developing a theoretic understanding of strong-coupling could lead to
much better algorithmic guarantees beyond numeric evidence. The previously mentioned avenue
of studying specific observable distributions could be a problem better suited for studying a

strong-coupling approach.

Lastly, we return to the problem of defining thermal equilibrium for quantum systems. As
our channel works for arbitrary Hamiltonians at finite £, this can effectively be viewed as a
way for defining thermal equilibrium. One way to do so would be to define the fixed point
for the joint system-environment dynamics and declare that thermal equilibrium is the fixed
point of this map. This can then be extended to applications by instead viewing the single
qubit environment as a probe. As we simulate the state of the environment we can then use the
transition coefficients of the probe to define what the temperature of the system is. This could
give a simple way of performing thermometry when an interaction model is unknown. Further
applications, perhaps a bit more speculative, could include training or inference algorithms for

quantum Boltzmann machines.

Previous thermal state preparation algorithms fall into one of two camps: they can be
“computational” in nature and do not mimic any natural processes or do try to mimic a system-
environment interaction (except for ETH inspired algorithms which simulate a large closed
system). As the computational algorithms do not have explicit models for an environment they
do not provide new perspectives on physical system-environment interactions. Algorithms more
inspired by natural processes tend to use the Linbladian formalism, which explicitly does not
simulate the state of the environment and instead only captures the effects of the environment
on the system. Turning to algorithms that do explicitly model a system-environment, many

other works have used similar ideas [43,164,165] but tend to use limited interaction models and
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therefore are only provably correct for a limited subset of systems. What makes our algorithm
the first of its kind is that it provably works for any non-degenerate Hamiltonians at any

temperature, even ground states.



Appendix A

Sinc Approximation

Lemma 1.1 (Sinc Function Bounds): For sinc®(z5) and 6,y as defined in Equa-

tion (3.92), we will make significant use of the following Bounds

t 4
|z| > 0 = sinc2<w—> <=
2 512nint2
2 42
o < %2 s ine () 51 - 2 (5.226)
t 2 2
Proof: The first inequality is rather trivial
. 2 I_t
sinCQ(ﬁ) _ (g) < 242 < 24 . (5.227)
2) " ) T T

The second involves a Taylor Series for sinc?, which we compute using the expression of sinc as
)

-
sine(%) = 252 = fol cos(sZ)ds. The first two derivatives can then be computed easily
2
2 at
dsinc? (%)

1 1
- = —t/o sin(sx)s ds/0 cos(sx)ds

d2 : 2 iE_t t2 1 1 t2 1 1
L(z) = ——/ cos(sx)sts/ cos(sa:)ds+—/ sin(sm)sds/ sin(saz)sds(5-228)
dz? 2 J, 0 2 J, 0

We can evaluate each of these derivatives about the origin using continuity of the derivatives
along with the limits lim__,, cos(sz) = 1 and lim,_,, sin(sz) = 0. We can now compute the mean-

value version Taylor series as
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dx 2 2! dz? 2

. . . . dsinc? (zd)
where z, € [0,1]. Plugging in sinc?(0) = 1 and ——2

T
t 2
sinc? (:v_) — 1‘ = ﬁ
2 2

We make use of the rather simplistic bound

¢ d ¢ 2 d? ¢
sinc? (%) = sinc?(0) + z——sinc? (m_) loeo + T 2 sinc? (x_) | =, (5.229)
|,—o = 0 then yields

d?sinc? (m%)

| (5.230)
g2 e

2 2

2

2| [t t ! t 2| [t t ! t
072 lps, | < 5/0 Cos(sx*§>32ds/0 cos<3$*§>ds +5/0 sin(sw*i)sds/o sin(sm*g)sds
2
2 ! t ! t 2! t
< — cos(sx*—> szds/ cos(sx*—> ds + — / sin(sx*—> |s| ds
2 J, 2 ; 2 2\ J, 2

‘2 t2

This yields the final inequality [sinc?(%t) — 1] < o 5— which yields Equation (5.226). O




Appendix B

Random Interaction Model

In this appendix we show that the random interaction model G satisfies the conditions needed

in Theorem 3.1 and .

Lemma 2.1: Let G = UGAGUé be given as described in Section 3.2.1, specifically let

Aci) = (ilAgli) denote the i® eigenvalue. Then the following expectation values hold

Eg[G] =0 and E,_[Ag()Ac(j)] =0, ;. (6.232)

Proof: The random interaction Ay is a collection of Pauli Z strings and an overall phase of

+1 as

Ag = (—1)*Z1 Q..Q Zn, (6.233)

where Pr[z; = 0] = Pr[z; = 1] = 1. We first show that E AglAg] =0, which ultimately comes
from the expectation over the phase. This can be computed as the z; are independent and the

expectation therefore factors

Ey,[Ag] =E, (=1)% HEzi ®Z;
i=1

N |

n 1 n .
D J]E., © 27 + 5 (1) IIE. 2"
i=1 1=1

=0.
This implies that the overall interaction has a zero first moment via Eg[G]=

Ey, [UEAG [AG]UCTJ] :
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Next we need to show that the eigenvalues are independent and have variance 1. First we let

z-k=2zy+ 2k + ... + 2,,k,,. First we show how this gives the eigenvalues of A, as
Agli)y = (1) 2" ® ... ® Z;7[iy) ® ... ® [iy,)

(=1)%o(=1)*1...(—=1)*|i;) ® ... ® |i,,)
(—l)z'i|i>. (6.235)

This allows us to compute the covariance as

Ep(ilAgli)(GlAgli) = By, (1) (=1)*

n
— Ezo< 1)2% H Ezk( 1)2(ix+ix)
k=1
= H Ezk (_1)zk(’ik+jk) . (6-236)
k=1
Now we just need to compute a single one:
E (_1)Zk(ik+jk) — 1 . (1) + 1 . (_1)ik+jk
“r 2 2
1 if 4, =0,75,=0
_JO if iy =0,5,=1
)0 if 4, =1,5,=0
=0 (6.237)
Then we have that the total product is
n
Ey, (ilAgli) (jlAgli) = H i = (6.238)

k=1



Appendix C

Haar Integrals

In this section we present the more technical work needed to state our results in Section 3.2.
Lemma 3.2 and Lemma 3.3 are used to compute the effects of the randomized interactions in a
form that are usable in the main result of Lemma 3.2. Lemma 3.1 can be derived from Appendix

C in [167].

Lemma 3.1: Let Ey; denote the expectation over the Haar measure over the set of unitary
matrices acting on a dim dimensional Hilbert space. Then for |iy), |ig), ..., |ky) drawn from

an orthonormal basis

By [(iy|U151)(i2|U ) By [UT]11) (o | UT]1)]

1

= dim2 —1 (5i17l15j17k15

J

j27k2 + 61

7;2vl2 17l26j17k26i27l15j27k1)

1
7.239
_dlm(d1m2 _1) (6i1vl2 5j1»k1 6i2»l15j2:k2 + 6i1:l15j17k26i2’126j2’k1)‘ ( )

Lemma 3.2: Let G(t) denote the Heisenberg evolved random interaction G(t) =
et Ge Ht for a total Hamiltonian H. After averaging over the interaction measure the

product G(x)G(y) can be computed as

1 7. 1 . . . .
EqlG(2)G(y)] = dim 1 ( Z eAI T RD@E=Y) |5 435, 5] + ]l) . (7.240)
(4:9), (k1)
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Proof: The overall structure of this proof is to evaluate the product in the Hamiltonian eigenbasis
and split the product into three factors: a phase contribution from the time evolution, a Haar
expectation from the eigenvectors of the random interaction, and the eigenvalue expectation of
the random interaction. Since this involves the use of multiple indices, it will greatly simplify the
proof to use a single index over the total Hilbert space H as opposed to two indices over Hg ®
Hpy. For example, the index a should be thought of as a pair (a, a,), and functions A(a) should

be thought of as A(a,a,). Once the final form of the expression is reached we will substitute in

pairs of indices for easier use of the lemma in other places.

EglG(2)G(y)] = By Ey_ et T UgAqUle et Il A qUle iy

=E\ By, ZGHA V7)) a‘UGZAG ‘b><b‘UG

Ze—i)\(c)(m y) |UGZAG )|d) d\UGZG_“\ Vle)(e|

- Z |a)(ele™ i(A(e)=A(a))z g—i(A(e)=A(c))y

a,b,c,d,e
x By, [(alUg b} {clUg|d) (b|U& ) (dIUE )| B, [A (B) A (d)]

= 3 Gala)(ele AN @ miNE@-Ny

a,b,c,d,e
x By, [(alUs|b){e|Usld) (bU|e)d|U&e) | (7.241)
We used the fact that the eigenvalues of G are I.I.D with variance 1 to make the substitution
Ej.[Ac(b)Ag(d)] = 6, 4- This allows us to reduce the sum over d to the condition when d = b,
which greatly simplifies the Haar expectation we have to take. As our eigenvectors are chosen

from the Clifford group, which forms a 2-design, we can use Lemma 3.1 to write
Ey,, [(alUg|b){clUg|b) (b UL ) (b UL €)] =EU[<a|U|b><c|U\b><b\UT|c><b|U*|e>]

= o (e e = B +8,0) ) (7242)

dimZ d ac~ce

Plugging this into Equation (7.241) above yields the following
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i(Ale)=A(a))z g—i(A(e)=A(c))y —
— o O el O (Bucbe e = = B +0,0))

a,b,c,e
1

_ —iN©-A@)ze—iNe-ADys (14§

dimQ -1 ( d1m> ach:Ja |6 ae( + ac)
= 1 ( )Z|a a|e (A(a)=A(c))(z— y)(1+6 )

dim? — 1 dim byt ac

1(dim — A @-A) )

- d1m2 Z‘ (1 + 6ac)
= dim1—|— - (Z M@ =AMe)@—v)|g) (a| 4 1) . (7.243)

Reindexing by a + i, j, ¢ = k, 1, and plugging in the definition of A yields the statement of the

lemma. O

Lemma 3.3: Given two Heisenberg evolved random interactions G(z) and G(y) we can

compute their action on the outer product |3, j){(k,l| as

EglG(z) [i,5)(k, 1| G(y)]

(ri,j><k, U+ (gl 1) D emen 199 fm, ) (m, n|) . (124

~ dim+1

Proof: This proof is structured the same as Lemma 3.2 and similarly we will use a single index

of the total Hilbert space A and switch to two indices to match the rest of the exposition.
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Eg|G(z)|a)(b|G(y)] = Eg [eiH”UGDUge_"Hﬂa) (b|eiHyUGDUée—iHy]

= 3 NOA@TE BN
Cid7e7f

x Eg [le)(c[Ug D(d)|d)(d|U&|a) (b]Ug D(e) e} el UL L) (f1]

= Z etMe)=A@)z giAB)=MN)y|c) (f|

c,d,e,f
X Epq [AG(d)AG(e)]EUG [(clUg|d) (b|Ug e} (d|UE | a) (el UL £)]

— Z el Q)=M@)z giAB)=MN)y|c) (f|

c,d,f

X EUG [(c|Ug|d) (bl Ugd) (alUg|d)(fTg|d)]

dim

d ETC 1 Z e’ )=Ma)e i()\(b)—/\(f))y|c> <f|(5ca5bf + 6cf6ab) <1 - L)
me —

=1 +1Ze (Ale)=A(a))z oi(A(b)— Af)y| ><f|(5ca5bf+5cf5ab)
m

== ( (b] +5ab26 )=Ma))(ev)|¢ ><c‘)_ (7.245)

We used the fact that Ey [Ag(d)Ag(e)] = d,, to eliminate the sum over e. We used the same

Haar 2-design argument to compute the expectation value Ey_[]. Re-indexing by a - (4, ),

b (k,1) and ¢ — (m,n) results in the expression given in the statement of the lemma. O

Now that we have computed the expected Heisenberg evolution of a two-body interaction term
we can compute the second order transition amplitudes. We will not restate the lemma here

for brevity.

Proof of Lemma 3.2: To start we would like to note that we will use a single index notation to
refer to the joint system-environment eigenbasis during this proof to help shorten the already
lengthy expressions. We will convert back to a double index notation to match the statement
of the theorem. We start from the expression for the first derivative of the channel %@G(ps)
given by Equation (3.103). To take the second derivative there are six factors involving «, so we
will end up with six terms. We repeat Equation (3.103) below, add a derivative, and label each

factor containing an « for easier computation
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9? 9 1 §
502 2alps) = 5~ (/ eis(HTaG)t () ei(l=s)(HtaG)tgg ¢ z(H+aG)t)
0 (A) (B) ()

1
+i (ei(H+aG)t p/ e—is(H+aG)t (—itQ)e —i(1— s)(H+aG)td8) (7.246)
0 —z—’ N —— —

aa S——
D (E) )

Our goal is to get each of these terms in a form in which we can use either Lemma 3.2 or

Lemma 3.3.

—lt zsl(H+aG )Gei(l_sl)(H+aG)tds pe” i(H+aG)t |

Oé

1 1
2/ (/ 13132(H+aG s Gezsl(l s3)(H+aG)t g o )Gez(l s1)(H+aG)t g g pe—z(H+aGt |
0 0

=

1 1

[y

1
/eislsQHtGeiSISQHteislHtGeislHtsldsldS2ethpeth
0
o o, .
B) :it/ 6131(H+0‘G)tG£(61(1—31)(H+0‘G)t)d5 pe” i(H+aG)t |
0
1 1 ) )
— (,L-t)Q/ ets1 H+aG)tG / i(1—s1)s5(H+aG)t (1 781)Gez(l—sl)(1—32)(H+aG)tdS2 d81 pe—z(H+aG)t |a=
0 0
1 1
— _t2/ / islHtGei(lfsl)SQHtGei(lfsl)(lfsg)Ht(1 —81)d81d32 pefth
1 1 ) )
2/ / ets1Ht e—is1 Ht i(s;4+85— 5152)HtGe i(s1+so— Slsz)Ht(l—Sl)dsldSZ p(t)
0 0
1 1
— —t2/ / G(s,t)G((s) + 55 — 5189)t) (1 — s1)ds,dsy p(t) (7.248)
0 0
! 0
(C) — Zt/ eis(HJraG)tG,rei(lfs)(H+o¢G)1§d8 p _(efi(HJraG)t) ‘a:O
0 Oa
1 ] ] 1 ) ]
=(Zt)(—lt)/ ezs(H—'raG)tGez(lfs)(H+aG)tdsp / e~ is(H+aG)t (xo—i(1—s)(H+aG)t jo ‘a:O
0 0

1 1
= 42 (/ eisHtGeisths> eiHt pe—iHt (/ ei(ls)HtGei(ls)ths>
0 0

= +t? /1 G(st)ds p(t) /1 G((1 — s)t)ds (7.249)
0 0
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o, . ro .
<D) — (_Z't>6_a(ez(H+aG)t)p/ e—zs(H+aG)tGe—z(l—s)(H+aG)tds |a=0
0
1 1
— 42 (/ 6is(H+aG)tGei(l—s)(H+aG)td8) p/ 6—is(H+aG)tGe—i(l—s)(H+aG)tdS ‘a:O
0 0
1 1
— tQ/ etsHtQe—isHt g g p(t)/ 6i(1—s)HtGe—i(1—s)ths
0 0
1 1
2 / G(st)ds p(t) / G((1 — s)t)ds (7.250)
0 0

1
(E) = (—it)eilH+aG)t ) / aﬂ(e—isl(HJraG)t)Ge—i(l—sl)(HJraG)tdSl o
1
— 200 (H+aG)t (/ e~ 15152 H+aG)t(S G) —is,(1— 52)(H+aG)tdS )G@ i(1— 81)(H+aG)td8 |a=0
0
1 1
42 thpe—th/ / et(l=s182) Ht (¥ o—i(s1—s189) Ht (1o —i(1— sl)Ht51d31d82
0 0

——tp(t) [ 1 / G(1— 15))G((1 — 5,)t)3,ds,ds, (7.251)
0

0

1
(F) — (_it)ei(H+aG)tp/ 6_i51(H+aG)tG£
0

- (e-ill=s1)(H+aO)t)

dsy |a—o

1 1
— (_it)Qei(H+aG)tp/ e—isl(H+aG)tG (/ e—i(l—sl)sz(H+aG)t(1 _ 31)Ge—i(l—sl)(1—52)(H+aG)td82) dSl |a=0
0 0
1 1
— _t2e—thpe—th/ / 61’(1—51)HtGe—i(l—sl)Htei(l—sl)(l—s2)HtGe—i(l—sl)(l—SQ)Ht(1 _ 81)d81d82
0 0

(1) | 1 / LG = s DG~ 1)1~ 5y)0)(1— 53)dsyds, (7.252)
0 0

Now our goal is to compute the effects of averaging over the interaction G on the above terms,
starting with (A). As this involves a lot of index manipulations, similarly to the proofs of
Lemmas Lemma 3.2 and Lemma 3.3 we will use a single index for the total system-environment

Hilbert space and switch back to a double index to state the results. We will make heavy use of

Lemma Lemma 3.2.
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A) =2 / / E[G(1556)G(s,0)]s1ds dsy(t)

—t2
B dim+1/ / (Ze ST sat=nl) i) (i +11) s1ds dsyp(t)

_t2 1 1 ] )
- D //ezwz) NOosao1) s, ds dsy i) (il + 3
iz Jo Yo

T giA(d

123

> Sl %n) o)
)

i JiA()=A(F

e O — A — e—TAG-AGE
=t DRI BRI L |z'><z'|+§Z<n<i>+1>|z‘><z'|)p<t>

2 _ 2
dim A S 70 B =)
-1 — 14, it At o 12 )
= S Z 'AZ;&O A?j ) (3] + 52(77(1) +1)]
i A, % i

We can similarly compute the averaged (B) term:

B) = 12 / / Eg[G(s1)G (51 + 55 — s15,)0)](1 — 51)dsydsy p(t)

%

—t2 ‘
- dim+1/ / (Ze (Ds18252)8 ) (4] + 1) (1 —sy)ds;dsy p

—t2 /1 /1 i(A(i j
_ Ty GAG-NDtsr52-52)H (1 — s, )ds, dsy|i){
‘ e §1)a5,A55(1
dim +1 7o Yo

T FADFAG

z’><z’|)p<t> (7.253)

1+ S Zhl+ %n)pw

i JAE)=A()

L O — A — eI
=l DR DR |z'><z'|+§Z<n<i>+1>|z'><i|)p<t>

2 _ 2
T AAG) B =)

—1 — @At — Aijt 2

~ dim +1 2 Z Az. !'><i!+52(n(z‘)+1)|z‘><i\

i jiA;#0 ij i

)

) p(t),

which we note is identical to E5(A). As terms (C) and (D) involve a different method of

computation we skip them for now and compute (E) and (F').
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1 1
Eq(E) = —t2 Eq|G((1 —5189)t)G((1 — s;)t)]s1ds ds
o(B) tp<t>/0 / SIG((1 = 5,5,)H)G((1 — 5,)0)]s,ds,ds
dl;t+1 / / (Z e AD=AG)ts1—5152) |3) (4 |+]l) $1ds dsy
-2 1+i(AE) — M)t — ePO=20)
= dms’? (Z:M%;m 2000) — \J))? Bl +3 Z )

iA 1 — elBijt 2
~ dim +1 (Z Z 1+ ZJAt?. |3 (i + %Z(n(i) + 1)|i><i|) . (7.255)

i ji(A,#0) ij i

Computing (F) yields

Eq(F) = —£p(t) / / EglG((1— s)0)G((1 - 51)(1 — s,)0)](1 — ,)ds, ds,
0 0

_t20.2 1 1 ) ) )
= - p(t) / / el()‘(z)_A(J))t(’sZ_SISQ)|i> <7/| + ]]_ (1 — 51)d51d52
dim +1 o Jo Z

=t 1-|—'i()\(i)—)\(j))t—ei(A(i)_’\(j))tZ, aal . A
= dim+1p(t) (Xi:jzk%;(j) 2Z0NG) —2())? )Gl + 5 zi:(n( )+ )]i)( |>

14 iA. .t — eBist 2
~ dim +1 (Z Z + ”At?. |3) (i| + %Z(n(i) + 1)|i)(¢|) (7.256)

g .7 1]#0) * ¢
which is identical to E4(E).

The last two terms (C) = (D) are computed as follows:

e ) )] de. ds 7.257
)=t / / Eg[G(s,0)p(t)G((1 — 55)1)] dsyds, (7.257)

1 1
=20 [ [ BGIGs, 000 GG~ 5,)0)) ds,ds,
1.7 o Yo

t2 . B
d1m+1 Z pl] 2(>\ ( ]‘ + 570 Z/ / i(A(a)=A(7))(s1+52 1)td81d52|a> <(1|>

2 . L 2(1 —cos(A,;t
:Chm—ﬂzpwemm<|z><ﬂ+@j Y 2y el 45, Y \a><a|)
J

a:A,,;#0 ai a:A, ;=0
We can now combine each of these terms to offer the full picture of the output of the channel to
second order. We make two modifications to the results from each sum: first, we will switch to

double index notation to make for easier use in other areas, and secondly we let p = |3, j)(k, [|.
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We note that the first term in the following equation is provided by (A) + (B), the second
through (F) + (F), and the last two through (C) + (D).

82
7.258

Eq [W(I)G(i,j)(k,lﬂa:o] ( |
 2eibilke ( 1 — iA(, jla, b)t — e~ iAGlab)t
- ‘— . . 2

dim +1 (a,b):A(4,j|a,b)#0 A(Z,]|a, b)

14 iA(k, I, b)t — eidtslladt g2 N
+ Z ( AG l)] b)2 +§(77(z,3) +n(k, D) | i, 5) (K,
(a,b):A(k,l|a,b)+0 a,

9iA(0,lk, 1)t

dim +1

2(1 — cos(A(3, jla, b)t)) ) vl
A(i, jla, b)? |a,b)(a,b| + ¢ Z la, b)( ,b])

(ayb):A(ivjlavb)ZO

+0; 10, (
(a,b):A(4,5la,b)#0

The last step we need is to use the half angle formula to change the cosine to a sine

2(1— cos(A(i,j| a, b)) _ 2(1= (1=2sin(BEGR0))) ) (AG G0, b)) (7.250)

which yields the statement.

We can compute these by plugging in to Eq. Equation (3.106) again, which yields

a2sinc2(A(i,§ | 7,5)%) (i,9) # (1,3 (7 960)

EGKl aj |T(|7’a]><lv.7‘)|l 7j >] = {_d2 Z(a by (i.5) SIHC2(A(CL,I)|Z,])%)(’L,]) — i/,]’)

—_

The (i,7) # (i', ") case should be apparent, the first term with the coherence factors x are zero
and the second term is what remains. The (i, ) = (i’, ') case can be seen as follows. For the

first term we have

26,4l i)t 2

© dim41 (x(i,j) +x(8,5)" + 5 (n(i,5) + n(i,j))) i, §)(i, . (7.261)

We first compute the sum x (7, 5) + x(4,5)* as
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. RN 1—1iA(3, jla,b)t — e—1A(4,jla,b)t
X(Z,_]) + X(ZJ) = Z ( | )

a,b:A(ig,]a,b)£0 A(i, jla, b)?
N 14 A, jla, b)t — etidliilab)
a,b:A (i 7.|a,b)£0 A(i, jla, b)?
9 _ g~ tA>L]] ab)t _ o +iA(i]] a,b)t
- a,b:A (i3] a,b)£0 A(i, jla, b)?

= Z t2 sinc? (—A(Z’ j2 e b)t) , (7.262)
a,b:A(1,j] a,b)#0

where the last step follows from a trigonometric identity (see Equation (7.259)). Since sinc(0) =

1 the n(i,7) term can be expressed as 7(i,j) = sincz(w). Plugging this

Za,b:A(i,j\a,b):O
into Eq. Equation (3.106) gives

Ec[(i, 417 (14, 5)(E, 3D)i, 5)]

= (i, 7] ( dlmt—i—l Zsmc (M> i, 9) (i, 7] + Zsmc (w) la, b)(a, b|) |i,7)

2t2

= Z sinc? M. (7.263)
dlm—{—l( 570 2

As a by-product of this computation we have also shown that tr(7 (p)) = 0 and that our mapping
is trace preserving to O(a?). O

Proof of Theorem 3.1: First we note that although Rg(p) = %382@(/)) for a specific value

|o¢=oz*
a, > 0 our proof will actually hold for any value of a, > 0. To compute the trace norm we will
use the triangle inequality, unitary invariance of the Schétten norms, and submultiplicativity.

To start,

o3 . B}
||8g¢(p>”1 = H%EG trE eZ(H-‘raG)tp ® PREE i(H+aG)t

1
3

(H+aG
8a3

< EG p ® PR e~ i(H+aG)t (7264)

)
1

where we can take E out of the norm via the triangle inequality and we can remove the trace via
Proposition 1 of [168], which proves [trg[X][, < [X[4im, < [X];. To proceed we use the decom-
position of the second derivatives from the proof of Lemma 3.2, specifically Equation (7.246).

This gives the following
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IRsl, <

1_6

<—(IEG||6 Moz ||, + -+ Eq|0a(F)laa,

). (7.265)

We will demonstrate how this can be computed for the first term 9, (A). Using Equation (7.247)

and letting H, = H + aG for brevity we can write

0, (A) = —t20, / / ets152Hat Geisi(1=sa) Hat Qei(l=s1)Hat o =iHat 5. (5. ds,, (7.266)
(A1) (A.2) (A3) (A4)

where there are four spots for the derivative to act via Duhamel’s formula. We will show only

one of these terms, starting with (A.1)

(7.267)

1 1
— (lt)gf / / eisl82SSHatGeisls2(1_SS)HatGeisl(1_32)HQtGei(1_Sl)Hatpe 1H‘1t3182d81d82d83
0 0 0

1 1
(A.l) = _¢2 / 8a (eislszHat)Geisl(1752)HoétGrei(1fsl)HaifpefiHatsldslds2
1

Our goal is to compute the 1-norm of the above expression at o = a,. We can do so using the
triangle inequality to move the norms into the integrand and then use submultiplicativity and

unitary invariance to achieve

6i81S2S3H"‘*tG€islSQ(I_SS)HQ*tGeiSI(1_52)H°‘*tG€i(1_51)H“*tpe_iHo‘*t

1

7,(1 sy)Ho t ,—iH, t

< ||€iSIS2SSHa*tG”1 e 't pe

i3152<1_83)H“*tG‘|
1

€iSl(1_s2)H"*tGH

1

< IGNely = IGI3- (7.268)
Similar computations can be carried out for the other three terms (A.2) - (A.4). In total these

yield the inequality

1 1 1
2 1. dG<%EG [ ] 166t 5800 = 50 + 0102 s
0 0

(at)Eg|CIE. (7.269)

CZ:I»-P

Now that we have computed a bound for the norm of the derivative acting on (A) we only
have terms (B) through (F') to compute. These can all be checked to satisfy the same bound

n (A) from Equation (7.269), and as there are six terms in total we have the inequality

|Rs |, < 4(at)®*Eg|GI3, (7.270)

which holds for all inputs p.
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Our last remaining problem is to compute the expected norm of G. Using the decomposition
of our interaction G = UzAg Ug to get

dim

3 3 3 .
Ec|GI3 =E, Ey,_ ||UGAGUCEH1 —Ey Al =Ey, > [Ag(0)]® = dim,  (7:271)
i=1
Since A is just 41 times a Pauli Z string each eigenvalue has norm 1. This gives the final
inequality
|Rs[, <4dim (at)3. (7.272)

d
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