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ABSTRACT Existing numerical optimizers deployed in quantum compilers use expensive O(4n) matrix–
matrix operations. Inspired by recent advances in quantum machine learning, QFactor-Sample replaces
matrix–matrix operations with simpler O(2n) circuit simulations on a set of sample inputs. The simpler the
circuit, the lower the number of required input samples.We validate QFactor-Sample on a large set of circuits
and discuss its hyperparameter. When incorporated in the BQSKit quantum compiler and compared against a
state-of-the-art domain-specific optimizer, we demonstrate improved scalability and reduced compile time,
achieving an average speedup factor of 69 for circuits with more than eight qubits. We also discuss how
improved numerical optimization affects the dynamics of partitioning-based compilation schemes, which
allow a tradeoff between compilation speed and solution quality.

INDEX TERMS Quantum compilation, quantum machine learning.

I. INTRODUCTION
Given a parameterized quantum circuit and a target unitary,
a common operation in quantum program development is to
solve an optimization problem to determine the parameters
that implement the target unitary. Solving for parameters is
commonly referred to as instantiation, and it is an operation
that appears in hybrid algorithms [1], [2], circuit synthe-
sis [3], [4], [5], [6], [7], [8], [9], or within quantum machine
learning (QML) [10], [11], [12], [13] algorithms.

In all existing approaches, the objective function in in-
stantiation requires computing process distances [9] be-
tween two unitaries, an operation with O(4n) complexity.
As far as we know, the state of the art is illustrated by
the QFactor [14] domain-specific optimizer, which uses a
tensor network formulation together with analytic methods
and an iterative local optimization algorithm to reduce the
effective number of problem parameters. The improvements
over general-purpose optimizers (GPOs) come, among other

features, from working at the unitary rather than the param-
eter level. A given gate may have a very complicated rep-
resentation in terms of parameters that need to be resolved
by GPOs. In contrast, QFactor optimizes that gate on each
update.
QFactor improves performance and scalability by reduc-

ing the number of parameters by a (large) constant. In this
article, we show how to further gain O(2n) speedup in com-
putational complexity for the QFactor’s inner loop, while
maintaining the same quality of results (QoRs). This speedup
arises from replacing repeated matrix–matrix multiplica-
tions with a small number of matrix–vector multiplications,
thereby avoiding the dominant 2n × 2n operations in favor of
lighter 2n × 1 products. When comparing QFactor-Sample
withQFactor, our benchmarks show an average reduction of
17× in runtime and an impressive 69× average reduction for
circuits with 9–12 qubits. We have seen a runtime reduction
of up to 830× for individual instantiation runs.
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FIGURE 1. High-level flow of the QFactor-Sample algorithm. Starting
from a target unitary U and a parameterized circuit C(α), the algorithm
randomly samples training states and computes their transformed
outputs. Circuit parameters are optimized using this training set, with an
adaptive increase in the training set if the generalization error is too
large. The final result is an optimized circuit C(α∗ ) instantiating U . The
speedup over QFactor arises from replacing costly matrix–matrix
multiplications (O(4n )) with a small number of vector–matrix
multiplications (O(M2n )).

The basic idea is taken from recent advances [15], [16],
[17], [18] in QML theory. Modern QML methods involve
variationally optimizing a parameterized quantum circuit on
a training dataset and subsequently making predictions on
unseen data (i.e., generalizing). It has been shown that for
a quantum circuit with T parameterized gates that has been
trained on M samples, the generalization error is bounded

by O(
√

T logT
M ). We use a reduction from the instantiation

problem to a traditional QMLflow, linking the generalization
error to the instantiation error and taking advantage of this
bound to limit the size of the training set, reducing the overall
complexity. This approach will yield significant performance
improvements, as many unitaries have some inner structure
that we can use.
QFactor-Sample is an instantiation algorithm using a

QML approach that takes advantage of structure in common
unitaries, allowing it to train over a sample of states. Given
a target unitary, it randomly draws M orthogonal states and
applies the unitary on them to create the training set. It then
performs optimization based only on that set. It has an on-
the-flymechanism that can increase the size of the training set
if it detects that the generalization error is too big. The sim-
pler the unitary, the fewer the training examples required. In
contrast, other optimizers use the full target unitary, with 2n

states to perform the optimization. The overall workflow of
this process isillustrated in Fig. 1, which shows the adaptive
training procedure used to balance accuracy and efficiency.
We integrated QFactor-Sample into the BQSKit [6] syn-

thesis infrastructure and evaluated its performance in opti-
mizing large quantum circuits. Compared to the next-best
optimizer, our results show an average 4–9× reduction in

runtime. Furthermore, by increasing the partition size be-
yond the capability of other optimizers, we observe an
improvement in QoRs, although this comes with the tradeoff
of increased runtime.
The rest of this article is organized as follows. Section II

provides background on the QFactor instantiation algorithm
and how to utilize QML generalization error bound to im-
prove instantiation. The QFactor-Sample algorithm and its
implementation are described in Section III. Our evaluation
procedures and results are presented in Section IV. Finally,
in Section V, we discuss our results.

II. BACKGROUND
A. NUMERICAL OPTIMIZATION AND INSTANTIATION
Given a 2n × 2n unitary U and a parameterized circuit C :
Rk �→ U (2n), instantiation finds parameters α such that some
(e.g., Frobenius) norm betweenU and C(α) is minimized

||U −C(α)||2 = 2n+1
(
1 − ReTr

[
U†C(α)

]
2n

)
. (1)

The heaviest part of any existing instantiation algorithm
is determined by theO(4n) computational complexity of the
norm in (1) (or part of it) calculation, where n is the number
of qubits in the circuit.
As far as we know, QFactor [14] is the state of the art

in numerical optimization for instantiation. It is a domain-
specific optimizer that reduces circuit parameter complex-
ity by directly updating (possibly multiqubit) unitary gates
without parameterizing them internally. By treating each gate
as a unitary without parameterization during optimization,
it effectively reduces the parameter space, distinguishing it
from conventional GPOs.
QFactor utilizes tensor network contractions for efficient

circuit manipulations. The algorithm sweeps through a cir-
cuit, traversing gate (tensor) by gate (tensor), and at each
gate, it executes a local optimization process to update the
gate’s unitary. The basic step in the sweep is the calculation
of E , the gate’s environment matrix [14], [19]. The algo-
rithm then performs a singular value decomposition (SVD)
on E = XDY † resulting in an optimized gate

uknew = YX†. (2)

When compared to GPOs [20], [21], [22], QFactor scales
better with circuit depth and qubit count, achieving faster
runtimes and better success rates.
Numerical optimization can be scaled in two ways: by

reducing the number of parameters needed to describe a
problem, or by decreasing the computational effort required
per parameter instantiation. QFactor enhances scalability
through the former approach. A key question now is whether
we can develop a more efficient optimization procedure,
specifically by lowering the cost of the objective function.

B. QUANTUM GENERALIZATION ERROR BOUND
A variational quantum circuit C(α) is a circuit with pa-
rameters that are adjusted iteratively to optimize a specific
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objective function. If its parameters α are trained with
respect to some loss function l over a training set
S = {(|ψi〉, |φi〉)}Mi=1, then the training loss or training error
is usually defined as

ltrain = 1

M

M∑
i=1

l(C(α)|ψi〉, |φi〉). (3)

For a given set of parameters α, the expected prediction error
over some distribution of states ξ is

lpred = E
|ψ〉,|φ〉∼ξ

[l (C(α)|ψ〉, |φ〉)]. (4)

The generalization error is defined as the difference be-
tween the expected prediction error (4) and the training er-
ror (3), where ξ is the distribution from which the training
set was drawn

gen(C(α)) = lpred − ltrain. (5)

There are many machine learning algorithms that, in ad-
dition to the training set, utilize a validation set for various
purposes such as early stopping of the training process when
overfitting is detected, finding optimal hyperparameters of
the underlying training algorithm, or estimating the general-
ization error of the model [23].
It has been proven in [16] that for a quantum model with

T parameterized gates that has been trained on M samples,
the generalization error is bounded by

gen(C(α)) ∈ O
(√

T log T
M

)
. (6)

This means that for circuits with n qubits, if their number
of gates is polynomial with respect to n (poly-n), one does
not need an exponential number of training states to achieve
low generalization error, but rather only poly-n training states
will suffice. The class of circuits that can be efficiently imple-
mented on a quantum computer also has poly-n gates; there-
fore, we can effectively use the generalization bound to limit
the number of states used during training, thus improving the
training runtime performance. This reduction in runtime is
expected to improve as the circuit hasmore qubits in the same
way that poly-n

exp-n shrinks as n increases.

C. QML AND INSTANTIATION
Quantum circuit instantiation can be reduced to a conven-
tional QML flow. For a given unitary U , we generate a
training set {(|ψi〉,U |ψi〉)}Mi=1 by first randomly selecting M
mutually orthogonal states {|ψi〉}Mi=1 as input training states.
Then, we apply the unitary U to these states to obtain the
output training states. In the following, we define the loss
function to be the distance square between the two states:

l(|ψ〉, |φ〉) = || |ψ〉 − |φ〉||2 (7)

FIGURE 2. Tensors precomputation: Tensors that are precomputed and
saved before each algorithm sweep. Recalculating the A and B0 tensors
is done only when the training set {|ψ j 〉}M

j=1 is updated. The precom-
putation is a time–memory tradeoff, where we save intermediate
computation results for later use and do not recompute them each time
we calculate the environment matrix of a different gate. (a) B0. (b) B1.
(c) B2. (d) B3. (e) A.

FIGURE 3. The environmental matrix calculation for the second gate in a
four-gate circuit. Tensor legs with the same number will be traced
together. Gate tensors colored in purple indicate parameters updated in
the current sweep. Those in white denote gate tensors with parameters
from the preceding sweep, while green represents tensors with
consistent values across sweeps. We also note that for the tracing, we
use the previously calculated B1 tensor (see Fig. 2).

and the training loss to be the average loss over the training
set

ltrain(C,α) = 1

M

M∑
i=1

l(C(α)|ψi〉,U |ψi〉). (8)

III. ALGORITHM
QFactor-Sample reduces QFactor’s computational com-
plexity from O(4n) to O(M2n), where n is the number of
qubits and M is the number of states required for training,
by making use of known bounds [16] on the generalization
error. The algorithm finds the optimal circuit parameters for
only a small set of training states, and the expected error on
all the other possible input states is bounded by (6). Although
QFactor-Sample and QFactor have different cost functions,
their basic optimization step is the same, where they locally
optimize each gate at a time, performing an SVD on the gate
environment matrix.
The algorithm begins by generating a random orthogonal

set of training states, {|ψ j〉}Mj=1, sampled from the Haar ran-
dom distribution [24]. Then, it sweeps the circuit from right
to left. For each gate, it calculates the environment matrix E ,
performs an SVD on E , and updates the gate using (2). The
sweep is repeated several times until a stopping condition
has been reached. Fig. 3 presents the E calculation and the
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algorithm state during a sweep. A short discussion about the
importance of the training states distribution can be seen in
Appendix C.

Since we do not know up front the number of training
states required, the algorithm incorporates an “on-the-fly”
approach for estimating the generalization error. This is
achieved by comparing the cost values for the training states
with those of a randomly selected set of validation states.
If the observed error surpasses a predefined threshold, the
algorithm halts and restarts with double the number of train-
ing states. This iterative process terminates upon reaching the
desired convergence threshold, detecting a plateau, or reach-
ing the maximum limit of training states. In the latter case,
QFactor-Sample reduces to the original QFactor algorithm
since it will use 2n states for training. We would like to point
out that the double-and-restart process does not change the
asymptotic complexity, as 2 + 4 + 8 + 16 + · · · + m < 2m.

InQFactor, the cost function (1) is the Frobenius norm be-
tween the target unitary and the instantiated circuit, whereas
in QFactor-Sample, the cost function we use is the average
distance between the states generated by applying the target
unitary on the training states and the states generated by
applying the instantiated circuit on the same training states

1

M

M∑
j=1

||U |ψ j〉 −C(α)|ψ j〉||2

= 2 − 2

M
Re

⎛
⎝ M∑

j=1

〈ψ j|U†C(α)|ψ j〉
⎞
⎠ . (9)

To minimize the cost function, one can also maximize

Re

⎛
⎝ M∑

j=1

〈ψ j|U†C(α)|ψ j〉
⎞
⎠ (10)

such that, for any specific gate ui in the circuit, this can be
written as Re(Tr(Eui)) (see also Fig. 3). This is exactly what
QFactor’s inner step is maximizing [14, Sect. III-A]; hence,
QFactor-Sample uses the same updates to the gates as in
QFactor, and the update optimality proof [14, Sect. III-A1]
holds here as well.
To lower the computation overhead of E calculations, we

compute only once {〈ψ j|U†}Mj=1 and denote it as the A tensor.

Moreover, when we compute {C(α)|ψ j〉}Mj=1, we save the
intermediate computation results in a list and denote it as B
(see Figs. 2 and 3).

The plateau detection mechanism in QFactor-Sample
checks if the training cost function has not sufficiently im-
proved over t consecutive iterations. In contrast, QFactor
halts, indicating a plateau, if the cost function fails to im-
prove enough in just a single iteration. This modification in
QFactor-Sample can improve the QoRs by sacrificing some
runtime efficiency. Given that QFactor-Sample is signifi-
cantly faster than QFactor, this tradeoff is advantageous.

We implemented QFactor-Sample on graphical process-
ing units (GPUs) using JAX [25], and our source code can
be found in [26]. Some implementation details and a list
of QFactor-Sample’s hyperparameters are provided in Ap-
pendix A. We emphasize that the exponential improvement
in runtime arises not from hyperparameter tuning, but from
a fundamental difference in our core operation: performing
vector-to-matrix multiplication instead of matrix-to-matrix
multiplication.
We think that the double-and-restart approach is a good

heuristic to use when the minimal number of training states
(Mmin) is unknown, as in theworse case, we use 2Mmin states,
and the total amount of work is comparable to 4Mmin. An
interesting question is how to choose the initial number of
training states and the overtrain threshold that controls the
on-the-fly generalization error detection. For circuits with
more than a few qubits and dozens of gates, we observed
that the first two to three attempts had the same runtime,
although they had different number of training states. This is
due to GPU overheads, such as data transfer and code gener-
ation. Hence, starting with M = 2 is probably suboptimal in
real-life circumstances.
Among all QFactor-Sample’s hyperparameters, we high-

light overtrain_ratio and number_of_training_states, as they
dictate the initial count of training states. If, during the in-
stantiation, the normalized generalization error exceeds over-
train_ratio, the algorithm halts, doubles the number of train-
ing states, and restarts. The normalized generalization error
is calculated by

cval
ctrain

− 1 (11)

where cval and ctrain represent the validation and training
costs, respectively. The doubling-and-restart process contin-
ues until the number of training states reaches 2n, where n
denotes the number of qubits.
We want to highlight the connection between over-

train_ratio, dist_tol (the unitary distance threshold parame-
ter), and the resulting distance between the target unitary and
the instantiated circuit. When the instantiation is successful,
the following two relations hold: ctrain < dtol and

cval
ctrain

≤ 1 +
otr, where dtol and otr represent dist_tol and overtrain_ratio,
respectively. Then, for a random state |ψ〉

||U |ψ〉 −C(α)|ψ〉||2 < dtol(1 + otr) (12)

holds with high probability. One might argue that minimiz-
ing otr is preferable, yet doing so necessitates employing
more training states. A simple remedy to mitigate gener-
alization errors involves marginally reducing dtol while si-
multaneously increasing otr, ultimately leading to a faster
instantiation, since we will need significantly fewer training
states.
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TABLE 1. Benchmarks Used and Their Gate Counts, Upper Bound of
∼200 000

IV. EVALUATION
We assess the performance of the instantiation algorithm
using two metrics: success rate, which indicates the pro-
portion of circuits from the benchmarks where the algo-
rithm succeeded, and runtime, representing the total time
taken by the algorithm to complete, regardless of the rea-
son for termination. We used the same benchmarks and
evaluation setup that was used in [14] to enable easy
comparison.
The benchmarks used can be seen in Table 1. They rep-

resent real circuits with 4–400 qubits, and varying depths
of up to ∼200 000 gates. We performed the reinstantiate
flow using 1727 random partitions from the aforementioned
benchmarks and limited the runtime to 10 min for partitions
with fewer than nine qubits and 2 h for the rest. In this flow,
we take a partition of a circuit, calculate its unitary, and ask
QFactor-Sample to instantiate that unitary using the original
partition circuit structure.
We compare QFactor-Sample performance against the

central processing unit (CPU) and GPU versions of QFactor
and a leading general-purpose numerical optimizer, which
wewill refer to as CERES [27]. In our comparison, we denote
the Rust (CPU) and Python+JAX (GPU) implementations
of QFactor by QF-R and QF-J, respectively, and we denote
QFactor-Sample GPU implementation as QFS-J.
We run QFactor-Sample evaluation on National Energy

Research Scientific Computing Center’s Perlmutter [28] su-
percomputer.We used Perlmutter’s hybrid GPU–CPU nodes.
Each node has one AMD EPYC 7763 64-core processor,
256-GB DDR4 DRAM, and four NVIDIA A100 GPUs;
some have 40 GB of RAM, while others have 80 GB.
QFactor-Sample’s hyperparameters used in the

evaluation are: dist_tol = 10−10, diff_tol_r = 10−3,
plateau_windows_size = 5, number_of_training_states
= 2, min_iter = 6, overtrain_ratio= 0.1, β = 0, max_iter
= 106, and multistarts = 32.

A. SUCCESS RATE
Fig. 4 holds a comparison of the success rates between the
different instantiation algorithms and implementations. It is

FIGURE 4. Instantiation success rate comparison. The GPU
implementation of QFactor-Sample significantly surpasses that of
QFactor. Specifically, for circuits larger than six qubits, the GPU version
of QFactor-Sample surpasses the CPU version of QFactor. Furthermore,
for circuits exceeding seven qubits, the GPU version of QFactor-Sample
outperforms the CPU version of CERES.

FIGURE 5. Swarm plot superimposed on a box plot of the relation
between the instantiation time of QFactor and QFactor-Sample plotted
for different circuits size, shown on a log scale. The whiskers extend to
the maximum and minimum values, while the box represents the
interquartile range, which contains the middle 50% of the data. A
horizontal line inside the box represents the median. Each circle in the
swarm plot represents a circuit, and it is plotted in a way that shows the
distribution over the y-axis. The red markers represent the average
runtime relation. From the plots, one can observe the significant
improvement in the runtime of QFactor-Sample compared to QFactor.

clear that QFS-J completely outperforms QF-J, while for
the smaller partitions, QF-R and CERES outperform QFS-
J. For partitions containing more than eight qubits, QFS-J
demonstrates the highest success rate, surpassing CERES,
QF-J, and QF-R by factors of 41, 2.9, and 2.5, respectively.
QFS-J employs more lenient criteria in its plateau detection
mechanism. This, coupled with its reduced computational
complexity, leads to better optimization performance com-
pared to QF-J.

B. EXECUTION SPEED
The relation between the runtime of QF-J and QFS-J can be
seen in Fig. 5. See its caption for a detailed description of the
swarm and box plots.We observe an overall average of 17.7×
reduction in instantiation time and a 69× average reduction
for partitions with more than eight qubits.
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FIGURE 6. Instantiation runtime comparison between (red) QFactor and (green) QFactor-Sample for partitions with nine qubits. Each mark on the
graphs represents the runtime of a single instantiation. “x” is a successful instantiation, “�” represents a run that finished; however, the desired
distance was not achieved, while “*” and “+” are time-outs. The markers are grouped according to the partition’s origin circuit, where “|” marks the
starting of a new circuit group. On average, QFactor-Sample is 76× faster compared to QFactor and is able to find a good solution before timing-out.

FIGURE 7. Average instantiation success rate plotted for different
instantiation algorithms and binned according to the ratio between the
number of U3s and 2n, where n is the number of qubits in the circuit. The
x-axis label indicates the bin index, its boundaries, and the number of
circuits the bin holds. As expected, QFS-J has a better success rate
compared to the other algorithms when the aforementioned ratio is
small, as the number of U3s the circuit has is an indicator for the number
of parameters, and the fewer parameters it has, the fewer training states
QFS-J requires.

Fig. 6 illustrates a detailed comparative analysis of the
instantiation performance between QFS-J and QF-J for par-
titions with nine qubits, showing both the runtime and
the instantiation termination reason. We are providing the
same type of graph for all of the partition sizes in Ap-
pendix B. Each point on the graphs represents an instantia-
tion run, categorized by markers denoting success, failure to
achieve the desired distance, and time-outs. Notably, mark-
ers are grouped based on the origin circuit of the partition,
providing insights into performance trends across different
circuit groups. On average, for partitions with nine qubits,
QFS-J is 76× times faster compared to QF-J.

C. CIRCUIT SIZE
Fig. 7 shows the average success rate for the different in-
stantiation algorithms binned according to the ratio #U3

2n ,
where n is the number of qubits and #U3 is the number
of U3 gates in the instantiated circuit. This type of binning
was chosen because #U3 is a relatively good proxy for the
number of parameters the circuit has, and we know that
QFactor-Sample will need fewer training states as the cir-
cuit has fewer parameters. To further differentiate how the

TABLE 2. Runtime and QoR Comparison for Gate Deletion Flow

circuit QFactor-Sample is superior compared to other in-
stantiation algorithms, we divide #U3 with 2n, which reflects
how compute-intensive the instantiation is going to be for
QFactor and CERES. It is easy to see that the smaller the
ratio is, the more QFactor-Sample outperforms the other
algorithms.

D. USAGE IN SYNTHESIS
To conclude the evaluation, we incorporated QFactor-
Sample in BQSKit’s [6] re-synthesis gate deletion flow [9].
This workflow involves initially partitioning the provided
circuit, followed by a unidirectional sweep aimed at deleting
one gate at a time while reinstantiating the reduced parti-
tion to its original unitary form. This divide-and-conquer
approach effectively converts compilation into a task that can
be executed in parallel, enhancing efficiency. Our focus lies
in examining the scalability of large circuit compilations and
assessing QFactor-Sample’s effectiveness as a numerical
optimizer, gauged by the runtime and the number of deleted
gates within a circuit. We compared resynthesis runtime
and QoRs when using QFactor-Sample against CERES and
QFactor, utilizing the adder63, mult16, shor26, and qae11
circuits as benchmarks. This evaluation was conducted on
eight hybrid nodes.
The results of our evaluation are presented in Table 2,

showcasing the clear runtime superiority ofQFactor-Sample
over QFactor and CERES. Notably, for the adder63, shor26,
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and qae11 circuits, we observe impressive speedups of 6×,
9×, and 4.5×, respectively. Furthermore, it is clear from all
circuits that employing larger partitions during resynthesis
leads to better QoR, albeit with the tradeoff of longer run-
time.

V. DISCUSSION
Leveraging a bound on QML generalization error, QFactor-
Sample significantly improves the runtime of quantum cir-
cuit instantiation when compared to best-in-class optimizers
CERES andQFactor. The source of the improvement comes
from an exponential reduction in the computational complex-
ity of the algorithm compared to the other optimizers. To
clarify the source of the reported speedups, we note that the
dominant improvement arises from an algorithmic shift that
reduces the complexity of the core optimization frommatrix–
matrix to vector–matrix multiplication, resulting in expo-
nential runtime gains. While hardware acceleration (e.g.,
GPU use) and more flexible plateau detection policies con-
tribute to improved wall-clock performance, their impact is
additive rather than fundamental. All benchmarks were per-
formed under comparable settings, and any differences in
stopping criteria were applied thoughtfully to take advan-
tage of the algorithm’s inherent speed. Overall, the scalabil-
ity and practical gains we report are rooted in algorithmic
innovation.
The instantiation runtime improvements that we report

here are somewhat skewed to the worse, as whenever an
instantiation timed out we registered it as 10 or 720 min,
depending on the circuit size. Hence, if we were able to run
over the time limit, then the runtime gap between QFactor
and QFactor-Sample would increase substantially.

The enhancement in QFactor-Sample’s instantiation suc-
cess rate stems from its increased speed. This not only
enables the algorithm to complete before the time-out but
also permits the application of a more forgiving policy for
plateau detection. Consequently, QFactor-Sample can un-
cover more optimal solutions on challenging optimization
planes.
When evaluating QFactor-Sample’s impact on circuit

resynthesis, we observe a direct decrease in overall runtime.
Furthermore, leveraging a more scalable instantiation algo-
rithm enables the utilization of larger partitions, leading to
the discovery of additional optimization opportunities and
resulting in a reduction in circuit size. During our bench-
marks, we noticed that for some circuits, the partitioner we
used was able to only cover part of the circuit with large
partitions, impeding optimization opportunities. Appendix D
provides the coverage statistics. Further investigation into the
partitioning algorithm, although beyond this article’s scope,
is a promising area for future research.
Our benchmarking result analysis can serve as a guide for

quantum compilers to choose the appropriate instantiation
algorithm according to simple metrics of the instantiated
circuit. For example, if there are fewer than five qubits, it
is better to use QFactor-Rust or CERES, and for the larger

qubit count, one should look at the ratio between the number
of parameters the circuit has and compare it to 2n to decide
whether to use QFactor-Sample or QFactor. No single opti-
mizer is perfect for all partitions, but with some hyperparam-
eter tweaking and a decision regarding which instantiator to
use on each partition, the overall performance of the compiler
can be improved.
This work focuses on improving the runtime of quantum

compilation while maintaining—or even improving—the
quality of the resulting circuits. An important consequence of
our approach is that it produces significantly shorter circuits
with fewer entangling gates, such as cnots. Since such gates
are a primary source of noise on current quantum hardware,
our method is expected to yield circuits that execute with
higher fidelity and better overall performance when run on
real devices.
In this work, we assessed the performance of QFactor-

Sample on qubit gates. However, it is worth noting that
the same algorithm is applicable to qudit gates, where the
speedup compared to QFactor would be even more signifi-
cant, reducing the complexity from O(d2n) to O(Mdn).
An interesting follow-up research would be to perform

unitary instantiation using one of the QML frameworks, such
as TensorFlow Quantum [29] or torchquantum [30]. In this
article, we have shown a reduction from instantiation to a
traditional QML flow. Given the considerable engineering
efforts invested in these frameworks, it becomes even more
compelling to compare their runtime andQoRwithQFactor-
Sample.
Furthermore, we acknowledge that performing compre-

hensive sensitivity sweeps across all parameters on many
circuits would provide additional insights.While full exhaus-
tive sweeps are beyond the current compute/time resources,
such sensitivity testing is a promising direction for future
work.

APPENDIX A
QFactor-Sample IMPLEMENTATION DETAILS
In this appendix, we provide more details about QFactor-
Sample implementation. We list all of QFactor-Sample’s
hyperparameters and provide some best practices when using
our implementation. It is important to note that the exponen-
tial runtime improvement is not the result of hyperparameter
optimization, but rather stems from a fundamental shift in
the underlying computation—from matrix–matrix multipli-
cation to the more efficient vector–matrix multiplication.
We generated the random input test states by extracting

columns of a random unitary matrix, which was generated
using the unitary_group functionality in SciPy. Dou-
bling the size of the training state does not involve randomiz-
ing the unitaries of the gates, as we have found that this does
not impact the convergence speed. Instead, it only consumes
time by generating numerous random unitaries for each
gate.
During our testing of the implementation, we encountered

GPU out of memory (OOM) exceptions. We did not find a
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way to predict our GPUmemory usage in JAX; hence, we im-
plemented a recursive trial-and-error when runningQFactor-
Sample. If, while running QFactor-Sample, we catch a
GPU OOM exception, we would iteratively run two runs
of QFactor-Sample but with half the number of multistarts.
We also want to mention that JAX has an environment vari-
able, XLA_PYTHON_CLIENT_ALLOCATOR, that forces
the runtime to always release memory buffers to the GPU
when they are no longer needed, avoiding OOM due to
fragmentation with the potential runtime cost of reallocating
memory.
Following is a list of QFactor-Sample’s hyperparame-

ters. They control the termination conditions of the algo-
rithm, generalization error threshold, gate update policy, and
randomization.

1) dist_tol: When the average distance between the
training output states and those generated by the
circuit (9) is lower than dist_tol, the algorithm
stops.

2) plateau_windows_size and diff_tol_r: Control the
plateau-detection mechanism. The algorithm will ter-
minate due to plateauing when, on consecutive
plateau_windows_size iterations, the cost function did
not relatively improve by diff_tol_r. The algorithm
checks if the relative improvement has been met by
calculating the following relation:

|ci−1| − |ci| > di f f_tol_r ∗ |ci| (13)

where ci is the cost function value after iteration i.
3) number_of_training_states and overtrain_ratio:These

set the initial number of training states. If during the
instantiation the algorithm detects that the normal-
ized generalization error is bigger than overtrain_ratio,
it stops, doubles the number of training states,
and restarts. The normalized generalization error is
computed by

cval
ctrain

− 1 (14)

where cval and ctrain are the validation and training
costs, respectively. The double-and-restart stops when
the number of training states reaches 2n, where n is the
number of qubits.

4) min_iter: It sets the minimum number of iterations for
QFactor-Sample to complete before stopping due to
plateauing or overtraining.

5) max_iter: It sets the maximum number of iterations
for QFactor-Sample. The algorithm will always stop
when it reaches this limit.

6) multistarts and seed: To overcome the local minimum
problem, one can run QFactor-Sample with various
initial gate unitaries, in the hope that at least one of
the runs will converge to a good solution. The initial
random unitaries for each gate are controlled by a seed
parameter.

7) Beta: It serves as a regularization parameter that gov-
erns the retention of the previous value during the gate
update step. Instead of conducting the SVD operation
solely on the environment E , it is performed on the
linear combination

(1 − β )E + β ∗ u†. (15)

This parameter proves beneficial in addressing slow
convergence issues encountered in circuits with inter-
gate dependencies, where local optimization methods
may fall short. When β = 0, the update becomes full
as described previously, whereas β = 1 results in no
update taking place.

From our experience, the following are some good initial
hyperparameter values: dist_tol = 10−8, plateau_windows_
size= 5, diff_tol_r= 10−5, number_of_training_states= 2,
overtrain_ratio = 0.1, min_iter = 6, max_iter = 104, mul-
tistarts = 16, and β = 0. By modifying the aforementioned
hyperparameters, one can easily adjust the tradeoff between
result quality and execution time. If one wishes to get re-
sults faster, decrease max_iter, and increase diff_tol_r and
diff_tol_a. Alternately, one might increase β or multistarts
to find better results with additional execution overhead.

APPENDIX B
INSTANTIATION PERFORMANCE COMPARISON
BETWEEN QFactor-Sample AND QFactor FOR
CIRCUITS WITH 3–12 QUBITS
In this appendix, we provide the complete instantiation per-
formance comparison for circuits with 3–12 qubits using
QFactor-Sample and QFactor. The comparison for circuits
with 3–12 qubits is shown in Fig. 9, which extends the data
presented in Fig. 6.
A notable observation from the analysis is the widening

performance gap between QFactor-Sample and QFactor as
the circuit size increases with more qubits. This is expected
due to the differences in computational complexity. As the
partition size grows, QFactor-Sample experiences signifi-
cantly fewer time-outs compared to QFactor, enabling it to
either reach a good solution or stop upon detecting a plateau.
In the graph, we sorted the instantiations based on the origin
circuit of each partition and used different markers to indi-
cate the termination type. This visualization helps illustrate
why QFactor-Sample has a higher success rate compared to
QFactor for partitions with three qubits. The key difference
lies in the plateau detection mechanism: QFactor-Sample
employs a more lenient approach, enabling it to find good
solutions for all of the Heisenberg partitions (as shown on
the right-hand side of the graph), whereas QFactor gives up
on those.

APPENDIX C
TRAINING STATE DISTRIBUTION IMPACT
As shown in [16], the generalization bounds are valid for ar-
bitrary data-generating distribution. Some distributions will
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FIGURE 8. Instantiation runtime comparison between (red) QFactor and (green) QFactor-Sample. Each graph represents a different partition size
varying from 3 to 12. Each mark on the graphs represents the runtime of a single instantiation. “x” is a successful instantiation, “�” represents a run
that finished; however, the desired distance was not achieved, while “*” and “+” are time-outs. The markers are grouped according to the partition’s
origin circuit, where “|” marks the starting of a new circuit group. We can observe that as the circuit has more qubits, the performance gap between
QFactor-Sample and QFactor increases up to 100×, ultimately allowing QFactor-Sample to instantiate bigger circuits.
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FIGURE 9. BQSKit’s “QuickPartitioner” cover statistics for different circuits (See Table 1) and partition sizes requested.

saturate that bound but some will perform better. As seen
in practice, training based on computational basis states re-
quires much more data than training on Haar random states.
It is important to note that training in both cases satisfies
the bound in (6). All choices will lead to an exponential
reduction in the time required to compute the cost function.
This discussion is beyond the scope of this article though.
It is because we divide the circuit into parts that can be

classically simulated with a state vector simulator. Therefore,
we can always afford to choose our data to be generated from
Haar random distribution, which performed best in our tests.
We have numerically verified that this choice leads to the
smallest amount of data needed for good generalization. One
might wish to use some quasi-random distribution, and in
the worst case, it will double the number of training states
needed.
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FIGURE 9. (Continued.)

We do not have a formal proof that the Haar distribution
is optimal. However, we have numerical evidence that this
is indeed the case as well as some intuitive arguments that
we describe later. Haar random distribution may not be uni-
versally optimal for every circuit, but at least it avoids some
problems other distributions face.
Let us say that our task is to compress a circuit U that

contains Rz(α) rotation as the first gate acting on the first
qubit. Let us also assume that we are using computational
basis states as our training data input states. The action of
U on any state of the form |0b1b2, . . . , bn〉 is insensitive
to angle α. That is, unless our training dataset contains at
least one state of the form |0b1b2, . . . , bn〉, it will be im-
possible to infer the full action of U with these training

data. That problem extends to other gates that act trivially on
some computational basis states. Since we draw our training
states randomly, this distribution choice will (on average)
lead to an increased size of the training dataset needed to
achieve generalization. Note that this problem is not present
if we choose to work with Haar random input states. Up to
a set of measure zero, each Haar random state is sensitive
to angle α and will meaningfully contribute to probing the
unitary U with training states. One expects that the Haar
random input state is likely to be sensitive to all parameters
of the circuit U and will lead to a small required size of
the training dataset. Random input states do not introduce
bias that may be present in other distributions, as described
earlier.
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APPENDIX D
PARTITIONER COVERAGE STATISTICS
During the evaluation of QFactor-Sample as part of a
resynthesis flow, we observed that for some circuits,
BQSKit’s “QuickPartitioner” allocates a significant portion
of the circuit area to partitions with a small number of qubits,
thus impeding optimization opportunities. In this appendix,
we present BQSKit’s “QuickPartitioner” performance on
different circuits. Fig. 9 summarizes the normalizedcovered
area of partitions of different sizes for several representative
circuits. Each subplot corresponds toa different circuit, and
within each subplot, the stacked bars represent the fraction of
the circuit area coveredby partitions of varying sizes as the
requested partition size increases.
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